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Motivation and ideas

Motivation
B Create a simple mathematical (toy) model of a quantum dot LED

B Calculate the electron current through the dot

Model ideas
B Electron-photon interaction via minimal coupling
B Electrons on a lattice
B Localized electron-photon interaction
B Restriction to a single photon
N

interaction operator is trace class

Currenct calculation
B Independent electrons
B Every electron with individual photon field

— Landauer-Biittiker-type formula
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Landauer-Biittiker formula

The Landauer-Blttiker formula expresses the steady current through a quantum device in
terms of the scattering data

3; = 2mq / A>T (BTN TN = T (5T (VT (V)

Among other approaches, Nenciu [2] derived it from p(t) = "™ pe ™" [p, Ho] = 0
35 = iqte (W (H, Ho)pW™ (H, Ho) [H, P;))

for trace class perturbations V= H — Hg using
B generalized eigenfunctions v; of Hp and ch = W4 (H, Ho)v; of H
B Lippmann-Schwinger equation 1,&?-[ =, — (Ho— A+ io)*lvw;#
B T (A) = (r(N), VW_(H, Ho)tp; (N))

W principal value formula 5 = im6(0) + PV
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New abstract approach

In this talk we present a new abstract approach that
B does not use generalized eigenfunctions
B does not use the Lippmann-Schwinger equation

B applies to perturbations V' that are only locally trace class

The ideas of the approach are to
B construct a special spectral representation of Hy using the trace class property of V'
B use only the resolvent identity instead of the Lippmann-Schwinger equation
B make use of the relation between T" and VW _(H, Hy) (like Nenciu in [2])
B work with stationary pre-wave operators W_ (¢)

B pass to the limit e — 40 only as a final step

Abstract Landauer-Bittiker formula - Optotrans 2011, Berlin, 02.05.2011 - Page 4 (15)



Spectral representation

H, selfadjoint operator on §3, spectral measure Eo(-), and H = Ho + V, where V Eg(A) is

trace class for some A C R.

Now Ca := /|V|Eo(A) is a Hilbert-Schmidt operator and

dCATE((~o0, ))CA

Ka(A) = a >

is trace class. If ¢ := E§°(A)$) = span{E§¢(d)ran(Ca)|0 € B(A)}, then
(PaEG(8)Caf)(N) MVEaNf, fe€n

extends to isometric isomorphism ®a : ¢ — L*(A, dX, 1), Hx = ran(Ka(N)).

We have the relations

(@A/AdES( )CAA(n ) = VEa(AQ
[ Bacadss(wesf = [ ausvEa@ i
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Relation 7" +— VW_(H, Hy)

Consider the stationary pre-wave operators

Wi(e) =P - Wi(e)/ (1 — (H == ie)flV)dESC.
R
We have

(PaB3 (A)VW_(H, Ho)®Af)(N)

=s— lim, (cDA // dE§ (v)CA(J — JC(Ha — pu — ie)*ch)CAdEgC(u)é*Af)(,\)

AXA
— s lim VEa() /A dpM (1 + i€)y Ka () F (1)

for fe L2 (A, d), $). We know from abstract theory (cf. [3]) that
T(\) = (PaES (A)VW_(H, Ho)®a) (M ).
Hence,

T\ =s— Jim EA()M (A + ie)v/Ka(\),

or in terms of the scattering matrix

S(\) = I, — 2min/Ka(A)M(A + i0)/Ka(N).
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Derivation of the Landauer-Biittiker formula
. 1 ac * .
=40 2 -
lim Tr(W,(e)pEO (AW (e)]V, PJ])
~ lim Sm [Tr((I)ApESC(A)Wi(e)VPjW,(e)ESC(A)tb*A)}
= lim d)\%m[Tr(ﬁ()\) KA()\)M(A—ie)x/KA(/\)ﬁj(/\))]
e——+0 A

~ lim %m[Tr(CDApEgC(A)Wf(e)VPj

e——+0

x / (Ho — v —ie) "1 - V(H — v —ie) ) VdEgC(y)<1>z)]
A

= (H—v—ie)~1
- / d)\%m[ﬁ()\)f*()\)ﬁj()\)]
A
— tim [ axTe(pO)VEAOM (A — i) /A dun/Ka() P, (1)

e—+0 A
X \/KA(M)mM(A-‘FZf) KA()\))
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Derivation of the Landauer-Biittiker formula (cont.)

Now the limit e — +0 and the optical theorem Sm[f*()\)] = —aT*(N)T () gives us

which corresponds to the Landauer-Bdittiker formula in the introduction.
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Application to an LED toy model - The model (electron)

The electron is modelled by
B the Hilbert space h® = L?(Z x A) = b$ ® h% @ b% with finite dimensional h%
B adecoupled Hamiltonian h§ = hS @ hg @ h%
B A =—-AP tu,, 2 € {L,S, R}, where vy, = vr = const
|

a coupled Hamiltonian h® = h§ + v,, where the coupling v, is trace class and
hg-smooth

W in our case the coupling v, is even finite dimensional
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Application to an LED toy model - The model (photon)

The photon field is modelled in the following way
B the full Hilbert space is the symmetric Fock space F (L*(R%))
W the free Hamiltonian is dT'(M.,) = [5s dkw(k)a™ (k)a(k), w(k) = |k|
B the vector potential is A;(az) = a"(Gz) + a(Gz) with

Go(k) = %e(mem’“

B we take the zero or one photon subspace C @& L?(R?) of F (L*(R?))

0 M(w)

B additionally, restriction of the vector potential to a bounded region Z X A C Z x A

0 0
B the free Hamiltonian is then h? = ( )

B the vector potential becomes

(0 e
A(‘”)(wman 0 >
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Application to an LED toy model - The model (full model)

The full model

the Hilbert space $ = h° ® b? = h* @ h* @ L*(R)

we use minimal coupling to derive the full Hamiltonian

~ —D 3 2 P

Hoy=(—-iVy @ b+ a2A(x)) "+ L ®h
for simplicity, drop the A?term (bounded operator)
from this we get our electron-field interaction

0 —ia? VP y=(2)(Ga|
VB = . 3 D
—ia2x=(x)Vy |Ge) 0

this is a finite dimensional operator since h is finite dimensional
the decoupled Hamiltonian Hy = h§ ® 1 + 1 ® h?
the electron-coupled Hamiltonian H4 = Hy + Va,where V4 = v4 ® 1

the fully coupled Hamiltonian Hg = Ha + VB

Abstract Landauer-Bittiker formula - Optotrans 2011, Berlin, 02.05.2011 - Page 11 (15)



Application to an LED toy model - The current

The wave operator
W_ = W_(Hg, Ho) = W (Hg, Ha)(W-(h®, h§) ® 1) = Wg,_Wa
exists only on P := (Pac(h§) ® 1)$. The electron current is formally given by
3; = iqTr(Wa,-Wa,—p Wi, Wi, _[Va + Vi, P, @1]),

where
B the electrons are non-interacting
W every electron has its own photon field

— no photon-mediated electron interaction
— no emission and reabsorption

The total perturbation V4 + Vg is not trace class, but v 4 is.
~~ apply same methods and make use of the tensor structure (work in progress!)
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Application to an LED toy model - The ideas

Initial state [p®, h§] = 0 and

(e 0\ (10
P=\o o/ =" %\o o)

i.e., leads and system in equilibrium, no photons present.

Then obviously 1 — W, _(€), but also

pWi _(e)Va = p*WZ(h*, h§)va ® (é 8)
is trace class. Thus, the electron current
3, = — lim 2¢3m[Tr(Pp Wi, (W5, ()(Va + Vi) P, Wi (OWa,- ()],
is well defined.

Note that
T =Tx+ W/Z,+TBWA,—
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Application to an LED toy model - The ideas (cont.)

Now use

PW3i _(eyWg,_(e)(Va + VB)
=Wi (VAP + Wi _(e)Wg,_(e)VeWa,+(€) + F(e)

to get the terms of the electronic Landauer-Buttiker formula

Te(pWi._()VaP) ~ /]R AT (FTL (N P(V)),

Sm[Tr(pWi _()VaPWi _(€))] ~ /R AT (PN TN P(NTa(N),

and correction terms due to the interaction like

~ —

Wi (W5, (e)VeWa+(€) + F(e) ~ Wi - (NTs(NWa+(N),

and similarly

Abstract Landauer-Blttiker formula - Optotrans 2011, Berlin, 02.05.2011 - Page 14 (15)



References

[11 M. Buttiker, Y. Imry, R. Landauer, and S. Pinhas, Generalized many-channel conductance
formula with application to small rings, Phys. Rev. B 31 (1985), no. 10, 6207-6215.

[2] G. Nenciu, Independent electron model for open quantum systems: Landauer-Buttiker
formula and strict positivity of the entropy production, J. Math. Phys. 48 (2007), no. 3,
033302.

[38] Hellmut Baumgértel and Manfred Wollenberg, Mathematical Scattering Theory,
Akademie-Verlag, 1983.

Abstract Landauer-Biittiker formula - Optotrans 2011, Berlin, 02.05.2011 - Page 15 (15)



