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Corner singularities in 2D
The solution y of

—Ay+y=1finQ, opy=gonl 0
is not contained in W=22(Q), if w > .
Instead one has y = y, + ys with y, ¢ W=42(Q) and
¥s = &1(r)yr* cos(A\¢) with A = i

W
£1(r) is a smooth cut-off function and ~ a coefficient.

Optimal control problem

Mesh grading and finite element error estimates

h”“ for rr=20
hr ~ < hry " forR>rr >0
h forrr > R

The finite element error can be estimated by

1Y — Yalliz@) + hWHY — Yallezgry + hllY — Yall@) < ch?,
If < )\ and using piecewise linear and continuous ansatz functions.

Neumann boundary control problem Reduced formulation First order optimality condition
, 1 V _ . 1 % = — - d
min F(y, u) := EHy—defg(Q) +5 \qug(r), J(U) = min F(Su, u) := §||Su — defZ(Q) + éuu\ﬁg(r) (or +vu,u —_U)Lz(r) >0 _Vu c U?
—Ay+y=0 InQ, oy=u onl, < U= gy (_p\F/V)

a<ulx)<b foraa.xerl

@ (2 Is a nonconvex polygonal domain
@ uc L) and yy € L3(Q)

@ S: L%(I) — L3(Q) control-to-state mapping
o U ={ucl?N:a<u(x)<baeonTl}

with p = P(y — yq) and y = Su defined by
~Ap+P
~Ay +

V—yy inQ, 9.0=0 onT.
0 inQ, 9,y=0 onT.

Discretization of the optimal control problem

Fully discrete approach
Find i, « U7“ such that
_ . o 5 v 5
Jn(Un) = o, In(Un) := 5 Shtn = Yalliz() + 5ll1Unll Lz

with

Vi, ={yn € C(Q) : yulT € P1 VYT € Tp},

Uh :{Uh - LOO(F) : Uh|G e Po V@G & Qh},

U2 =U, n U%.

Discrete optimality system for y,, = Spun, pn = Pr(Yr — Vg) and up:

a(¥n, Vn) = (Un, Vn)r2(r) Vvh € Vi

a(Pn, Vo) = (¥h — Ya, Vh)iz@) VVh € Vh

(,(_)h\r + vup, Uy — l_Jh)Lz(r) > 0 Yu e Uﬁd

Projection Operator Ry
The operator ), projects continuous functions in the space of piecewise
constant functions,

(Rrf)(x) :=1(Sg) if x € G
where S denotes the midpoint of the element G.

Error estimates for the fully discrete approach
Assume that meas(UGEgh: G) < ch is satisfied. Then there

holds

_ . 3/22
g WsiiZ,,2(G)

|Shl — ShRAU|| 2y < ch®# for ;i < 1/3 +2)/3,
(Supercloseness) |Tn — Rall|| 2y < ch®? for i< A < 1/3+2)/3,
|V — Vnlliz) + 1P — Pallzry < ch®? for p < .

Postprocessing step [Meyer, Résch 2004]: Uy := Mg p) (—Pair/v)
Postprocessing for the control

On a family of meshes with mesh grading parameter ;. < ) the inequality
1% |l_J — ah||L2(F) < Ch3/2

is satisfied under the assumption meas(

G) < ch.

U GEGrUEWyly ) 1o(G)
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Variational approach
Find . ¢ J29 such that

_ . 1 v
Jn(Us) = min Jy(u) == 5[|Spu — de%Z(Q) + —HUH%z(r)
2 2

ue yad
with
Vi, ={yn € C(Q) : yp|T € P+ VT € Tp}.
Discrete optimality system for y;, = Spu., pn = Pr(yn — Yq) and u,:
a(yn, Va) = (Us, Va)12(n) Vvh € Vy

a(Pn, Vn) = (¥n — Ya, Va)12(q) Vvh € Vi
(:E)h||' + vu,, U — D*)LZ(F) >0 Vu e ==

Error estimates for the variational approach
On a family of admissible meshes the estimate

U— U2y < [|S(SU = Ya) — SH(SU — Ya)llizry + C||SU — SpUl|12(q
IS valid.

On a family of meshes with mesh grading parameter ;. < )\ the inequality
vt — Tl 2y < ch?

vV

IS satisfied.

Numerical experiment for the fully discrete approach

Example Error in the control
~Ay+y=0 nQ, "
Ony = U+ go onl,
~ApP+P=Y Y nQ,
OnP = 91 onl, o
u=nNos0s (—pr) onl. <
The data are chosen such that ')
y=0 nQ, | TN
p = —r*cos(\¢) in Q, O:”NO S
U=T_0505)Yd) onl. 1 1 1 1 1
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