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Overview �2/24�1. Modelling of damage and delamination2. Setup3. Mathemati
al tools
◮ Energeti
 formulation of rate-independent pro
esses
◮ Existen
e result for partial damage
◮ Γ-
onvergen
e of rate-independent pro
esses4. Delamination models as the limits of damage models
◮ Partial damage
◮ Gradient delamination (ε → 0, κ > 0 �xed)
◮ Gri�th-type delamination (κ → 0)5. Con
lusion



Modelling of Damage & Delamination �3/24�Damage, in its me
hani
al sense in solid materials is the 
reation and growth ofmi
rovoids or mi
ro
ra
ks whi
h are dis
ontinuities in a medium 
onsidered as
ontinuous at a larger s
ale. [Lemaitre/Desmorat05℄For all t ∈ [0, T ] and all x ∈ Ω ⊂ R
d we de�ne:lo
al damage variable z(t, x):=Ld((Ω∩Br(x))\(holes at time t))

Ld(Ω∩Br(x)) (r �xed).
⇒ z(t, x) = 1 : no damage,

z(t, x) = 0 : 
omplete damage,
z(t, x) ≥ z⋆ > 0 : partial damage
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z(t, x) = 0 : 
omplete damage,
z(t, x) ≥ z⋆ > 0 : partial damageDelamination: Mi
ro-
ra
king along interfa
e ΓC ⊂ R

d−1lo
al delamination variable z : [0, T ] × ΓC → [0, 1]

z(t, x) = 1 :bonding fully inta
t
z(t, x) > 0 :bonding ff

⇒ transmission 
ond.s
z(t, x) = 0 : bonding 
ompletely broken = 
ra
k



Setup �4/24�Partial damage: 0<εγ ≤z≤1 inΩεDNo damage in Ωε
−

∪Ωε
+

ff
ε→0
−→

 Delamination along ΓCNo damage in Ω− ∪ Ω+
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c)
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x1

S
aling of ΩεD
yblown up damage-able domain ΩDTools:

• Energeti
 formulation by fun
tionals Eκ
ε , R on 
ommon spa
e Q wrt. Ω−∪Ω+, ΩD

• existen
e result for (Q, Eκ
ε ,R) for ε, κ �xed

• abstra
t Γ-
onvergen
e result [Mielke/Roubí£ek/Stefanelli08℄



Energeti
 Formulation �5/24�Rate-independen
e modelled by positive 1-homogeneity of R : Z → [0,∞],i.e. R(αv) = αR(v) for all α ≥ 0 and all v ∈ Z,

Z : set of damage/delamination variablesEnergeti
 formulation of the rate-independent damage/delamination pro
esses,i.e. bE ∈ {Eκ
ε , Eκ, E | ε ∈ (0, ε0], κ ∈ (0, κ0]}De�nition: q : [0, T ] → Q is an energeti
 solution to (Q, bE ,D), if for all t ∈ [0, T ]it holds ∂t

bE(·, q(·)) ∈ L1((0, T )), bE(t, q(t)) < ∞ and:
8
<
:

(S) Stability : for all q̃ ∈ Q : bE(t, q(t)) ≤ bE(t, q̃) + R(z̃ − z(t)),

(E) Energy balan
e : bE(t, q(t)) + DissR(z, [0, t]) = bE(0, q(0)) +
tR
0

∂t
bE(ξ, q(ξ))dξ,where DissR(z, [s, t]) := supall part. of [s,t]

NP
j=1

R(z(ξj) − z(ξj−1)).



Tools for the Limit Passage �6/24�
• Existen
e result for partial damage (
onsequen
e of [Th.,Mielke09℄):Theorem: Under te
hni
al assumptions on the energy density and the given datathere exists an energeti
 solution q =(u, z) : [0, T ] → Q for (Q, Eκ

ε ,R, q0) for all�xed ε > 0, κ > 0 and all initial 
onditions (t=0, q0), whi
h satisfy (S).(S) Eκ
ε (t, q(t)) ≤ Eκ

ε (t, q̃(t)) + R(z̃(t) − z) for all q̃ = (u, z) ∈ Q

• Abstra
t Γ-
onvergen
e result for rate-independent pro
esses (Q, Ej ,Rj)j∈N[Mielke, Roubí£ek, Stefanelli08℄



Γ-
onvergen
e of Rate-independent Pro
esses �7/24�
X : metri
 spa
e, Gk,G : X → R∞ = R ∪∞,

Γ-
onvergen
e (De Giorgi): Gk
Γ

−→ G ⇔ for every w ∈ X holds:1. Γ-lim inf-inequality: ∀ (wk)k∈N, wk
X
→ w : G(w) ≤ lim infk→∞ Gk(wk) ,2. Re
overy sequen
e: ∃ (ŵk)k∈N, ŵk
X
→ w : G(w) ≥ lim supk→∞ Gk(ŵk) .

Gk
Γ

−→ G ⇒ argminv∈X{Gk(v)} ∋ wk
X

−→ w ∈ argminv∈X{G(v)}For stati
 minimization problems!
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→ E & Rj
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→ R not su�
ientImportant: Properties (S) & (E) have to be preserved under 
onvergen
e!
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Γ-
onvergen
e of Rate-independent Pro
esses �8/24�Cru
ial properties:For all (tj , qj) → (t, q) in [0, T ] × T with Ej(tj , qj) ≤ E and
(Sj) Ej(tj , qj) ≤ Ej(tj , q̂) + Rj(q̂ − qj) for all q̂ ∈ Qholds:1. Γ-lim inf-inequalities for Ej and Rj2. ∂tEj(tj , qj) → ∂tE∞(t, q)3. Upper semi
ontinuity of stable sets:
E∞(t, q) ≤ E∞(t, q̂) + R∞(q̂ − q) for all q̂ ∈ Q



Dissipation Potential for Damage & Delamination �9/24�PSfrag repla
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Energy Fun
tionals for the Damage Models �10/24�PSfrag repla
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ΩεD Ω : whole 
ompound
u : Ω → R

d displa
ement
Eκ

ε (t, q) :=

 eEκ
ε (t, q) if q = (u, z) ∈ QD = UD ×ZD

∞ otherwise
UD := {u ∈ W 1,p(Ω, Rd) |u = 0 on ΓDir}, ZD := W 1,r(ΩD)
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Transmission & Conta
t Conditions for Delamination �11/24�(A1) Assumption: sequen
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tional for the damage pro
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∂y1 , ∂y2 , . . . , ∂yd

)⊤(A2) Assumption: 
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ivity c|e|p ≤ W (e), but:
WD(Πεzε, e(uε)) := Πε

zε| {z }
≥εγ →0

W (e(uε)) + |(e11(uε))
−|p,loss of 
oer
ivity!
(e11(uε))
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