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Motivation - Outline

1. Failure initiation and propagation in brittle materials (also 
metals) can be correlated to the elastic solution in the vicinity of 
the singular point –Failure laws.

2. These require the mathematical representation of the singular 
solution in a realistic 3-D domain – too complex.

a. Study first Laplace eq. in a 2-D domain -> Elasticity in 2-D 
domain (50’s).

b. Study Laplace eq. in a 3-D domain with straight edges , then 
elasticity (90’s).

c. Now – Laplace eq. in 3-D domains with curved edges and 
elasticity.
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My experience as an engineer is that Murphy's laws hold: 
If anything can go wrong, it will.

(Murphy's Law - Book three, by Arthur Bloch, 1987)

A section of the upper fuselage of a Boeing 737-200 was torn away at 24,000 feet
due to a crack in the fuselage at an altitude of 24,000 feet,

after 89,681 flight cycles. One flight attendant killed, 8 people injured.

Aloha Airlines Accident Flight 243, April 28, 1988, near Maui, Hawaii

.



3-D Solution:

The solution is of the form:

3 3 3
1 1

( , , ) ( ) ( , )j
i ij

i j
r x A x rτ θ θ

∞ ∞

= =

= ∂ Φ∑∑

( , ) ( )i j
ij ijr rαθ ϕ θ+Φ =where

The dual solution is of the form:
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The 3D Solution is of the Form:
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For isotropic materials:
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Circular singular edges



First three singular terms for the solution of the Laplace equation in the 
vicinity of a circular edge with homogeneous Dirichlet boundary 
conditions was analyzed from a theoretical viewpoint in:

• von Petersdorff T. & Stephan, E.: Singularities of the solution of the Laplacian in 
domains with circular edges, Applicable Analysis 45(1-4), 281-294 (1992)

Asymptotic series for the elastic axi-symmetric case was given in:
• Leung, A. & Su, R.: Eigenfunction expansion for penny-shaped and circumferential 

cracks, Int. Jour. Fracture, 89, 205-222 (1998)

Systematic computation of the entire series solution up to an arbitrary order 
for any circular edge based on the methods in:

• Costabel, M., Dauge, M., Yosibash, Z.: A quasidual function method for extracting edge 
stress intensity functions, SIAM Jour. Math. Anal, 35(5), 1177-1202 (2004)

7

Past works on the topic
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43Dτ
def
=

µ
∂rr +

1

r
∂r +

1

r2
∂θθ + ∂33

¶
τ = 0

We are interested in the solution in the 
vicinity of ρ→0.

r = ρ cosϕ+R, x3 = ρ sinϕ

43Dτ =

·
∂ρρ +

1

ρ
∂ρ +

1

ρ2
∂ϕϕ +

1

r

µ
cosϕ∂ρ −

1

ρ
sinϕ∂ϕ

¶
+
1

r2
∂θθ

¸
τ = 0

Laplace eq. -Circular singular edges
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Notice that as r→∞, i.e. R→∞, then:

4Axi = ∂ρρ +
1

ρ
∂ρ +

1

ρ2
∂ϕϕ +

1

r

µ
cosϕ∂ρ −

1

ρ
sinϕ∂ϕ

¶Axi-symmetric solution

£
(ρ∂ρ)

2 + ∂ϕϕ
¤| {z }

ρ242D

τ +
ρ

R

£
cosϕ(ρ∂ρ)− sinϕ∂ϕ + cosϕ

¡
(ρ∂ρ)

2 + ∂ϕϕ
¢¤

τ = 0.

For ρ/R→0, we may look for an asymptotic 
expansion similar to 2D, composed of eigen-pairs. 
For a specific 2D eigen-pair                we consider:

τ = Aρα
∞X
i=0

³ ρ

R

´i
φi(ϕ)

r = ρ cosϕ+R
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Axi-symmetric solution
A

©£
α2φ0 + φ000

¤
+

ρ

R

£¡
(α+ 1)2φ1 + φ001

¢
+ α cosϕφ0 − sinϕφ00 + cosϕ

¡
α2φ0 + φ000

¢¤
+

ρ2

R2
£¡
(α+ 2)2φ2 + φ002

¢
+ (α + 1) cosϕφ1 − sinϕφ01 + cosϕ

¡
(α+ 1)2φ1 + φ001

¢¤
+

ρ3

R3
£¡
(α+ 3)2φ3 + φ003

¢
+ (α + 2) cosϕφ2 − sinϕφ02 + cosϕ

¡
(α+ 2)2φ2 + φ002

¢¤
+ · · ·

o
= 0

α2φ0 + φ000 = 0, ϕ1 < ϕ < ϕ2

(α+ 1)2φ1 + φ001 = −
¡
α cosϕφ0 − sinϕφ00

¢
, ϕ1 < ϕ < ϕ2

(α+ i)2φi + φ00i = −
£
(α+ i)(α+ i− 1) cosϕφi−1 − sinϕφ0i−1 + cosϕφ00i−1

¤
i ≥ 2, ϕ1 < ϕ < ϕ2

Second order ODE (e-value problem) to determine           (primal 
eigen-function).
A recursive system of ODEs for the shadows:
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Axi-symmetric solution
The solution has an infinite primal eigen-pairs, αk,φk,0, thus is a double sum series:

τ =
X
k

Akρ
αk

∞X
i=0

³ ρ

R

´i
φk,i(ϕ)

The ODEs are complemented by the homogeneous BCs:

φk,i(ϕ = ϕ1,ϕ2) = 0 Dirichlet BCs

φ0k,i(ϕ = ϕ1,ϕ2) = 0 Neumann BCs
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Axisymmetric solution
Penny-shaped crack with homogeneous Neumann BCs.

τ = A0 +A1ρ
1
2

·
sin

ϕ

2
+
³ ρ

R

´ 1
4
sin

ϕ

2
+
³ ρ

R

´2 µ 1

12
sin

ϕ

2
− 3

32
sin

3ϕ

2

¶
+
³ ρ

R

´3 µ 1

16
sin

ϕ

2
− 1

30
sin

3ϕ

2
+

5

128
sin

5ϕ

2

¶
+ · · ·

¸
+ A2ρ

·
cosϕ−

³ ρ

R

´ 1
4
+
³ ρ

R

´2 3
16
cosϕ−

³ ρ

R

´3 µ 9

128
+
5

64
cos 2ϕ

¶
+ · · ·

¸
+ A3ρ

3
2

·
sin

3ϕ

2
−
³ ρ

R

´ 1
4
sin

ϕ

2
−
³ ρ

R

´2 1
32

µ
3 sin

ϕ

2
− 16

5
sin

3ϕ

2

¶
+
³ ρ

R

´3 µ
− 3

40
sin

ϕ

2
+

5

128
sin

3ϕ

2
− 3

70
sin

5ϕ

2

¶
+ · · ·

¸
+ · · ·

We enforce orthogonality conditions on the shadow terms to make them unique:Z ϕ2=π

ϕ1=−π
φk,i(ϕ)φk+i,0(ϕ) dϕ = 0, k = 0, 1, 2, 3 and i = 1, 2, 3.

Primal Eigen-pairs
k αk φk,0(ϕ)

0 0 1
1 1

2
sin ϕ

2

2 1 cosϕ
3 3

2
sin 3ϕ

2

4 2 cos 2ϕ
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Laplace eq. – General circular singular edges

( rR)
2ρ243Dτ = 0

(1+
ρ

R
cosϕ)2

h
(ρ∂ρ)

2 + ∂ϕϕ
i
τ

+
ρ

R
(1 +

ρ

R
cosϕ)

·
cosϕ(ρ∂ρ)− sinϕ∂ϕ

¸
τ

+

µ
ρ

R

¶2
∂θθτ = 0.

τ =
X

`=0,2,4,...

X
k=0

∂`θAk(θ) ραk
µ
ρ

R

¶` ∞X
i=0

µ
ρ

R

¶i
φ`,k,i(ϕ)

Notice that φ0,k,i = φk,i (associated with the

curvature for an axisymmetric case), so these

are known for the axi-symmetric analysis.
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0 = Ak(θ)×
©
[α2kφ0,k,0 + φ000,k,0]

+
³ ρ

R

´ £
(αk + 1)

2φ0,k,1 + φ000,k,1 + (αkφ0,k,0 cosϕ− φ00,k,0 sinϕ)
¤

+
³ ρ

R

´2 £
(αk + 2)

2φ0,k,2 + φ000,k,2 +
¡
(αk + 1)φ0,k,1 cosϕ− φ00,k,1 sinϕ

¢
− cosϕ

¡
αkφ0,k,0 cosϕ− φ00,k,0 sinϕ

¢¤
+ · · ·

ª
+ A00k(θ)×

½³ ρ

R

´2 £
(αk + 2)

2φ2,k,0 + φ002,k,0 + φ0,k,0
¤

+
³ ρ

R

´3 £
(αk + 3)

2φ2,k,1 + φ002,k,1 +
¡
(αk + 2)φ2,k,0 cosϕ− φ02,k,0 sinϕ

¢
+ (φ0,k,1 − 2 cosϕφ0,k,0)]

+
³ ρ

R

´4 £
(αk + 4)

2φ2,k,2 + φ002,k,2 + ((αk + 3)φ2,k,1 cosϕ− φ02,k,1 sinϕ)

− cosϕ((αk + 2)φ2,k,0 cosϕ− φ02,k,0 sinϕ)

+
¡
φ0,k,2 − 2 cosϕφ0,k,1 + 3 cos2 ϕφ0,k,0

¢¤
+ · · ·

ª
+ · · ·

Substituting the series expansion one obtains:

Laplace eq. – General circular singular edges
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Laplace eq. – General circular singular edges

` = 0

Equations for the axi-symmetric case hold.

` = 2, 4, 6 · · · , i ≥ 0
(αk + i+ `)

2φ`,k,i + φ00`,k,i = −(`+ i+ αk − 1) [2(`+ i+ αk)− 1] cosϕφ`,k,(i−1)
+sinϕφ0`,k,(i−1) − 2 cosϕφ00`,k,(i−1)
−(`+ αk + i− 2)(`+ αk + i− 1) cos2 ϕφ`,k,(i−2)
+cosϕ sinϕφ0`,k,(i−2) − cos2 ϕφ00`,k,(i−2) − φ(`−2),k,i

The following recursive system of ODEs for the shadows
is obtained: 

ODEs are complemented by the homogeneous BCs:

φ`,k,i(ϕ = ϕ1,ϕ2) = 0 Dirichlet BCs

φ0`,k,i(ϕ = ϕ1,ϕ2) = 0 Neumann BCs
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Laplace eq. - Penny-shaped crack with homogeneous 
Neumann BCs.

τ = A0(θ)

+ A000 (θ)
³ ρ

R

´2 ·
−1
4
+
³ ρ

R

´ 5

16
cosϕ−

³ ρ

R

´2 µ 19

128
+
11

64
cos 2ϕ

¶
+ · · ·

¸
+ · · ·

+ A1(θ)ρ
1
2

·
sin

ϕ

2
+
³ ρ

R

´ 1
4
sin

ϕ

2
+
³ ρ

R

´2 µ 1

12
sin

ϕ

2
− 3

32
sin

3ϕ

2

¶
+

+
³ ρ

R

´3 µ 1

16
sin

ϕ

2
− 1

30
sin

3ϕ

2
+

5

128
sin

5ϕ

2

¶
+ · · ·

¸
+ A001 (θ)ρ

1
2

³ ρ

R

´2 ·
−1
6
sin

ϕ

2
+

µ
−1
8
sin

ϕ

2
+
7

60
sin

3ϕ

2

¶³ ρ

R

´
+ · · ·

¸
+ · · ·



17

Laplace eq. - General singular circular 
Penny-shaped crack with homogeneous Neumann BCs.

Taking A1 = 10 cos θ, Ak = 0, k 6= 1,
(ρ/R = 1/10) we prescribed on the outer sur-
face:

τ = 10 cos θ

r
1

10

·
sin
³ϕ
2

´
+
1

4
sin

ϕ

2

µ
1

10

¶
+

µ
1

12
sin

ϕ

2
− 3

32
sin

3ϕ

2

¶µ
1

10

¶2
+µ

1

16
sin

ϕ

2
− 1

30
sin

3ϕ

2
+

5

128
sin

5ϕ

2

¶µ
1

10

¶3#

−10 cos θ
r
1

10

"
−1
6
sin

ϕ

2

µ
1

10

¶2
+

µ
−1
8
sin

ϕ

2
+
7

60
sin

3ϕ

2

¶µ
1

10

¶3#
Error plot – order 10-3
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The elasticity system in the vicinity of a singular 
circular edge

0 =
∂σρρ
∂ρ

+
1

ρ

∂σρϕ
∂ϕ

+
σρρ − σϕϕ

ρ
+
1

r

µ
∂σρθ
∂θ

+ (σρρ − σθθ) cosϕ− σρϕ sinϕ

¶
0 =

1

ρ

∂σϕϕ
∂ϕ

+
∂σρϕ
∂ρ

+
2

ρ
σρϕ +

1

r

µ
∂σϕθ
∂θ

+ (σθθ − σϕϕ) sinϕ+ σρϕ cosϕ

¶
0 =

∂σρθ
∂ρ

+
1

ρ
σρθ +

1

ρ

∂σϕθ
∂ϕ

+
1

r

µ
∂σθθ
∂θ

+ 2σρθ cosϕ− 2σϕθ sinϕ
¶
,

r = ρ cosϕ+R

Consider the system of 3 PDEs (equilibrium equations) in terms of 
the 6 stress tensor components, in             coordinates:, ,ρ ϕ θ

We use the Hooke constitutive law, and the kinematic connections 
between strains and displacements to finally obtain the complicated 
system of PDEs to be solved. 
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The elasticity system in the vicinity of a singular 
circular edge

0 = (λ+ 2μ)

µ
1

ρ

∂uρ
∂ρ

+
∂2uρ
∂ρ2

− 1

ρ2
uρ

¶
+ μ

1

ρ2
∂2uρ
∂ϕ2

− (λ+ 3μ) 1
ρ2

∂uϕ
∂ϕ

+ (λ+ μ)
1

ρ

∂2uϕ
∂ρ∂ϕ

+
1

r

·
(λ+ 2μ) cosϕ

∂uρ
∂ρ

− (λ+ μ) sinϕ
∂uϕ
∂ρ

+ μ
sinϕ

ρ

µ
uϕ − ∂uρ

∂ϕ

¶
+ (λ+ μ)

∂2uθ
∂ρ∂θ

¸
+
1

r2

·
(λ+ 2μ) cosϕ(uϕ sinϕ− uρ cosϕ) + μ

∂2uρ
∂θ2

− (λ+ 3μ) cosϕ∂uθ
∂θ

¸

0 = μ

µ
∂2uϕ
∂ρ2

+
1

ρ

∂uϕ
∂ρ

− 1

ρ2
uϕ

¶
+ (λ+ 2μ)

1

ρ2
∂2uϕ
∂ϕ2

+ (λ+ 3μ)
1

ρ2
∂uρ
∂ϕ

+ (λ+ μ)
1

ρ

∂2uρ
∂ρ∂ϕ

+
1

r

·
(λ+ μ) cosϕ

1

ρ

µ
∂uρ
∂ϕ

− uϕ
¶
+ μ cosϕ

∂uϕ
∂ρ

− (λ+ 2μ) sinϕ1
ρ

µ
∂uϕ
∂ϕ

+ uρ

¶
+ (λ+ μ)

1

ρ

∂2uθ
∂ϕ∂θ

¸
+
1

r2

·
(λ+ 2μ) sinϕ(uρ cosϕ− uϕ sinϕ) + μ

∂2uϕ
∂θ2

+ (λ+ 3μ) sinϕ
∂uθ
∂θ

¸

0 = μ

µ
∂2uθ
∂ρ2

+
1

ρ

∂uθ
∂ρ

+
1

ρ2
∂2uθ
∂ϕ2

¶
+
1

r

·
μ

µ
cosϕ

∂uθ
∂ρ

− sinϕ1
ρ

∂uθ
∂ϕ

¶
+ (λ+ μ)

µ
1

ρ

µ
∂uρ
∂θ

+
∂2uϕ
∂ϕ∂θ

¶
+

∂2uρ
∂ρ∂θ

¶¸
+
1

r2

·
−μuθ + (λ+ 2μ)∂

2uθ
∂θ2

+ (λ+ 3μ)

µ
cosϕ

∂uρ
∂θ

− sinϕ∂uϕ
∂θ

¶¸
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The elasticity system in the vicinity of a singular 
circular edge

The Navier-Lamé equations are complemented by homogeneous boundary condi-
tions on the faces intersecting at the singular edge:

uρ = uϕ = uθ = 0 on Γ1 ∪ Γ2 Clamped BCs

tϕ = tρ = tθ = 0 on Γ1 ∪ Γ2 Traction Free BCs,

u =
X
`=0

X
k=0

∂`θAk(θ) ρ
αk

∞X
i=0

³ ρ

R

´i+`⎧⎨⎩
φρ(ϕ)
φϕ(ϕ)

φθ(ϕ)

⎫⎬⎭
`,k,i

=
X
`=0

X
k=0

∂`θAk(θ) ρ
αk

∞X
i=0

³ ρ

R

´i+`
φ`,k,i

Similar to the Laplace equation, we herein consider a series 
expansion of the form:

Substituting the series expansion into the Navier-Lamè system 
results in a “messy” system of different orders of , ( )AR

ρ θ∂l
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The elasticity system in the vicinity of a singular 
circular edge

[m0]φ`,k,i = − (2 cosϕ[m0] + [m01])φ`,k,i−1 −
¡
cos2 ϕ[m0] + cosϕ[m01] + [m02]

¢
φ`,k,i−2 − [m10]φ`−1,k,i

− (cosϕ[m10] + [m11])φ`−1,k,i−1 − [m2]φ`−2,k,i, ` ≥ 0, i ≥ 0

where φ’s with negative indices are set to zero, and

[m0]φ`,k,i =

⎛⎝ (λ+ 2μ)
¡
β2 − 1

¢
+ μ∂ϕϕ ((λ+ μ)β − (λ + 3μ)) ∂ϕ 0

((λ + μ)β + (λ+ 3μ)) ∂ϕ μ
¡
β2 − 1

¢
+ (λ + 2μ)∂ϕϕ 0

0 0 μ
¡
β2 + ∂ϕϕ

¢
φl,k,i

⎞⎠ φ`,k,i

[m01]φ`,k,i =

⎛⎝ (λ + 2μ) cosϕβ − μ sinϕ∂ϕ sinϕ (μ− (λ+ μ)β) 0
−(λ + 2μ) sinϕ+ (λ+ μ) cosϕ∂ϕ cosϕ (μ (β − 1) − λ)− (λ+ 2μ) sinϕ∂ϕ 0

0 0 μ (β cosϕ− sinϕ∂ϕ)

⎞⎠ φ`,k,i

[m02]φ`,k,i =

⎛⎝ −(λ+ 2μ) cos2 ϕ (λ + 2μ) cosϕ sinϕ 0
(λ+ 2μ) sinϕ cosϕ −(λ+ 2μ) sin2 ϕ 0

0 0 −μ

⎞⎠ φ`,k,i

[m10]φ`,k,i =

⎛⎝ 0 0 (λ+ μ)β
0 0 (λ+ μ)∂ϕ

(λ+ μ)β (λ+ μ)∂ϕ 0

⎞⎠ φ`,k,i

[m11]φ`,k,i =

⎛⎝ 0 0 −(λ + 3μ) cosϕ
0 0 (λ+ 3μ) sinϕ

(λ+ 3μ) cosϕ −(λ+ 3μ) sinϕ 0

⎞⎠ φ`,k,i, [m2]φ`,k,i =

⎛⎝ μ 0 0
0 μ 0
0 0 (λ+ 2μ)

⎞⎠ φ`,k,i

β = (αk + `+ i)
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The elasticity system in the vicinity of a singular 
circular edge

Clamped or traction free boundary conditions are a bit more 
complicated:
Clamped:

φ`,k,i(ϕ1) = φ`,k,i(ϕ2) = 0, ∀`,αk, i

Traction Free:

[t0]φ`,k,i = − (cosϕ[t0] + [t01])φ`,k,i−1 − [t1]φ`−1,k,i = 0, ϕ = ϕ1,ϕ2

[t0]φ`,k,i =

⎛⎝2μ+ λ (β + 1) (λ+ 2μ)∂ϕ 0
μ∂ϕ μ (β − 1) 0
0 0 μ∂ϕ

⎞⎠φ`,k,i

[t01]φ`,k,i =

⎛⎝λ cosϕ −λ sinϕ 0
0 0 0
0 0 μ sinϕ

⎞⎠φ`,k,i, [t1]φ`,k,i =

⎛⎝0 0 λ
0 0 0
0 μ 0

⎞⎠φ`,k,i
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Traction free penny shaped crack
Axisymmetric solution 

Computing the displacements, one may then evaluate the stresses:
⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

σρρ
σθθ
σϕϕ
σρθ
σρϕ
σθϕ

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
=

KI√
2πρ

⎡⎢⎢⎢⎢⎢⎢⎢⎣
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−5 cos ϕ
2
+ cos 3ϕ

2

− 4λ
λ+μ

cos ϕ
2

−3 cos ϕ2 − cos 3ϕ2
0

− sin ϕ
2 − sin 3ϕ

2

0

⎞⎟⎟⎟⎟⎟⎟⎠ +
³ ρ

R

´
⎛⎜⎜⎜⎜⎜⎜⎜⎝

− 5λ+13μ
4(λ+μ)

cos ϕ
2
+ λ+9μ

4(λ+μ)
cos 3ϕ

2

− 2(2λ+μ)(λ+5μ)

(λ+μ)2
cos ϕ

2
+ 3λ+2μ

λ+μ
cos 3ϕ

2

− 3(λ+9μ)
4(λ+μ)

cos ϕ
2
− λ+9μ

4(λ+μ)
cos 3ϕ

2

0
λ−7μ
4(λ+μ)

sin ϕ
2
+ λ−7μ

4(λ+μ)
sin 3ϕ

2

0

⎞⎟⎟⎟⎟⎟⎟⎟⎠
+ · · ·

⎤⎥⎥⎥⎥⎥⎥⎥⎦

+
KII√
2πρ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
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− 5
3
sin ϕ

2
+ sin 3ϕ

2

− 4λ
3(λ+μ)

sin ϕ
2

− sin ϕ
2
− sin 3ϕ

2

0
1
3

¡
cos ϕ

2
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2

¢
0
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³ ρ

R

´
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
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60(λ+μ) sin

ϕ
2 +
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12(λ+μ) sin

3ϕ
2
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sin ϕ
2
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3(λ+μ)
sin 3ϕ

2
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sin ϕ
2
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12(λ+μ)
sin 3ϕ

2

0

− 23λ+31μ
60(λ+μ) cos

ϕ
2 +

−λ+7μ
12(λ+μ) cos

3ϕ
2

0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
+ · · ·

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+
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⎛⎜⎜⎜⎜⎜⎜⎝
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0
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1
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ϕ
2
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1
2
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2
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0
0
0

7
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ϕ
2 − 1
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2

0
5
8
cos ϕ

2
− 1

2
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2

⎞⎟⎟⎟⎟⎟⎟⎠ + · · ·
⎤⎥⎥⎥⎥⎥⎥⎦
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Traction free penny shaped crack
Non-Axisymmetric solution 

Consider the “mode I” component of stresses:
⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

σρρ
σθθ
σϕϕ
σρθ
σρϕ
σθϕ
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2πρ
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2
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2

− 4λ
λ+μ
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2

−3 cos ϕ2 − cos 3ϕ2
0
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2

0

⎞⎟⎟⎟⎟⎟⎟⎠ +
³ ρ

R

´
⎛⎜⎜⎜⎜⎜⎜⎜⎝

− 5λ+13μ
4(λ+μ)

cos ϕ
2
+ λ+9μ

4(λ+μ)
cos 3ϕ

2

− 2(2λ+μ)(λ+5μ)

(λ+μ)2
cos ϕ

2
+ 3λ+2μ

λ+μ
cos 3ϕ

2

− 3(λ+9μ)
4(λ+μ)

cos ϕ
2
− λ+9μ

4(λ+μ)
cos 3ϕ

2

0
λ−7μ
4(λ+μ)

sin ϕ
2
+ λ−7μ

4(λ+μ)
sin 3ϕ

2

0

⎞⎟⎟⎟⎟⎟⎟⎟⎠
+ · · ·

⎤⎥⎥⎥⎥⎥⎥⎥⎦

+
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I(θ)√
2πρ

³ ρ

R

´
⎛⎜⎜⎜⎜⎜⎜⎜⎝

0
0
0

2(λ−μ)
λ+μ cos ϕ2 −

2(λ+3μ)
λ+μ cos 3ϕ2

0
2(λ+3μ)
λ+μ sin ϕ

2 +
2(λ+3μ)
λ+μ sin 3ϕ

2

⎞⎟⎟⎟⎟⎟⎟⎟⎠
+ · · ·

+
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2πρ

³ ρ

R
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⎛⎜⎜⎜⎜⎜⎜⎜⎝
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ϕ
2 +
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2

2(3λ+2μ)
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2
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2

0
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6(λ+μ)

sin ϕ
2
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2

0

⎞⎟⎟⎟⎟⎟⎟⎟⎠
+ · · ·
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Next – computation of Edge Flux Intensity Functions (ESIFs):

What is the next step?

, ,
0 1 0

( , , ) ( ) ( )k

i

k k i
k i

A
R R

α
θ

ρ ρτ ρ ϕ θ θ ρ φ ϕ
= = =

⎛ ⎞ ⎛ ⎞= ∂ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

∑∑ ∑
l

l
l

l
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Extending the Quasi-Dual Function Method for 
Extracting ESIFs - Integral

First we consider the Axisymmetric case
[ ]oJ ρ

( )1

1

2

0

[ ]( , ) ([ ] [ ] )

( ) cos |

R

o

oJ K T K T K d

K K R d d
π ϕ ω

ρ ρ ρθ ϕ ϕ

ρ τ τ τ

τ τ ρ ρ ϕ θ ϕ

Γ

+

= =

≡ ⋅ − ⋅ Γ

= ∂ ⋅ − ⋅∂ +

∫

∫ ∫

Can we extend the boundary integral                 [Costabel, 

Dauge & Yosibash, SIAM J. Math. Anal. (2004)] to circular edges?
[ ]( , )J R u vr r

The quasidual extraction function          is constructed  by the duals:( )i
nK α

( )
,

0

( )k k

im

m k k i
i

K B
R

α α ρρ ψ ϕ−

=

⎛ ⎞
⎜ ⎟
⎝ ⎠

∑�

1
????

???( )[ ]( , ) ( )kk m
o m k oJ K A α ααρ τ ρ − + += +Ο

oTorus of radius ρ

Are there orthonormal relations between 
primal and dual shadows? What about the Bs?
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Extending the Quasi-Dual Function Method for 
Extracting ESIFs - Integral

First we consider the Axisymmetric case
[ ]oJ ρ

( )

( )

1

1

1

1

12

,0 ,0 ,0 ,00

1
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o
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k k k k k
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B R d d
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ρ ρ ρθ ϕ ϕ
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ρϕ ϕ
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π α φ ψ ρ ϕ ϕ
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=
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∫ ∫

∫

What about       ?kB

For homogeneous Neumann 
BCs and circular crack we 
obtain for example:
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QDFM – Axisymmetric, homogeneous Neumann 
BCs, circular crack

We compute A1 by the QDFM with increasing orders of the dual functions:

Take: 

τ = A1ρ
1
2

·
sin

ϕ

2
+
³ ρ

R

´ 1
4
sin

ϕ

2
+
³ ρ

R

´2 µ 1

12
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ϕ

2
− 3

32
sin

3ϕ

2

¶
+
³ ρ

R

´3 µ 1

16
sin

ϕ

2
− 1

30
sin

3ϕ

2
+

5

128
sin

5ϕ

2

¶
+ · · ·+O

³ ρ

R

´8¸
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QDFM – Axisymmetric, homogeneous Neumann 
BCs, circular crack

We compute A1 by the QDFM with increasing orders of the dual functions:

1

1
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1 0 1
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1 1 1

( )
1 2 1
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1 3 1
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R
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R

J K A O
R

J K A O
R

α

α

α

α

ρρ τ
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y = 3.0478x - 1.7295
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QDFM – Axisymmetric, homogeneous Neumann, 
penny shaped crack

Taking a numerical example to visualize the actual convergence rate:
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( )( ) ( ) ( )
( )

1
( , ) 2 ([ ] [ ] ) cos ( ) |

2
i i i

k

nG

m k FE m FE m
k

J K w T K T K Rα α α
ξ ϕ

ωτ π τ τ ρ ρ ϕ ξ
=

= ⋅ − ⋅ +∑

Finite Element approximation       of the exact solution    :τFEτ

Extraction of EFIFs by post-processing the FE solution
Homog. Neumann BCs, circular crack - Axisymmetric

2R =

1ρ =
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Coming back to this
picture – the aim is to

be able to compute the 
ESIF for the curved edge…
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Summary

That’s it – Thank you for your attention. 

• The explicit series expansion of the solutions in the vicinity of a 
circular edge can be computed analytically or by p-FEMs.

• The quasi-dual function method (QDFM) for extracting EFIFs is 
being extended to circular edges, in conjunction with p-FE methods.

• Future plans - extend the methods to ESIFs in elasticity.
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