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Problem

∂tu−∆u = h(x, t), in Ω× ]− π, π[,
u = 0, on ∂Ω× [−π, π],

u(·,−π) = u(·, π), in Ω,
(1)

Ω ⊂ R2 polygonal domain. For j = 1, · · · , J,
denote by Sj, the vertices of ∂Ω enumerated

clockwise, ψj the interior angle of Ω at the

vertex Sj, λj = π
ψj

and (rj, θj) the polar coor-

dinates centered at Sj.

h ∈ Lp(−π, π;Lpµ(Ω)) with

L
p
~µ(Ω) = {f ∈ L

p
loc(Ω) | wf ∈ Lp(Ω)}

where

w = r
µj
j on Dj(1/2) and w = 1 on Ω\ J

sup
j=1

Dj(1).
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First Strategy (Da Prato-Grisvard 1975)

Let E be a Banach space,

A : D(A) ⊂ E → E, B : D(B) ⊂ E → E be

closed linear densely defined operators and

L : D(L) := D(A) ∩D(B) → E : x 7→ Ax+Bx.

(H1) ∃ M,R ≥ 0, θA, θB ∈ ]0, π] such that

θA+ θB > π,
SA := {λ | |λ| ≥ R, | argλ| ≤ θA} ⊂ ρ(−A),
SB := {λ | |λ| ≥ R, |argλ| ≤ θB} ⊂ ρ(−B),

and, for all λ ∈ SA and all µ ∈ SB,

‖(A+ λ I)−1‖ ≤ M

|λ|, ‖(B+ µ I)−1‖ ≤ M

|µ|;

(H2)σ(−A) ∩ σ(B) = ∅;
(H3) ∀ λ ∈ ρ(−A) and ∀ µ ∈ ρ(−B),

(A+λ I)−1(B+µ I)−1 = (B+µ I)−1(A+λ I)−1.

Then L has an invertible closure L̄.
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Definition L̄ is defined by x ∈ D(L̄) and L̄x = y

if ∃ (xn)n ⊂ D(L) s.t. xn → x and Lxn → y.

A solution of L̄x = y is called a strong solution

of Lx = y.

The inverse of L̄ is given by

(L̄)−1 =
1

2iπ

∫

γ
(A+ λ I)−1(λ I −B)−1dλ,

where γ is a path which separates σ(−A) and

σ(B) and joins ∞e−iθγ to ∞eiθγ where θγ is

chosen so that π − θB < θγ < θA.
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h(x, t) = g1(x) + g(x, t) with
∫ π

−π
g(x, t) dt = 0.

u is sol. of (1) ⇔ u(x, t) = ū(x) + v(x, t) with

−∆ū = g1(x), in Ω,
u = 0, on ∂Ω,

∂tv −∆v = g(x, t), in Ω× ]− π, π[,
v = 0, on ∂Ω× [−π, π],

v(·,−π) = v(·, π), in Ω,
∫ π

−π
v(x, t) dt = 0, for all x ∈ Ω.

ū admits the decomposition

ū = ūR+
J
∑

j=1

ηj
∑

0<λ′j<2−2
p−µj

∃k∈N,λ′j=kλj

c̄λ′j
r
λ′j sin(λ′jθ)

with ūR ∈ V
2,p
~µ (Ω),

‖ūR‖V 2,p
~µ

(Ω)
. ‖g1‖Lp

~µ
(Ω) and |c̄λ′j | . ‖g1‖Lp

~µ
(Ω).
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Application of the First Strategy to

E=L
p
m(I;L

p
~µ(Ω))

={h ∈ Lp(I;L
p
~µ(Ω)) |

∫ π

−π
h(x, t) dt = 0}.

A : D(A) ⊂ E → E : u 7→ −∆u, with

D(A) = L
p
m(I;D(∆p,~µ)) where

D(∆p,~µ) = {u ∈ H1
0(Ω) |∆u ∈ L

p
~µ(Ω)},

B0 : D(B0) ⊂ E → E : u 7→ ∂tu, with

D(B0)={u ∈ E | ∂tu ∈ Lp(I;L
p
~µ(Ω)),

u(·,−π) = u(·, π)}.

σ(−A) = {−νk | k ∈ N} with −νk ≤ −ν0 < 0 and

by Serge’s talk, for all λ > 0,

‖(A+ λI)−1‖ ≤ 1

λ
.
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σ(B0) = iZ∗. Moreover, ∀θB < π
2, ∃M ≥ 0 s.t.,

∀µ ∈ SB0
= {µ ∈ C | | arg(µ)| ≤ θB},

‖(B0 + µ I)−1‖ ≤ M

|µ|.

We just have to multiply the equation

∂tu(x, t) + µu(x, t) = f(x, t), in Ω× ]− π, π[,

by v := wp|u|p−2ū and integrating.

The condition (H3) is satisfied as the variables

are separate in these two operators.

Hence the operator A+B0 has an inverse clo-

sure.

Moreover we have

v =
1

2πi

∫

γ
(A+ z I)−1(z I −B0)

−1g dz,

with γ : R → C defined for example by

γ(z) = |z| e−i(
π
2+δ), for z < −1,

= 1
2 e

i(π2+δ)z, for z ∈ [−1,1],

= |z| ei(
π
2+δ), for z > 1.
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By Serge’s talk and

v =
1

2πi

∫

γ
(A+ z I)−1(z I −B0)

−1g dz,

we have the decomposition

v = vR+
J
∑

j=1

ηj
∑

0<λ′j<2−2
p−µj

∃k∈N,λ′j=kλj

vλ′j

with

vR(x, t) =
1

2πi

∫

γ
R(z)(z I −B0)

−1g dz

vλ′j
(x, t) =

1

2πi

∫

γ

〈

Tλ′j
(z), (z I −B0)

−1g

〉

Pj,λ′j
(r
√
z)e−r

√
z r

λ′j sin(λ′jθ) dz.

8



Structure of vλ′j
.

Let σj := 1− 1
p−

µj+λ
′
j

2 . Under the assumptions

of Serge’s talk, ∀s ∼ 0, g ∈ W
s,p
m (I, L

p
µ(Ω)),

∃q̃λ′j ∈W
s+σj,p
m (I) and Ẽλ′j

s.t.

vλ′j
= (Ẽλ′j

∗t q̃λ′j) r
λ′j sin(λ′jθ).

q̃λ′j
(t) =

1

2πi

∫

γ3

〈

Tλ′j
(z), (z I −B0)

−1g

〉

dz,

Ẽλ′j
(x, t) =

∑

k∈Z∗
eiktPj,λ′j

(r
√
ik) e−r

√
ik,

where γ3 : R → C is defined by

γ3(z) = |z|e−i(
π
2+δ), for z ≤ 0,

= |z|ei(
π
2+δ), for z > 0.

Ideas of the proof By partial Fourier serie in

t and Cauchy representation formula.
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Regularity of uλ′j
.

Let σj = 1− 1
p −

µj+λ
′
j

2 . Under the assumptions

of Serge’s talk, ∀h ∈ Lp(I, L
p
~µ(Ω)), the problem

(1) has a unique strong solution u with

u = uR+
J
∑

j=1

ηj
∑

0<λ′j<2−2
p−µj

∃k∈N,λ′j=kλj

uλ′j

and

uR(x, t) =
1

2πi

∫

γ
R(z)(z I −B0)

−1h̃ dz+ ūR(x)

uλ′j
(x, t) = (Eλ′j

∗t qλ′j) r
λ′j sin(λ′jθ)

h̃ = h− 1

2π

∫ π

−π
h(·, s) ds, qλ′j ∈Wσj,p(I) and Eλ′j

verifying

Eλ′j
(x, t) = Ẽλ′j

(x, t) + 1
2π

=
∑

k∈Z∗
eiktPj,λ′j

(r
√
ik) e−r

√
ik +

1

2π
.

Proof by interpolation.
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To consider the regularity of uR, observe that

∂tuR+ uR −∆uR = h+ uR

−
J
∑

j=1

∑

0<λ′j<2−2
p−µj

∃k∈N,λ′j=kλj

(∂t(ηjuλ′j
)−∆(ηjuλ′j

))

Case Pj,λ′j
≡ 1. Take f = ηj(

∂
∂t − ∆)uλ′j

. Let

A′
j = 2λ′j +1. The Fourier series in t give

f̂k = q̂λ′j
(k)A′

j

√
ik e−r

√
ik r

λ′j−1
sin(λ′jθ) ηj(r),

H(r, t) =
∑

k∈Z

√
ik e−r

√
ik eikt is s.t.

|H(r, t)| . 1+
1

(r2 + |t|)3/2
.

Hence

f = (H∗tqλ′j)A
′
j r
λ′j−1

sin(λ′jθ) ηj(r) ∈ Lp(I;L
p
~µ(Ω))
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Regularity of uR

Recall that, by Serge’s talk, we have

R(z) : L
p
~µ(Ω) → V

2,p
~µ (Ω) : g 7→ uR

satisfies ∃K > 0 s.t., ∀z ∈ π+ ∪ SA,

‖R(z)‖
L
p
~µ
→V

2,p
~µ

+ (1+ |z|) ‖R(z)‖Lp
~µ
→L

p
~µ
≤ K.

Hence by interpolation, for all θ ∈ ]0,1[,

uR(x, t)=
1

2πi

∫

γ
R(z)(z I −B0)

−1h̃ dz+ ūR(x)

∈ Lp(I; (Lp~µ, V
2,p
~µ )θ).

Let us show that

uR ∈ Lp(I;V
2,p
~µ (Ω)) ∩W1,p

2π (I;L
p
~µ(Ω)).

uR is a strong solution of

∂tuR+ uR −∆uR = hR ∈ Lp(I;L
p
~µ(Ω)).
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Second Strategy (Dore-Venni 1987)

Let E be a Banach space,

A : D(A) ⊂ E → E, B : D(B) ⊂ E → E be

closed linear densely defined operators and

L : D(L) := D(A) ∩D(B) → E : x 7→ Ax+Bx.

(H4)E is a U.M.D. space;

(H5) ]−∞,0] ⊂ ρ(A)∩ρ(B) and ∃M ≥ 0, ∀t ≥ 0,

‖(A+ t I)−1‖ ≤ M

t+1
, ‖(B+ t I)−1‖ ≤ M

t+1
;

(H6) ∀s ∈ R, Ais and Bis ∈ L(E) and ∃K > 0,

τA > 0, τB > 0 s.t.

τA+ τB < π,

and, ∀s ∈ R,

‖Ais‖ ≤ Ke|s|τA, ‖Bis‖ ≤ Ke|s|τB.

Under assumptions (H3), (H4), (H5) and (H6),

the operator L is invertible.
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We apply the second strategy with

E = Lp(I;L
p
~µ(Ω)),

A : D(A) ⊂ E → E : u 7→ −∆u, with
D(A) = Lp(I;D(∆p,~µ)),

B : D(B) ⊂ E → E : u 7→ ∂tu+ u, with

D(B) =W
1,p
2π (I;L

p
~µ(Ω)).

Verification of (H6). By Coifman - Weiss (1976)

If −A is the infinitesimal generator of a strongly

continuous contraction semi-group in E which

preserves the positivity, then ∃K > 0, ∀s ∈ R,

‖Ais‖ ≤ K(1 + |s|) e
π
2|s|.

By max. principle, A satisfies this condition.

−A is symmetric on L2(I, L2(Ω)). Hence

‖Ais‖L2(I,L2(Ω)) ≤ 1.

By interpolation

‖Ais‖Lp(I,Lp
~µ
(Ω)) = 0(eτA|s|), with τA < π/2.
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For B, σ(−B) = {−(ki+1) | k ∈ Z}, ∀λ ∈ R+,

‖(λI +B)−1‖ ≤ 1

λ+1
,

and −B is the generator of a C0 semigroup

S(t) of contraction. Moreover S(t) preserves

the positivity and hence ∃τB ∈ ]π/2, π− τA[ s.t.

‖Bis‖ = 0(eτB|s|).

By the second strategy, ∃wR ∈W
1,p
2π (I;L

p
~µ(Ω))∩

Lp(I;D(∆p,~µ)) solution of

∂tw+ w −∆w = hR, in Ω× ]− π, π[,
w = 0, on ∂Ω× [−π, π],

w(·,−π) = w(·, π), in Ω.

Hence

uR ∈W
1,p
2π (I;L

p
~µ)∩L

p(I;D(∆p,~µ))∩Lp(I; (Lp~µ, V
2,p
~µ )θ).
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D(∆p,µ) ∩ (L
p
~µ, V

2,p
~µ )θ ⊂ V

2,p
~µ (Ω)

If u ∈ D(∆p,µ) then u admits the decomposi-

tion

uR = u1 +
J
∑

j=1

ηj
∑

0<λ′j<2−2
p−µj

∃k∈N,λ′j=kλj

cλ′j
r
λ′j sin(λ′jθ).

Moreover

V
2,p
~µ (Ω) →W2,p(Ω) : u 7→ wu

as well as

L
p
~µ(Ω) → Lp(Ω) : u 7→ wu

are continuous. Hence,

uR ∈ (L
p
~µ, V

2,p
~µ )θ ⇒ wuR ∈ (Lp,W2,p)θ =W2θ,p.

As µj + λ′j < 2− 2
p, for θ ∼ 1, r

µj+λ
′
j sin(λ′jθ) 6∈

W2θ,p(Dj) and uR = u1 ∈ V
2,p
~µ (Ω).
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Theorem

Let ~µ satisfies, for all j = 1, . . . , J,

−λj < µj <
2p−2
p ,

4(p− 1)λ2j +2µjp− µ2j p
2 > 0

and, for all k ∈ Z∗ and all j ∈ {1,2, · · · , J},
2− 2

p − µj 6= kλj and µj + kλj 6= 1.

Then, ∀h ∈ Lp(I;L
p
~µ(Ω)), ∃!u ∈ Lp(I;L

p
~µ(Ω))

solution of

∂tu−∆u = h(x, t), in Ω× ]− π, π[,
u = 0, on ∂Ω× [−π, π],

u(·,−π) = u(·, π), in Ω.
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Moreover u admits the decomposition

u = uR+
J
∑

j=1

ηj
∑

0<λ′j<2−2
p−µj

∃k∈N,λ′j=kλj

uλ′j
,

with

uR ∈ Lp(I;V
2,p
~µ (Ω)) ∩W1,p

2π (I;L
p
~µ(Ω))

and

uλ′j
= (Eλ′j

∗t qλ′j)r
λ′j sin(λ′jθ)

where

qλ′j
∈Wσj,p(I) with σj = −

µj + λ′j
2

+ 1− 1

p

and

Eλ′j
(x, t) =

∑

k∈Z∗
eiktPj,λ′j

(r
√
ik) e−r

√
ik +

1

2π
.
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