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The problem

Let Q2 be a polygonal domain of R? with a Lipschitz
boundary 90€2. On this domain, we consider the heat
equation

W Au=finQx (—m,m),
q¢ u(z,t) =0 0on o x (—m,m),

u(s, —m) = u(-,m), in Q,

\

where f € LP((—m,m), LE(€))) (described below) with p # 2.
Goal: Find reqgularity results for a large range of values of

IR

Tools: Uniform estimates for Helmholtz eq. and theory of
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[Kozlov, 88]: p = 2, full asymptotic expansion.

Tool: Fourier analysis

Grisvard, 95]: p > 1, u = 0, decomposition into regular and
singular parts.

Tool: Theory of sum of operators.

[Nazarov, 01, 03], [Solonnikov, 01], [Pruss-Simonett, 07],
IAmann, 09]: p > 1, u large enough to avoid the
singularities.

Tools: Estimates of the Green function/Theory of sum of
operators/blowing up.
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Reduction

In order to give existence and regularity results for such a
problem, we first localize the problem.
Reduce () to the truncated sector

Q={(rcosf,rsinf) |[0<r<1,0<0 <}, ¥ e(0,2n].

Use the theory of the sum of operators, hence we need
first to study the Helmholtz equation

—Au+zu=g¢g In), u=0 on o), (1)

where g € L7 (Q) with p # 2 and z € 7 U S, where
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Sa={2€C||z] > Rand |arg z| < 04},
for R > 0and 0, €7, | fixed.
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For p > 1, u € R: weighted sp. with homogeneous norms:

loc

Lh(Q) = {f € Ly, (Q) | rf € LP(Q)}.

and
Vuk7p(ﬂ) — {’LL < Lfoc(ﬂ) | HuHVf’p(Q) < OO}’
[ull gy o= 3 [ 1D7ul@)Pr )
Y<K

In H;(Q2) we will denote its semi-norm by

ufyy = [ IVul
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Embeddings and
consequences

Le 1. Letp > 2 and p satisfies,

2p—2 -
< == ifp> 2,
M D p 2)
p<1 ifp=

1 LE(Q) — L3(Q)
| 2. L2,(Q) = (L5(Q)) = LL,(), ¢ +
3. Hy(Q2) — L7 ().
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Proof

1. follows from Holder’s inequality and the fact that

ri e LS(Q)ifl —p> -2,

2. conseguence of the first one by using duality.

3.

a. p =2, I1tis well known (see Thm 14.44 in [CDN book])
that H;(Q) — L?,(Q2). We then conclude observing that,
for p < 1: 720000 € L°(Q).

b. p > 2, we use the embedding H;(2) — L?,(Q2) and the
second assertion.
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Coro 1. Letp > 2 and y satisfies (2). Then forall g € L?(§2) and all
2 € ™7 U Sy, the problem

VwEHl /Vqu+z/uw—/gw (3)

has a unique solution u € Hy ().

Rk. u € H;(f2) is a weak solution of (1):

—Au+zu=¢g In€, u=0 onofl.
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Some Inequalities

Le 2. Letp > 2, y satisfies (2), z € 7+ U Sy, and u € Hy () be
the solution of (3). Then

ulgra) S lgllze @), (4)
1+ 21" |ulr2@) S l9llz - (5)
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For ®z > 0: Applying (3) with w = u we have

|u|§{6 +z/ | :/gﬂ. (6)
0 Q

By Lemma 1, taking the real part of (6), we obtain

ulyy Rz [ uf S lglugluly 7

The result follows as Rz > 0 and using Poincaré inequality.
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Coro 2. Letg € L?(Q2), z € Cwith Rz > 0,and u € Hy () be the
solution of (3). Then

(L + [2DMullz2) S lgllz2qe)-
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The domain

Defl. Letp > 2and u € R . Then we define
D(A,,) ={ue Hy(Q) | Aue L2(Q)}.

Rk. If 1 satisfies (2) and 2 — 2 — u # kX, Vk € N*. Then
[Maz’ya-Plamenevskii, 78] =

D(A, ) = Vi»p(Q) A H&(Q)
) 2
+ Span {n(r)r" sin(N0) |0 < N =kX<2—=—u},
P

n cut-off fcts. t. n = 1 nearr = 0 and n(1) = 0.
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An existence result

Le 3. Letp > 2, psatisfies (2) and 1 > —A, with A = &,
zemtUSy, ue Hy(Q)sol of (3) with g € Lﬁ(ﬂ). Then
uw e D(A, ).

Proof. As Le 1= Hj(Q) — LF,(Q) forall /> -2, we
distinguish different cases:

1. u > —% and therefore —Au = g — zu € L4 ().

2. =2 — > <p<—2. Take i/ = p+2. Since ' > —2,
u € Hy () is solution of

—Au=g—zu € L},().
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This implies that

= vj;p(gz),

because the set (N = kT, k€ Z: 0 <N <2—2— '} =0
(the assumption x> —A = A > —2 — 11). Accordingly

/

rPu e LP(Q) & u e LE (),

due to i/ — 2 = L.
This guarantees —Au = g — zu € L% ().
The general case follows by induction.
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An a priori estimate

Led. LetA = 7, p > 2, u > —Asatisfy (2) and

A4(p— 1IN*> 2
P 2) +—M—ﬂ2>0. (8)
p p

Let z € Cwith Rz > 0,u € D(A, ) sol. of (3) with g € LE(€2).
. Then

Reluly < ol and S ullyy < ol
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Some integrations by parts = v = r*u satisfies

/ Voo + P22 / o (Vo)? — 42 / 2P
+2,L4/ _1—|U|p 2@4—2/ |v|p—/r“g|v|p °D,
Q)

ov
p%/rl v|P %D —/r2vp.
([ Gl = [
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Setting w = |v|P/2, these two identities lead to

L e+ ) [ el
D
+§Rz/ w? < ére(/ g lvP=27)
D D

. .. 1
Poincaré <in § = / Vw|* > >\2/ —w* Vw € Hy(Q) =
Q QT

&@_DA+%LWUA;22HMA¥P§W£ﬂWW%)

p? P
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The main result

Thm 1. Letp > 2, and let x > — )\ satisfies (2), (8) and, for all
kel 2— 2% — o # kX Then, forall z € 77 U Sy, u € D(A, )
sol. of (3) with g € L% (€2), i.e. weak sol. of (1):

—Au—+ zu=g¢gin€2, u = 0on ),
admits the decomposition

U= Up + Z cx(2) Py (ry/z)e ™V N sin(\6), (9)

0<X:k>\<2—%—u

ey —1
with up € Vi’p(Q), C)\/(Z) e C and P)\/(S) = Z 5,
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The main result;

‘UR‘vf’p(Q) + 2"/ |UR|v,}>p(Q) + 2] [urlze @) < 9]z @);

1 ptN
S e @0+ ) S gl

0<N<2—%—u

Singular behavior of the solution of the Helmholtz equation in weighted L P -sobolev spaces — p. 21/:



Sketch of the proof

Lemma 4 =
lg — ZUHLﬁ(Q) S HQHLﬁ(Q),

hence u can be seen as a solution of
—Au=¢g—zuinQ, wu=0o0n o),
and by standard regularity results:

U = Ur + Z e (2) Y sin(\N6),

0<>\’:k>\<2—%—u

with u,z € V,77(€), ex(2) € C.
Factors P (r/z)e~"V*: to have uniform estimates in z.
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One application

Thm 2. Letp > 2, and let 4 = 1 — A satisfies (8) and, for all k € Z*
2 — % — p# kX ThenVf € LP((0,00); LE(€2)), 3 asol. of

Ou — Au = finQ x (0,00), u=00n0Q2U{t =0}
that admits the decomposition

U = Up + Z (E(r,-) % qx) 7 sin(N6), (10)

0<>\’:k>\<2—%—u

with up € LP((0,00); VZP(Q2)) N WHP((0, 00); LE(S2)),

P(0,00) and B (r,t) = rt, %e .

g € W
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