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Existence, Uniqueness, and Stability

Operator G: G :

H
−1/2(divΓ,Γ)→ Ht(curlΓ,Γ)

f 7→ λ such that aα ~curlΓcurlΓλ− ω2Dα
1 λ = f

Ü Assumption : ω is such that G is well defined.

Variational formulation: X :=
{
E ∈ Hper(curl,Ω±αδ), 〈ET 〉α ∈ H(curlΓ,Γ), Et ∈ L2

t (Σ
±)
}

(
P1
)
⇔ a+(Eδ1, ϕ) + b(Eδ1, ϕ) =

∫
Ω+
αδ∪Ω−αδ

F · ϕ̄ dx ∀ϕ ∈ X

a+(E,ϕ) :=

∫
Ω+
αδ∪Ω−αδ

curlE · curlϕ dx + δ bα
∫

Γ
curlΓ〈ET 〉α · curlΓ〈ϕ〉α ds− iω

∫
Σ+∪Σ−

ET · ϕT ds

b(E,ϕ) := −ω2
∫

Ω+
αδ∪Ω−αδ

E · ϕ dx− δ ω2
∫

Γ
Dα

2 〈ET 〉α · 〈ϕ〉α ds +
ω2

δ
〈G([n× E]), [n× ϕ]〉

Proposition: P1 is well posed. Moreover, there exist C > 0 and δ0 > 0 such that, for any δ ≤ δ0 ,∥∥∥Eδ1∥∥∥H(curl,Ω+
αδ)

+
∥∥∥Eδ1∥∥∥H(curl,Ω−αδ)

≤ C
(
‖F‖L2(Ω+

αδ)
+ ‖F‖L2(Ω−αδ)

)
Main ideas of the proof (based on the ideas of [4])

- Helmholtz decomposition: X = X0 ⊕∇S
S :=

{
p ∈ H1

per(Ω
+
αδ) ∩H

1
per(Ω

−
αδ), 〈p〉α ∈ H

1
per(Γ), p|Σ± = 0

}
X0 := {E ∈ X, divE = 0 ∈ Ω±αδ, ω

2〈E · n〉α = −ω
2

δ
divΓ (n×G([n× E]α)) ,

−[n · E]α = δ divΓ D
α
2 〈ET 〉α }

- Uniform estimate: proof by contradiction⇒ uniqueness.

- Existence: compactness of b on X0, Fredholm Alternative.

For α large enough,

- Dα
1 and Dα

2 are positive diagonal matrices.

- aα, bα are positive constants.

Approximate Model

P1



curlcurlEδ1 − ω
2Eδ1 = F in Ω±αδ[

n× Eδ1

]
α

+ δ

(
aα

ω2
~curlΓcurlΓλ−Dα

1 λ

)
= 0[

n× curlEδ1
]
α

+ δ
(
bα ~curlΓcurlΓ〈(Eδ1)T 〉α − ω2Dα

2 〈(E
δ
1)T 〉α

)
= 0

n× curlEδ1 = −iωµ∞Eδ1T on Σ±

λ = 〈curl(Eδ1)T 〉

- (εδ, µδ) δ-periodic in x and y

- (µδ, εδ) = (µ∞, ρ∞) if |z| ≥ 1/2

Description

curl
(

1

µδ
curlEδ

)
− ω2εδEδ = F in Ω

Eδ Lx-periodic in x

Eδ Ly-periodic in y

1
iωµ∞

curlEδ × n− EδT = 0 on Σ±
Ω =

{
(x, y, z) ∈ R3, |x| ≤ Lx

2 , |y| ≤
Ly
2 , |z| ≤

Lz
2

}

3D Maxwell Problem

Numerical Results

Figure 1: Scattering of a plane wave : ’exact’ solution, approximate solution, convergence rate

Approximate Model

- Main idea: we want to find an approximate well-posed problem whose solution uδ1 is close to the two
first terms of the far field asymptotic expansion u0 + δu1.

- Method: we use the fact that [uδ1] ≈ [u0] + δ [u0].

P



∆uδ1 +
ω2ρ∞
µ∞

uδ1 = f in Ω±αδ[
uδ1

]
α

= δAα0 〈r
∂uδ1
∂r
〉α[

r
∂uδ1
∂r

]
α

= δ

(
Bα0 〈u

δ
1〉α + Bα2 〈

∂2uδ1
∂θ2
〉α

)
∂ru

δ
1 + iωuδ1 = 0 on SRe Ωαδ = Ω+

αδ ∪ Ω−αδ

where g±α = g(R0 ± αδ), [g]α = g+
α − g−α , 〈g〉α =

1

2
(g+
α + g−α ) and

Aα0 =
2α− 1

R0
+

∫ 1/2

−1/2

W 0
0 (S, 1

2)−W 0
0 (S,−1

2)

R0
dS Bα2 =

1− 2α

R0
−
∫ 1/2

−1/2

∫ 1/2

−1/2

µ

µ∞
(
∂V 1

1

∂S
+

1

R0
)

Bα0 =
(1− 2α)ω2R0ρ∞

µ∞
−
∫ 1/2

−1/2

∫ 1/2

−1/2

ω2R0ρ

µ∞

where V 1
1 and W 0

0 are solutions of Laplace canonical problems posed in B0:
∂

∂S
(µ
∂V 1

1

∂S
) +

∂

∂V
(µ
∂V 1

1

∂V
) = − 1

R0

∂µ

∂S
V 1

1 (R,Z) ∼ C when V → ±∞

 ∂

∂S
(µ
∂W 0

0

∂S
) +

∂

∂V
(µ
∂W 0

0

∂V
) = 0

∂VW
0
0 ∼ 1 when V → ±∞

Proposition: Problem P is well-posed as soon as Bα1 < 0 and Aα0 > 0, i.e when α exceeds a critical
value α? > 0. Moreover, for any α > α?, for any γ > 0, there exists C(α) > 0 , such that, for δ ≤ δ0

‖ uδ − uδ1 ‖H1(Ωγ)≤ C(α) δ2

Asymptotic Expansion

Far field: Near field:

(1) uδ =
∑
n∈N

δnun(r, θ) (2) uδ =
∑
n∈N

δnUn(V , S; θ)

S = R0θ
δ V = r−R0

δ , Un 1-periodic in S

µ∞∆u±n + ω2ρ∞u±n = fδ0(n) in Ω± ∂
∂S

(
µ∂Un∂S

)
+ ∂
∂V

(
µ∂Un∂V

)
=

4∑
j=1

AjUn−j in B0

where Aj are differential operators in S, V , θ.

+ matching conditions: (1) and (2) coincide in an overlapping area.

Description

∇ · (µ
δ∇uδ) + ω2ρδuδ = f,

∂ru
δ + iωuδ = 0 on SRe

λ =
2π

ω
� δ

R0� δ

- (ρδ, µδ) = (ρ∞, µ∞) outside the periodic ring, (ρδ, µδ) periodic in θ of periodicity δ
R0

- Thickness of the ring δ (≈ periodicity of the ring)

Two Dimensional Model Problem

Context
- Thickness of the ring δ, Angular periodicity ≈ δ.

- λ = 2π
ω � δ, δ � R0.

- Difficulty: two different scales δ, λ.

Goal: replacing the periodic ring by an approximate transmission condition across Γ.

Method:

- Asymptotic expansion of the solution with respect to the small parameter δ:
matched asymptotic expansion / homogenisation (see [1], [2],[3]).

- Construction of stable approximate models using this expansion.
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