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Quantum Model: Unknown= p(t;n,m), n,m € N,
. 1
vl 875/0—’_ [qup} — ; Qq( )7

where [Hq, p} (n, m) — Z <Hq(n7 k)p(k, m) - p(n, k)HQ(kv m))7
keN

Classical Model: Unknown= f(t;x,p) >0,
z,p € RN

0uf +{He, f} =~ Qulf).
where {HC, f} =V, ,H. - V,f =V, H.-V,f.




Scaling Issues

HOC(CU,p) + € ‘/C(tat/ ;xap)v
Hoq(n,m) + € Vy(t,t/0;n,m),

We split H =

Hy= time independent Hamiltonian corresponding to the confining

potential of the atomic nucleus,

¢ V= perturbations by external electro-magnetic waves

Scaling Assumptions:

THOCN 1 > 1
LP €2 ’




Cutting Edge Questions

| 1 1
’L@t,O—F 6_2 [H()q + € Vq(t/€2)7/0] 6_2 QQ( )7

8tf+ éiﬂoc+€%(t/€2),f}

7

Free Hamiltonian Hy Damping

+ Small Oscillating Perturbation or Relaxation term

e Derivation of a New Classical Model (Relaxation operator)
e Relaxation and Homogenization all together

e Random vs. Deterministic modelling




Asymptotic Behavior

e Quantum Model: p.(t;n,m) — p(t;n,n) d(n, m) verifying the
Einstein Rate Equation

Oip(t;n,m) = ZAtnk (p(t; k, k) — p(t;n,n))

e Classical Model: f.(t;x,p) — F(t; Hyo(zx,p)) verifying the
Diffusion Eq. wrt energy

0¢(ho(E) F(t; E)) — 0p(d(E)ho(E) 0 F(t; E)) = 0

ho(E) F(t; E)=+# of particles with energy F,
d(E)ho(FE) OgF(t; E) = Flux through the energy surface Y.

e Both limit eq. are Irreversible Equations (decay of L? norms)




Role of the Damping Term,
Deterministic vs Random Perturbations
Two Difficulties:
- Homogeneization Limit (Fast Oscillations of V')

- Relaxation Limit that pushes towards Ker([Ho, | — Qq) (resp.

Ker({Hop, -} — Q.)) ~ “hydrodynamic limit”

Two Frameworks:
- (Quasi-)Periodic Oscillations and Damping is crucial

- Random Perturbation where Damping term can vanish




Role of the Damping: Cell Problems
Let 2 € RP with . Consider
AR+ Q-VyR=H,
with (0,1)" = ©—periodic boundary condition and A > 0.
-If A=0 then [j H d¥ =0 is a necessary condition.

~IfA=0and H =0 then Q- & R(£) =0 and

- But the Fredholm alternative does not apply to Q Vy due to
Small Divisors problems: set R(&) = —iH (£)/9Q -

I£ Q- €] > C/|¢]" then |[R| 12 < CI|H| 1o

- With A > 0 we get

+00
/ e M H(W - Qo) do € L2,
0




How does randomness induce irreversibility 7

d 1
Toy Model: Eue(t) = i—a(t/e*)u.(t) with a random, Ea = 0
€

Crucial assumption: a(t) and a(s) decorrelate when [t — s| > 1

1 [t
Duhamel’s Formula: u.(t) = uc(t — €2) + = / ia(s/e*)uc(s)ds
¢

€ — €2

ia(t/e)a(s/e*)uc(s)ds

7

N

]Eza(t/ez)u( ) = _/0 E(a(t/€*)a(t/e* — 7)) dT Euc(t) 4+ small terms

so that the limit eq. is

%u = —\u, A= /0 E(a(0)a(—7)) dr > 0.




The Quantum Model
Y(n,n) =0,  v(n,m)=~y(m,n),
—w(m,n) € R,
Vi(t;n, k) =V(t,t/e*;n, k), V(n,k)=V(k,n) + bounds

\

Set Z(n,m) = ~(n,m) + iw(n, m):

Z(n,m) =0 for n =m, and Z(n,m) = Z(m,n).

1 1
atp(t; n, m) + E_QZ(n7 m)p(na m) — 266[10] (t; n, m)

= 37 [Velm, K)plt: b m) = Vilk,m)p(ts m, ).
keN

O, is a (uniformly) bounded operator on £2

The problem is well-posed in C°([0, 00); £?) + (uniform) estimates.




Eq. for the populations:
Orp(t;n,n) ——Z [V n,k)p(t;k,n) — Vo(k,n)p(t;n, k)|.
kEN

depends only on the coherences

Eq. for the quantum coherences: (n # m)

1
atp(t; n, m) — _E_QZ(na m)p(na m)

_é 3 [ve(n, k)p(t; k,m) — Ve(k, m)p(t;n, k)]
keN

Quantum Coherences are when ReZ(n,m) = ~(n,m) # 0,

Hence the solution to p(t;n,m) d(n,m).




The Two-level Model

“1”=Ground state, “2” =Excited state
d € 2 € € d € 1 . € Z € €
Epll = _Elm(vmpm)a 51021 = _6_2(@W+7)P21+E‘/§1(2011_1)-

Perturbation

Set p5,(0) =0, then as e — 0

d 2y d
- = — — + =0
dtpll V21 A2 (P22 — p11); a1 (P11 + p22)

(A =0 as well.)

However, when v = 0, we have

a0) = T a7 (P (0) = 1/2) cos( T A2 1/

1 A2
+4—|—A2/€2 ( 62 1011(0) +2)7




Quantum Model: (Quasi-)Periodic oscillations

V.(t;n,m) = V(t,Qt/e2;n,m) with Q € R\ {0}, rationally

independent components and (n,m) > v, > 0 for n # m.

Multiscale Ansatz: p.(t;n,m) = Z el p9)(t, /€% n,m).
J

O — Oy + Q- Vy ylelds

1/e2 terms: Q- Vyp® + Z(n,m)p® =0,

1/e! terms: Q- Vﬁp(l) + Z(n, m)p(l) = O(t, 19)[,0(0)]’
1/ terms: Q- Vyp® + Z(n,m)p® = =000 + 0(t,9)[p],...

pO(t, 9;n,n) = pD(t;n,n),  pOt,dn,m)=0 ifn#m,
pM (L, 9;n,m) = ix(t,9;n,m) (p(t;m,m) — p(t;n,n)),

+o0
x(t,¥;n,m) = —/ e~ Z(mo Yt 9 — Qoyn,m)do, n#m
0




Statement for the Quantum Model:
(Quasi-)Periodic oscillations

Theorem. p. converges to p(t;n,n)d(n, m) weakly in L*(R™; £?);
the diagonal part p.(t;n,n) converges to p(t;n,n) in
C°([0,T]; £ — weak) and the limit satisfies the Einstein rate

equation
Oip(t;n,n) = ZAtnk p(t; k, k) — p(t;n,n)),

p(0;n,n) = lin’(l) p2(n,n) weakly in £,

A(t;n, k) = 2Re(Z(n, k)) / Ix(t,9;n,k)|*d¥ > 0,for n # k.
©




Method of proof

e Uniform estimates

e Use Double-scale convergence [Nguetseng 89, Allaire 92] (to be

adapted to the quasi-periodic framework):

Let u. be a bounded sequence in L?(R). Then, there exists a
subsequence and U & LQ#(R x ©) such that for any trial function

lim [ we(t) Y(t, Qt/e?) dt = /R/@ Ul(t,9) ¥(t,9) dd dt.

e—0 R

e Multiply the equation by “oscillating test functions” [Evans
89-92, Tartar 86-89]




Quantum Model: Random Framework

V.(t;n,m) = V(t/e*;n, m) with ¥V bounded random variable such
that

i) EV(r;n,m)) =0,

i) E(V(r;k,l) V(oym,n)) = R(T — o3k, l,m,n)

iit) If |1 — o| > 7T then V(7) and V(o) are independent.

Theorem. Let p¥ be deterministic. Suppose

Z(n,m) =~vy(n,m) + iw(n, m) vanishes iff n = m. Then,
Epc(t;n, m) converges weakly to p(t;n,n)d(n,m) and Ep.(t;n,n)
converges in CY([0,T]; /? — weak) to p € L°(R*;¢?) sol. of the
Einstein eq. with

T
Aln, k) = QRe/ R(tin, k, k,n) e Z2FM7 dr,
0




Comments

e If all yv(n,m) = 0 it means that

w(n,m) = Hy(m,m) — Hy(n,n) # 0 where Hy(n,n)=eigenvalues of

a differential operator:

Need relaxation for energy levels corresponding to

multidimensional eigenspaces.

e Alternative: Same statement with possibly vanishing damping

coeflicients

76(”7 m) - ’V(na m) > 07

e—0

Trick: use the “Entropy Estimate”

pe(t;n,m) = pe(t;n,n)d(n,m) + —

with 7.(¢;n, m) bounded.




A New Classical Model

Goal: Mimic the quantum relaxation operator

Populations ~ # of particles on a energy shell Xy = {Hq(x,p) = E'}.

Hypothesis (think of Hy(z,p) = 2% + p?)
o Hy € C>*(R?P), lim  Hy(z,p) = 400 (Confining).

|(x,p)|— 00

e For a.a. £ € R, X is a smooth orientable (2D — 1) submanifold

d>
of R2P ., We set §(Hy(z,p) — E) := E(z,p)
‘vx,pHO(ZC,p)‘

measure) and suppose ho(FE) := / d(Ho(x,p) — F) < +00.
XE

(Liouville’s

Define Pf(x,p) =

. f(y,q) 0(Ho(y,q) — E) |

ho(E) E=Ho(z,p)




Classical Model

Fundamental properties follow from the coarea formula

( [ @) o) - B)) de

fla.p)dpdo = [

R2D R

P is a bounded operator on L", P(Pf)= Pf,
which yields
[Prapde= [ fapds P{Hy, [} =0

1 1
atfe—'_e_Q{HOafe} +E{‘/;7f€}

N

Transport along Fast Varying Resonant Interaction
X(t), Pe(t) Perturbation

d
where &(X“Pe) = —V.Hpy)(Xe, Pe)

44 29 ’}/
H-Theorem”: ||f€(t)||%2(R2N)+€_2HfE_Pf€||L2((O 00) X R2N) ||fOHL2(R2N




Write f. = Pf. + €g. where

atpfe — _P{‘/’Eage}
~y

1 1 1
atge — _6_296 - E_Q{H()age} - 6_2{‘/67Pf€} - E([ o P){‘/;,ge}

The remainder is for v > 0
and the solution to Pf(t, Ho(x,p)).




Quasi-periodic Framework

Theorem. Suppose V,(t;x,p) = V(t,Qt/e?; x, p) with Q having
rationaly indep. components Then, [. = P [. + ¢g. where g, is
bounded in L?((0,T) x R?P) and, up to a subsequence, Pf.(t; x, p)
converges to '(t; Hy(xz,p)) in C°([0,T]; L?(R?*P) — weak), with

By (hoF) = 05 (hodd F)
d(t: E) = H(/ {V, Hy) qu?)(E) >0,
©

oo

X(taﬁaxap) — _/ 6_78{V7H0}(t719 - QSJX(_S7337P)77D(_87$7P)> ds
0

Crucial Assumptions
- Damping

- (or increase )

sup |V p(X(t2,p), P(t;2,p))| < Cr (1 + [¢])"
|(2,p)| <R




A Simple Example

V(t/e?,x) = x cos(wt/e?)

! /O ” f(@ cos(a), V2E Sin(a)) do

"o

TF

i i
UE) = (G * o)

If w = +£1, the coefficient blows up as v — 0: resonance phenomena




Random Framework

Theorem. Let v = 0. Suppose that {Ho, f} = 0 iff
f(y) = F(Hy(y)). Then, EPf. — F(t; Hy(y)) in
C°([0,T); L?>(R?*P) — weak), sol. of a diffusion eq. with

T
d(E) =11 </O R(T; V(13v),y) : JVHo(Y(T39)) ® JVHo(y) dT) (E).

e Is it interesting ? Not so much!

Ho(z,p) = (2% + p*) /2, works in 1D but fails for D > 2 (since
{Hy,z Ap} = 0). Related to ergodicity of Hy [Knauf 87,
Donnay-Liverani 91]

e But we can deal with vanishing damping coeflicients

Ye =% >0, >0, €/y.—0

e—0

e Relaxed Assumptions on Hy: bounded derivatives of order 2, 3.




Comments

e More general oscillating potentials can be dealt with KBM=
Krylov-Bogolioubov-Mitropolski type (long time average

assumption)

Difficulty: the action of P on Sobolev spaces is unclear.

e Solutions of {Hy, f} =0: Hy, I1,..., Ik, then defines P to be a

projection onto given involution quantities. This would lead a

K + 1-dimensional diffusion equation.

e Listablish relation between the quantum and the classical models

through Semi-Classical Limit.




