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Introduction

These lecture notes were prepared for the Berlin Summer School on Applied Stochastic
Analysis, held in Berlin on 28–31 July 2026. They reproduce, with only minor editorial
additions, an article to appear in the Journal of Theoretical Probability; the corresponding
preprint is available at https://arxiv.org/abs/2601.12633.

Entropic optimal transport problems play an increasingly important role in machine
learning and generative modelling. In contrast with optimal transport maps which often have
limited applicability in high dimensions, Schrödinger bridges can be solved using the cele-
brated Sinkhorn’s algorithm, a.k.a. the iterative proportional fitting procedure. The stability
properties of Sinkhorn bridges when the number of iterations tends to infinity is a very active
research area in applied probability and machine learning. Traditional proofs of convergence
are mainly based on nonlinear versions of Perron-Frobenius theory and related Hilbert pro-
jective metric techniques, gradient descent, Bregman divergence techniques and Hamilton-
Jacobi-Bellman equations, including propagation of convexity profiles based on coupling
diffusions by reflection methods. The objective of this review article is to present, in a self-
contained manner, recently developed Sinkhorn/Gibbs-type semigroup analysis based upon
contraction coefficients and Lyapunov-type operator-theoretic techniques. These powerful,
off-the-shelf semigroup methods are based upon transportation cost inequalities (e.g. log-
Sobolev, Talagrand quadratic inequality, curvature estimates), φ-divergences, Kantorovich-
type criteria and Dobrushin contraction-type coefficients on weighted Banach spaces as well
as Wasserstein distances. This novel semigroup analysis allows one to unify and simplify
many arguments in the stability of Sinkhorn algorithm. It also yields new contraction esti-
mates w.r.t. generalized φ-entropies, as well as weighted total variation norms, Kantorovich
criteria and Wasserstein distances

These notes are addressed primarily to doctoral students and early-career researchers
in probability, statistics, and machine learning who wish to enter this area with a work-
ing, proof-oriented understanding of why and how Sinkhorn’s algorithm converges, rather
than a purely algorithmic acquaintance with it. We hope they will also be of use to more
experienced researchers looking for a unified reference to the semigroup approach.

We are grateful to the organisers of the Berlin Summer School on Applied Stochastic
Analysis for the invitation to lecture on this material, and to the participants for their ques-
tions and comments, which have helped clarify several points in the exposition. Remaining
errors and imprecisions are, of course, our own.
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1 Entropic optimal transport

1.1 Schrödinger and Sinkhorn bridges

Let µ and η be two probability measures on measurable spaces X and Y and let Πpµ, ηq
be the set of couplings of µ and η on the product space pX ˆ Yq, with prescribed first and
second coordinate marginals pµ, ηq. The (static) Schrödinger bridge Pµ,η from µ to η with
respect to a reference probability measure P on pXˆ Yq is defined by the bridge map

P ÞÑ Pµ,η :“ arg min
Q PΠpµ,ηq

HpQ|P q with HpQ|P q :“

ż

log
´

dQ
dP

¯

dQ (1.1)

where dQ{dP the Radon-Nikodym derivative of Q with respect to P .
The bridge map P ÞÑ Pµ,η is well defined as soon as HpQ|P q ă 8 for some Q P Πpµ, ηq,

see for instance, the seminal article by Csiszár [39], [97, Section 6] and the survey article
by Léonard [87] including the references therein. In contrast with conventional optimal
transport maps, with limited applicability in high dimensions, Schrödinger bridges (1.1)
can be solved using the celebrated Sinkhorn’s algorithm, a.k.a. iterative proportional fitting
procedure or bi-proportional fitting in the statistics literature [40, 71, 72, 110, 111, 112],
as well as the relative state attraction and matrix scaling [65, 80, 108, 109] approaches
in computer sciences. These ideas provide a concrete roadmap to solve optimal transport
problems and, as mentioned, detail numerous applications in computer science and statistics.

Different communities adopt distinct perspectives on the Sinkhorn algorithm. One com-
mon approach formulates Sinkhorn bridges as a sequence of transport plans on the product
space pXˆYq, parameterized by dual potential functions on X and Y. These potentials sat-
isfy a nonlinear system of log-integral equations equivalent to Bregman’s iterative projection
scheme for relative entropy minimization. The resulting alternating projection procedure
admits an interpretation in terms of successive entropic half-bridge projections. Other for-
mulations rely instead on continuous-time generative forward-backward diffusion models.
To facilitate communication between fields, a concise overview of the principal formulations
arising in applied probability, optimal control, and machine learning is provided in Sections 2
and 4.

To minimize the technical exposition in the introduction, we adopt a more direct and
elementary approach based on conjugate Markov transitions (i.e., backward transitions and
Bayes’ rule). This more conventional probabilistic framework streamlines the description
and highlights the connection between the convergence analysis of the Sinkhorn algorithm
and classical stability techniques for time-inhomogeneous Markov processes [60, 103, 104,
105, 106]; see also [9, 48] for related developments in the setting of time-varying positive
semigroups. The present article further provides a self-contained treatment of new stabil-
ity results derived from Markov semigroup contraction coefficients, log-Sobolev inequalities,
Lyapunov-type operator-theoretic methods, and Riccati matrix differential equations re-
cently introduced in [3, 4, 49].

We now briefly outline the basic principles of the algorithm in terms of conjugate tran-
sitions; Section 2.3 presents a more detailed summary. Given a Markov transition Kpx, dyq
from X into Y we set

pµKqpdyq :“

ż

X
µpdxqKpx, dyq and pµˆKqpdpx, yqq :“ µpdxqKpx, dyq. (1.2)
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Given a probability measure Rpdpy, xqq on pYˆXq, we denote by R5 the probability measure
on pXˆ Yq defined by

R5pdpx, yqq :“ Rpdpy, xqq.

Observe that

P :“ µˆK ùñ P “ Pµ,µK P Πpµ, µKq and pPµ,ηq
5 “ P 5η,µ :“ pP 5qη,µ. (1.3)

The Sinkhorn iterations are defined sequentially for any n ě 0 by a collection of probability
distributions Pn on the product space pXˆ Yq denoted by

P2n “ µˆK2n and P2n`1 “ pη ˆK2n`1q
5 (1.4)

starting from a reference measure of the form P0 “ P :“ pµˆKq at rank n “ 0. For n ě 1,
the Markov transitions Kn in (1.4) are defined sequentially by the conditioning Bayes-type
formulae

$

&

%

pπ2n ˆK2n`1q
5 “ µˆK2n and π2n`1 ˆK2pn`1q “ pη ˆK2n`1q

5

with the distributions π2n :“ µK2n and π2n`1 :“ ηK2n`1.

(1.5)

Equivalently, for absolutely continuous models, with some abusive notation we have

P2npdpx, yqq :“ µpdxq K2npx, dyq “ π2npdyq K2n`1py, dxq (1.6)

with the distribution

π2npdyq “ pµK2nqpdyq and K2n`1py, dxq :“
µpdxq K2npx, dyq

pµK2nqpdyq
.

Similarly, replacing in the r.h.s. of (1.6) the distribution π2n by η we set

P2n`1pdpx, yqq :“ ηpdyq K2n`1py, dxq “ π2n`1pdxq K2pn`1qpx, dyq (1.7)

with the distribution

π2n`1pdxq “ pηK2n`1qpdxq and K2pn`1qpx, dyq :“
ηpdyq K2n`1py, dxq

pηK2n`1qpdxq
.

When n Ñ 8, the marginal measures pπ2n`1, π2nq converge towards pµ, ηq and Sinkhorn
bridges Pn converge towards the Schrödinger bridge Pµ,η. In a mode of convergence that
we define later, one has

pπ2n`1, π2nq ÝÑnÑ8 pµ, ηq and Pn ÝÑnÑ8 Pµ,η.

The limiting properties as n grows are what we call, loosely, stability and this term also
includes rates of convergence.
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1.2 Sinkhorn semigroups

For finite state spaces, the Sinkhorn algorithm is a well known simple procedure that repeat-
edly applies column and row normalization on matrix spaces [56, 68, 85, 111, 112]. In prob-
lems of low-to-moderate dimension, whilst the recursions can be computed with ease, it is
challenging to obtain explicit rates of convergence. For Gaussian models, Sinkhorn equations
can also be solved analytically using sequential Bayes conjugacy principles [3, 35, 36, 37, 83].
As expected, this recursive formulation is closely related to the Kalman filter and related
Riccati matrix difference equations, and it yields algorithms that can be implemented in
practical settings without further approximations. A self contained analysis of Schrödinger
bridges and the stability properties of Sinkhorn bridges for a general class of linear-Gaussian
models is provided in Section 5.4. It is noted that in this Gaussian setting, the stability of
the recursions is related to the stability of the Riccati equation; this concept is made con-
crete later in the article. In more general situations, while Sinkhorn iterations as presented
in (1.5) may look appealing and easy to implement, one should note that they are based
on nonlinear conditional/conjugate transformations with generally no finite-dimensional re-
cursive solutions and, therefore, they do not lead to a practical algorithm. In this context,
stability analysis of Sinkhorn bridges is crucial in the convergence analysis of any numeri-
cal approximations, including time discretization of diffusion bridges, neural networks and
related score matching approximation techniques [23, 24, 41, 42, 113, 114, 115].

As underlined in [3], the key observation is that Sinkhorn semigroups belong to the class
of time varying Markov processes. Indeed, integrating (1.5) we check the collection of fixed
point equations

µ “ π2nK2n`1 “ µS2n`1 and η “ π2n`1K2pn`1q “ ηS2pn`1q (1.8)

with the forward-backward Markov transitions

S2n`1 :“ K2nK2n`1 and S2pn`1q :“ K2n`1K2pn`1q

ùñ π2n´1S2n`1 “ π2n`1 and π2nS2pn`1q “ π2pn`1q

(1.9)

where the product of transitions KnKn`1 is a shorthand notation for the composition
Kn ˝ Kn`1 of the right or left-action operators defined respectively in (1.11) (operation
on functions) and in (1.2). In view of the fixed point equations (1.8) along with (1.9), when
n Ñ 8, we expect Sinkhorn distributions π2n to converge towards η while π2n`1 converge
towards µ.

A schematic picture of the time varying forward-backward semigroup of the distribution
flow π2n is given below:

µ π0 π2 . . . π2n

K2n

K2

K0

K1

K3

K2n`1
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Note that the product S2n`1 “ K2nK2n`1 can be interpreted as the 2-block Gibbs transition
with target measure P2n on pXˆYq. The transition K2npx, dyq is the P2n-distribution of the
coordinate y given x; while K2n`1py, dxq is the P2n-distribution of the coordinate x given y.

In addition, whenever the sequence of entropies of Sinkhorn distributions (1.9) w.r.t. the
fixed point measures (1.8) are summable we have

HpPµ,η|P2nq “
ÿ

lěn

rHpη|π2lq `Hpµ|π2l`1qs ðñ lim
nÑ8

HpPµ,η|P2nq “ 0. (1.10)

Informally, under some conditions, in Theorem 5.2 we see the exponential decays of the
marginals. Formally, a detailed proof of the above assertion is provided in Section 4.5,
see also Proposition 4.1 for equivalent conditions. This crucial observation shows that the
convergence of Sinkhorn bridges is exactly characterized by the convergence of Sinkhorn
semigroups toward their limiting distributions.

As shown in (1.8) and (1.9) Sinkhorn transition semigroups Sn belong to the class of
time varying Markov processes sharing a common invariant target measure at each individ-
ual step. These classes of time varying Markov semigroups arise in a variety of areas in
applied mathematics including nonlinear filtering, physics and molecular chemistry; see for
instance [9, 45, 52, 48, 103, 104, 105, 106] and references therein. The stability analysis of
time inhomogenous Markov processes is a broad and notoriously difficult subject, far more
challenging than their time homogeneous counterparts; this is because the operators may
drastically change during the semigroup evolution. The articles [60, 103, 104, 105] pro-
vide several useful probabilistic and analytical tools, including coupling methods, spectral
analysis as well as functional inequalities such as Nash or log-Sobolev inequalities. Neverthe-
less, Sinkhorn semigroups are defined sequentially by nonlinear conjugate transformations
and hence the application of these refined analytical techniques in this context is rather
challenging.

The nonlinear Sinkhorn/Gibb-type semigroup approach taken in this article differs sig-
nificantly from the conventional approaches developed in the optimal transport literature;
this is discussed in some detail in Section 1.3. This novel framework allows one to unify and
simplify many arguments in the stability of Sinkhorn bridges, as well as to improve upon
some existing results. We shall survey, in a self contained manner, some powerful off-the-
shelf semigroup techniques recently developed in the series of articles [3, 4, 49], themselves
based on the contraction operator-theoretic analysis developed in [9, 48, 52, 53, 51, 54]. The
approaches that we focus upon are:

• Transportation cost inequalities including local log-Sobolev and Talagrand quadratic
cost inequalities as well as Fisher-Lipschitz-type inqualities and a novel entropic sta-
bility theorem.

• An operator-theoretic framework based on contraction coefficients, including Lya-
punov methodologies on Weighted Banach spaces, Kantorovich criteria and Wasser-
stein distances. This approach allows one to transfer what is known about Markov
chains to the context of Sinkhorn semigroups.

In the context of Sinkhorn and Schrödinger bridges, the article [49] presents a semigroup
approach combining transportation cost inequalities including log-Sobolev and Talagrand
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quadratic inequalities with the theory of Riccati matrix difference equations arising in fil-
tering and optimal control theory. In the present article, we illustrate these inequalities in
the context of log-concave-at-infinity models. Other types of models, such as sub-Gaussian
or log-concave, are discussed in [49]. The analysis of marginal models with lower/upper
bounded curvature is closely related to Gaussian models. Using Brascamp-Lieb and Cramer-
Rao inequalities, the analysis of these strongly convex models also relies on discrete time
algebraic Riccati equations (see for instance Appendix D in [49] and Section 5.5.4 in the
present article). When applied to the stability of Sinkhorn semigroups, they also yield a
series of novel contraction estimates in terms of fixed point of Riccati equations. As men-
tioned above, a detailed analysis of Sinkhorn bridges for linear-Gaussian models is presented
in [3], including finite-dimensional recursive formulation of the Sinkhorn algorithm and sharp
convergence rates in terms of Riccati matrix difference equations.

The article [4] introduces an operator-theoretic framework yielding new exponential de-
cays of Sinkhorn iterates towards Schrödinger bridges with respect to general classes of φ-
divergences and Kantorovich-type criteria, including the relative entropy, squared Hellinger
integrals, α-divergences, Lp-norms, Havrda-Charvat entropies, Jensen-Shannon divergence,
as well as Jeffreys and Rényi divergences. [4] also develops a novel Lyapunov contraction
approach under minimal regularity conditions. This methodology provides quantitative
exponential stability estimates for a large class of Sinkhorn semigroups on weighted Ba-
nach spaces. Contraction estimates are expressed in terms of Kantorovich semi-distances,
Wasserstein distances as well as Dobrushin-type contraction coefficients and weighted total
variation norms. This novel Lyapunov methodology is applied to a variety of situations,
ranging from polynomial growth potentials and heavy tailed marginals on general normed
spaces, to more sophisticated boundary state space models, including semi-circle transitions,
Beta, Weibull, exponential marginals as well as semi-compact models. This approach also
allows one to consider statistical finite mixture of the above models, including kernel-type
density estimators of complex data distributions arising in generative modeling.

As a result of the methods we consider, in this article, we can often obtain quantitative
and refined estimates. A precise description of the convergence rates and estimation con-
stants are provided in the series of articles [3, 4, 9, 49]. We remark that the articles [3, 4, 49]
are partly based on well-established techniques in Riccati difference equations and in the sta-
bility theory of Markov semigroups. The exponential stability of Sinkhorn bridges in [3, 49]
rely on the stability analysis of Riccati matrix difference equations presented in [47]. The
contraction properties of Sinkhorn semigroups presented in [4] combine the contraction
analysis of Markov semigroups developed in [52, 53] with the Lyapunov operator theoretic
framework on weighted Banach spaces presented in [48, 54], and further developed in the
articles [9, 51]. In the context of time-homogeneous models, we also refer to the pioneering
articles by Hasminskii [77] and Meyn and Tweedie [91], see also the book [92] and the more
recent seminal article by Hairer and J. C. Mattingly [76].

1.3 Literature review

The stability properties of Schrödinger and Sinkhorn bridges when the number of iterations
tends to8 is a very active research area in applied probability and machine learning. Most of
the literature on the exponential convergence of Sinkhorn equations is concerned with finite
state spaces [17, 66, 111, 112, 116] as well as compact state spaces or bounded cost functions
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using nonlinear versions of Perron-Frobenius theory [18, 80] and related Hilbert projective
metrics techniques [26, 43, 69, 57], based on the seminal article by Birkhoff [15]. See also [75]
for a refined analysis of Sinkhorn iterates and their gradient on the d-dimensional torus as
well as the more recent article [30] on compact spaces and bounded cost functions.

Sublinear rates have been developed in the articles [5, 22, 61]. Linear rates on non-
necessarily compact spaces were first obtained by Léger in [86] using elegant gradient descent
and Bregman divergence techniques (see also the recent articles [42, 84]). Refined conver-
gence rates at least one order faster for a general class of models including sub-Gaussian
target marginals has also been developed in [73] under some exponential moments estimates
on Schrödinger potentials.

The first exponential stability analysis of unbounded models and not necessarily com-
pactly supported marginals is presented in the article [34]. In this study, the authors in-
vestigate quantitative contraction rates for target marginal distributions with an asymp-
totically positive log-concavity profile and quadratic symmetric cost functions associated
with a sufficiently large regularization parameter. The approach taken in [34] relies on well
known links between gradient and Hessian of Sinkhorn and Schrödinger potentials along
Hamilton-Jacobi-Bellman equations with conditional expectations and covariances [28, 100],
see also [50]. The main conditions in [34] are expressed in terms of the integrated convex-
ity profiles of marginal potentials. Extending ideas from [33] the proofs are based on the
propagation of these convexity profiles based on coupling diffusion by reflection techniques
introduced in [62]. The exponential entropic decays presented in [34] were further devel-
oped and recently refined in [29] to apply to all values of the regularization parameter and
some classes of perturbation of log-concave models. However this stability approach requires
one to estimate the semi-concavity properties of generally unknown dual Schrödinger bridge
transitions and it only applies to entropically regularized transport problems with symmetric
quadratic-type costs. Thus, this framework excludes the important cases when the reference
transition is associated with linear Gaussian transitions arising in Ornstein-Uhlenbeck-type
diffusion generative models and denoising diffusions.

The article [63] is also based on an extension of Hilbert’s projective metric for spaces
of integrable functions of bounded growth. Extending results in [26, 43] to unbounded cost
functions, the recent article [63] presents exponential decays of these new classes of Hilbert’s
projective metrics with respect to some cone of functions in settings where the marginal
distributions have sufficiently light tails compared to the growth of the cost function. These
results also imply the exponential convergence of the total variation distance. On normed
finite dimensional spaces, the main condition in [63] is that the log of the reference transition
density grows faster that a polynomial of order p and the tails of both marginals decay faster
that e´r

p`q
for some q ą 0. This condition does not cover Gaussian models. It is out of

the scope of this article to present more details of these different approaches. Despite the
numerous references given above, a complete literature review is not possible. We refer to
reader to the books [97, 102] as well as the survey articles [27, 70, 79, 80, 107, 121, 123],
recent article articles [3, 4, 29, 34, 49, 74] and the numerous references therein. We underline
that all the methodologies discussed above differ from the recently developed Sinkhorn
semigroup contraction analysis and the Lyapunov operator-theoretic framework discussed
in Section 1.2.
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1.4 Article focus and structure

The objective of this survey article is to detail, in a pedagogical manner, the subject of
Sinkhorn semigroup techniques, along with quantitative stability estimates. Although, as
mentioned above, we do discuss some existing results, we do not survey the entire literature
with all of the results that have been derived. One of the main motivations of this paper is
to equip the reader with many of the tools that are needed to analyze Sinkhorn semigroups,
without having to go beyond the technical methods that have been employed in the analysis
of non-homogenous Markov chains (e.g. [48, 60]). This in turn leads to short and elegant
proofs of existing results, along with, in some cases, a substantial improvment over those
currently published. We again remark that, other than the finite state-space or Gaussian
case, Sinkhorn algorithm recursions are numerically intractable. An important ingredient in
the mathematical analysis of numerical approximations is the time stability of the previously
mentioned recursions. Indeed an understanding of time stability could lead to a motivation
for new numerical methods. This idea is analogous to the stability of the non-linear filter
which has been studied in some depth for more than 30 years (e.g. [52] or [11, 45] and the
references therein). Once one understands whether a non-linear filter is stable, one may hope
to derive numerical algorithms which approximate the filter and can be stable themselves
(we refer the reader to [11, 45] to understand what stability is in non-linear filtering).

This article is structured as follows. In the following subsection 1.5 we provide the
main notations that are adopted in the paper. Section 2 presents some background analysis
on Schrödinger and Sinkhorn bridges. In section 3 we give a summary on the stability
of Markov operators which is the approach that we adopt. In section 4 a brief review of
Sinkhorn bridges is given. Finally in section 5 we detail our stability analysis.

1.5 Some basic notation

Integral operators

Given a Markov transition Kpx, dyq from X into Y and a function f on Y we set

Kpfqpxq :“

ż

Y
Kpx, dyq fpyq. (1.11)

We are using K to denote both the left-action operator on measure (1.2) and the right-
action operator on functions (1.11). Denote by Πpµ, .q be the set of probability measures on
pXˆ Yq with X-marginal µ; and Πp., ηq is the set of probability measures on pXˆ Yq with
Y-marginal η. Note that

pµb ηqpdpx, yqq :“ µpdxq ηpdyq ùñ pµb ηq P Πpµ, ηq.

The Dirac delta measure located at x is denote by δx. We also denote by |ν| :“ ν` ` ν´
the total variation measure associated with a Hahn-Jordan decomposition ν “ ν` ´ ν´ of
a bounded signed measure ν. For indicator functions f “ 1A of a measurable subset A Ă X
and a given measure µ on X sometimes we write µpAq instead of µp1Aq.

We let BpXq denote the set of measurable functions on X and }f} :“ supxPX |fpxq|
denotes the uniform norm of a function f P BpXq. Denote by ProbpXq the set of probability
measures on X. Next, we let g P BpXq be a lower semi-continuous (abbreviated l.s.c.)
function, lower bounded away from zero, and we denote by BgpXq the subspace of functions
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f P BpXq such that }f{g} ă 8. Denote by ProbgpXq be the set of probability measures µ
on X such that µpgq ă 8. B8pXq is the collection of locally upper bounded and uniformly
positive functions that grow at infinity (in the sense that their sub-level sets are compact).
B0pXq “ tθ : 1{θ P B8pXqu is the sub-algebra of (bounded) positive functions θpxq which
are locally lower bounded and vanish at infinity in the sense that, for any 0 ă ε ă }θ}, the
set tθ ě εu is a non-empty compact set.

Differential operators

We let ∇fpxq “ rBxifpxqs1ďiďd be the gradient column vector associated with some smooth

function fpxq from Rd into R. Given some smooth function F pxq from Rd into Rp we denote
by ∇h “

“

∇F 1, . . . ,∇F p
‰

P Rnˆp the gradient matrix associated with the column vector
function F “ pF iq1ďiďp, for some p ě 1. For instance, for a given matrix A P Rqˆp we have
Ahpxq P Rq and therefore

∇pAF pxqq “ p∇F pxqq A1 (1.12)

where A1 is the transpose of the matrix A. Given a smooth function fpx, yq from Rd ˆ Rd
into R and i “ 1, 2 we denote by ∇i the gradient operator defined by

∇if “

»

—

–

p∇ifq1
...

p∇ifqd

fi

ffi

fl

with p∇1fq
j :“ Bxjf and p∇2fq

j :“ Byjf.

For smooth p-column valued functions F px, yq “ pF jpx, yqq1ďjďp we also set

∇iF “
“

∇iF 1, . . . ,∇iF p
‰

.

In this notation, the second order differential operators ∇i∇j on function fpx, yq from
Rd ˆRd into R are defined by p∇i∇jqpfq :“ ∇ip∇jpfqq and we set ∇2

i :“ ∇i∇i when i “ j.

Conditional covariances

Let Gld denote the general linear group of pd ˆ dq-invertible matrices, and S`d Ă Gld the
subset of positive definite matrices. We sometimes use the Löwner partial ordering notation
v1 ě v2 to mean that a symmetric matrix v1´v2 is positive semi-definite (equivalently, v2´v1

is negative semi-definite), and v1 ą v2 when v1´ v2 is positive definite (equivalently, v2´ v1

is negative definite). Given v P S`d we denote by v1{2 the principal (unique) symmetric
square root.

Consider bounded positive integral operators from Rd into itself of the form

Kpx, dyq “ e´W px,yq dy and KV px, dyq :“
Kpx, dyq e´V pyq

Kpe´V qpxq
(1.13)

for some real valued functions W px, yq and V pyq. Denote by Wx and Wx,x the gradient and
the Hessian of the transition potential W px, yq with respect to the first coordinate; that is

Wxpyq :“ ∇1W px, yq and Wx,xpyq :“ ∇2
1W px, yq. (1.14)
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The gradient and the Hessian formulae are

fpxq :“ logKpe´V qpxq

ùñ ∇fpxq “ ´KV pWxqpxq and ∇2fpxq “ ´KV pWx,xqpxq ` covKV ,W pxq
(1.15)

with the conditional covariance

covKV ,W pxq :“
1

2

ż

KV px, dy1q KV px, dy2q pWxpy1q ´Wxpy2qq pWxpy1q ´Wxpy2qq
1 (1.16)

where we recall v1 is the transpose of a matrix or vector v. Denote by meanKpxq and covKpxq
the conditional mean and covariance functions

meanKpxq :“

ż

Kpx, dyq y

covKpxq :“
1

2

ż

Kpx, dy1qKpx, dy2q py1 ´ y2q py1 ´ y2q
1.

(1.17)

Assume the log-density function W satisfy the strong convexity condition

τ´1 ď ∇2
2W px, yq ď τ´1 for some τ, τ P S`d . (1.18)

In this context, the Brascamp-Lieb inequality ensures that

covKpxq ď

ż

Kpx, dyq
`

∇2
2W px, yq

˘´1
ď τ.

Conversely, the Cramer-Rao inequality also ensures that

covKpxq
´1 ď

ż

Kpx, dyq ∇2
2W px, yq ď τ´1.

We summarize the above discussion with the covariance estimate

p1.18q ùñ τ ď covKpxq ď τ. (1.19)

Riccati difference equations

The Frobenius matrix norm of a given matrix v P Rd1ˆd2 is defined by }v}2F “ Trpv1vq, with
the trace operator Trp¨q. The spectral norm is defined by }v}2 “

a

λmaxpv1vq and λmaxpv
1vq

is the maximum eigenvalue of v1v. Note that, for x P Rdˆ1 “ Rd, the Frobenius and the
spectral norm }x}F “

?
x1x “ }x}2 coincides with the Euclidean norm. When there is no

possible confusion, sometimes we use the notation } ¨ } for any equivalent matrix or vector
norm.

For any u, v P S`d we recall the Ando-Hemmen inequality

}u1{2 ´ v1{2} ď

”

λ
1{2
minpuq ` λ

1{2
minpvq

ı´1
}u´ v} (1.20)

that holds for any unitary invariant matrix norm }¨}, including the spectral and the Frobenius
norms, see for instance Theorem 6.2 on page 135 in [81], as well as Proposition 3.2 in [8].
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Let us associate with some $ P S`d the increasing map Ricc$ from S0
d into S`d defined

by

Ricc$ : S0
d ÞÑ S`d
v  Ricc$pvq :“ pI ` p$ ` vq´1q´1.

(1.21)

A refined stability analysis of Riccati matrix difference equation

vn`1 :“ Ricc$pvnq (1.22)

and the limiting stationary matrices r “ Ricc$prq associated with these maps is provided
in [3]. Notice that

r “ Ricc$prq ðñ r´1 “ I ` p$ ` rq´1 ðñ $r´1 ` I “ p$ ` rqr´1 “ p$ ` rq ` I

ðñ $r´1 “ $ ` r ðñ r´1 “ I `$´1r ðñ I “ r ` r $´1r. (1.23)

Also note the increasing property

v1 ď v2 ùñ Ricc$pv1q ď Ricc$pv2q

For any n ě p ě 1 and v P Sd0 we also have the estimates

Riccp$p0q ď Riccn$p0q ď Riccn$pvq ď Riccn´1
$ pIq ď Riccp´1

$ pIq ď I (1.24)

The matrix fixed point equations (1.23) belong to the class of discrete algebraic Riccati
equations (DARE), and no analytical solutions are available for general models. In our
simplified framework, the unique positive definite fixed point (1.23) of the Riccati difference
equation (1.22) is given by

pI `$´1q´1 ĺ r :“ ´
$

2
`

ˆ

$ `
´$

2

¯2
˙1{2

ĺ I. (1.25)

In addition, there exists some constant c$ such that

}vn ´ r}2 ď c$ p1` λminp$ ` rqq
´2n }v0 ´ r}2 (1.26)

The contraction rates in (1.26) are based on Floquet-type representation of Riccati flows
and they are sharp (see Theorem 1.3 in [47]). For further discussion see [3, 47], and the
references therein.

The positive and negative part of a P R are defined respectively by a` “ maxpa, 0q and
a´ “ maxp´a, 0q. Given a, b P R we also set a_ b “ maxpa, bq and a^ b “ minpa, bq.

2 Some background on bridges

2.1 Overview

The theory of entropic optimal transport is at the carrefour of statistics and applied proba-
bility, optimal control theory, machine learning and artificial intelligence. Entropic bridges
have emerged as powerful techniques in a various fields of physics, economics, engineering

14



and computer sciences. Every community often has a different way to interpret and formu-
late Schrödinger and Sinkhorn bridges and every formulation has its own advantages and
limitations. To guide the reader, this section provides a comprehensive overview of some of
the main formulations used in this field. We remark that if the reader is already an expert
in one of the possible presentations of Schrödinger and Sinkhorn bridges then it is possible
skip most of the following sections with little loss in continuity.

Section 2.2 presents a probabilistic formulation of Sinkhorn bridges in terms of conju-
gate and dual integral operators. Equivalent Bayes’ type formulations in terms of state
space models are discussed in Section 2.3. Section 2.4 underlines the links between static
and dynamic Schrödinger bridges in the context of discrete generation Markov processes.
Forward-backward formulations for continuous time generative-type diffusion models are
discussed in 2.5. Section 2.6 provides an alternative analytical interpretation of Sinkhorn
bridges in terms of entropic projections.

2.2 Conjugate and dual transitions

When δxK ! µK for any x P X, we have the Bayes’ formula

µˆK “
`

pµKq ˆK˚
µ

˘5
with K˚

µpy, dxq :“ µpdxq
dδxK

dµK
pyq. (2.1)

A more general definition of the dual transition K˚
µ is provided in Section 2 in the article [53].

Note the reversible property

µpdxqKpx, dyqK˚
µpy, dxq “ µpdxqKpx, dyqK˚

µpy, dxq and therefore µKK˚
µ “ µ.

By symmetry arguments, when δyL ! ηL for any y P Y, we have the Bayes’ formula

pη ˆ Lq5 “ pηLq ˆ L˚η with L˚ηpx, dyq :“ ηpdyq
dδyL

dηL
pxq. (2.2)

Again, we have the reversible property

ηpdyqLpy, dxqL˚ηpx, dyq “ ηpdyqLpy, dxqL˚ηpx, dyq and therefore ηLL˚η “ η.

Consider some reference probability measure P P Πpµ, .q. We have disintegration formula
P “ pµˆKq, for some Markov transition K from X into Y. Sinkhorn bridges Pn are defined
sequentially starting from a reference probability

P0 :“ P ðñ pP0 :“ µˆK0 with K0 :“ Kq .

Rewritten in a slightly different way, the Bayes’ rule (2.1) takes the form

P0 :“ µˆK0 “ pπ0 ˆK1q
5
P Π pµ, π0q with π0 :“ µK0 and K1 :“ pK0q

˚
µ.

In the same vein, Bayes’ rule (2.2) takes the form

P1 :“ pη ˆK1q
5
“ π1 ˆK2 P Π pπ1, ηq with π1 :“ ηK1 and K2 :“ pK1q

˚
η .

Iterating the above procedure we define for even indices a collection of bridges

P2n :“ µˆK2n “ pπ2n ˆK2n`1q
5
P Π pµ, π2nq (2.3)
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with the marginal distributions

π2n :“ µK2n and the transitions K2n`1 :“ pK2nq
˚
µ.

Sinkhorn bridges for odd indices are given by

P2n`1 :“ pη ˆK2n`1q
5
“ π2n`1 ˆK2pn`1q P Π pπ2n`1, ηq (2.4)

with the marginal distributions

π2n`1 :“ ηK2n`1 and the transitions K2pn`1q :“ pK2n`1q
˚
η .

2.3 State space models

In terms of random variables pX,Y q with distribution P “ µˆK we have

P pdpx, yqq “ PppX,Y q P dpx, yqq “ PpX P dxq PpY P dy | X “ xq “ µpdxq Kpx, dyq

with the distributions

µpdxq :“ PpX P dxq and Kpx, dyq :“ PpY P dy | X “ xq

ùñ pµKqpdyq “ PpY P dyq and K˚
µpy, dxq “ PpX P dx | Y “ yq.

For continuous random variables on X “ Rp “ Y with conditional densities with respect to
the Lebesgue measure we have

µpdxq “ pXpxqdx and Kpx, dyq “ pY |Xpy|xqdy

ùñ P pdpx, yqq “ pX,Y px, yq dxdy :“ pXpxqpY |Xpy|xq dxdy

where pX,Y px, yq is the joint density of pX,Y q, pXpxq the marginal density of X and
pY |Xpy|xq is the conditional density of Y given X “ x. In this context, Bayes’ rule (2.1)
takes the form

pX,Y px, yq “ pXpxqpY |Xpy|xq “ pY pyqpX|Y px|yq and K˚
µpy, dxq “ pX|Y px|yq dx.

Sinkhorn bridges

Consider random variables pXn, Ynq such that

Pnpdpx, yqq “ PppXn, Ynq P dpx, yqq

with the Sinkhorn bridges Pn defined in (1.4). For even indices we have

P2n :“ µˆK2n

ðñ µpdxq “ PpX2n P dxq and K2npx, dyq “ PpY2n P dy | X2n “ xq.

In this context, Bayes’ rule (2.3) holds with

π2npdyq “ PpY2n P dyq and K2n`1py, dxq “ PpX2n P dx | Y2n “ yq. (2.5)
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For odd indices we have

P2n`1 :“ pη ˆK2n`1q
5

ðñ ηpdyq “ PpY2n`1 P dyq and K2n`1py, dxq “ PpX2n`1 P dx | Y2n`1 “ yq.

Again, Bayes’ rule (2.4) holds with

π2n`1pdxq “ PpX2n`1 P dxq and K2pn`1qpx, dyq “ PpY2n`1 P dy | X2n`1 “ xq. (2.6)

Density models

Consider locally compact Polish spaces pX, λq and pY, νq endowed with some locally bounded
positive measures λ and ν. Also assume the marginal probability measures are given by

µpdxq “ λU pdxq :“ e´Upxq λpdxq and ηpdyq “ νV pdyq :“ e´V pyq νpdyq (2.7)

for some normalized potential functions U : x P X ÞÑ Upxq P R and V : y P X ÞÑ V pyq P R.
We have

PppXn, Ynq P dpx, yqq “ ppXn,Ynqpx, yq γpdpx, yqq with γ :“ λb ν.

In addition

ppX2n,Y2nqpx, yq “ pX2npxq pY2n|X2n
py|xq with pX2npxq “ e´Upxq

ppX2n`1,Y2n`1qpx, yq “ pY2n`1pyq pX2n`1|Y2n`1
px|yq with pY2n`1pyq “ e´V pyq.

(2.8)

In this scenario, the recursions in (2.5) and (2.6) take the form

pX2n`1|Y2n`1
:“ pX2n|Y2n and pY2pn`1q|X2pn`1q

:“ pY2n`1|X2n`1
. (2.9)

2.4 Dynamic and static bridges

Consider a Markov chain Zk on X with transition semigroup Ml,k with l ď k defined by

Ml,kpzl, dzkq :“ PpZk P dzk | Zl “ zlq.

We fix the time horizon n and observe that

µpdz0q :“ PpZ0 P dz0q

ùñ P pdpz0, znqq :“ PppZ0, Znq P dpz0, znqq “ pµˆKqpdpz0, znqq with K “M0,n.

Pinned process

The conditional distribution of the random path pZ1, . . . , Zn´1q given the initial and terminal
states pZ0, Znq (we call this a pinned Markov chain) is given by

P ppZ1, . . . , Zn´1q P pdpz1, . . . , zn´1qq | pZ0, Znq “ pz0, znqq

“ P
pz0,znq
0Ñn pdpz1, . . . , zn´1qq :“

ź

1ďkăn

M
pn,znq
k´1,k pzk´1, dzkq.
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with the collection of Markov transitions

M
pn,znq
k´1,k pzk´1, dzkq :“

Mk´1,kpzk´1, dzkq Mk,npzk, dznq

Mk´1,npzk´1, dznq
.

Note that the above transitions do not depend on µ and we have

Ppdpz0, . . . , znqq :“ P ppZ0, . . . , Znq P pdpz0, . . . , znqqq

“ P pdpz0, znqq ˆ P
pz0,znq
0Ñn pdpz1, . . . , zn´1qq.

Let Πnpµ, ηq be the set of probability measures on the path space Xn`1 :“ XˆXn with
marginals µ and η at time k “ 0 and k “ n. The dynamic Schödinger bridge between µ and
η with reference distribution P is given by the bridge map

Pµ,η :“ arg min
Q PΠnpµ,ηq

HpQ | Pq.

Any probability measure Q P Πnpµ, ηq can be disintegrated w.r.t. the marginal distribution
Qpdpz0, znqq of the initial and terminal states, namely

Qpdpz0, . . . , znqq “ Qpdpz0, znqq ˆQ
pz0,znq
0Ñn pdpz1, . . . , zn´1qq.

This yields the entropy factorization

HpQ | Pq “ HpQ | P q `
ż

Qnpdpz0, znqq HpQpz0,znq0Ñn |P
pz0,znq
0Ñn q

from which we conclude [3, 25, 64, 67, 87] that the static Schrödinger bridge Pµ,η and
dynamic Schrödinger bridge Pµ,η are connected by the formulae

Pµ,ηpdpz0, . . . , znqqq “ Pµ,ηpdpz0, znqq ˆ P
pz0,znq
0Ñn pdpz1, . . . , zn´1qq.

Backward conditioning formulae

To simplify notation we consider a time homogenous Markov transition Mk´1,k “ M . In
this context, we have the backward conditioning formulae

P ppZ0, . . . , Zn´1q P dpz0, . . . , zn´1q | Zn “ znq “
ź

nąkě0

M˚
µk
pzk`1, dzkq

the dual transitions

M˚
µk
pzk`1, dzkq :“

µkpdzkq Mpzk, dzk`1q

pµkMqpdzk`1q
and µkpdzq “ PpZk P dzq “ pµk´1Mqpdzq.

This yields the conjugate formula

pµ,Kq :“ pµ0,M0,nq ùñ K˚
µpzn, dz0q “ P pZ0 P dz0 | Zn “ znq “

µpdz0q Kpz0, dznq

pµKqpdz0q
.
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2.5 Continuous vs discrete time models

We illustrate the conjugate formulae presented in Section 2.2 and Section 2.3 in the context
of diffusion flows, due to the practical relevance of such methods.

Consider the stochastic flow s P r0, ts ÞÑ Y
p0q
s pxq on some fixed time horizon t starting

at Y
p0q

0 pxq “ x P X “ Rd “ Y defined by the diffusion

dZp0qs pxq “ bp0qs pZ
p0q
s pxqqds` σspZ

p0q
s pxqq1{2 dBs (2.10)

for some drift function bspxq, some diffusion function σspxq P S`d and some d-dimensional
Brownian motion Bs. Formally, we may slice the time interval r0, ts∆ :“ ts0, . . . , snu via
some time mesh si`1 “ si ` ∆ from s0 “ 0 to sn “ t “ n∆. In this notation, for

s “ sk P r0, ts∆ with k ă n we compute Z
p0q
s`∆pxq from Z

p0q
s pxq using the formula

Z
p0q
s`∆pxq ´ Z

p0q
s pxq “ bp0qs pZ

p0q
s pxqq ∆` σspZ

p0q
s pxqq1{2 pBs`∆ ´Bsq

i.e. via Euler-Maruyama time discretization.
Given some initial random variable X0 with distribution µ independent of the Brownian

motion Bs we set

Y0 :“ Z
p0q
t pX0q ùñ P0pdpx, yqq :“ PppX0, Y0q P dpx, yqq “ µpdxq K0px, dyq

with the Markov transition

K0px, dyq :“ PpZp0qt pxq P dyq :“ q
p0q
t px, yq dy.

Observe that

pµK0qpdyq “ PpY0 P dyq

“ PpZp0qt pX0q P dyq “ p
p0q
t pyq dy with @s P r0, ts pp0qs pyq :“

ż

µpdxq qp0qs px, yq.

The conjugate transition K1 is associated with the diffusion flow s P r0, ts ÞÑ Z
p1q
s pyq starting

at Z
p1q
t pyq “ y defined by the backward stochastic differential equation

´dsZ
p1q
s pyq “ bp1qs pZ

p1q
s pyqq ds` σspZ

p1q
s pyqq1{2 dBs

with the drift function

bp1qs :“ ´bp0qs `∇σs log pp0qs and p∇σs log pp0qs q
j :“

1

p
p0q
s

ÿ

1ďiďd

Bxi

´

σj,is p
p0q
s

¯

.

Formally, slicing the interval as above, for s “ sk P r0, ts∆ with k ą 0 we compute Z
p0q
s´∆pxq

from Z
p0q
s pxq using the backward formula

Z
p1q
s´∆pyq ´ Z

p1q
s pyq “ bp1qs pZ

p1q
s pyqq ∆` σspZ

p1q
s pyqq1{2 pBs ´Bs´∆q

We have the dual formulae

µpdxq K0px, dyq “ pµK0qpdyq K1py, dxq and K1py, dxq :“ PpZp1q0 pyq P dxq.

A detailed proof of the above backward conjugate formula can be found in [6, 7, 78]. At the
next iteration, we consider some initial random variable Y1 with distribution η independent
of the Brownian motion Bs and we set

X1 :“ Z
p1q
0 pY1q ùñ P1pdpx, yqq :“ PppX1, Y1q P dpx, yqq “ ηpdyq K1py, dxq.
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2.6 Some half-bridge entropy formulae

We have the entropy formulae

Hppη ˆ Lq5 | µˆKq “ Hpη ˆ L | pµKq ˆK˚
µq “ HppηLq ˆ L˚η | µˆKq.

This yields the variational formulae

pη ˆK˚
µq
5 “ arg min

QPΠp.,ηq
HpQ | µˆKq and µˆ L˚η “ arg min

QPΠpµ,.q
Hppη ˆ Lq5 | Qq. (2.11)

By symmetry arguments, we also have the entropy formulae

HpµˆK | pη ˆ Lq5q “ HppµKq ˆK˚
µ | η ˆ Lq “ HpµˆK | pηLq ˆ L˚ηq

This yields the variational formulae

pη ˆK˚
µq
5 “ arg min

QPΠp.,ηq
HpµˆK | Qq and µˆ L˚η “ arg min

QPΠpµ,.q
HpQ | pη ˆ Lq5q. (2.12)

Applying the left hand side (l.h.s.) of (2.11) and (2.12) to K “ K2n we have the half-
bridge equivalent formulation

P2n`1 :“ arg min
QPΠp.,ηq

HpQ | P2nq “ arg min
QPΠp.,ηq

HpP2n | Qq.

Similarly, applying the right hand side (r.h.s.) of (2.11) and (2.12) to L “ K2n`1 we also
have

P2pn`1q :“ arg min
QPΠpµ,.q

HpP2n`1 | Qq “ arg min
QPΠpµ,.q

HpQ | P2n`1q.

3 Stability of Markov operators

3.1 Overview

The time varying Gibbs-type semigroup formulation of Sinkhorn bridges (1.9) and the en-
tropy formula (1.10) show that the convergence analysis of Sinkhorn bridges rely on the
stability analysis of a class of time varying Markov processes sharing a common invariant
target measure at each individual step. This section gives a summary on the stability anal-
ysis of Markov operators. Section 3.2 and Section 3.3 dicuss the different classes of entropy,
divergences and the Kantorovich criteria used in the article. Section 3.4 review an operator-
theoretic framework based on contraction coefficients and Lyapunov principles. Section 3.5
is dedicated to transportation cost inequalities including local log-Sobolev and Talagrand
quadratic cost inequalities.

3.2 Entropy and divergence criteria

A measure µ1 on X is said to be absolutely continuous with respect to another measure µ2

on X, and we write µ1 ! µ2, if µ2pAq “ 0 implies µ1pAq “ 0 for any measurable subset
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A Ă X. Whenever µ1 ! µ2, we denote by dµ1{dµ2 the Radon-Nikodym derivative of µ1

w.r.t. µ2. Consider a convex function

Φ : R2
` ÞÑ RY t`8u

pu, vq  Φpu, vq s.t. @a P R` Φpau, avq “ a Φpu, vq and Φp1, 1q “ 0.
(3.1)

The Φ-entropy between two probability measures µ1, µ2 on X is defined for any dominating
measure γ (such that γ " µ1 and γ " µ2) by the formula

HΦpµ1, µ2q :“

ż

Φ

ˆ

dµ1

dγ
pxq,

dµ2

dγ
pxq

˙

γpdxq. (3.2)

By homogeneity arguments, the definition (3.2) does not depend on the choice of the dom-
inating measure γ. Note that

if Φpu, vq “ Φ0pu, vq :“
1

2
|u´ v| then HΦ0pµ1, µ2q “ }µ1 ´ µ2}tv. (3.3)

In the above display, }µ1 ´ µ2}tv stands for the total variation distance between the proba-
bility measures µ1 and µ2 defined by

}µ1 ´ µ2}tv :“
1

2
sup t|pµ1 ´ µ2qpfq| : f P BpXq ; }f} ď 1u

“ sup t|pµ1 ´ µ2qpfq| : f P BpXq ; oscpfq ď 1u (3.4)

with the oscillation oscpfq of the function f P BpXq defined by

oscpfq :“ sup
 

|fpx1q ´ fpx2q| : px1, x2q P X2
(

.

Whenever Φp1, 0q “ 8, the Φ-entropy coincides with the φ-divergence in the sense of
Csiszár [38], i.e., we also have

HΦpµ1, µ2q “

ż

φ

ˆ

dµ1

dµ2
pxq

˙

µ2pdxq where φpuq :“ Φpu, 1q

and we have used the convention HΦpµ1, µ2q “ 8 when ν1 ­! ν2. Therefore, the Φ-entropy
generalizes the classical relative entropy (a.k.a. Kullback-Leibler divergence or I-divergence).
More precisely, choosing the functions

Φpu, vq “ u log pu{vq and φpuq “ u log u

we recover the classical formulae

HΦ1pµ1, µ2q “ Hpµ1 | µ2q :“ µ1

ˆ

log

ˆ

dµ1

dµ2

˙˙

.

The φ-divergence criteria discussed above also includes Lp-norms, Havrda-Charvat entropies,
α-divergences, Jensen-Shannon divergence, squared Hellinger integrals and Kakutani-Hel-
inger, as well as Jeffreys and Rényi divergences, see for instance [38, 53, 89, 96] and references
therein.
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3.3 Kantorovich semi-distances

Consider a semi-distance ϕ on a Polish space X; a semi-distance is essentially a distance
function that is l.s.c. except that the triangle inequality may be violated. Some examples of
semi-distances that we consider include the discrete metric ϕdpx1, x2q :“ 1x1‰x2 and, for a
given l.s.c. function g, lower bounded away from zero, the weighted discrete metric defined
by the formulae

ϕgpx1, x2q :“ ϕdpx1, x2q wgpx1, x2q with wgpx1, x2q “ gpx1q ` gpx2q. (3.5)

The Kantorovich semi-distance between two measures µ1, µ2 P ProbpXq is defined by

Dϕpµ1, µ2q :“ inf
QPΠpµ1,µ2q

Qpϕq. (3.6)

The assumption that X is a complete and separable metric space and the fact that ϕ is
l.s.c. and non-negative ensure the existence of an optimal transport plan [119, Theorem 4.1].
Moreover, the assumption that ϕpx1, x2q “ 0 ô x1 “ x2 ensure that Dϕpµ1, µ2q “ 0 if and
only if µ1 “ µ2. The Kantorovich semi-distance is related to several well-known measures
of distance between probability distributions. Specifically, when pX, ϕq is a Polish space the
quantity Dϕpµ1, µ2q is the Kantorovitch distance (or Wasserstein 1-distance) between µ1

and µ2, whilst for p ě 1 the Wasserstein p-distance Dϕ,ppµ1, µ2q is defined by Dϕ,ppµ1, µ2q “

Dϕppµ1, µ2q
1{p. We also have the formulae

Dϕdpµ1, µ2q “ }µ1 ´ µ2}tv as well as Dϕgpµ1, µ2q “ |||µ1 ´ µ2|||g

with the g-weighted total variation norm

|||µ1 ´ µ2|||g :“ |µ1 ´ µ2|pgq

“ sup t|pµ1 ´ µ2qpfq| : f P BgpXq ; }f}g ď 1u

“ sup t|pµ1 ´ µ2qpfq| : f P BgpXq ; oscgpfq ď 1u, (3.7)

where oscgpfq stands for the ϕg-oscillation of the function f P BgpXq defined by the Lipschitz
constant

oscgpfq :“ sup
 

|fpx1q ´ fpx2q|{ϕgpx1, x2q : px1, x2q P X2 ; x1 ­“ x2

(

.

When X “ Rd and ϕpx1, x2q “ }x1 ´ x2}2 is the Euclidian norm we simplify notation
and we write Dp instead of Dϕ,p; that is

Dppµ1, µ2q :“ inf
QPΠpµ1,µ2q

ˆ
ż

}x1 ´ x2}
p
2 Qpdpx1, x2qq

˙1{p

. (3.8)

For a more thorough discussion on Kantorovich criteria and weighted total variation norms
we refer to [51, 54] and references therein.
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3.4 Contraction coefficients

3.4.1 Dobrushin coefficient

Given a convex function Φ satisfying (3.1), the Dobrushin Φ-contraction coefficient dobΦpKq
of some Markov transition Kpx, dyq from X into Y is defined by

dobΦpKq :“ sup
HΦpµ1K,µ2Kq

HΦpµ1, µ2q
, (3.9)

where the supremum is taken over all probability measures µ1, µ2 such that HΦpµ1, µ2q ą 0.
Here, again, the terminology Φ-Dobrushin coefficient comes from the fact that choosing
Φpu, vq “ Φ0pu, vq “

1
2 |u´v| we recover the standard Dobrushin contraction coefficient, i.e.,

dobΦ0pKq “ dobpKq “ sup
px1,x2qPX2

}δx1K ´ δx2K}tv (3.10)

“ sup toscpKpfqq : f P BpYq ; oscpfq ď 1u.

We also recall that the Dobrushin coefficient is a universal contraction coefficient, that is
we have

dobΦpKq ď dobpKq :“ dobΦ0pKq. (3.11)

A proof of the above estimate is provided in [31] for finite state spaces and in [53] for general
measurable spaces. For further details on the Dobrushin contraction coefficient we refer the
reader to [52, 53, 58] and [45, Chapter 4].

3.4.2 Kantorovich Lipschitz norm

Consider a Markov integral operator K and some other l.s.c. function h, lower bounded
away from zero on Y and such that }Kphq}g “ }Kphq{g} ă 8. This condition ensures that
the right-action linear operator f P BhpYq ÞÑ Kpfq P BgpXq is continuous with operator
norm defined by

|||K|||g,h :“ }Kphq{g} “ sup t}Kpfq}g : f P BhpYq ; }f}h ď 1u ă 8. (3.12)

The Lipschitz constant or Kantorovich norm [59] of the integral left-action operator µ P
ProbgpXq ÞÑ µK P ProbhpYq is defined by

lipg,hpKq :“ sup
Dϕhpµ1K,µ2Kq

Dϕgpµ1, µ2q
“ sup

|||µ1K ´ µ2K|||h
|||µ1 ´ µ2|||g

(3.13)

where the supremum is taken over all pµ1, µ2q P ProbgpXq2 such that |||µ1 ´ µ2|||g ą 0. We
have the equivalent dual formulation

lipg,hpKq “ sup toscgpKpfqq : f P BhpYq ; oschpfq ď 1u “ sup
Dϕhpδx1K, δx2Kq

Dϕgpδx1 , δx2q
(3.14)

where the supremum is taken over all states px1, x2q P X2 such that ϕgpx1, x2q ą 0. For a
more detailed discussion on these equivalent formulations see [51] or [54, Section 8.2].
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3.4.3 Lyapunov methodologies

Consider a Markov transition Lpy, dxq from Y into X. Assume that

Kphq ď ε g ` c and Lpgq ď ε h` c (3.15)

for some constants ε Ps0, 1r and c ą 0 and some l.s.c. functions g, h lower bounded away
from zero. Also assume there exists a map ι : l P r0,8rÞÑ ιplq Ps0, 1r, such that for any
wgpx1, x2q ď l and whpy1, y2q ď l we have

}δx1K ´ δx2K}tv _ }δy1L´ δy2L}tv ď 1´ ιplq. (3.16)

Condition (3.16) is equivalent to the local minorization condition

δx1K ^ δx2K ě ιplq η and δy1L^ δy2L ě ιplq µ (3.17)

for some probability measures pµ, ηq on pX,Yq that may depend on the parameters l and
the states px1, x2q and py1, y2q in the sub-level sets wgpx1, x2q ď l and whpy1, y2q ď l (cf. for
instance [9, 48, 54]). We have

twg ď lu Ă tg ď lu2 and twh ď lu Ă th ď lu2.

Thus, (3.17) is met as soon as

@px, yq P ptg ď lu ˆ th ď luq δxK ě ιplq η and δyL ě ιplq µ. (3.18)

We recall the notation B8pXq and B0pXq from section 1.5. It should be noted that, in
(3.15), the functions g, h are not necessarily proper Lyapunov functions, in the sense that g
and h are not assumed to belong to the sub-algebrae B8pXq and B8pYq (recall the collection
of locally upper bounded and uniformly positive functions that growth at infinity (in the
sense that their sub-level sets are compact)). When g, h are bounded (3.17) are minorization
conditions on the whole state spaces. Conversely, when pg, hq P pB8pXqˆB8pYqq condition
(3.17) are local minorization conditions on compact sub-level sets.

We note that if a function h ą 0 satisfies

Kphq{g ď θ P B0pXq (3.19)

then, for any 0 ă ε ă }θ} ^ 1, we have

Kphq ď ε 1tθăεu g ` 1tθěεu θ g ď ε g ` c with c :“ }θ} sup
xPtθěεu

gpxq. (3.20)

Consequently, the l.h.s. drift condition in (3.15) is satisfied.
Note the rescaling properties

g :“
1

2
`

ε

2c
g and h :“

1

2
`

ε

2c
h

ùñ Kphq ď ε g `
1

2
and Lpgq ď ε h`

1

2
.

(3.21)
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In addition, for any a ě 0, we also have

1

2
` a g “

a` 1

2

ˆ

1`
ε

c

a

a` 1
g

˙

and
1

2
` a h “

a` 1

2

ˆ

1`
ε

c

a

a` 1
h

˙

.

The following theorem is a slight variation of contraction estimates presented in [9, 51] (itself
based on the weighted norm contraction analysis presented in [48, 54]).

Theorem 3.1. Assume (3.15) and (3.16) are satisfied. Then there exists some a ą 0 and
% Ps0, 1r that only depends on the parameters pε, cq and the function ιprq such that

lipga,hapKq _ lipha,gapLq ď % with ga :“
1

2
` a g and ha :“

1

2
` a h,

In addition, we have

lipga,gapKLq _ lipha,hapLKq ď lipga,hapKq lipha,gapLq ď %2.

Observe that
ϕgapx1, x2q :“ ϕdpx1, x2q p1` a wgpx1, x2qq .

Assume there exists a semi-distance ψ on X such that

ψpx1, x2q ď wgpx1, x2q ùñ a ψpx1, x2q ď ϕgapx1, x2q ùñ a Dψpµ1, µ2q ď }µ1 ´ µ2}ga .

In this situation, Theorem 3.1 yields the Kantorovich semi-distance exponential decays

a Dψpµ1pKLq
n, µ2pKLq

nq ď %2n }µ1 ´ µ2}ga . (3.22)

When pX, ψq is a Polish space, the above estimates yield the exponential decays w.r.t. the
Wasserstein 1-distance Dψ. By [51, Theorem 2.3], under the assumptions of Theorem 3.1,
there exists some b ą 0 such that

ψa,b :“ ϕga ` b ψ ùñ lipψa,b,ψa,bpKLq ď 1´
`

1´ lipga,gapKLq
˘2
.

Example 3.2. For Lyapunov functions on X “ Rd of the form

gpxq :“ c1 exp pc2}x}
pq

for constants c1, c2 ą 0 and some parameter p ą 0 we have

wgpx1, x2q ě 2c1e
c2}x1}p{2ec2}x2}

p{2 ě 2c1

´

exp
´c2

2
p}x1}

p ` }x2}
pq

¯

´ 1
¯

ě ψexppx1, x2q :“ 2c1

´

exp
´ c2

21_p
}x1 ´ x2}

p
¯

´ 1
¯

.

The first estimate comes from the fact that u2`v2 ě 2uv for any u, v P R. The last estimate
follows from the fact that

}x1}
p ` }x2}

p ě 2´pp´1q` }x1 ´ x2}
p.

Also note that for any q ě 1 we have

ψexppx1, x2q ě ψp,qpx1, x2q :“ cp,q}x1 ´ x2}
pq with cp,q :“

2c1

q!

´ c2

21_p

¯q
.

In this case, in terms of the Wasserstein metric (3.8) we have

a cp,q Dpqpµ1, µ2q
pq ď }µ1 ´ µ2}ga .
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3.5 Transportation cost inequality

3.5.1 Log-Sobolev constants

We say that a probability measure µ2 satisfies the quadratic transportation cost inequality
T2pρq with constant ρ ą 0 if for any probability µ1 we have

1

2
D2pµ1, µ2q

2 ď ρ Hpµ1 | µ2q. (3.23)

We say that a Markov transition K from X into Y satisfies the quadratic transportation
cost inequality T2pρq when δxK satisfies a quadratic transportation cost inequality T2pρq
for any x P X.

Lemma 3.3 ([49, 50]). The Markov transition K satisfies the T2pρq inequality if and only
if for any probability distribution µ and any Markov transition L we have

D2pµL, µKq
2 ď

ż

µpdxq D2 pδxL, δxKq
2
ď 2ρ Hpµˆ L | µˆKq. (3.24)

In addition, we have the bias estimate
ż

µpdxq }meanKpxq ´meanLpxq}
2
2 ď 2ρ H pµˆ L | µˆKq

as well as the covariance entropic bounds
ż

µpdxq }covKpxq ´ covLpxq}F

ď 4ρ H pµˆ L | µˆKq ` cµ,L p8ρ H pµˆ L | µˆKqq1{2 with c2
µ,L :“ µ pTrpcovLqq

When X “ Rd and dµ1{dµ2 is differentiable the (relative) Fisher information of µ1 with
respect to µ2 is defined by

J pµ1 | µ2q “ µ1

`

}∇ log pdµ1{dµ2q}
2
2

˘

We also use the convention J pµ1 | µ2q “ 8 when µ1 ­! µ2.
A probability measure µ2 satisfies the log-Sobolev inequality LSpρq if for any probability

µ1 we have

Hpµ1 | µ2q ď
ρ

2
J pµ1 | µ2q. (3.25)

In addition, a Markov transition Kpx, dyq from Rd into itself satisfies the log-Sobolev in-
equality LSpρq when δxK satisfies a log-Sobolev inequality LSpρq for any x P Rd. Finally, a
Markov transition K satisfies the local log-Sobolev inequality LSlocpρq if for any x1, x2 P Rd
we have the inequalities

Hpδx1K | δx2Kq ď
ρ

2
J pδx1K | δx2Kq. (3.26)

A theorem by Otto and Villani ([99, Theorem 1]) ensures that the log-Sobolev inequality
LSpρq implies the quadratic transportation cost inequality T2pρq.

We also say that K satisfies the Fisher-Lipschitz inequality Jpκq with constant κ ą 0 if
for any x1, x2 P Rd we have the inequalities

J pδx1K | δx2Kq ď κ2 }x1 ´ x2}
2
2. (3.27)
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3.5.2 Some illustrations

Several criteria with explicit estimates of the log-Sobolev constants of Gibbs measures with
non uniformly convex potentials are available in the literature under rather mild conditions,
including the celebrated Bakry-Emery criteria on Riemannian manifolds [12]. It is clearly
out of the scope of the present article to review these estimates, see for instance [13, 20, 21,
94, 98, 118, 119] and references therein.

Consider a Boltzmann-Gibbs probability measure on Rd of the form

λU pdxq “ e´Upxq dx

for some potential function Upxq such that

∇2Upxq ě a 1}x}2ěl I ´ b 1}x}2ăl I (3.28)

for some a ą 0, b ě 0 and l ě 0. In this context there exists some U with bounded
oscillations such that ∇2pU`Uq ě pa{2q I. By the Holley-Stroock perturbation lemma [82],
λU satisfies the LSpρq-inequality (3.25) with some parameter ρ “ ρpa, b, lq that depends on
pa, b, lq. For an explicit construction of such function we refer to [93]. As an example, the
one-dimensional double-well potential function Upxq “ x4 ´ a x2, with a ą 0 are convex at
infinity and thus satisfy the LSpρq-inequality for some ρ ą 0.

The local Hessian condition (3.28) is often termed “strongly convexity outside a ball” or
in short ”convex-at-infinity”. To avoid confusion, we underline that this condition strongly
differs from the strong convexity of U on the non convex domain tx P Rd : }x}2 ě ru
discussed in [88, 101, 122]. It is also well known (see for instance Corollary 9.3.2 and
Corollary 5.7.2 in [13]) that

Dσ P S`d such that @x P Rd ∇2Upxq ě σ´1

ùñ λU satisfy the LSpρq inequality with ρ “ }σ}2.
(3.29)

We also refer to [94] for a variety of log-Sobolev criteria when the curvature is not positive
everywhere based on Holley-Stroock and Aida-Shigekawa perturbation arguments [2, 82].

We will now illustrate the transportation cost inequalities discussed above in the context
of Gaussian models.

Denote by νm,σ the Gaussian distribution on X “ Rd with mean m P Rd and covariance
matrix σ P S`d . In addition, let gaussσ denote the probability density function of the
distribution ν0,σ, with covariance matrix σ P S`d . In this context, we have

νm,σ “ λU with Upxq “ ´ log gaussσpx´mq ùñ ∇2Upxq “ σ´1.

For any parameters pm,σq P pRd ˆ S`d q we recall that

2 H pνm,σ | νm,σq “ Dpσ | σq ` }σ´1{2 pm´mq }22 (3.30)

with the Burg (or log-det) divergence

Dburgpσ | σq :“ Tr
`

σσ´1 ´ I
˘

´ log det
`

σσ´1
˘

. (3.31)
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Let pα, β, τq P
`

Rd ˆ Gld ˆ S`d
˘

, we have the linear Gaussian transition

Kpx, dyq “ e´W px,yq dy with W px, yq “ ´ log gaussτ py ´ pα` βxqq

ùñ ∇2W px, yq “ τ´1py ´ pα` βxqq and ∇2
2W px, yq “ τ´1 ě }τ}´1

2 I.

(3.32)

The curvature estimate in the above display ensures that K satisfies the LSpρq-inequality
with ρ “ }τ}2. Observe that

2 H pδx1K | δx2Kq “ px1 ´ x2q
1
´

pτ´1{2βq1pτ´1{2βq
¯

px1 ´ x2q.

On the other hand, we have

J pδx1K | δx2Kq “

ż

Kpx1, dyq }∇2W px1, yq ´∇2W px2, yq}
2

“ px1 ´ x2q
1
´

pτ´1{2βq1τ´1pτ´1{2βq
¯

px1 ´ x2q.

We recover the fact that K satisfies the LSlocp}τ}2q-inequality and the Jp}τ´1β}2q inequality.

3.5.3 A stability theorem

For any probability measures µ1 and µ2 on X and a Markov transition Kpx, dyq from X into
Y we have

Hpµ1 | µ2q “ Hpµ1 ˆK | µ2 ˆKq “ H
`

pµ1Kq ˆK
˚
µ1 | pµ2Kq ˆK

˚
µ2

˘

“ Hpµ1K | µ2Kq `

ż

pµ1Kqpdyq H
`

δyK
˚
µ1 |δyK

˚
µ2

˘

and hence that

Hpµ1K | µ2Kq ď Hpµ1 | µ2q. (3.33)

In information theory, the above inequality is also known as the data-processing inequality.
For any probability measures µ and η on X and Y, from the convexity of the function
hpuq “ u log u we have

h

ˆ

dµK

dη
pyq

˙

“ h

ˆ
ż

µpdxq
dδxK

dη
pyq

˙

ď

ż

µpdxq h

ˆ

dδxK

dη
pyq

˙

.

This implies that

HpµK | ηq “

ż

ηpdyq h

ˆ

dµK

dη
pyq

˙

ď

ż

µpdxq

ż

ηpdyq h

ˆ

dδxK

dη
pyq

˙

“

ż

µpdxq HpδxK | ηq.

We conclude that

HpµK | ηq ď

ż

µpdxq HpδxK | ηq. (3.34)

28



Let µ and η be two probability measures on X and let Kpx, dyq be Markov transition
from X into Y. From the definition of the bridge map given in (1.1), for any reference
measure of the form P :“ pµˆKq with some given probability measures µ on X we have

Pµ,µK “ arg min
Q PΠpµ,µKq

HpQ|P q “ µˆK and Pµ,ηK :“ arg min
Q PΠpµ,ηKq

HpQ|P q.

We are now in position to state and prove the following stability theorem.

Theorem 3.4 ([49]). Assume that X “ Y “ Rd and the Markov transition K satisfies the
local log-Sobolev inequality LSlocpρq and the Fisher-Lipschitz inequality Jpκq inequality. In
this situation, for any reference measure of the form P :“ pµ ˆ Kq for some probability
measures µ on Rd, and for any probability measure η on Rd have

HpηK|µKq ď H pPµ,ηK | Pµ,µKq ď κ2ρ
1

2
D2pµ, ηq

2. (3.35)

In addition, we have the following estimates:
‚ When η satisfies the T2pρ

1q inequality we have

H pPµ,ηK | Pµ,µKq ď κ2ρρ1 Hpµ|ηq. (3.36)

‚ When µ satisfies the T2pρ
1q inequality we have

H pPµ,ηK | Pµ,µKq ď κ2ρρ1 Hpη|µq. (3.37)

‚ When K satisfies the T2pρ
1q inequality we have

D2pηK, µKq
2 ď 2ρ1 H pPµ,ηK | Pµ,µKq ď κ2ρρ1 D2pµ, ηq

2. (3.38)

Proof. Applying (3.34) to a Markov transition T we check that

H pµˆ pTKq|µˆKq “

ż

µpdzqHppδzT qK | δzKq

ď

ż

pµˆ T q5pdpx, zqq HpδxK | δzKq.

Choosing T such that µT “ η we check that

pµˆ T q5 P Π pη, µq and pµˆ pTKqq P Π pµ, ηKq .

On the other hand, by (3.26) we have

Hpδx1K | δx2Kq ď
ρ

2
κ2 }x1 ´ x2}

2
2.

For any T such that µT “ η we have

P :“ µˆK ùñ H pPµ,ηK | Pµ,µKq ď
ρ

2
κ2

ż

µpdzq T pz, dxq }z ´ x}22.

We end the proof of (3.35) choosing the optimal 2-Wasserstein coupling transition. The
estimates (3.36) and (3.37) are immediate consequences of the definition of the T2pρ

1q in-
equality. The estimate (3.38) is a consequence of Lemma 3.3 and (3.35).
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4 A brief review on Sinkhorn bridges

4.1 Overview

Entropic optimal transport for density models on Polish spaces is often presented as an
optimal transport problem with an entropic regularization. The entropic regularization
problem is solved by Sinkhorn iterations for small values of the regularization parameter to
solve the initial optimal transport problem. A brief presentation of these models is provided
in Section 4.2. Recall that the Sinkhorn bridges introduced in (1.4) are defined sequentially
by conjugate formulae and adjoint integral operators (cf. Section 2.2). This probabilistic
interpretation allows one to connect the convergence of Sinkhorn equations with the stability
analysis of Markov semigroups. In Section 4.3 we briefly review some elementary monotone
properties of Sinkhorn semigroup based on the non expansive property of Markov operators
(3.33) w.r.t. the relative entropy criteria. In the context of density models, Schrödinger and
Sinkhorn bridges can alternatively be defined by a sequence of entropic-potential functions.
These entropic potentials are defined in terms of a system of recursive equations. These
dual-type formulations are presented in Section 4.4. Section 4.5 and Section 4.6 provide
some entropic projection properties of bridge maps and present some pivotal commutation-
type integral transport formulae. Section 4.7 underlines some links between the gradient and
Hessian of entropic-potential functions and the conditional mean and covariance of Sinkhorn
transitions.

4.2 Entropy-regularized transport

Consider the marginal measures pµ, ηq “ pλU , νV q on locally compact Polish spaces pX, λq
and pY, νq defined in (2.7). Denote K a Markov transition from X into Y of the form

Kpx, dyq “ e´W px,yq νpdyq (4.1)

for some transition potential function W : px, yq P pXˆ Yq ÞÑW px, yq P R. In this context,
given the reference measure P :“ pµˆKq, for any Q P Πpµ, ηq we check that

dQ

dP
“
dpµb ηq

dP
ˆ

dQ

dpµb ηq
ùñ HpQ | P q “ QpW q `HpQ | µb ηq `Hpη | νq.

Therefore the problem (1.1) is equivalent to the optimal entropic transport problem

Pµ,η :“ arg min
Q PΠpµ,ηq

HpQ|P q “ arg min
Q PΠpµ,ηq

rQpW q `H pQ | µb ηqs . (4.2)

Choosing a potential transition of the form W px, yq “ Wpx, yq{t ` ct, for some parameter
t ą 0 and some constant ct, the problem (1.1) is now equivalent to the optimal entropic
transport problem

Pµ,η :“ arg min
Q PΠpµ,ηq

rQpWq ` t H pQ | µb ηqs . (4.3)

In the optimal transport literature the function W is sometimes called the cost function
and the parameter t ą 0 is interpreted as a regularization parameter. In this context, the
“unregularized” problem corresponding to t “ 0 coincides with the Kantorovich optimal
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transport problem with cost function W. The quadratic cost model on X “ Rd “ Y with
the Lebesgue measure νpdyq “ dy is defined by

W px, yq “
1

t
Wpx, yq ` d

2
log p2πtq with Wpx, yq “ 1

2
}x´ y}2 (4.4)

In this situation, Kpx, dyq corresponds to the heat equation transition semigroup on a given
time horizon t ą 0.

We remark that pµb ηq P Πpµ, ηq and

Hpµb η|P q ă 8 ðñ pµb ηqpW q ă 8.

In contrast with Kantorovich criteria or related Wasserstein-type semi-distances, note that
even when X “ Y and the same marginal µ “ η the identity-map deterministic coupling has
infinite entropy; that is we have that

Qpdpx, yqq :“ µpdxq δxpdyq P Πpµ, ηq ùñ HpQ | P q “ `8.

This establishes that the Schrödinger bridge Pµ,η strongly depends on the reference prob-
ability distribution P “ pµ ˆ Kq, equivalently on the cost function W for density models
with reference transition K given by (4.1).

4.3 Some monotone properties

Applying (1.8) we have the Markov transport equations

`

π2pn`1q, η
˘

“
`

µK2pn`1q, π2n`1K2pn`1q

˘

and pµ, π2n`1q “ pπ2nK2n`1, ηK2n`1q . (4.5)

Combining (4.5) with (3.33) we check that

H
`

π2pn`1q|η
˘

ď Hpµ|π2n`1q ď H pπ2n|ηq

H
`

η|π2pn`1q

˘

ď Hpπ2n`1|µq ď H pη|π2nq .

In the same vein, we have the Markov transport equations

pπ2n`1, µq “ pηK2n`1, π2nK2n`1q and pη, π2nq “ pπ2n´1K2n, µK2nq . (4.6)

Combining (4.6) with (3.33) we check that

H pπ2n`1|µq ď Hpη|π2nq ď H pπ2n´1|µq

H pµ|π2n`1q ď Hpπ2n|ηq ď H pµ|π2n´1q .

We summarize the above discussion with the following proposition.

Proposition 4.1. For any n ě 0 we have

H
`

η|π2pn`1q

˘

ď H pπ2n`1|µq ď Hpη|π2nq

H
`

π2pn`1q|η
˘

ď H pµ|π2n`1q ď Hpπ2n|ηq.
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4.4 Sinkhorn potentials

Consider the marginal measures pµ, ηq “ pλU , νV q and the Markov transition K defined in
(2.7) and (4.1). Note that

Kpx, dyq “ kpx, yq νpdyq with the density kpx, yq “ e´W px,yq.

We introduce the backward-type (non necessarily Markov) integral operator

K5py, dxq :“ k5py, xq λpdxq (4.7)

with the density

k5py, xq “ e´W
5py,xq “ kpx, yq ðñW 5py, xq “W px, yq.

Recalling that γ :“ λb ν, we have

P0pdpx, yqq “ p0px, yq γpdpx, yqq

with the density

p0px, yq :“ e´U0pxq kpx, yq e´V0pyq and the potential functions pU0, V0q “ pU, 0q.

Note that

K0px, dyq “
Kpx, dyqe´V0pyq

Kpe´V0qpxq
“ Kpx, dyq

Using (2.8) and (2.9) we check that

P1pdpx, yqq “ p1px, yq γpdpx, yqq

with

p1px, yq “ e´V pyq
p0px, yq

ş

p0px, yq λpdxq
“ e´U0pxq kpx, yq

e´V pyq

K5pe´U0qpyq
.

This implies that
p1px, yq :“ e´U1pxq kpx, yq e´V1pyq

with

U1 “ U0 and V1 “ V ` logK5pe´U0q ùñ K1py, dxq “
K5py, dxq e´U1pxq

K5pe´U1qpyq
.

In the same vein, we have

P2pdpx, yqq “ p2px, yq γpdpx, yqq

with

p2px, yq “ e´Upxq
p1px, yq

ş

p1px, yq νpdyq
“

e´Upxq

Kpe´V1qpxq
kpx, yq e´V1pyq.

This implies that
p2px, yq :“ e´U2pxq kpx, yq e´V2pyq

with

U2 “ U ` logKpe´V1q and V2 “ V1 ùñ K2px, dyq “
Kpx, dyqe´V2pyq

Kpe´V2qpxq
.

Iterating the above procedure we check the following proposition.
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Proposition 4.2. Sinkhorn bridges are given for any n ě 0 by

Pnpdpx, yqq “ pnpx, yq γpdpx, yqq with pnpx, yq :“ e´Unpxq kpx, yq e´Vnpyq. (4.8)

The potentials pUn, Vnq are defined for any n ě 0 by the recursions

U2n`1 “ U2n V2n`1 “ V ` logK5pe´U2nq

U2pn`1q “ U ` logKpe´V2n`1q V2pn`1q “ V2n`1
(4.9)

with the initial condition pU0, V0q “ pU, 0q.

By Proposition 4.2 Sinkhorn transitions take the following form

K2npx, dyq “ KV2npx, dyq :“
Kpx, dyq e´V2npyq

Kpe´V2nqpxq

K2n`1py, dxq “ K5
U2n`1

py, dxq :“
K5py, dxq e´U2n`1pxq

K5pe´U2n`1qpyq
.

(4.10)

Rewriting (4.10) in a slightly different form we check the following proposition.

Proposition 4.3. For any n ě 0 we have

K2npx, dyq “ e´W2npx,yq νpdyq and K2n`1py, dxq “ e´W
5
2n`1py,xq λpdxq

with the transition potential functions

Upxq `W2npx, yq “ U2npxq `W px, yq ` V2npyq

V pyq `W 5
2n`1py, xq “ V2n`1pyq `W

5py, xq ` U2n`1pxq (4.11)

with the potential functions pUn, Vnq as in (4.9).

Using (4.8) and recalling that pU0, V0q “ pU, 0q we check that

V2pl`1q “ V2l ´ log

ˆ

dη

dπ2l

˙

and U2pl`1q “ U2l ´ log

ˆ

dµ

dπ2l`1

˙

(4.12)

This yields the following series formulation.

Proposition 4.4. Sinkhorn potentials (4.9) are given for any n ě 0 by the formulae

V2n “ V0 ´
ÿ

0ďlăn

log

ˆ

dη

dπ2l

˙

and U2n “ U0 ´
ÿ

0ďlăn

log

ˆ

dµ

dπ2l`1

˙

.

In addition, we have

ηpV2pn`1qq ď ηpV2nq ď ηpV0q “ 0 and µpU2pn`1qq ď µpU2nq ď µpUq.
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Condition HpPµ,η|P q ă 8 ensures the convergence of the series (1.10) and Sinkhorn
entropic potentials functions pUn, Vnq ÑnÑ8 pU,Vq with the solution of the fixed point
equation associated with the recursion (4.9) defined by the Schrödinger system

U “ U ` logKpe´Vq and V “ V ` logK5pe´Uq

ðñ
e´U

Kpe´Vq
“ e´U and

e´V

K5pe´Uq
“ e´V

(4.13)

In this context, the bridge takes the form

Pµ,ηpdpx, yqq “ λU pdxq KVpx, dyq “ νV pdyq K
5
Upy, dxq

for some entropic potential functions pU,Vq and the transitions

KVpx, dyq :“
Kpx, dyq e´Vpyq

Kpe´Vqpxq
and K5

Upy, dxq :“
K5py, dxq e´Upxq

K5pe´Uqpyq
. (4.14)

An alternative description of Schrödinger bridges is provided in Theorem 4.2 in [97], see
also Section 5.3.2 and Theorem 5.29 in the present article for a description of the entropic
potential functions pU,Vq in terms of absolutely convergent series. An explicit description
of the entropic potential functions in the context of linear-Gaussian models is also provided
in the article [3].

4.5 Entropic projections

Using (2.3) and (2.4) for any n ą p we have the product formulae

dP2n

dP2p
px, yq “

»

–

ź

pďlăn

dP2l`1

dP2l
px, yq

fi

fl

»

–

ź

pďlăn

dP2pl`1q

dP2l`1
px, yq

fi

fl

“

»

–

ź

pďlăn

dη

dπ2l
pyq

fi

fl

»

–

ź

pďlăn

dµ

dπ2l`1
pxq

fi

fl . (4.15)

This yields for any Q P Πpµ, ηq and n ą p ě 0 the formulae

Q

ˆ

log
dP2n

dP2p

˙

“ HpQ|P2pq ´HpQ|P2nq “
ÿ

pďlăn

rHpη|π2lq `Hpµ|π2l`1qs . (4.16)

Applying the above to p “ 0 and recalling that P0 “ P , this yields the formula

HpQ|P q “ HpQ|P2nq `
ÿ

0ďlăn

rHpη|π2lq `Hpµ|π2l`1qs . (4.17)

Observe that

HpQ|P2nq “ HpQ|P2n`1q `Q

ˆ

log
dP2n`1

P2n

˙

“ HpQ|P2n`1q `Hpη|π2nq

HpQ|P2n`1q “ HpQ|P2pn`1qq `Q

ˆ

log
dP2pn`1q

P2n`1

˙

“ HpQ|P2pn`1qq `Hpµ|π2n`1q. (4.18)
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This implies that

HpQ|P q “ HpQ|P2n`1q `Hpη|π2nq `
ÿ

0ďlăn

rHpη|π2lq `Hpµ|π2l`1qs . (4.19)

Combining (4.17) with (4.19) and (1.1) we find that the Schrödinger bridge Pµ,η with
reference measure P defined in (1.1) can be computed from any Sinkhorn reference bridge
Pn. Equivalently, the bridge map P ÞÑ Pµ,η is constant along the flow of Sinkhorn bridges
Pn. More formally we have the following proposition.

Proposition 4.5. For any n ě 0 we have

pPnqµ,η “ arg min
Q PΠpµ,ηq

HpQ|Pnq “ Pµ,η. (4.20)

Applying (4.16) to Q “ Pµ,η we have

HpPµ,η|P2pq “ HpPµ,η|P2nq `
ÿ

pďlăn

rHpη|π2lq `Hpµ|π2l`1qs . (4.21)

We further assume the series on the r.h.s. of (4.21) converges. By Proposition 4.1, this
condition is met if and only if the sequence of entropies Hpη|π2lq or Hpµ|π2l`1q is summable.

Whenever

lim
nÑ8

HpPµ,η|P2nq “ 0, (4.22)

letting nÑ8 in (4.21), for any p ě 0 we have

HpPµ,η|P2pq “
ÿ

lěp

rHpη|π2lq `Hpµ|π2l`1qs . (4.23)

Conversely when (4.23) is satisfied (4.22) clearly holds. We summarize the above discussion
with the following proposition.

Proposition 4.6. We have the equivalence (1.10) as soon as the sequence of entropies
Hpη|π2lq or Hpµ|π2l`1q is summable.

We end this section with some elementary monotone properties. Applying (4.18) to the
bridge Q “ Pµ,η and using Proposition 4.1 we check that

HpPµ,η|P2pn`1qq “ HpPµ,η|P2n`1q ´Hpµ|π2n`1q (4.24)

“ HpPµ,η|P2nq ´ rHpη|π2nq `Hpµ|π2n`1qs

ď HpPµ,η|P2nq ´
“

Hpπ2n`1|µq `Hpπ2pn`1q|ηq
‰

.

Similarly, we have

HpPµ,η|P2n`1q “ HpPµ,η | P2nq ´Hpη | π2nq (4.25)

“ HpPµ,η|P2n´1q ´ rHpµ|π2n´1q `Hpη|π2nqs

ď HpPµ,η|P2n´1q ´ rHpπ2n|ηq `Hpπ2n`1|µqs .
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4.6 Commutation formulae

Observe that

dP2pl`1q

dP2l
px, yq “

dP2pl`1q

dP2l`1
px, yq

dP2l`1

dP2l
px, yq “

dµ

dπ2l`1
pxq

dη

dπ2l
pyq

ðñ K2pl`1qpx, dyq “
dµ

dπ2l`1
pxq K2lpx, dyq

dη

dπ2l
pyq.

Similarly, we have

dP2l`1

dP2l´1
px, yq “

dP2l`1

dP2l
px, yq

dP2l

dP2l´1
px, yq “

dη

dπ2l
pyq

dµ

dπ2l´1
pxq

ðñ K2l`1py, dxq “
dη

dπ2l
pyq K2l´1py, dxq

dµ

dπ2l´1
pxq.

These computations allow us to deduce the following result.

Proposition 4.7. For any l ě 0 we have the commutation formulae

K2l

ˆ

dη

dπ2l

˙

“
dπ2l`1

dµ
and K2pl`1q

ˆ

dπ2l

dη

˙

“
dµ

dπ2l`1
.

In addition, for any l ě 1 we have

K2l´1

ˆ

dµ

dπ2l´1

˙

“
dπ2l

dη
and K2l`1

ˆ

dπ2l´1

dµ

˙

“
dη

dπ2l
.

In terms of the forward-backward Gibbs-type transitions (1.9) we have

dπ2l

dη
“ K2l´1

ˆ

dµ

dπ2l´1

˙

“ K2l´1K2l

ˆ

dπ2pl´1q

dη

˙

“ S2l

ˆ

dπ2pl´1q

dη

˙

.

In addition, we have

dπ2l`1

dµ
“ K2l

ˆ

dη

dπ2l

˙

“ K2l

ˆ

K2l`1

ˆ

dπ2l´1

dµ

˙˙

“ S2l`1

ˆ

dπ2l´1

dµ

˙

.

This yields the following result.

Proposition 4.8. For any l ě 1 we have

S2l

ˆ

dπ2pl´1q

dη

˙

“
dπ2l

dη
and S2l`1

ˆ

dπ2l´1

dµ

˙

“
dπ2l`1

dµ
.

4.7 Gradient and Hessian formulae

Consider the marginal measures pµ, ηq and the transition K discussed in Section 4.4 for
some potential functions pU, V q and W on the state spaces X “ Rd “ Y equipped with
the Lebesgue measure λpdzq “ dz “ νpdzq. In addition, assume pU, V q in (2.7) are twice
differentiable and W is the linear-Gaussian transition potential defined in (3.32), for some
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parameters pα, β, τq P
`

Rd ˆ Gld ˆ S`d
˘

. In this scenario the gradient and the Hessian
defined in (1.14) reduce to

Wxpyq “ χ1ppα` βxq ´ yq and W 5
ypxq “ τ´1py ´ pα` βxqq

ùñWx,xpyq “ χ1β and W 5
y,ypxq “ τ´1 with χ :“ τ´1β.

(4.26)

Therefore, the conditional covariances (1.16) and (1.17) associated with Sinkhorn transitions
(4.10) take the form

covK2n,W pxq “ χ1 covK2npxq χ and covK2n`1,W 5pyq “ χ covK2n`1pyq χ
1.

Combining (1.15) with (4.9) and (4.10) one has the following result.

Proposition 4.9. For any n ě 0 we have the gradient formulae

∇U2npxq “ ∇Upxq ´ χ1 tpα` βxq ´meanK2npxqu

∇V2n`1pyq “ ∇V pyq ´ τ´1
 

y ´ pα` β meanK2n`1pyqq
(

(4.27)

with the conditional expectations meanKn defined in (1.17). In addition, we have

∇2U2npxq “ ∇2Upxq ´ χ1β ` χ1 covK2npxq χ

∇2V2n`1pyq “ ∇2V pyq ´ τ´1 ` χ covK2n`1pyq χ
1. (4.28)

We remark that (1.15) and (4.13) yield

∇Upxq “ ∇Upxq ´ χ1 tpα` βxq ´meanKVpxqu

∇2Upxq “ ∇2Upxq ´ χ1β ` χ1 covKVpxq χ

with the bridge transition KV defined in (4.14). Recalling that K2n “ KV2n we have

∇pU´ U2nq “ χ1pmeanKV ´meanKV2n q and ∇2pU´ U2nq “ χ1
´

covKV ´ covKV2n

¯

χ.

The convergence of conditional expectations and covariances of Sinkhorn transitions towards
the conditional expectations and covariances of Schrödinger bridges is discussed in [50], see
also Theorem 5.13 in the present article. We conclude this discussion by noting that applying
Proposition 4.9 along with (4.11) we obtain the following interplay between the Hessian of
Sinkhorn log-densities and conditional covariance functions.

Proposition 4.10. For any n ě 0 we have the decompositions

∇2
2W

5
2n`1py, xq “ ∇2Upxq ` χ1 covK2npxq χ

∇2
2W2pn`1qpx, yq “ ∇2V pyq ` χ covK2n`1pyq χ

1. (4.29)

5 Stability analysis

5.1 Overview

In Section 4 we have presented different formulations of Sinkhorn bridges, including geomet-
ric entropic projection methodologies, operator-theoretic framework with Markov integral
transport formulae and commutation-type formulae, as well as dual formulations in terms
of potential functions. The stability of Sinkhorn bridges discussed in this section com-
bines these different formulations with the stability theory of Markov operators provided in
Section 3.
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5.2 Linear decay rates

Using (4.17) and the monotone properties stated in Proposition 4.1 for any Q P Πpµ, ηq and
n ě 0 we have the estimate

HpQ|P q ě
ÿ

0ďlďn

pHpη|π2lq `Hpµ|π2l`1qq ě pn` 1q pHpη|π2nq `Hpµ|π2n`1qq.

This yields an elementary and very short proof of the following rather well known theorem.

Theorem 5.1. For any n ě 1 we have

Hpη|π2nq `Hpµ|π2n`1q ď
1

n` 1
HpPµ,η|P q

and, in addition,
lim
nÑ8

n H pη | π2nq “ lim
nÑ8

n H pµ | π2n`1q “ 0.

The last assertion is a direct consequence of the convergence of the series (4.19). Sub-
linear rates have been developed in the articles [5, 22, 61]. Linear rates with the robust
constant EntpPµ,η | P q on possibly non-compact spaces were first obtained by Léger in [86]
using elegant gradient descent and Bregman divergence techniques, see also the recent ar-
ticles [42, 84]. A refined convergence rate at least one order faster has also been developed
in [73].

5.3 Bounded cost functions

5.3.1 Universal contraction rates

The contraction analysis developed in this section is taken from [4]. Consider the marginal
measures pµ, ηq “ pλU , νV q and the Markov transition K defined in (2.7) and (4.1). We
further assume that oscpW q ă 8. In this case, using (4.10) we check that

dδx1K2n

dδx2K2n
pyq

dδx2K2n

dδx1K2n
pzq “ exp ppW px2, yq ´W px1, yqq ` pW px1, zq ´W px2, zqqq (5.1)

ě εW :“ exp p´2 oscpW qq.

The time-homogeneous property (5.1) is sometimes called “structure conservation”. A first
proof of geometric convergence based on these constant cross-product ratios is due to Fien-
berg in the seminal article [66].

The case when one has bounded transition potentials, W , typically arise on finite or
compact spaces. For instance, Markov processes on compact manifolds, such as diffusions
on bounded manifolds reflected at the boundary, have Markov transitions of the form (4.1)
with a uniformly bounded transition potential W that depends on the time parameter [9,
10, 95, 117]. The convergence analysis of Sinkhorn bridges for uniformly bounded transition
potential W is often developed using Hilbert projective metrics [26, 43, 69, 57]. As remarked
in [32, Section 3], the Hilbert metric dominates all φ-divergences, thus we expect rather
strong conditions to ensure the contraction of Sinkhorn transitions w.r.t. the Hilbert metric,
see for instance [17, 26, 43, 69]. Thus contraction estimates w.r.t. the Hilbert metric yield
exponential decays w.r.t. φ-divergences, including the total variation norm, the relative
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entropy and Wasserstein distances of any order. Nevertheless for the same reason (i.e. the
domination of all φ-divergences) they can rarely be used to derive contraction estimates
with respect to some φ-divergence criteria (unless the criteria is equivalent to the Hilbert
metric).

To extend our discussion, we observe that for any n ě 0 we have

δx1K2npdyq δx2K2npdzq ě εW δx2K2npdyq δx1K2npdzq

ùñ δx1K2n ě εW δx2K2n ùñ dobpK2nq ď 1´ εW .
(5.2)

In a similar manner, for any n ě 0 we check that

δy1K2n`1 ě εW δy2K2n`1 ùñ dobpK2n`1q ď 1´ εW . (5.3)

Without further work, the Markov transport equations presented in (4.5) and (4.6) yield
the following theorem.

Theorem 5.2. For any convex function Φ satisfying (3.1) we have the contraction estimates

HΦ

`

π2pn`1q, η
˘

ď p1´ εW q HΦ pµ, π2n`1q ď p1´ εW q
2 HΦ pπ2n, ηq ,

HΦ

`

η, π2pn`1q

˘

ď p1´ εW q HΦ pπ2n`1, µq ď p1´ εW q
2 HΦ pη, π2nq .

(5.4)

The above inequalities remain valid when we replace pη, π2nq by pµ, π2n`1q.

Proposition 5.3. There exists some c ą 0 such that for any n ě 1 we have
›

›

›

›

dπ2n

dη
´ 1

›

›

›

›

_

›

›

›

›

dη

dπ2n
´ 1

›

›

›

›

_

›

›

›

›

log
dη

dπ2n

›

›

›

›

ď c p1´ εW q
2n.

The above estimates remain valid when we replace pπ2n, ηq by pπ2n`1, µq.

Proof. By (5.3) for any n ě 1 and x P X and y1, y2 P Y we have

εW δy1S2n ď δy2S2n “

ż

δy2K2n´1pdzq δzK2n ď ε´1
W δy1S2n.

Using (1.8) and (1.9), integrating y1 w.r.t. η and y2 w.r.t. π2pn´1q this implies that

εW η ď π2n ď ε´1
W η

ùñ
dη

dπ2n
_
dπ2n

dη
ď ε´1

W and similarly
dµ

dπ2n`1
_
dπ2n`1

dµ
ď ε´1

W .

By (1.8) and Proposition 4.8 for any k, l ě 0 we have

dπ2pl`kq

dη
pyq ´ 1 “ pδy ´ ηqS2pl`kq . . .S2pl`1q

ˆ

dπ2l

dη

˙

.

On the other hand, (5.3) and (5.2) ensure that for any n ě 1 we have dobpSnq ď p1´ εW q2.
Using (3.4) and (3.9) for any l ě 1 and k ě 0 we check that

ˇ

ˇ

ˇ

ˇ

dπ2pl`kq

dη
pyq ´ 1

ˇ

ˇ

ˇ

ˇ

ď 2ε´1
W

›

›pδy ´ ηqS2pl`kq . . .S2pl`1q

›

›

tv
ď 2ε´1

W p1´ εW q
2k.
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In the same vein, we have

dπ2pl`kq`1

dµ
pxq ´ 1 “ pδx ´ µqS2pl`kq`1 . . .S2pl`1q`1

ˆ

dπ2l`1

dµ

˙

ùñ

ˇ

ˇ

ˇ

ˇ

dπ2pl`kq`1

dµ
pxq ´ 1

ˇ

ˇ

ˇ

ˇ

ď 2ε´1
W p1´ εW q

2k.

By Proposition 4.7 we have

dη

dπ2l
´ 1 “ K2l`1

ˆ

dπ2l´1

dµ
´ 1

˙

and
dµ

dπ2l`1
´ 1 “ K2pl`1q

ˆ

dπ2l

dη
´ 1

˙

.

Finally, note that for any function fpzq ą 0 we have

|log fpzq| “ log p1` pfpzq ´ 1qq 1fpzqě1 ` log

ˆ

1`
1

fpzq
´ 1

˙

11{fpzqě1

ď pfpzq ´ 1q 1fpzqě1 `

ˆ

1

fpzq
´ 1

˙

11{fpzqě1. (5.5)

The last assertion follows from the fact that log p1` uq ď u, for any 1` u ą 0.

5.3.2 Schrödinger bridges

By Proposition 4.4 and Proposition 5.3 there exists some constant c ą 0 such that for any
n ě 0 we have

}V2n ´ V} _ }U2n ´ U} ď c p1´ εW q
2n

with the uniformly absolutely-convergent series

V “ V0 ´
ÿ

lě0

log

ˆ

dη

dπ2l

˙

and U “ U0 ´
ÿ

lě0

log

ˆ

dµ

dπ2l`1

˙

. (5.6)

In addition, we have

Ppdpx, yqq :“ e´Upxq e´W px,yq e´Vpxq γpdpx, yqq ùñ }P2n ´ P}tv ď c p1´ εW q
2n.

We check this claim using the fact that for any probability measures of the form

pupdzq :“ e´upzq γpdzq and pvpdzq :“ e´vpzq γpdzq

for some real valued functions upzq, vpzq we have

}pu ´ pv}tv “
1

2

ż

|e´upzq ´ e´vpzq| γpdzq

ď
1

2
}u´ v}

ż

pe´upzq ` e´vpzqq γpdzq “ }u´ v}.

In addition, using (4.9) one has

V “ V ` logK5pe´Uq and U “ U ` logKpe´Vq ùñ P “ Pµ,η.

40



Also note that

HpPµ,η | P2nq “ µpU2n ´ Uq ` ηpV2n ´ Vq.

We summarize the above discussion with the following theorem.

Theorem 5.4. There exists some c ą 0 such that for any n ě 0 we have

HpPµ,η | P2nq _ }Pµ,η ´ P2n}tv ď c p1´ εW q
2n.

In addition, we have the entropic series expansion

HpPµ,η | P2nq “
ÿ

lěn

rHpµ|π2l`1q `Hpη|π2lqs .

5.4 Gaussian bridges

5.4.1 Linear Gaussian models

Consider the state spaces X “ Y “ Rd, for some integer d ě 1 and the Lebesgue measure
λpdzq “ νpdzq “ dz. Hereafter, points x in the Euclidean space X “ Rd are represented
by d-dimensional column vectors (or, equivalently, by d ˆ 1 matrices). When there is no
possible confusion, we use the notation } ¨ } for any equivalent matrix or vector norm.

Consider the target Gaussian probability measures pµ, ηq “ pλU , λV q “ pνm,σ, νm,σq
discussed in (3.30). Equivalently, the log-density functions pU, V q are defined by

Upxq “ ´ log gaussσpx´mq and V pyq :“ ´ log gaussσpy ´mq. (5.7)

Denote by G a d-dimensional centred Gaussian random variable (r.v.) with unit covariance.
Then we have that the linear Gaussian transition K is defined by (3.32) takes the form

Kpx, dyq :“ e´W px,yq dy “ K0px, dyq :“ PpZ0pxq P dyq (5.8)

with the random map

Z0pxq :“ α` β x` τ1{2 G

ùñ π0 :“ µK “ νm0,σ0 with m0 :“ α` βm and σ0 :“ βσβ1 ` τ.

(5.9)

5.4.2 Sinkhorn bridges

We can rewrite Z0pxq into the following alternative form

Z0pxq :“ m0 ` β0 px´mq ` τ
1{2
0 G with pβ0, τ0q :“ pβ, τq.

The conjugate formula (2.1) is defined via

K˚
µpy, dxq “ K1py, dxq :“ PpZ1pyq P dxq

with the random map Z1pyq :“ m` β1 py ´m0q ` τ
1{2
1 G

(5.10)
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defined in terms of the gain matrix

β1 :“ σβ1σ´1
0 and τ´1

1 :“ σ´1 ` β1τ´1β,

In signal processing and filtering literature, this explicit formula is often referred as the
Bayesian update formula for the Kalman filter.

Applying the matrix inversion lemma to the covariance matrix σ0 defined in (5.9) we
have

σ´1
0 “ τ´1 ´ τ´1β

`

σ´1 ` β1τ´1β
˘´1

β1τ´1 “ τ´1 ´ τ´1β τ1 β
1τ´1

ùñ β1 “ σβ1τ´1 ´ σ pβ1τ´1βq τ1β
1τ´1 “ σβ1τ´1 ´ σ pτ´1

1 ´ σ´1q τ1β
1τ´1

ùñ β1 “ τ1 β
1τ´1.

Then one can obtain Z1pyq as

Z1pyq “ m1 ` β1 py ´mq ` τ
1{2
1 G with m1 “ m` β1pm´m0q

This implies that π1 “ νm,σK1 “ νm1,σ1 with the covariance matrix

σ1 :“ β1 σ β
1
1 ` τ1. (5.11)

The term (1.5) can be expressed using the regression formula

pK1q
˚
ηpx, dyq “ K2px, dyq :“ PpZ2pxq P dyq (5.12)

Z2pxq :“ m` β2 px´m1q ` τ
1{2
2 G (5.13)

where
β2 :“ σβ11σ

´1
1 and τ´1

2 :“ σ´1 ` β11τ
´1
1 β1.

Here Z2pxq is given by

Z2pxq “ m2 ` β2 px´mq ` τ
1{2
2 G with m2 “ m` β2pm´m1q.

Applying the matrix inversion lemma to the covariance matrix σ1 defined in (5.11) we have

σ´1
1 “ τ´1

1 ´ τ´1
1 β1

`

σ´1 ` β11τ
´1
1 β1

˘´1
β11τ

´1
1 “ τ´1

1 ´ τ´1
1 β1 τ2 β

1
1τ
´1
1

ùñ β2 “ σβ11τ
´1
1 ´ σ pβ11τ

´1
1 β1q τ2β

1
1τ
´1
1 “ σβ11τ

´1
1 ´ σ pτ´1

2 ´ σ´1q τ2β
1
1τ
´1
1

ùñ β2 “ τ2 β
1
1 τ

´1
1 “ τ2 τ

´1β.

Iterating the Bayes update formulae (5.10), (5.12), (5.13) (see section 4 and [3, Appendix
C]) the Sinkhorn transitions can be expressed as

K2npx, dyq “ P pZ2npxq P dyq and K2n`1py, dxq “ P pZ2n`1pyq P dxq

with linear-Gaussian random maps defined, for any n ě 0, by

Z2npxq “ m2n ` β2npx´mq ` τ
1{2
2n G

Z2n`1pyq “ m2n`1 ` β2n`1py ´mq ` τ
1{2
2n`1 G. (5.14)

The parameters in (5.14) are described sequentially by the following theorem.
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Theorem 5.5 ([3]). The gain βn and covariance matrices τn in the Bayes update formulae
(5.14) are defined for any n ě 0 by the recursion

β2n “ τ2n τ
´1β β2n`1 “ τ2n`1 β

1τ´1.

τ´1
2n`1 “ σ´1 ` β12n τ

´1
2n β2n τ´1

2pn`1q “ σ´1 ` β12n`1τ
´1
2n`1β2n`1

(5.15)

The parameters mn in (5.14) are also defined, for any n ě 0, by the recursion

m2n`1 “ m` β2n`1pm´m2nq,

m2pn`1q “ m` β2pn`1q pm´m2n`1q (5.16)

with initial condition m0 “ α0 ` β0m, where, again, pα0, β0, τ0q “ pα, β, τq are parameters
of the reference linear Gaussian transition (5.8).

Note that πn “ νmn,σn with the covariance matrices

σ2n :“ β2n σ β
1
2n ` τ2n and σ2n`1 :“ β2n`1 σ β

1
2n`1 ` τ2n`1.

Example 5.6. In the context of stochastic flows discussed in (2.10) with a linear drift
bspxq “ Ax and an homogeneous diffusion function σspxq “ Σ, for some A P Rdˆd and
Σ P S`d , for any given time horizon t ą 0 one has

Ttpx, dyq “ PpXtpxq P dyq “ e´Wtpx,yq dy with Wtpx, yq :“ ´ log gaussτptqpy ´ βptqxq

(5.17)

and the parameters

pβptq, τptqq “

ˆ

etA,

ż t

0
esA Σ esA

1

ds

˙

.

In this context we can choose the reference transition (5.8) with W “Wt.

5.4.3 Riccati equations

Consider the rescaled covariance matrices

υ2n :“ σ´1{2 τ2n σ
´1{2 and υ2n`1 :“ σ´1{2 τ2n`1 σ

´1{2 (5.18)

Uisng (5.15) we check that

τ´1
2n`1 “ σ´1 ` pτ2n τ

´1βq1 τ´1
2n pτ2n τ

´1βq “ σ´1 ` pτ´1βq1 τ´1
2n pτ

´1βq

τ´1
2pn`1q “ σ´1 ` pτ2n`1 β

1τ´1q1 τ´1
2n`1 pτ2n`1 β

1τ´1q “ σ´1 ` pτ´1βq τ´1
2n`1 pτ

´1βq1

This yields the recursions

υ´1
2n`1 “ I ` γ1 υ2n γ and υ´1

2pn`1q “ I ` γ υ2n`1 γ
1 (5.19)

with
γ :“ σ1{2 τ´1β σ1{2.
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Next, observe that

u´1 “ I ` γ1vγ ùñ pI ` γuγ1q´1 “

´

I ` p$ ` vq´1
¯´1

, with $ :“
`

γγ1
˘´1

. (5.20)

To verify this claim, we use the matrix inversion lemma to prove that

u “ I ´ γ1 pv´1 ` γγ1q´1γ.

ùñ γuγ1 “ γγ1 ´ γγ1 pv´1 ` γγ1q´1γγ1 “
´

pγγ1q´1
` v

¯´1
“ p$ ` vq´1

Applying the above to pu, vq “ pυ2n`1, υ2nq and then to pu, vq “ pυ2n, υ2n´1q one has.

Theorem 5.7 ([3]). For any n ě 1 we have

υ2n “ Ricc$
`

υ2pn´1q

˘

and υ2n`1 “ Ricc$ pυ2n´1q , (5.21)

with the Riccati maps pRicc$,Ricc$q defined in (1.21) and the matrices

p$´1, $´1q :“ pγ γ1, γ1γq. (5.22)

The exponential decays of Riccati matrices towards the positive fixed points of the
Riccati maps follows the contraction analysis discussed in (1.26). In addition, Corollary 4.4
in [3] yields for any n ě 1 the uniform estimates

σ1{2pI `$´1q´1σ1{2 ď τ2n ď σ and σ1{2pI `$´1q´1σ1{2 ď τ2n`1 ď σ. (5.23)

5.4.4 Schrödinger bridges

Note that the transitions of the Gibbs-loop process introduced in (1.9) for even indices can
be rewritten as

S2npy1, dy2q :“ P pZ˝2npy1q P dy2q

with the random maps

Z˝2npyq :“ m` β˝2npy ´mq ` pτ
˝
2nq

1{2 G

defined in terms of the parameters

β˝2n :“ β2n β2n´1, and τ˝2n :“ τ2n ` β2n τ2n´1 β
1
2n.

Consider the directed matrix products

β˝2n,0 :“ β˝2nβ
˝
2pn´1q . . . β

˝
2 (5.24)

Then we have

m2n ´m “ β˝2n pm2pn´1q ´mq and σ2n ´ σ “ β˝2n,0pσ0 ´ σq
`

β˝2n,0
˘1
. (5.25)

The l.h.s. assertion in (5.25) is a direct consequence of (5.16) and the detailed proof of the
covariance formula (5.25) is provided in Appendix C in [3]. By [3, Lemma 4.9], we have

0 ď σ´1{2 β˝2n σ
1{2 “ I ´ υ2n ď pI `$q

´1.
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This shows that

lim
nÑ8

}β˝2n,0} “ 0 and therefore pm2n, σ2nq ÝÑnÑ8 pm,σq

More refined estimates are provided in Section 5.4.5.
In terms of the rescaled matrices (5.18) combining (5.14) with (5.15) we check that

Z2npxq “ m2n ` τ2n τ
´1β px´mq ` τ

1{2
2n G with τ2n “ σ1{2 υ2n σ

1{2

with the solution υ2n of the Riccati equation (5.21). Taking the limit as nÑ8 one has the
following theorem.

Theorem 5.8 ([3]). The Schrödinger bridge from µ “ νm,σ to η “ νm,σ with respect to the
reference measure P :“ pµˆKq is given by the formula

Pµ,ηpdpx, yqq “ µpdxq P pZpxq P dyq

with the random map

Zpxq “ m` ς τ´1 β px´mq ` ς1{2 G (5.26)

and the parameters ς :“ σ1{2 r σ1{2 and the matrix r “ Ricc$prq as in (1.25).

The transport property stems from the equivalences

pς τ´1 βq σ pς τ´1 βq1 ` ςθ “ σ ðñ ς ` ς
´

σ1{2 $ σ1{2
¯´1

ς “ σ

ðñ r $´1 r ` r “ I ðñ p1.23q.

When β “ I and τ is diagonal the above formula reduces to [19, Eq (2)]. Theorem 5.8
can be seen as a simplification and a generalization of Schrödinger bridge formulae recently
presented in the series of articles [1, 16, 44, 83, 90] when the drift matrix β is arbitrary and
τ is an arbitrary positive definite matrix.

5.4.5 A convergence theorem

We only consider Sinkhorn bridges P2n associated with even indices, the analysis of the
bridges associated with odd indices follows the same line of arguments, thus it is skipped
(further details can be found in Section 5 in [3]).

Recall that Sinkhorn random maps Z2npxq defined in (5.14) and the random map Zpxq
of the Schrödinger bridge defined in (5.26) take the form

Z2npxq “ m2n ` τ2n τ
´1β px´mq ` τ

1{2
2n G with τ2n :“ σ1{2 υ2n σ

1{2

Zpxq “ m` ς τ´1 β px´mq ` ς1{2 G with ς :“ σ1{2 r σ1{2.

(5.27)

In addition, the matrix flow υ2n satisfies the Riccati equation

υ2n “ Ricc$
`

υ2pn´1q

˘

ÝÑnÑ8 Ricc$ prq “ r. (5.28)

with the fixed point Ricc$ prq “ r of the Riccati map given in closed form in (1.25). The
next result is a consequence of (1.26) and the Ando-Hemmen inequality (1.20).
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Theorem 5.9 ([3]). There exists some c ă 8 such that for any n ě 0 we have

}τ2n ´ ς} _ }τ
1{2
2n ´ ς

1{2} ď c p1` λminpr `$qq
´2n }τ ´ ς}

with p$, r, ςq as in (5.22) and (5.26). In addition, we have

}σ´1{2 β˝2n,0 σ
1{2} ď c p1` λminpr `$qq

´n.

Theorem 5.9 can be used to derive a variety of quantitative estimates. For instance,
using (3.30) we check the entropy formula

2H pP2n | Pµ,ηq

“ Dburgpτ2n | ςq ` }ς
´1{2 pm2n ´mq }

2
2 ` }ς

´1{2pτ2n ´ ςq pτ
´1βσ1{2q}2F

(5.29)

with the Burg distance Dburg defined in (3.31) and the Schrödinger bridge Pµ,η defined in
(5.26). For a more detailed discussion we refer the reader to [3, Section 5.2]. We also note
that by [3, Lemma B.1] (see also [55, Section 11]) we have

}τ2n ´ ς}F ď
1

2}ς´1}F
ùñ Dburgpτ2n | ςq ď

5

2

›

›ς´1
›

›

F
}τ2n ´ ς}F .

Corollary 5.10. There exists some finite c ă 8 and some n0 ě 0 such that for any n ě n0

we have the entropy estimates

H pP2n | Pµ,ηq ď c p1` λminpr `$qq
´2n

`

}τ ´ ς} ` }m0 ´m}
2
˘

.

Corollary 5.11. For any p ě 1 there exists some finite c ă 8 such that for any n ě 0 we
have the p-Wasserstein estimates

Dp pP2n | Pµ,ηq ď c p1` λminpr `$qq
´2n}τ ´ ς}F ` c p1` λminpr `$qq

´n }m0 ´m}F .

5.5 Log-concave-at-infinity models

Consider the marginal measures pµ, ηq the Markov transition K discussed in Section 4.4 on
the state spaces X “ Rd “ Y equipped with the Lebesgue measure λpdzq “ dz “ νpdzq.
Also assume that the log density W is differentiable. In this case, by (4.11) for any n ě 0
we have

∇2W2npx1, yq ´∇2W2npx2, yq “ ∇2W px1, yq ´∇2W px2, yq

∇2W
5
2n`1py1, xq ´∇2W

5
2n`1py2, xq “ ∇2W

5py1, xq ´∇2W
5py2, xq. (5.30)

To simplify the presentation, we restrict our attention to linear Gaussian transition potential
of the form (3.32) and assume that U and V satisfy the strongly convex outside a ball
condition (3.28). This condition ensures that the probability measures pµ, ηq satisfy the
LSpρq inequality and thus the T2pρq inequality for some ρ ą 0. More general situations are
discussed in [49].

We have that

∇2W px1, yq ´∇2W px2, yq “ τ´1β px2 ´ x1q

∇2W
5py1, xq ´∇2W

5py2, xq “ β1τ´1 py2 ´ y1q.
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Thus, for any n ě 0 we have

J pδz1Kn | δz2Knq ď κ2 }z1 ´ z2}
2
2 with κ :“ }τ´1β}2. (5.31)

This shows that Sinkhorn transitions Kn satisfy the Jp}τ´1β}2q inequality.

Example 5.12. In the context of the linear-Gaussian transitions discussed in (2.10):
‚ When A “ 0 we have

βptq “ I and τptq “ t Σ ùñ κptq :“ }τptq´1βptq}2 “
1

t
}Σ´1}2. (5.32)

‚ Whenever A is Hurwitz there exists some parameters c, a ą 0 such that

}βptq}2 ď c e´at and @t ě t0 τpt0q ď τptq ď τ` :“

ż 8

0
βpsq Σ βpsq1 ds

ùñ Dc0 ą 0 : @t ě t0 κptq :“ }τptq´1βptq}2 ď c0 e
´at.

(5.33)

5.5.1 Curvature estimates

Assume that pU, V q are twice differentiable. Using (1.15) and (4.9) for any n ě 0 we also
check that

∇2V2n`1pyq “ ∇2V pyq ´K2n`1pW
5
y,yqpyq ` covK2n`1,W 5pyq

∇2U2pn`1qpxq “ ∇2Upxq ´K2pn`1qpWx,xqpxq ` covK2pn`1q,W pxq. (5.34)

Combining the above with (4.11) we have

∇2
2W2pn`1qpx, yq “ ∇2V pyq `W 5

y,ypxq ´K2n`1pW
5
y,yqpyq ` covK2n`1,W 5pyq

with the conditional covariance functions covK2n`1,W 5 defined in (1.16). One also has

∇2
2W

5
1py, xq “Wx,xpyq `∇2Upxq.

In addition, for n ě 1 we have

∇2
2W

5
2n`1py, xq “ ∇2Upxq `Wx,xpyq ´K2npWx,xqpxq ` covK2n,W pxq.

For linear Gaussian transition potential of the form (3.32) the above decompositions resume
to (4.29). In this situation, for any n ě 1 we have

∇2
2W

5
2n´1py, xq ě ∇2Upxq and ∇2

2W2npx, yq ě ∇2V pyq. (5.35)

Thus, for linear Gaussian transition (3.32) potentials pU, V q satisfying the convex-at-infinity
condition (3.28), the Markov transitions Kn with n ě 1 satisfy the LSpρq and thus the T2pρq
inequality. In the context of linear-Gaussian models, compare (5.35) with (5.14) and the
uniform estimates (5.23).

Applying Lemma 3.3 to Sinkhorn transition K2n “ KV2n and the Schrödinger bridge
transition L “ KV defined respectively in (4.10) and (4.14) one can prove the following
result.
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Theorem 5.13 ([50]). For any n ě 1, we have the bias and covariance entropic bounds
estimate

ż

µpdxq }meanKV2n pxq ´meanKVpxq}
2
2 ď 2ρ H pPµ,η | P2nq

as well as the covariance entropic bounds
ż

µpdxq }covKV2n pxq ´ covKVpxq}F

ď 4ρ H pPµ,η | P2nq ` c p8ρ H pPµ,η | P2nqq
1{2 with c2 :“ µ pTrpcovKVqq

5.5.2 Contraction inequalities

Using (1.3) and (4.20) for any n ě 0 we check that

Pµ,η “ pP2nqµ,η and P 5η,µ “ pP52n`1qη,µ.

Recalling that
π2nK2n`1 “ µ and π2n´1K2n “ η

we also have the bridge map formulae

P2n “ µˆK2n “ pP2nqµ,µK2n Pµ,η “ pP2nqµ,η “ pP2nqµ,π2n´1K2n

P52n`1 “ η ˆK2n`1 “
`

P52n`1

˘

η,ηK2n`1
P 5η,µ “

`

P52n`1

˘

η,µ
“

`

P52n`1

˘

η,π2nK2n`1
.

Recall that the probability measures pµ, ηq as well as the collection of Sinkhorn transitions
Kn satisfy for any n ě 1 the LSpρq and thus the T2pρq inequalities for some common constant
ρ. However, by (5.31), Sinkhorn transitions Kn also satisfy the Fisher-Lipschitz inequality
(3.27) with κ :“ }τ´1β}2.

Next we present some direct consequences of Theorem 3.4:

• Applying (3.37) to pP,K, ηq “ pP2n,K2n, π2n´1q we check that

Hpη|π2nq ď H pPµ,η | P2nq ď εκpρq Hpπ2n´1|µq with εκpρq :“ pκρq2 (5.36)

Thus, by (4.24) we have

HpPµ,η|P2nq ď HpPµ,η|P2pn´1qq ´Hpπ2n´1|µq

ď HpPµ,η|P2pn´1qq ´ εκpρq
´1 HpPµ,η|P2nq (5.37)

Similarly, by (3.38) we have the 2-Wasserstein estimates

D2pπ2n, ηq ď κρ D2pπ2n´1, µq. (5.38)

• Applying (3.37) and (3.38) to pP,K, ηq “ pP52n`1,K2n`1, π2nq we check that

Hpµ|π2n`1q ď H pPµ,η | P2n`1q ď εκpρq Hpπ2n|ηq (5.39)

Thus, by (4.25) we have

HpPµ,η|P2n`1q ď HpPµ,η|P2n´1q ´Hpπ2n|ηq

ď HpPµ,η|P2n´1q ´ εκpρq
´1H pPµ,η | P2n`1q . (5.40)
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By (3.38) we have the 2-Wasserstein estimates

D2pπ2n`1, µq ď κρ D2pπ2n, ηq. (5.41)

Using (5.37) and (5.40) one has the following theorem.

Theorem 5.14. For any n ě 0 we have the entropic exponential decays

HpPµ,η|P2nq _HpPµ,η|P2n`1q ď p1` 1{εκpρqq
´n HpPµ,η|P0q (5.42)

with εκpρq as in (5.36). In addition, when εκpρq ă 1 we have Wasserstein exponential decays

D2pπ2n, ηq ď εκpρq
n D2pπ0, ηq and D2pπ2n`1, µq ď εκpρq

n D2pπ1, µq. (5.43)

More refined estimates are provided in [49], see also Section 5.5.3.

Example 5.15. In the context of the linear-Gaussian transitions discussed in (2.10) and
in Example 5.12 we have

p5.32q ùñ εκptqpρq
1{2 “ κptqρ “

ρ

t
}Σ´1}2 and p5.33q ùñ εκptqpρq

1{2 ď c0ρ e
´at.

5.5.3 Some quantitative estimates

For instance, combining (3.29) with (5.35) we also check that

Dσ, σ P S`d such that @x P Rd ∇2Upxq ě σ´1 and ∇2V pxq ě σ´1

ùñ

$

&

%

λU and K2n`1 satisfy the LSpρq inequality with ρ “ }σ}2

λV and K2n satisfy the LSpρq inequality with ρ “ }σ}2.

(5.44)

More generally, assume pU, V q satisfying the convex-at-infinity conditions

∇2Upxq ě a 1}x}2ěl I ´ b 1}x}2ăl I and ∇2V pxq ě a 1
}x}2ěl

I ´ b 1
}x}2ăl

I

for some parameters a, a ą 0, b, b ě 0 and l, l ě 0. In this context, combining (3.28) with
(5.35) there exists some parameters ρpa, b, lq ^ ρpa, b, lq ą 0 such that

$

&

%

λU and K2n`1 satisfy the LSpρq inequality with ρ “ ρpa, b, lq

λV and K2n satisfy the LSpρq inequality with ρ :“ ρpa, b, lq.

(5.45)

Arguing as above we check that (5.36) and (5.39) and thus (5.42) hold with the parameter

εκpρq :“ κ2ρpa, b, lqρpa, b, lq. (5.46)

The estimates (5.38) and resp. (5.41) also holds with the parameter ρ “ ρpa, b, lq and resp.
ρ “ ρpa, b, lq, thus (5.43) also holds with εκpρq as in (5.46).

One can also show that the entropic exponential decays presented in (5.42) can be refined.
We set

In :“ HpPµ,η | Pnq and ε :“ εκpρq.

49



Combining (4.24) with Proposition 4.1 and (5.39) we check that

I2n “ I2n´1 ´Hpµ | π2n´1q ď I2n´1 ´Hpπ2n | ηq ď I2n´1 ´ ε
´1 I2n`1

Now, using (4.25) along with Proposition 4.1 and (5.36) we have

I2n`1 “ I2n ´Hpη | π2nq ď I2n ´Hpπ2n`1 | µq ď I2n ´ ε
´1I2pn`1q.

In summary we have proved that for any n ě 0 the second order linear homogeneous
recurrence relation

In ě In`1 ` ε
´1In`2 ě p1` ε

´1q In`2. (5.47)

These linear recurrence equations are rather well known, for instance following the proof of
[49, Theorem 6.9], for any n ě 0 we have

HpPµ,η | P2pn`1qq ď p1` 1{ε` 1{εq´n HpPµ,η | P0q

with the parameter

1` 1{ε :“
1`

a

1` 4{ε

2
ùñ p1` 1{εq2 “ 1` 1{ε` 1{ε ą 1` 1{ε.

5.5.4 Strongly convex models

Assume there exist some positive definite matrices σ ě σ´ and σ ě σ´ such that

σ´1 ď ∇2U ď σ´1
´ and σ´1 ď ∇2V ď σ´1

´ .

This rather strong convexity condition [28, 33, 49, 34] is often used to improve the curvature
estimates in (4.29) and (5.35). This section underlines some links between these studies and
the Riccati matrix difference equations discussed in Section 5.4.3 in the context of linear-
Gaussian models.

It should be noted that for linear Gaussian transition potential of the form (3.32) the
decompositions (4.29) yield for any n ě 0 the estimates

σ´1 ` χ1 covK2npxq χ ď ∇2
2W

5
2n`1py, xq ď σ´1

´ ` χ1 covK2npxq χ

σ´1 ` χ covK2n`1pyq χ
1 ď ∇2

2W2pn`1qpx, yq ď σ´1
´ ` χ covK2n`1pyq χ

1.

Applying (1.19) to the Markov transition K1 we have

covK0pxq “ τ ùñ τ´1
1 :“ σ´1 ` χ1 τ χ ď ∇2

2W
5
1 ď τ´1

1´ :“ σ´1
´ ` χ1 τ χ

ùñ τ1´ ď covK1 ď τ1

with χ as in (4.26). Applying (1.19) to the Markov transition K2, this implies that

τ´1
2 :“ σ´1 ` χ τ1´ χ1 ď ∇2

2W2 ď τ´1
2´ :“ σ´1

´ ` χ τ1 χ
1

ùñ τ2´ ď covK2 ď τ2.
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Iterating the procedure, we have the covariance estimates

τn´ ď covKn ď τn

as well as the Riccati difference matrix inequalities

τ´1
2n`1 :“ σ´1 ` χ1 τp2nq´ χ ď ∇2

2W
5
2n`1 ď τ´1

p2n`1q´ :“ σ´1
´ ` χ1 τ2n χ

τ´1
2pn`1q :“ σ´1 ` χ τp2n`1q´

χ1 ď ∇2
2W2pn`1q ď τ´1

2pn`1q´ :“ σ´1
´ ` χ τ2n`1 χ

1.

For instance, if we set

τ2n :“ σ´1{2 τ2n σ
´1{2 and τ p2n`1q´ :“ σ

´1{2
´ τp2n`1q´σ

´1{2
´

we obtain

τ2pn`1q “
`

I ` γ´ τ p2n`1q´ γ1´
˘´1

ď I

τ p2n`1q´ “
`

I ` γ1´ τ2n γ´
˘´1

with γ´ :“ σ1{2 χ σ
1{2
´ .

Arguing as in (5.20) we conclude that

τ2pn`1q “ Ricc$´ pτ2nq with $´1
´ :“ γ´γ

1
´.

The monotone properties (1.24) of Riccati maps provide several uniform upper bounds of
the flow of covariance matrices τ2n. These upper bounds also yield curvature estimates for
the Hessian matrices ∇2

2W2n. For a more detailed discussion one can see [49, Appendix D].

5.6 Lyapunov techniques

5.6.1 Regularity conditions

Consider the marginal measures pµ, ηq “ pλU , νV q and the integral operators K and K5

defined in (2.7) and (4.1) and (4.7). We assume U, V,W are locally bounded and }e´W } ă 8.
In addition U, V have compact sub-level sets. These conditions ensures that pU, V,W q are
lower bounded by real numbers pU‹, V‹,W‹q so that pe´U , e´V q are uniformly bounded. We
again recall the notation B8pXq and B0pXq from section 1.5. We remark that for any δ ą 0
we have peδU , eδV q P pB8pXq ˆ B8pYqq and set

Uδ :“ δU ´W V and Vδ :“ δV ´WU (5.48)

with the functions

W V pxq :“

ż

νV pdyq W px, yq and WU pyq :“

ż

λU pdxq W px, yq.

Consider the following condition:
pAq : There exist δ Ps0, 1{2r and functions pθu, θvq P pB0pXq ˆ B0pYqq such that

λp1´2δqU p1q _ νp1´2δqV p1q ă 8 as well as e´Uδ ď θu and e´Vδ ď θv. (5.49)
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Condition pAq is slightly weaker than condition H1δpU, V q discussed in [4]. Note that
pAq is met with pθu, θvq “ pe

´Uδ , e´Vδq as soon as the functions pUδ,Vδq are locally bounded
with compact sub-level sets. Intuitively, condition pAq ensure that marginal-potentials pU, V q
dominate at infinity the (integrated) transition-potentials pWU ,W

V q. In terms of potential
energy conversion, the marginal potentials should be large enough to compensate high energy
transition losses.

Remark 5.16. Assume that pUδ,Vδq are lower bounded by functions pU´δ ,V
´
δ q. Note that

in this case for any l ą 0 we have

tUδ ď lu Ă tU´δ ď lu and tVδ ď lu Ă tV´δ ď lu.

In this scenario, we can choose pθu, θvq :“ pe´U
´
δ , e´V

´
δ q P pB0pXq ˆ B0pYqq as soon as the

functions pU´δ ,V
´
δ q are locally bounded with compact sub-level sets.

Assume that W px, yq ď aW pxq ` bW pyq for some locally bounded functions paW , bW q
such that λU paW q _ νV pbW q ă 8. Then, we have

U´δ pxq :“ δUpxq ´ aW pxq ´ νV pbV q ď Uδpxq ď δUpxq ´W‹.

This shows that pUδ,U´δ q and similarly pVδ,V´δ q with V´δ :“ δV ´ bW are locally bounded.
Finally, pU´δ ,V

´
δ q have compact compact sub-level sets if and only if pδU ´ aW , δV ´ bW q

have compact compact sub-level sets.

Remark 5.17. When }W } ă 8 we have w :“ }W V } _ }WU} ă 8. In this case, we have

e´Uδ ď θu “ ew e´δU P B0pXq and e´Vδ ď θv “ ew e´δV P B0pYq

The following examples are taken from [4, 51].

Example 5.18. Consider a Beta distribution on the open unit interval X :“s0, 1r with shape
parameters au, bu ą 0 defined by

λU pdxq “ cu x
aup1´ xqbu λpdxq with λpdxq “ 1s0,1rpxq dx

and some normalizing constant cu ą 0. In this situation, for any δ ą 0 we have

ùñ Upxq “ au log
1

x
` bu log

1

1´ x
` log

1

cu
and e´δUpxq “ cδu x

δau p1´ xqδbu

By Remark 5.17, when W is bounded we have w :“ }W V } ă 8 as well as the estimate

e´Uδ ď θu “ cu,w xδau p1´ xqδbu P B0pXq with cu,w :“ ewcδu

Thus, condition pAq is met for any δ Ps0, 1{2r as soon as W is bounded and pλU , νV q are
both Beta distributions on X “s0, 1r“ Y with shape parameters au, bu ą 0 and av, bv ą 0.

Example 5.19. Assume that there exist some parameters a1, b1 P R, a2, b2 ą 0 and q ě
p ą 0 such that for any x, y P X “ Y “ Rd we have

W px, yq ď a1 ` a2 p}x}
p ` }y}pq and Upxq ^ V pxq ě b1 ` b2 }x}

q.
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In this case, there exists some constant c P R such that

Uδpxq ^ Vδpxq ě c` δb2 }x}
q ´ a2 }x}

p.

We conclude that (5.49) is satisfied for any δ Ps0, 1{2r as soon as q ą p, and for any
δ Psa2{b2, 1{2r as soon as b2 ą 2a2 and q “ p. Indeed, in both situations we have

e´Uδpxq _ e´Vδpxq ď θpxq :“ e´c exp

ˆ

´δb2 }x}
q

ˆ

1´
a2

δb2

1

}x}q´p

˙˙

ÝÑ}x}Ñ8 0

A wealth of examples satisfying these regularity conditions is presented in [4, Section 5]
ranging from polynomial growth potentials and heavy tailed marginals on general normed
spaces to more sophisticated boundary state space models. The latter consititues semi-
circle transitions, Beta, Weibull, exponential marginals as well as semi-compact models.
More precisely, in [4, Proposition 5.3] the Gaussian case is considered with extensions to
general mixtures ([4, Proposition 5.4]) and particularly Gaussian mixtures ([4, Proposition
5.5]). The mixture results help one to consider kernel-type density estimators of complex
data distributions arising in generative modeling.

5.6.2 A technical lemma

Consider the integral operators

KV px, dyq :“ e´W px,yq νV pdyq and K5
U py, dxq :“ e´W

5py,xq λU pdxq

and set
WV,U :“ logKV pexp pWU qq and WU,V :“ logK5

U pexp pW V qq.

Lemma 5.20. Assume pAq. Then we have that

} expWV,U} _ } expWU,V } ă 8 and } expWp1´δqV,U} _ } expW p1´δqU,V } ă 8. (5.50)

In addition, for any n ě 0 we have

´W V ` ηpV q ď logKpexp p´V2nqq

´WU ď logK5pexp p´U2nqq ď ´ηpV q `W
U,V . (5.51)

For any n ě 1 we also have

U ´W V ` ηpV q ď U2n ď U `WV,U

V ´WU ď V2n ď ´ηpV q ` V `WU,V and logKpexp p´V2nqq ďWV,U .

(5.52)

Proof. Recalling that U is locally bounded with compact sub-level sets, we have

λp1´δqU p1q “ λp1´2δqU

´

e´δU
¯

ď }e´δU} λp1´2δqU p1q ă 8 and νp1´δqV p1q ă 8.

When c :“ }e´W } ă 8 for any δ Ps0, 1r we have

exp pWV,U q ď c νV pe
WU q “ c νp1´δqV pe

´Vδq ă 8 ùñ }eWV,U } ă 8

exp pWU,V q ď c λU pe
WV
q “ c λp1´δqU pe

´Uδq ă 8 ùñ }eW
U,V
} ă 8.
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Similiarly, one has

exp pWp1´δqV,U q “ Kp1´δqV pe
WU q ď c νp1´δqV pe

WU q “ c νp1´2δqV pe
´Vδq

exp pW p1´δqU,V q “ K5
p1´δqU pe

WV
q ď c λp1´δqU pe

WV
q “ c λp1´2δqU pe

´Uδq.

Applying Jensen’s inequality and Proposition 4.4, for any n ě 0 we have

logKpexp p´V2nqqpxq “ log

ż

ηpdyq exp p´W px, yq ` V pyq ´ V2npyqq

ě ´W V pxq ` ηpV q ´ ηpV2nq ě ´W
V pxq ` ηpV q.

Note that
U2n “ U ` logKpe´V2nq ě U ´W V ` ηpV q.

In addition, for any n ě 0 we check that

logK5pexp p´U2nqqpyq “ log

ż

µpdxq exp p´W px, yq ` Upxq ´ U2npxqq

ě ´WU pyq ` µpUq ´ µpU2nq ě ´WU pyq

as well as

logK5pexp p´U2nqq ď ´ηpV q ` logK5pexp p´pU ´W V qq “ ´ηpV q `WU,V .

By (4.9) we also have

V ´WU ď V2pn`1q “ V ` logK5pe´U2nq ď V ´ ηpV q `WU,V .

In a similar manner, we have

U ´W V ` ηpV q ď U2pn`1q “ U ` logKpe´V2pn`1qq ď U `WV,U .

For any n ě 1

exp p´W V ` ηpV qq ď Kpexp p´V2nqq ď Kpexp p´pV ´WU qqq “ KV pexp pWU qq.

This ends the proof of (5.52).

5.6.3 Some uniform estimates

In this section we assume pAq is satisfied and we set

pg, hq :“ pexp pδUq, exp pδV qq (5.53)

Proposition 5.21. There exists some constant c ą 0 such that, for any n ě 1, we have

dπ2n

dη
_

dη

dπ2n
ď c exp pWU q and

dπ2n`1

dµ
_

dµ

dπ2n`1
ď c exp pW V q. (5.54)

We also have the uniform estimates

}dπ2n{dη}h _ }dη{dπ2n}h ď c and }dπ2n`1{dµ}g _ }dµ{dπ2n`1}g ď c (5.55)
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Proof. Using (4.12) and (5.52) for any n ě 0 we have

´pW V `WV,U ´ ηpV qq ď U2pn`1q ´ U2n “ log

ˆ

dπ2n`1

dµ

˙

ďW V `WV,U ´ ηpV q

as well as

´pWU `W
U,V ´ ηpV qq ď V2pn`1q ´ V2n “ log

ˆ

dπ2n

dη

˙

ďWU `W
U,V ´ ηpV q.

We end the proof of (5.54) taking the exponential and using (5.50). The last assertion
follows from the fact that

e´δV
ˆ

dπ2n

dη
_

dη

dπ2n

˙

ď c exp p´Vδq and e´δU
ˆ

dπ2n`1

dµ
_

dµ

dπ2n`1

˙

ď c exp p´Uδq.

This ends the proof of the proposition.

Lemma 5.22. There exists a ą 0 such that for any n ě 1 we have

K2n phq {g ď a e´Uδ and K2n`1 pgq {h ď a e´Vδ .

In addition, there exists some ı ą 0 such that for any n ě 1 we have

ı KV px, dyq ď K2npx, dyq and ı K5
U py, dxq ď K2n`1py, dxq.

Proof. Combining (4.10) with (5.50), (5.51) and (5.52) there exists some c0 ą 0 such that
for any n ě 1 we have

1

c0
KV px, dyq ď K2npx, dyq “

KV px, dyq e
pV´V2nqpyq

Kpe´V2nqpxq
ď c0 e

WV pxq KV px, dyq e
WU pyq.

This implies that

e´δUK2n

´

eδV
¯

ď c0 e
´Uδ Kp1´δqV

`

eWU
˘

ď c1 e
´Uδ with c1 :“ c0 } expWp1´δqV,U}.

Then, recalling that U2n`1 “ U2n we have that there exists some c0 ą 0 such that for any
n ě 1 we have

1

c0
K5
U py, dxq ď K2n`1py, dxq “

K5
U py, dxq e

pU´U2nqpxq

K5pe´U2nqpyq
ď c0 e

WU pyq K5
U py, dxq e

WV pxq.

This implies that

e´δVK2n`1

´

eδU
¯

ď c0 e
´Vδ K5

p1´δqU pe
WV
q ď c1 e

´Vδ with c1 :“ c0 } expW p1´δqU,V }.

This ends the proof of the lemma.
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5.6.4 A contraction theorem

Theorem 5.23. Assume pAq. Then there exists some a ą 0 and % Ps0, 1r such that for any
n ě 1 we have

lipga,hapK2nq _ lipha,gapK2n`1q ď % with ga :“
1

2
` a g and ha :“

1

2
` a h (5.56)

and pg, hq as in (5.53). In addition, we have the uniform estimates

sup
ně1
pπ2nphq _ π2n`1pgqq ă 8 and sup

ně1
p}K2n phq }g _ }K2n`1 pgq }hq ă 8. (5.57)

Proof. For any ε Ps0, 1r, choosing r ą 0 such that

a e´r ď ε and set c :“ a

˜

sup
Uδpxqďr

´

e´Uδpxq gpxq
¯

_ sup
Vδpyqďr

´

e´Vδpyq hpyq
¯

¸

.

In this notation, we have

K2n phq ď ε g ` c and K2n`1 pgq ď ε h` c.

This implies that

π2nphq “ λUK2nphq ď ε λp1´δqU p1q ` c

π2n`1pgq “ νVK2n`1pgq ď ε νp1´δqV p1q ` c. (5.58)

We end the proof of (5.57) recalling that pU, V q are bounded below by a real number.
Since X and Y can be exhausted respectively by the compact sub-levels sets tg ď lu and

th ď lu, there exists some l1 ą 1 such that λ ptg ď luq ^ ν pth ď luq ą 0 for l “ l1 and thus
for any l ě l1. We set l :“ supgpxq_hpyqďlW px, yq. Then, for any l ě l1 and gpxq ď l we
have

KV px, dyq ě ιV plq
νV pdyq 1thďlupyq

νV pth ď luq
with ιV plq :“ e´l νV pth ď luq

Note that
νV pth ď luq “ νpe´V 1Vďlog plq{δq ě e´ log plq{δ ν pth ď luq ą 0

In the same vein, for any l ě l1 and hpyq ď l we have

K5
U py, dxq ě ιU plq

λU pdxq 1tgďlupxq

λU ptg ď luq
with ιU plq :“ e´l λU ptg ď luq.

This implies that for any gpx1q _ gpx2q ď l and hpy1q _ hpy2q ď l we have

}δx1K2n ´ δx2K2n}tv _ }δy1K2n`1 ´ δy2K2n`1}tv ď 1´ ιplq

with ιplq :“ ı pιU plq^ιV plqq. By Theorem 3.1, the contraction inequalities (5.56) are satisfied
for some a ą 0 and % Ps0, 1r that only depends on the parameters pε, cq and the function
ιplq and hence we conclude.

The next corollary is a consequence of (5.56).
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Corollary 5.24. Under the assumptions of Theorem 5.23, we have the uniform contraction
estimates

sup
ně1

`

lipga,gapS2n`1q _ lipha,hapS2pn`1qq
˘

ď %2.

with % Ps0, 1r as in (5.56). In addition, for any n ě 1 we have

ˇ

ˇ

ˇ

ˇ

ˇ

ˇπ2pn`1q ´ η
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ha
ď %2 |||π2n ´ η|||ha and |||π2n`1 ´ µ|||ga ď %2 |||π2n´1 ´ µ|||ga .

Combining Corollary 5.24 with the uniform estimates (5.58) there exists some constant
c ą 0 such that for any n ě 1 we have

|||π2n`1 ´ µ|||ga _
ˇ

ˇ

ˇ

ˇ

ˇ

ˇπ2pn`1q ´ η
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ha
ď c %2n. (5.59)

Following the proof of (3.22) using (5.59) we obtain the following Kantorovich semi-distance
exponential decays.

Corollary 5.25. Assume the assumptions of Theorem 5.23 are met and there exists semi-
distance ψg and ψh on X and Y such that

ψgpx1, x2q ď wgpx1, x2q and ψhpy1, y2q ď whpy1, y2q.

In this situation, for any n ě 1 we have

Dψgpπ2n`1, µq _Dψhpπ2pn`1q, ηq ď pc{aq %
2n

with % Ps0, 1r as in (5.56) and the Kantorovich semi-distances pDψg , Dψhq defined in (3.6).

Example 5.26. Consider the Beta marginal distribution λU on X :“s0, 1r discussed in
Example 5.18. In this case, recalling that for any p ą 0 and u, v ě 1 we have

2uv ě u` v and |u´ v|p ď pu` vqp ď 2pp´1q` pup ` vpq

and one has

gpxq :“ eδUpxq “
1

cδ

ˆ

1

x

˙δa ˆ

1

1´ x

˙δb

ě
1

2cδ

ˆˆ

1

x

˙pa

`

ˆ

1

1´ x

˙pb
˙

with ppa, pbq :“ pδa, δbq. Therefore

wgpx1, x2q ě ψgpx1, x2q :“ ca,b

ˆˇ

ˇ

ˇ

ˇ

1

x1
´

1

x2

ˇ

ˇ

ˇ

ˇ

pa

`

ˇ

ˇ

ˇ

ˇ

1

1´ x1
´

1

1´ x2

ˇ

ˇ

ˇ

ˇ

pb
˙

for some ca,b ą 0.

Example 5.27. Consider the marginal distribution λU on X :“ Rd discussed in Exam-
ple 5.19 for some parameters pb1, b2, qq. In this case we have

gpxq :“ eδUpxq ě c exp p2b}x}qq with pc, bq :“
´

eb1 , b2{2
¯

.

Following Example 3.2 several semi-distances ψg can be chosen, for instance we have

wgpx1, x2q ě 2c pexp pb p}x1}
q ` }x2}

qqq ´ 1q

“ ψgpx1, x2q :“ 2c

ˆ

exp

ˆ

b

2pq´1q`
}x1 ´ x2}

q

˙

´ 1

˙

.
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5.6.5 Entropy estimates

Proposition 5.28. Under the assumptions of Theorem 5.23, there exists some c ą 0 such
that for any n ě 1 we have

›

›

›

›

dπ2pn`1q

dη
´ 1

›

›

›

›

h

_

›

›

›

›

dη

dπ2pn`1q
´ 1

›

›

›

›

h

_

›

›

›

›

log
dη

dπ2pn`1q

›

›

›

›

h

ď c %2pn`1q

with % Ps0, 1r as in (5.56). The above estimates remain valid when we replace pπ2pn`1q, η, hq
by pπ2n`1, µ, gq.

Proof. Arguing as in the proof of Proposition 5.3 for any k, l ě 1 we have
ˇ

ˇ

ˇ

ˇ

dπ2pl`kq

dη
pyq ´ 1

ˇ

ˇ

ˇ

ˇ

ď }dπ2l{dη}ha
ˇ

ˇ

ˇ

ˇ

ˇ

ˇpδy ´ ηqS2pl`kq . . .S2pl`1q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ha
.

Note that
}f}ha ď p2}f}q ^ p}f}h{aq .

By (5.55) there exists some constant c ą 0 such that for any k ě 1 we have
ˇ

ˇ

ˇ

ˇ

dπ2k

dη
pyq ´ 1

ˇ

ˇ

ˇ

ˇ

ď c %2k p1` hpyqq ùñ

›

›

›

›

dπ2k

dη
´ 1

›

›

›

›

h

ď c %2k.

In addition, for any k, l ě 1 we have
ˇ

ˇ

ˇ

ˇ

dπ2pl`kq`1

dµ
pxq ´ 1

ˇ

ˇ

ˇ

ˇ

ď }dπ2l`1{dµ}ga
ˇ

ˇ

ˇ

ˇ

ˇ

ˇpδx ´ µqS2pl`kq`1 . . .S2pl`1q`1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ga

ùñ @k ě 1

›

›

›

›

dπ2k`1

dµ
´ 1

›

›

›

›

g

ď c %2k.

By Proposition 4.7 we have

dη

dπ2pk`1q
´ 1 “ K2pk`1q`1

ˆ

dπ2k`1

dµ
´ 1

˙

and
dµ

dπ2k`1
´ 1 “ K2pk`1q

ˆ

dπ2k

dη
´ 1

˙

ùñ

›

›

›

›

dη

dπ2pk`1q
´ 1

›

›

›

›

h

ď

›

›

›

›

dπ2k`1

dµ
´ 1

›

›

›

›

g

}K2pk`1q`1pgq}h.

Using (5.5) and (5.57) we conclude that for any k ě 2 we have
›

›

›

›

dπ2k

dη
´ 1

›

›

›

›

h

_

›

›

›

›

dη

dπ2k
´ 1

›

›

›

›

h

_

›

›

›

›

log
dη

dπ2k

›

›

›

›

h

ď c %2k.

This ends the proof of the proposition.

Proposition 5.28 ensures the convergence of the series (5.6) in the weighted Banach
spaces BgpXq and BhpYq. Combining Proposition 4.4 with (5.6) and using Proposition 4.6
we obtain the following theorem.

Theorem 5.29. Under the assumptions of Theorem 5.23, there exists some constant c ą 0
such that for any n ě 1 we have

}U´ U2n}g _ }V´ V2n}h _HpPµ,η | P2nq ď c %2n (5.60)

with % Ps0, 1r as in (5.56) and with pU2n, V2nq and pU,Vq as in Proposition 4.4 and (5.6).
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[94] P. Monmarché, W. Songbo. Logarithmic Sobolev inequalities for non-equilibrium
steady states. ArXiv:2309.07858 (2023).

[95] J. Nash, Continuity of solutions of parabolic and elliptic equations, American J. Math.
vol. 80, pp 931–954 (1958).

[96] F. Nielsen. On a variational definition for the Jensen-Shannon symmetrization of dis-
tances based on the information radius. Entropy, vol. 23, no. 4 (2021).

[97] M. Nutz. Introduction to entropic optimal transport. Lecture notes, Columbia Univer-
sity (2021).

[98] F. Otto, M. G. Reznikoff. A new criterion for the logarithmic Sobolev inequality and
two applications. Journal of Functional Analysis, vol. 243, no. 1, pp. 121–157 (2007).

[99] F. Otto, C. Villani. Generalization of an inequality by Talagrand and links with the
logarithmic Sobolev inequality. Journal of Functional Analysis, vol. 173, no. 2, pp.
361–400 (2000).

[100] A.A. Pooladian, J. Niles-Weed. Entropic estimation of optimal transport maps. ArXiv
preprint arXiv:2109.12004 (2021).

[101] H. J. M. Peters, P. P. Wakker. Convex functions on non-convex domains. Econ Lett,
vol. 22, no. 2, pp. 251–255 (1986).
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