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Introduction @q?;;'

Interfacial dynamics in semiconductor models
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Schematic cross-section of thin film a-Si:H photovoltaic cell

Interaction with domain walls in spinodal decomposition
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Cahn-Hilliard equation



AC Equation with Dynamic Boundary Condition §—7|

Sprekels and Wu [2010]: © C RY, d > 2, with C? boundary

Ou — Au+ Ff (u) = in Q x [0,T]
O — Ao+ Oyu+ ¢ + Fi(o on 0 x [0,T]
u=¢, ondQx][0,T]

0,
0

A\ Laplace-Beltrami operator on 99

e Cahn—Hilliard equation (R. Kenzler et al. [2001])
e Caginalp system (R. Chill, E. Fasangova and J. Pruess [2006])

¢ Nonisothermal Allen—Cahn equation (C. Gal and M. Grasselli,
A. Miranville [2008])



Layer Approximation é‘}l

o — apAu + Fi(u) =0, in Q x [0,7]



Layer Approximation
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Q. Yz eR!: I(y,n) €02 x (0,0), x=y+nv(y)}

rou — apAu + Fi(u) =0, in Q x [0,7]



Layer Approximation

phase

Q. E {zeR?: Ay,n) €02 x (0,¢), = =y+nu(y)}

rudpu — apAu + F(u) = 0,
ree" 0 — ae” Mg + " Fl(¢) = 0

)

u=0¢
apOyu — ase” 9y ¢ = 0,
asc“0,¢ = 0,

in Q x [0,T]

in Q¢ x [0,T]

on 90 x [0,T]

on 99 x [0,T]

on 90 \0N x [0,T]



Layer Approximation
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Q. def {zx eR%: Iy,n) €90 x (0

o — apAu + FY (u) = 0,

ree 'O — ass"Ap + = Fi(¢) =0,
u=¢

aLOyu — age“0,¢ = 0,

ase0yp =0,

75)7 95:1/+77V(y)}

in Q x [0,7]

in Q. x [0,7]

on 092 x [0, T

on 092 x [0, T

on 02.\0Q x [0, T

Today: 6 =—1, =—-1, a € (—o0,1)



Setting @5

rhOiu — apAu + F (u) =0, =0ip — ase®A¢ + %Fs’(qﬁ) =0

e Spaces
Vo = {(u,¢) € H(Q) x H(Q:) : uloq = dlo}
H. =1%(Q) x L2(.)
e Energy functionals
~ EC 1
&)= [ PIVuPrRwdst [ (Vo IR (0)ds
QO 2 Q. 2 e

e Dissipation functionals

~ . 1 .
Rg(ﬂ,qb):/gr;|d|2dx+€/g %‘gb‘de



Setting &5

In this setting
rpdiu — apAu+ F(u) =0, 20,0 — ase®Ad + LF/(¢) =0
is formally equivalent to

0=DR. (u, gf)) + DE.(u,$) (Force balance)

Basic existence theory yields solutions

(ue, ¢2) € L®(0,T; Vo) N HY(0,T; H.)



Transformation 4

e Change of coordinates
x =y +iv(y)

z— (y,n) € 02 x (0,¢)
e Scaling
i=en, ne€(01)

e Mapping

L2(Q.) — L2(09x(0,1))

e Spaces

V. — V = {(u,¢) € HH(Q) x HY(90x(0,1)) : ulaq = ¢ly=0}
H. — H =L*(Q) x L2(80x(0,1))
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Transformation @E

e Energy functionals

&(u,6) = [ PIVuP + Fyu)ds

+ //01 [as€§“(|35v,,¢12 + Z10p01?) + Fs(cb)} Jednda
oN

e Dissipation functionals

1
R (u, ) :/’"2b|a|2da:+// %\¢|2J5dnda
0
o

Q

e Transformed solutions solve

Dge(ua ¢a) + DR&(ua ¢6) =0
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Transformation @E

e Energy functionals

E(u, ) = &v(u)

+ //01 [as€§“(|35v,,¢12 + Z10p01?) + Fs(cb)} Jednda
oN

e Dissipation functionals

1
R (u, ) :/’"2b|a|2da:+// %\¢|2J5dnda
0
o

Q

e Transformed solutions solve

Dge(ua ¢a) + DR&(ua ¢6) =0



A priori estimates
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Ex(ue ‘|‘f0 Uaa¢a )d7 < E(ue(0), ¢<(0))

e Case a < —1:
[[(ue, @)L 0,7y < C
e Case a € (—1,1):
||(uaa¢a)||Loo(0,T;V) <C
with
V= {(u,¢) € H(Q) x L*(0Qx(0,1)) :
877¢ € L2(89X(0, 1))7 U’aﬂ = ¢|77:0}

e Bounded dissipation functional

||(ﬂ5, ¢€)||L2(O,T;H) <C
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Convergent subsequence @

We have

(ue, ¢=) = (u, @) in L>(0,T; V) (resp. in L=(0,T;V))
(e, 6) = (u, ) in H(0,T; H)
In particular
= Vte[0,T]: z(t)—=2(t) inH
Moreover, z € Cy([0,T],V)

= Vte[0,T]: z((t)—2z(() inV

with V=V fora<—lor V="V fora e (—1,1)
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A-convexity @El

Fy, and Fy are A\-convex, i.e., dA € R

u— Fy(u) + Nul?, ¢ — Fy(¢) + M¢|>  are convex,

e.g. Chl perturbation of a convex function, double well potential
W(u) = (1 —u?)?

Fy(u—v) > Fy(u) — F(u)v — Nv>, Vu,v€R
Consequence: For z. = (ue, ¢c)
Eelze — Z) + MIZe|Fr = Eclze) — (DE(2),2:), VE €V
Hence force balance equivalent to
Ee(ze(t) = Ze) + AlZ:llfy > Eo (2 () + (Geze(t), Z2), VEZ €V
with G. = DR,

11



[’-convergence @El

Definition: (Attouch [1984], Braides [2002], Dal Maso [1993])
Zp : Y — Ry T-limit of sequence (Z:)c~0 w.r.t. topology 7 iff
(i) liminf estimate:
ye -y = To(y) < lirgrl_}(l;lffa(yg)

(ii) limsup estimate (existence of recovery sequence):
Vy € Y3(ge)es0: 9= —y and Io(y) > limsup Z.(3e).

e—0

Theorem: (Z.)-~¢ equi-coercive (|J..{Z: < E} precompact) and

7. 1 7y: then

e>0
minZy = lim min Z,.
Y e—=0 Y

(Ys)e>0 minimizers of Z. = cluster points y are minimizers of Z

12



[’-convergence @El

Minimization problems:
e Homogenization, Two-scale convergence
e Singular limits (Cahn—Hilliard — Sharp interface)
e Young measure relaxation, penalization
Rate independent systems (Mielke, Roubiek, Stefanelli [2008])

e Two-scale Homogenization (Mielke & Timofte [2007],
Hanke [2009])

e Damage to Delamination (Mielke, Thomas, Roubitek
in preparation)
e Dimension reduction in linearized elastoplasticity (Mielke & L.
in preparation)
Hamiltonian systems (Mielke [2008])
Gradient flows (Sandier & Serfaty [2004])
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['-convergence of the Energies

1 at1
E:u.0) = Euu)+ [ [ (257 (1B50P+-£10,02) + F(0)] T
o0

(i) Case a = —1

Vv —>R7

(u,d) &) + [0 %IV 0P +Fs(¢)da  9y¢ =0,
| o0 otherwise

(i) Case v < —1

&o:

\% — R,
(w.g) > 8@ THTHODE@)da ¢ constant,

o0 otherwise

& :
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['-convergence of the Energies

1 at1
E:u.0) = Euu)+ [ [ (257 (1B50P+-£10,02) + F(0)] T
o0
(i) Case a = —1
V — Ry,
200 (w0) {5b(u) + Jon $IVI#P+Fu()da (v 9) €V,

00 otherwise

(i) Case v < —1

(u,¢)

\% — R,
& : Ep(u) + HI1(0N)Fy(¢)da ¢ constant,
o0 otherwise

14
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['-convergence of the Energies

1 at1
E:u.0) = Euu)+ [ [ (257 (1B50P+-£10,02) + F(0)] T
o0
(i) Case a = —1
V — Ry,
200 (w0) {5b(u) + Jon $IVI#P+Fu()da (v 9) €V,

00 otherwise

(i) Case v < —1

(u,¢)

Vv — R,
&o: Ep(u) + del(GQ)Fs(@da (u,p) € Ve,
00 otherwise

14



['-convergence of the Energies
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(iii) Case a € (—1,1)

V = {(u,¢) € H(Q) x L%(00x(0,1)) :
Oy € L2(09%(0,1)), ulag = dln=o}

\% — Ry,
Eo: (u ¢) . Sb(u) + fBQ FS**(qS)da 877(z) =0,
’ 00 otherwise

In the following: Fy convex

15
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['-convergence of the Energies

phase

(iii) Case a € (—1,1)

V = {(u,¢) € H(Q) x L%(00x(0,1)) :
Oy € L2(09%(0,1)), ulag = dln=o}

v — R,
&):{ (u,0) — {Sb(u)JrfaﬂFs**(éb)da (u,¢) €V,

00 otherwise

In the following: Fy convex
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Main Result

phase

Let z. = (ue, ¢c) be solutions w.r.t. (€., R:) with

(ue, d2) = (u, @) in L®(0,T; V) (resp. in L0, T;V))
(ue, pe) — (u, d) in HY(0,T; H)

then z = (u, ¢) is a solution w.r.t. (£y, Ro), i.e.
Eo(=() =2+ MBI = Eo(=(8) +(Go3(),2), V3= € V (resp. V)
with Gy = DRy. In particular, z solves

Go(2) + D& (u, ¢) =0

16



The limit equations @

Formally equivalent to

rbOiu — apAu + F(u) =0, in Q x [0,T]

e Case v = —1

rsOpp — abA”gZ) + Fé(d)) + apdyu =0, on 002 X [0, T]

e Case aa < —1

in [0, 7]

rs0p + ap[Opu] + F{(4) =0,
u=¢ =const, on 9N x [0,T]

e ae(—1,1)
rs01d + apndyu + FL(p) =0, on 90 x [0,T]
17



Sketch of proof @5

Set z. = z. — Z., with Z.(t) recovery sequence for z(t) — Z(t).
fo (Ze) + M|ze — Z||4dt > fo 2e) + (Geze, 2e — Zo)dt
2. Integration by parts
Jy (Gtey 2o = 20t = = [ (Geze, Z)dt + Re(2(T)) = Re(2:(0))
3. Passing to the limit + Integration by parts
fo &z +/\Hz—zHHdt>f0 Eo(2) — (Goz,z — Z)dt
4. Sequence z° — z — 2 in L%(0,T; Vp). By arbitrariness of 2

Eo(2(t) = 2) + AllZlE = &o(2(t) + (Goi(t),2), VZeV/V
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Outlook
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o Different scalings in dissipation potential

e More complex dissipation potentials (Heat equation with
entropy as driving potential)

e Interfaces
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Outlook @5'

e Different scalings in dissipation potential

e More complex dissipation potentials (Heat equation with
entropy as driving potential)

e Interfaces

Thank You
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