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Re
ent approa
hes to variable sele
tion
(a) Raftery and Dean (2006)
(b) Tyler et al. (2009)(
) Hui and Lindsay (2010)
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Milligan 1980, Fowlkes, Gnanadesikan, and Kettenring 1988:
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Model for irrelevan
e (redundan
y and noise)John et al. 1994, Koller and Sahami 1996:Let F, E ⊆ 1 . .D be disjoint subsets of variables,
L(i) = ℓi label of obje
t i ∈ 1 . . n.
(a) The subset E is irrelevant w.r.t. F if L is 
onditionally independent of XEgiven XF , that is, P -a.s for all j,

P [L = j |XF , XE] = P [L = j |XF ].(b) The subset E is irrelevant if it is irrelevant w.r.t. its 
omplement.
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The subset F ⊆ 1 . .D of variables is 
alled stru
tural if no subset ∅ 6= C ⊆ F isirrelevant w.r.t. F \ C.
Theorem. (Gallegos & R. 2015)�Let the real random variables Xi, i ∈ 1 . .D, have a stri
tly positive and
ontinuous joint Lebesgue density f(X1,...,XD). There exists exa
tly one stru
turalsubset F ⊆ 1 . .D with irrelevant 
omplement.�
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Assume ∅ 6= F ⊂ 1 . .D, E = ∁F, x = (xF , xE) ⇒ f(x) = f(xE | xF ) · f(xF )

X(j) = (X
(j)
F , X

(j)
E ) ∼ Nmj ,Vj

normal ⇒

f(xE | xF ) ∼ X
(j)
E | xF = mj,E|F + Gj,E|F xF + U

(j)
E|F , U

(j)
E|F ∼ N0,Vj,E|F

Theorem.(a) If is a normal mixture, 
ovarian
e matrix invertible, then thefollowing statements are equivalent.(i) The subset is irrelevant w.r.t. ;(ii) the parameters , , and do not depend on .(b) In this 
ase, these 
ommon parameters have the representations(iii) ;(iv) ;(v) .
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Assume ∅ 6= F ⊂ 1 . .D, E = ∁F, x = (xF , xE) ⇒ f(x) = f(xE | xF ) · f(xF )

X(j) = (X
(j)
F , X

(j)
E ) ∼ Nmj ,Vj

normal ⇒

f(xE | xF ) ∼ X
(j)
E | xF = mj,E|F + Gj,E|F xF + U

(j)
E|F , U

(j)
E|F ∼ N0,Vj,E|FTheorem.(a) If X is a normal mixture, 
ovarian
e matrix VXF invertible, then thefollowing statements are equivalent.(i) The subset E is irrelevant w.r.t. F ;(ii) the parameters Gj,E|F , mj,E|F , and Vj,E|F do not depend on j.(b) In this 
ase, these 
ommon parameters have the representations(iii) GE|F = Cov(XE, XF )(VXF )−1;(iv) mE|F = mE − GE|F mF ;(v) VE|F = VE − GE|F Cov(XF , XE).
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(a) Determinant 
riterion (Symons 1981)
1
2

g
∑

j=1

nj(ℓ) log detSj(ℓ) + nH
(n1(ℓ)

n
, . . . ,

ng(ℓ)

n

)

entropy H(p1, . . . , pg) = −
∑

j

pj log pj

(b) �k-Parameters algorithm� (S
hroeder (1976)Alternate (normal) parameter estimation and Bayesian dis
riminant analysis(assignment) until stationarity.
(
) Spe
ial 
ase: Ward's sum-of-squares 
riterion (1963), �k-means�.
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Multiple solutions  Random starts
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(a) Model g
∑

j=1

∑

i:ℓi=j

log Nmj ,Vj
(xi,F ) − nH

(n1(ℓ)
n

, . . . ,
ng(ℓ)

n

)

+
∑

i

log NmE|F ,VE|F
(xi,E − GE|F xi,F ).Parameter mj , Vj , mE|F , VE|F , GE|F , F

(b) Determinant 
riterion with sele
tion
s
atter matrix of 
luster , residual s
atter matrix
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(a) Model g
∑

j=1

∑

i:ℓi=j

log Nmj ,Vj
(xi,F ) − nH

(n1(ℓ)
n

, . . . ,
ng(ℓ)

n

)

+
∑

i

log NmE|F ,VE|F
(xi,E − GE|F xi,F ).Parameter mj , Vj , mE|F , VE|F , GE|F , F(b) Determinant 
riterion with sele
tion

1
2

g
∑

j=1

nj(ℓ) log detSj,F (ℓ) + nH
(n1(ℓ)

n
, . . . ,

ng(ℓ)
n

)

+ n
2 log detSE|F .

Sj,F (ℓ) s
atter matrix of 
luster j, SE|F residual s
atter matrix
det S = detSF · detSE|F ⇒ det SE|F ∼ −det SF

1
2

g
∑

j=1

nj(ℓ) log detSj,F (ℓ) + nH
(n1(ℓ)

n
, . . . ,

ng(ℓ)
n

)

− n
2 log detSF .

(

ℓ
(0), F (0)

)

−→
(

ℓ
(0), F (1)

)

−→
(

ℓ
(1), F (1)

)

−→ . . . .
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ℓ : 1 . . n → 1 . . g// Input: Subset F ⊆ 1 . .D, |F | = d, admissible ℓ, and value of the 
riterion.// Output: New quantities Fnew and ℓnew, with improved 
riterion or �stop.�1. (Estimation) Compute the sample mean ve
tors xj(ℓ) and s
atter matri
es
Sj(ℓ), 1 ≤ j ≤ g, and the total s
atter matrix S.2. (Sele
tion) Minimize

h(F ′) =

g
∑

j=1

nj(ℓ) log detSj,F ′(ℓ) − n log detSF ′ (≤ h(F ))

w.r.t. F ′, |F ′| = d. Denote the minimizer by Fnew.
Easily attained by sorting if variables independent!
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3. Use the quantities from step 1 to 
ompute the MLE's of the regressionparameters (G, m, V ) w.r.t. ℓ and the new subsets Fnew and Enew = ∁Fnew.Let
ui,j = log nj −

1
2 log detSj,Fnew(ℓ)

− 1
2(xi,Fnew − xj,Fnew(ℓ))⊤Sj,Fnew(ℓ)−1(xi,Fnew − xj,Fnew(ℓ))

− 1
2(xi,Enew − m − Gxi,F )⊤V −1(xi,Enew − m − Gxi,F ).

4. (Assignment and trimming) Compute an admissible assignment ℓnew using aredu
tion step based on the statisti
s ui,j .
5. (De
ision)If Fnew and ℓnew improve the 
riterion then return Fnew, ℓnew,else �stop�.
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