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Introduction

e Asymptotic behavior of a nonlinear gas of quantum particles,
evolving in R3=R2 x R > (z, 2),
strongly confined along the vertical z direction

— asymptotic dynamics should occur along the remaining z plane.
— Can one describe the limiting dynamics ?

e In other words :
iOWE(t, ,2) = HyWe + lywey (|w€|2) We
Ve(t=0,z,2) = ”sgmooth”,
where the Hamiltonians H, and H. (in the z and z directions) are

Hy=—-A;+V(x) with V(x) "arbitrary” |,
H, = —-82+Ve(z) with Ve(2) confining.
(H, has discrete spectrum).

Question : We(t, x, z) — 7
E—>



Formal analysis

e Eigenenergies/functions of H, :

H>xp(z) = Epxp(2), where  FEg< Fk; <---< Ep — oo

p—0

e Projecting the equations on the x,'s produces (say F(|W¢|?) = |WE|?) :
p(t, @) = (W5, xp) (¢, 2),

O lE (¢ — H.2E & € € 1.€ IE

2 twp( 733) — CUwp + - wp + Z <XQX’I“7XSXP>¢q wr wS‘

q7lr‘38

e Filtering out the oscillations (Schochet, Grenier) produces :
E
¢p(t,x) = exp (+z‘t—p) Py (t, ),
E
E
085 (8, w) = Hadf+ 3 exp (it

q7lr78 8

— Er+ Es — E,

) (XgXrs XsXp)Pq Pr Ps
— 0(1).

Now : ¢p — 777



Formal analysis (bis)

e System of nonlinear, coupled ODE's, of the form,

t
8tu5 — AUg + B <—, ’U,g) .
g

— provided B(r,.) possesses some ergodicity in 7, should go to
Oru = Au + Bav (u) ,

1 /T
Bav (u) 1= T”—>moo 7 Jo B(r,u) dr.

e In our case, B(r,.) has countably many frequencies
— B is almost-periodic, hence ergodic, and, formally

¢I€) — pr(t, 33)7
with : i@tqbp = H;chp ‘|‘ Z 1[Eq — by ‘I‘ Es — Ep — O] <XqX7’a XSXP>¢C] ¢’F qu)

q7’r78

T
<l[Eq — Er+Es— E,=0] = %me%/o exp (+ir[Ey — Er + Es — Ep)) d7> .



Difficulties

e control of the coefficients

<XQXT7 XsXp>

and of the series

Z <XC]X7“7 XSXp> T

q7,r78

— out of reach even in the case H, = harmonic oscillator !

e control of the small denominators
1[Eq—ET—|—E3—Ep7£O]

1 (T
— ex 1m(Eg — B Es — FE dr ~
— | exp (+ir(Ey — By + i~ By)) dr SRy iy o4

— out of reach in general (the Ej,’s are arbitrary).



How to make the analysis rigorous

1- Assume Weé(t =0) = ¢g(t = 0,2) X xo(2) (lowest energy).
Then, energy estimate provides, for any time ¢,
We(t) = g(t,z) X xo(z)+ small.

All the above systems are then scalar!
(Ben Abdallah-Méhats, Ben Abdallah-Méhats-Schmeiser-Weishaupl, see
also Ben Abdallah-Méhats-Pinaud).

2- Formally truncate the system for finitely many modes (Bao-Markowich-
Schmeiser-Weishaupl).

3- In this talk :
we provide a clean procedure to tackle the general case.
we also justify the formal truncated problems studied previously.

Key idea :
avoid projecting the equations,
exploit almost-periodicity.



A clean procedure

1- Define

H
DE(t, x,z) = exp (—I—it—z) (VA
£

We have

H H 2 H
10, P = H,dE + exp (—I—z’t—z> F <|exp (—I—z’t—z> P ) exp (—I—z’t—z> PE.
g E E

In other words

t
i0;P° = Hy®° 4 G (—, ¢€),
S

where,

G (,u) = exp (+itHz) F (|exp (—iTHz) ul®) exp (=it Hz) u.



A clean procedure (bis)

2- Observe that for any ¢ > 0,
¢ ¢
IWe 2, [Hz Vo2, |1HZ WE 2,

are bounded, uniformly in «.
H
This is because H, and H. commute with H, + —~.
g

Similar bounds for ®¢.

— Define the Sobolev space

Bgz{uELQ S.t. Hﬁ/zuELQ, Hﬁ/QuELQ}.



A clean procedure (ter)

Main result| B, is an algebra, whenever ¢ > 3/2.
The By norm identifies with

lal| e + 1V (@) 20| 12 + [[Ve(2)2ul ;2

For any given u € By, the function

7 +— G(r,u) = exp (+itH;) F <|exp (—iTH) u|2) exp (—iTH3) u.

is almost periodic, with values in By.

Corollary | ¢ goes to d, solution to

Zatcb — chb —|— Gav(cb),

where

1 [T
Gay (D) 1= T|Lm00?/O G(r, ) dr.



Comments

e [ his result allows to recover all known results.

e Also allows to recover the explicit value of Gy when at hand.

e One can project a posteriori the limiting equation and recover the
formal model obtained at the begining.

e Allows to circumvent the difficulties linked with small denominators
and with convergence of series }_ ., --- at once.

e Allows to describe how the various modes are switched on, starting from
an initial datum carrying given modes.

e Justifies the truncated problems, which are shown to converge towards
the untruncated ones as the truncation parameter goes to infinity.

e \Works exploiting a similar parallel with ODE's of the form

Orue = Aue + B(t/e,ue), in relation with the " ergodicity” of B :
Schochet, Métivier-Schochet, Grenier, Lannes, Bidégaray-Castella-Degond,
Castella-Goudon-Degond, ...



Idea of proof
14 / vy vy 2 ¢ 2 ¢
e H! resp. H! have ” symbol (g —|—V(a:)> resp. (g —I—Vc(z)) .

Since

(24+V@) ~ 4 V@' resp. (R4 V() ~ V()
we recover the equivalences :

2 /2 2
lull22 + | HY % ul 2,

~Jul|20 4+ [(=22) 2 w25 + |V (@) 2 w2,
and

2 /2 2
lull22 + | HY ? u)2,

~ J[ul25 + [[(=82) 72 |25 + ||Ve(2) 2 ul|2,.



Idea of proof (bis)

e Difficulty : define the notion of symbol, i.e. how to count powers of
€], |¢| AND powers of V(x), Vc(z).

Case when V, Vc = harmonic oscillators : Helffer.

General case : Weyl-Hormander calculus of Bony-Chemin, and recent
adaptations by Helffer-Nier.

Here : adaptation of Helffer-Nier.



Idea of proof (ter)
e wWhere does almost-periodicity come from 7

Idea :

given u, 7 +— exp(iTH;)u has countably many frequencies :
it actually is the uniform limit of trigonometric polynomials.

Next, for any smooth function f, the function 7 — f(exp(iTH;)u) has
countably many frequencies as well :
it is the uniform limit of trigonometric polynomials.



Idea of proof (last)

e Last argument : given a large T'(¢) < 1/e, introduce

t

i0;P° = Hyd° + G (—, c|>€) ,
S

0P = Hyp® + Gay (D),

__ ot
104 P = Hpy P + Ge (—, CD€> :

g
where
Gav (®) = lim l/TG(T,cb)dT, @Z(f,iﬁé) -1 M9, (f+7, ?6?) dr.
T—oo T JO £ T(e)Jo €
Then,

G —G: ~eT(e) ("integration by parts”)

—~ 6(e)
Ge — Gay ~
§ v eT(¢e)

— chose T'(e) = +/d6(e)/e.

(Ideas borrowed from the ODE context : Sanders-Verhulst, Lochak-Meunier,

D)

(6(¢) — O due to the definition of Gav).



