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Introduction

Derivation of macroscopic models
Semiclassical Boltzmann equation:

Oif +u(p) - Vof + V.V -V, f =Q(f)

f(x,p,t) : distribution function, p: crystal momentum
u = V,e :velocity, : energy band

V(xz,t) : electric potential

Q(f) . collision operator

Moment equations weight functions x;(p)
Define (9) = [, g(p)dp, B: Brillouin zone

5t<f/<fz'> +divy(ufr) — V.V - <fvp’fz'> = (Q(f)~Ki)

Objective: derive evolution equations for moments ( fx;)



Introduction

Moment equations
O (f ki) +diva(ufri) — VoV - (fVpki) = (Q(f)ki)

Nonparabolic energy band : e(p) = |p|*(1 + /1 + 24|p|?) "
Weight functions: x;(p) = e(p)’, i = 0,1, ...

Moments: (f) . electron den.sity
<f5> . energy density
Fluxes: (fu) : electron current density

(fue) : energy current density

Mass and energy equations:

t=0: O(f)+dive(fu) =(Q(f)) =0

i =1: 0fe)+div, (fue) — V.,V - (fu) = (Q(f)e)
Closure problem: ( fue) cannot be expressed by (f), (fe)
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Derivation of the moment models

Solution of closure problem

(1) Generalized Maxwellians: Given f, let M; = exp(\ - k) be
defined as maximizer of the “entropy”

H(g) = — / g(log g — 1+ €)dp subject to (gr;) = (fr;)
B
Maximization problem may be delicate!

(Junk 1998, Dreyer/Junk/Kunik 2001)

(2) Diffusive scaling: Introduce Knudsen No. «a (Levermore)
QO (fri) + aldive(ufry) — VoV - (fVpk:)) = (Q(f)ri)

(3) Assumptions on collision operator:

¢ Q(f) = Qi(f) + a?Qa(f)
e Qi1(f) =0« f = My, conservation: (Q1(f)k;) =0V i

e mass conservation: (Q>(f)) =0



Derivation of the moment models

Solution of closure problem

Q20 fR) + aldiv.(ufr) — V.V - (fV) = (Q(F)r)
(@ Balance equations for moments m; = (Mk;):
Chapman-Enskog: insert f = M+ ag and let « — 0

(5 Constitutive equations for fluxes J; = (guk;):
e Assumptions on DQ;(M;y) (for Fredholm alternative)
e To simplify: k; = €

omy; +div,J; — iV, V - Ji_1 = (Qa( f) k)
N

Ji==> (DijVAj+jD;;1V.VA), i=0,1,....N

j=0 |
where D;; solves operator equation related to D)y (M)

and m;(\) = (Myk;) = (eMk;)



Properties and examples

Higher-order moment model
8tmz- + d]%[V Jz —1VV - Jf,;_l — Wz

Ji==> (DijVAj+jD;;.1VV;), i=0,1,...,N

Properties:? "

e Moments m;(\) = (e**k;) monotone w.r.t. \

e Diffusion matrix (D;;) is symmetric

e Matrix (D;;) positive definite (if —DQ1(My) coercive)
e Entropy density h(m) = m - A — mg (Albinus 1995)

e Extensive variables A\, = a%

Example: parabolic band and (); = relaxation operator
_ fooo i—i—j—|—3/2exp()\0_|_ —I—)\NEN)CZE

= [0 2 exp(No + -+ + Ane)de



Properties and examples

Examples of moment models
Drift-diffusion equations (N = 0):
omoy+divJy =0, Jy=—DgpV(N—V)

mo = Ae’0: electron density, \g — V: quasi Fermi potential
Energy-transport equations (/N = 1):

Oymo + div Jy = 0

oymq +divJy —VV - Jy =W,

Ji=—Dio(VXg+VV ) —-DsVA, 1=0,1

Parabolic band and energy-depending relaxation time:
Moy = TB/QG)\O, my = %moT, T — 1

Al
1 27T

(Dij) = cgmoT" ™" (5 35 ) , 6=0
J §T ZTQ



Properties and examples

Examples of moment models

Higher-order model (/N = 2):

Oymg + divJy =0

om; +divJ, — VV - Jy = W

Omo + div Jo — 2VV - J; = W

Ji=—Dio(VAg+ VVA) — Dy(VA1 +VV ) — DV Ay
Parabolic band: o
m; = eAO/ €z+1/2€)\1€+>\252d5

0

0.0
Lo 2
DZ] _ 6)\0/ €Z+]+3/26)\16+)\28 de

— No analytical formulas
— Similar model: Grasser 2001




Drift-diffusion formulation

heorem: Current densities can be written as
N

D
Ji= —Vd; — F(d)d,VV, F(d) =Y 2741,

where \; given by d;(\) through solution of operator equation

Advantage: numerical decoupling of stationary system
Given d; from previous iteration step, solve decoupled system

div Jy(d) = iVV - J;_1(d) + Wi(d)

~

Ji(d) = =Vd; — Fi(d)d;VV
e Gives system of linear equations for d;

e “Symmetrization” by local Slotboom variables possible
e Approximation by mixed finite elements: work in progress



Drift-diffusion formulation

Higher-order model
O:mg + div Jy = 0
omq +divJ; — VV - Jy =W,
Omo + div Jo — 2VV - J; = W5
Ji=—2(Vmiq — 22m;VV), i=0,1,2

e System in mg, mi, Mo, Where mg = 2i (5m1 + Aymo)
e Relation m = m(\) can be inverted since m’(\) pos. def.

e Model of Grasser: he introduces (n, T, 3,) by
mo=mn, M| = %nT, Mo = Z—5nT2ﬂn, ms = 105nT25C
— Value of ¢ computed heuristically from MC simulations

— Our model: mg = mg3(n, T, 3,),
Grasser's model obtained if mg = 1O5nT266




Entropy formulation

Definitions:
dual-entropy variables v;: A= Pv
transformed moments p;: p=P'm
thermodynamic fluxes F;: F=P'J

with the transformation matrix
1 o 1 ife<y
P = (—1) J Ly = v
i == (i)“fv - {0 if i > j
Theorem: The moment model can be written as
Opi + div Fy = (P'W + V19,V Rm),

Fi = — Z C@‘jVVj
=0
where R;; = (i — j)P;;, C = P'DP symm. positive definite

Advantage: system Is symmetrized



Entropy formulation

Higher-order model is of parabolic type

ﬁtpz-(y) — div Zj CMVV]' — /V[\//'Z
Existence of solutions: Alt/Luckhaus 1983 (V' = 0),
Degond/Génieys/A.J. 1997 (unif. elliptic)

Energy-transport equations:
e Define chemical potential 4+ and temperature 1’ by

= = =
e Dual-entropy variables: 1y = % V| = —%
Higher-order model:
e Define second-order temperature 6 by Ay = —HLT
e Dual-entropy variables:
W=t = M=t g =g



Entropy formulation

Entropy dissipation
e Thermal equilibrium defined by A = (V, —1,0,...)
e Relative macroscopic entropy:

Ht) = —/ (m - (A= X) — mo(A) + mo(N))dz < 0
R3
e Energy-transport model: H = — [(nlog(nT—3/?) — nV)dz
Theorem: If [W - (X — A)dz < 0 then

N
dH
g7 I Z /R3 Ci;Vv; - Vyide <0

ij=1
— entropy Is nondecreasing in time
— if (C;) unif. positive definite: gradient estimates for v;




Summary

Main features:

e General assumptions on collision operator

e Gives hierarchy of diffusive moment models

e Drift-diffusion formulation allows for numerical decoupling
e Entropy formulation allows for symmetrization

e [hermodynamic interpretation possible

Limitations:
e Maxwell-Boltzmann statistics assumed
— Can be generalized to Fermi-Dirac (in progress)
e Conservation of all moments of (J; questionable
— Generalization possible?
o M;= o+ MEtA o00d approximation?
— Distinguish hot and cold electrons? (in progress)



