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Motivations

MULTISCALE ASYMPTOTICS AND COMPUTATIONAL APPROXIMATION
FOR SURFACE DEFECTS AND APPLICATIONS IN MECHANICS

» take into account the surface and volume microdefects of materials
~~» multiscale asymptotic analysis

» give a numerical method with a reasonable computation cost
~> superposition method

» application in mechanics
~> crack initiation and propagation



Non perturbed problem

Assumption
I'p
» O € 9N \ o
> 09 flat around O
> e (D)
(0]

Solution of the unperturbed problem

{—AUO = f inQo

u = 0 onlp
8,,u0 = 0 on 8QQ\rD



A single defect

[Mazja, Nazarov, Plamenevskii], [Dambrine, Vial]

Assumption
I'p
> QE = Qo \ EW
w start-shaped with respect to O
> e 5 ()
@)

Solution of the perturbed problem
—Au., = f inQ,

uu = 0 onlp
Owte = 0 ondQ\Tp

Compare v, and



Main ideas of the asymptotic analysis

» use multiscale expansion

& slow variable x with the scale of the domain
& fast variable x /e with the scale of the perturbation

» compare u. to the limit ug
= correctors to compensate the Taylor expansion of ug at 0

» make the correctors stick on €.
(through a cutoff function for boundary inclusions)
= generate correctors in slow variables



One inclusion

First term

r0 = u. — up satisfies

I'p

|
ISURIS >
o ‘“\o m\o m\o

=]
Y

@)

For x = X € e0w, then

*3.1 Ug

Ontog(x) = Vup(0) - n+ O(e)

in Q.
on FD
on 9.\ (edw UTp)

on 0w

We lift this term to obtain a better approximation of u.



One inclusion

Profile
Solution of a problem in an infinite domain Q. = !imO Q. /e
1 .
o p —AV 0 inQx
.o oL V? g on 90«
V! 0 atinfinity
81 = —VUo(O) -n

Theorem

There exists a unique weak solution V! in the variational space

v

{v; VV € L3(Qs) and

Behavior at infinity

VH(X) = O(X| ™) and VVA(X) = O(|X| 2)

(L+1X]) log(2 + |X])

€ LZ(QOO)}

as |[X| — o



One inclusion
Second term (1)

We write

us(x) = up(x) + :\(><)V1 (5) + r:l(x)

with x regular, radial, with support in B(0, r*) and x =1 in B(0, %)

The remainder rl satisfies

T'p —Arl = Alx()eVH(2)] in Q.
rr =0 onp
Oart = 0 on Q. \ (ewUTp)
o Onrt = 2 on 0w
Y2 = —0a(uo + exV1(2)) comes from the Taylor expansion of g at 0

2 terms have now to be lifted



One inclusion
Second term (2)

Let w! be such that

7AW1 = ¥ in Qo
wl = 0 onlp
Oaw! = 0 ondQ\Tp

with ¢ deducing from the behavior of V!

Let V2 be such that
—AVZ = 0 inQy
0,V?> = g on Q.
V2 — 0 atinfinity

with g1 coming from the Taylor expansion of ug and the trace of w!



One inclusion

A model result: expansion at order N
For all N, the solution u, of
—Au,
Ug
aI'I UE
writes

N

f
0
0

in Q.
on FD
on 9Q\lp

e () = uo(x) + X(x) D_ V(%) 4 Z "W (x) + Omqy (")

i=1

N
=2

1

» the profiles V' compensate the ith term u’ of Taylor expansion of ug

and of w/ for j < i

> the correctors w' compensate the error generated by the cutoff

1wl (. = O(1)



Two inclusions

[Bonnaillie-Noél, Dambrine, Tordeux, Vial, 2009]

e}

BN et

—Au. = f on€,
u= = 0 inTl
Onu: = 0 in0QF



Two inclusions

Several situations
» 7. = O(1): no interaction

u,

(x) = uo(x) + & | Vo (529) + Vg () | + Omga

» 7. = O(e): total interaction
Us(x) = uo(x) +eWo(%) + 01[1(95)(52)

Wh: profile associated with w = wt Uw™

» 7. = O0(e%),0 < a < 1: medium case

()

ug(X):uo(x)+5{V0 (X X )+ V+(x x4 )} +oEmM)



Two inclusions

Asymptotic expansion for two interior inclusions

Q. = Qo\ (ws Uwd), with wk =xF +ew®, xF = +ed

—Au,

On Uz

—AUO
Uo

o

in Q.

on =090
on Jw*

in Qo

on [ = 0Qq



Two interior inclusions

First remainder r? = u. — up

Profiles

VoE(X) = D VE(X) + 0 (1XI7)

= —n-Vuy(0)

— 0

in Q.
on 0¥
on dwl U dw_

in R\ wE
on dw*

at infinity

with Vg5 € O (1X]7%)



Two interior inclusions

Second remainder r!

4
u-(x) = up(x) + ¢ {VO ( Xe ) v <X MX: )} + i (x)
—Art 0 in Q.
rf(x) = —e {Vo ( ) + Vg (4)} on 0%

Onrl(x) = n-Vu(0)—n-Vu(x) —n-VV; (= sx ) on dwr
Onrl(x) = n- Vuo(O)—n Vug(x) —n-VVy (2= ) on dw;
x € 09, Z eITORE L (x) + o(eM)
J21,k20,
Jrak<n

x = £e%d + eX € dw?,

Or? (x)

g

n-(Vu(0) —

j=0,k>0,
0<j+ak<N

> Frgx

Vug(ed 4+ eX) —

)+ Z -
2<j<

N
=T-a

V V5 (£2:*71d + X))
VAT (X) + o)



Two interior inclusions

Two scale expansion

Theorem
The solution u. admits the expansion at order N

u-(x) = wo(x) + ¢ Vg (A7) + Vi (22

b (tpngl) b [Viran () +
(p,q)EKN
with

ICN:{(P7Q)EZ2|P207
g>—-3p+1,g>—pand p+aq< N}

+
VP+th €

K4 for a =

(=)

3

5



Two interior inclusions

Interpretation of the first terms

u-(x) = wo(x) +¢ | Vo (F25) + Vi (525) | + 2 ()
with

||r51||H1(QE) _ O(gmin(1+a,3f2a))

The first remainder rl contains information about higher-order influence

¢ if @ < 2/3 : inclusions relatively far-away from each other
the leading term arises from the Taylor expansion of ug at O

¢ if 2/3 < a < 1: rather close inclusions
the remainder mainly consists in the interaction between the profiles
Vy and Vg

o ifa=2/3:
the two contributions are equally balanced



One interior inclusion and one at the boundary

Theorem

o) = C(1Xuo0) + & [V (525) + x(x) Ve ()]

b e (U Dvpragl) + € [ Virag(25) + (6D Vg ()])

(p,q)EXN



Applications for numerical computations

One inclusion

Idea
Approximate u. by the first order expansion

e (x) ~ (%) = to(x) + ex(IV(2)

Compute

> up : the solution of the problem set in the unperturbed domain

» V : the profile defined in the unbounded domain



Numerical computation

Computations for the Neumann problem
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Numerical computation - one inclusion

Computation of the profile

~AV = 0 inR*\w
OV = g ondw
V. — 0 atinfinity

» Strategy 1 : absorbing conditions on |x| = R

Dirichlet: V=0
Robin: V + RO,V =0
Ventcel: V + 389,V — B'92v =0

» Strategy 2 : inversion ¢ : z+ 1/z

W = V o ¢ solution of

{AW =0 in o(w)

MWW = O (gop) ondp(w)
W(O) = 0




Numerical computation - one inclusion

Comparison of strategies with a fixed number of d.o.f.

» w disk
» R=10

> known profile: V(x) =
inversion :
boundary condition :

cos 6
r
W(x) =x
g(x) = cosf — 2 cos(26) — 3 cos(36)
10° T T T T T T
107
5 T
= _
5 o———o——o6—H4
%
g 107
£ *
s It
; 107E .y %
T ., ~
@ 10°p
—&— Atificial boundary method (order 0) .
10 | —©— Artiicial boundary method (order 1) N
—#— Artificial boundary method (order 2) g
—+— Inversion method +
107 L L L L L L

2 3 4 5 6 7
Degree of interpolation [prop. to sqrt(number of DOF) |

Qg mesh and variable interpolation degree



Numerical computation - two inclusions

Numerical simulations: « = 0.5, € = 0.05

1 (x) = o(x) + & | Vuo(0) - Voo (25) + Vig(0) - Vi (25|

g g

_1.2807E 01 15138E-01 _1.9198E -02 55790E-02

U — Up Us — th



Numerical computation - two inclusions

Error order with respect to «

U,;(X) _ UO(X) +e {Vo (xfx, ) + \/OJr(X*VX, ” + C)HI(QV)(:mm(lJﬂ‘SiZ\))

Circular inclusions with analytic profiles

18 T T T T T T T T T
® Numerical estimate of the rate
17t | = = = Theoretical convergence rate 4
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Applications in mechanics

Context
Description of the behavior till rupture of complex structure

» evaluation of ultimate load

» evaluation of dissipated energy

Objectives

Computation of limit load by taking into account
» the influence of geometrical surface defects
» the influence of localization zones

without fine geometrical description

2 tools:

» asymptotic analysis of the Navier equations (first step)

» continuum damage model and strong discontinuity approach (second
and third phases)



Applications in mechanics

Asymptotic analysis [Brancherie, Dambrine, Vial, Villon 2007],
[Bonnaillie-Noél, Brancherie, Dambrine, Tordeux, Vial 2010]

Navier equations

—pAu, —( A+ p)Vdivuee = 0 on Q.
u. = u? inly
oc-n = g inl;

Profiles basis (v¢)¢—12

—plAvy — (A + p)Vdiv(ve) = 0 on Qs
2
ZO’,‘](V@)IIJ' = Ggﬂ' in 6(200
vv — 0 at infinity

with G; = (nl,O) and G, = (O,I’ll)

n; : first component of the outer normal on 9Q

Asymptotic expansion
For 2 defects of size ~ ¢, at distance ~&* (0 < a < 1)

w3 it () et (-2) o)

Jj=1 -




Applications in mechanics - simulations

Traction test

200 mm
EDy
§> u
5D Q. —
(e}
S §> E =38 x 10* MPa, v = 0.18
£ .

0; O

€1 =2mm, o = 1mm, d(0y,0;) =30mm



Applications in mechanics - simulations
Meshes

» Fine mesh (reference computation)

I ANDY 2 AVAVAYAVAVAVAVAS: 2 Tavavavy
m«m»gsg KL
s,

VAVAVANS S aVavaVaVAY VAN VAVAAZAVAVAVANLY
DRSS AN
OEITRERS

S
A

AVA\

wally
Way
AVa:

VAV

)
:;un

AR
v

L
KL
K
X
X
Vs
AVaY)

LR X
avAVS! A AT TAYA VAV

PO
AR
o

X

vavava o/
pVAVAYAY)

KOG

o

%
SRR

RIS
e

v
0K
vyt

e

S
K2

2

5

<

AR
s
g

X
3

SKIA
K
X
YAVAVAV)
KRS
o,
o
0k
AV

X
&
Rk
vas
B
KR
KX
W,

i
XY

VAVAY

"
0
X
XK
S

X
<X
5
K Yav
i
)

00K

KR
5
R
iy

AVAY
{VAVAVAY

&
Pt

i

X
S
05
S

X
<

i
v

DROSS
YAYAY

X
RROSk
el
S,
SPRT
)
N “'AVA
\WAVAYAVAY v
RIZAKIX

o
N
XK
v
AVAV)

2
S
R
BORERT
RO
XK
o
=
R,

&
I

Ay

X

LaVAVAY:

» Coarse mesh (for the asymptotic expansion)

100

80

60

40

20




Applications in mechanics - simulations

Displacement

\  rtorenc computstion P —
0 0.51 1 0 051 1
- -
Reference Enriched computation
T
relative_error_u_x

Relative error (~ 0.25%)



Applications in mechanics

Computation of the profile for planar linear elasticity

—pAu+ (A4 p)Vdiv(u) = 0 inR2\©
oun = g ondw
u — 0 atinfinity

Compute the leading terms at infinity in the upper-half plane
Seek an algebraic expression cancelling then
= absorbing boundary conditions on |x| = R

1 e |2 1 E1-v) [o 0

1—v u-+ - 0 1

0 1 R 2(1+v)(1—2v) ]ATU—O

Difficulty: ;=\, > 0 since E >0 and v € (~1,0.5)

= Degenerate Ventcel boundary value conditions



Ventcel conditions
[Bonnaillie-Noél, Dambrine, Hérau, Vial 2010]

-Au = f inQ
Ohu+au+pBAu = 0 ondf

with Q bounded regular domain in RY, d > 2 and a, 3 € R

« > 0 and 3 < 0: variational approach
Find u € H(Q) such that Vv € H(Q2), A(u,v) = B(v)
with
B(v) = / fv and A(u,v)= / Vqu—!—/ auv — BV uV, v
Q Q a0
on the Hilbert space
H(Q) = {u e HY(Q), upq € H'(0Q)}

If « >0 and 8 < 0, the bilinear form A is coercive



Ventcel conditions with bad sign

« € R and 7 > 0 : no variational apporach

1. Existence and uniqueness
—Au = f inQ
Ohwu+au+ Ay = 0 ondQ

if o ¢ {an}

2. Continuity with respect to the domain and convergence when w — ()

—Au = 0 inQ\w
Ohu+au+BA-u = 0 ondQ
u = g ondw



Ventcel conditions

Numerical illustrations

~Au = 0 inB(0,R)\w
Ro,u+au+ GAru = g ondB(0,R)
u = 0 ondw

and
Pu=—-0BA,u—au— RAu on 0B(0,R)

inverse of operator L,

Figure: Norm of inverse with respect to R : @and %



Perspectives

» Asymptotic expansion for Dirichlet conditions
term in1/Ine

» Asymptotic expansion when the distance between the inclusions is
e* with a >1

» Computation of the profile for the linear elasticity
Ventcel conditions



