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Modelling of Damage & Delamination -3/2a-

Damage, in its mechanical sense in solid materials is the creation and growth of
microvoids or microcracks which are discontinuities in a medium considered as
continuous at a larger scale. [Lemaitre/Desmorat05]

For all t € [0,7] and all z € © C R we define:

d .
local damage variable z(t,z):=% ((QHBEETQF\]E;""(':)T time ¢))

(r fixed).
= z(t,x)=1: no damage,
z2(t,z) =0: complete damage,
z(t,x) > z« > 0: partial damage
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Damage, in its mechanical sense in solid materials is the creation and growth of
microvoids or microcracks which are discontinuities in a medium considered as
continuous at a larger scale. [Lemaitre/Desmorat05]

For all t € [0,7] and all z € © C R we define:

local damage variable z(t,x)::ﬁd((Qﬁngz(gr\]g"'(‘:)?t time ¢))

(r fixed).
= z(t,x)=1: no damage,
z2(t,z) =0: complete damage,
z(t,x) > z« > 0: partial damage

Delamination: Micro-cracking along interface I'c ¢ R4~?
local delamination variable z : [0, 7] x I'c — [0, 1]

z(t,z) = 1 :bonding fully intact

+(t,z) > 0 : bonding } = transmission cond.s

z(t,z) = 0 : bonding completely broken = crack
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Partial damage: 0<&? <2z<1in Qg
No damage in Q% uas

Scaling of Q]E.)
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e—0 Delamination along I'c

No damage in 2_ U Q4

Q4
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blown up damage-

able domain Qp

Tools:

L—-1

e Energetic formulation by functionals £, R on common space Q wrt. Q_UQ4, Qp
e existence result for (Q,EF, R) for €, k fixed
e abstract I'-convergence result [Mielke/Roubicek /Stefanelli08]




Energetic Formulation —5/2a-

Rate-independence modelled by positive 1-homogeneity of R : Z — [0, oo],
i.e. R(aw) = aR(v) for all @ > 0 and all v € Z,

Z : set of damage/delamination variables

Energetic formulation of the rate-independent damage/delamination processes,
ie. £ {Er, &% Ele € (0,0], 5 € (0,k0]}

Definition: ¢ : [0,7] — Q is an energetic solution to (Q, g, D), if for all t € [0, T
it holds 8:£(-, q(-)) € L*((0,T)), £(t, q(t)) < oo and:

~

(S) Stability: for all Ge Q: E(t,q(t)) < E(t,§) + R(Z — ()),
{(E) Energy balance : (¢, q(t)) + Dissr (2, [0,t]) = £(0, ¢ +fat ,q(8))de,

N
where Dissre (2 [5,1]) /= SUPai v o 5.0 3, RA(E) = 2(65-1).
P




Tools for the Limit Passage ~6/2a-

e Existence result for partial damage (consequence of [Th.,Mielke09]):

Theorem: Under technical assumptions on the energy density and the given data
there exists an energetic solution ¢=(u,2) : [0,7] — Q for (Q,EL, R, qo) for all
fixed € > 0, k > 0 and all initial conditions (¢=0, qo), which satisfy (S).

(S) EE(t,q()) < EL(t,q(t)) + R(2(t) — 2) for all g = (u,2) € Q

e Abstract I'-convergence result for rate-independent processes (Q, £, R;) en
[Mielke, Roubicek, Stefanelli08]




I"-convergence of Rate-independent Processes —7/24-

X metric space, G, G : X - Roo =R U o0,

I'-convergence (De Giorgi): Gk L6 & for every w € X holds:

1. I-lim inf-inequality: V (wk)ken, wk 2w G(w) < liminfx— oo Gr(wk) ,

2. Recovery sequence: 3 (Wg)ken, Wk Xw: G(w) > limsup,,_, ., G (W) -

Gr G = argmin,c »{Gr(v)} > wg X we argmin, . »{G(v)}

For static minimization problems!




I"-convergence of Rate-independent Processes —7/24-

X metric space, G, G : X - Roo = R U o0,

I'-convergence (De Giorgi): Gk L6 & for every w € X holds:
1. I-lim inf-inequality: V (wk)ken, wk 2w G(w) < liminfx— oo Gr(wk) ,

2. Recovery sequence: 3 (Wg)ken, Wk Xw: G(w) > limsup,,_, ., G (W) -

Gr G = argmin,c »{Gr(v)} > wg X we argmin, . »{G(v)}

For static minimization problems!

Here: energetic solutions g; : [0,7] — Q
Wanted:
energetic solutions of (Q,&;, R;) converge to energetic solutions of (Q,&,R)
= & 5 & & R; — R not sufficient
Important: Properties (S) & (E) have to be preserved under convergence!
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X metric space, G, G : X - Roo = R U o0,

I'-convergence (De Giorgi): Gk L6 & for every w € X holds:

1. I-lim inf-inequality: V (wk)ken, wk 2w G(w) < liminfx— oo Gr(wk) ,

2. Recovery sequence: 3 (Wg)ken, Wk Xw: G(w) > limsup,,_, ., G (W) -

Gr G = argmin,c »{Gr(v)} > wg X we argmin, . »{G(v)}

For static minimization problems!

Here: energetic solutions ¢; : [0,T] — Q

Wanted:
energetic solutions of (Q,&;, R;) converge to energetic solutions of (Q,&,R)

=& 5 E & R; 5 R not sufficient
Important: Properties (S) & (E) have to be preserved under convergence!

Sufficient conditions by abstract result in [Mielke/Roubicek /Stefanelli08]




I"-convergence of Rate-independent Processes -8/24—

Crucial properties:
For all (¢;,¢;) — (¢,q) in [0, T] x T with &;(t;,q;) < E and

(S5) &5(tj,q5) < &i(t5,4) + Rj(§—gy) forall g € Q
holds:

1. I'-lim inf-inequalities for £; and R;
2. 0:€j(t5,q5) — € (t,q)
3. Upper semicontinuity of stable sets:




Dissipation Potential for Damage & Delamination
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Dissipation potential for v : Qf — R:
Re(v) = [ 1R(v(z))dz
Q25

| plv| ifv<O
R(v) := { oo else

for p> 0, e € (0,e0],v=2

healing
forbidden
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Dissipation potential for v : Qf — R:
Re(v) = [ 1R(v(z))dz
Q25

| plv| ifv<O
R(v) := { oo else

for p> 0, e € (0,e0],v=2

healing
forbidden

Scaling of 94/

Dissipation potential for v : Qp — R:

R(v) = Qf R(v(y))dy
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Energy Functionals for the Damage Models

Q : whole compound

7 ;ifQ Qir d g
: s u : 2 — R* displacement
IDir
L B |
L—e

gﬁ(t ): g:(t7q) I'Fq:(u,Z)GQr):Z/{]’) XZD
s\hd): 00 otherwise

Us = {u € W"(QR?) [u=0o0n Ini}, Zn:=W""(Q)




Energy Functionals for the Damage Models ~10/2a~

Lo O Q : whole compound

u: Q — R displacement

Toir
Lol : e(u) = 3(VutVu'),
vt I :wh (Qp) —» WH(Q5),
2 L—e™ V::<%(f);/1-,0;1,121--'70!//1) ‘

gﬁ(t ): g:(t7q) I'Fq:(’u,,Z)GQr):ur) XZD
<\ 00 otherwise

Ex(t.0) = [ Wleluwrg(t) dot W01, efw)) dot (5194074 5 a(2) ) dy

Q° uas QF Qp partial damage




Energy Functionals for the Damage Models ~10/2a~

gﬁ(t ): gg(t7q) I'Fq:(u,Z)GQr):Z/{]’) XZD
<\ 00 otherwise

EX(t,q) ::/W( (u+g(t)) dx+/Wn =2, e(u ))dac+/( Ve 2|+ v ay(2) ) dy

Q° U n

partial damage

Wn(IIfz,e) :=1I2W (e) + |(e11) |7, (e11)” =—min{ei1,0}




Energy Functionals for the Damage Models ~10/2a~

gﬁ(t ): g:(t7q) I'Fq:(u,Z)GQr):Z/{]’) XZD
<\hd): 00 otherwise

EX(t,q) 1= | W(e(utg(t)) dat [ Wo(l%, e(w)) do [ (Ve 2"+ Oir u2) ) dy
r ——

Q° uas QF Qp partial damage

1. T-limit: € — 0 gradient delamination
2. T-limit: x — 0 Griffith-type delamination [Roubicek/Scardia/Zanini09]




Energy Functionals for the Damage Models ~10/2a~

gﬁ(t ): gg(t7q) I'Fq:(u,Z)GQr):Z/{]’) XZD
<\hd): 00 otherwise

EX(t,q) 1= | W(e(utg(t)) dat [ Wo(l%, e(w)) do [ (Ve 2"+ Oir u2) ) dy
r ——

Q° uas QF Qp partial damage

1. T-limit: € — 0 gradient delamination
2. T-limit: x — 0 Griffith-type delamination [Roubicek/Scardia/Zanini09]

Crucial to describe delamination along I'c :
Transmission cond. z[u] =0 a.e. on I'c
Unilateral contact cond. Ju-n;] > 0 a.e. on I'c




Transmission & Contact Conditions for Delamination —11/24-

(A1) Assumption: sequence (tc,qe)ee(0,e0] With EF(te,qe) < E

Energy functional for the damage processes:
EL(te,qe) = fW(e(ue—i—g(t6 dx—l—an IT%2, e(ue)) dx—l—f(%|Veze|r—|—6[ewyl](z€)) dy
Q° ug Qp
Ve= (%8311781;2’ R ayd)T
(A2) Assumption: coercivity cle|? < W (e), but:

W (I1° ¢, e(ue)) := Eaﬁi W (e(ue)) + |(ex1(ue)) ™7,

>e7—0 loss of coercivity!

(e11(uc))” =— min{0s, uc, 0}




Transmission & Contact Conditions for Delamination —11/24-

(A1) Assumption: sequence (tc,qe)ee(0,e0] With EF(te,qe) < E

Energy functional for the damage processes:
EE(te, qe) = [W(e(ue+g(te)) dx—l—an (1%, e(ue)) dw—l—f(%|Veze|r—|—6[€wyl](z€)) dy
0f uas n
Ve= (%aylvayzv B 8yd)T
(A2) Assumption: coercivity cle|? < W (e), but:

W (I1° ¢, e(ue)) := Eaﬁi W (e(ue)) + |(ex1(ue)) ™7,

>e7—0 loss of coercivity!

(e11(uc))” =— min{0s, uc, 0}

Theorem: Assume (Al). Let (A2) hold.
1. r>d = transmission condition: z|r.[u] =0 a.e. on I'c

2. |(e11(ue))”|P = unilateral contact condition: [u-n;i] > 0 on I'c




Ideas of the Proof
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EF(te,qe) < E, thus subseq. ue — uin WHP(QXUQY RY), 2. = zin L°°(Qp)

1. r>d, W coerc. = [u] =0 a.e. on I'c\N. N. ={s €| zlr. (s) = 0}

o 2[VezellLr(q) < E, hence £(|0y, ze||Lr(q) < Ee” ~ 0y,2=0

o | | ap Qs Q°F

a5

e smooth compact sets K C Qp\{y € O | z(y) = 0}
sth. L7 K NoQYP) # 0

~» Korn's ineq. holds on K U 9Q5°

o W' (Qp) € C(Qp) for r >d
= 30k >0: 2,2:,[1°2. > 0k in K

= unif. coercivity on K U Q°
:>u€W1’p(KUQ€iO) ~ [u] =0 a.e. on T'c\NV..




Ideas of the Proof —12/2a-

EF(te,qe) < E, thus subseq. ue — uin WHP(QXUQY RY), 2. = zin L°°(Qp)

2. W coerc., |(e11(us))”|P = fF(‘, (—[u-ni])Tds =0

Qv QY Q4
€ €
o of
9l Q)

/ —[u- nl]] ds = lim (ul(—u, s)—u' (+v, s))Jr ds

v—0 I'c




Ideas of the Proof —12/2a-

EF(te,qe) < E, thus subseq. ue — uin WHP(QXUQY RY), 2. = zin L°°(Qp)

2. W coerc., |(e11(us))”|P = fF(‘, (—[u-ni])Tds =0

I
Qv Qb QY

s
€

Q° QF
22 Q4

/F (—=[u-n1])* ds = lim (u' (=v, s)—u' (+v, s))Jr ds

Fatou < lim liminf/ (ui(—v,s)—ut(+v,s) " ds
Tc

v—0 £—0




Ideas of the Proof —12/2a-

EF(te,qe) < E, thus subseq. ue — uin WHP(QXUQY RY), 2. = zin L°°(Qp)

2. W coerc., |(e11(us))”|P = ch (—[u-ni])Tds =0

I
Qv Qb QY

s
Q° QF
22 Q4

/F (—=[u-n1])* ds = lim (u' (=v, s)—u' (+v, s))Jr ds

v—0 £—0

Fatou < lim liminf/ (ui(—v,s)—ut(+v,s) " ds
Tc

v—0 &—0

v +
part. int. = lim lim inf (/ —8m1u;dx1) ds
T'c

—v




Ideas of the Proof —12/2a-

EF(te,qe) < E, thus subseq. ue — uin WHP(QXUQY RY), 2. = zin L°°(Qp)

2. W coerc., |(e11(us))”|P = ch (—[u-ni])Tds =0

I
Qv Qb QY

s
Q° QF
22 Q4

/F (—=[u-n1])* ds = lim (u' (=v, s)—u' (+v, s))Jr ds

v—0 £—0

Fatou < lim lim inf/ (ui(—v,s)—us(+v,s)t ds
Tc

v—0 &—0

v +
part. int. = lim lim inf (/ —8m1u;dx1) ds
I'c —v

Jensen < liminf lim inf (—8m1u§)+ dx
v—0 e—0 Qv




Ideas of the Proof —12/2a-
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I'c —v
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v—0 e—0 Qv v— Q?)

o Wp(II%z,e) = II%2W (e) + |(e11) ™ |P & coercivity of W
= |0z, ul) ||y < E = 3b€ LP(Q) : (Oz,ul)” —bin LP(Q)




Gradient Delamination (k > O fixed, € — 0)
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Q : whole compound

u: Q — RY displacement
F]?ir
"QEU' o V.= (Z()il/l ’ ().Uz **** ()11/(1>
e

E5(tu, 2) = { gg(t,u,z) if (u,2) € Qp =Up X Zp

) otherwise

£ (tu, 2) =

W (e(u+g(t))) dz+ [ Wp (11%2, e(u)) dl’+/(;|vg 2™+ Sevay(z) ) dy
Qf uos

2 p partial damage

Un = {u S Wl‘p(Q,Rd) |’u =0on Fmr},
Z]') = Wl’r(QD)

QD ::Z/{D X ZD




Gradient Delamination (k > O fixed, € — 0)
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Qy Q : whole compound

T Thir u: Q — RY displacement
Y1

[u] jump across I'c

er(t e Stz i (w2) € Qe
U o] otherwise

E"(t,u, 2) :*/ We(u+g(t)))dz +/(§|Vz|r+ d0,11(2) )dy

n delamination

Ue = {ue WH(Q_ U QO RY|[u-n1] >0ae on To, u=0o0n b},
Zoi={2 € W' () |0y, z = 0in Q0 },

Qc = {(u,2) €Uc x Zc | z|r[u] =0 a.e. on I'c},




Griffith-type Delamination (k — 0)

—1a/2a-
o 2 : whole compound
T Thir u: Q — RY displacement
o [v] jump across T'¢

E(tyu, z) if (u,2) € Qc,

) otherwise

E™(t,u, z) ::/ W (e(utg(t))) dz

Q_uQy

K T
+/(?|VZ| +6[0,1] (Z)) dy

On

Ue ={u e WHP(Q_UQ4, R |[u-ni] >0ae on Tc,u=0o0n b},
Zo = {2 € W (Q0) [ By, = 0 in D),
Qc = {(u,2) €Uc x Zc | z|r[u] =0 a.e. on I'c},




Griffith-type Delamination (k — 0) —1a/24-

Q_ g Q Q : whole compound
R Thir u: Q — R displacement
)—y L [w] jump across T'c
P—Q—H
L ‘ T !
E(tyu, z) = { Elt,u,2) i (u’z.) € Qa,
00 otherwise
Et,u, z) ::/ We(u+g(t)))dz —|—/( 8j0,11(2)) dy
Q_uQy Qp

Ue:={u e W"?(Q_UQ, R |[u-n1] >0ae onTc, u=0onIhl,
:{ZELOO(QDHaylz:O in (2]3}7
Qa:={(u,2) € Uc x Z¢ |S(‘z[[u]] =0a.e. on I'c},

Scz =3 f yl, dyl




Griffith-type Delamination ~15/24-

Proposition (Griffith-crack property of (Q,&,R)): Let p>d and (uo,20) €Q be a
stable initial value. Then for all t€[0,7] and a.a. y€Qp anen. sol. (u,2) : [0,T] — Q
of (Q,&,R) satisfies z(t,y) € {0, 20(y)}.




Griffith-type Delamination —15/2a~

Proposition (Griffith-crack property of (Q,&,R)): Let p>d and (uo,20) €Q be a
stable initial value. Then for all t€[0,7] and a.a. y€Qp anen. sol. (u,2) : [0,T] — Q
of (Q,&,R) satisfies z(t,y) € {0, 20(y)}.

Hence:
If zo=1ae. inQp: z(¢y) € {0,1}, then

R(=(t) = 2(0) = pL" " (Ia0))

where T', ;) = {s € I'c | Saz(t,s) = 0}.




Conclusion _16/2a~

Theorem: Under technical assumptions on W and g, with p,7 > d and v > (p—1)
it holds:

o for fixed k € (0, k0], as ¢ — 0:
energetic solutions of partial damage processes converge to
energetic solutions of gradient delamination models,

eask —0:
energetic solutions of gradient delamination models converge to
energetic solutions of a Griffith-type delamination model,

e in particular:
transmission conditions and unilateral contact conditions are satisfied.

e simultaneous convergence ¢ — 0 and Kk — 0:
There is G : Ry — Ry so that any convergent sub-
seq. (g2 (t))ee(0,e0),me(0,m0),e<c(x)  Of  energetic  solutions  of
(Q,E5,R)ce(0,e0],me(0,10] CcoOnverges for all t € [0,T] to an energetic
solution of the Griffith-type delamination model.
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