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CRACK PROBLEMS. DIRECTIONS OF INVESTIGATIONS

1. Solvability of boundary value problems, solution
smoothness (elastic, viscoelastic, thermoelastic, electro-
thermoelastic bodies)

2. Dependence on parameters, shape sensitivity analysis,
differentiability of energy functionals

3. Optimal control problems

4. Smooth domain method. Fictitious domain method
5. Contact of elastic bodies of different dimensions

6. Overlapping domain problems

7. Rigid inclusions in elastic bodies
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Formulation of crack problem Find functions u = (uy, uz),
o = {oijj},i,j = 1,2, such that

—dive =f in Q,, (1)

o =Ae(u) in Q, (2)

u=0 on I, (3)

[ulp >0, [0.]=0, [uv-0,=0 on ~, (4)
(5)

0, <0, 0-=0 on 7:|:,

where [ul =ut —u—, o, = o515, o0r =0V — 0O, - V.
’ jVilis
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Rigid inclusion with delamination
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In domain ., find u = (ug, u2); u = pg in w; pg € R(w); and
in Q \ @ find o = {O'ij},i,j = 1,2,

—dive=f in Q\@, (6)

oc—Aeg(u)=0 in Q\&, (7)

u=0 on I, (8)

[uly >0 on =, (9)
0r=0,0,<0,0,-[uly=0 on ~T, (10)
11)

_/gy-pz/fp Vp € R(w), (
¥ w

where

R(w) = {p = (p1,p2) | p(x) =Bx+ C, x € w},

B = < _g 3 ) , C= (Clacz); b, c!, c? = const.
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Thin rigid inclusion with delamination




OVERLAPPING DOMAIN PROBLEMS WITH CRACKS AND RIGID INCLUSIONS

Find functions u = (u1,u2), po € R(v), o = {oj},i,j = 1,2,

such that
—dive =f in Q. (12)
oc—Aeg(u)=0 in Q. (13)
u=0 on T, (14)
[uly >0, u™ = py, U: <0, O'j_- =0 on 7, (15)
of «[ulv=0 on ~, (16)
(17)

/[ffV]p =0 Vp€R().
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Deviated and bifurcated cracks
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Crack crossing a rigid inclusion
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—dive? =f in Q,\ dw, (18)
o’ = Ae(ud) in Q,, (19)
—divp? =0 in w, (20)
1
p’ = ng(v‘s) in w, (21)
u =0 on T, (22)
[w]v >0, [a,‘j] =0, 0',‘3 <o, a’f_ =0, a'g [uly =0 on ~,
(23)

u® =2, [0°n] = p°n on Aw. (24)
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—dive =f in Q,\ Ow,
o = Ae(u) in Q,,

25
26
27
28

(25)
(26)
u=0on T, (27)
u=pg on dw, (28)

[uly >0, [6,] =0, 0, <0, 0-=0, 0, -[ulv =0 on ~,
(29)

/ [onlp = 0 Vp € R(w), (30)
Ow
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Two layer structure

o)
Q

N
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The set of admissible displacements

K={(v,p) €H| [vlv >00n~; v|,- =p, p € R(w)}

HI(R,) = {ve H(Q,) |v=0o0onT},
H = H}(2,)? x H!(w)?
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Problem formulation
Find functions u = (ug, u2), po € R(w), o = {oj},i,j=1,2,
—dive =f in Q,, (31)
oc—Acg(u)=0 in Q,, (32)
u=0 on T, (33)
u” =pg, [ulv>0 on =+, (34)
(35)

Jtov-ul+ [em =0,

Jlov-a+ [ep <0 Vv ek, (36)

35
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Variational inequality

(u, po) € K, (37)

w

[o@stv—uw~ [tu—uw) - [epo—p) 20 V(u,p) €K
2y

2y

(38)
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Asymptotic analysis

o)
Q

N



OVERLAPPING DOMAIN PROBLEMS WITH CRACKS AND RIGID INCLUSIONS

Find functions u® = (ug,us), w® = (wf,w3), o =
{Ui(js}’ p6 = {Pg},i,j =1,2,

—dive® =f in Q,,
o’ —Ae(u®) =0 in Q.

—divp’ =g in w,

(39)
(40)
(41)

19 1 4] :

p° — gBe(w )=0 in w, (42)
(43)
(44)
(45)

=0 on I pPr=0 on Aw)\7, 43
ud— =wd, [u‘s]u >0 on #, 44
/[a"su-u‘s]—/p‘su-w5=0, 45
¥ v

/[aéu-a]—/p%-wgo V(a,w) € K*.  (46)
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Variational inequality

(v, w’) € K*, (47)

/a(uﬁ)s(a —ud) — /f(ﬁ —ud)+
Q, Q,
(48)

/ p (w)e(W — w) — / g(@ — w’) > 0 V(@,w) € K*

Estimates
512 Sn2
“U |||.||1_(Q,7)2 + ||W ”Hl(w)z <c,

/ p(w?)e(w?) < c5,

w

uniform with respect to 8, d € (0, dg)
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u® — u weakly in H1(Q,)? (49)

w® — po weakly in HY(w)?, pg € R(w) (50)
Variational inequality

(u7 pO) € Ka

[o@e@—u) ~ [f@—u) - [eo—po) 20 V(@) c K

Q. Q, w
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Optimal choice of safe loading
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Find functions u = (u1, u2), po € R(w), o = {o},i,j = 1,2,
—dive =f in QF, (51)

oc—Ae(u)=0 in QF, (52)

u=0 on MLu=py on =, (53)

[uln>0 on T, (54)

(55)

Jton-w+ [lovien+ [ g0 =0,

e

[ton-al+ [lovlp+ [ep<0 ¥@p) ek  (56)

55
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Set of admissible displacements
Ko ={(v,p) EHo | [v]n > 0o0nT¢ v|y=p, pE€R(w)}
Ho = H}(Q°)? x Hl(w)?
Variational inequality

(U, pO) € Ko, (57)

/a(u)s(v —u) — /f(v —u) — /g(p — po) > 0 V(v,p) € Kp.
Qe Qe w (58)
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Denote Q‘:)‘ Q\ (MRu7y), =0\
Fmd functlons

= (u}, 1)), P} € R(w), > = {0}, i,j = 1,2, such that
—dive* =f in Q, (59
—Ac(uM) =0 in Q%  (60)
=0 on M ut=p; on v, (61)
[Mn>0 on T, (62
(63)

Jwrn-w+ [iovop + [en =0,
r 5 w

/ [o*n - @] + / [c*v]p + / gh <0 V(i,p) € Kg. (64)
ra ¥ w

63
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Set of admissible displacements

Ko = {(v,p) €HZ | [VIn > 00n Y v|y =p, p € R(w)}
Hg = HE(Q)? x H(w)?
Energy functional

E(Q;g) = ; / o(uM)e(u?) — /fu)‘—/gpé‘ (65)
QcA w

QcA
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Formula for the derivative

;)‘E(QC’\: g)lx=0 = /{;Ekl(U)Sij(U)(aijkIO),z — oij(u)ui20}—
QC

(66)

Cost functional
d
J(g) = —E(Q; g)|a=
(g) Y (2°%; g)[x=o0,

where g € G, and G C L?(w)? bounded and weakly closed set
Optimal control problem

sup J(g) (67)
g€t
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There exists a solution of the optimal control problem (67)

(un, Pg) € KO, (68)

/U(u")e(v ") — /f(v —u")— (69)

Qe Qc

&= ) 20 v(u,p) € Ko

w

vz (@eye < € (70)
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Limit problem

(u, pO) € Ko, (71)

[oetv—w= [fv—uw - [eo—p0) 20 Viv.p) € Ko
Qc Qc w (72)

Thus u = u(go), po = po(go)-
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u" — u strongly in H1(Q¢)? (73)

3 = [{Geuen() @mb)z — o(aula0) — (@) uf
&

Qc

J(g") — J(=o)
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Optimal control of crack propagation




OVERLAPPING DOMAIN PROBLEMS WITH CRACKS AND RIGID INCLUSIONS

1. Khludnev A.M. ZAMM, 2008, v.88, N8, pp. 650-660.

2. Khludnev A.M., Tani A. Quarterly Applied Math., 2008, v.
66, N 3, pp. 423-435.

3. Gaudiello A., Khludnev A.M. ZAMP, 2010, v.61, N2, pp.
341-356.

4. Khludnev A.M., Leugering G. Doklady Physics, 2010, v.
430, N 1, p. 1-4.

5. Khludnev A.M., Novotny A.A., Sokolowski J., Zochowski
A. Journal of the Mechanics and Physics of Solids, 2009, v.
57, N 10, pp. 1718-1732.

6. Khludnev A.M., Leugering G. Math. Methods Appl.
Sciences, 2010 (accepted).

7. Alexeev G.V., Khludnev A.M. Vestnik NGU, , 2009, v.9,
N. 2, p. 15-29.



OVERLAPPING DOMAIN PROBLEMS WITH CRACKS AND RIGID INCLUSIONS

8. Khludnev A. M. Europ. J. Mech. - A/Solids. 2010, v. 29,
N 3, pp. 392-399.

9. Rudoy E.M. Appl. Math Mechs, 2010 ( accepted).
10. Rudoy E.M. Vestnik NGU, 2010( accepted).

11. Neustroeva N.V. Sib. J. Industr. Math., 2009. v. XII, N4
(40), p. 92-105.

12. Neustroeva N.V. Vestnik NGU, 2009. v. IX, N 4. p.
51-64.



