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p(x,y) c(3,2)
lattice A of size |[A| =L 'Ry
state space £y = {0,1,.}* . . |—0—|—§—3—3—|
X oy
n= (nx)g;ej\

conserved quantitiy Y (7)) Z Ne, Ern={n€EL:S.(n) =N}
zeEA

we consider IPS as CTMC with generator

LEm="Y_ r(nzy)(f0n"Y) = f(n))

z,yeA
Jump rates (1, z,y) = p(z,y) c(ne,ny) with c(k,])=0 < k=0

p irreducible and homogeneous Z (p(z,y) —ply,2)) =0, z€A
yeEA

[Spitzer (1970); Liggett (1985); Cocozza-Thivent (1985)]
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Zero-range process (ZRP) c¢(k,0) = g(k) = 1p~o(1 +0/k), b>0
condensation for b > 2

[Spitzer (1970); Andjel (1982); Drouffe, Godréche, Camia (1998); Evans (2000); Jeon, March, Pittel (2000)]
Inclusion process (IP) c¢(k () =Fk(d+/¢), d>0
multispecies Moran model with mutation rate d, condensation for d = d;, — 0

[Giarding, Kurchan, Redig (2007); G., Redig, Vafayi (2011,13); Bianchi, Dommers, Giardind (2017); Kim, Seo
(2021)]

Exchange-driven growth / Explosive condensation (EDG)
ek, 0)=k'(d+0), d>0,~v>0

condensation for v > 2 [Ben Naim, Krapivsky (2003); Waclaw, Evans (2012-15)]
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ZRP with g(k)=1+0b/k, b=4, p.=1/(b—2)=05, p=10
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hydrodynamics O(N, ANQ) [subcritical, Stamatakis (2015)]

stationary dynamics of condensate O(N'*?)
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canonical stationary measures 7,y on Er

spatially homogeneous 7 n(7,) = anl nrp N =n]=N/L xze€A
thermodynamic limit L. N =N, w00, N/L—p>0

single-site marginals assume that i, :=lim; v 77 N[, € ]

exists as a weak limit on M (Ny), i.e. 7 n(f) = p,(f) . f € Cp(No)
background density  p, == p,(n,) < p=Ilim; y N/L (Fatou's Lemma)

A spatially homogeneous IPS exhibits condensation with background density
py > 0, if p, exists and p, < p.

The IPS exhibits a condensation transition with critical density p. > 0,

=p, p<pe. (fluid state)

i i > .
if 1, exists for all p >0, and py { <o, 9> m (eendensed i)
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A finite fraction of mass concentrates on a vanishing volume fraction
(condensate/condensed phase).

The background/bulk phase has single-site marginal ,,.

weak convergence of single-site marginals implies in the limit lim g, oo limy,

condensed bulk/background
mass fraction 7 n(1.)= LN (NoLy,~ i) + Ton (21, <x)
—-p — P Pb — P
volume fraction 7, n(1) =7, n(1,,~x) + 7rn(1,),<K)
=1 —0 —1

Furthermore, TL,N (nwf(nzz:)) — oo and 7TL,N(77;I:/f(77:L')) — Kp (77:1:/f(7];1:)>
as L, N = oo, N/L — p for all f:Ny— R with f(n) — o0, n = o0
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T condeﬁsed 1 .

0oL phase | Phase separation for p > p.
T (p=pe)L )
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z
S 1 gk)=1+0b/k, b=4

10787‘ ‘ ‘ ‘ ‘ ‘ ‘7 p6:0.5’ p:N/L:2
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o Condensation is a phase transition with order parameter p;(p).

o No grand-canonical (Gibbs-)measures used for the definition,

characterized only through single-site marginals.

o Divergence of higher order moments, sometimes used as order parameter

{: 0, fluid state

O’Loan, Evans, Cates (1998
> 0, condensed state [07Loan, Evans, Cates (1998)]

1 .
e.g. N}iggp ZWL.,N('/;IZ;)

Po Po P

Pc Pc Pe
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Lfm) = > pl,y)emsn)(fn™") — f(n))
z,yeA
. c(l,k—1)  ¢(,0) c(1,k—1)
curl-free condition Chi=1) ei=1 ck0)
c(l,k—1)

{k =1} + {1} + {0} o {k} +0{l -1} + {0}

Z o . .
AN ) [Schlichting (2018)]
@\O{ QL%VQ ¢
(k=1 {- 1)+ (1)

and p(:ﬁ,y) :p(l/,l‘) or C(k7l) _C(lvk) :((]{0) _C(lﬂo)

A spatially homogeneous IPS as above has stationary product measures

vEldn) = [ —o~w(n)e™dn with w(n) = 11 W

2on 2(9) P

—

for all fugacities ¢ € Dy C [0,00) such that z(¢) := > w(n)¢™ < oo .

n>0

August 2, 2023
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Proof. y¢ (Lf) = Z Z (@, 9)e(nes ny) (F(0™) — Fn))vEn]

neEr xyel
change of variable for fixed z,y € A

S el m W0 = 3 clna+1m,~Dvbn®) £(n)

nekEyL nekr

=c(ny:na)ve ]

In general: Dy = [0, ¢¢) or [0, p.] where ¢, € [0, 00] is r.o.c. of z(¢)

Examples

o ZRP: g(k) =k (independent particles)

wn)=g", viln.=n]=1-¢/9)(¢/9)", Dye=10,9)

August 2, 2023
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Examples (with ¢. = 1)

o ZRP: g(k) = ]1k>0(1 +b/k)

n

w(n) = H

k=1

g(k L(b+1+n)

o EDG: c(k,l) =k7(d+17)

- o e we
Density R(¢) := 1/¢(Ua:)—2n, B =¢0slogz(p), ¢ € Dye

0 R(¢) = iogs2(¢), p=1loge chemical potential

© Oy s2(0) = vy(n7) — v4(n:)* >0

so log z(¢) is a strictly convex function of 1 = log ¢

o= R(p)Tonl0,¢.) . Also, R(¢p) 1 o0 if p. = o0

August 2, 2023

n!l'(b+ 1) b
Hk—&—bi ~T(b+1)n
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Examples (with ¢. = 1)
o ZRP: g(k) = ]1k>o(1 +b/k)

n

rL'F(b+1) b
w(n = ~T(b+1)n
w(n) = H H k+b T+ 1) (b+ 1)n

o EDG: c(k,l) = k"(d + l")

Sd+ (k—1)
kY

~n 7

ZRP w(n) ~n~"

Dye =[0,1), be0,1]
Dye=1[0,1], b>1
pe=R(1) <00, b>2

; pc=2

Pc="2
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F0) = £(1(0) = / Lf(n(s))ds + My (2)

with martingale (M (t) : ¢ > 0) with (predictable) quadratic variation
ot
M) = [ (er = 21L5) (n(s) s

o Lf(n)=0,meE <« (f(n(t)):t>0)isa martingale
o LIML L) =0,n€E & fn(t) = fn(0), t >0

and f : E — R is conserved (= g(f) conserved for any g : R — R)
@ vy is stationary on Ep, ¥, and thus 1g,  is conserved forany N >0

]1E1,.N

is stationary on Er, n, and by uniqueness we have
mon =vh |8, =N]| forany ¢ € Dy,
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o canonical ensemble {TI'L,N :L>1, N> 0}

o grand-canonical ensemble {uf L>1, g€ D,,C}

Specific relative entropy TN K V(f for all ¢ € Dy,

1 1
}LL,N(QS) = Z H(FL"N; I/(l%) = Z Z 7TL7N(T]) IOg

nekEr.n

7 N (n)
vg(n)

1
hr n(p) = 7 logué (XL = N]

[Csiszér, Korner (1981), Lewis et al (1994)]

inf hp n(0)= | inf {log z(¢p) — %bg ¢} f% log Z1, n— Sge(p) — sc(p)

¢€Dye ¢EDgy

entropy Sq.(N/L)

minimizer ¢ = ®(p) == {R d)c(”) ’ Z S gi as N/L — p

August 2, 2023
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o —_ Pc
0.00f
x -0.05}
g 2
T w —0.10F — sgc(p)
s 0 g L=256
N ‘§ -0.15}F T
2 — L=512
= -0.20F
— L=1024
‘ ‘ i ‘ -0.25}; ‘ ‘ ‘ ‘ 3
-2 -1 log ¢, 1 0.0 0.2 0.4 0.6 0.8 10

chemical potential y=log ¢

1
thermodynamic pressure Llim 7 log 2% (¢) = log 2(¢)
—00

convex function of log ¢ € R

gc entropy/free energy s,.(p) = log z(®(p)) — plog ®(p) concave
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Consider an IPS with grand-canonical ensemble {yqf} with ¢. € [0,00) and let
pe := R(¢.) € [0,00]. Then in the thermodynamic limit N/L — p

. R(@)=p, p<pec
hi n(¢) — 0 provided that { QE“Q %f’; ZZZé .

If p. < oo we have a condensation transition with p, = p..

Corollaries

o subadditivity of relative entropy: take A CC A [Csiszar (1984)]
H(rg nivs) < C|Ahp N (o)
o Pinsker’s inequality [Pinsker (1960)]
1 TN
drv (wfovd) = st (|2 = 1)) < 20 (xf yivB)

¢
Corollaries on weak convergence on F = NY
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Proof idea.

o local limit theorem [Davis, McDonald (1995)]
‘ 1 log L
hLvN(@):—zlogz/c%[ZL:N] ~ 8 —0
—_———
~1/VL

provided that R(¢) = p < p. (subcritical case)

o supercricital case: a simple large deviation estimate

1 1
hr n(pe) < 7 log Vf;:l [ZL,l = pC(Lfl)} -7 log y(}b {r}l =N — pc(Lfl)}
[Nagaev (1979); Doney (2001)]

° zqubc is subexponential since ¢. is maximal radius of convergence, i.e.

1 ;
—logvy [n=n] =0 as n—oo.
n ¢
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o power law w(n)~n"", p.<oo & b>2
e.g. ZRP with g(k) = 1,-o(1 +b/k)

or EDG with c(k,1) = k7(d +17)

3 \ pe(b)
4 \
2.5 \
2 b=1 pc=2 3r fluid \ condensed
R¢) 1.5 i p
/ 2r Pog=p Pog=p
1 b:25 &) g—Fc
0.5 o ,,«"/"/, pC:J/z 1t
B = — ]
0 02 04 06 08 1 0 ‘ ‘ ‘ ‘
¢ 0 1 2 3 4 5

o stretched exponential w(n) ~ ¢ " /0= 5 e (0,1)
e.g. ZRP with g(k) = L~o(1 +b/E7)
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Maximum M (7)) = max,ecp 7.

condition on its location 7, n = 7TL7N[.}7]1 = M|

Consider a condensing IPS with stationary product measures and w(n) ~ n=?,

b>2orw(n) ~e " 5 e (0,1). Then
dry (7?2\]3, Vé:l) —0 asN/L—p>p..

My, mon

In particular, A —= p—pe, and we have the CLT

My, — (N — p.L LY®=D "o <cb<3
L —( p“)”—”¥ Eb*1’2<b<.3, or ~ 4 vITogL , b=3
No,1 , otherwise

oL VL , otherwise

[Denisov, Dieker, Shneer (2008); Armendariz, Loulakis (2011)]
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IPS with w(n) ~n", b>2orw(n) ~ec " " ye(0,1)

condensation transition with critical density p. € (0, 00)

thermodynamic limit N/L — p. € (0,00) ,

excess mass N — p.L — o0

. ML
lim ————
Lo (N - L pc)
1, ,,,,,,,,,,,,,,,,
r=1
ve(0,1)
2y
1+y [
~ (N=Lpe)
Op=————————— ! lim
2 Loco AL

A is the critical scale for the excess mass.

August 2, 2023
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Assume w(n) ~n=% b>3andlet Ap=o0+/(b—3)LlogL . Then

0o , <1
M w ’ N —p.L
L X Be(p), if lim 2P~ 1
N =pel 1 £ >1

)

with p € (0,1) explicit, depending on im N — p.L — A, .

an'™

Assume w(n) ~ e~

0 5 <1
— — My, = Ty 13%/ Be(p), if t=1lim N—pL 1
— Pc a(t) , L >1

with p € (0,1) explicit, depending on lim N — p.L — Ay,

a(t) implicit, a(1) = 1%3; . a(t) Sflast— oo .

",v€(0,1) and let Ap =c,(¢2L)Y/ ) | Then

August 2, 2023
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Assume 0% = v} (12) < oo. If H= — 0 (subcritical regime)

TL N

sL
1
Xi=—2=% (.- %) =" BB,.
@Z :

If N—p.L > Ap and =L+ — k> 0 (supercritical regime)

[sL]
L. _ N—ap(N=pcL) "LN BB, 15D,
(s sz L )

n 1—a(t
where i, = n:1{n; < LV/1} and @ ~ A(0,1/(1 = 20500))

Fluctuations of the maximum switch from Fréchet (power-law)/ Gumbel
(stretched exponential) to Gaussian at N — p.L = Ap.
[Evans, Majumdar (2008); lyer, Das, Barma (2023)]
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stationary current/activity
1

canonical  jr.x =7 D, ple.y)mr (e ny)) = Crmr (. m))

z,yeA

1

grand-canonical  jq.(¢) = I Z p(:r,y)ui ((:(7},,;,7/3,)) = CLui(c(nhng))

z,yeA
equivalence of ensembles for bounded rates c¢(k, 1)

Jocl®) . R(6)=p < pc

jrn = jp) = {jgc(c*)c) , P> pe

recursion with initial condition Z; j, = w(k), k>0

N

ZL,N = Z Zm.,k’ZLfm,ka , meg {]—v .

k=0

Zrn-
ZRP g(k)w(k) =wk—-1) = jon= =ML
' ZL,N

as N/L —p

. L—1}

j.(](i((fb) - V;; (9(%)) =0

August 2, 2023
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fundamental diagram for ZRP with g(k) = 1> (1 +b/k7)

e [T g 0}

1]

I=

(O]

Sosk .

3J
o

0 1
Density p
n 7 (p—p.)L
. condensed

o n °

August 2, 2023
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ZRP with g(k) = 1y>1 (1 +0/k7) ,

Current j,

vy=05,b=4
pC ptrans(looo)
2 — : : : : : :
15 K
1 T P,
: L =100
: — L =200
: L =500
05 : — L =1000
: — L =2000
: — — Thermodynamic Limit
L I | L | L | L
% " 05 15 2

1
Density p

August 2, 2023
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L=1000,v=0.5,b=14
16— 71—

P

12 — Numerics
— - Fluid approx. ]
- — Current matching -
o Simulation
I | I | I | I | I | I | I
Jpc 0.4 0.5 0.6 0.7 0.8 0.9 l(pC
Density p

fluid approximation Ry (¢) := le) SN nw(n)e™ . ®x(p) € [0,00)

current matching Dn(py) =glm), pp= =2
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Finite-size scaling

Current switching
= 1000 =05,b=14

1000
-

<

200

160
15} ]
14 H
13
12

11

L | L
44406 450106

Current

‘ ! ‘
6.5e+06

|
6e+06

L | L
5.5e+06
Time, t

!
5e+06

7e+06
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P(t>t)

Distribution of switching times
L =1000, v =0.5,b=4
I

i T T \ ]
f — Exp[-1.04x10° ]| 1
01 ?
0.01 = e 3
| | | | | |
0'0010 1e+05 2e+05 t 3et+05 4e+05 5e+05
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0.05 T T T T T T T
| : é_.__ L =500, N =375 / : R
Homem L = 1000, N =750 /I B
0.04 L =2000, N = 1500 ,, 5 ]
L i[=--- L =3000, N =2250 [
0,03} N ‘ .
. “« ’ 8
_8) L \‘ /, I' |
a N Kot I
Sonf Ly b
f 7T TN
s . P
0-017 \ ,,I ‘,‘_/ \\ '| .
L A ~.. % - ‘\-’. 7
o — 7
| | | | | | i

1
rate function 7 logmp, n[ML =m] = Iy(peg) = sc(p) = 5c(pbg)
as N,Lm—oo, N/L—=p, =2 py
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ZRP with g(k) = 1,1 (1 +b/k7), ~v€(0,1),5>0

L,N,m — 00, N = p.L + 8pL/ ), m = LY (6p — 6pp)
7L(V71)/(1+A/) log WL,N[]\/[L = m] — I(g? ((5,0@)

with a rate function with a double-well structure:

I (5ppy) = %JFL((S — Oppg)' T — inf ﬁ+L(5 — )=
op \OPbg) = 202 1—x P OPbg re(0,0p) 02  1—7 &
provided 0%5,0@ < m where o2 = v} (2) — p? .

based on LLT for power law [Doney (2001)] , stretched exponential [Nagaev (1968)]
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EDG c(k, )=k (d+17),y>2,d>0 with w(n)~n""

rates ¢ are unbounded, converge only for p < p. or ¢ < ¢. =1

V;i( (c('r;_,,;,'r}y)) =00 and 7L N ((‘,(/I]:,;,/I}y» — oo for N/L — p > p,

J(p)=co for p=p,

1012

< 10°F H
o
=

1000 i 4

il ]

0.001 |- 5

0.0 05 1.0 L5 2.0
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IPS with stationary product measures and weights w(k!, k?) for two types

ZRP gy (k' k?) = 20 go(k k) = o)

canonical measures 7 n[dn]| = H w(n,)dn , N = (N1, N3)

ZL’N xEA
. L L um
grand-canonical measures v, [dn| = H 7(#)6 zw(m,)dn
zeA

with chemical potential p = (log ¢1,1og ¢2) € D,, C R? convex

domain of accessible densities D, = R(D,,) C (0,00)?

Equivalence of ensembles minimize over u € D,

N

1 1
hrN(p) := EH(WL,N;Vﬁ) = {10‘32(@ -7 IL} - zlogZL.N

inf lLim h — inf [logz(u) — p- ] — 5.
b lim hro(p) Hl€nDu[ ogz(p) — p- p] — sc(p)
If p & D, then we have boundary minimizer n = M(p) € 0D,,
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Bulk density p,(p) := R(M(p))

Phase diagram  A4; = {p € (0,00)%|pi(p) < p'}

PD = {D,, A\ A, Ay \ Ay, A N Ay}

For all p € (0,00)? , hn(M(p)) -0 asN/L—p.

IfpeA; and vi.[nt=kl~k" b>2 ask—oo, then
lmaux"4’7”‘—’1;1(»— ), asN/L—
I o8 Ny Pi = Pci) » p -

o thermodynamic formalism, convex analysis
o stationary product measures under curl-free condition on ZRP rates

[Evans, Hanney (2003); G, Spohn (2003)]
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SN
w(kh kg) ~ ky b <k1 - 2> , Wi, e <0 [Evans, Hanney (2003)]
1 35 -
0.5 3 Az\Al A}QAZ
25 i -
Y S S S SN (. :
2
M2 =05F P2
1.5
-1 D, e )
N 05
15 1 05 0 05 1 0 >

Hi

k2
_ (41/(kit+1) b _ 1
N = < 14-1/2:1 > (1 + ﬂ) 92 = 1+ 57
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2<b<3

05
0
-05
H2 i Dy
-15
215 -1 -05 0 05
H1
4
35
3 /\2\/\1
25
p2 2
15
1 D A1\Az
05 p
0O 05 1 15 2 25 3 3.
p1

Of=========---0

o
3

35

w

A2\Aq
25

p2 2
15 D,

05

P1
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w(ky, k) ~ k7°

(k‘l + 1)1”2

D, = {ple' + py =0}

ks
0.2 4
0
3 D,
~02
iy —04 022
-0.6 D,
~08 AinAs
Z14-12 -1 —08-06-04-02 0 o1 0 o2
H p1
e\ k
g1 = <l+1ku> (A+b/k1) 92 = 135
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ki + 1)k ko + 1)M
w(kl,k:g):kfb(1+ ) +k;b(2+ )
ko ky!
0 14
-0.2 12
-04 1
-0.6
12 _og p2 08

-12
-14

-14-12 -1 -0.8-0.6-0.4-0.2 0
H1

0.6
0.4
0.2

D,

A1NA2

0 02 04 06 08 1
P1
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Constrained-driven condensation

continuous variables m = (m, :z € A), m; >0

conserved quantities Y, (m Z me, P (m Z mP, p >0
TzEA zEA
1S, = NS = M
LN, Mm[dm] = {3z — » 2, } Hﬂf(m;l,-)
L,N,M fry

op=2,wm)=1, N=L, M =bL withb>2 [Rumpf (2004); Chatterjee (2017)]

My miwar
—_—
b-2)L

single condensate with 1 asL — x>

o p>1, wim)>»e ™, N/L = u, M/L — o> pu?
single condensate of order M ~ L'r
[Szavitz-Nossan, Evans, Majumdar (2014-16)]
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2/
@ (b) o=,
/
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7
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Pair-factorized stationary measures on A = Z/LZ

{3, =N
{Z[‘i} H WNeyNag1) , w(myn) =w(n,m)
L,N

zeA

TL,N [d?]} =

1My — 1,1y (Ne — 1, My
possible dynamics ¢(1 — ™" ) w(ne — 1,m—1) Wz — 1, 0a41)
W(N, Nx—1) WMy Nat1)

Example
(*] UJ(’I]I, T]J,Jrl) = exXp ( — .]|7]I — T]$+1‘ -+ % ((577‘”‘() + 677‘x‘+l=0)>
condensation for .J > U — log(e” — 1) with My ~ VL

o condensation transition with p, = p. derived heuristically

o shape of the condensate varies with w(m,n) from smooth to rectangular or
single-site
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[Evans, Hanney, Majumdar (2006); Waclaw, Sopik, Janke, Meyer-Ortmanns (2009)]
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Chipping model [Rajesh, Majumdar (2001)]
it =" ) (W) = f0)] + [f(n+nale, — ) = F)])
z,yEA
full clusters move with rate 1, loose a particle with chipping rate w > 0
Heuristic results for complete graph or regular lattice in any dimension d > 1:
Condensation transition with p. = \/w + 1 — 1 and a single condensate site

background density p; depends on p > p..

mass migration models [Fajfrova, Gobron, Saada (2016)]
Target process [Luck, Godréche (2007)]
b
£it) = 3 peptyso(l - — Vi) - s
fm) =" pla,y)Ly,>o e LF(™Y) — f(n)]

z,yeA
Rigorous condensation transition with p. = 1/(b — 2) for symmetric p(x,y).

For asymmetric dynamics in 1D only heuristic results.
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o Condensation on a fixed lattice

[Ferrari, Landim, Sisko (2007); Rafferty, Chleboun, G (2018)]

wn)~n7t b>1 =
Various results on dynamics (later)

o open boundary conditions ZRP

pair-factorized measures
o ZRP with N > L

o fluctuating system size L

]\[N(U) TL,N

— 1 as N — .

N

[Levine, Mukamel, Schiitz (2005)]

[Nagel, Meyer-Ortmanns, Janke (2015)]

[Xu (2020)]

[Godréche (2021)]
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R(9)

harmonic function )\, = Zp(r Y)Ay

(7]

(4]

R(0)

— R,

--R(©®)

NN

0= /A,

yeEA

ZRP with disordered rates
ZRP on networks

Inclusion process

interplay between disorder and attraction

=

wy(n) = N"w(n)

[Chleboun, G (2014)]

[Evans (1996); Andjel et al. (2000); Ferrari Sisko (2007)]

[Waclaw et al. (2007/08)...]

[G, Redig, Vafayi (2011)]

[G, Chleboun, Schiitz (2008); Godréche, Luck (2012); Mailler, Mérters, Ueltschi (2016)]
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Part | - Stationary results

e Size-dependent parameters

S. Grosskinsky (Augsburg) Condensation in IPS



Applications

Clustering in granular gases

[van der Meer, van der Weele, Lohse, Mikkelsen, Versluis (2001-02)]

stilton.tnw.utwente.nl/people/rene/clustering.html
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Applications

Clustering in granular gases

[van der Meer, van der Weele, Lohse, Mikkelsen, Versluis (2001-02)]

stilton.tnw.utwente.nl/people/rene/clustering.html

2 .
Model:  ZRP with g(k):C(%) e~ Ck/N [Eggers (1999)]

k
g(k) = N 6_1/(TO+A(1_k/N)) [Lipowski, Droz (2002), Coppex, Droz, Lipowski (2002)]

[To6rok (2005), van der Meer, Reimann, Lohse (2007)]
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Toy model

c>1 ifn<alL,

gr(n) == -
1 if n>al,
(IHb) pdyn(a)

condensed/fluid
(Ila) pe(a)
P
fluid/condensed (IT) _ -~ pota
pck="" fluid (T) 1 oo

[G., Schiitz (2008); Chleboun, G (2015)]

for n>1, g¢r(0)=0

hulk density

b
&

“oF

P prta pe’
p
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c " for n<alL

Stationary weights w(n) =
y & wi(n) {(;L“'LJ for n>al

Grand-canonical measures for ;1 < 0

1 : -
V{j’L[dn] = — 7 H wr,(ng)e!=dn  where zp(p) = Z wr,(n)e!™
A ]
. ]lEL.N
Canonical measures 7, y[dn| := H wr,(ng)dn

L,N zeA

—log(l —e*/c) if u <0,

Pressure p(p) = [131;0 log 2, (p) = {oo if u>0

Maximal gc density R(u) = d.p(p) = -2 =  R(0)=1/(c—1)

c—ekr

August 2, 2023
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Py P,
0
ool e—— o
—-P.
—Pp
0.1 — pzo | /
" i ,
: ! /
:‘% 02 — 5. (P) i //
— 5 ) ] ,
—= S [
03 == Spuia(PY) + Seong PP i / ‘
1 1+Loglc]
05 1 Ts . _/.,—-”"
P I
Entropy s.(p) = Stluid (1) if p<pe (fluid)
¢ o .
Sfiuid (Pp) + Scond(p — p»)  if p > p. (condensed)

sauid (p)= plog p — (1 + p)log(1 + p) + plogc,

1 mloge if m<a,
Scond(Tn) = Llim‘ Z log wL[nl — ]\[] — { g , s
M/Zin a log C ifm>a
(convex hull)
59/60

sge(p) = p*(p)

Grand-canonical entropy
August 2, 2023



In the thermodynamic limit L,N — oo, N/L — p we have
TL,N — Vp(p) and VflM(p) — Un(p) for p < ps,
TL,N — Vp(p) but Vﬁ]\,{(p) — vy for pp < p<pe,
TL,N — for p> pe,

where convergence holds in specific relative entropy.

We have a condensation transition with critical density p. characterized by

Sfluid (/0(:) = Scond (pc - Pb) + Sﬂuid(pb) P

and bulk density p, = R(0) = 14 (1.) = -5 < p. .

The limiting grand-canonical product measure is given by the marginals

V}l e =n] = (1 — 6“/(:) c et p<loge .

August 2, 2023
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Rate

function I,(m):

0.1+

-0.2

Entropy

—s. P
— S (P
== Spuia(P)
== Snuia(Py) + SeonaPP)

hulk density

1
lim —log Py, y|maxn, = M
N/L>p [, & L’A[ - l }
M/L—m
P
0.4F 1 !
1 |
H '
0.3t 1 !
! ]
p=p. | !
Ip(m) 0.2+ II I'
1 ['
/
0.1+ ’ J
J K4
A se St =125
N 00 02 04 06 08 10 12
1.5 m
F(E) o

he)
ES

F | FIC
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Part Il - Dynamic results

@ Metastability in condensing zero-range processes

© Mean-field rate equations

© Condensation in the Inclusion process

S. Grosskinsky (Augsburg) Condensation in IPS

August 2, 2023
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ZRP with g(k)=1+0b/k, b=4, p.=1/(b—2)=05, p=10

140 140
120 120
100 100
n 80 Nucleation 5 #0
60 60
40 o(1) 40
20 | 20
0 e ~ 0
0 25 50 75 100 125 150 0 25 50 75 100 125 150
X

X

0(1) i Coarsening

1000 400

800 300
n 60 Saturation ;

400 572 3

200 O(L%,L%) 100

) L ol

0 25 50 75 100 125 150 0 25 50 75 100 125 150
X X

hydrodynamics O(L, LQ) [subcritical, Stamatakis (2015)]

stationary dynamics of condensate O(L'*?)
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Stationary dynamics for ZRP (metastability)

[Beltran, Landim (2010,11,12,15)], [Landim (2014,2022), Seo (2019-2022)]
[Armenddriz, G., Loulakis (2017)], [Bovier, Neukirch (2014)]
Nucleation/Coarsening for ZRP

[Beltran, Jara, Landim (2017)], [G., Jatuviriyapornchai (2016,19)], [Armendariz, Beltrén, Cuesta, Jara (2023)]

Hydrodynamic limits for subcritical ZRP

[Stamatakis (2015)], [Stamatakis, Loulakis (2019)]

Inclusion process

[G., Redig, Vafayi (2013)], [Bianchi, Dommers, Giardind (2017)], [Carinci, Giardina, Redig (2019)],
[Ayala, Carinci, Redig (2019)], [Kim, Seo (2021)], [Kim, Sau (2023)]
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The setting
o Generator Lf(1) =3, . p(x,y)900:) [f(n™) — f(n)]

o reversible, translation invariant  p(z,y) = p(|y — z|) on (Z/LZ)?

. ILEL.N
canonical measures 7 n = H w(nz)

1 LN
o condensation ZML — p—pc, N/L—=p>p.€(0,0)

o metastability location of the condensate site
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Potential theoretic approach
[Bovier, Gayrard, Eckhoff, Klein (2001/02); [Bovier, den Hollander (2015)]. ..

Martingale approach [Beltran Landim (2010-15); Beltran, Seo (2019-22)

Trace process e metastable wells
&= {”Ix > N — p(’L —Qr, My < BLa Y # Cl?} ) &= UmEAgx

e ¢ is a Markov process on £ with rates

'rg(n,f) =r(n,&) + Z r(n, Q)P [Te = T¢]

Cen
. . SA
e invariant measure
pll=mon[-| €]
Y —o
e T N[ELn\E] K 1/L - .
rx —o —0
time=
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The ZRP with b > 21,as L,N - 00, N/L—p>p., A=7Z/LZ
exhibits metastability w.r.t. the rescaled condensate location

Z ]lgar 9Lt e T on the scale 6, = L110 .
mGA

For all initial conditions n € £° we have weakly on pathspace
(VE:t>0)= (Y;:t>0) with Yo=0,
where (Y; : t > 0) is a Lévy-type process on T with generator

n u) = . ! V) — u v
£fw =Koy [ s (50) = f@) o,

where  d(v,u) = [v—u|(1 — [v—u|) is the distance in T .

(1)

August 2, 2023
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o (Y :t>0)is tight on D([0,T],T)
o identify limit points (Y; : ¢ > 0) as solutions of the martingale problem
ot
f(Vi) — f(Yo) — | LYf(Y.)ds is a martingale .
Jo

Introduce auxiliary process £* on A with averaged rates

1
Mz, y) = iz Z pln] € (n,€),  and write
HET e,

[ (€750~ 0257 0 Y ) 01 ds =

J0

' /O t (L7708 = 0Lt f (V) )ds + 61 /0 t (£ = £5(F o YE) (0 (019)) ) ds

Q central Lemma: uniform bounds on exit rates from wells
@ Prove convergence of averaged dynamics £* to limit dynamics
@ Prove equilibration within wells / replacement by averaged dynamics

August 2, 2023
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m = 2° largest arrival rate for ZRP
z € A, couple (n,(t) : t > 0) with a growing system of BD chains ¢¥
indexed by the m-regular tree R,,

o At any time ¢, only m of the chains are coupled to 7,(t), and the rest are
evolving independently.

o Each chain ¢, has birth rate 1 and death rate g((,).

Arrival events for 1,,(t) are used only for one of the coupled chains
o Number of chains grows linearly with time
o maxy (¥(t) > n,(t) for all times ¢ > 0.

o control time spent outside £ via mixing on extended wells
— leads to choice of 3, = (LSlog” L)Y/(=1  (i.e. b > 6)

1

Uniform exit rate bound: sup €& <C—
I Z (/5)— leogZ(L)

neeEe cgee
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(1,1,1)
(1) =e— 5
Zx -~ 4.(1,1,2)
@1) 6x
5x a2
(12) «— 5x
{x -~

122
g2

r/‘;’ iy Tt
4(21)4/‘/ {x
Example for m = 2 > e e12
\(\x [(2,2,1)
L . . (22 -— 5
arrows — : identical copies G jean
coupled chains : red encircled e
. . . /k T 812
independent chains : in blue o \( \«/ azn
1,
(122)
& (
'
. * 4(21)4—/’ 4;211)
o generation n = 1 only two coupled o X T 212
& \ (2,2) -— 4((221)
. . . 67— 2o
o particle arrives at 2 (middle) " &
chains in 1st gen. turn independent a1y —— G
2 descendants get coupled & HE g
x— Z‘lZ)/l\((lz\
. . & : K‘:( )
o second particle arrives, etc. 1l e ARSI
SX

X
-~ 4(2,1,2)
X

((2) 6
5x 4v(2,2,1)
\ (2,2 «— 6x
O —

2,2,2
{2
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2 — Mean rates as capacities

1
plEM N (Ar, Ag) = plEM] ] > rMay) A Ay CA

TEA]
yEA2

= %(Cap(gAl,g\gA1> + Cap(SAz,g \ 8142) o cap(SAlUA2,5 \ gAlLJAg))

[Bovier, den Hollander, Metastability - a potential theoretic approach)

with cap(£41, £\ M) = inf <D(F)|F Epn =R, Flea=1, Flowga = o)

Dirichlet form D(F Z Z Z TN mgme) [F(n™*t") — F(n)]

TIGEL N TEA z=—1,1

0r, Cap(5A1’5\5A1) < K(b,p)(1+er) Z capy (z,v)
zeA

y¢A

O, cap(E4,E\EM) > K(b,p) (1 - €)Y capy(z,y)
zEA

y¢A
capacities of symmetric rw on A.

1
wher = —F—
ere cap, (7, 9) T—y iL_\m_yD
S. Grosskinsky (Augsburg) August 2, 2023 10/45



o Total exit rate from a well is ~ log L

o Upper and lower bounds for rates 7*(z,y) do not match
[Bovier, Neukirch (2014)]

o Coarse graining in A and Lipschitz test functions to regularize

LN ) = 3 T (Vo Vi) (f(m sy f(f;)) +o(1)

m

with |V;| =/ o aplog® L — 0o, L=LJL.

— leads to choice of aj = LY/?+5/2) - (h > 6)

@ matching bounds from capacity representation for r*(Vp, V;,,)

supE,]) /t (AT FYE) — 0,0 f(YSL))ds =0
J0O

neé
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Restricted process to a well by ignoring jumps outside, pu® = u[-|E7]
o bound on relaxation time t., mixing time ¢, ()

e S CLY and  tmi(€) < tralog (—— ) < CL7 log (1/¢)

€Mmin

o ergodic L? bound for functions with u*(h) =0, x € A

t
/ h(nf) du
0

[J. Beltran and C. Landim Martingale approach to metastability)

E, < odity D[] pr (h?), (2)

zeA

o Apply (2) + 1. + bounds on Y= ., 7*(x,y) from 2. to h = 7% — " to get

supE,, —0

ne&

ou [ (£4505) = 25 oY) (1)) s

Difficulties. exponential size vs. polynomial depth
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Toy model

Pe

c>1 ifn<al,
gr(n) == )
if n > al,
(IlIb) Pdyn(@)
condensed/fluid

(IITa)

pe(a)

pota

Po

for n>1,

bulk density

>

bS]
<

[G., Schiitz (2008); Chleboun, G (2015)]

91.(0)

=0

FE)

F

F/C

o

Py Pota

pe’

r
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(Ila) ™

Pdyn

Ptrans

Pe

(Immy) ™

Pdyn

Ptrans

Pe

metastable fluid
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Part Il - Dynamic results

© Mean-field rate equations

S. Grosskinsky (Augsburg) Condensation in IPS
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SPS with generator

Lim)= > plx,y)en.n,)(f(m™Y) — f(n))

r,yeA
Empirical measures Fk 7) Z Ok € [0,1]
IEA
Assume o

complete graph p(z,y) =1/(L—1)

o jump rates c(k, 1) < C1k(Cy +1)

o initial conditions 7]( ) such that FL(n(())) — f(0) on Ny
mo(0) = m1 (0 Z kfk(0)=p<oo, ma(0) < oo

and oy, as > 0 such that forall L > 1

1 1 .
n(0) € Q, = {7} : T Z Ny < O, 7 Z 'r}j < 042}

rEN TEN
— for example 7,,(0) ~ f(0) i.i.d. bounded

August 2, 2023
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Under above assumptions, for all k& € Ny the empirical processes

(FE(n(t)) : t = 0) converge weakly on path space to (f(t) : ¢t > 0) as L — oo,

which are given as the unique solution of the mean-field (rate) equation

D 1e0) =3 (elh + 1, D0 fr () + ell, b — 1) i

1>0

_ Z (c(k, 1) + c(l, k) fi(t) fu(t) forallk>0,

1>0

with initial condition f(0) given above.

1)

(MFE)

o In particular we show uniqueness of the solution to (MFE) for given f(0).

o Implies convergence of expectations,

FE@) = X [FE(0)] = 7 3 BH[ne(t) = K] = filt)

August 2, 2023
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Assume in addition symmetry of initial conditions, i.e.

the law of {77,,,(0) cx € A} is permutation invariant for each L > 1 .

Under the conditions of the Theorem and above, for any finite-dimensional
marginal with distinct z1,..., 2., € A, m > 1, we have for any T' > 0

(N2, (t) : t € [0,T]) converge to independent birth-death chains
with (non-linear) master equation (MFE) and generator
Lrh(k) = ar(®)[a(E+1) — Bk + Bi(t) (k1) — h(k)]
with rates  ak(t) =Y _c(lL.k)fi(t) and Bi(t) = c(k,D)fi(t) .

1>0 1>0

[Gartner (1988) WASEP; Rezakhanlou (1994) SSEP and ZRP, (1996) multi-type model .. .]
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Q existence of limits ¢ — f(t) via tightness
Q limits are solutions of (MFE)
@ uniqueness of solutions of (MFE)

Moments. m”(t) .= EX [Z k" FE(n } anfk

k>0 k>0

L—

m&(t)=1 and mbi(t)=mE0) = p.

Lemma. C > 0 such that m%(t) < (as + Ct)e“! forall t >0, L > 1,

using %EL [Ff(n(f))] == {EFkL(n(f))] and Gronwall .

August 2, 2023
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1. Tightness. For each bounded h : Ny — R the law of
t— H(n(t Z hi FE(n
k>0
on path space Dj )(R) is tight as L — oo.

Using a version of Aldous’ criterion, | >~ hi FiE(n)| < [|h]lo and Markov's
inequality we need to establish
lim sup sup sup EC [[H(n(t)) —H()|] -0 asd—07".
L—oo t<6 C€EQy
it

1td’s formula M, (t) := H(n(t)) — H(n(0)) — | LH(n(s))ds

ot
is a martingale with pred. QV  (M},)(t) = / [CH? — 2HLH](n(s))ds .
Jo

=3 [F ()Y el k=1)F () + Ffy ()Y elh+L D) - ()

E>0 1>1 1>0
—FE Y (el ) + el k))Fﬂn)} (1 4+1/L) + AL(n)
1>0

August 2, 2023
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EX[|H(n(t)) — H(n(0))]] < | /O EX[LH (n(s))|ds + B [(Mp)(t)].

——
(2)
(1)
with estimates
C
1) < t||h||oo<401a1 (a1 4+ C2) + f( t)e m)
C
(2) < t||h])%+ <4C1041 (a1 +C2) + f(l +1)e” >

Both vanish as t < § — 0 uniformly in L which implies tightness.

2. Estimate for (2) implies EL[(M),)(#)] — 0as L — oc forall t >0,

so the martingale vanishes and each limit solves a weak version of (MFE)

zi:hk ﬁ (/ zi:hk j()f

k>0 k>0
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3. Uniqueness of solutions of (MFE)
o moments M, (t) =3 ;50 k" fi(?)

mo(t) = mp(0) and my(t) =m1(0) = p are conserved.

Gronwall estimate  m% (1) < (oo + Ct)e“! forall t >0 .
o Consider f(t), f(t) with f(0) = f(0) € P(Np) and establish Gronwall for

0(t) == (k+1)|Ax(t)] where Ag(t):= filt) — fu(t) .
k>0
[Esenturk (2017), Schlichting (2018)], following classical proof [Ball, Penrose (1986)]

Future work.

o quantitativve propagation of chaos with uniform-in-time error bounds
o large deviations for -

o instantaneous gelation for EDG-model with v > 2
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For all & > 0 with By(t) =0 and f_1(t) = 0 we have

%fk(t) = ap—1(t) frm1(t) 4 Br1(t) frr1 (t) — (ow(t) + Be(t)) fr(t)
where ay(t) =350 c(l,k) fi(t) and  Bi(t) = D50 c(k, 1) filt) .
o moments My, (t) =3 ;50 k" fi(?)
mo(t) =me(0) =1 and mq(t) =m1(0) = p are conserved.

o stationary solutions: invariant product measures of SPS
exist if and only if (k) = c(k,0) c(L,)
cl+1,k—=1) ¢(1,k—1)c(l+1,0)
[Fajvrova, Gobron, Saada (2017)]

s 1 gtrei-1 - o
(= g vt =)= wme

w(k)

pick fugacity ¢ € [0, ¢.] to fix the density >, kf/ = p € [0, p.]
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o detailed balance c(k,l—D)w(k)w(l—1) = c(l,k—Dw()w(k—1), k1>1

@ so the relative entropy H(f|fP) = Z fr log fp
E>0

is a (non-negative) Lyapunov function with

d

Py = , Jefiza fe—1fi
O }% etk 1=y (o5 T i) <

where  ¥(a,b) = (a — b)(loga —logb) .

@ can be used to establish ergodicity, i.e. for p = m;(0)

0y = L7 pSpe (strong)
fPe, p>pc (weak with bdd. test functions)

[Schlichting (2018)]
o gradient flow structure L) = —K[fIDH(f|f*)
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Scaling ansatz for phase separated solution with m4(t) = p > p.
fu(t) = FPU%(t) + €h(ke,) ast — oo
with scale ¢, — 0 and scaling function h(u), u > 0, and h(u) — 0 as u — oo

We have fPU(¢) — f7< and Z keZh(ke) — / uh(u)du = p— p. .
k>0 Ju=0

ZRP with rates g(k) =1+ b/k, b=4, p. =1/2, p=10

001 03

—t=1000
—t=1000
025 —t=5000
0.008 ——=5000
—t=9000
—1=9000 02
—_ ——t=12000
—0.006 ——1=12000 =
= =
= Aols
n. T
0.004
0.1
0.002
005
0 — S
0 200 400 600 800 1000 0 1 2 3 4 ke 5 6 7 8 9
k t
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_—1/2 "y, u 9 /) 73 )
€=t , h (u)+(2 A+u>h(u)+(1 71,2)h(u) 0

[Godréche (2003); J., G. (2016); Godréche, Drouffe (2016)]

o BD t=1000
0.3r | « 8 BD t=9000 |
« ZRP t=1000
. = ZRP £=9000
0.25¢ ® ——Theory 7
o e o
— %
< ]
02 = 1
QU ° H n
< * a uh
=015t | &« & s ,
E i ”ﬂqﬂ"r K
= L]
0.1f ) %) i
.h
p=2 L=1024
0.05F " G b
0 L L L L L L L S
0 1 2 3 4 5 6 7 8
u =kt T
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Simulate m copies (Y}’ : t > 0) of the single-site BD chain with generator

LG = 3 (w009 [k + &) — G] + A0I[Glk — o) — G(K)])
1=1
with empirical rates a;(k) = - >"" ¢(k;, ki) and (k) analogously
Empirical measure  f;"( - idy xSt
with quantitative error bounds [Miclo, del Moral (2004); Rousset (2006)]
Problems

— G(k) :=>_I" | k; is a martingale with QV linear in time;
absorbing state k = 0 affects sampling at times of order m?

— decreasing volume fraction of condensed phase (poor statistics)
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Size-biased dynamics (X, :t > 0) on state space N
pie(t) =k frt)/p, k>1, use(MFE) to get

pr(t) = ap—1(E)pr-1(t) + Brr1(t) g prr (6)+ 2By (1)
— () + Be®) 52 ) pr () =20 p (1)
Ap1(t) = Ba(t) 5pa(t) — ar (t)pr () +o(£) L5 — By (1)p (1)

Whem.ﬂﬂf)::1‘*0§:kzlpkﬁ)/h

= BD chain with long-range jumps k — [ with rate w!ﬁq(t}

@ no additional conservation law
@ no absorbing state for m copies (X} : t > 0)
o fixed volume fraction of condensed phase

o mo(t) = E[n2(t)] is well approximated by L 3" | X}
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Part Il - Dynamic results

© Condensation in the Inclusion process

S. Grosskinsky (Augsburg) Condensation in IPS



Condensation in the inclusion

d=1

10

200 400 600 800 1000
X
d=1/L

1200 400 600 800 1000

process

d=1/VL

100
50

Nx

10

LI L

0

200 400 1000

X

600 800

1000
500

d=1/L?

600 800 1000

August 2, 2023

31/45



canonical measures are Dirichlet multinomials

]]-X I]
o n[dn] = ——= H w(ng)

ZL N zEA
where  w(n) = F,(,TJ(rdd)) ~dn?t and Z;y = 71;\(,],\{;2%))
order statistics = (), ---,nay) for neXpn
size-biased sample 7)== (1,(1).. ... 7o(1))

o(l) =x € A w.prob. e o(2) =y € A\ o(1) w.prob. "y

. 1.
partitions NneA:{(ql,sz,---)-qkZO.qu:l}

1
NﬁeV:{(qhqz,...):qlzqu...ZO:quzl}
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Condensation in IP

Asym ptOth behaViOUr [Jatuviriyapornchai, Chleboun, G (2

IP (mr,n)r,~ exhibits a CT with p. =0 as N/L — p,d = d;, — 0 and
o (M, Mk) N (0,...,0) for all fixed & > 1
o dL — oo d(j1,...,Tk) L iid. BExp(1/p) for all fixed k > 1
o dL >0 € 0,00): Lij—3GEM(0) or 47— PD(0)

o dLlog L — 0: complete condensation with N — 1)z, L0

020)]

Let Uy, Us,... ~ Beta(1,6) iidrvs on [0, 1] with PDF (1 — z)?~L.

A random partition V' = (V}, : k € N) € A is GEM(0) distributed if
V1:U1, ‘/2:(1—U1)U2, V3:(1—U1)(1—U2)U3,...

Then the order statistics V 5 V ~ PD(0) have Poisson-Dirichlet distribution.

[Kingman (1975), Griffiths (1980), Engen (1978), McCloskey (1965)]
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1 7
Consider a system with 7, x[dn] = Lxox () Hw n.)dn and
' Zr,N
zEA
o0

(A1) llwr, — w||sc — 0 where wlog Z wn)=1, w(0) >0,
n=0

and sup, |w(n —1)Aw(n)| >0 or w(0)=1, aswellas
(A2) lim lim sup [nwg(n)L — 6] =0.

J—00 L—00 > 7

As L, N — oo, N/L — p the system exhibits a condensation transition with
Z nw(n) € [0,00) and background density p. for p > p,. .
n=0

The condensed mass fraction « = a(p) = (p— p.)/p is distributed as

1
TLN [Nﬁ e } L, PDg.y(0) as L,N — 00, N/L = p > p, .
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Proof. PD(6) is the unique reversible distribution of split-merge dynamics on V

Gof(a) = Y aias |/ (Mija) - }MZqz[ F(Eradu- )

i#j
proven for 6 € [0, 1] [Zerner et al. (2004), Schramm (2005)]
Consider a discrete approximation [loffe, Téth (2020)]

N(q;—e

G0 f (@) 103 Lay.05 ¢ [f (Vi3 0) = £ (9)] + w5 P>l a2 > HE N gy |

1¢7

and show that gév*é —Ggas N — 00, e — 0 on Cy(V) and

(1G9 (k1)) ~ mwe (s (X 1)G3 1 ()| 0

as L,N — oo, N/L— p>0.
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GEM/PD regime for IP

dL — 0 € (0,00) :

L=2048, p=1
L=1024, p=2

10%L  L=2048, p=1

1050 L=1024, p=2 }d=0.5 { l

2 4 6 8 10 12 14

observe Ry(n)=1- + S0 7, then

o€ 0001f p=2 L=2048

S

0 10 20 30 40 50

9 k
(Ri)r.n — (m) as L, N — 0o, N/L — p, dL — 0 .

S. Grosskinsky (Augsburg)
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Intermediate regime for IP
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Generator Lf(17) = >, ,cn(uny + dene)(f(™) — f(n)) . ne€ELn

.. T 1
Empirical measure " := N 26;\771;(51/1, € My([0,1])

with  p7(h) = % anh(w/L) . heC(o,1])

zeA
1 & L
[,,U/n(h) - N Z Nz Ty {h(f/) - % } N an ; Z [ (L) B h(%)}
z,yeEA zEA yeEA

=0 7 (2Ah)
1
with mutation operator 2h(v) = 0/ [h(u) = h(v)]du
0
carré du champ  T'p7(h) = £p7 (h)? — 2p7 (h)£p7 (h) ~ 4 (7 (h*) — p7 (h)?)
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(u”(t) t> O) (e -t > 0) Fleming-Viot process which is a
measure-valued diffusion dp;(h) = p(Ah)dt + dMy(h)
with martingale M (h) with QV  [) Tpie(h)ds = 4 [} (j15(h?) — pg(h)?)ds

and Ah(v) = Hfol [h(u) = h(v)]du
[Ethier, Kurtz (1993)]

is equivalent to Poisson-Dirichlet diffusion (¢(t) : ¢t > 0) on V with generator
LPL)f Z (]:q] q, - qJ f(Q) - 9 Z Qi,@q,,v f(Q)
4,g=1 i=1
defined on a core 1, ¢9,¢3... with ¢, (q) =D, ¢ [Ethier, Kurtz (1981)]

The partition ¢(t) € V corresponds to the ordered atoms of ;.

[Griffiths, Ruggerio, Spand, Zhou (2021)]
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Generator  Lf(1n) =, cr(neny +don.) (f(7*) = f(n)) . neErLn

Empirical measure on mass space [ := Z [l dne € My([0,1])
TEA
pih) =3 %h(%) = X h(%) . heC(o,1])

zEA TeEA

state space £ = u()(V) € My ([0, 1])

The closure of (G, Dg) with
g H/I‘ hk Z (iL E ) hk /L H,u Z Ahk H,U/ m
k,l=1 m#k,l k=1 m#k
domain Dg = sub-algebra of C(E) generated by uu+— u(h), he C3([0,1])
generates a Feller process on E, where 7/(z) = (zh(z))l = h(z) + zh/'(2) and

Ah(z) = 2(1 — 2)h"(2) + (2 — (24 0)2) W' (2) + 6(h(0) — h(z)) .
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Let 47® 24 4o € E. Then for all p > 0as N/L — p, dyL — 0 >0

(u”m :t>0) 3)(;” 1t >0) on D([0,0), E)

where (1, : t > 0) is a measure-valued process with generator G.

Ah(z) = z(1 = 2)h"(2) + (2= (24 0)2) K (2) + 6(h(0) — h(z))
o measure-valued diffusion dp(h) = p(Ah)dt + dM(h)

o mass is conserved (h(z) = 1), &o describes mass below macro. scale

h(z) = = describes second moment of the mass partition

©

Let (Z; : t > 0) be the process on [0, 1] with generator A, then we have

the duality K, [1(h)] =E, [h(Z,)] forallt>0.

(7]

Equivalence to PD diffusion (q(t) it > O): (g 2t >0) ~ (/ﬂ“) it > 0)
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Empirical measure on mass scale p/d: i := Z %5(1@% € M4 ([0, 0))

FISIN

dlLEkI:[lM”(hk ZN" Ahy) H B (hm) +o(1) ,

m#k
where  Ah(z) = 2h""(2) + (2 — 2)h/(2) + (h(0) — h(2)), 2z € [0,00)

Let 17© 25 15 € M([0,00]). Then for all p > 0 as N/L — p, d L — oo
(pnt/del) ¢ > 0) 2@ :t>0)  on D([0, 00), M([0, 0]))

where (p; : t > 0) is a measure-valued process with generator

G H f(hy) = Zu (Ahg) H fi(hy) ,  hi € C3(]0,00]) N constants
k= m#k

August 2, 2023
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Measure-valued process dj L — oo
o deterministic process dji;(h) = [i,(Ah)dt and i, (h) = E,, [h(Z,)]
o Duality ji; = Law(Z;) with (Z; : t > 0) on [0,00) with generator A
o jig[dz] = f(t,2)dz, FPE O,f(t,2) = 20°f(t,z) + 20.f(t,2z), f(t,04+) =1

stationary distribution [; — Exp(1)
[Avrachenkov et al. (2013); De Marco (2011)]

o mass at co:  i¢[0,00) = 1 — (1 — [ig[0, 00))e ™"

time=0.01 time=0.1 time=0.5
10 10

z z z

jump diffusion A (histogram) , inclusion process £ (black)
N=L=1024,dy, =L7"? =g
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Future work extend this approach to ZRP and EDG

Collaborators

o Paul Chleboun (Warwick Statistics)

Simon Gabriel (Warwick Mathematics — Miinster)

Mim — Watthanan Jatuviriyapornchai (Mahidol University Bangkok)
Frank Redig (TU Delft)

Gunter Schiitz (FZ Jilich/Lissabon)

Herbert Spohn (TU Miinchen)

e 6 6 o o

Thank youl!

August 2, 2023 44 /45



Stationary dynamics for ZRP (metastability)
o L fixed, N — oo, p(x,y) reversible [Beltran, Landim (2010,11,12,15)]

Yy (7](t]\’1+l’)) —Y: RW on (subset of) A, rates o cap,(z,y)

L fixed, N — oo, p(z,y) asymmetric [Landim (2014), Seo (2018)]
o LN =00, N/L = p> pe, p(x,y) symmetric on rescaled torus C T
YE(n(tL'™")) =Y, Lévy-type on T [Armendariz, G., Loulakis (2017)]
[Bovier, Neukirch (2014)]
Nucleation/Coarsening for ZRP

o L fixed, N — oo, p(x,y) irreducible [Beltran, Jara, Landim (2017)]
[Armendariz, Beltran, Cuesta, Jara (2023)]

n(tN?)/N — X, absorbed diffusion on Ay,
Inclusion process

o Lfixed, N = 00, d=dy < 1/log N, time scale t/dy
Coarsening for p(z,y) symmetric, Ndy — oo [G., Redig, Vafayi (2013)]

Stat. dynamics with multiple scales [Bianchi, Dommers, Giardin (2017); Kim Seo (2021)]
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