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Wanted: regular solution u = (u1,...,uy) of

—Auy, + Au, = Hy(x,u, Vu) in Q C R"

m Q bounded, 992 Lipschitz
m [H,(x,11,p)] < K |p|* + K
m structure conditions

m H = “Hamiltonian”



Wanted: regular solution u = (u1,...,uy) of

—Auy, + Au, = Hy(x,u, Vu) in Q C R"

m Q bounded, 992 Lipschitz
u ‘HV(Xvuvp)‘ S K |P’2 + K
m structure conditions
m H = “Hamiltonian”

Remark: Irregular unbounded solution may occur even in the
scalar case

u=Inlln|x||, n=2—Au=|Vul]?

For bounded solutions: Theory of Ladyshenskaja-Uralceva



Aim: Existence of W29 solutions,
i.e. essentially C® N H?! solutions

—A d —D,-(a,'k(x)Dku)
In this talk:
ay = a.

Motivation of the structure conditions of the Hamiltonians:
they come from stochastic differential games.



Well known:
[H(x, 1, p)| < alpl® + K, a<|lull = regularity

Exponentially dominable Hamiltonians
Bensoussan — JF.

N
Hy (11, P)| < K ol [Pl + K Y Ipsl* + K

j=v



Harmonic mappings (here on the sphere)

—Au=u|Vu> inQ, u=gondQ

n = 2: Regularity for all L> N H* — solutions
n>3 u= ﬁ counterexample

Regularity if Nother condition holds
Test with

o-Vu= ﬁVu2 div pdx — Z /D,-uDkuDkgo,-dx =0



Wiegner's results: v = (u1,...,um)
— Au+ uFg(x,u,Vu)=fin QCR"
Fo~ |Vul®, Fp >0

+ slight generalizations

— Auy + u, Fo(x,u, Vu) + L(x,u, Vu)Vu, =1,
L~ |Vu|
= Regularity



Two dimensions: (old result of JF)
existence of C® N H1-solutions for non diagonal elliptic systems

—diva(x.u.Vu) + ap(x.u.Vu) =0
ap - u > 0

Remarkable: irregular solutions can occur:
Example

up = cos(alIn|In|x||)

up = sin(alIn|In|x||)

Parabolic case (n = 2, nondiagonal case) has been treated by
Specovius-N. & JF, if the elliptic part is an Euler operator.
Wiegner's result in the parabolic case has not been published.
(Wiegner, of course, knows how it works.)



These existence and regularity theorems are not sufficient for
stochastic differential games!

Many examples:
m Discount control
m Stackelberg games

m Games with "complicated” non market interaction

= "Zoo of diagonal elliptic systems”



Recently: Bensoussan + JF.
Bellman systems for stochastic differential games with discount
control.
—Auy, + Auy+u, Fo(u, Vu) = Hy(x, uy,, Vuy) + f,(x)
Fo~|Vu*, Fop >0
H, ~ \Vul,]2

Regular solutions for n = 2
Open: n>3



Recently Bensoussan + JF + Vogelgesang
S Hy(x, V) > ¢ |[BoVul? — K ‘2,’}:1 Vu,
c >0
H,(x,Vu) < K|ByVu||Vu,|+ K

Contains a lot of standard games and Stackelberg games

’BoVU’ — K




JF + Bulicek:

N

1. Z% (x,Vu) > ¢ |BoVul> — K Z%Vul, |BoVu| —
v=1
c >0
2.H,(x,Vu) < K |Vu,|> + L(Vu) - Vu, + K

L~ |Vu|

= 3 regular solutions



Typical examples in the deterministic case

.
Jy(v) :/ L(x(), v(£)) + £ (x(£))dt
X_ZA Wy + bo(x), A, , by bounded

EVUQV(X)VZ/ +wBv,, v, = (V17 sy Vo1, Vg1, - e

1
say I, = EVE +v,0v, 41

(zyclic game)

7VN)



Nash point equilibrium:
Find v* such that

J(v*) < Jdp(vy,...

* *
Vo 15V, Vpiqy - -

aVN



Stochastic version:
Lagrange function

Av
f—’%

L(x,v,p) = xv+pyZA x)vj +f,(x

Find Nash-Point for L, = solving v* = v*(x, p) pointwise in x and

p.
Define

Hy(x, p) = H,(v*(x, p))

The term Av comes from the stochastic ODE X = Av + dw



Example:

N

1
L,(x,v) = 7v3 +vwOvyi1 + py ZAJ(X)VJ +£(x)
2 =1
oL A A
OZT:VV+VV+1e+pI/7 pV:AlZ—pV
Vv

N
L0V = 5@+ AL 4 p Y Alx)y + ()
—vy _j: 1
JFv
1 N
=L, = —5 V2 + pL AV + po ZAJ-VJ- + £,(x)
j=1

N
< Klpol* +p ) Ay + £ (x)
j=1

= 15 structure condition is satisfied



2nd strycture condition

N N
Z LV(X, V) - % ’V‘2 + @Z VuVu+1 +ZPVAV + Z fy
v=1 v=1

assume >|v|?

9] < % = 274 structure assumption is satisfied.



Dekuji vdm za pozornost.

Vielen Dank fir ihre Aufmerksamkeit.

Thank you for your attention.



