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MODELING OF NONLINEAR EFFECTS AT THE TIP ZONES FOR A CRACK ONSET

LTHE STARTING POINT: A CRACK ONSET

Griffith’ enérgy criterion (1921)

The crack starts to propagate only if energy is released.
Engineering praxis: Lots of various criteria, the simplest:
concept of critical SIF ( Irwin 1957)
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LTHE STARTING POINT: A CRACK ONSET

LTHE MATHEMATICAL FRAME: A FORMALLY SELF ADJOINT ELLIPTIC BOUNDARY VALUE PROBLEM

Lu=fin Q, Nu=gonX, Nu=0on Ay
Compatibility condition (R = space of rigid motions)
(f,l’)Q—F(g,l’)z :O,VI’E R:{D(V)I’:O}

L =—D(V)TAD(V) second order strongly elliptic operator
N = n- AD(V) Neumann operator, N'u normal stresses
u: displacement field,

Prop. 3 solution u, € H1(2), minimizer of the energy functional

Ui f,g,9) : = %(D(V)u, AD(V)u)a — (F, u)a — (g, u)s
= Ec.(u) — A(u).

Normalization condition (ue, r)g = 0 gives uniqueness.
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|—INFORMATIONS ABOUT THE ASYMPTOTIC BEHAVIOR

ue minimizer of U(u; f,g,Q) = ue € HY(Q), but ue ¢ H?(Q)
ue € H2 _(Q\ {0, 0%})
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-




MODELING OF NONLINEAR EFFECTS AT THE TIP ZONES FOR A CRACK ONSET
LINFORI\IAIIONS ABOUT THE ASYMPTOTIC BEHAVIOR

ue minimizer of U(u; f, g, Q) = ue € HY(Q), but ue ¢ H*(Q)
ue € Hipo(Q\ {01, 0%})

A representation of ue near the tips O:
‘_2_1,
O’ ) Ue(X) — Ue(Oy)—l-Kl’/Xl(XV)+K27/X2(XU)+ae

K}': stress intensity factors (SIFs)

X!: solutions to the model problem:

LX =0inR>\ Ag, NX =0on Ag

power law solutions: X = r’\tb(qb), Y = r_/\\li(gb), A= % ke N
2 for each k, (+ 4 solutions corresponding to A = 0)

Xl,Z — r1/2¢172(¢)



e
MODELING OF NONLINEAR EFFECTS AT THE TIP ZONES FOR A CRACK ONSET

LINFORMATIONS ABOUT THE ASYMPTOTIC BEHAVIOR
LESTIMATES FOR THE REMAINDER

near the tips:

u(x) = u(OY) + KIXY(xY) + KYX(xY) +

T H3(Q ||+Z{ (’)"|+Z|K”}
< < (If 2@l + e H1/2(2)|| + llu Q) -
Remark

It is not enough to play with asymptotics in Kondratiev spaces Vf’,
and embeddings here!
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L INFORMATIONS ABOUT THE ASYMPTOTIC BEHAVIOR
LTHE ENLARGED STATE SPACE I

Instead of u €HZ (Q\ {OF, ©*}) N HY(Q)
require u € D =:H2 _(Q\ {O, 0?}) N [*(Q)
Again asymptotic representation, now with power-law solutions
related to A\ = —%,0, %

)\:%: X =—Lvi x=0: ¢, (logarithmic) = near O":

u(x) = + (x") + ¢ XI(x") + b Y/ (x¥)) + T(x),

MN
N
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u(x) € H*(Q), u(O¥) = 0 + estimate of U and coefficient vectors
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LINFORI\IAIIONS ABOUT THE ASYMPTOTIC BEHAVIOR

LTHE ENLARGED STATE SPACE AND GENERALIZED (GREEN’S FORMULA

Various conditions for the coefficient vectors =, b, ¢, ¢/ are possible.
Kick out concentrated forces at the tips:

2
¢ = u€©:u:ZX”(cj’Xj+bj’7Yj)+H,Nu:00n/\i ,
Jv

i€ HQ), ui€l* = |b + [cf? + [T H?|?

and the Generalized Green’s formula
(Lu,v)g + Nu,v)s — (u, Lv)q — (u,Nv)s = (cu, by) — (by, cy)

Which linear and nonlinear conditions on b and ¢ lead to well
posed problems with a sensible physical interpretation?
H(Q)-solutions: b, =0 (— &)

(" Generalized Dirichlet condition” at the tips)
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LCONDITIONS AT THE TIPS
LLINEAR CONDITIONS

Hierarchy of conditions:
R = L%(Q) x HY?(L) x R*.
Lu=finQ, Nu=gonX
Nu=0onA, Hib+Hyc=hecR*
(x) defines a Fredholm op. of index 0: A: ¢ — R

Independent of H = (Hy, H2): rigid motions C ker A, requires
always
(f,r)a+ (g, r)z=0.
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L(,}<1\m1'1'101\m AT THE TIPS
L LINEAR CONDITIONS

H = (—T;I), T symmetric (and invertible f.s.),
(*) has a solution as a stationary point of the
generalized energy functional:

U(u: f, g, h) = %(ﬁu, D + %(./\/'u, oo — ((F)a + (g, u)s)

-~

+7<Tbu — Cu, bu> — <h, bu>
——
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L(,}<1\m1'1'101\15 AT THE TIPS

LTHE ROLE OF THE POLARIZATION MATRIX

¢ =¢ ®span{,j=1,...,4}
¢ weight functions:

solve (x) with f =0, g =0, b =¢; € R%.

Z = (CQ-)J- Polarization matrix, symmetric matrix, global integral
characteristic of €.

Lemma If T — Z is positive, then (x) has a solution u, unique

under the normalization (u, r)q = 0, and u is the minimizer of the
generalized energy functional.



MODELING OF NONLINEAR EFFECTS AT THE TIP ZONES FOR A CRACK ONSET
LNONLI]\'E:’\R CONDITIONS AT THE TIPS

Lu=finQ, Nu=gonX, Nu=0onA,

T(by,) —c, =0, with T(0)=0, T=VE

Proposition 2

Z: polarization matrix,

Eq(b) := E(b) — 3(Zb, b) strictly convex and coercive

(+*) has a unique solution u € &1, u is the minimizer of the
generalized energy functional

U(u) = (EU ua + 5 (NU u)s = (f,u)a — (g, u)s

+E(by) — %(cu, by).
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L NONLINEAR CONDITIONS AT THE TIPS
L~ A STRIKING EXAMPLE: THE DUGDALE CRITERION, (LEONOV, PANASYUK 1959, DUGDALE 1960)

Symmetric problem (" Mode | loading”)

small one dimensional plastic
zones at the tips: Find u with
bounded stresses and d, with

Lu=0 inQ(d), Nu=g ondQ(d),
with g =0 on AL, g =Focexon T, ¢

Bounded stresses = determines the lengthes d,,.

The criterion itself: deformation criterion crack propagates if
U+(Oy) — Uf(Oy) > 5crit

o large: the problem possesses a unique solution, d, = O(c-2)
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LNONLINEAR CONDITIONS AT THE TIPS

LA STRIKING EXAMPLE: THE DUGDALE CRITERION, (NAzZAROV & SP-N 2009)

Method of matched asymptotic expansions, model u? by the first
terms of the outer decomposition:

uP ~ O+ a(KEC + K3 =l e ¢

u? solves (**) with nonlinear conditions at the tips

1
c’ = (gby)1/3 + (Zb)y




MODELING OF NONLINEAR EFFECTS AT THE TIP ZONES FOR A CRACK ONSET
L NONLINEAR CONDITIONS AT THE TIPS
- A STRIKING EXAMPLE: THE DUGDALE CRITERION, (NAzZAROV & Sp-N 2009)

Method of matched asymptotic expansions, model u? by the first
terms of the outer decomposition:

P~ +a(Ki+ K3 =l ee
u? solves (**) with nonlinear conditions at the tips
= (3b”)1/3 +(Zb), = VE(b)

4 minimizes the generalized energy functional U with

3
=4

u

1
E(b) = ;5= (617 + by) + 5 (2b.b)
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L NONLINEAR CONDITIONS AT THE TIPS
- A STRIKING EXAMPLE: THE DUGDALE CRITERION, (NAzZAROV & Sp-N 2009)

Crack path is known a priori (only straight propagation).
U — U(h)
Calculation of the energy release rate

d
%U|h:0

» involves the geometry of the domain

» The condition -2-T|,—o < 0 (T potential energy + surface
energy) coincides with the original Dugdale criterion up to

O(|hP?).
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LNONLI]\'E:’\R CONDITIONS AT THE TIPS

L MODELING OF PLASTIC ZONES

L (to) =t (o) (vM)
Assume:
_ JAD(V)u for S(0) < A,
7T\ for S(0) > S

Examples for .%: conditions of von Mises or Tresca
-y large, solutions to the nonlinear model problem in R? \ Ao

2
W(K;x) = Z (KX (x) + M;(K) Y (x))+0(|x| 1), as |x| — cc.
= (NMP)
M(K) = (M1(K), Ma(K))" : R? - R?

is a certain non-linear mapping.
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L NONLINEAR CONDITIONS AT THE TIPS
L MODELING OF PLASTIC ZONES

Proposition 3

> For given K € R?, assume the existence of a unique solution
W to the homogeneous nonlinear model problem with

W(x) = KiX! + KoX? 4+ 0(1) as |x| = 00 =

K
M = kP ()

» If M~1 = VEq, Eq convex = solution to the nonlinear
problem can be modeled by a minimizer u to the generalized
energy functional, then

U(u,g) = U(uwo) + Up(K), K : SIFs of ug

Modelling of plastic effects: Adding a functional U,(K)
homogeneous of order 4 to the classical potential energy.
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L NONLINEAR CONDITIONS AT THE TIPS
LI\IODELING OF PLASTIC ZONES
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