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Model problem: elliptic PDEs with random coefficients

@ Model problem: elliptic PDEs with random coefficients
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Model problem: elliptic PDE with random coeffs

Let (2, F, P) be a complete probability space and D C R and open
bounded domain.

—div(a(w, x)Vu(w,x)) = f(x) x€D, weQ,
u(w,x) =0 x€ 0D, wel

with f € L?(D) and a(w, x) : Q x D — R an almost surely bounded
random field.

@ mnm
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Model problem: elliptic PDE with random coeffs

Let (2, F, P) be a complete probability space and D C R and open
bounded domain.

—div(a(w, x)Vu(w,x)) = f(x) x€D, weQ,
u(w,x) =0 x€ 0D, wel

with f € L?(D) and a(w, x) : Q x D — R an almost surely bounded
random field.

Coercivity assumption: ap,(w) = essinf,cp a(w, x) > 0 almost
surely and E[a_"] < oo for some p > 2.

min
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Model problem: elliptic PDE with random coeffs

Let (2, F, P) be a complete probability space and D C R and open
bounded domain.

—div(a(w, x)Vu(w,x)) = f(x) x€D, weQ,

u(w,x) =0 x€ 0D, wel

with f € L?(D) and a(w, x) : Q x D — R an almost surely bounded
random field.

Coercivity assumption: ap,(w) = essinf,cp a(w, x) > 0 almost
surely and E[a_"] < oo for some p > 2.

min

Then u € V = Hi(D) almost surely and

C
|u(w, )y < KI(DM)HI‘-HB(D), a.s. in Q

(il |
Therefore, u € LR(S2, V) for all p < p. In particular, u € L%(Q,@jgf‘“‘"‘“‘ﬂ‘w
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Random field parametrization

In view of polynomial approximation we parametrize the random field
a(w, x) by a finite or countable sequence of random variables

y(w) = (1 (w), ..., yn(w)) with range I = y(Q) C RN and
probability density function p: [ — R:

(e, x) = a(y(w), x)

@um
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Random field parametrization

In view of polynomial approximation we parametrize the random field
a(w, x) by a finite or countable sequence of random variables

y(w) = (n1(w), ..., yn(w)) with range I = y(Q) C RN and
probability density function p: [ — R:

a(w, x) = a(y(w), x)

Then the stochastic solution u depends on w only through the vector
y(w): u(w, x) = u(y(w), x)
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Random field parametrization

In view of polynomial approximation we parametrize the random field
a(w, x) by a finite or countable sequence of random variables

y(w) = (y1(w), ..., yn(w)) with range I = y(Q) c R and
probability density function p: [ — R:

a(w, x) = a(y(w), x)
Then the stochastic solution u depends on w only through the vector
y(w): u(w, x) = u(y(w), x)

parameter-to-solution map:  u(y) : [ — V, we L2(T, V).

® ni.
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Model problem: elliptic PDEs with random coefficients

Examples of random diffusion coefficients

Inclusions problem

y describes the | l

conductivity in each E L

inclusion . i
)

N
a(y,x) = a0+ yalp,(x

n=N
with Yn ~ M([ymins}/max]) and Ymin > —ao-

Therefore amin(y) € LH(T) for any 1 < p < co.

= welh(T,Hy(D)), V1< p<oo

F. Nobile (EPFL) SRRV SRS SR EoI=58. WIAS, Berlin, November 13-15, 2013

6



Model problem: elliptic PDEs with random coefficients

Examples of random diffusion coefficients

Inclusions problem

y describes the
conductivity in each
inclusion

a(y, x) = 30+Z ylp,(x
n=N
with Yn ~ M([)’mim}’max]) and Ymin > —ao

Therefore amin(y) € LH(T) for any 1 < p < co.

= welh(T,Hy(D)), V1< p<oo

Random fields problem

a(y, x) is a random field,
e.g. lognormal:

a(y, x) = 70X with ~
expanded e.g. in
Karhunen-Loéve series

Z AnYnbn(),

Yy, x) =

If Cov[y] is Holder continuous, then am;, €
LA(T) for any 1 < p < oo (see e.g. [Charrier,
2011])

= welh(,Hy(D)), V1< p< oo

Yo ~ N(0,1) i.i.d.
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Polynomial approximation by sparse grid collocation

© Polynomial approximation by sparse grid collocation
@ Quasi optimal sparse grid construction
@ Convergence result for elliptic PDEs with random inclusions
@ Numerical results
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Stochastic multivariate polynomial approximation

@ The parameter-to-solution map u(y) : [ — V is often smooth
(even analytic for the elliptic diffusion model). It is therefore
sound to approximate it by global multivariate polynomials.

@
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Polynomial approximation by sparse grid collocation

Stochastic multivariate polynomial approximation

@ The parameter-to-solution map u(y) : [ — V is often smooth
(even analytic for the elliptic diffusion model). It is therefore
sound to approximate it by global multivariate polynomials.

o Let A C NV be an index set of cardinality |A| = M, and consider
the multivariate polynomial space

PA(I") = span {H:’Zl yPro withp=(p1,...,pn) € /\} J

We seek an approximation Pyu € PA(IN) @ V.

® ni.
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Polynomial approximation by sparse grid collocation

Stochastic multivariate polynomial approximation

@ The parameter-to-solution map u(y) : [ — V is often smooth
(even analytic for the elliptic diffusion model). It is therefore
sound to approximate it by global multivariate polynomials.

@ Let A C NV be an index set of cardinality |A| = M, and consider
the multivariate polynomial space

PA(I") = span {H:’Zl yPro withp=(p1,...,pn) € /\} J

We seek an approximation Pyu € PA(IN) @ V.

Collocation approaches

Construct a polynomial approximation of u(y) : I — V using only

point ev.aluat|o.ns u; = u(y;) where {y;}2; is a set of suitable @ mrm
collocation points, with M > M.
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Collocation on a (generalized) Sparse Grid

Leti=[i,...,in] € N and m(i) : N; — N, an increasing function

© 1D polynomial interpolant operators: %nm(i") on m(i,) abscissas.
We use either
e Clenshaw-Curtis (extrema on Chebyshev polynomials)
o Gauss points w.r.t. the weight p,, assuming that the probability

density factorizes as p(y) = [1_; pn(¥n)

@um
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Collocation on a (generalized) Sparse Grid

Leti=[i,...,in] € N and m(i) : N; — N, an increasing function
© 1D polynomial interpolant operators: %nm(i") on m(i,) abscissas.
We use either

e Clenshaw-Curtis (extrema on Chebyshev polynomials)
e Gauss points w.r.t. the weight p,, assuming that the probability

density factorizes as p(y) = H,IY:1 on(¥n)
@ Detail operator: Anm(in) _ %nm(in) _ %nm(in—l)' %nm(o) —0
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Collocation on a (generalized) Sparse Grid

Leti=[i,...,in] € N and m(i) : N; — N, an increasing function

© 1D polynomial interpolant operators: %nm(i") on m(i,) abscissas.
We use either
e Clenshaw-Curtis (extrema on Chebyshev polynomials)
o Gauss points w.r.t. the weight p,, assuming that the probability

density factorizes as p(y) = 'H,’}’Zl pn(_Yn)
@ Detall operator: Anm('n) — %nm(ln) _ %nm(.ln_l)' %nm(o) -0
@ Hierarchical surplus: A™0) = ®r’:’:1 AMGn)
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Collocation on a (generalized) Sparse Grid

Leti=[i,...,in] € N and m(i) : N; — N, an increasing function
© 1D polynomial interpolant operators: %nm(i") on m(i,) abscissas.
We use either

e Clenshaw-Curtis (extrema on Chebyshev polynomials)
e Gauss points w.r.t. the weight p,, assuming that the probability

density factorizes as p(y) = [1_; pn(¥n)
@ Detail operator: AT — gpmlin) _ g, m(in=1) - g, m(0) _
@ Hierarchical surplus: A™0) = Q" AT,
@ Sparse grid approximation: on an index set Z ¢ NV

Sru= Z ATy

i€zl

Assumption: The set 7 is downward closed: @ mom
icZ = i—-e,€Z,n=1,....N.
WIAS, Berlin, November 13-15, 2013 ¢



Polynomial approximation by sparse grid collocation

Equivalent formulation
Sru= Z c(i)@/lm(il) ®- - ® %,\',n(i"’)u.

with

c(i)

i€eZ

= Z (—1yrtHn . and c(i)=0 if i+1ecZ

je{o,1}N
(i+i)ez

@ linear combination of tensor grids (each with relatively few points!)

[P U -y
It H

%
T

s .
aiomiewioe ok
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Equivalent formulation
Sru= Z c(i)@/lm(il) ®- - ® %,\',n(i"’)u.
i€Z
with c(i)= > (=17 and c(i)=0 if i+1eZ

je{o,1}N
(i+i)ez

@ linear combination of tensor grids (each with relatively few points!)

' . . ! ) . ' Theorem ([Back-Nobile-Tamellini-Tempone, 2010])

Let A(Z,m)={peNV: p<m(i)-1, icZ}
Then

E . : ] SI : CO(F) — ]P)/\(IVm)(r)
i @ S;v=v, Vve IP’,\(I,,,,)(F)

v

.
a

. - : i
[ husin

F. Nobile (EPFL) SRRV SRR SR I =S WIAS, Berlin, November 13-15, 2013 10




Quasi-optimal sparse grid construction

Sru= Z A0 [u]

el

& mw
=] & = = £ 9Hae
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Quasi optimal sparse grid construction
Quasi-optimal sparse grid construction

Sru=Y A" = u=Szull =D A™O[]| <A™ [u]|

€T i¢T i¢Z

@ =
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Quasi-optimal sparse grid construction
Spu=) A" = u=Szul =Y A" <Y A0
€T 2T i¢Z

One can use a knapsack problem-approach [Griebel-Knapek '09,

Gerstner-Griebel '03, Bungartz-Griebel '04] t0 select the best Z: for each
multiindex i:

@
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Quasi-optimal sparse grid construction

Spu=) A" = u=Szul =Y A" <Y A0
= i¢T i¢T
One can use a knapsack problem-approach [Griebel-Knapek '09,

Gerstner-Griebel '03, Bungartz-Griebel '04] t0 select the best Z: for each
multiindex i:

e Estimated error contribution (how much error decreases if i is
added to 7)

AE() = [ A™u]||v

@
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Quasi optimal sparse grid construction
Quasi-optimal sparse grid construction

Sru=3" A0 = [u=Spu] = | S AmO[]| < 3" AO)|

€T i¢T i¢Z

One can use a knapsack problem-approach [Griebel-Knapek '09,
Gerstner-Griebel '03, Bungartz-Griebel '04] t0 select the best Z: for each
multiindex i:
e Estimated error contribution (how much error decreases if i is
added to 7)
AE(i) > [[A™D[d]||v
@ Estimated work contribution (how much the work, i.e. number
of evaluations, increases if i is added to 7)

AW(i) suchthat Y AW(i) > W(T)

i€
ic .

where W(Z) is the total number of points in the sparse gnd “*
G G A [ A 5 M WIAS, Berlin, November 13-15, 2013 11



Quasi optimal sparse grid construction
Quasi-optimal sparse grid construction

Then estimate the profit of each i as

. AEG)
(i) = AW(i)

and build the sparse grid using the set Z, of the M indices with the
largest estimated profit.

Ty = {ic NV P(i)> Pg)

where {P??}; is the ordered sequence of profits.

@ =
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Quasi-optimal sparse grid construction

Then estimate the profit of each i as

_ AEG)

P(i) = AW(i)

and build the sparse grid using the set Z, of the M indices with the
largest estimated profit.

Ty = {ic NV P(i)> Pg)

where {P??}; is the ordered sequence of profits.

If the set Zy is not downward closed (lower), take the smallest lower
set Zpy D Zy. This is equivalent to consider the modified profits
P(I) = nj1>aix P(_]) (see [Chkifa-Cohen-DeVore-Schwab M2AN '13]) C o |
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@ A posteriori approach [Gerstner-Griebel '03, Klimke, PhD '06].
Given a set A, explore all the neighbor multi-indices (margin)
and pick up those corresponding to the largest profits.
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Polynomial approximation by sparse grid collocation Quasi optimal sparse grid construction

@ A posteriori approach [Gerstner-Griebel '03, Klimke, PhD '06].
Given a set A, explore all the neighbor multi-indices (margin)
and pick up those corresponding to the largest profits.

[m)e)
—  |asasm —
EEEED
EEEEEEEE
ENEEEEED

@ A priori approach [Back-Nobile-Tamellini-Tempone '11].
Whenever possible, use a-priori/a-posteriori information to build
the optimal set. Avoids the “exploration” cost that can be
expensive in high dimension.

The estimate of AE(i) can be related to the decay of the
coefficients of the gPC expansion u =} up1), of the solution
onto an orthonormal polynomial basis (Legendre, Chebyshev,
Hermite, ...) and to the Lebesgue constant of the interpol%ic&wu
sC h eme. e
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General convergence result

Theorem [Tamellini PhD thesis '12], [Nobile-Tamellini-Tempone, in preparation]

Let Sz, u be the quasi-optimal sparse grid approximation and W3, the
total number of points in the sparse grid.

1
g

If C(7) = (ZaeNN PGy A W(i)) <oo forsome T <1

1—1
Then Ju— Sz, ullizrv) < C(T)WZ_MT

F. Nobile (EPFL) SRRV SRR SR I =SS WIAS, Berlin, November 13-15, 2013
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The proof uses

@ Stechkin lemma: given a non-negative descreasing sequence {ax }«, then

el oo %
1
E ax < N7 E ax , O<71<l.
k=N+1 k=1

@ mm

B0l RLyTECNQUE
FEOERALE B LAUSARNE
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The proof uses

@ Stechkin lemma: given a non-negative descreasing sequence {ax }«, then

o0 o0 %
1
E ax < N7 Eal , O<71<l.
k=1

k=N+1

@ ordered repeated sequence of profits {Isk}k = {13’1, o PPy P, 3.
— —

AW, times AW, times

O acole volv'vTcqu\ v

FEOERALE B LAUSARNE
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The proof uses

@ Stechkin lemma: given a non-negative descreasing sequence {ax }«, then

o0 oo %
1
E ax < N7 E ax , O<71<l.
k=N+1 k=1

@ ordered repeated sequence of profits {Isk}k = {151, o PPy P 3.
—_—— ———
AW, times AW, times

® Let Wy = >, AW, and observe that Wy > Wy, . Then

Ju—=8z,ullizrv) < Z AE, < Z P. [apply Stechkin]
k=M+1 k=Wiy+1

& monm
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The proof uses

@ Stechkin lemma: given a non-negative descreasing sequence {ax }«, then

o0 oo %
1
E ax < N7 E ax , O<71<l.
k=N+1 k=1

@ ordered repeated sequence of profits {Isk}k = {151, o PPy P 3.
— —

AW, times AW, times

® Let Wy = >, AW, and observe that Wy > Wy, . Then

Z AE, < Z Py [apply Stechkin]
k=M-+1 k=Wy+1

IN

|u— iMUHLf,(r,V)

1

IN 1—L 1—
I{P}klli- Wy, — < C(T)W. ™
"’ " “
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How to estimate AW and AE

© AW(i): number of new points in ®@"_, AT
Count all points in %™ @ --- ® 2,7 (non-nested case) or
just the extra points added (nested case)
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How to estimate AW and AE

@ AW(i): number of new points in ®"_, A7)
Count all points in 2™ @ - -- @ %™ (non-nested case) or
just the extra points added (nested case)

© AE(i): use expansion on a suitable basis u =} up1y,
(Legendre, Chebyshev, ...) and relate AE(i) with the decay of
the Fourier coefficients up.
E.g. for Chebyshev expansion (||¢p]lc = 1)

AE() < 2Lne > lupllv,

p=m(i—1)

where L) = v, Lm(i,) and Ly := ||%,,m("”)||£(co7L%) is the
Lebesgue constant form C° to L. @

F. Nobile (EPFL) SRRV SRR SR I =S WIAS, Berlin, November 13-15, 2013 16



Convergence result for elliptic PDEs with random inclusions
Elliptic equation with random inclusions

® Y; ~ Ulaj, bj], independent
| © | IR
I | o u(y): T — HY(D)

@ The solution u(y) : I — H}(D) is analytic in a polydisk in the
complex plane CV
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Polynomial approximation by sparse grid collocation Convergence result for elliptic PDEs with random inclusions

Elliptic equation with random inclusions

® Y; ~ Ulaj, bj], independent
o I =T [ai, bi
o uly): T — H&(D)

@ The solution u(y) : I — H}(D) is analytic in a polydisk in the
complex plane CV

@ The solution can be expanded in Chebyshev series
u(y) = >, up¥p(y) with [[thp[|c < 1. Estimates on Chebyshev
coefficients are available [Babuska-Nobile-Tempone '07]
[Nobile-Tamellini-Tempone '13]

_ N .
[tpll oy < Ce PUARY- 7]

F. Nobile (EPFL) SRRV SRR SRS =SN WIAS, Berlin, November 13-15, 2013 17
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Quasi-optimal sparse grid construction using

(nested) Clenshaw-Curtis points

m(i) = 2/~1 4 1 (doubling the points). AW(i) ~ [[\_, 22
Decay of Chebyshev coefficients: ||u,||y < Ce™® i P
Lebesgue constant: (i) < Zlog(i + 1) + 1

Error estimate: AE(i) = C ], e 8m(=1)

Profit estimate: P(i) = Ce&Xmam(in—1)

@
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(RNIITITEIRET T BT A EVEWe(al el [[TE T Convergence result for elliptic PDEs with random inclusions

Quasi-optimal sparse grid construction using

(nested) Clenshaw-Curtis points

m(i) = 2/~1 4 1 (doubling the points). AW(i) ~ [[\_, 22
Decay of Chebyshev coefficients: ||u,||y < Ce™® i P
Lebesgue constant: (i) < Zlog(i + 1) + 1

Error estimate: AE(i) = C ], e 8m(=1)

Profit estimate: P(i) = Ce & m(in—1)

Theorem [Nobile-Tamellini-Tempone '13]

(Xicam P(i)TAW(i))% <oo forall0<7<1
o= Spullgen < COWL L Vo< <1

@
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Quasi-optimal sparse grid construction using

(nested) Clenshaw-Curtis points

m(i) = 2/~1 4 1 (doubling the points). AW(i) ~ [[\_, 22
Decay of Chebyshev coefficients: ||u,||y < Ce™® i P
Lebesgue constant: (i) < Zlog(i + 1) + 1

Error estimate: AE(i) = C ], e 8m(=1)

Profit estimate: P(i) = Ce & m(in—1)

Theorem [Nobile-Tamellini-Tempone '13]
(Xicam P(i)TAW(i))% <oo forall0<7<1

1

= Jlu—8;,ullzry) < C(T)W%;a Vo<T<1

By optimizing with respect to 7 one can get the estimate
l )|
lu = 8z, ullizrvy < G(N) exp{=NGW] } o=

F. Nobile (EPFL) SRRV SRR SRS =SN WIAS, Berlin, November 13-15, 2013 18
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Quasi-optimal sparse grid construction using

(non-nested) Legendre points

m(i) = i (adding 1 point at the time). AW(i) = lAj[nNzl i
Decay of Chebyshev coefficients: ||u,|ly < Ce82n1Pr
Lebesgue constant: LL(/) = 1.

Error estimate: AE(i) :~C Hy:,} e‘%m(i"—l)

Profit estimate: P(i) = Ce8&2h1m(in—1)

@
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Quasi-optimal sparse grid construction using

(non-nested) Legendre points
m(i) = i (adding 1 point at the time). AW(i) =[]

n=1 In

@ Decay of Chebyshev coefficients: ||u,||y < Ce &Xmapn
@ Lebesgue constant: LL(/) = 1.
°
°

Error estimate: AE(i) = C [N, e-&m(n—1)
Profit estimate: P(i) = Ce8& 20 m(in—1)

Theorem [Nobile-Tamellini-Tempone '13]

(Xicww P(i)TAW(i))% <oo forall0<7<1
1—1
== |ju— iMUHL%(r,V) < C(T)WfMT7 V0< 7 <1

By optimizing with respect to 7 one can get the estimate
. N1
lu = Sz, ullzrvy) < G(N) exp{-NGW;"} ® .

F. Nobile (EPFL) SRRV SRR SRS =SS WIAS, Berlin, November 13-15, 2013 19



Polynomial approximation by sparse grid collocation Convergence result for elliptic PDEs with random inclusions

Quasi optimal sparse grid in practice

We have the theoretical bound ||uy||v ~
hence, in particular, for p=¢e; =(0,...,0,1,0,...,0),

||ue; || v = Ce™&P which implies that a 1D polynomlal interpolation in
the variable y; only converges exponentially with rate g;

Ce™ Xn18Pn,

F. Nobile (EPFL) SRRV SRR SR I =SS WIAS, Berlin, November 13-15, 2013 20



Convergence result for elliptic PDEs with random inclusions
Quasi optimal sparse grid in practice

We have the theoretical bound ||u,||v ~ Ce™ X &opn
hence, in particular, for p=¢e; =(0,...,0,1,0,...,0),

||ue; || v = Ce™&P which implies that a 1D polynomial interpolation in
the variable y; only converges exponentially with rate g;.

@ The rates g; can be estimated numerically by “1D analyses”

(increase the polynomial degree in one variable at the time and
fit the convergence rate).

& .

F. Nobile (EPFL) SRRV SRR SR IS5 WIAS, Berlin, November 13-15, 2013
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Convergence result for elliptic PDEs with random inclusions
Quasi optimal sparse grid in practice

We have the theoretical bound ||u,||v ~ Ce™ Y1 80P,

hence, in particular, for p=e; = (0,...,0,1,0,...,0),

||ue; || v = Ce™&P which implies that a 1D polynomial interpolation in
the variable y; only converges exponentially with rate g;.

@ The rates g; can be estimated numerically by “1D analyses”.
(increase the polynomial degree in one variable at the time and
fit the convergence rate).

@ Once the rates g;j are available, we build the quasi optimal index
set based on the profit estimate

efg,-nm(infl)

T Lintin
~]] AW(i,)

Pi) = AE(i)

>
=

& .

F. Nobile (EPFL) SRRV SRR SR I =S WIAS, Berlin, November 13-15, 2013 20




Convergence result for elliptic PDEs with random inclusions
Quasi optimal sparse grid in practice

When working with random fields instread of inclusion problmes a
good estimate for the Legendre/Chebyshev coefficients is (see
[Bech-N.-Tamellini-Tempone M3AS '12, Cohen-DeVore-Schwab FoCM '10])

N
p!
llly ~ CPF (=D g}
: n=1

& mrm
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Convergence result for elliptic PDEs with random inclusions
Quasi optimal sparse grid in practice

When working with random fields instread of inclusion problmes a
good estimate for the Legendre/Chebyshev coefficients is (see
[Bech-N.-Tamellini-Tempone M3AS '12, Cohen-DeVore-Schwab FoCM '10])

N
p!
llly ~ CPF (=D g}
: n=1

The rates g, can be estimated again by 1D inexpensive analyses.

& .

F. Nobile (EPFL) SRRV SRR SR IS5 WIAS, Berlin, November 13-15, 2013 21



Polynomial approximation by sparse grid collocation Numerical results

|sotropic test case — 4 random inclusions

e Conductivity coefficient: matrix k=1

. O : Q circular inclusions: k|q, ~ ¢4(0.01,1.99)

— 4 iid uniform random variables
. i e forcing term f = 1001 ¢

Q ~ Q @ zero boundary conditions

! e quantity of interest ¢)(u) = [, u

F. Nobile (EPFL) SRRV SRR SR I =SS WIAS, Berlin, November 13-15, 2013 22
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Polynomial approximation by sparse grid collocation Numerical results

|sotropic test case — 4 random inclusions

convergence plot for ||v/(u) — Szp(u)||1z(r) versus # pts sparse grid

o iso 4D - nested

o iso 4D - non nested
10 . 10 ,
—DbMt CC —DbMt GL
——OPT —v—OPT-NN
-2 kL 2 ——OPT
107 ¢ SM 10° - ™
cw? — cw’
107t 107t
€ €
10° 107
10° 10°
—10 -10
10 ; ; ; 10 ; ; ;
10° 10’ 10° 10° 10 10° 10 10° 10° 10*
work

work

Figure: Results for the isotropic problem. Left: (nested) CC points Right:

(non-nested) Gauss-Legendre points

O LE

F. Nobile (EPFL) SRRV SRR SR I =SS WIAS, Berlin, November 13-15, 2013

23



Polynomial approximation by sparse grid collocation Numerical results

iso nested case, err ~ exp( N W'™N) - iso non-nested case, err ~ exp( N W"?")
, , ; , . i T , . | .

25 30 35 40 2 4 6 8 12 14 16 18

0 5 10 15

20 10
NwN NwN

Figure: Results for the isotropic problem. Optimal sparse grids and their
predicted convergence rates. Top: Nested CC points. Bottom:
Non-nested Gauss Legendre points.

& monm
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Polynomial approximation by sparse grid collocation Numerical results

Anisotropic test case — 4 random inclusions

" O Q e Conductivity coefficient: matrix k=1

circular inclusions:
F k]Q,. ~ viUd(—0.99,0.99) — 2 iid

0s uniform random variables
os Q ~ Q @ 71234 =1,0.06, 0.0035, 0.0002

o

mean

F. Nobile (EPFL) SRRV SRR SR I =SS WIAS, Berlin, November 13-15, 2013 25



Polynomial approximation by sparse grid collocation Numerical results

Anisotropic test case — 4 random inclusions

convergence plot for ||v/(u) — Szp(u)||1z(r) versus # pts sparse grid

aniso 4D - nested aniso 4D - nonnested
0 -2
10 T T 10 T T
—bMt CC ‘ ——OPT
——OPT ~ —bMt GL
—o—KL 107 N [ —v—OPT-NN
SM \\\\ aTD
—+—aSM —

cw?
cw? 10 L \\;“\DL A
€0 L R \ [

107
1077
-15 14,
10 ; ; ; 10 ; ;
10° 10’ 10° 10° 10 10° 10’ 10° 10°
work

work

Figure: Results for the anisotropic problem. Left: (nested) CC points
Right: (non-nested) Gauss-Legendre points ®

F. Nobile (EPFL) SRRV SRR SR I =SS WIAS, Berlin, November 13-15, 2013
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Polynomial approximation by sparse grid collocation Numerical results

. aniso nested case, err ~ exp( N W'™N) . aniso non-nested case, err ~ exp( N W'"2N)
10” T T T T 10™ T T T T
—a—N=2|

4 —e—N=4|
107+ ——N=8
10°
10°

err

107
10712 L
107

-16 L L L L -12 L L L L
10 0 5 10 15 20 25 10 2 4 6 10 12 14

8
NwN N w2N

Figure: Results for the anisotropic problem. Optimal sparse grids and their
predicted convergence rates. Top: Nested CC points. Bottom:
Non-nested Gauss Legendre points.

& monm
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Polynomial approximation by sparse grid collocation Numerical results

Numerical test - 1D stationary lognormal field
L=1,D=[0,L]%

. -V a(y7 X)VU(y, X) =0
u=1lonx=0,h=0onx=1
no flux otherwise

. a(x,y) = e, pu,(x) =0,

2
o 01 o0z 03 04 05 06 07 08 03 1 [x1— XI

COV,Y(X,X/) =og2e @

We approximate ~ as
K

Yy, x) = pu(x) + cagyo + o k§::1 ak |:y2k_1 cos (%kxl) + you sin (%kxl)}
with y; ~ N(0,1), i.i.d.
i

Given the Fourier series g%e” 12 = >"%° ¢ cos (Tkz), ax = \/Ck - @ mnm

F. Nobile (EPFL) SRRV SRR SRS =SN WIAS, Berlin, November 13-15, 2013 28



Polynomial approximation by sparse grid collocation Numerical results

0,1) (aVp) - n=0 (1,1)

(avVp)-n=0
@ Quantity of interest: effective permeability E[®(u)], with
¢ = [foL k(-,x)%dx

o Convergence: [E[®(Sz, u)] — E[®(u)]|

@ We compare Monte Carlo estimate with quasi-optimal sparse
grids based on Gauss-Hermite-Patterson points (nested
Gauss-Hermite)

@ Estimate of Hermite coefficients decay:

@ mim
F. Nobile (EPFL) SRRV SRR SR I =SS WIAS, Berlin, November 13-15, 2013 29



Polynomial approximation by sparse grid collocation Numerical results
(0.1) (avVp)-n=0 (1,1)
! |
p=1 | | p=0
(0,0) (1,0)
(avVp)-n=0

e Quantity of interest: effective permeability E[®(u)], with
L Au(-,x
o= [fo (-, x) 24 gy

o Convergence: [E[®(Sz, u)] — E[®(u)]|

@ We compare Monte Carlo estimate with quasi-optimal sparse
grids based on Gauss-Hermite-Patterson points (nested
Gauss-Hermite)

@ Estimate of Hermite coefficients decay:

o for the simpler problem V - a(y)Vu(y,x) = f,

a(y) = e X b we have |uily = C\%ﬁ.

& .

F. Nobile (EPFL) SRRV SRR SR I =SS WIAS, Berlin, November 13-15, 2013 29



Polynomial approximation by sparse grid collocation Numerical results

0,1) (aVp) - n=0 (1,1)
[ \

p=1

|
0,0 1,0
(0.0) (a¥p). n0 (1.0

e Quantity of interest: effective permeability E[®(u)], with
L Au(-,x
o= [fo (-, x) 24 gy

o Convergence: [E[®(Sz, u)] — E[®(u)]|

@ We compare Monte Carlo estimate with quasi-optimal sparse
grids based on Gauss-Hermite-Patterson points (nested
Gauss-Hermite)

@ Estimate of Hermite coefficients decay:

o for the simpler problem V - a(y)Vu(y,x) = f,
a(y) = e+ vebe we have [|uif|y = C %
e Heuristic: use the same ansatz || ;|| ~ C]_Llyzl eﬁ" bub
estimate the rates g, numerically.

F. Nobile (EPFL) SRRV SRR SRS =SN WIAS, Berlin, November 13-15, 2013 29



Polynomial approximation by sparse grid collocation Numerical results

Correlation length: LC =0.2, Std: 0 =0.3 (c.o.v. ~30%)

10° Izg:::: gﬂg' N 10° OPT sparse grid, N=11 =
—_—— d’ N-33 OPT sparse grid, N=21
- S’/’G’Sé grid, OPT sparse grid, N=33| 26(5)
10 ! 0.5 10l —e— SM sparse grid, N=11
10710 = = = 1M . ; A 107°H ——SM sparse grid, N=21 205)
=== . . . —A— SM sparse grid, N=33 . i .
10° 10' 10° 10° 10! 10° 10° 10' 10° 10° 10* 10° 10°

(a) Convergence of quasi-optimal (b) Convergence with respect to
sparse grid approximations. the reference solution with N = 33
r.vs.
@ The quasi optimal construction automatically adds new variables

when needed.
@ No need to truncate a-priori the random field

"A quasi-optimal sparse grids procedure for groundwater flows” by J. Beck, F. Nobile, le [ (il |

Tamellini and R. Tempone. To appear, LNCSE, Springer, 2013.
F. Nobile (EPFL) SRRV SRR SR I =SS WIAS, Berlin, November 13-15, 2013 30



Polynomial approximation by sparse grid collocation Numerical results

Partial conclusions

@ Sparse grid polynomial approximation works well for elliptic
problems with random coefficients for
e inclusion type problems with few inclusions
e smooth random fields with long correlation length

o>

F. Nobile (EPFL) SRRV SRR SR I =SS WIAS, Berlin, November 13-15, 2013 31




Polynomial approximation by sparse grid collocation Numerical results

Partial conclusions

@ Sparse grid polynomial approximation works well for elliptic
problems with random coefficients for
e inclusion type problems with few inclusions
e smooth random fields with long correlation length
@ On the other hand, these techniques suffer in the cases of
e rough fields even with long correlation lenght; e.g. exponential
covariance: Cov,(x,y) = o2elx—vl/k

a(w, x) = a(x) + Z VAnYa(w)bn(x A~ n2

o>
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Polynomial approximation by sparse grid collocation Numerical results

Partial conclusions

@ Sparse grid polynomial approximation works well for elliptic
problems with random coefficients for
e inclusion type problems with few inclusions
e smooth random fields with long correlation length
@ On the other hand, these techniques suffer in the cases of
e rough fields even with long correlation lenght; e.g. exponential
covariance: Cov,(x,y) = o2elx—vl/k

a(w, x) = a(x) + Z VAnYa(w)bn(x A~ n2

o fields with short correlation length:

An=0(1) for n<diam(D)/I.

&% Hon
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Polynomial approximation by sparse grid collocation Numerical results

Partial conclusions

@ Sparse grid polynomial approximation works well for elliptic
problems with random coefficients for
e inclusion type problems with few inclusions
e smooth random fields with long correlation length
@ On the other hand, these techniques suffer in the cases of
e rough fields even with long correlation lenght; e.g. exponential
covariance: Cov,(x,y) = o2elx—vl/k

a(w,x) =3(x) + > VAaya(w)ba(x),  Ap~n?
n=1
o fields with short correlation length:
An=0(1) for n < diam(D)/I.

Idea. In the case of rough longly correlated fields, combine SParss mom

grid polynomial approximation with Multi Level Monte Carlo.
F. Nobile (EPFL) SRRV SRR SR I =SS WIAS, Berlin, November 13-15, 2013 31




Outline

© Combined MLMC / Sparse grid method
@ MLMC with Sparse Grid Control Variate
@ Variance analysis and algorithm tuning
@ Numerical results

F. Nobile (EPFL) SRRV SRR SRS =SS WIAS, Berlin, November 13-15, 2013 32



Darcy Problem with log-normal permeability

find u(x,w) : D x Q = RY and p(x,w) : D x Q — R such that
almost everywhere in w € Q it holds :
u(x,w) = —a(x,w)Vp(x,w) in D,
div(u(x,w)) = f(x) in D,
+ boundary conditions on OD.

@ D is the bounded physical domain and (2, F, P) is the
probability space
@ u and p are the Darcy velocity and pressure, respectively
@ a(x,w) is the permeability field modeled as a lognormally
distributed random field a(x,w) = ")
: : : : & |
@ 7y(x,w) is a Gaussian stationary random field

F. Nobile (EPFL) SRRV SRR SR I =SS WIAS, Berlin, November 13-15, 2013 33



Matérn Covariance Function

Matérn Family

i () ()

cov, (X1 — x2) =

L. is a correlation length

[ is the gamma function

K, is the modified Bessel function of the second kind

_lxa=xll . i
v =0.5: cov,(x1 — x) = c%e” L (exponential covariance)

_la—xl?
@ v — 00 covy(x1 — X)) =0c%e £ (Gaussian covariance)
@ W

F. Nobile (EPFL) SRRV SRR SRS =SS WIAS, Berlin, November 13-15, 2013 34



Matérn Covariance Function: Regularity issues

Let v=s+awths=[r—1]eNanda=v—[r—1] € (0,1].
Then the realizations of the random field are almost surely Holder
continuous, ¥(x,w) € C#(D) with 3 < a.

@

F. Nobile (EPFL) SRRV SRR SR I =SS WIAS, Berlin, November 13-15, 2013 35



Combined MLMC / Sparse grid method

Matérn Covariance Function: Regularity issues

Let v=s+awths=[r—1]eNanda=v—[r—1] € (0,1].
Then the realizations of the random field are almost surely Holder
continuous, y(x,w) € C>¥(D) with 8 < a.

@ For v = 0.5 the covariance function is only Lipschitz continuous
and the field is almost surely Holder continuous
v(x,w) € C%(D) with o < 0.5.

® ni.
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Matérn Covariance Function: Regularity issues

Let v=s+awths=[r—1]eNanda=v—[r—1] € (0,1].
Then the realizations of the random field are almost surely Holder
continuous, y(x,w) € C>¥(D) with 8 < a.

@ For v = 0.5 the covariance function is only Lipschitz continuous
and the field is almost surely Holder continuous
v(x,w) € C%(D) with o < 0.5.

@ For v — oo the covariance function as well as the field are

continuous with all their derivates, namely
cov,(x), v(x,w;) € C*(D) Yw € Q

(See [Graham, Kuo, Nichols, Scheichl, Schwab, Sloan '13 ])
@ mim
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Combined MLMC / Sparse grid method

Q = Q(p) : Qol related to the solution of the PDE
Thy, ---» Tn,: sequence of increasingly fine triangulations
Yy, = Qp — Qp, 1 difference of the Qol between two consecutive

grids.

Telescopic sum + Linearity of expectation:
L
E[QhL] = ZE[Yh/]v Qh—l =0
1=0

MLMC Estimator:

I{VI{L/\,\/’/ﬁ Z Z Qh/ w' Qh’—l(wi))

see [ Teckentrup, Scheichl, Giles, Ullmann '12 ], [ Charrier, Scheichl, Teckentrup '11 ]

F. Nobile (EPFL) SRRV SRR SR I =SS WIAS, Berlin, November 13-15, 2013 36




MLMC — Mean Square Error (MSE)

e(QUS ) Z +E[Qn, — Q)
—0 (if)
()
M,;: number of samples on each level. A good choice of M, for
I =0,...,L, represents a crucial issue for the effectiveness of the
method ( see [Cliffe, Giles, Scheichl, Teckentrup, '11 ], [Barth, Schwab, Zollinger, '11 ] )

(7): represents the variance of the estimator, i.e. the statistical error:
it is expected to be significantly smaller than the variance of the
standard MC estimator

(if): represents the bias of the error, due to the finite element (FE)
discretization @ Eom

F. Nobile (EPFL) SRRV SRR SR I =SS WIAS, Berlin, November 13-15, 2013 37



SHILVIE iy e Cri Coniral Verkir:
Control Variate

Idea: use the solution of an auxiliary problem with regularized
coefficient as control variate

Problem: we do not know exactly the expected value of the control
variate. However this can be computed efficiently by a Stochastic
Collocation (SC) technique

Original Problem Auxiliary Problem
—div(aVp) = f in D, —div(a‘Vpe) =f in D,
+ boundary conditions on dD. |+ boundary conditions on 9D.

@ a = ¢€": random field obtained starting from the Matérn covariance
function with parameter v

€ ’YE- - .
@ a° = €7 : regularized version of a @ |

F. Nobile (EPFL) SRRV SRR SR I =SS WIAS, Berlin, November 13-15, 2013 38



SHILVIE iy e Cri Coniral Verkir:
Control Variate

Regularized Gaussian random field obtained via convolution with a
Gaussian kernel
1 L2

Y =% ¢(x), where p = ———— e 22
() (271'62)g

F. Nobile (EPFL) SRRV SRR SR I =SS WIAS, Berlin, November 13-15, 2013
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SHILVIE iy e Cri Coniral Verkir:
Control Variate

Regularized Gaussian random field obtained via convolution with a
Gaussian kernel
1 L2

Y =% ¢(x), where p = ———— e 22
() (2%62)5

Quantity of interest defined via control variate
QCV _ Q . (Qe . E[Qe])
where Q = Q(p) and Q° = Q(p°)

F. Nobile (EPFL) SIS IR RV SRR SR IS5 WIAS, Berlin, November 13-15, 2013 39



(@7 TR | B [GWASTETENEGT NG S MLMC with Sparse Grid Control Variate

Control Variate

N=24577, nu=0.5

— )= (0]

Axo)=F(x.o), e=0.1

— 1(x0)=Y(x0), =003

x0)=f(x0), e=0.01

a(x.o)

Lipschitz continuous covariance
function (v = 0.5)

F. Nobile (EPFL)

N=24577, nu=2.5

—yx,0)=1(x.0)

1 1x.0)=f (x,0), £=0.1

—yix,0)=1 (x,0), £=0.03

Yix.o)=7 (xw), =001

Twice differentiable covariance
function (v = 2.5)

& monm

B0l RLyTECNQUE
FEOERALE B LAUSARNE

SRRV SRR SRS =SS WIAS, Berlin, November 13-15, 2013 40



(@7 TR | B [GWASTETENEGT NG S MLMC with Sparse Grid Control Variate

MLMC with Control Variate

Thos ---» Tn, = sequence of increasingly fine triangulations;

= QtY — QFY,: difference of the Qol between two consecutive
grids.

Telescopic sum + Linearity of expectation:
L
cv cv cv
E[QhL ] = ZE[Yh, ]’ Qh_l =
1=0

MLCV Estimator

QY = Z M/Z(o,,, Qh, — (@5 = Q5)) +E[Q;]

F. Nobile (EPFL) SRRV SRR SR I =SS WIAS, Berlin, November 13-15, 2013 41



Variance analysis and algorithm tuning
MLMC with Control Variate
Mean Square Error (MSE)

L

(@R’ Z ) 2m1Qs, — Q5P+ 2810), — OF

_ (ii) (iii)
()

E[Q} SC] mean of the Qol Q}, computed with a SC scheme on
sparse grids.

(): variance of the estimator

(if): bias due to the SC approximation of the mean of the control
variate E[Q¢]

(7ii): bias due to the finite element approximation

Remark: if € tends to O the statistical error (i) vanishes; on theétm;u

hand keeping small the SC error (ii) becomes too costly.

F. Nobile (EPFL) SRRV SRR SR I =SS WIAS, Berlin, November 13-15, 2013
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Variance analysis and algorithm tuning
MLMC with Control Variate

Error estimate (preliminary result)

3 min{v . min{v,s in{(v—
E [(Q _ th _ (Qe o Qﬁ,))ﬂ 2 < Ch, {v.p} s:Tm hl {v, }Em n{(r—s)4+,2}

P

Variance of the difference of the Qol between consecutive grids. The
dashed lines represent the slopes h? and hi.

Q= u(x,0) dx, epsilon =0.0019531, N=10241, nu=1 O:[D u(x,0) dx, epsilon =0.0019531, N=20481, nu=2.5
T . <o 5 T T T T T =Y MLV
PEEE o : S e o HE : . . : YL
P SEEEPT YUEET SOAEr Yoy SIS RGPV ] FUSPSESEPSRRRPSRE PR b ol
’ ® ®-9 5 c0--0--0--0--9! _ Juw
Q L X
10 -e QM

)

- @ fited Y, MLCV

-~ ]
a C\’, 2? — — -slope=-2
%‘ g — — -slope=—4
> g -2 he
>
-30) )
-35)
40| )
. s i i i i i i i
0 1 2 4 5 6 7 0 1 2 3 4 5 6 7 8
level | ovel

5 m(\.
v=1e¢=1/8 l/:2.5,€:1/83.“
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(@01 TR | BV [@ASTETENEG T N S Variance analysis and algorithm tuning

© Given a prescribed tol select hy in such a way to have (iii) < tol?;

@ set hp = O(|D|) and evaluate (iv) = Var(Yhfv) and
(v) = Var(QhCIV); we can select among two basic strategies:
Strategy 1: if (iv) < (v) V I apply the MLCV scheme starting from
level 0;
Strategy 2: if (iv) =~ (v) for | =0, ..., Iy set ho = hy,; and use the
control variate only on level [y and a standard MLMC on subsequent
levels, namely

QM,L{C/\X/} I\/I Z(tho Q ) Z Z(Qh/ Qh/ 1)+E[Q€SC]
,0_,_1 i=1

© according to the strategy selected compute the number of samples
M; for | =0, ..., L and the number of knots of the sparse grid Msg
by solving an optimization problem in such a way to have @ Eom

i) + (i) < tol?
F. Nobile (EPFL) SRRV SRR SR I =SS WIAS, Berlin, November 13-15, 2013 44




(@01 TR | BV [@ASTETENEG T N S Variance analysis and algorithm tuning

Optimization Problem

@ ¢ is considered fixed

@ (; is the computational cost needed to solve one deterministic system on
the grid of mesh size hj; cost model: C; =2C_; = ... = 2/Co = 72'hy "
For insta nce see [CIifFe, Giles, Scheichl, Teckentrup, '11 ]

Computational cost
@ strategy 1: C(/\/’/7 MS(_;) =2My Gy + 2Z,L:1 M/(C[ + C/_l) + Msc C,.
@ strategy 2: C(/\/’/7 MS(_;) = 2/\/’/0 C/o + Z;_:/o—l—l M/(C/ + C/_l) + Msc;C/o
Associated Error fitted model

min{clh2m|n{u P} 4m|n{u p}}

@ strategy 1: e(M;, Msg) = Z,LZO W + s Mg,

4m|n{u 133

@ strategy 2: e(M;, Msg) = Z, ,0 —— + oM,

Perform a Lagrange optimization by con5|der|ng

LM, Msg,\) = C(My, Msg) — A(e(M;, Msg) — tol?)

F. Nobile (EPFL) SRRV SRR SR I =SS WIAS, Berlin, November 13-15, 2013 45



VerEiiEe EiElas el iR Gl
Optimization Problem

Values obtained (strategy one)

2m|n{1/ P} %)
o My= v~ ey = V-
2C,
min{clhfmin{u,p}’czh;lmln{u,p}}
M, = \/—_)\\/ 362 ==\ 3C 2/ for
I=1,..L
1
1 o \1-a
 Msg = (—A)== (—a2‘Lé) '
where \ has to be computed from:
I tol?
VA VGV + S V32) + ol ) T (—a2tg)
® .

F. Nobile (EPFL) SRRV SRR SR I =SS WIAS, Berlin, November 13-15, 2013 46



Combined MLMC / Sparse grid method

Numerical results

Approximation error E[Q;, — Q]?

0=y u(x0) dx, N=641, nu=05, N =1000

e Iogz( EtOh—Q) )

— — slope=-2

log,( E(Q,-Q)%)
=

3 4
\ogZ(Nh)

r=20.5

log,( E(Q,~Q)?)

Q=] ufr) dx, N<641, nu=25, N, =1000

g, EQ.P)
— — slope=-4

(e ]
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Combined MLMC / Sparse grid method Numerical results

SC error ]E[Q;’LSC — Q)

Q=u(0.7.0) , epsilon =0.0019531, N=13, nu=1.5 Q=u(0.7,0) , epsilon =0.001931, N=13, nu=1.5

. QI - QP
o fitled E[QEPS10" _ qEpsion?

T o,
—e— I, - QY

epsion _ yepsion2
o flted E[QP" - QEPS1eTy

L
3

)
!

H HIE
& [
[« 8 <]
d d
o o
2 20 % o5
2. g,
S 22 g
< ()
g g
8 8

0 1 2 3 4 5 6 7 8 9 10 0 2

6 8
log,Ngy) Tog,Ngg)

v = 0.5; fitted slope a = —1.5 v = 2.5; fitted slope o = —2.2

In both cases more than the 99% of the variability has been taken

into account. The fitted rate is better than MC in both cases.
e-(l’ﬂl
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Combined MLMC / Sparse grid method Numerical results

Error vs Cost : MLCV vs MLMC

Error and computational cost associated to several values of
tol =1071,...,107%. ¢ = 1/8% in both cases.

error = statistical error 4+ SC error

. Error vs Computational Cost, epsilon =0.0019531, nu=0.5 N Error vs Computational Cost, epsilon =0.0019531, nu=2.5
107 107 T T T T
—— MLCV
—— MLMC
10 10
10° 10°
5 5
® 5
10° 10°
107 0"
-12| 12
10 10 I I L I
1 1o’ ’ o 10" 10 10 10 1o 10 10° 10"
computational cost

computational cost

v =105 v =125 @
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Conclusions

@ We have analyzed the convergence of quasi-optimal sparse grid
approximations based on the selection of the M most profitable
hierarchical surpluses. Convergence rates are related to summability
properties of the profits, weighted by the corresponding works.
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Conclusions

@ We have analyzed the convergence of quasi-optimal sparse grid
approximations based on the selection of the M most profitable
hierarchical surpluses. Convergence rates are related to summability
properties of the profits, weighted by the corresponding works.

@ Sharp a-priori / a-posteriori analysis of the decay of the polynomial
chaos expansion of the solution allows to construct optimized sparse
grids that provide effective approximations also in infinite dimensions
for smooth fields.

@ The “profit based” a-posteriori adaptive algorithm is also performing
very efficiently, close to the best approximation.

@ for rough, longly correlated fields, a good idea is to use a sparse grid
polynomial approximation on a smoothed problem as a control
variate in a MLMC algorith. Preliminary results show a considerable
improvement of the overall complexity. @ Eom

ot

F. Nobile (EPFL) SRRV SRR SRS =SS WIAS, Berlin, November 13-15, 2013 51



Conclusions

References

B

) & = &

J. Beck, F. Nobile, L. Tamellini, and R. Tempone.
Convergence of quasi-optimal stochastic Galerkin methods for a class of PDEs with
random coefficients, Comput. & Math. with Appl., 2013

J. Beck, F. Nobile, L. Tamellini, and R. Tempone.
A quasi-optimal sparse grids procedure for groundwater flows, LNCSE, 2013, in press.

L. Tamellini,
Polynomial approximation of PDEs with stochastic coefficients, PhD Thesis, Politecnico di
Milano. March 2012.

J. Beck and F. Nobile and L. Tamellini and R. Tempone
On the optimal polynomial approximation of stochastic PDEs by Galerkin and Collocation
methods, Math. Mod. Methods Appli. Sci. (M3AS), 22(9), 2012.

J. Back, F. Nobile, L. Tamellini and R. Tempone
Stochastic spectral Galerkin and collocation methods for PDEs with random coefficients:
a numerical comparison, LNCSE Springer, 76:43-62, 2011

|. Babuska, F. Nobile and R. Tempone.
A stochastic collocation method for elliptic PDEs with random input data, SIAM Review,

52(2):317-355, 2010 & monm

F. Nobile (EPFL) SRRV SRR SR I =SS WIAS, Berlin, November 13-15, 2013 52



Conclusions

Thank you for your attention!
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