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Problem

oru — Au = h(xz,t), in Qx| —m, x|,
u =0, on 02 x [—m,«], (1)
U(-, _7T) — ’U,(',T('), in Q)

Q C R? polygonal domain. For j = 1,---,J,
denote by S;, the vertices of 02 enumerated
clockwise, lbj the interior angle of €2 at the
vertex S;, A\; = % and (rj,ej) the polar coor-
dinates centered at §;.

h € LP(—m,m; L},(€2)) with
Lo(Q2) = {f € L, () | wf € LP(Q)}

loc

where

. J
w = r;,‘ﬂ on D;(1/2) and w =1 on Q\ii?Dj(l).



First Strategy (Da Prato-Grisvard 1975)

Let £ be a Banach space,
A: DA CFEF - E, B: D(B) C E— FE be
closed linear densely defined operators and

L:D(L):=DA)ND(B) — E:x+— Ax 4+ Bx.

(H1)3d M,R >0, 04,0 €]0,n] such that

QA_I_GB > T,
Sp:={N| |\ > R,|arg\| <04} C p(—A),
Sp :=A{A||Al = R,|arg A| < 0p} C p(—B),

and, for all A€ S4 and all p € Sp,

IA+AD Y <X yB+uD ) <

M
Al |l

(Hp) o(=A)No(B) =10,
(H3)V A€ p(—A) and V u € p(—B),

(A+XD Y B+pD) ™t = B+pD) t(A+2D L

Then L has an invertible closure L.



Definition L is defined by z € D(L) and Lz = y
if 3 (xn)n C D(L) s.t. zp, — x and Lz, — v.

A solution of Lz = y is called a strong solution
of Lx = y.

The inverse of L is given by

— 1
(L) t=—— | A+ DA - B) tax,
21T 8%
where ~ is a path which separates o(—A) and
o(B) and joins ooe™ ™ to ococe’® where 6. is

chosen so that m —0p < 0, < 04.



h(z,t) = g1(z) + g(x. ) with /_:g(a:,t) dt = 0.

u is sol. of (1) & u(x,t) = u(x) + v(x,t) with

—Au = g1(z), in €,
u=20, on 0S2,

orw — Av = g(x,t), in Qx| —m, x|,
v =20, on 02 X [—m, «],
U('a _7T) — /U('aﬂ-)7 in Q)

T
/ v(z,t)dt =0, for all x € Q2.

—Tr

uw admits the decomposition

J :
i=1urp+ 3 n; $ NESELIOV)
Jj=1 O<A}<2—%—uj !
IKEN, N =k,
with iig € V2P(9),
||ﬁR||V5,p(Q) S llorlizpiqy and lex | < llgall e o)
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Application of the First Strategy to
E=Lp(I; L%(Q))
7T
={h € LP(I; L}}()) / h(z,t)dt = 0}.
—70
A:D(A)CFE — E:u— —Au, with

D(A) = Lin(I; D(A, 7)) where
D(A, ) = {u € H5(Q)|Au € LE()},

Bo:D(Bg) CE — E :uw dwu,  with
D(Bo) ={u € E | 0 € LP(I; L7(Q2)),

u(-, —m) = u(-,m)}.

o(—A) ={-v; | k € N} with —v, < —1g < 0 and
by Serge’'s talk, for all A > O,

1
I(A+AD7H < <



o(Bg) = iZ*. Moreover, Vog < 5, M > 0 s.t.,
Vu € Sg, ={p € C||arg(p)| < 0p},
_ M
I(Bo+puD)~H < T
We just have to multiply the equation
Ou(z,t) + pu(z,t) = f(z,t),in 2 x| —m, x|,
by v := wP|u[P~2% and integrating.

The condition (H3) is satisfied as the variables
are separate in these two operators.

Hence the operator A 4+ Bg has an inverse clo-
sure.

Moreover we have

v = — 1 /(A—I—z[) Y21 - By) tgdz,

2711
with v : R — C defined for example by

v(z) = |z e_i(%_l_(s), for z < —1,
%ez(%+5)z, for z € [—-1,1],
2] ei(%—M), for z > 1.



By Serge’'s talk and

v = i/(A—I—zl')_l(zf—Bo)_lgdz,
8

271

we have the decomposition

J
v=vr+ ) 0 > vy
J=1 0<Nj<2—-2—p; 7

KENN =k,

with

vp(x,t) = Qi R(2)(zI — Bg) tgdz

. T Jy
o@D =5 [ (T (). (1~ Bo) o)

/
P; )\/_(’r\ﬁ)e_r\/E i sin(>\"7-9) dz.
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Structure of v,,.
J

4\
et oj = 1—1—%; L Under the assumptions

of Serges talk, Vs ~ 0, g € Wp'(1, L, (2)),
St2P (1) and By s.t.
J

- /
?J}\/. = (E)\’. *¢ (jA/') T)\j Sln(A;H)
J J

iy (1) = Qi ) <T>\/ (2). (21 — Bo)~1g >dz,

EA’ (z,t) = > eZktP N  (rVik) e ,

keZ*
where v3 : R — C is defined by

13(2) = |ze” 2T for » <0,
|z|ez(%+5), for z > 0.

Ideas of the proof By partial Fourier serie in
t and Cauchy representation formula.



Regularity of u,,.
J

/
5 5 L. Under the assumptions

of Serge’'s talk, Yh € LP(I, Lp(Q)) the problem
(1) has a unique strong solution u with

izt S Yy
j=1 0<N<2-2—p;
IEN,N =k

_ 1 HjTA
Let O'j 1 —=—

and 1
_ ~17 _
wp(z, t) = TLR(z)(zI—BO) hdz 4 ip(x)

T

/
uy (2,t) = (By ¢ qy) 79 Sin(\;0)
J J J
_ 1w |
= h——/ h(-,s)ds, gy € WOP(I) and By,
mwJ—T1 J J
verifying

EA3(377t) = E)\/ (z,t) + 2 5=
— Z ezktP )\ (7“\/_) 6—7“\/__|_

keZ*

Proof by interpolation.
10



To consider the regularity of up, observe that
8tuR—|—uR—AuR=h—|—uR
J
- 2. (Gnjuy) = Alnjuy))

) — / _2_ .
J=10<N;<2=2—p,
FkEN,X.=kA;

Case Pja/\} = 1. Take f = nj(% — A>u¥" Let
A;- = 2){7- + 1. The Fourier series in t give

. /
b=y (k) A Vik e ™V sin(V0) i (r),

H(r,t) = > _ Vik e~TVik ikt g gt
keZ

Hn)| <14+

(r2 +[t))3/2

Hence

§ = (Hxay) Ay sin(Nj0) n;(r) € LP(I; LA())
J
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Regularity of up

Recall that, by Serge’s talk, we have
R(2) : L5(2) — vﬁQ’p(Q) g up
satisfies 3K > 0 s.t., Vz € 7T U Sy,
||R(Z)HL%_> 25 + (1 + |2]) ||R(Z)||L§%L§ <K.

Hence by interpolation, for all 8 €]0, 1],

wp(z, ) =% R(2)(21 — Bo)~Yhdz + tip(z)

Y Jry
e LP(I; (LB, VEP)g).

LLet us show that

7

2 1
up € LP(I; Vs P(Q)) N WP (T, LZ(Q)).

upr IS a strong solution of
Otup +up — Aup = hp € LP(I; LZ»(Q))
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Second Strategy (Dore-Venni 1987)

Let £ be a Banach space,
A: DA CE - E, B: D(B) CE— FE be
closed linear densely defined operators and

L:D(L):=DAND(B)—E:x+— Ax + Bx.

(Hy) E is a U.M.D. space;
(Hs)]—00,0] C p(A)Np(B) and IM > 0, Vt > 0,

1 M . M
|(A+4tT) ||§—t+1, |(B+tI) H_—t+1,

(Hg)Vs € R, A and B* € £(E) and 3K > 0,
T4 > 0, T3 > 0 s.t.
TA+ T < T,
and, Vs € R,
|A™|| < KelsI™, || B < KelsITB,

Under assumptions (H3), (Hs), (Hs) and (Hg),
the operator L is invertible.
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We apply the second strategy with

E = LP(I; L3(£2)),
A:D(A) CE — E:uw— —Au, with
D(A) = LP(I; D(A, 7)),

B:D(B) CE — E:uw~— Otu+ u, with
1
D(B) = Wy’ (I L%(Q)).

Verification of (Hg). By Coifman - Weiss (1976)
If —A is the infinitesimal generator of a strongly

continuous contraction semi-group in E which

preserves the positivity, then dK > 0, Vs € R,

|A™|| < K(1 + |s]) 2l
By max. principle, A satisfies this condition.

— A is symmetric on L2(I,L2(Q)). Hence

1A 2,2y = 1
By interpolation

1AW o1, 120y = 0(e™lsly, with 74 < 7/2.
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For B, o(—B) = {—(ki+ 1) | k € Z}, YA € RT,

1
A+ 1
and —B is the generator of a Cp semigroup
S(t) of contraction. Moreover S(t) preserves
the positivity and hence 3rg €]n/2, 7 — 74][ s.t.

(A + B)7 1| <

| B*|| = o(e™B ).

By the second strategy, Jwp € Wzl%p(l; L%(Q))ﬂ
LP(I; D(A, 7)) solution of

dw+w— Aw = hpg, in Qx| —mx, x|,
w =0, on 02 X [—m, «],
w(,—7m) =w(,m7), in Q.

Hence

1 2
ur € W5 P(I; Lg)mLP(I; D(A, )NLP(T; (Lg, Vs Y0).

T
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D(Ap) N (LE,V2P)g C VEP(S)

If uw e D(Ap,u) then v admits the decomposi-
tion

J
up =u1 + »_ n; > Ccy/ 7“)\; Sin()\;H).
j=1  0<N<2-2—p;
ILEN, N =k
Moreover

VEP(Q) = W2P(Q) - u s wu
as well as
L%(Q) — LP(Q) tu— wu
are continuous. Hence,

up € (LL, V;’p)g = wup € (LP,W2P), = W20p,

, /
As i+ N, <2 -2 for 6~ 1, P sin(N6) ¢
W20-P(D;) and up = uy € vgvp(sz).

16



T heorem

Let u satisfies, for all y =1,...,J,

. . 2p=2

4(p — 1A% + 2up — p5p* > 0
and, for all k € Z* and all 5 € {1,2,---,J},

2—%—,Ltj#k>\j and ,LLj—|—]€)\j#1.

Then, Vh € LP(I;L%(Q)), Jlu € LP(I;Lg(Q))
solution of

oru — Au = h(xz,t), in Qx| —m, x|,
u =0, on 02 X [—m, «],
u(-,—m) = u(-,m), in Q.
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Moreover v admits the decomposition

J
u=ugp+ ) 7 ) Uy’
J=1  0<N;<2—-2—p; g
IENN =k,

with

ug € LP(I; V3 2P()) N W2 P(r; Lp(Q))

and
uy = (Ey *¢ q)\/)rX?' sin(\.0)
j j j J
where
. . A 1
ay, € WP(I) with o = / 5 G R .

and

E)J (z,t) = ) eZktP N 1 (rv/ik) e_“/_—l—
keZ*
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