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Hierarchy of points in polyhedra

@ Inner point

@ Smooth boundary point

© Regular conical point (2D corner; absent on 3D polyhedra; however...)
© Smooth edge point

@ Polyhedral corner point

History of analytic regularity:

1-2: Morrey-Nirenberg 1957

3-4: Babuska-Guo 1988-1997 (4 only partially)
4-5: CDN 2010

Note: In CDN 2010, 1-3:12 pages, 4-5: 30 pages

Why is this so difficult?
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Techniques for analytic estimates

@ Nested Open Sets:
Consists of

e Basic (H? or H') a priori estimate between V and V' 5> V
o Derivatives
o Nested open sets (p-estimates)
Used for
o Translation-invariant situation,
neighborhood of interior and smooth boundary points
© Dyadic partition:
Consists of
o Analytic estimate for smooth case
@ Scaling with powers of 2
e Covering by dyadic partition
Used for
o Dilation-invariant situation,
neighborhood of regular conical points

© That's all, nothing else to see !
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e Edges
@ Isotropic spaces and estimates
@ Anisotropic spaces and estimates
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Edge points are conical points

Model edge e: e = K x R,

K 2D sector, x = (X1, x3), X, € K, x3 € R, r:=|x_|.

Dyadic partition technique, starting from analytic estimate between
V={j<r<i|x/<ilandV ={}—e<r<i+e|x|<j+e}

Y and V'’ have smooth boundary components,
therefore the analytic estimates follow from the smooth case

» =2"H(V+(0,0,v/2)) =W = Vo, ={r<1,]|z| <1}
“,

peEN,[v|<2ntt

Vi

)
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Edge points are conical points

Definition (Isotropic weighted Sobolev spaces)

KZOW) = {u : rP*1*lagu e LB(W), Va, |a| < m} (homogeneous)
JIOW) = {u : PT"9gu € LA(W), Va, |a| < m} (non-homogeneous)

v

Remark: Equivalent “step-weighted” norms in Jj

If 34+ m+1 >0, choose vy € (—3 — 1, m]. Then

||U||3g(W) = Z Ir7 78 ulf5y

laf<m

~ D e oguly + 0 Irtlagull,

la| <y y<|er|<m
~ Y |IrHeD gz ulB, i B+ m >0

la|<m
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Edge points are conical points

Theorem

Let u be a solution of the boundary value problem in W'

(Linear, second order, constant coefficient, right hand side f, zero boundary data).
(i) Forall p € R, n € N:

Ifu € Ky(WV.) and f € K, ,(W') then u € K2 (W).

Vo< k<n+2:

k—2
1 1
j 2 Irlogul,, < e {3 g 3 eerelogn,

|| =k =0 |a|=£

+ 3 IrPlogu),, }

o<1

(i) Letm>1andB+ m> —1. Letn > m— 1.
Ifu e JF(W') and f € J, ,(W'), then u € J33(W) and there are the
corresponding Cauchy-type analytic estimates.

What's wrong with this?
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Edge singularities

Typical member of KZ(WV): Principal singularity
u(x) = a(xs) r*¢(0), (a€H™, 1 smooth, Re ) > —f3 — 1)

In KZ (W), the derivatives in all directions are allowed to be more singular,
according to their order.

But here, the derivatives 6f3u have the same singularity at r = 0 as u.
This is true in general: One has additional regularity along the edge,
because the edge is translation invariant in x3-direction.

Two consequences to capture this structure:

@ Define anisotropic weighted Sobolev spaces. These will then be
suitable for the definition of the spaces of weighted analytic functions.

@ Use Nested Open Sets (p-estimates) with derivatives in x3. For this,
we need to start with a basic H? a priori estimate, which is non-trivial
in this case.

Martin Costabel (Rennes) Analytic regularity in 3D polyhedra 6JS 10/18



Edges are translation invariant

Write 9% = g+ 95

Definition (Anisotropic weighted Sobolev spaces)

MFOW) = {u : Prleslgey e L2W), Ve, |al < m} (homogeneous)
NFOWV) = {u : rBHlesdgay e L3W), Va, |of < m} (non-homogeneou

For N’g, one assumes 3 + m > 0, so that the step-weighted definition
makes sense.

Definition (Weighted analytic classes for edge neighborhoods)

Homogeneous: u € Ag(W) if u € MF(W) for all m > 0 and

Hu||M,g(W) <C™'ml Vm>0.

Non-homogeneous: u € Bg(W) if u € NF(W) for all m > —3 and

HUHN;;(W) <C™'m Vm>-3.

4
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Edge: Basic a priori estimate

To start the Nested Open Set technique, we need an estimate of the
following form

Let u € K5 (W) be a solution of the boundary value problem in . Then

<
Wl omy < € Ul vy 1l ovr))

with C independent of u.
Similarly for the non-homogeneous case with J instead of K.

Contrary to the case of an interior point or a smooth boundary point, this
estimate is not a consequence of ellipticity. It

@ depends on 3,

@ is in general not satisfied for all 3
(—8 — 1 must not be a singular exponent for k)

© holds for some 3 in the standard problems in variational form.
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Edge: Analytic estimates (anisotropic, homogeneous)

Theorem (CDN2010)

Under the Assumption, let u € Ki;(W') be a solution of the boundary value
problem. If f € M7, ,(W'), then u € M3(W), and there exists a positive
constant C independent of u and n such that for all0 < k < n we have

k
1 (03 (% 1 « (03
q O IPreslogul,, < o {3 g 3 e,
£=0

|a|=k T |al=¢

lully o }-

As a consequence, if f € Az o(W'), thenu € Ag(W).
The analogous result is true for the non-homogeneous case.
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e 3D polyhedra
@ Neighborhoods

@ Weighted spaces
@ Analytic regularity
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Neighborhoods

Q: polyhedron

&: set of edges

% set of corners

For e € &: €,: extremities of e
For ¢ € ¥: &;: edges meeting at ¢

re(x)
re(x)”

re(x) =dist(x, c), re(x) =dist(x,e), pce(Xx) =
Neighborhoods, with 0 < 1 < e small enough:

(pure edge) Qe ={x € Q : ro(x) < e and r.(x) >n Ve € Ce},
(pure corner) Qe ={x € Q : re(x) <e and pee(Xx) >1n Ve € &},
(corner-edge) Qce = {X € Q : r:(x) < € and pee(X) < €},

Similarly, Q etc, with ' < 7, € > ¢, and finally

Q%:Uﬂc, Qg:UQe, Q%&ZUch, Qo =02\ Qe UQs UQss
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Anisotropic weighted spaces on polyhedra

Definition
OnV cC Q,formeNandf = {fc}cer U{Betecs:

MZ(V) = {u: Vo, [a| <m, 8% el2(VNQ) and
Vee € : r(x)’Hocuel2(VvnQ,)
Vec &: ro(x)Petletl 92y e L2(V N Q)

Vee @, Vee & ro(x)PHel pog(x)PoHorl 92y € L2(V N Qee) }

Similarly, one defines the non-homogeneous space Ng’(V) and the analytic

classes Ag(V) and Bg(V).
One can also choose homogeneous norms at some corners and edges
and non-homogeneous norms for the other corners and edges.
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Analytic estimates on a 3D polyhedron

Techniques that cover the whole polyhedron €2:
@ On Qq: This is the smooth case. Known.
@ On Q,: This is the edge case, see above.
@ On Q.: Dyadic partitions, starting from the smooth case (!)
© On Q..: Dyadic partitions, starting from the edge case.
Final result for example:

Theorem (CDN 2010)

Consider a mixed Dirichlet-Neumann problem, defined by a coercive
variational form on a subspace V of H'(Q). There exist b4 (V), bg(V) > 0
such that for any solution u € V of the variational problem there holds:
Ifforall c,e: 0 < by < bx(V), 0 < be < bg(V) and = —b — 1, then

fe Bg+2(Q; V) — U € BQ(Q; V)

where the space Bg(; V) is defined using homogeneous norms at the
edges lying on faces where Dirichlet conditions are imposed and
non-homogeneous norms at all other edges and all corners.

v
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Thank you for your attention
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