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Motivation - Outline
1. Failure initiation and propagation in brittle materials (also |
metals) can be correlated to the elastic solution in the vicinity of
the singular point —Failure laws. |

!
|

2. These require the mathematical representation of the singular
solution 1n a realistic 3-D domain — too complex.

a. Study first Laplace eq. in a 2-D domain -> Elasticity in 2-D
domain (50°s).

b. Study Laplace eq. in a 3-D domain wath. straight edges , then
elasticity (90°s).

c. Now — Laplace eq. in 3-D domains with curved edges and
clasticity.
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My experience as an engineer Is that Murphy's laws hold:

If anything can go wrong, it will.
(Murphy's Law - Book three, by Arthur Bloch, 1987)

Aloha Airlines Accident Flight 243, April 28, 1988, near Maui, Hawaii

T
b

A section of the upper fuselage of a Boeing 737-200 was torn away at 24,000 feet
due to a crack in the fuselage at an altitude of 24,000 feet,
after 89,681 flight cycles. One flight attendant killed, 8 people injured.

Fa
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2-D Solution:

The solution 1s of the form:
7(r,0) = i AD (r,0)
=
where D.(r,0)=r"%p.(0)
The dual solution 1s of the form:
K(r,0)= i B,\Y.(r,0)
=

where W, (r,0)=r"%y,(0)

3-D Solution:

The solution 1s of the form:

£(r.0,%) =S 31 A (%O, (r.0)

i=1 j=1

where @, (r,0)=r%"¢,(0)

The dual solution is of the form:

K(r,0,%) =3 1B, (), (1,0)

i=1 j=1

where W, (r,0)=r"""y, (0)

7(r,0,%) = A (X)D,,(r,0) + 0, A (X,)D,,(r,0) + 05 A (X)) D, (r,0) +---
+ A (X;) D, (1, 0) + 0, A, (X,)D,, (1, 0) +5§A2(X3)(I)22(|’,6’)—|—---
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The 3D Solution 1s of the Form:

0(r,0,%) = A (TG (0)+ ;A 06)r“ "3 (0) + A 0,)r “ @ (0) +++-
4 Az(x )raz éaz)(9)+53A2(X )razﬂ ~1(a2)(6))+a§A2(X )ra2+2 éaz)(é’)—l----
4 A3(X )ra3 *éag)(g)_i_a AJ(X )ra3+1 _’1(0[3)((9)+5§A3(X )ra3+2 é%)((g)-l----

For isotropic materials:

ucr,o0,x,) = A1(X3)ra]

+ A O6)r

reoe|
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Circular singular edges
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Past works on the topic

First three singular terms for the solution of the Laplace equation in the
vicinity of a circular edge with homogeneous Dirichlet boundary
conditions was analyzed from a theoretical viewpoint in:

» von Petersdorff T. & Stephan, E.: Singularities of the solution of the Laplacian in
domains with circular edges, Applicable Analysis 45(1-4), 281-294 (1992)

Asymptotic series for the elastic axi-symmetric case was given in:

 Leung, A. & Su, R.: Eigenfunction expansion for penny-shaped and circumferential
cracks, Int. Jour. Fracture, 89, 205-222 (1998)

Systematic computation of the entire series solution up to an arbitrary order
for any circular edge based on the methods 1n:

» Costabel, M., Dauge, M., Yosibash, Z.: A quasidual function method for extracting edge
stress intensity functions, SIAM Jour. Math. Anal, 35(5), 1177-1202 (2004)
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Laplace eq. -Circular singular edges

‘X:?

(\R__ __’Jﬁ

e 1 1
N3P <am~ + =0, + 5000 + 833) =0

We are interested in the solution in the M?
vicinity of p—0. | *'

r=pcosp+ R, x3=psiny

1 1 1 1 . 1
A3DT = app + ;8p -+ 10_28('0('0 -+ ; (Cosgoﬁp — ;Sln@a¢> -+ 7“_2 (999] =10
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Axi-symmetric solution  gyg = O

: 1 1 1
AT =9, + ;5’[) + i Opp + — (cos 00, —

L,
P sin QOQO)

r=pcosy+ R R
Notice that as r—o0, i.e. R—o0, then: AAQ?"' 4?0 A2D

Consider now p? L A% = (:

\[(,03,0)2 + leT + % [COS @(p0,) — sin 0, + cos gp((pﬁp)2 + 3W)] T =0.

I Va
p2 A\2D

For p/R—0, we may look for an asymptotic
expansion similar to 2D, composed of eigen-pairs.
For a specific 2D eigen-pair «,$(@) we consider:

r= Y (5) oo
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Axi-symmetric solution  gyg = O

A {[a"o + ¢0]

+% [((a+1)%¢1 + ¢Y) + arcos pgo — sin gy + cos @ (ado + ¢o) |

2

2 [((c+ 2P0+ 65) + (0 + D)oo o — sinpdhs + cosi ((a+ 17 + 61)

R2
p° 2 2
ths [((a43)"¢s + ¢5) + (v + 2) cos g2 — sin oy + cos ¢ ((a + 2) P2 + ¢2 ) |
apo+¢ds = 0, @1 <<
(@+1)°¢1+¢7 = —(acosppo—sinpgy), @1 <@ <
(a+0) ¢ +¢7 = —[(a+i)(a+i—1)cospi1 —sinpg;_1 + cos pdi_i]
1 Z 27 1 < @ < P2

Second order ODE (e-value problem) to determine o, ¢ (primal
eigen-function).
A recursive system of ODEs for the shadows: @1, ¢o,- - -

SNCCM  Computational Mechanics Lab. 10



Axi-symmetric solution  gyg = O

The solution has an infinite primal eigen-pairs, ay, ¢k,0, thus is a double sum series:

=S 5 (o)
k 1=0

The ODEs are complemented by the homogeneous BCs:

Dirichlet BCs

Neumann BCs

gbk:,z(SO = ¥1, 902)

=0
¢;ez(<P = Y1, 902) =0
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Axisymmetric solution 09y = O
Penny-shaped crack with homogeneous Neumann BCs.

Primal Eigen-pairs

k| ar | éro(p) . 5 s
1
T = Ao+ Aip? sin? 0 0 1 —sin? _ 2 gin ¥
2 1 o, 1272 32 2
X 1 5 sin & - -
+(ﬁ 2 1 COS -2 sin22) 4.
R 3 3, 1287 2
3 S sin &~ 5/ -
p p
A — —) 4 2 COS 2 —) —— 4+ —cos?2
T Aep [COW Rr).C1LE L k) s Tea ¥ T
3 1 21 1
+ Agpg [Siﬂ%—(%)zsing—(%> ﬁ(Bsing—gsin%p)
£>3 I SR B < B 1’2
+ (5 ( 20 TRty T )T T

We enforce orthogonality conditions on the shadow terms to make them unique:

p2=T
/ br.i(@) drriolp) dp =0, k=0,1,2,3 and i=1,2,3.
pr1=—"

SNCCM  Computational Mechanics Lab. 12



Laplace eq. — General circular singular edges

(%)2,02&31)7':0

(1 ZCOSgo)Q [(p@p)2 Qw}f

+ %(1 + %cos ©) [cos @(p0p) — sin gpc’?@]T

+ (%)2 OggT = O.

Notice that ¢gr; = ¢; (associated with the
curvature for an axisymmetric case), so these
are known for the axi-symmetric analysis.
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Laplace eq. — General circular singular edges

Substituting the series expansion one obtains:

0 = A

+(
2
) (o +2)°Go.k,2 + G052 + ((ok + 1)Po,k,1 cOS @ — Bo 1, 1 5in @)

i
—cos @ (ardo,k,0 COs P — do kosing)| + -}

+ ALO) x {(%)2 [(ck + 2)2¢2,5.0 + D5 1.0 + Po,0]

>
N—

X {[ai(bO,k,O + ¢g,kz,o]
) [(ak + 1)2</50,k:,1 + </56/,k:,1 + (ak0,k,0 COS P — ¢6,k,o sin 90)]

T I

3
+ (%) [(Oék; + 3)2¢2,k,1 + ¢,2/,k,1 + ((Oék; + 2) 2 k.0 COS P — ¢’2,k,0 sin 90)
+ (¢o,k,1 — 2€08 PPo.k,0)]
4
+ (%) [(ak T 4>2¢2J<¢,2 + ¢g,k,2 + ((ak + 3)P2,x,1 cos  — Qb,2,k,1 sin )

— cos @((ok + 2)2,k,0 COS @ — P 1, o SIn @)
T (¢07k’2 — 2cos SquO,k,l + 3COS2 90¢0’k,0)} + .- }
_l_
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Laplace eq. — General circular singular edges

The following recursive system of ODEs for the shadows ®¢.k i

1S obtained:
¢ - The shadow # due to 3-D

k - The eigen-value #t
1 - Curvature shadow #

= 0
Equations for the axi-symmetric case hold.
(= 2,4,6---, 1 >0

(h + i+ 02 Goni+Ohns = —(C+i+ar—1)[2(0+i+ ax) — 1] cos e k. (i—1)
+ sin ¢¢2,k,(i—1) — 2cos SOQbZ,k,(i—n
—(l+ar+i—2)L+ar+i—1) cos’ ©Dek,(i—2)
+COS P SIN Yy . (s_2) — COS” PPy k. (i—2) — P(e—2) ki

ODEs are complemented by the homogeneous BCs:

Ge.k,i(p = p1,p2) =0 Dirichlet BCs
¢2,k,i(<,0 = p1,p2) =0 Neumann BCs
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Laplace eg. - Penny-shaped crack with homogeneous
Neumann BCs.

T = Ao ((9)

+ Ao(0) <}%>2 [_i ﬁ) 1_5660890_ (%)2 (11298 i 615411 COSQSO)
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Laplace eq. - General singular circular
Penny-shaped crack with homogeneous Neumann BCs.

Taking A; = 10cosf, Ay = 0, k # 1,
(p/R = 1/10) we prescribed on the outer sur-
face:

B 1 © 1 . p[(1
T = 10C089\/0[ (2)+4s1n2<

1 1

1
+ (—2 'n—— —sm%p) (
ism———sm3 -+ >
16 2 30 2 128

Error plot — order 103
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The elasticity system in the vicinity of a singular
circular edge

Consider the system of 3 PDEs (equilibrium equations) in terms of
the 6 stress tensor components, in ©,®,0 coordinates:

0 10 — 1/0 |
0= g;p + ;_g::o 4+ Opp pUcP‘P + ; ( gge + (O'pp —0'09>COS(P—O'p(p Sln(P)
1 0o Oo 2 1 [ Oo,g .
0= ; 8;904— 8,?0 +;Upcp‘|’;< 85 +(099—0¢¢)smg0—|—0p¢cosgp)
0 1 10 1 /0 |
0= e o+ gt 5 (Gt 2 —2o0smi).

r=pcosp+ R

We use the Hooke constitutive law, and the kinematic connections
between strains and displacements to finally obtain the complicated
system of PDEs to be solved.
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The elasticity system in the vicinity of a singular
circular edge

The Navier-Lame system in terms of wu,, u,, ug:

1 0u 0%u 1 1 0%u 1 Ou 1 0%u
0 = (A+2 < 24+ p——U>+——p—)\+3 ——LP-I—)\-I- — L

1 Ou, . Ou sin ou 0%ug
2 e - =
+= [(A—f— [L) COS p ——— 8 — (A4 p)sing 3 +u p <’UJ¢ &p) +(>‘+’u>8p89]

— 3

= | (A + 2p) cos o - )+ 0"uy (A + 3p1) cos p 220

- ) cos p(Uy Sin @ — U, COS ) + 502 H) cos p—
0 — 62u@+18u¢_iu 42 )i82u F (A +3 )_8_+(>\+ )1 0%u,
- M\ Thap 2 Mo g2 M ap p Bpdyp

1 1 (Ou, O, . 1[0 1 0%up
+; {(A+u)cosgp; (w—’tw) + pcos o —(>\+2u)smg0; <8_g0 +up> +(A+u);8¢80]

1 2
+— [()\+ 21) sin ¢ (u, €os @ — Uy, sin @) +,ua e

062
_ 0ug 1 Oue 1 0“u
' = M<3p2+06p+23902>

1 Oug . 10ug Ou, | O’u 0%u,
i [M<Cowé‘p TR Bg > (Aﬂ’“)( (80 +a¢ae +8p89

2

1 0“u ou Ou,
+r_2 [—uue + (A +2u) 562 +(>\+3M) (COSSOa—e — sinp—_- 90 >]

Oug
+ (A +3p)sine 89]
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The elasticity system in the vicinity of a singular
circular edge

The Navier-Lamé equations are complemented by homogeneous boundary condi-
tions on the faces intersecting at the singular edge:

Up = Uy, = Ug = 0 on 't UTI Clamped BCs
to=1t,=tg =0 onI'i UTI'2 Traction Free BCs,

Similar to the Laplace equation, we herein consider a series
expansion of the form:

144

o e [P@) =
w=3"YohA0) 3 (L) {w(i)} = ZHOVED DI CI R

=0 k=0 i=0 ¢’ (¢) =0 k=0 i=0

Substituting the series expansion into the Navier-Lame system
results in a “messy” system of different orders of % , 0'A0)
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The elasticity system in the vicinity of a singular

circular edge

[m0]¢£,k,i
— (cos p[mao] + [m11]) ¢z—1,k,i—1 - [m2]¢£—2,k,i7

where ¢’s with negative indices are set to zero, and

e (A+p)B—(A+3p) 0y,

p (B2 = 1) + (A +2p)0p0
0 0

[mo]d)é,k,i =

(A4 2p) cos pf — psin@dy,

0

—(A+2u)cos> o (A+2u)cospsing 0 )
Pu,i

[Mo2] @y i = ( (A+2u)sinpcos  —(A+2u)sin? ¢ 0
0 0 —

0 0 (A+n)B
[m1oly ki = 0 0 A+w)dy | by pi
C+ws (+wd, 0
0 0 —(A+3u)cosp
(M1l ki = ( 0 0
(A4 3u)cosp  —(A+3u)sing 0
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o (ﬂz +0p4) Oy 1

sing (p— (A4 p)B)
[mo1]dy ;= [ —(A+20)sing+ (A+p)cospd, cosp(p(B—1) = A) — (A +2p) sinpdy
0

(A+3p)sing ) Do keis [ma]y ki

— (2 cos p[mo] + [mo1]) ¢£,k:,i—1 - (C052 p[mo] + cos p[mo1] + [m02]> ¢£,kz,i—2 - [m10]¢£—1,k,i
£>0,1>0

) By ki

0
0 P k,i
1 (B cos ¢ — sin pdy,)



The elasticity system in the vicinity of a singular
circular edge

Clamped or traction free boundary conditions are a bit more
complicated:

Clamped:
fbe,k,i(SDl) = ¢e,k,i(902) =0, W, o,

Traction Free:

[t0]¢e,k,z‘ = — (cos plto] + [to1]) ¢e,k;,7;—1 - [tl]qbﬁ—l,kz,i =0, Y = L1, P2

2u+A(B+1) (A+2p)d, O
[t0]¢£,k,i = Py p(B—1) 0 ¢£,k:,i
0 0 1O,

Acosp —Asingp 0 0 0 A\
[t01]¢£,k,i — 0 0 0 ¢£,k,i7 [t1]¢e,k,i =10 0 O ¢£,kz,i
0 0 L sin @ 0O u O
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Traction free penny shaped crack
Axisymmetric solution Opg = O

Computing the displacements, one may then evaluate the stresses:

_ 3 _ 5X2+13u _gg A49u _ce .
(,,) / 5 cos £ + cos _ce\ ( 1000 085 T T €08 \
aX COS (p _ 2@ (AE5R) (oo <P 4 322 o0 3¢ 3
oo My SO 800 > aon
_ e 3¢ _ 3 +9u) £ Ao _se
Joeo L _ Ky 3 cos £ — cos 3 n (ﬁ) 20 ©08 100 €08 T
Opb V2mp 0 R 0
3¢ _
o —sin £ — sin ATh_ gin £ 4 AT 2
pe 2 El ) o S0 T T 1 S0 T
\ 0-630 ) | O \ O ) =
- _ B5IA4107p 2 AF9u i 3p
( —2sin £ + sin 32"0 / _600+u) S T 200 S5
4 ¥ sin £ 2(3422+83Apu+45p ) ne 3A+2u o 3
1% 3(>\;r ) 3@ 15(A+p)2 )\ 30O Fu) 2
— — +9 +9 .3
+ II Sln2 Sln2 _|_(£) W%Slnc‘o—w_ﬁu)SIHT‘p + .-
\/27Tp 0 R 0
1 ) 3p
5 cos——|—3<:os— _232431p o _ZAETR 3¢
\3 2 0 2 )) 50(A 1) €053 + 20 €08 5
\ 0 /
[0 ( 0 Vo]
0 0
4 Krrr 0 n ( P) 0 4
1lgn @ o 7 e 1 .
\V21p 5 sin £ R gsin € — = sin %
0 0
L oe @ \ 5 oc@ _ Looc3e )
_\2‘3032/ g COSH — 5 COS7y i
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Traction free penny shaped crack

Non-Axisymmetric solution

Consider the “mode I’ component of stresses:

[ _52+13p 7 A+9u 3¢
(0pp ) ( —5COS"(2€—|—COS%€ \ ( 10 G083 + 10 €08 3
_ 4 © _2@M W AHEL) (o e BAF2 (oo B0
000 mcosil{s 3(§\+g)2 P T D)
< Opp - Ki(0) —3cos £ — cos =f n (ﬁ) ——4((;;:)) cos £ — —“;\qu) cos %ﬁ
Op6 \/27'(',0 0 R 0
. - 3 _ B .
o —sin £ — sin =2 A=Tu o A—Tu 3¢
p® \ 2 2 ) 070 sin 5 + 1000 sin =
L O0¢ ) | 0 \ 0
( 0 )
0
K1(0) (p 0
+ (_ 2(A—p) o 2(043p) 3 + -
V2mp \R/ [ TR €08y T T €08y
0
200+31) i @ | 2(0+3p) . 3p )
\ g S + g S
—3A+5u © | 212461pu 3¢
( 60n) OS2 T Ts(atp) €082
2BA420) (oo _ A3 BATH) o 3o
7(6 M HET 2
K 2 SATOH P —ou 3¢
+ 1(9) (ﬁ) 50ty €05 2 T 50w €08 2 .
2tp \R 0
341l o 3AFllp i 3p
\ 60t M2 T B(tp) M2
0
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What is the next step?

Next — computation of Edge Flux Intensity Functions (ESIFS):

v R4 v
7(p,9,0) =Z p“k (gj Z(gj 9,1 (@)

SNNCCM  Computational Mechasnics Lab.
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Extending the Quasi-Dual Function Method for
Extracting ESIFs - J[ p, JIntegral
First we consider the Axisymmetric case

Can we extend the boundary integral J[R](U,V) [Costabel,
Dauge & Yosibash, SIAM J. Math. Anal. (2004)] to circular edges?

P K) = ([Tl K~z [T]K)dT

2w reto
= QZOLW 0,7-K-7-0,K)p(R+pcosp)|, dode

Torus o Yadius o,

The quasidual extraction function K*’ is constructed by the duals:

Kr(nak) 0B o™ [ﬁj Wi (@)
io \R

77

AI:G there orthonormal relations between o 15 K@) = A +0(p, %% ™)
primal and dual shadows? What about the Bs?
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Extending the Quasi-Dual Function Method for
Extracting ESIFs - J[ p, JIntegral
First we consider the Axisymmetric case

What about B, ?

-1

J =0

P27 POt o
B, :[ _[ (8 Doy k,O'apLPk,O)p(R-i_pCOS(D) I, ded(ﬂ}

-1
= 27[_'. 2ak¢koWko R+pcos¢)| d(”}

1 R
B, B(a, =—) = = >
For homogeneous Neumann 2" g ( P ) 27°R
BCs and circular crack we :
: : 3 1
obtain for example: B, 0 B(ety =>) = —
2 6r°R
5 1
B.U Bla. =—)=
1 Bla 2) 107°R
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QDFM — Axisymmetric, homogeneous Neumann
BCs, circular crack

1 2/ 1
- = [ () T g+ (B) (ong - oY)

3)3 Lain?_ Lgn3®2 2 g2 4. <£>8
+( (168““2 3050 3 T gty ) Tt O(R

We compute A, by the QDFM with increasing orders of the dual functions:

S
Ky 0 ——=p Awl,o(co)

27°R
R el p
Kl( 'O 27z—2R'0 % _W1,0(¢)+ E l/jl,l((a):|
e p pY
Ké 'O 27z—2R'0 % W1,0(¢)+ E W1,1(§9)+ EJ '//1,2(§0):|
1 % [ P pY pY
Ky [ et ? l//l,o(qo)+[§}wl,l(¢)+ EJ WLZ(@{E) l//l,g(co)}
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QDFM — Axisymmetric, homogeneous Neumann
BCs, circular crack

We compute A, by the QDFM with increasing orders of the dual functions:

Ipl(z, Ky™) = A 1+0(p)

Jpl(z, Kl(al)) =A|1+0

:Ulb

:Ulb

J[p](rl,Ké“%:A 1+0

I pl(z, K™ = A 1+0(

J
)
J

:Ulb
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QDFM - Axisymmetric, homogeneous Neumann,

penny shaped crack

Taking a numerical example to visualize the actual convergence rate:

-10

log(Abs(Al-Alexact) / Alexact)
(o]

-12

-14

-16

Convergence of Al

y=13.0478x - 1.7295

*0
|

y=15.1362x - 2.3286 1
a2

y = 8.1668x - 1.9658 y =10.853x - 0.9535
@3
-2.5 -2.0 -1.5 -1.0 -0.5 0.0

log(o/R)
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Extraction of EFIFs by post-processing the FE solution
Homog. Neumann BCs, circular crack - Axisymmetric

Finite Element approximation r.. of the exact solution 7 :

nG
o 0] o o
J(z, K;'>>=2ﬂ25wk<[T]rFE-K;”—rFE [TIKy ) p(R+ peosp(E))ls, )
k=1
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Summary

- The explicit series expansion of the solutions in the vicinity of a
circular edge can be computed analytically or by p-FEMs.

* The quasi-dual function method (QDFM) for extracting EFIFs 1s
being extended to circular edges, in conjunction with p-FE methods.

 Future plans - extend the methods to ESIFs 1n elasticity.

That’s it — Thank you for your attention.
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