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Introduction: hybrid systems and heat transport

Device

e Contact 1/2: open, classical treatable, thermodyn. reservoirs with
constant temperatures T} 9, diffusiv transport

@ Device: ideal nanocrystal structure, quasi-ballistc transport,
interface scattering, scattering theory, quantum mechanics
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Introduction: transport of phonons

Device

@ Device dimensions are more and more frequently in the magnitude
of typical phonon wavelength.
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Introduction

Introduction: transport of phonons

Device

@ Device dimensions are more and more frequently in the magnitude
of typical phonon wavelength.

@ So heterogeneous structures and associated interface effects play a
central part.

@ On this nanometre scale the wave nature of phonons becomes
more important.
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Introduction: transport of phonons

Device

o In this case, the classical approaches are rather not qualified.
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Introduction

Introduction: transport of phonons

Device

o In this case, the classical approaches are rather not qualified.

@ We have quasi ballistic transport with interface scattering.

o This phenomena, we can describe with the method of the
atomistic Green'‘s functions (AGF).
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ENTRGASIER LN METICI General description of the transport problem

Model of a contact-device-contact-structure

@, ¥ @,
Kontakt 1 Device Kontakt 2

0000000000000 000Ceee

kB LK LD D 'RD = RK RKB

@ N-atomic structure divided into diverse substructures.

o d degrees of freedom per atom.
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Harmonic and dynamic matrix

Harmonic Matrix

@ The AGF-Formalism is based on a harmonic or dynamic matrix.
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@ The AGF-Formalism is based on a harmonic or dynamic matrix.

e We use a harmonic approximation of the crystal potential U(R(t)).
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Harmonic and dynamic matrix

Harmonic Matrix

@ The AGF-Formalism is based on a harmonic or dynamic matrix.

e We use a harmonic approximation of the crystal potential U(R(t)).

e For device length less than 20 nm are anharmonic effects at room
temperature negligible.
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The dynamical bases Harmonic and dynamic matrix

Harmonic matrix

e For the total potential in harmonic approximation we can also
write:

Nd 9
vw) =3 Y (Gam ), wlt®

p,q=1
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The dynamical bases Harmonic and dynamic matrix

Harmonic matrix

e For the total potential in harmonic approximation we can also
write:

Nd 9
vw) =3 Y (Gam ), wlt®

p,q=1

o It is: U(RC) := 0 and VU(R)|go = 0.

Mathias SO J) Transport und Green s functions 4. Februar 2011 7/ 25



The dynamical bases Harmonic and dynamic matrix

Harmonic matrix

e For the total potential in harmonic approximation we can also
write:

Nd 9
vw) =3 3 (Fam )., o

p,q=1

o It is: U(RC) := 0 and VU(R)|go = 0.

o We define the harmonic matrix:

o . 0U
P\ ORyOR, ) o
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The dynamical bases Harmonic and dynamic matrix

Dynamic matrix and the eigenvalue problem

e Equation of motion for every degree of freedom u;:

& oU (u) e
Mlﬁu,(t) = — 8u1 = —jz;q)i,juj'(t).
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The dynamical bases Harmonic and dynamic matrix

Dynamic matrix and the eigenvalue problem

e Equation of motion for every degree of freedom u;:

& oU (u) e
M5 ui(t) = — o _—;cpi,juj(t).

e These Nd equations define the following eigenvalue problem:

(w’[E] = [D)u = 0.

Mathias Késo Transport und Green s functions 4. Februar 2011

8/ 25



The dynamical bases Harmonic and dynamic matrix

Dynamic matrix and the eigenvalue problem

e Equation of motion for every degree of freedom u;:

& oU (u) e
M5 ui(t) = — o _—;cpi,juj(t).

e These Nd equations define the following eigenvalue problem:

(w’[E] = [D)u = 0. (1)

e Here we have the dynamic matrix [D] (real, symmetric and positiv
definite) with:

@.4
[mm:sz‘Eﬁz'
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Basics of Green’s formalism

The Green’s function / Green’s matrix

e Consider following equation where L represents a linear operator
in matrix notation and S represents a perturbation:

[Ly]¥ = S.
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PNEIDRASIGEISI I Basics of Green’s formalism

The Green’s function / Green’s matrix

e Consider following equation where L represents a linear operator
in matrix notation and S represents a perturbation:

[Ly]¥ = S.
e Formally one defines the Green ’s function or matrix as follows:

Ly]¥ =8 = U=[Ly]'S=[G]S & [G]:=[Le] "
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AGF-Formalism Basics of Green’s formalism

The Green’s function / Green’s matrix

e Consider following equation where L represents a linear operator
in matrix notation and S represents a perturbation:

[Ly]¥ = S.
e Formally one defines the Green ’s function or matrix as follows:
Ly]¥ =8 = U=[Ly]'S=[G]S & [G]:=[Le] "

@ The last equation provides us a important relation:
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PNEIDRASIVEITI I A pplication of the Green s formalism

The modified eigenvalue problem

@ The eigenvalue problem (1) can be written down in a structured
and simple modified form:

[(w+i0T)2E — D] —[n]t [0] o, S
—[m] [w?E — Dp] —[r2] { o } — { 0 }
[0] —[T2]+ [(w+ i0+)2E — Do (o2 Sk
Kontakt 1 Device Kontakt 2

[Dp]. ¥
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PNEIDRASIGEI Il A pplication of the Green s formalism

The modified eigenvalue problem

e Now we consider the three matrix equations:

[(w+i0T)2E — D] —[m]* [0] i SE
—[m] [w?E — Dp] —[r2] v y={0
[0] —[r]* [(w+i0T)2E — Dy]| | @2 Sk
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PNEIDRASIGEI Il A pplication of the Green s formalism

The modified eigenvalue problem

e Now we consider the three matrix equations:

[(w+i0T)2E — D] —[m]T [0] i SE
—[m] [w?E — Dp] —[r2] ] {\I/ } = { 0 }
[0] —[r]* [(w+i0T)2E — Dy]| | @2 Sk

e With matrix algebra we get:

(w*E = Dp] = [£1(w)] = [B2(w)])¥(w) = S(w). (2)
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PNEIDRASIGEI Il A pplication of the Green s formalism

The modified eigenvalue problem

e Now we consider the three matrix equations:

[(w+i0T)2E — D] —[m]T [0] i SE
—[m] [w?E — Dp] —[r2] ] {\I/ } = { 0 }
[0] —[r]* [(w+i0T)2E — Dy]| | @2 Sk

e With matrix algebra we get:

(w*E = Dp] = [£1(w)] = [B2(w)])¥(w) = S(w). (2)

° [Zl/Q(W)] = [7'1/2][91/2(00)][7'1/2]Jr
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PNEIDRASIGEI Il A pplication of the Green s formalism

The modified eigenvalue problem

e Now we consider the three matrix equations:

[(w+i0F)?E~Di]  —[n]* [0] Py St
=[] [w?E — Dp] —[r] ] {\I/ } = { 0 }
[0] —[r]* [(w+i0T)?E — Ds]| | @2 S§
e With matrix algebra we get:
(LB — Dp] — [B1(w)] - [S2(@))¥(w) = Sw).|  (2)

° [Zl/Q(W)] = [7'1/2][91/2(00)][7'1/2]Jr

o [91/2(w)] = [(w+i07)*E — Dy] 7
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AGF-Formalism Application of the Green s formalism

The modified eigenvalue problem

e Now we consider the three matrix equations:

[(w+i0T)2E — D] —[m]T [0] i SE
—[m] [w?E — Dp] —[r2] ] {\I/ } = { 0 }
[0] —[r]* [(w+i0T)2E — Dy]| | @2 Sk

e With matrix algebra we get:

(w*E = Dp] = [£1(w)] = [B2(w)])¥(w) = S(w). (2)

° [Zl/Q(W)] = [7'1/2][91/2(00)][7'1/2]Jr
o [g1/2(w)] = [(w+i0")*E — D]

o S(w)=S1(w) + Sa2(w) = [M]PF(w) + [12]PF (w)
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PNEIDRASIGEI Il A pplication of the Green s formalism

The closed problem

Device

[>1] [Ppl. [Gpl. ¥ [=]

e The green’s matrix of the device can be defined by equation (2):

[Gp(W)] := [w?E — Dp — ¥1(w) — Ta(w)] ™4

Transport und Green s functions 4. Februar 2011 12 / 25



PNEIDRASIGEI Il A pplication of the Green s formalism

The closed problem

Device

[>1] [Ppl. [Gpl. ¥ [=]

e The green’s matrix of the device can be defined by equation (2):

[Gp(W)] := [w?E — Dp — ¥1(w) — Ta(w)] ™4

e [Gp] leads finily to the device solution ¥ with

U = [Gp]S.
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PNEIDRASIVEITI I Current in the AGF-Formalism

Total current and thermal conductance

@ The current in the AGF-Formalism is given in a typical Landauer
form:

* hw

J(Tl,TQ) = ) %E(w)[N(w,Tl) — N(w,Tg)]dcu.
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PNEIDRASIVEITI I Current in the AGF-Formalism

Total current and thermal conductance

@ The current in the AGF-Formalism is given in a typical Landauer
form:

* hw

J(Tl,TQ) = ) gE(w)[N(w,Tl) — N(w,Tg)]dw.

e =(w) is the transmission function with

E(w) = T[T (w)G p (W) T2 (w)Gh (w)].
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PNEIDRASIVEITI I Current in the AGF-Formalism

Total current and thermal conductance

@ The current in the AGF-Formalism is given in a typical Landauer
form:

* hw

J(Tl,TQ) = ) gE(w)[N(w,Tl) — N(w,Tg)]dw.

e =(w) is the transmission function with

E(w) = T[T (w)G p (W) T2 (w)Gh (w)].

o The matrices [I'; jo(w)] therby are —23[%; p(w)], so that

[L1ja(@)] = i[212(w) — B, ()]
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PNEIDRASIVEITI I Current in the AGF-Formalism

Total current and thermal conductance

@ The current in the AGF-Formalism is given in a typical Landauer

form:

* hw

J(Tl,TQ) = ) gE(w)[N(w,Tl) — N(w,Tg)]dw.

e =(w) is the transmission function with

E(w) = T[T (w)G p (W) T2 (w)Gh (w)].

o The matrices [I'; jo(w)] therby are —23[%; p(w)], so that

[L1ja(@)] = i[212(w) — B, ()]

o Finaly the thermal conductance A\ is given by:

J(Th,T>)
)\(Tl,TQ) - T, AT:Tl —TQ.
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PNEI D IR EN I RS (T IR BSIRRItqite LIl A nalytical discussion of the homogeneous chain

Thermal conductance of the homogeneous chain

@, b 4 @,
Kontakt 1 Device Kontakt 2

1. Homogene Kette

2. Heterogene Kette

--@® ® O O 0 O O @ o---

3. Verspannte Kette

@ ®@ O O O O | O @ e--

. O Masse M/My O O Masse M
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AGF-Formalism and 1

Analytical discussion of the homogeneous chain

Transmission: homogeneous vs heterogeneous chain

1. Homogene Kette

2. Heterogene Kette

<@ @ O O 0 O 0 @ O

1= —
.._ o. . ..
L
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“
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win Bz
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Analytical discussion of the homogeneous chain

Transmission function of the homogeneous chain

o Now we consider a homogeneous, atomic chain, which is described
by the atomic masses M; = M and the spring constants f; = f.
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@ The transmission function is given by:
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AGF-Formalism and 1d-Structures Analytical discussion of the homogeneous chain

Transmission function of the homogeneous chain

o Now we consider a homogeneous, atomic chain, which is described
by the atomic masses M; = M and the spring constants f; = f.

@ The transmission function is given by:
E(w) == 02wy — w).

@ The thermal conductance Aj, of the homogeneous chain is

dw

M (T, To) =

In(T1,To) /2‘”0 fiw [N(w,T1) = N(w, Ty)]
AT Jy 2« AT
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PNEI D IR EN I RS (T IR BSIRRItqite LIl A nalytical discussion of the homogeneous chain

Linear Approximation of [N(w,T}) — N(w, T5)]

e For AT — 0 we can expand N (w,T5) in a series with

1
N(w, Tg) == N(w, T + AT) == =
ekp(T1+AT) _ ]
hw
hw kpTy
~ N(w,Ti)+ c AT.

2 2
kBT <ekng1 — 1)
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Linear Approximation of [N(w,T}) — N(w, T5)]

e For AT — 0 we can expand N (w,T5) in a series with

1
N(w, Tg) == N(w, T + AT) == =
ekp(T1+AT) _ ]
hw
hw kpTy
~ N(w,Ti)+ c AT.

2 2
kBT <ekng1 — 1)

o It follows for the thermal conductance:

hw
\ ( ) h2 2wo w2€ kgT 4
h T)= Ww.
ekBT —1
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AGF-Formalism and 1d-Structures Analytical discussion of the homogeneous chain

Linear Approximation of [N(w,T}) — N(w, T5)]

e For AT — 0 we can expand N (w,T5) in a series with

1
N(w, Tg) == N(w, T + AT) == =
ekp(T1+AT) _ ]
hw
hw kpTy
~ N(w,Ti)+ c AT.

2 2
kBT <ekng1 — 1)

o It follows for the thermal conductance:

h2 2wo WQGW
)\h T)= dw.
() 2rkpT? ) o 2
ek —1
e In this equation we have replaced T7 by T'.
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Analytical discussion of the homogeneous chain

Parameterization of A\ (7T)

o Now we define the two dimensionless parameters:

T hw
6::? with T[;::k—0 and z:= Rl

c B wo
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PNEI D IR EN I RS (T IR BSIRRItqite LIl A nalytical discussion of the homogeneous chain

Parameterization of A\ (7T)

o Now we define the two dimensionless parameters:

T hw
6::? with TC::k—0 and z:= Rl

c B wo

e With this settings, we can write:

An(B) = %/\OO /02 B2<Z;€1>2dx.

™8
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Analytical discussion of the homogeneous chain

AGF-Formalism and 1d-Structures

Parameterization of A\ (7T)

o Now we define the two dimensionless parameters:

T fuw
B :=— with T,:= U and 7= Rl
c kB wo

e With this settings, we can write:
1 2 z’e
M) = phoe [ e
0 B2 (eﬁ — 1)

e In this equation is Ay, = ki& the thermal conductance of a

™8

homogeneous chain for T" — oo.

Transport und Green s functions 4. Februar 2011 18 / 25

Mathias



AGF-Formalism and 1d-Structures

Final formula for the thermal conductance A, (53)

Analytical discussion of the homogeneous chain

o Finally we normalize A, by A and integrate over x and so we get:

An(B) =

2

B

1 e 3) " — Bdilog(e?).
(1-¢7)
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AGF-Formalism and 1d-Structures Analytical discussion of the homogeneous chain

Final formula for the thermal conductance A, (53)

e Finally we normalize A\, by A and integrate over z and so we get:

An(B) = —2 (1 - e‘%)_l — Bdilog(e? ).

o In this dimensionless equation we have the Dilogarithm Function
with the special definition:

t
1
dilog(t) ::/1 1n£51ds.
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PNEI D IR EN I RS (T IR BSIRRItqite LIl A nalytical discussion of the homogeneous chain

Graphical representation of A,(5)

0,9
0,z
0,7
06
2,(B) 054
0,4+
0,3
0,2+

0,14

e For small 3, we observe a linear behavior, which changes to a
constant behavior for increasing /.
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Analytical discussion of the homogeneous chain

Graphical representation of A,(5)

0,9
0,z
0,7
06
2,(B) 054
0,4+
0,3
0,2+

0,14

e For small 3, we observe a linear behavior, which changes to a
constant behavior for increasing /.
e The characteristic point of change is given by =1 or T = T..
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PNEI D IR EN I RS (T IR BSIRRItqite LIl A nalytical discussion of the homogeneous chain

Approximations for A, (/)

o We have seen that there exist two interesting cases:
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Approximations for A, (/)

o We have seen that there exist two interesting cases:

Q@ )\, (B) x S for small 3,
Q \.(B) =1 for great S.

e Now we want analyze this two cases.
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SIARIAINEIN  Analytical discussion of the homogeneous chain

Approximations for A, (/)

o We have seen that there exist two interesting cases:

Q@ )\, (B) x S for small 3,
Q \.(B) =1 for great S.

e Now we want analyze this two cases.

@ For small 8 we need a asymptotic series expansion and we get:

™[

17r2f3 — (24 p)e 5.

An(B) =~ 6
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PNEI D IR EN I RS (T IR BSIRRItqite LIl A nalytical discussion of the homogeneous chain

Approximations for A, (/)

o We have seen that there exist two interesting cases:

Q@ )\, (B) x S for small 3,
Q \.(B) =1 for great S.

e Now we want analyze this two cases.

@ For small 8 we need a asymptotic series expansion and we get:

™[

17r2f3 — (24 p)e 5.

An(B) =~ 6

@ For great § we need a laurent series expansion and we get:
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PNEI D IR EN I RS (T IR BSIRRItqite LIl A nalytical discussion of the homogeneous chain

Graphical representation of A\, () for small g

e Black Line: A\, (f) =~ %7725 - (24 ﬂ)eig = )\8(/3) + )‘(1)(5)-
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PNEI D IR EN I RS (T IR BSIRRItqite LIl A nalytical discussion of the homogeneous chain

Graphical representation of A\, (/) for great (5

094
0,24
0,7+
0,6

A,(P) 034
04+
034
0,24

0l

e Black Line: \,(8) = 1 — ﬁ = AP(B) + A2 (B).
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PNEI D IR EN I RS (T IR BSIRRItqite LIl A nalytical discussion of the homogeneous chain

Contribution of the correction terms

e Now we are interested in the 8 for which we can approach A, (f)

by AB(B) or AF(B).
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PNEI D IR EN I RS (T IR BSIRRItqite LIl A nalytical discussion of the homogeneous chain

Contribution of the correction terms

e Now we are interested in the 8 for which we can approach A, (f)
by A(8) or AF(B).

e For this problem we define the relativ deviations ¢; with ¢ = 0, co:

M

N

€ i —
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PNEI D IR EN I RS (T IR BSIRRItqite LIl A nalytical discussion of the homogeneous chain

Contribution of the correction terms

e Now we are interested in the 8 for which we can approach A, (f)
by A(8) or AF(B).

e For this problem we define the relativ deviations ¢; with ¢ = 0, co:

)\i
€ i — le .
Ao
e For small 8 we have:
2
2+ p)e 5 2 _2 2 1

= = —— B = B — — .
€0 %WQﬁ »36 e 6607‘(‘ I}

Mathias SO J) Transport und Green s functions 4. Februar 2011 24 / 25



AGF-Formalism and 1d-Structures Analytical discussion of the homogeneous chain

Contribution of the correction terms

e Now we are interested in the 8 for which we can approach A, (f)
by A(8) or AF(B).

e For this problem we define the relativ deviations ¢; with ¢ = 0, co:

/\i
€ 1= le
Ao
e For small 8 we have:
2
2+ p)e 5 2 _2 2 1
€@=—F—-"" => ——e B=e F——enf.
2 B 6

e This special equation is solved by the LambertW function, it is:

2

Bo = :
’ LambertW( 607r2) +1
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Analytical discussion of the homogeneous chain

Contribution of the correction terms

e For great 5 we have:

1
1 1
€0 = 9§2 = foo = ig 67
00
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PNEI D IR EN I RS (T IR BSIRRItqite LIl A nalytical discussion of the homogeneous chain

Contribution of the correction terms

e For great 5 we have:

1
952 1 1
= = =4/ —.
€0 1 Boo 3V e

o We have to choose the positiv value, because it is the physical
Solution:

1 1
Boo:* B

3V ex
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Contribution of the correction terms
e For great 5 we have:

1
952 1 1
= = =4/ —.
€0 1 Boo 3V e

o We have to choose the positiv value, because it is the physical
Solution:

o 3 < B we can write A, () &~ :7%3.
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Contribution of the correction terms
e For great 5 we have:

1
952 1 1
= = =4/ —.
€0 1 Boo 3\ e

o We have to choose the positiv value, because it is the physical
Solution:

1 /1
o 3 < B we can write A, () &~ :7%3.

@ > (o we can write A\, (8) ~ 1.
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AGF-Formalism and 1d-Structures Analytical discussion of the homogeneous chain

Contribution of the correction terms
e For great 8 we have:

1
952 1 1
= = =4/ —.
€0 1 Boo 3\ e

o We have to choose the positiv value, because it is the physical
Solution:

1 1
e [ < Py we can write A\, (/) ~ %7725.
@ > (o we can write A\, (8) ~ 1.

e Silicon with f = 32N/m, M = 4.6e — 26kg and € = ¢y = €5, = 0.01:

T, ~ 200K, Ty=Bole~ 66K, Ty = ool ~670K.
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