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The problem (W)
H = (P − A)2 + V , L2(Rd),
σ0 ⊂ σ(H)-bounded & isolated,
P0- 
orresponding spe
tral proje
tor,
K = P0L

2(Rd)Find an orth. basis in K, {wg,j}g∈Γ,1≤j≤m(g)≤M<∞:
• Γ- dis
rete set in L2(Rd), α > 0,
•

∫
|wg,j(x − g)|2e2α|x−g|dx ≤ C <∞Additional requirements

• Symmetries:time reversal: [H,K] = 0, Kf(x) = f(x)

Kwg,j = wg,j- real Wannier fun
tions.translations:
Γ = Zd, V (x+n) = V (x), Tnf(x) = f(x − n),
[H, Tn] = 0

wg,j(x) = Tgw0,j(x) = w0,j(x − g) 2



• Optimal lo
alization: whi
h is the largest αi.e. whi
h is the qui
kest exponential de
ay.
• The spreading of Wannier fun
tions: max-imal lo
alization, very important for 
ompu-tational purposes (Marzari & Vanderbilt 97)
‖f‖ = 1, 〈(∆A)2〉f = 〈f, (A− 〈f, Af〉)2f〉

〈(∆X)2〉wg,j -as small as possible.Non-trivialityFor A 6= 0 the problem (W) may not have asolution (Novikov 1981, Thouless 1984).The main 
onje
tureFor real V (x) and A = 0 the problem (W)has always a solution.
• The uniqueness problem. 3



Constru
tion of Wannier fun
tions:the periodi
 
ase (Wannier 1937)Blo
h fun
tions: H =
∫ ⊕

B Hkdk, B = {k|kj ∈

[−π, π)} (Brillouin zone), ψn,k(x) = un,k(x)e
ik·x,

un,k(x) = un,k(x + g), n = 1,2, ...,
Hkψn,k = En(k)ψn,kSuppose En0(k) is nondegenerate for k ∈ B(simple band):

w
n0
g (x) = (2π)−d

∫

B
ψn0,k

(x)e−ik·gdk

The main point (Paley-Wiener theorem):exponential de
ay of wn0
g ⇐⇒ ψn0,k

analyti
and periodi
 in k

4



• The Blo
h fun
tions are de�ned by theeigenvalue problem up to a phase fa
tor (non-uniqueness of Wannier fun
tions):
ψn0,k

= χ(k)ψ̃n0,k
.

• Wannier fun
tions for 
omposite band i.e.a group of interse
ting bands Enl(k), l =

1,2, ...N,N < ∞ isolated for all k from therest of the spe
trum.
wg,j(x) = (2π)−d

∫

B

∑

l

χj,l(k)ψ̃nl,k(x)e
−ik·gdk

Questions: i. Can one 
hose χ(k) as tomake ψn0,k
analyti
 and periodi
 in k?.ii. What 
hoi
e leads to optimally/maximallylo
alized w
n0
g ?Answer: Yes for i. Partial answers for ii.5



Non-periodi
 systems: the quasione-dimensional 
ase
• In (quasi) one dimension (W) has a solu-tion with real, optimally and maximally lo-
alized (generalized) Wannier fun
tions (i.e.the main 
onje
ture holds true for one quasidimensional systems).
• Main open problem. Prove the main 
on-je
ture in higher dimensions.
• How to de�ne Wannier fun
tions (one 
an-not use the Blo
h fun
tions!)
• The way out in the one dimensional 
ase:Kivelson 82, Niu 91; mathemati
al substan-tiation: A. Nen
iu & N 98.
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The main results
H = P2 + V ; L2(R3); x = (x1,x⊥).
IV (R) = supx1∈R;|x⊥|≥R

∫
|x−y|≤1 |V (y)|2dy

IV (R0) <∞; limR→∞ IV (R) = 0

σ0 ∈ (−∞,0), −E+ = sup{E : E ∈ σ0} < 0

K = Ran(P0); P0 = i
2π

∫
Γ(H − z)−1dz

ga(x) =
√

(x1 − a)2 + 1; g⊥(x) =
√
|x⊥|

2 + 1.Proposition 1.There exist α‖ > 0, α⊥ > 0,
M <∞ su
h that:

sup
a∈R

‖ e
α‖ga(·)P0e

−α‖ga(·) ‖≤M, and

‖ eα⊥g⊥(·)P0e
α⊥g⊥(·) ‖≤M.
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Theorem 2. Let X‖ be the operator of mul-tipli
ation with x1 in L2(R3) and 
onsiderin K the operator X̂‖ := P0X‖P0 de�ned on
D(X̂‖) = D(X‖) ∩ K. Theni. X̂‖ is self-adjoint on D(X̂‖);ii. X̂‖ has purely dis
rete spe
trum;iii. Let g ∈ G := σ(X̂‖) be an eigenvalue,
mg its multipli
ity, and {Wg,j}1≤j≤mg

an or-thonormal basis in the eigenspa
e of X̂ 
or-responding to g. Then for all β ∈ [0,1], thereexists M1 <∞ independent of g, j and β su
hthat:
∫

R3
e
2(1−β)α‖|x1−g|e2βα⊥|x⊥||Wg,j(x)|

2dx ≤M1,where α‖ and α⊥ are the same exponents asfor P0;iv. Let a ∈ R and L ≥ 1. Denote by N(a, L)the total multipli
ity of the spe
trum of X̂‖
ontained in [a−L, a+L]. Then there exists
M2 <∞ su
h that

N(a, L) ≤ M2 · L. 8



Further properties
• Optimal exponential de
ayProposition 3. Assume that for all α < α0we are given an a priori bound

sup
a∈R

‖ eαga(·)P0e
−αga(·) ‖≤ M, andThen for all α < α0 there existsM1(α),independentof g and j su
h that

∫

R3
e2α|x1−g||Wg,j(x)|

2dx ≤ M1(α).

• Uniqueness: Up to uninteresting phases.
• Reality: One 
an 
hooseWg,j(x) = Wg,j(x)
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• S
rew symmetry:
x⊥ = (r, θ), r ≥ 0,

θ ∈ [0,2π); V (x1, r, θ) = V (x1 + 1, r, θ+ θ0)

(T
θ0
n f)(x1, r, θ) := f(x1 − n, r, θ − nθ0).Proposition 4.The spe
trum of X̂‖ 
onsistsof a union of p ladders:

G = ∪
p
j=1Gj, Gj = {g : g = gj+n, n ∈ Z}, j ∈ {1,2and an orthonormal basis in K 
an be 
hosenas:

Wn,gj,αj := Wgj+n,αj
:= T

θ0
n Wgj,αj ,

n ∈ Z, j ∈ {1,2, ..., p}, αj ∈ {1,2, ...,mgj}.
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Main result: the periodi
 
aseAbstra
t problem (C) (des Cloizeaux 64, N83,91)
H, Ida = {z ∈ Cd||ℑz| < a}, Q(z)- proje
tionvalued fun
tion in Ida:
Q(z) = Q∗(z), Q(z) = Q(z + p) for p ∈ Zd.Find A(z) : H → H analyti
 in Ida satisfying
A(0) = 1, A−1(z) = A∗(z), Q(z) = A(z)Q(0)A−1(z),
A(z)Q(0) = A(z + p)Q(0)

• If problem (C) has a solution then for
{fm}

dimQ0
1 basis in Q(0)H, {A(z)fm}

dimQ0
1 isan analyti
 and periodi
 basis in Q(z)H.

• The existen
e of a solution of (C) ⇐⇒triviality of the �ber bundle Q(z) (N 91).
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Theorem 5. (Kohn 58, des Cloizeaux 64; N83,91; Hel�er & Sjostrand 89; Panati 06)i. In the 
ases below the problem (C) hassolutions. In addition a solution leading toreal, translation invariant, optimally lo
alizedWannier fun
tions has been 
onstru
ted.a. d = 1b. supz∈Ida
‖Q(z) −Q(0)‖ < 1
. dimQ(0) = 1 and there exists an an-tiunitary involution θ : H → H su
h that

θQ(z)θ = Q(−z)ii. For d = 2,3, dimQ(0) < ∞ and thereexists an antiunitary involution θ : H → Hsu
h that θQ(z)θ = Q(−z) the problem (C)has solutions.
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Open problems in the periodi
 
ase
• Generalize Theorem 1ii to arbitrary dimen-sions (if true!).
• Find a 
onstru
tive proof of Theorem 1ii.
• Constru
t maximally lo
alized Wannier fun
-tions. Are maximally lo
alized fun
tions amongthe optimally lo
alized ones. For details andsome partial results: Marzari & Vanderbild97.
• Not dis
ussed: magneti
 �eld 
ase (seeNen
iu 1991).
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