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How to control wetting?
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Modify the affinity between solid and liquid
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— Due to Bruno Berge : 1993
Many applications :

@ Variable focal liquid lenses m‘

@ Microfluidics
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@ Introduction
© Modelling Electrowetting
© Numerical results in the axisymmetric case

@ Numerical study of the 3D case
@ Stakes
@ Numerical approximation

© Conclusion and further works
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o At V =0 Volt, . = 0y Young's angle: o, cos(fy) = ogs — o5
e Plane capacitor approximation: cos(6.(V)) = cos(fy) + CV%, C >0
@ But a saturation phenomenon is observed.

o No clear explanations
o Physical predictions 0. = 0y for all V!
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0.(V) contact angle at a given potential V'

o At V =0 Volt, . = 0y Young's angle: o, cos(fy) = ogs — o5
e Plane capacitor approximation: cos(6.(V)) = cos(fy) + CV%, C >0
@ But a saturation phenomenon is observed.

o No clear explanations
o Physical predictions 0. = 0y for all V!

What can we add as mathematicians?
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© Modelling Electrowetting
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Notations
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The energy of the drop
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The energy of the drop
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@ «, i, 0 : Physical parameters
€ 1 permittivity (e = eg in Q¢, € = €5 in Qs)
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The energy of the drop

e &(Q,V)= (y/ zdQ) +/1,/ dU+/ do
JQ s Fe

——
Potential energy Capillary energy
)
— 7/5\V¢Q|2dQ
2 Ja
—_——————

Electrostatic energy
@ «, i, 0 : Physical parameters
€ 1 permittivity (e = eg in Q¢, € = €5 in Qs)

[} J( ) = S(Qb V) = Jgrav(Q) + J[_s(Q) + J[_G(Q) + Je/eC(Q)
cost function of the problem.

Claire Scheid (LJAD) A mathematical point of view in Electrowetting 30 April 2010

9/22



The potential: transmission problem

diV(E;V¢Q) =0 in Q,‘ i = G, S

¢Q =V onlgUTls

=0 on g

¢ = ¢5 on lgs

€GV¢G NG = —55V¢5 N5 on er

€,V¢,Q.N, =0 i = G, S on artificial boundaries

@ ¢ depends on
o Q has a reentrant corner due to the triple line = Loss of regularity

Claire Scheid (LJAD) A mathematical point of view in Electrowetting 30 April 2010 10 / 22



Optimal shape
To V >0 and a given volume vol,

EQ, V)= min E(Q, V)

Find Q7 such that:
(P)
{Q,;Vol(Q,)=vol}

o Optimization under constraint treated by a Lagrangian
L(Q,A) = J(Q) — AC(Q), where C(Q2) = VoI(Q2) — vol, A € R.

@ Shape optimization gives a necessary condition for optimality:

YU e U c CHQ*,R?), DJ(Q*).U = \*DC(Q7).U

if Q* saddle point and where DJ(Q2*) is the shape derivative of J in Q*.

@ Using the expression of the singularity at the triple line one obtains
The contact angle 6. is independent of the applied potential V' >0 i.e.

0.(V) =0y, ¥V >0
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Numerical results in the axisymmetric case

© Numerical results in the axisymmetric case
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Numerical results in the axisymmetric case

Numerical approximation : axisymmetric case

V' and physical constants are given.

Computation of the numerical shape, curvature and contact angle of the saddle
point.

Difficulties arise at the triple point

@ Need to adopt a microscopic view of the model at the triple point:
— "Macro-Micro” coupling model.

@ Need to compute accurately the potential close to the triple point:
— Use of the Singular Complement Method (Ciarlet Jr. and al).
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Numerical results in the axisymmetric case

Numerical approximation : axisymmetric case

V' and physical constants are given.
Computation of the numerical shape, curvature and contact angle of the saddle
point.
Contact angle
Shape of the drop

Wetting angle vs voltage, Young's angle=90°
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Numerical study of the 3D case ESEICH

Outline

@ Numerical study of the 3D case
o Stakes
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Numerical study of the 3D case ESEICH

3D case: stakes

@ Need of a good approximation of the
and of its trace on the boundary of the drop

@ Singular Complement Method less efficient in 3D than in 2D.

Method:
o Computation of the field, instead of the potential.

o Weighted weak formulation on the divergence of the field in order to solve
the problem induced by the singularity (M. Costabel, M. Dauge, Numer.
Math. 2002; P. Ciarlet Jr. et al., M2AN).

Point of view adopted:

@ Numerical Analysis instead of computations.
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Numerical study of the 3D case Numerical approximation

@ Numerical study of the 3D case

@ Numerical approximation
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Numerical study of the 3D case Numerical approximation

Field formulation and space considered

The field E? is solution of:

curlE,-Q:O inQ;, i=G,S

diV(E,‘El-Q) =0 in Q,‘ i= G,S
El-QXITZO onlNcUlNsUl
EGEg~n:sSE§2-n , ngn:ngnonFGS
eE2.n=0 on the artificial boundaries

o Space considered: For « €]0,1],
Xo = {F € H(curl,Q)|w.diveF € L*(Q), F xnyreur, =0, eF.nyr,, =0}

where w,,(.) = dist(., triple ligne).
@ The boundary of Q has two connected components.
For a €]0, 1],

|l ., = ([|curlF||2. + [|wadiv(eF)||7. + |/r eF - n|2)%

is an equivalent norm to the graph norm.
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Numerical study of the 3D case Numerical approximation

o E%is completely caracterized if one adds the equation:

/ cEL . pdln = —CV
o

where C = [, eVx§ - VX§dQ is the capacitance matrix, with

div(eVx§) =0 inQ, i=G,S
& =0 onlgUls
Xg =1 on Iy

+Transmission conditions

@ Denote
PH (Q) := {v € L*(Q)|v € H'(Q¢) and v € H(Qs)}

There exists ami, €]0, 1] such that
X, N (PHY(2))? is dense in X,, for all a €]amin, 1]
= Approximation by Lagrange Finite Elements envisageable.
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Rlimeticslapproximstion
Weak formulation and numerical approximation

Continuous weak formulation

a(EYF) = I(F), VFeEX,

a(&, F) ::/chrIEocurl]-'dQJr Z 5,-_2/9 Wodiv(e€)wodiv(eF)dQ2
i=G,S i

+6§2/r55-n/r eF-n (1)

and I(F) = —CV [ eF -n.
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Rlimeticslapproximstion
Weak formulation and numerical approximation

Continuous weak formulation

a(EY, F)=I(F), VFeX,

a(&, F) ::/curIE.curl]-'dQJr Z 5,-_2/ W div(eE)wyodiv(e F)dQQ
Q Q;

i=G,S
+5§2/ €E~n/ eF-n (1)
o lo

and I(F) = —CV [ eF -n.
Approximation

7Ty, family of meshes of 2.
E,g2 € Xh,k = {.7:;7 e X, N (PHl(Q))?’th)K, S (]Pk(K[))?’, VK, € 777} solution
of

a(EfL, Fr) = In(Fn), VFn € Xnk

where [ is an approximation of /.
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Numerical study of the 3D case Numerical approximation

@ In our particular case, we know the value of ap;p, :
Qmin =1 — min vy(s),
and vy (s) is the unique solution in ]0, 1 of the equation:
estan(vy(s)(m — Oy (s))) = —eg tan(vy(s)m).
@ Error estimation obtained:
vn>0, 3G, |E?—E||x, < Ch*Omn
o Normal trace defined in H=2(9%) and:

V’I7 > O, EleN ||5‘EQ -n— EE[? . nH < Cnha—am,'n—n

H™3(80) =
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Outline

© Conclusion and further works
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Conclusion and further works

Conclusions

@ Modelling of Electrowetting phenomena
@ Numerical simulation in the axisymmetric case.

@ Numerical Analysis in 3D.

Further works
@ Saturation of the contact angle: Something is missing in the model!
Corona discharge phenomenon.
@ Non static case: Singularity to be taken into account.
o Existence of the optimal shape...

o Computations in the 3D case.
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