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Introduction

These lecture notes were prepared for the Berlin Summer School on Applied Stochastic
Analysis, held in Berlin on 28-31 July 2026. They reproduce, with only minor editorial
additions, an article to appear in the Journal of Theoretical Probability; the corresponding
preprint is available at https://arxiv.org/abs/2601.12633.

Entropic optimal transport problems play an increasingly important role in machine
learning and generative modelling. In contrast with optimal transport maps which often have
limited applicability in high dimensions, Schrodinger bridges can be solved using the cele-
brated Sinkhorn’s algorithm, a.k.a. the iterative proportional fitting procedure. The stability
properties of Sinkhorn bridges when the number of iterations tends to infinity is a very active
research area in applied probability and machine learning. Traditional proofs of convergence
are mainly based on nonlinear versions of Perron-Frobenius theory and related Hilbert pro-
jective metric techniques, gradient descent, Bregman divergence techniques and Hamilton-
Jacobi-Bellman equations, including propagation of convexity profiles based on coupling
diffusions by reflection methods. The objective of this review article is to present, in a self-
contained manner, recently developed Sinkhorn/Gibbs-type semigroup analysis based upon
contraction coefficients and Lyapunov-type operator-theoretic techniques. These powerful,
off-the-shelf semigroup methods are based upon transportation cost inequalities (e.g. log-
Sobolev, Talagrand quadratic inequality, curvature estimates), ¢-divergences, Kantorovich-
type criteria and Dobrushin contraction-type coefficients on weighted Banach spaces as well
as Wasserstein distances. This novel semigroup analysis allows one to unify and simplify
many arguments in the stability of Sinkhorn algorithm. It also yields new contraction esti-
mates w.r.t. generalized ¢-entropies, as well as weighted total variation norms, Kantorovich
criteria and Wasserstein distances

These notes are addressed primarily to doctoral students and early-career researchers
in probability, statistics, and machine learning who wish to enter this area with a work-
ing, proof-oriented understanding of why and how Sinkhorn’s algorithm converges, rather
than a purely algorithmic acquaintance with it. We hope they will also be of use to more
experienced researchers looking for a unified reference to the semigroup approach.

We are grateful to the organisers of the Berlin Summer School on Applied Stochastic
Analysis for the invitation to lecture on this material, and to the participants for their ques-
tions and comments, which have helped clarify several points in the exposition. Remaining
errors and imprecisions are, of course, our own.
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1 Entropic optimal transport

1.1 Schrodinger and Sinkhorn bridges

Let 1 and 1 be two probability measures on measurable spaces X and Y and let II(u,n)
be the set of couplings of p and 7 on the product space (X x Y), with prescribed first and
second coordinate marginals (u,7). The (static) Schrodinger bridge P, , from u to n with
respect to a reference probability measure P on (X x Y) is defined by the bridge map

P — P, := argmin H(Q|P) with H(Q|P):= Jlog (%) dQ (1.1)
Qe Il(p,n)

where d@Q/dP the Radon-Nikodym derivative of ) with respect to P.

The bridge map P +— P, is well defined as soon as H(Q|P) < oo for some Q € II(1, 1),
see for instance, the seminal article by Csiszar [39], [97, Section 6] and the survey article
by Léonard [87] including the references therein. In contrast with conventional optimal
transport maps, with limited applicability in high dimensions, Schrodinger bridges (1.1)
can be solved using the celebrated Sinkhorn’s algorithm, a.k.a. iterative proportional fitting
procedure or bi-proportional fitting in the statistics literature [40, 71, 72, 110, 111, 112],
as well as the relative state attraction and matrix scaling [65, 80, 108, 109] approaches
in computer sciences. These ideas provide a concrete roadmap to solve optimal transport
problems and, as mentioned, detail numerous applications in computer science and statistics.

Different communities adopt distinct perspectives on the Sinkhorn algorithm. One com-
mon approach formulates Sinkhorn bridges as a sequence of transport plans on the product
space (X x Y), parameterized by dual potential functions on X and Y. These potentials sat-
isfy a nonlinear system of log-integral equations equivalent to Bregman’s iterative projection
scheme for relative entropy minimization. The resulting alternating projection procedure
admits an interpretation in terms of successive entropic half-bridge projections. Other for-
mulations rely instead on continuous-time generative forward-backward diffusion models.
To facilitate communication between fields, a concise overview of the principal formulations
arising in applied probability, optimal control, and machine learning is provided in Sections 2
and 4.

To minimize the technical exposition in the introduction, we adopt a more direct and
elementary approach based on conjugate Markov transitions (i.e., backward transitions and
Bayes’ rule). This more conventional probabilistic framework streamlines the description
and highlights the connection between the convergence analysis of the Sinkhorn algorithm
and classical stability techniques for time-inhomogeneous Markov processes [60, 103, 104,
105, 106]; see also [9, 48] for related developments in the setting of time-varying positive
semigroups. The present article further provides a self-contained treatment of new stabil-
ity results derived from Markov semigroup contraction coeflicients, log-Sobolev inequalities,
Lyapunov-type operator-theoretic methods, and Riccati matrix differential equations re-
cently introduced in [3, 4, 49].

We now briefly outline the basic principles of the algorithm in terms of conjugate tran-
sitions; Section 2.3 presents a more detailed summary. Given a Markov transition K (z, dy)
from X into Y we set

(LK)(dy) == fxu(dﬂf)K(w,dy) and  (u x K)(d(z,y)) = p(dx) K(z,dy). (1.2)
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Given a probability measure R(d(y,z)) on (Y x X), we denote by R’ the probability measure
on (X x Y) defined by

R(d(x,y)) == R(d(y, z)).
Observe that
Pi=px K= P=P,gell(ppK) and (P,,) =P, = (P ). (1.3)

The Sinkhorn iterations are defined sequentially for any n = 0 by a collection of probability
distributions P,, on the product space (X x Y) denoted by

Pon = pu x Ko and  Papyy = (7 % Kapr1) (1.4)

starting from a reference measure of the form Py = P := (u x K) at rank n = 0. For n > 1,
the Markov transitions C,, in (1.4) are defined sequentially by the conditioning Bayes-type
formulae

(man X Kana1)" = 1 x Kon - and - mops1 X Kogngr) = (0 x Kong1)’

with the distributions oy, := Ko, and mony1 1= nKont1. )

Equivalently, for absolutely continuous models, with some abusive notation we have
Pon(d(z,y)) := pldz) Kon (2, dy) = man(dy) Kani1(y, dz) (1.6)
with the distribution
w(dx) Kop(x, dy

ranldy) = (uKzn) () and K () = M ERE)
Similarly, replacing in the r.h.s. of (1.6) the distribution 7y, by 1 we set

Pon+1(d(z,y)) == n(dy) Kont1(y, dz) = m2n+1(dr) Koy (, dy) (1.7)

with the distribution

n(dy) Kons1(y, dz)
(U’Cznﬂ)(dﬂﬁ) .

When n — oo, the marginal measures (7,41, 72,) converge towards (u,7n) and Sinkhorn
bridges P, converge towards the Schrodinger bridge P, ;. In a mode of convergence that
we define later, one has

Ton+1(dr) = (MKani1)(dz) and  Konir)(z,dy) =

(7T2n+1772n) ——n—w (,u,n) and Pp —now n,n-

The limiting properties as n grows are what we call, loosely, stability and this term also
includes rates of convergence.



1.2 Sinkhorn semigroups

For finite state spaces, the Sinkhorn algorithm is a well known simple procedure that repeat-
edly applies column and row normalization on matrix spaces [56, 68, 85, 111, 112]. In prob-
lems of low-to-moderate dimension, whilst the recursions can be computed with ease, it is
challenging to obtain explicit rates of convergence. For Gaussian models, Sinkhorn equations
can also be solved analytically using sequential Bayes conjugacy principles [3, 35, 36, 37, 83].
As expected, this recursive formulation is closely related to the Kalman filter and related
Riccati matrix difference equations, and it yields algorithms that can be implemented in
practical settings without further approximations. A self contained analysis of Schrédinger
bridges and the stability properties of Sinkhorn bridges for a general class of linear-Gaussian
models is provided in Section 5.4. It is noted that in this Gaussian setting, the stability of
the recursions is related to the stability of the Riccati equation; this concept is made con-
crete later in the article. In more general situations, while Sinkhorn iterations as presented
in (1.5) may look appealing and easy to implement, one should note that they are based
on nonlinear conditional/conjugate transformations with generally no finite-dimensional re-
cursive solutions and, therefore, they do not lead to a practical algorithm. In this context,
stability analysis of Sinkhorn bridges is crucial in the convergence analysis of any numeri-
cal approximations, including time discretization of diffusion bridges, neural networks and
related score matching approximation techniques [23, 24, 41, 42, 113, 114, 115].

As underlined in [3], the key observation is that Sinkhorn semigroups belong to the class
of time varying Markov processes. Indeed, integrating (1.5) we check the collection of fixed
point equations

p= 72 Kont+1 = pSan1 and 1 = mon41K9041) = 1S2(n41) (1.8)
with the forward-backward Markov transitions

82n+1 = ICQnICQn+1 and 82(n+1) = K2n+1lc2(n+1)
(1.9)
= 2,182,141 = Tont1  and 7TQn£2(n+1) = T2(n+1)

where the product of transitions /C,K,4+1 is a shorthand notation for the composition
K, 0 Kpy1 of the right or left-action operators defined respectively in (1.11) (operation
on functions) and in (1.2). In view of the fixed point equations (1.8) along with (1.9), when
n — o0, we expect Sinkhorn distributions s, to converge towards n while my,11 converge
towards .

A schematic picture of the time varying forward-backward semigroup of the distribution
flow 7y, is given below:

T Kant1 BRI
TR T .
P RN S
P CTERRN ~< ~<
12 K o 2 T2on
0
Ko
’C2n



Note that the product So,11 = K9,K2,.1 can be interpreted as the 2-block Gibbs transition
with target measure P, on (X xY). The transition Koy, (2, dy) is the Pay,-distribution of the
coordinate y given x; while Koy, 41 (y, dz) is the Pa,-distribution of the coordinate z given y.

In addition, whenever the sequence of entropies of Sinkhorn distributions (1.9) w.r.t. the
fixed point measures (1.8) are summable we have

H(PuglPan) = 3 [Mnlmar) + Hlplmar1)] <= Tim H(Pyy[Pan) = 0. (1.10)

I=n

Informally, under some conditions, in Theorem 5.2 we see the exponential decays of the
marginals. Formally, a detailed proof of the above assertion is provided in Section 4.5,
see also Proposition 4.1 for equivalent conditions. This crucial observation shows that the
convergence of Sinkhorn bridges is exactly characterized by the convergence of Sinkhorn
semigroups toward their limiting distributions.

As shown in (1.8) and (1.9) Sinkhorn transition semigroups S, belong to the class of
time varying Markov processes sharing a common invariant target measure at each individ-
ual step. These classes of time varying Markov semigroups arise in a variety of areas in
applied mathematics including nonlinear filtering, physics and molecular chemistry; see for
instance [9, 45, 52, 48, 103, 104, 105, 106] and references therein. The stability analysis of
time inhomogenous Markov processes is a broad and notoriously difficult subject, far more
challenging than their time homogeneous counterparts; this is because the operators may
drastically change during the semigroup evolution. The articles [60, 103, 104, 105] pro-
vide several useful probabilistic and analytical tools, including coupling methods, spectral
analysis as well as functional inequalities such as Nash or log-Sobolev inequalities. Neverthe-
less, Sinkhorn semigroups are defined sequentially by nonlinear conjugate transformations
and hence the application of these refined analytical techniques in this context is rather
challenging.

The nonlinear Sinkhorn/Gibb-type semigroup approach taken in this article differs sig-
nificantly from the conventional approaches developed in the optimal transport literature;
this is discussed in some detail in Section 1.3. This novel framework allows one to unify and
simplify many arguments in the stability of Sinkhorn bridges, as well as to improve upon
some existing results. We shall survey, in a self contained manner, some powerful off-the-
shelf semigroup techniques recently developed in the series of articles [3, 4, 49], themselves
based on the contraction operator-theoretic analysis developed in [9, 48, 52, 53, 51, 54]. The
approaches that we focus upon are:

e Transportation cost inequalities including local log-Sobolev and Talagrand quadratic
cost inequalities as well as Fisher-Lipschitz-type inqualities and a novel entropic sta-
bility theorem.

e An operator-theoretic framework based on contraction coefficients, including Lya-
punov methodologies on Weighted Banach spaces, Kantorovich criteria and Wasser-
stein distances. This approach allows one to transfer what is known about Markov
chains to the context of Sinkhorn semigroups.

In the context of Sinkhorn and Schrédinger bridges, the article [49] presents a semigroup
approach combining transportation cost inequalities including log-Sobolev and Talagrand



quadratic inequalities with the theory of Riccati matrix difference equations arising in fil-
tering and optimal control theory. In the present article, we illustrate these inequalities in
the context of log-concave-at-infinity models. Other types of models, such as sub-Gaussian
or log-concave, are discussed in [49]. The analysis of marginal models with lower/upper
bounded curvature is closely related to Gaussian models. Using Brascamp-Lieb and Cramer-
Rao inequalities, the analysis of these strongly convex models also relies on discrete time
algebraic Riccati equations (see for instance Appendix D in [49] and Section 5.5.4 in the
present article). When applied to the stability of Sinkhorn semigroups, they also yield a
series of novel contraction estimates in terms of fixed point of Riccati equations. As men-
tioned above, a detailed analysis of Sinkhorn bridges for linear-Gaussian models is presented
in [3], including finite-dimensional recursive formulation of the Sinkhorn algorithm and sharp
convergence rates in terms of Riccati matrix difference equations.

The article [4] introduces an operator-theoretic framework yielding new exponential de-
cays of Sinkhorn iterates towards Schrodinger bridges with respect to general classes of ¢-
divergences and Kantorovich-type criteria, including the relative entropy, squared Hellinger
integrals, a-divergences, LL,-norms, Havrda-Charvat entropies, Jensen-Shannon divergence,
as well as Jeffreys and Rényi divergences. [4] also develops a novel Lyapunov contraction
approach under minimal regularity conditions. This methodology provides quantitative
exponential stability estimates for a large class of Sinkhorn semigroups on weighted Ba-
nach spaces. Contraction estimates are expressed in terms of Kantorovich semi-distances,
Wasserstein distances as well as Dobrushin-type contraction coefficients and weighted total
variation norms. This novel Lyapunov methodology is applied to a variety of situations,
ranging from polynomial growth potentials and heavy tailed marginals on general normed
spaces, to more sophisticated boundary state space models, including semi-circle transitions,
Beta, Weibull, exponential marginals as well as semi-compact models. This approach also
allows one to consider statistical finite mixture of the above models, including kernel-type
density estimators of complex data distributions arising in generative modeling.

As a result of the methods we consider, in this article, we can often obtain quantitative
and refined estimates. A precise description of the convergence rates and estimation con-
stants are provided in the series of articles [3, 4, 9, 49]. We remark that the articles [3, 4, 49]
are partly based on well-established techniques in Riccati difference equations and in the sta-
bility theory of Markov semigroups. The exponential stability of Sinkhorn bridges in [3, 49]
rely on the stability analysis of Riccati matrix difference equations presented in [47]. The
contraction properties of Sinkhorn semigroups presented in [4] combine the contraction
analysis of Markov semigroups developed in [52, 53] with the Lyapunov operator theoretic
framework on weighted Banach spaces presented in [48, 54], and further developed in the
articles [9, 51]. In the context of time-homogeneous models, we also refer to the pioneering
articles by Hasminskii [77] and Meyn and Tweedie [91], see also the book [92] and the more
recent seminal article by Hairer and J. C. Mattingly [76].

1.3 Literature review

The stability properties of Schrodinger and Sinkhorn bridges when the number of iterations
tends to o0 is a very active research area in applied probability and machine learning. Most of
the literature on the exponential convergence of Sinkhorn equations is concerned with finite
state spaces [17, 66, 111, 112, 116] as well as compact state spaces or bounded cost functions



using nonlinear versions of Perron-Frobenius theory [18, 80] and related Hilbert projective
metrics techniques [26, 43, 69, 57|, based on the seminal article by Birkhoff [15]. See also [75]
for a refined analysis of Sinkhorn iterates and their gradient on the d-dimensional torus as
well as the more recent article [30] on compact spaces and bounded cost functions.

Sublinear rates have been developed in the articles [5, 22, 61]. Linear rates on non-
necessarily compact spaces were first obtained by Léger in [86] using elegant gradient descent
and Bregman divergence techniques (see also the recent articles [42, 84]). Refined conver-
gence rates at least one order faster for a general class of models including sub-Gaussian
target marginals has also been developed in [73] under some exponential moments estimates
on Schrodinger potentials.

The first exponential stability analysis of unbounded models and not necessarily com-
pactly supported marginals is presented in the article [34]. In this study, the authors in-
vestigate quantitative contraction rates for target marginal distributions with an asymp-
totically positive log-concavity profile and quadratic symmetric cost functions associated
with a sufficiently large regularization parameter. The approach taken in [34] relies on well
known links between gradient and Hessian of Sinkhorn and Schrodinger potentials along
Hamilton-Jacobi-Bellman equations with conditional expectations and covariances [28, 100],
see also [50]. The main conditions in [34] are expressed in terms of the integrated convex-
ity profiles of marginal potentials. Extending ideas from [33] the proofs are based on the
propagation of these convexity profiles based on coupling diffusion by reflection techniques
introduced in [62]. The exponential entropic decays presented in [34] were further devel-
oped and recently refined in [29] to apply to all values of the regularization parameter and
some classes of perturbation of log-concave models. However this stability approach requires
one to estimate the semi-concavity properties of generally unknown dual Schrédinger bridge
transitions and it only applies to entropically regularized transport problems with symmetric
quadratic-type costs. Thus, this framework excludes the important cases when the reference
transition is associated with linear Gaussian transitions arising in Ornstein-Uhlenbeck-type
diffusion generative models and denoising diffusions.

The article [63] is also based on an extension of Hilbert’s projective metric for spaces
of integrable functions of bounded growth. Extending results in [26, 43] to unbounded cost
functions, the recent article [63] presents exponential decays of these new classes of Hilbert’s
projective metrics with respect to some cone of functions in settings where the marginal
distributions have sufficiently light tails compared to the growth of the cost function. These
results also imply the exponential convergence of the total variation distance. On normed
finite dimensional spaces, the main condition in [63] is that the log of the reference transition
density grows faster that a polynomial of order p and the tails of both marginals decay faster
that e~ for some g > 0. This condition does not cover Gaussian models. It is out of
the scope of this article to present more details of these different approaches. Despite the
numerous references given above, a complete literature review is not possible. We refer to
reader to the books [97, 102] as well as the survey articles [27, 70, 79, 80, 107, 121, 123],
recent article articles [3, 4, 29, 34, 49, 74] and the numerous references therein. We underline
that all the methodologies discussed above differ from the recently developed Sinkhorn
semigroup contraction analysis and the Lyapunov operator-theoretic framework discussed
in Section 1.2.
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1.4 Article focus and structure

The objective of this survey article is to detail, in a pedagogical manner, the subject of
Sinkhorn semigroup techniques, along with quantitative stability estimates. Although, as
mentioned above, we do discuss some existing results, we do not survey the entire literature
with all of the results that have been derived. One of the main motivations of this paper is
to equip the reader with many of the tools that are needed to analyze Sinkhorn semigroups,
without having to go beyond the technical methods that have been employed in the analysis
of non-homogenous Markov chains (e.g. [48, 60]). This in turn leads to short and elegant
proofs of existing results, along with, in some cases, a substantial improvment over those
currently published. We again remark that, other than the finite state-space or Gaussian
case, Sinkhorn algorithm recursions are numerically intractable. An important ingredient in
the mathematical analysis of numerical approximations is the time stability of the previously
mentioned recursions. Indeed an understanding of time stability could lead to a motivation
for new numerical methods. This idea is analogous to the stability of the non-linear filter
which has been studied in some depth for more than 30 years (e.g. [52] or [11, 45] and the
references therein). Once one understands whether a non-linear filter is stable, one may hope
to derive numerical algorithms which approximate the filter and can be stable themselves
(we refer the reader to [11, 45] to understand what stability is in non-linear filtering).

This article is structured as follows. In the following subsection 1.5 we provide the
main notations that are adopted in the paper. Section 2 presents some background analysis
on Schrodinger and Sinkhorn bridges. In section 3 we give a summary on the stability
of Markov operators which is the approach that we adopt. In section 4 a brief review of
Sinkhorn bridges is given. Finally in section 5 we detail our stability analysis.

1.5 Some basic notation
Integral operators

Given a Markov transition K (z,dy) from X into Y and a function f on Y we set

K(f)(x) = jy K(x, dy) f(y). (1.11)

We are using K to denote both the left-action operator on measure (1.2) and the right-
action operator on functions (1.11). Denote by II(u, .) be the set of probability measures on
(X x Y) with X-marginal p; and II(.,7) is the set of probability measures on (X x Y) with
Y-marginal n. Note that

(n®@n)(d(z,y)) := p(dr) n(dy) = (L®n) € (u,n).

The Dirac delta measure located at z is denote by J,. We also denote by |v| := vy + v_
the total variation measure associated with a Hahn-Jordan decomposition v = v, — v_ of
a bounded signed measure v. For indicator functions f = 14 of a measurable subset A ¢ X
and a given measure p on X sometimes we write p(A) instead of p(14).

We let B(X) denote the set of measurable functions on X and [f| := supex |f(2)]
denotes the uniform norm of a function f € B(X). Denote by Prob(X) the set of probability
measures on X. Next, we let g € B(X) be a lower semi-continuous (abbreviated l.s.c.)
function, lower bounded away from zero, and we denote by B,(X) the subspace of functions
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f € B(X) such that |f/g| < o0. Denote by Proby(X) be the set of probability measures
on X such that p(g) < 0. By (X) is the collection of locally upper bounded and uniformly
positive functions that grow at infinity (in the sense that their sub-level sets are compact).
By(X) = {6 : 1/0 € Bx,(X)} is the sub-algebra of (bounded) positive functions §(z) which
are locally lower bounded and vanish at infinity in the sense that, for any 0 < € < ||f], the
set {0 = €} is a non-empty compact set.

Differential operators

We let V f(z) = [0x, ()], <;<q be the gradient column vector associated with some smooth
function f(z) from R? into R. Given some smooth function F(x) from R? into RP we denote
by Vh = [VFl, ey VFP] € R™*P the gradient matrix associated with the column vector
function F' = (F")1<i<p, for some p > 1. For instance, for a given matrix A € R?*P we have
Ah(z) € R? and therefore

V(AF(z)) = (VF(z)) A’ (1.12)

where A’ is the transpose of the matrix A. Given a smooth function f(z,y) from R? x R?
into R and 7 = 1,2 we denote by V; the gradient operator defined by

(Vif)!
V.f = : with (V1f)) :=0,f and (Vaf) := Oy f-
(Vif)?

For smooth p-column valued functions F(z,y) = (F’(z,y))1<j<p we also set
ViF = [ViF',...,V;F?].

In this notation, the second order differential operators V;V; on function f(x,y) from
R? x R into R are defined by (V;V;)(f) := Vi(V;(f)) and we set V2 := V;V; when i = j.

Conditional covariances

Let Glg denote the general linear group of (d x d)-invertible matrices, and SC'[ c Glg the
subset of positive definite matrices. We sometimes use the Lowner partial ordering notation
v1 = vy to mean that a symmetric matrix v —vs9 is positive semi-definite (equivalently, vo—vq
is negative semi-definite), and v; > vo when v; — v is positive definite (equivalently, vo — vy
is negative definite). Given v € S we denote by v'/2 the principal (unique) symmetric
square root.

Consider bounded positive integral operators from R? into itself of the form

K(z,dy) e VW)
K(e™V)(z)

K(z,dy) = e V@Y dy and Ky (z,dy) = (1.13)

for some real valued functions W (z,y) and V (y). Denote by W, and W, , the gradient and
the Hessian of the transition potential W (z,y) with respect to the first coordinate; that is

Wa(y) := ViW(z,y) and W,.(y) := ViW(z,y). (1.14)
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The gradient and the Hessian formulae are

f(z) :=log K(e™V)(x)
(1.15)
= Vf(z) = —Ky(Wy)(z) and V2f(z)=—Ky(Wyz)(®) + covi, w(z)

with the conditional covariance
1
coviy, w () 1= 2J Ky (z,dy1) Ky (z,dy2) (Wa(y1) — We(y2)) (Wa(y1) — Wa(y2))" (1.16)

where we recall v’ is the transpose of a matrix or vector v. Denote by mean (x) and covg (x)
the conditional mean and covariance functions

meang (x) := J K(z,dy) y
(1.17)
1
covg(z) = QJ K(z,dy1) K (2, dya) (y1 —y2) (y1 — y2)".
Assume the log-density function W satisfy the strong convexity condition
T < VW (z,y) <7 ! for some 7,7 € S} . (1.18)

In this context, the Brascamp-Lieb inequality ensures that
covi(z) < fK(x,dy) (V%W(m,y))il <7

Conversely, the Cramer-Rao inequality also ensures that
cov(z)t < jK(a:,dy) VAW (z,y) <7 L.

We summarize the above discussion with the covariance estimate

(1.18) = 7 < covg(x) < 7. (1.19)

Riccati difference equations

The Frobenius matrix norm of a given matrix v € R4*% is defined by ||v]3 = Tr(v'v), with
the trace operator Tr(-). The spectral norm is defined by [[v]2 = A/ Amax(v'v) and Amax(v'v)
is the maximum eigenvalue of v'v. Note that, for z € R%*! = R? the Frobenius and the
spectral norm |z|r = v2'z = |z|2 coincides with the Euclidean norm. When there is no
possible confusion, sometimes we use the notation | - | for any equivalent matrix or vector
norm.

For any u,v € Sj we recall the Ando-Hemmen inequality

min min

-1
[ut? = o 2) < [ A + @) el (1.20)

that holds for any unitary invariant matrix norm |-|, including the spectral and the Frobenius
norms, see for instance Theorem 6.2 on page 135 in [81], as well as Proposition 3.2 in [8].
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Let us associate with some w € Sj the increasing map Riccy from 89 into Sj defined
by

; . +
Rice : Sg = Sy

v~ Ricee(v) =T+ (w+v) H)~L (1.21)
A refined stability analysis of Riccati matrix difference equation
Up+1 := Ricey (vy) (1.22)

and the limiting stationary matrices r = Riccy(r) associated with these maps is provided
in [3]. Notice that

1 1

r=Riccg(r) «— ri=I4+(@w+r)e—wrt+I=(w+r)rti=(w+r)+1

— wrili=—wire—rl=Jlaoolre—eT=r+rolr (1.23)

Also note the increasing property
v1 < vy = Ricey(v1) < Ricey(ve)
Foranyn>p>1landve Sg we also have the estimates
Ricc? (0) < RiccZ (0) < Ricel (v) < Ricc H(I) < RiecZ 1(1) < T (1.24)

The matrix fixed point equations (1.23) belong to the class of discrete algebraic Riccati
equations (DARE), and no analytical solutions are available for general models. In our
simplified framework, the unique positive definite fixed point (1.23) of the Riccati difference
equation (1.22) is given by

I+ ) t<r:= —% + <w + (?)2)1/2 <1 (1.25)

In addition, there exists some constant ¢, such that
lvn — 72 < e (1 4 Amin(ww 4+ 7)) 72" vo — 72 (1.26)

The contraction rates in (1.26) are based on Floquet-type representation of Riccati flows
and they are sharp (see Theorem 1.3 in [47]). For further discussion see [3, 47], and the
references therein.

The positive and negative part of a € R are defined respectively by a, = max(a,0) and
a_ = max(—a,0). Given a,b € R we also set a v b = max(a,b) and a A b = min(a,b).

2 Some background on bridges

2.1 Overview

The theory of entropic optimal transport is at the carrefour of statistics and applied proba-
bility, optimal control theory, machine learning and artificial intelligence. Entropic bridges
have emerged as powerful techniques in a various fields of physics, economics, engineering

14



and computer sciences. Every community often has a different way to interpret and formu-
late Schrodinger and Sinkhorn bridges and every formulation has its own advantages and
limitations. To guide the reader, this section provides a comprehensive overview of some of
the main formulations used in this field. We remark that if the reader is already an expert
in one of the possible presentations of Schrodinger and Sinkhorn bridges then it is possible
skip most of the following sections with little loss in continuity.

Section 2.2 presents a probabilistic formulation of Sinkhorn bridges in terms of conju-
gate and dual integral operators. Equivalent Bayes’ type formulations in terms of state
space models are discussed in Section 2.3. Section 2.4 underlines the links between static
and dynamic Schrédinger bridges in the context of discrete generation Markov processes.
Forward-backward formulations for continuous time generative-type diffusion models are
discussed in 2.5. Section 2.6 provides an alternative analytical interpretation of Sinkhorn
bridges in terms of entropic projections.

2.2 Conjugate and dual transitions

When 6, K « puK for any z € X, we have the Bayes’ formula

dé, K
duK

px K = ((uK) x K%)" with  K*(y, dz) := u(d) (¥). (2.1)

A more general definition of the dual transition K} is provided in Section 2 in the article [53].
Note the reversible property

p(dz) K (z, dy) K (y, dT) = p(dz) K (7, dy) K, (y,dz) and therefore uKK) = p.
By symmetry arguments, when 6,L « nL for any y € Y, we have the Bayes’ formula

(nx L)’ = (nL) x Ly with  Lj(z,dy) := n(dy) (fif;/f (x). (2.2)

Again, we have the reversible property
n(dy) L(y, dx) Ly (x, dy) = n(dy)L(y, dx) Ly (z,dy) and therefore nLLy = 1.

Consider some reference probability measure P € II(y, .). We have disintegration formula
P = (ux K), for some Markov transition K from X into Y. Sinkhorn bridges P,, are defined
sequentially starting from a reference probability

Po:=P < (Po:=pxKy with Kp:=K).
Rewritten in a slightly different way, the Bayes’ rule (2.1) takes the form
Po:=p x Ko = (mp x ICl)b eIl (u,m) with mp:=pky and Ky := (ICO)Z.
In the same vein, Bayes’ rule (2.2) takes the form
Py = (n % Kl)b =m X Ky ell(m,n) with m:=nk; and Kjy:= (’Cl);

Iterating the above procedure we define for even indices a collection of bridges

Pop 1= 11 % Kon = (Ton % Kans1)” € II (1, mon) (2.3)
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with the marginal distributions
Ton := Ko, and the transitions Kopyq := (Ian)Z.
Sinkhorn bridges for odd indices are given by
Pantt1 i= (0 % Kons1)” = Tant1 X Kognyr) € I (T241,7) (2.4)
with the marginal distributions
Ton+1 := NKant1  and the transitions  KCy(ny1) = (K2n+1):.
2.3 State space models
In terms of random variables (X,Y") with distribution P = u x K we have
P(d(z,y)) =P(X,Y)ed(z,y) =P(X edx) P(Y edy | X = z) = pu(dr) K(z,dy)

with the distributions

u(dr) :=P(X edr) and K(z,dy):=PY edy| X =x)

= (uK)(dy) =P(Y edy) and K(y,dz)=P(Xedr|Y =y).

For continuous random variables on X = R? = Y with conditional densities with respect to
the Lebesgue measure we have

p(dz) = px(z)dz  and K(z,dy) = py|x(y|z)dy

= P(d(z,y)) = px,y(2,y) dzdy := px (z)py|x (y|z) drdy

where pxy(z,y) is the joint density of (X,Y), px(z) the marginal density of X and
py|x (y|x) is the conditional density of Y given X = x. In this context, Bayes’ rule (2.1)
takes the form

pxy (7, y) = px(z)py|x (ylz) = py (¥)px|y (zly) and Kj(y,dr) = px)y(z|y) d=.

Sinkhorn bridges

Consider random variables (X, Y,) such that
Puld(z, ) = P((Xn, Ya) € d(z,3))
with the Sinkhorn bridges P,, defined in (1.4). For even indices we have
Pap = 1 X Kop,
< p(dr) = P(Xop €dx) and Kop(z,dy) = P(Ya, € dy | Xop = ).
In this context, Bayes’ rule (2.3) holds with

Ton(dy) = P(Ya, € dy) and Kopt1(y,dx) = P(Xoy, € dx | Yo, = ). (2.5)
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For odd indices we have

Pont1 1= (n x ’C2n+1)b

= n(dy) =P(Yons1 €dy) and Kopy1(y,dr) = P(Xopi1 € dx | Yopi1 = ).
Again, Bayes’ rule (2.4) holds with

Ton+1(dz) = P(Xony1 € dz)  and  Kyppny (2, dy) = P(Yons1 € dy | Xop1 = ). (2.6)

Density models

Consider locally compact Polish spaces (X, \) and (Y, ) endowed with some locally bounded
positive measures A and v. Also assume the marginal probability measures are given by

p(dzr) = Ay(dz) == e V@ Ndz) and n(dy) = vy (dy) == eV v(dy) (2.7)

for some normalized potential functions U : x € X —» U(z) e Rand V:ye X — V(y) e R.
We have

P((Xy, Yn) € d(z, ) = p(x,,v,) (7,9) Y(d(z,y)) with v:=A@w.

In addition

p(XQH,YQn)(x7 y) = pX2n ("L‘) pY2n‘X2'n (y|x) Wlth pXZn (x) = e_U(I)
(2.8)
p(X2n+17Y2n+1)(5Uay) = DPYonia (y) pX2n+1|y2n+1(I"y) with py2n+1(y) — e*V(y)'
In this scenario, the recursions in (2.5) and (2.6) take the form
DXoni1[Yons1 *= PXon|Yan and PYy(ni1) | Xome1) *= PYonia|Xonti- (2.9)

2.4 Dynamic and static bridges

Consider a Markov chain Z; on X with transition semigroup M with [ < k defined by
M p(21,dzg) == P(Zy € dz | Z1 = z).
We fix the time horizon n and observe that
p(dzo) :=P(Zy € dzo)

= P(d(20, zn)) := P((Zo, Zn) € d(z0,2n)) = (1t x K)(d(z0,2n)) with K = Mp,,.

Pinned process

The conditional distribution of the random path (Z1, ..., Z,_1) given the initial and terminal
states (Zo, Zn) (we call this a pinned Markov chain) is given by

P((Zl, .. .,anl) € (d(zl, . .,anl)) | (Z(),Zn) = (Z(),Zn))

= PE () o= [ MR G ).

1<k<n
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with the collection of Markov transitions
M1 1 (2k—1,dzr) My (2k, dzp)

M(nvzn) 21 7dZ =
k—l,k( k-1, dzp) M1 0 (2k—1,dzn)

Note that the above transitions do not depend on p and we have

P(d(z0,. - 20)) = B((Zor-... Zn) € (dz0r . 7))
= P(d(20,2)) x B (d(z1, -, 2nm1))-

Let IT,,(1, ) be the set of probability measures on the path space X"*1 := X x X" with

marginals p and 7 at time £ = 0 and £ = n. The dynamic Schodinger bridge between p and

n with reference distribution P is given by the bridge map

argmin H(Q | P).

Pun:=
QeIln(u,m)

Any probability measure Q € II,,(u, 7) can be disintegrated w.r.t. the marginal distribution

Q(d(z0, zn)) of the initial and terminal states, namely
(20,2n) ( (Zl, ey anl))-

Q(d(ZOa cee Zn)) = Q(d('an Zn)) X QOHn

This yields the entropy factorization
ZO7Zn)‘POZO,Zn )

HQ|P)=H(Q| P) +f Qu(d(z0, 20)) H(QS

from which we conclude [3, 25, 64, 67, 87] that the static Schrodinger bridge P,, and

dynamic Schrodinger bridge P, ,, are connected by the formulae

P#,Tl(d('zoa cee Zn))) = P,LL,T](d(ZO7 Zn)) X P(gi(:nzn)(d(zla R anl))'

Backward conditioning formulae
To simplify notation we consider a time homogenous Markov transition Mp_1 = M. In

this context, we have the backward conditioning formulae

Zn—l) | Zn = Zn) =

H Mjk (Zk+1, dzk)

n>k>=0

]P)((Zo,.. -7Zn—1) € d(Z(),...,

the dual transitions
pr(dzg) M(zg, dzg41)
M* dzr) = d dz) =P(Z;. e dz) = _1M)(dz).
Hk(zk+17 Z/C) (UkM)(dzk—&-l) an ,uk( Z) ( k€ Z) (Hk 1 )( Z)
This yields the conjugate formula
w(dzo) K(zo,dzy)
=P Z()EdZ() anzn =
( | )= (R (deo)

(,LL, K) = (MOaMO,'rL) = K:(Zn,dZO)
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2.5 Continuous vs discrete time models

We illustrate the conjugate formulae presented in Section 2.2 and Section 2.3 in the context
of diffusion flows, due to the practical relevance of such methods.

Consider the stochastic flow s € [0,t] — v () on some fized time horizon t starting
at Y\ (z) = 2 € X = R = Y defined by the diffusion

dZO (z) = b2 (2))ds + oo(Z\9 (2))'/? dB, (2.10)

for some drift function bs(z), some diffusion function o4(z) € S; and some d-dimensional
Brownian motion Bs. Formally, we may slice the time interval [0,¢]a = {so,...,sn} via
some time mesh s;;1 = s; + A from sg = 0 to s, = t = nA. In this notation, for

s = s € [0,t]a with k < n we compute ZiﬁA

Z05(@) = Z0(@) = 50 (210(@)) A + 0y (20 (@))"? (Byra — By)

i.e. via Euler-Maruyama time discretization.
Given some initial random variable Xy with distribution p independent of the Brownian
motion By we set

Yo := 2% (Xo) = Pold(z,y)) := P((Xo, Yo) € d(,y)) = p(dx) Ko(z, dy)

(x) from Z; ( (x) using the formula

with the Markov transition
Ko(x, dy) == P(Z") (x) € dy) == ¢\" (2.1 dy.
Observe that
(1Ko)(dy) = P(Yo € dy)
= P2 (Xo) e dy) = p”(y) dy with Vs [0,¢] pO(y) := J (dx) ¢ ().

The conjugate transition Kq is associated with the diffusion flow s € [0,¢] — Zél)(y) starting
at Zt(l)(y) = y defined by the backward stochastic differential equation

~d; 2 (y) = BV (20 () ds + (2 (y))'/? dBy
with the drift function

b = = + v, logp® and (V,,logpV) = % Z Oz, (ag’ipg0)> .

Ps ™ 1<i<d

Formally, slicing the interval as above, for s = s € [0,t]a with k£ > 0 we compute Zg)A ()

from Z{” (x) using the backward formula

200 () = ZO () = 520 () A + 0520 (y)? (B — Bs_a)

We have the dual formulae
pldz) Ko(x, dy) = (uKo)(dy) Ki(y,dx) and  Ki(y,dz) == P(Z§"(y) € d).

A detailed proof of the above backward conjugate formula can be found in [6, 7, 78]. At the
next iteration, we consider some initial random variable Y7 with distribution 7 independent
of the Brownian motion B, and we set

X1 = 20 (M) = Pi(d(w,y)) == P(X1, V1) € d(z,)) = n(dy) K:(y, dz).
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2.6 Some half-bridge entropy formulae

We have the entropy formulae
H((nx L) | nx K) =H(nx L | (uK) x Kji) = H((nL) x Ly | o x K).
This yields the variational formulae

(n x K;‘;)b =argminH(Q | p x K) and px Ly = argmin H((n x LY Q). (211
Qell(.,n) Qell(p,.)

By symmetry arguments, we also have the entropy formulae
H(px K | (nx L)) = H((uK) x K} | nx L) = H(ux K | (nL) x L)
This yields the variational formulae

(n x K;‘;)b =argminH(u x K [ Q) and px Ly =argminH(Q | (n x LY. (212
Qell(..m) Qell(k,.)

Applying the left hand side (Lh.s.) of (2.11) and (2.12) to K = K2, we have the half-
bridge equivalent formulation

Pont1 = argmin H(Q | Pap) = argmin H(Pay, | Q).
QGH(-JZ) QEH(-W)

Similarly, applying the right hand side (r.h.s.) of (2.11) and (2.12) to L = Kg,+1 we also
have

Pa(ny1) i= gr%t"ﬂir;ﬂ(%nﬂ | Q) = grgr;ll(rniI;H(Q | Pans1)-
S My e € My

3 Stability of Markov operators

3.1 Overview

The time varying Gibbs-type semigroup formulation of Sinkhorn bridges (1.9) and the en-
tropy formula (1.10) show that the convergence analysis of Sinkhorn bridges rely on the
stability analysis of a class of time varying Markov processes sharing a common invariant
target measure at each individual step. This section gives a summary on the stability anal-
ysis of Markov operators. Section 3.2 and Section 3.3 dicuss the different classes of entropy,
divergences and the Kantorovich criteria used in the article. Section 3.4 review an operator-
theoretic framework based on contraction coefficients and Lyapunov principles. Section 3.5
is dedicated to transportation cost inequalities including local log-Sobolev and Talagrand
quadratic cost inequalities.

3.2 Entropy and divergence criteria

A measure p1 on X is said to be absolutely continuous with respect to another measure s
on X, and we write pu3 « g, if po(A) = 0 implies p1(A) = 0 for any measurable subset
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A < X. Whenever p; < p2, we denote by duq/dus the Radon-Nikodym derivative of pq
w.r.t. po. Consider a convex function

d: R2 — RuU{+w}

(u,v) ~ P(u,v) s.t. VaeRy P(au,av) =a P(u,v) and (1,1) = 0. (3.1)

The ®-entropy between two probability measures 1, o on X is defined for any dominating
measure 7 (such that v » gy and v » pg) by the formula

?mmhmw=f@(ﬁswﬂﬁ%m)v@w (3.2)

By homogeneity arguments, the definition (3.2) does not depend on the choice of the dom-
inating measure . Note that

. 1
if ®(u,v) = Pg(u,v) := 5 |lu—v| then Ha,(p1,pn2) = |1 — 12ty (3.3)

In the above display, ||u1 — p2 |t stands for the total variation distance between the proba-
bility measures g and po defined by

it~ pole = 5 sup i — )] = FeBE) ;1S <1}
= sup{|(m —p2)(f)] = feBX); osc(f) <1} (3.4)
with the oscillation osc(f) of the function f € B(X) defined by
osc(f) = sup {|f(z1) — f(w2)| : (z1,22) € X*},

Whenever ®(1,0) = oo, the ®-entropy coincides with the ¢-divergence in the sense of
Csiszar [38], i.e., we also have

Holnape) = [ & (920)) alde) where o(u) = B(u1)

and we have used the convention He (11, u2) = 00 when vy & vo. Therefore, the ®-entropy
generalizes the classical relative entropy (a.k.a. Kullback-Leibler divergence or I-divergence).
More precisely, choosing the functions

®(u,v) = ulog (u/v) and ¢(u) =ulogu

we recover the classical formulae

d
Ho, (s p2) = Hipa | p2) := <log (dl/j;» '

The ¢-divergence criteria discussed above also includes IL,-norms, Havrda-Charvat entropies,
a-divergences, Jensen-Shannon divergence, squared Hellinger integrals and Kakutani-Hel-
inger, as well as Jeffreys and Rényi divergences, see for instance [38, 53, 89, 96] and references
therein.
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3.3 Kantorovich semi-distances

Consider a semi-distance ¢ on a Polish space X; a semi-distance is essentially a distance
function that is L.s.c. except that the triangle inequality may be violated. Some examples of
semi-distances that we consider include the discrete metric pg(z1,z2) := 1z, 24, and, for a
given l.s.c. function g, lower bounded away from zero, the weighted discrete metric defined
by the formulae

0g(x1,22) 1= @q(z1,22) wy(x1,22) with  wg(z1,22) = g(x1) + g(x2). (3.5)

The Kantorovich semi-distance between two measures 1, pu2 € Prob(X) is defined by

Doy, p2) :=  inf . 3.6
o (1, 12) Qenl(rﬁl,m)Q(@) (3.6)

The assumption that X is a complete and separable metric space and the fact that ¢ is
l.s.c. and non-negative ensure the existence of an optimal transport plan [119, Theorem 4.1].
Moreover, the assumption that ¢(z1,22) = 0 < x1 = 29 ensure that D, (u1, u2) = 0 if and
only if p; = pe. The Kantorovich semi-distance is related to several well-known measures
of distance between probability distributions. Specifically, when (X, ¢) is a Polish space the
quantity Dy (pu1, 12) is the Kantorovitch distance (or Wasserstein 1-distance) between pi;
and pi2, whilst for p > 1 the Wasserstein p-distance Dy, (1, p2) is defined by D, (11, p2) =
Do (11, p12)/P. We also have the formulae

Dy (1, p2) = |1 — poley  as well as Dy, (1, p2) = [l — pe2lly

with the g-weighted total variation norm

e = palll, = 2 — p2l(g)
= sup{|(u1 —p2)(f)| = feBy(X) s [flg <1}
= sup{|(u1 — p2)(f)| : feBy(X); oscy(f) <1}, (3.7)

where oscy(f) stands for the pg-oscillation of the function f € By(X) defined by the Lipschitz
constant

oscg(f) = sup {|f(z1) = f(z2)|/g(z1,72) : (w1,22) € X*; 31 + 22}

When X = R? and ¢(x1,72) = |21 — 222 is the Euclidian norm we simplify notation
and we write D,, instead of D, p; that is

1/p
Dyt i= o int ([l = lf QUi a)) (33)

QeTT(p11,p2

For a more thorough discussion on Kantorovich criteria and weighted total variation norms
we refer to [51, 54] and references therein.
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3.4 Contraction coefficients
3.4.1 Dobrushin coefficient

Given a convex function & satisfying (3.1), the Dobrushin ®-contraction coefficient dobg (K)
of some Markov transition K (z,dy) from X into Y is defined by

Hao (1 K, poK)

dobg (K) := sup Ho i, )

(3.9)

where the supremum is taken over all probability measures 1, uo such that He (u1, u2) > 0.
Here, again, the terminology ®-Dobrushin coefficient comes from the fact that choosing
®(u,v) = Po(u,v) = 5|u—v| we recover the standard Dobrushin contraction coefficient, i.e.,

dobg, (K) = dob(K) = sup [0y K — 050 K|ty (3.10)

(CEl ,CEQ)EXQ

= sup{osc(K(f)) : feB(Y); osc(f) < 1}.

We also recall that the Dobrushin coefficient is a universal contraction coefficient, that is
we have

dobg (K) < dob(K) := dobg, (K). (3.11)

A proof of the above estimate is provided in [31] for finite state spaces and in [53] for general
measurable spaces. For further details on the Dobrushin contraction coefficient we refer the
reader to [52, 53, 58] and [45, Chapter 4].

3.4.2 Kantorovich Lipschitz norm

Consider a Markov integral operator K and some other l.s.c. function h, lower bounded
away from zero on Y and such that |K(h)|, = |K(h)/g| < co. This condition ensures that
the right-action linear operator f € By(Y) — K(f) € By(X) is continuous with operator
norm defined by

Kl = 1K (h)/gl = sup {[K(f)lg = feBu(Y); |fln <1} <co. (3.12)

The Lipschitz constant or Kantorovich norm [59] of the integral left-action operator p €
Proby(X) — pK € Proby,(Y) is defined by

D K, oK K — oK
Iipgﬁ(K) ;= sup Soh(:ul s W2 ) = sup |||:u1 2 |||h (3‘13)

Dy, (111, p2) llpa = peall,

where the supremum is taken over all (u1, u2) € Proby(X)? such that |||y — pell, > 0. We
have the equivalent dual formulation

D<Ph (5$1K7 5$2K)

lipg,,(K) = sup {oscg (K (f)) : f€Bp(Y); oscp(f) <1} =sup Dy, (02, 0,)

(3.14)

where the supremum is taken over all states (x1,72) € X? such that ¢,(x1,22) > 0. For a
more detailed discussion on these equivalent formulations see [51] or [54, Section 8.2].
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3.4.3 Lyapunov methodologies

Consider a Markov transition L(y,dx) from Y into X. Assume that
Kh)<eg+c and L(g)<eh+c (3.15)

for some constants € €]0,1[ and ¢ > 0 and some l.s.c. functions g, h lower bounded away
from zero. Also assume there exists a map ¢ : [ € [0,00[— ¢(I) €]0, 1[, such that for any
wg(x1,x2) < 1 and wy(y1,y2) < | we have

1021 K = 00y Kllew v [y, L = by Lllew < 1= (1) (3.16)
Condition (3.16) is equivalent to the local minorization condition
00 K A6y K = 0(1) p and 0y, L A 6y, L = (1) p (3.17)

for some probability measures (u,n) on (X,Y) that may depend on the parameters [ and
the states (x1,22) and (y1, y2) in the sub-level sets wq (1, 22) < [ and wy(y1,y2) < (cf. for
instance [9, 48, 54]). We have

{wy, <} c{g<l}® and {w, <1} c{h<l}*
Thus, (3.17) is met as soon as
V(z,y) e {g <1} x {h<}) 0K > u(l) n and  6,L = o(1) p. (3.18)

We recall the notation By (X) and By(X) from section 1.5. It should be noted that, in
(3.15), the functions g, h are not necessarily proper Lyapunov functions, in the sense that g
and h are not assumed to belong to the sub-algebrae By (X) and By (Y) (recall the collection
of locally upper bounded and uniformly positive functions that growth at infinity (in the
sense that their sub-level sets are compact)). When g, h are bounded (3.17) are minorization
conditions on the whole state spaces. Conversely, when (g, h) € (B (X) x By (Y)) condition
(3.17) are local minorization conditions on compact sub-level sets.

We note that if a function h > 0 satisfies

K (h)/g <0 € By(X) (3.19)
then, for any 0 < e < ||| A 1, we have

K(h) <elygeqy g+ 1=y 0 g<eg+c with c:=[0] sup g(z). (3.20)

ze{0=¢}

Consequently, the Lh.s. drift condition in (3.15) is satisfied.
Note the rescaling properties

1 € 1 €
Gim =+ — d hi=r4 o
9 =5 9.9 2 "2
(3.21)
_ 1 -1
= K(h)éeﬁ—i—i and L(§)<eh+§.



In addition, for any a = 0, we also have

1 a+1 € a 1 - a+1 € a
~4ag= 14+ - d —+ah= 14+ - h).
2+ag 9 <+ca+1g> an 2+a <+ >

The following theorem is a slight variation of contraction estimates presented in [9, 51] (itself
based on the weighted norm contraction analysis presented in [48, 54]).

Theorem 3.1. Assume (3.15) and (3.16) are satisfied. Then there exists some a > 0 and
0 €]0, 1[ that only depends on the parameters (€,c) and the function i(r) such that

1 1
lipg, h, () v lipp, o, (L) < 0 with g, := 5 +ag and hg:= 3 +a h,
In addition, we have

lipg, g0 (BCL) v lipy, . (LK) < lipy, ., (K) lipp, 4. (L) < 0.
Observe that
Pga (1, 22) := @a(w1,72) (14 a wy(x1,72)).
Assume there exists a semi-distance ¢ on X such that
Y(z1, 22) < wy(21, T2) = a P(21,22) < g, (21, 22) = a Dy (p1, p2) < |1 — pzg,-
In this situation, Theorem 3.1 yields the Kantorovich semi-distance exponential decays

a Dy (KL)", po(KL)") < 0™ 1 = piallg,.- (3:22)

When (X, 1) is a Polish space, the above estimates yield the exponential decays w.r.t. the
Wasserstein 1-distance Dy. By [51, Theorem 2.3], under the assumptions of Theorem 3.1,
there exists some b > 0 such that

Yab 1= Pg, +b 0 = lipy, . (KL)<1—(1—lip,, , (KL))*.
Example 3.2. For Lyapunov functions on X = R of the form
9(x) := 1 exp (cofz[)
for constants c1,co > 0 and some parameter p > 0 we have

wy(a1,32) = 21l 2ee2le2l"/2 5 9c) (eXp (%2 (1P + H$2Hp)) B 1)

C
> Yexp(®1,72) 1= 201 (eXP (217319 |21 — m2Hp> — 1) .

The first estimate comes from the fact that u? +v? = 2uv for any u,v € R. The last estimate
follows from the fact that

1l? + 2P = 27 P70 g — 2o

Also note that for any q = 1 we have

. 261 (&) q
Vexp(T1, T2) = Up,q(21,72) 1= Cpgllwr — o with ¢pq:= g (21vp) :

In this case, in terms of the Wasserstein metric (3.8) we have

a cpg Dpg(pir, p2)P? < |1 — p2llg, -
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3.5 Transportation cost inequality
3.5.1 Log-Sobolev constants

We say that a probability measure uo satisfies the quadratic transportation cost inequality
T2(p) with constant p > 0 if for any probability u; we have

1
5 Dy(u1, p2)® < p Hp | pa)- (3.23)

We say that a Markov transition K from X into Y satisfies the quadratic transportation
cost inequality Ty(p) when §, K satisfies a quadratic transportation cost inequality Ta(p)
for any z € X.

Lemma 3.3 ([49, 50]). The Markov transition K satisfies the Ta(p) inequality if and only
if for any probability distribution p and any Markov transition L we have

Dy(uL, pK)? < Ju(d:v) Dy (0,L,0,K)* <2p H(ux L | p x K). (3.24)
In addition, we have the bias estimate
| () pmeanic () ~ means (@)13 < 2p H(u x L | x K)
as well as the covariance entropic bounds

f u(dz) leovic(z) — covr,(z) |

<dpHpuxL|pxK)+ce,r 8pH(puwxL|px K))1/2 with cf%L := u (Tr(covy))

When X = R? and dy /dus is differentiable the (relative) Fisher information of y; with
respect to uo is defined by

T (| p2) = pa (|V log (dpa /dp2)|3)

We also use the convention J(p; | p2) = 00 when pug « pua.
A probability measure s satisfies the log-Sobolev inequality LS(p) if for any probability
1 we have

Hin | p2) < § TGm | o) (3.25)

In addition, a Markov transition K (z,dy) from R? into itself satisfies the log-Sobolev in-
equality LS(p) when §,K satisfies a log-Sobolev inequality LS(p) for any € R?. Finally, a
Markov transition K satisfies the local log-Sobolev inequality LSioc(p) if for any zy, zo € RY
we have the inequalities

H0o, K | 00, K) < 5 T (00, K | 6,,K). (3.26)

A theorem by Otto and Villani ([99, Theorem 1]) ensures that the log-Sobolev inequality
LS(p) implies the quadratic transportation cost inequality To(p).

We also say that K satisfies the Fisher-Lipschitz inequality J(x) with constant x > 0 if
for any z1,x9 € R? we have the inequalities

T (00, K | 64, K) < K? |21 — 223 (3.27)
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3.5.2 Some illustrations

Several criteria with explicit estimates of the log-Sobolev constants of Gibbs measures with
non uniformly convex potentials are available in the literature under rather mild conditions,
including the celebrated Bakry-Emery criteria on Riemannian manifolds [12]. It is clearly
out of the scope of the present article to review these estimates, see for instance [13, 20, 21,
94, 98, 118, 119] and references therein.

Consider a Boltzmann-Gibbs probability measure on R¢ of the form

Ao(dz) = e V@ dg
for some potential function U(z) such that
VEU(2) 2 a Ljgppzr I = b Ljgpper 1 (3.28)

for some @ > 0, b > 0 and [ > 0. In this context there exists some U with bounded
oscillations such that V2(U +U) > (a/2) I. By the Holley-Stroock perturbation lemma [82],
Ay satisfies the LS(p)-inequality (3.25) with some parameter p = p(a,b,) that depends on
(a,b,1). For an explicit construction of such function we refer to [93]. As an example, the
one-dimensional double-well potential function U(z) = x* — a 22, with a > 0 are convex at
infinity and thus satisfy the LS(p)-inequality for some p > 0.

The local Hessian condition (3.28) is often termed “strongly convexity outside a ball” or
in short ”convex-at-infinity”. To avoid confusion, we underline that this condition strongly
differs from the strong convexity of U on the non convex domain {z € R? : ||z]ls > r}
discussed in [88, 101, 122]. It is also well known (see for instance Corollary 9.3.2 and
Corollary 5.7.2 in [13]) that

Jo eSS suchthat VezeR? V2U(z) =o'
(3.29)
= Ay satisfy the LS(p) inequality with p = |o|2.

We also refer to [94] for a variety of log-Sobolev criteria when the curvature is not positive
everywhere based on Holley-Stroock and Aida-Shigekawa perturbation arguments [2, 82].
We will now illustrate the transportation cost inequalities discussed above in the context
of Gaussian models.
Denote by v, » the Gaussian distribution on X = R? with mean m € R? and covariance
matrix o € S;. In addition, let gauss, denote the probability density function of the
distribution v, with covariance matrix o € Sj. In this context, we have

Umo = Ay with U(z) = —loggauss,(z —m) = V?U(z) = o~ ..
For any parameters (m,o) € (R? x S;) we recall that
2 U (v | vmz) = D(o | 7) + [~ V2 (m — ) I3 (3.30)
with the Burg (or log-det) divergence

Dpug(o | 7) :=Tr (05 ' —I) —logdet (o7 1). (3.31)
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Let (o, 8,7) € (Rd x Glg x SJ), we have the linear Gaussian transition

K(z,dy) = e V@) dy  with W(z,y) = —loggauss, (y — (a + Bz))
(3.32)
= VoW(z,y) =77y — (a + fz)) and VEW(z,y)=7""> 73" L.

The curvature estimate in the above display ensures that K satisfies the LS(p)-inequality
with p = ||7]2. Observe that

2 H (8, K | 84,K) = (21 — 2 ((7*1/%)'(7*1/25)) (21 — x2).
On the other hand, we have
Tk | 00K) = [ K(ordy) 192 (e1,0) — VoW (e,
= (@1 — ) (28T T28)) (w1 — ).
We recover the fact that K satisfies the LSjoc(||7]|2)-inequality and the J(||77!3]2) inequality.

3.5.3 A stability theorem

For any probability measures p; and us on X and a Markov transition K (z,dy) from X into
Y we have

Hp | p2) = H(m x K | pa x K) =H (mK) x K, | (12K) < Kp,)
= WG | pa) + [ dy) (3,00, 19,K7,)
and hence that
MK | uak) < Hon | o). (333

In information theory, the above inequality is also known as the data-processing inequality.
For any probability measures p and 7 on X and Y, from the convexity of the function
h(u) = ulogu we have

p(%Ew) = n ([ e B ) < [t n (“e ).

This implies that

ok | = [ atan n (%Ew)
< [ wta) [ atan 1 () = [ i) ws |,
We conclude that
HK | n) < | nldo) MK | ) (3.34)



Let p and n be two probability measures on X and let K(z,dy) be Markov transition
from X into Y. From the definition of the bridge map given in (1.1), for any reference
measure of the form P := (u x K) with some given probability measures p on X we have

P,k = argmin H(Q|P)=pux K and P,,x:= argmin H(Q|P).
Qell(u,nK) Qell(unK)

We are now in position to state and prove the following stability theorem.

Theorem 3.4 ([49]). Assume that X = Y = R? and the Markov transition K satisfies the
local log-Sobolev inequality LSioc(p) and the Fisher-Lipschitz inequality J(k) inequality. In
this situation, for any reference measure of the form P := (u x K) for some probability
measures i on R, and for any probability measure n on R? have

1
HK|pK) < H (Pugi | Pupx) < £°p B Dy, ). (3.35)

In addition, we have the following estimates:
o When n satisfies the Ta(p') inequality we have

H (Punk | Puux) < &2pp’ Hiuln). (3.36)

o When p satisfies the Ta(p') inequality we have
H (P | Bupurc) < &2pp’ H(nlp). (3.37)

o When K satisfies the Ta(p') inequality we have
Da(nK, pK)? < 20" H (Pyunxc | Puuxc) < 5%pp’ Do, ). (3.38)

Proof. Applying (3.34) to a Markov transition 7" we check that
Hlox (CK)|ux K) = [ n(d2) H(@T)K | 8.K)
< f (1 x TV (d(x, 2)) H6.K | 6.K).
Choosing T such that T = 1 we check that
(uxT) eT(npu) and (ux(TK))eTl(u,nK).

On the other hand, by (3.26) we have

HOoi K | 80, KK) < & 12 [y — 3
For any T such that T = n we have

P:i=pux K= H(PMJ?K | P/wK) < g KQJ w(dz) T(z,dx) |z —x||§

We end the proof of (3.35) choosing the optimal 2-Wasserstein coupling transition. The
estimates (3.36) and (3.37) are immediate consequences of the definition of the Ty(p’) in-
equality. The estimate (3.38) is a consequence of Lemma 3.3 and (3.35). [
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4 A brief review on Sinkhorn bridges

4.1 Overview

Entropic optimal transport for density models on Polish spaces is often presented as an
optimal transport problem with an entropic regularization. The entropic regularization
problem is solved by Sinkhorn iterations for small values of the regularization parameter to
solve the initial optimal transport problem. A brief presentation of these models is provided
in Section 4.2. Recall that the Sinkhorn bridges introduced in (1.4) are defined sequentially
by conjugate formulae and adjoint integral operators (cf. Section 2.2). This probabilistic
interpretation allows one to connect the convergence of Sinkhorn equations with the stability
analysis of Markov semigroups. In Section 4.3 we briefly review some elementary monotone
properties of Sinkhorn semigroup based on the non expansive property of Markov operators
(3.33) w.r.t. the relative entropy criteria. In the context of density models, Schrédinger and
Sinkhorn bridges can alternatively be defined by a sequence of entropic-potential functions.
These entropic potentials are defined in terms of a system of recursive equations. These
dual-type formulations are presented in Section 4.4. Section 4.5 and Section 4.6 provide
some entropic projection properties of bridge maps and present some pivotal commutation-
type integral transport formulae. Section 4.7 underlines some links between the gradient and
Hessian of entropic-potential functions and the conditional mean and covariance of Sinkhorn
transitions.

4.2 Entropy-regularized transport

Consider the marginal measures (u,n) = (Ay,vy) on locally compact Polish spaces (X, \)
and (Y,v) defined in (2.7). Denote K a Markov transition from X into Y of the form

K(z,dy) = e V@) 4 (dy) (4.1)

for some transition potential function W : (z,y) € (X x Y) — W(x,y) € R. In this context,
given the reference measure P := (u x K), for any @ € II(u,n) we check that

dQ _d(p®n) ~ dQ
dP dP d(p®n)

— H@Q | P)=QW)+H(Q | p®n) +H(n | v).

Therefore the problem (1.1) is equivalent to the optimal entropic transport problem

P, := argmin H(Q|P) = argmin [Q(W)+H (Q | p®n)]. (4.2)
Qe () Qe M(p.mn)

Choosing a potential transition of the form W(x,y) = W(x,y)/t + ¢, for some parameter
t > 0 and some constant ¢;, the problem (1.1) is now equivalent to the optimal entropic
transport problem

Py = argmin [QIW) +t H(Q | pn®n)]. (4.3)
Qe M(p.m)

In the optimal transport literature the function W is sometimes called the cost function
and the parameter ¢t > 0 is interpreted as a regularization parameter. In this context, the
“unregularized” problem corresponding to ¢ = 0 coincides with the Kantorovich optimal
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transport problem with cost function W. The quadratic cost model on X = R% = Y with
the Lebesgue measure v(dy) = dy is defined by

1 d . 1
W(z,y) = - W(z,y) + 5 log (2rt) with W(z,y) = 5 |z -y’ (4.4)

In this situation, K (x, dy) corresponds to the heat equation transition semigroup on a given
time horizon ¢t > 0.
We remark that (1 ®n) € II(x,n) and

H(p@n|P) <0 <= (n@n)(W) < .

In contrast with Kantorovich criteria or related Wasserstein-type semi-distances, note that
even when X = Y and the same marginal y = 7 the identity-map deterministic coupling has
infinite entropy; that is we have that

Q(d(z,y)) := pu(dr) 6.(dy) € I(p,n) = H(Q | P) = +c0.

This establishes that the Schrodinger bridge P, , strongly depends on the reference prob-
ability distribution P = (u x K), equivalently on the cost function W for density models
with reference transition K given by (4.1).

4.3 Some monotone properties
Applying (1.8) we have the Markov transport equations
(To(nr1)s1) = (Ks(n i1y, Mon41Komyn))  and  (p, mant1) = (m20Kons1, 1 2n41) - (4.5)
Combining (4.5) with (3.33) we check that
H (Tameny|n) < Hlplmans1) < H(manln)
H (nmomrry) < H(mongalp) < H(nlmwon).
In the same vein, we have the Markov transport equations
(m2nt1, 1) = (MKan+1, TonKont1)  and (9, m2n) = (T2n-1Kon, 1kon) - (4.6)
Combining (4.6) with (3.33) we check that
H(mongilp) < H(lran) < H(m2n-1lp)
H(pulmon+1) < Himonln) < H(ulran—1)-

We summarize the above discussion with the following proposition.

Proposition 4.1. For any n = 0 we have
H (77’772(n+1)) < H(monilp) < H(nlman)
H (momanln) < H(ulmons1) < H(moaln).

31



4.4 Sinkhorn potentials

Consider the marginal measures (u,7) = (Ay, vy ) and the Markov transition K defined in
(2.7) and (4.1). Note that

K(x,dy) = k(x,y) v(dy) with the density k(z,y) = eV (@),
We introduce the backward-type (non necessarily Markov) integral operator
K’(y,dz) == K (y,z) A(dx) (4.7)
with the density
By.2) = 0D = k(a,y) = W(y,2) = W(a,y).
Recalling that v := A ® v, we have
Po(d(z,y)) = po(z,y) v(d(z,y))
with the density
po(z,y) = e @ k(z,4) e 0@ and the potential functions (U, Vo) = (U, 0).

Note that
K(z,dy)e W)

K(em")(x)

]CO(xady) = = K(I,dy)

Using (2.8) and (2.9) we check that

Pi(d(z,y)) = pi(z,y) v(d(z,y))

with
efv(y)

K (e=)(y)

_ .~V pO("B:y) _ ,—Uo(x) k
Pi@y) =e [ po@.y) ANdz) (:9)

This implies that
pi(z,y) = e k(z,y) e W)
with
K (y,dzx) e~ ()

Uy=Uy and V3=V +log Kb(e_UO) = Ki(y,dz) = K (e=U)(y)

In the same vein, we have

Po(d(z,y)) = pa(z,y) v(d(z,y))

with Ue)
—U(x) p1(z,y) € k(z,y) e~ V1Y)

§ pi(z,g) v(dy)  K(e V1)(x)

pa(z,y) =e

This implies that
p2(z,y) i= e k(z,y) e W)

with

K (z,dy)e”">W)

Up=U +logK(e™) and V3 =Vi = Ka(z,dy) = K (e7V2)(x)

Iterating the above procedure we check the following proposition.

32



Proposition 4.2. Sinkhorn bridges are given for any n = 0 by
Pu(d(z,y)) = pal(@,y) v(d(z,y)) with pu(z,y) = e " kz,y) eW. (4.8)
The potentials (U, Vy,) are defined for any n = 0 by the recursions

U2n+1 = UQn V2n+1 = V+ IOg Kb (B_UQH) (4 9)
Usiney = U+logK(e " +1)  Vopry = Vans '
with the initial condition (Uy, V) = (U, 0).

By Proposition 4.2 Sinkhorn transitions take the following form

K(z,dy) e Ven)
K(em¥an)(z)

K:QH(ZC’ dy) KVQn (iL', dy) =

(4.10)

Kb(y dz) e~ Uznt1(2)
- b o ’
K2n+1(y7d$) - KU2n+1(y’dx) T Kb(e—U2n+1)<y)

Rewriting (4.10) in a slightly different form we check the following proposition.
Proposition 4.3. For any n = 0 we have

Kon(z,dy) = V2 @) y(dy)  and  Kopyi(y, dz) = e Wans1(v:2) A(dx)
with the transition potential functions

U(z) + Wan(z,y) = Usm(z) + W(z,y) + Van(y)
V(y) + W2bn+1(y7 l‘) = Vv2n+1(y) + Wb(ya ZL‘) + U2n+1(l‘) (411)
with the potential functions (Up, Vi) as in (4.9).
Using (4.8) and recalling that (Up, Vo) = (U, 0) we check that

dn dup
VQ(lJrl) = V2l — log (dﬂ'Ql) and UQ(lJrl) = UQZ — log <d7‘r21+1> (4.12)

This yields the following series formulation.

Proposition 4.4. Sinkhorn potentials (4.9) are given for any n = 0 by the formulae

d d
Van=Vo— log<d7:;l> and Uy =Up— Y log< a )

o<i<n o<i<n d71'2[+1

In addition, we have

N(Va@man) <n(Van) <n(Vo) =0 and  p(Uzny1)) < p(U2n) < p(U).
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Condition H(P,,|P) < o ensures the convergence of the series (1.10) and Sinkhorn
entropic potentials functions (U, V) —noe (U, V) with the solution of the fixed point
equation associated with the recursion (4.9) defined by the Schrodinger system

U=U+logK(e™V) and V=V +logK’(eV)

U v (4.13)
© =¢ YU and . eV

TEED Ko (e D)
In this context, the bridge takes the form
Puy(d(z,y)) = Ao (da) Ky(z,dy) = vy (dy) Kj(y,d)
for some entropic potential functions (U, V) and the transitions

K(z,dy) e VW)
K(e™V)(x)

b . K°(y,dz) e V@)
and Ky (y,dz) : K0y (4.14)
An alternative description of Schrodinger bridges is provided in Theorem 4.2 in [97], see
also Section 5.3.2 and Theorem 5.29 in the present article for a description of the entropic
potential functions (U, V) in terms of absolutely convergent series. An explicit description
of the entropic potential functions in the context of linear-Gaussian models is also provided
in the article [3].

Ky(z,dy) :=

4.5 Entropic projections

Using (2.3) and (2.4) for any n > p we have the product formulae

dPop dPai 41 dPa(141)
x, = 0\ x,
d%p( Y) pﬂn szz( Y) pgn szm( Y)
dn du
- |11 Z2w| | 1T 22| (415)
_p<l<n 2 p<l<n 2141

This yields for any @ € II(x,n) and n > p > 0 the formulae

@(1 dp2n>:H(Ql7’2p)—H(Q\7’2n)= 2, [HOlma) + Al (416)

0g
dp2p p<l<n
Applying the above to p = 0 and recalling that Py = P, this yields the formula

HQIP) = H(QIPaw)+ Y, [Hnlra) + H(plma)] .- (4.17)

o<i<n

Observe that

HQIP) = H(@IPanin) + Q (1o T2 ) = H(QIPi) + M)
dPy,
H@IPowms1) = H(QIPauin) +Q (1og ;;;”) = H(QIPa(asn)) + Hlulmans1). (4.18)
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This implies that

HQIP) = H(QIPons1) + H(nlmon) + D [H(nlwa) + Hlulma)] . (4.19)

o<l<n

Combining (4.17) with (4.19) and (1.1) we find that the Schrédinger bridge P, , with
reference measure P defined in (1.1) can be computed from any Sinkhorn reference bridge
Ppn. Equivalently, the bridge map P +— P, , is constant along the flow of Sinkhorn bridges
Prn. More formally we have the following proposition.

Proposition 4.5. For any n = 0 we have

(Pr)un = argmin H(Q[Pn) = Py (4.20)
Qe Il(p)

Applying (4.16) to Q = P, we have

H(Pyuy|Pap) = H(Ppun|Pon) + Z [H(n|ma) + H(plmos1)] - (4.21)

p<l<n

We further assume the series on the r.h.s. of (4.21) converges. By Proposition 4.1, this
condition is met if and only if the sequence of entropies H(n|me;) or H(u|ma41) is summable.
Whenever

lim (P, [Pan) = 0, (4.22)
letting n — oo in (4.21), for any p > 0 we have
H(Pun|Pap) = Z [H(nlmar) + H(plmor1)] - (4.23)
I>p

Conversely when (4.23) is satisfied (4.22) clearly holds. We summarize the above discussion
with the following proposition.

Proposition 4.6. We have the equivalence (1.10) as soon as the sequence of entropies
H(n|mwey) or H(p|meir1) is summable.

We end this section with some elementary monotone properties. Applying (4.18) to the
bridge Q = P, and using Proposition 4.1 we check that

H(Pu,n|7)2(n+1)) = H(P/M?

Pant1) — H(p|mons1) (4.24)

= H(Pu,n Pan) — [H(nlm2n) + H(p|m2n11)]
< H(Pun|Pan) — [H(mons1|p) + H(mopmen )] -
Similarly, we have
H(Pu,n|732n+1) = H(Pu,n | 732n) - 7‘[(77 | 7T2n) (4-25)
= H(Pu,n Pan—1) — [H(p|m2n-1) + H(nlman)]
< %(Pu,n Pon—1) — [H(m2n|n) + H(m2n41|p1)] .
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4.6 Commutation formulae

Observe that

dPo(141) (2,y) = dPo(111) (21 d772Z+1(x ) = dp . dn )
dPy ’ dPyp1 dPy dmory1 dmay
du dn
= Ky (z,dy) = d7r21+1(x) Koz, dy) %(y)-
Similarly, we have
d7’2l+1($ y) = d7’2l+1($ ) dPay (2,y) dn y dp
dPo—1 dPy 7 dPyy dmg; 7" dmoi_q
dn du
= Kay1(y,dz) = E(y) Koi—1(y, dx) g1 1 (z).

These computations allow us to deduce the following result.

Proposition 4.7. For any l = 0 we have the commutation formulae

d d d d
IC25< n ) _ 020+ and ’C2(1+1)< 7T21> o H

dmy dp dn ) dmoia’

In addition, for anyl =1 we have

du dmy dma—1 dn
_ = d = .
Kar—1 ( ) a and K41 < i > .

In terms of the forward-backward Gibbs-type transitions (1.9) we have

dmyr _ dp 1\ _ dma-1)\ _ o (9r20-1
i Kai—1 (dﬂzz1> = Ka—1Ky ( an = Sy an .

In addition, we have

dmor1 dn '\ dro—1\) _ dmo—q
i Ko < )~ Ko | Kar41 m = Soi41 i)

This yields the following result.

Proposition 4.8. For any | > 1 we have

dmy(—1) dmy dmo;—1 dmay i1
- d - .
Szl( dn) > " 82”1( dp > dp

4.7 Gradient and Hessian formulae

Consider the marginal measures (u,n) and the transition K discussed in Section 4.4 for
some potential functions (U, V) and W on the state spaces X = R? = Y equipped with
the Lebesgue measure \(dz) = dz = v(dz). In addition, assume (U, V) in (2.7) are twice
differentiable and W is the linear-Gaussian transition potential defined in (3.32), for some
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parameters (o, 3,7) € (Rd x Glg % Sj). In this scenario the gradient and the Hessian
defined in (1.14) reduce to

Wi(y) = X'((a + Bx) —y) and Wg(x) — 7y — (a + Bz))
(4.26)
— Wauly) =X'8 and Wy, (2) =77" with X:=77'8.

Therefore, the conditional covariances (1.16) and (1.17) associated with Sinkhorn transitions
(4.10) take the form

covic,,.w(z) = X' covi,, (z) X and COVic, | W (y) = X covi,, ., (y) X'.
Combining (1.15) with (4.9) and (4.10) one has the following result.
Proposition 4.9. For any n = 0 we have the gradient formulae

VU (z) = VU(z) =X {(a + Bx) — meang,, (v)}

VWanii(y) = VV(y) =7 {y — (a + B meang,,, (y))} (4.27)
with the conditional expectations meany, defined in (1.17). In addition, we have
ViUsn(z) = V2U(z) —X'B+ X covi,, (z) X
VVoni1(y) = VAV (y) —7 1+ X covicy,,, (y) X (4.28)

We remark that (1.15) and (4.13) yield
VU(z) = VU(z)— X {(a+ fz) — meank, ()}
ViU(z) = V2U(z) —X'B+ X covi,(z) X
with the bridge transition Ky defined in (4.14). Recalling that ICo), = Ky, we have
V(U — Usp) = X'(meang,, — meanKVQn) and V(U —Us,) = X’ (covKV — cova2n> X.

The convergence of conditional expectations and covariances of Sinkhorn transitions towards
the conditional expectations and covariances of Schrédinger bridges is discussed in [50], see
also Theorem 5.13 in the present article. We conclude this discussion by noting that applying
Proposition 4.9 along with (4.11) we obtain the following interplay between the Hessian of
Sinkhorn log-densities and conditional covariance functions.

Proposition 4.10. For any n > 0 we have the decompositions
V%Wgnﬂ(y,x) = V2U(z) + X covi,, () X
V%WQ(n+1)($,y) = V*V(y) + X covie,,,, (y) X (4.29)

5 Stability analysis

5.1 Overview

In Section 4 we have presented different formulations of Sinkhorn bridges, including geomet-
ric entropic projection methodologies, operator-theoretic framework with Markov integral
transport formulae and commutation-type formulae, as well as dual formulations in terms
of potential functions. The stability of Sinkhorn bridges discussed in this section com-
bines these different formulations with the stability theory of Markov operators provided in
Section 3.
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5.2 Linear decay rates

Using (4.17) and the monotone properties stated in Proposition 4.1 for any @ € II(u,n) and
n = 0 we have the estimate

HQIP) = ), (Hlma) + Hulwarr)) = (n+ 1) (H(nlw2a) + H(plm2011)).

o<i<n
This yields an elementary and very short proof of the following rather well known theorem.

Theorem 5.1. For any n = 1 we have

1
n ntl) < —— H(Pyn|P
Hnlman) + H(plrans1) < — = H(Pun|P)
and, in addition,
lim n H(n | men) = lim n H (u | m2p41) = 0.
n—o0 n—ao0

The last assertion is a direct consequence of the convergence of the series (4.19). Sub-
linear rates have been developed in the articles [5, 22, 61]. Linear rates with the robust
constant Ent(P,, | P) on possibly non-compact spaces were first obtained by Léger in [86]
using elegant gradient descent and Bregman divergence techniques, see also the recent ar-
ticles [42, 84]. A refined convergence rate at least one order faster has also been developed
in [73].

5.3 Bounded cost functions

5.3.1 Universal contraction rates

The contraction analysis developed in this section is taken from [4]. Consider the marginal
measures (u,n) = (Ay,vy) and the Markov transition K defined in (2.7) and (4.1). We
further assume that osc(W) < co. In this case, using (4.10) we check that

A0y, Kon A0y, Koo
A0, Ko ) A6y, Ko

(2) = exp((W(z2,y) —W(z1,y)) + (W(z1,2) — W(z2,2))) (5.1)
> ey = exp(—2 osc(W)).

The time-homogeneous property (5.1) is sometimes called “structure conservation”. A first
proof of geometric convergence based on these constant cross-product ratios is due to Fien-
berg in the seminal article [66].

The case when one has bounded transition potentials, W, typically arise on finite or
compact spaces. For instance, Markov processes on compact manifolds, such as diffusions
on bounded manifolds reflected at the boundary, have Markov transitions of the form (4.1)
with a uniformly bounded transition potential W that depends on the time parameter [9,
10, 95, 117]. The convergence analysis of Sinkhorn bridges for uniformly bounded transition
potential W is often developed using Hilbert projective metrics [26, 43, 69, 57]. As remarked
n [32, Section 3], the Hilbert metric dominates all ¢-divergences, thus we expect rather
strong conditions to ensure the contraction of Sinkhorn transitions w.r.t. the Hilbert metric,
see for instance [17, 26, 43, 69]. Thus contraction estimates w.r.t. the Hilbert metric yield
exponential decays w.r.t. ¢-divergences, including the total variation norm, the relative
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entropy and Wasserstein distances of any order. Nevertheless for the same reason (i.e. the
domination of all ¢-divergences) they can rarely be used to derive contraction estimates
with respect to some ¢-divergence criteria (unless the criteria is equivalent to the Hilbert
metric).

To extend our discussion, we observe that for any n > 0 we have

51’1’C2n(dy> 5xglc2n(dz) = €W 5&82’C2n<dy) 5$1K2Tb(dz)

(5.2)
e 5351]62” = ew (5@/(:2“ - dOb(’CQn> <1—ew.
In a similar manner, for any n > 0 we check that
5y1K2n+1 = ew 5y2]C2n+1 - dOb(lCQn_H) < 1—ew. (53)

Without further work, the Markov transport equations presented in (4.5) and (4.6) yield
the following theorem.

Theorem 5.2. For any convez function ® satisfying (3.1) we have the contraction estimates

He (7T2(n+1)7 77) < (1 - EW) He (,u, 772n+1) < (1 - EVV)2 Ho (7r2n7 77) )
(5.4)
Ho (0, Tamr1)) < (1 —ew) Ho (m2nt1, 1) < (1 —ew)® Ha (1, 72n) -

The above inequalities remain valid when we replace (0, wan) by (W, Ton+1).

Proposition 5.3. There exists some ¢ > 0 such that for any n = 1 we have

a1l

dn
The above estimates remain valid when we replace (7o, M) by (Tant1, 1).

dn
dmop,

dn

-1
dmay,

v |log

<c (1—ew)™™

Proof. By (5.3) for any n > 1 and = € X and y1,y2 € Y we have
ew Oy San < 0yySon = J OysKan—1(dz) 0:Kan < €3} 0y, Son.
Using (1.8) and (1.9), integrating y1 w.r.t. 7 and y2 w.r.t. my(,_1) this implies that
EW NS T2p < 6{7[/1 Ui

dn dman, -1 s dp dmon 11 -1
v <e and similarl Vv < €7
dmon dn W Y dTon+1 dp W

By (1.8) and Proposition 4.8 for any k,l > 0 we have

dTo(14k) dmy
T(y) —-1= (5y —n) 82(l+k:) . -32(l+1) (dn) .

On the other hand, (5.3) and (5.2) ensure that for any n > 1 we have dob(S,) < (1 — ew)?.
Using (3.4) and (3.9) for any [ > 1 and k > 0 we check that

Ao (14 k _ _

#(y) - 1‘ <26y [[(6y =) Soqsky - - Saqa) [, < 265 (1—ew)*™.
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In the same vein, we have

d712 I+k)+1 —_ S + l
ﬂ(w) —1= (0 M)Sz(l-l-k)-i-l s O2(l+1)+1 <d2/j1>
ATo(4+k)+1 - —
f(;{;) -1 < 2€VV1 (]- 6W)2k

By Proposition 4.7 we have

dn (dﬂ'ﬂ—l ) dp (dﬂzl >
— 1=K -1 and —1=K — —1.
dmy 2 dp dmoi+1 20+1) dn

Finally, note that for any function f(z) > 0 we have

1
log F(2)] = log (14 (/) = 1) Lyt + o (14 175 = 1) Ty
1
< - - — ) )
() =1) st + (555 = 1) T (5.5
The last assertion follows from the fact that log (1 + u) < u, for any 1+ u > 0. [

5.3.2 Schrodinger bridges

By Proposition 4.4 and Proposition 5.3 there exists some constant ¢ > 0 such that for any
n = 0 we have
[Ver = V| v [Uzn = U| < ¢ (1 = ew)™"

with the uniformly absolutely-convergent series

dn du
V= VO—Elog<M> and U—U0—210g< ) (5.6)

=0 =0 dmor 1

In addition, we have
P(d(x,y)) = e 7 WD) VO 5 (d(2,y)) = [Pon = Pl < ¢ (1 ew)™"
We check this claim using the fact that for any probability measures of the form
pu(dz) := e~ u®) v(dz) and py(dz) := e V(@) ~v(dz)

for some real valued functions u(z),v(z) we have
o = poles = f ) — O] 5(d2)
< 5 Ju— UIIJ (e 4 7)) y(d2) = u - v].

In addition, using (4.9) one has

V=V+logK’(e™") and U=U+logK(e™V)—P= Py
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Also note that
H(Puy | Pon) = p(Uzn —U) +n(Vay = V).
We summarize the above discussion with the following theorem.
Theorem 5.4. There exists some ¢ > 0 such that for any n = 0 we have
H(Puy | Pan) v [Puy = Ponllw < ¢ (1 - 6W)2n-

In addition, we have the entropic series expansion

H(Pun | Pan) = D [H(plmarir) + Hinlma)].

I=n

5.4 Gaussian bridges
5.4.1 Linear Gaussian models

Consider the state spaces X = Y = R?, for some integer d > 1 and the Lebesgue measure
Adz) = v(dz) = dz. Hereafter, points 2 in the Euclidean space X = R? are represented
by d-dimensional column vectors (or, equivalently, by d x 1 matrices). When there is no
possible confusion, we use the notation || - | for any equivalent matrix or vector norm.

Consider the target Gaussian probability measures (i,n) = (Av,Av) = (Vm,o: Vm,5)
discussed in (3.30). Equivalently, the log-density functions (U, V') are defined by

U(z) = —loggauss,(x —m) and V(y):= —loggausss(y —m). (5.7)

Denote by G a d-dimensional centred Gaussian random variable (r.v.) with unit covariance.
Then we have that the linear Gaussian transition K is defined by (3.32) takes the form

K(x,dy) = e V@Y dy = Ko(x, dy) := P(Zo(x) € dy) (5.8)
with the random map

Zy(z)i=a+Bz+7/2G
(5.9)
=  m:=pK =Vpye, Wwith mg:=a+pfm and og:=pof + .

5.4.2 Sinkhorn bridges
We can rewrite Zy(x) into the following alternative form

Zo(x) :=mo + Bo (x —m) + 701/2 G with (6o, 10) := (B, 7).
The conjugate formula (2.1) is defined via

K (y,dx) = K1(y,dz) := P(Z21(y) € dx)
(5.10)
with the random map Z1(y) :=m+ 81 (y — mo) + 7'11/2 G
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defined in terms of the gain matrix
B = Uﬂlaal and Tfl =o'+ 7718,

In signal processing and filtering literature, this explicit formula is often referred as the
Bayesian update formula for the Kalman filter.

Applying the matrix inversion lemma to the covariance matrix oy defined in (5.9) we
have

051 — 1 7_15 (0—1 + 517—15)—1 ﬂ/T—l — 1 7.—1/3 - /3/7_—1
— B =0f 1 o (BB T =0f T o (i =07 ) mBT!
— pr=n B

Then one can obtain Z(y) as

Z1(y) = ma + B (y —m) +7'11/2 G with my =m+ B1(m — myg)

This implies that m1 = v K1 = v, o, With the covariance matrix

o1:=517 B+ 1. (5.11)

The term (1.5) can be expressed using the regression formula
(K1)y(z, dy) = Ka(x, dy) := P(2,(x) € dy) (5.12)
Zo(z) =M+ B (x—my) + 1> G (5.13)

where
B9 = Eﬂial_l and T,

Here Z5(x) is given by

1/2

Zo(x) =ma+ P2 (x —m)+ 7/~ G with mo =m+ Ba(m —my).

Applying the matrix inversion lemma to the covariance matrix o defined in (5.11) we have

-1 -1 -1 - —15\"1 -1 -1 -1 -1
oyt =m0 =1 B (@ + By B) 1T =T1 =T BT BT
— fo=0Bim =7 (B B) B =B =T (' =T ) B!

-1 _
— fo=m T =TT f

Iterating the Bayes update formulae (5.10), (5.12), (5.13) (see section 4 and [3, Appendix
C]) the Sinkhorn transitions can be expressed as

Kon(z,dy) =P (Zon(2) € dy)  and  Koni1(y,dz) = P (Z2n41(y) € da)

with linear-Gaussian random maps defined, for any n > 0, by

Zon(x) = mop + fan(z —m) + 150 G
Zon+1(y) = mapt1 + Pont1(y —Mm) + Tzlﬁl G. (5.14)

The parameters in (5.14) are described sequentially by the following theorem.
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Theorem 5.5 ([3]). The gain B, and covariance matrices T, in the Bayes update formulae
(5.14) are defined for any n = 0 by the recursion

Bon = Ton T !B Bony1 = Tony1 BT
(5.15)
-1 — -1 / -1 -1 - 71
Ton+1 = O+ PBoy Top Bon TQ(nH) = + 52n+17'2n+152n+1
The parameters my, in (5.14) are also defined, for any n = 0, by the recursion
M2p+1 = M+ B2n+1(m - m2n)a
Mommi1) = M+ Bomsr)y (M —mang1) (5.16)

with initial condition my = ag + Pom, where, again, (oo, Po,T0) = (, B,T) are parameters
of the reference linear Gaussian transition (5.8).

Note that m, = vp,, -, With the covariance matrices
o / o — pl
O2n = Bon 0 By, + T2on and 02,41 1= Bons1 T By, + Tong1

Example 5.6. In the context of stochastic flows discussed in (2.10) with a linear drift
bs(x) = Az and an homogeneous diffusion function os(x) = %, for some A € R™? and
Ye Sj, for any given time horizon t > 0 one has

Ty(z,dy) = P(Xy(z) € dy) = e V%) dy  with  Wy(z,y) := —log gauss, ;) (y — B(t)z)

(5.17)
and the parameters
t
(B(t),7(t)) = (&A,J Ay e ds) .
0
In this context we can choose the reference transition (5.8) with W = W;,.
5.4.3 Riccati equations
Consider the rescaled covariance matrices
Von =7 V2 1, 7 Y2 and Uopyl = o 12 Tona1 o 1/2 (5.18)
Uisng (5.15) we check that
Toner = 0 4 (a7 T, (o 7B =0T (71B) 1y, (7 1)
Towry = 0+ (a1 B770) 1y (rongn BT =7+ (7 1ﬁ) Tong1 (T718)
This yields the recursions
—1 _ / -1 _ /
Ugpy1 =1 +7 vo, v and Ug(nt1) = I+~ vopy1y (5.19)

with
= F1/2 7_715 ol/2
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Next, observe that

—1 _
ul=T+~vy=— (I+yuy) ! = <I + (w + v)fl> , with @ := () ' (5.20)
To verify this claim, we use the matrix inversion lemma to prove that

u=1I-9" ("+v/)""y.

-1
_ _ ~1 -1

= quy =9y =Y (v + )T = ((w’) + v) = (@ +v)

Applying the above to (u,v) = (V2p+1,V2,) and then to (u,v) = (v, V2,—1) one has.

Theorem 5.7 ([3]). For any n > 1 we have
Vo, = Riccy (Ug(n_l)) and vop+1 = Ricem (van—1), (5.21)

with the Riccati maps (Riccy, Rices) defined in (1.21) and the matrices

@)= (v ) (5.22)

The exponential decays of Riccati matrices towards the positive fixed points of the
Riccati maps follows the contraction analysis discussed in (1.26). In addition, Corollary 4.4
in [3] yields for any n > 1 the uniform estimates

(w

T+ o ) T2 <, <7 and 21 +T ) o2 < mpyr <o (5.23)

5.4.4 Schrodinger bridges

Note that the transitions of the Gibbs-loop process introduced in (1.9) for even indices can
be rewritten as

SQn(yla dyQ) =P (Zgn(yl) € dy?)

with the random maps
Z5,(y) = M By —m) + (75,)"7 G
defined in terms of the parameters
By = Pon Pon—1, and 75, = Ton + Bon Ton-1 B,
Consider the directed matrix products
Bano = BanBsm-1)--- B2 (5.24)

Then we have

Maon — M = [, (m2(n71) - m) and 02, =0 = /8(2)71,0(0'0 —0) (/8(2)71,0)/ : (5.25)

The L.h.s. assertion in (5.25) is a direct consequence of (5.16) and the detailed proof of the
covariance formula (5.25) is provided in Appendix C in [3]. By [3, Lemma 4.9], we have

0<5 Y285, 72 =T v <(T+w) .
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This shows that

lingo 85,0l =0 and therefore (man, 02n) —n—ow (M,T)
n— ’

More refined estimates are provided in Section 5.4.5.
In terms of the rescaled matrices (5.18) combining (5.14) with (5.15) we check that

1/2

Zon () = may, + Top s (x —m) + 1y, 1/2

1/2

G with 1, =07 vy, T

with the solution vs, of the Riccati equation (5.21). Taking the limit as n — oo one has the
following theorem.

Theorem 5.8 ([3]). The Schrédinger bridge from p = vy, o to 1 = vmg with respect to the
reference measure P := (u x K) is given by the formula

Pyuy(d(x,y)) = p(dx) P(Z(x) € dy)

with the random map
Zx)=m+s7t ' B (x—m)+<2 @ (5.26)

1/2

and the parameters s := /2 r /2 and the matriz r = Ricco (1) as in (1.25).

The transport property stems from the equivalences

-1
TR o8 +9=7 <= c+g (Emwam) c=7
= rwlr+r=1<(1.23).

When 5 = I and 7 is diagonal the above formula reduces to [19, Eq (2)]. Theorem 5.8
can be seen as a simplification and a generalization of Schrédinger bridge formulae recently
presented in the series of articles [1, 16, 44, 83, 90] when the drift matrix (3 is arbitrary and
T is an arbitrary positive definite matrix.

5.4.5 A convergence theorem

We only consider Sinkhorn bridges Ps, associated with even indices, the analysis of the
bridges associated with odd indices follows the same line of arguments, thus it is skipped
(further details can be found in Section 5 in [3]).

Recall that Sinkhorn random maps 2, (x) defined in (5.14) and the random map Z(x)
of the Schrodinger bridge defined in (5.26) take the form

Zon(x) = mop +Ton T 1B (. —m) + 7217/12 G with 7, = 02 vy, g1/2
(5.27)
Z(x) = m4st 8 (x—m)+¢/2G with ¢ := @/2ra'/2
In addition, the matrix flow wvs,, satisfies the Riccati equation
Vo, = Riccg (Ug(n,l)) — o Ricey (1) =7 (5.28)

=

with the fixed point Riccy (1) = 7 of the Riccati map given in closed form in (1.25). The
next result is a consequence of (1.26) and the Ando-Hemmen inequality (1.20).
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Theorem 5.9 ([3]). There exists some ¢ < o such that for any n > 0 we have

1/2 _
I7on — | v 722 =2 < ¢ (14 Amin(r + @)™ |7 —<|

with (w,r,<) as in (5.22) and (5.26). In addition, we have
[ oo T2 < ¢ (14 Anin(r +w)) ™

Theorem 5.9 can be used to derive a variety of quantitative estimates. For instance,
using (3.30) we check the entropy formula

2H (P% | P/mz)
(5.29)
= Dpurg(72n | ¢) + 572 (man —m) |3 + [ (120 — <) (771 B02) |3

with the Burg distance Dpyrg defined in (3.31) and the Schrédinger bridge P, defined in
(5.26). For a more detailed discussion we refer the reader to [3, Section 5.2]. We also note
that by [3, Lemma B.1] (see also [55, Section 11]) we have

1 5 | _
|72 — <|F < W End Dburg(7'2n | ¢) < ) Hg 1HF IT2n — g”F‘

2|s

Corollary 5.10. There exists some finite ¢ < 00 and some ng = 0 such that for any n = ng
we have the entropy estimates

H (Pan | Puy) < (1+ Amin(r + @) 72" (|7 —<| + |mo — m|?).

Corollary 5.11. For any p = 1 there exists some finite ¢ < 00 such that for any n = 0 we
have the p-Wasserstein estimates

Dy, (Pon | Puy) < ¢ (14 Amin(r + @) ™27 — | r + ¢ (1 + Amin(r + @)) ™" [mo — 7|

5.5 Log-concave-at-infinity models

Consider the marginal measures (u,n) the Markov transition K discussed in Section 4.4 on
the state spaces X = R? = Y equipped with the Lebesgue measure Adz) = dz = v(dz).
Also assume that the log density W is differentiable. In this case, by (4.11) for any n > 0
we have

VoWan(x1,y) — VaWay(z2,y) = VoW (z1,y) — VoW (z2,y)
VoWa i1 (y1,2) — VaWi, 1 (yo,2) = VoW’ (y1,z) — VaW’(yo,2).  (5.30)

To simplify the presentation, we restrict our attention to linear Gaussian transition potential
of the form (3.32) and assume that U and V satisfy the strongly convex outside a ball
condition (3.28). This condition ensures that the probability measures (u,n) satisfy the
LS(p) inequality and thus the Ta(p) inequality for some p > 0. More general situations are
discussed in [49].

We have that

VoW (z1,y) — VoW (z2,y) = 7 '8 (32— 31)
VoW’ (y1,2) — VaW’(y,2) = B'77 (42 — ).
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Thus, for any n > 0 we have
T (02K | 6:5K0n) < K2 |21 — 223 with & :=||7718].. (5.31)

This shows that Sinkhorn transitions K, satisfy the J(|771f]2) inequality.

Example 5.12. In the context of the linear-Gaussian transitions discussed in (2.10):
e When A =0 we have

B(t)=1 and 7(t) =t = k(t):=|r(t) "' B(t)]2 = % 157e- (5.32)

o Whenever A is Hurwitz there exists some parameters c,a > 0 such that

1Bt)2<ce and Wzt T(to) <7 f B(s) T B(s
(5.33)

= Jep >0 : Vi=t K(t) == |T(t)71B(t) |2 < co e

5.5.1 Curvature estimates

Assume that (U, V) are twice differentiable. Using (1.15) and (4.9) for any n > 0 we also
check that

VVona1(y) = V2V(Y) = Kane1(Wy ) () + covie, o (y)
VUi (@) = V2U(2) = Kami1)(Wae) (x) + covicy, ,,)w (). (5.34)
Combining the above with (4.11) we have

V%WQ(n+l) (337 y) = VZV(y) + Wf{,y(x) - K2n+1(Wg|;,y)(y) + COVK2n+1,Wb (y)

with the conditional covariance functions covy, . y» defined in (1.16). One also has
VEWT(y,2) = Waul(y) + VU ().
In addition, for n > 1 we have
VaWs, 1 (y,z) = VU () + War(y) — Kon(Waa) (@) + coviey, w ().

For linear Gaussian transition potential of the form (3.32) the above decompositions resume
o0 (4.29). In this situation, for any n > 1 we have

VaWs,_1(y,2) = V?U(x) and  ViWan(z,y) > V2V (y). (5.35)

Thus, for linear Gaussian transition (3.32) potentials (U, V') satisfying the convex-at-infinity
condition (3.28), the Markov transitions K,, with n > 1 satisfy the LS(p) and thus the Ta(p)
inequality. In the context of linear-Gaussian models, compare (5.35) with (5.14) and the
uniform estimates (5.23).

Applying Lemma 3.3 to Sinkhorn transition Kz, = Ky,, and the Schrodinger bridge
transition L = Ky defined respectively in (4.10) and (4.14) one can prove the following
result.
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Theorem 5.13 ([50]). For any n = 1, we have the bias and covariance entropic bounds
estimate

f (dz) [meanye,, (v) — meani, (z)[3 < 2p H (Puy | Pon)

as well as the covariance entropic bounds

j (dz) [covicy, () — covic, ()]s

<A4p H(Puy | Pon) +¢ (8p H(Puy | Pon))?  with ¢ := p(Tr(covi,))

5.5.2 Contraction inequalities
Using (1.3) and (4.20) for any n > 0 we check that
Puy = (Pon)uy and PJ;# = (Pgnﬂ)n,u'

Recalling that
TonKont1 = p and  mon—1Kon =1

we also have the bridge map formulae

Pon = px Kon = (Pon)pukan Pun (Pan) s = (Pan) pmon—1Kon

Phnpr = 1% Kot = (Pooit)yonss Prn = Pooct)yye = (Poos) ymoionnss -

Recall that the probability measures (i, ) as well as the collection of Sinkhorn transitions
IC,, satisfy for any n > 1 the LS(p) and thus the T2 (p) inequalities for some common constant
p. However, by (5.31), Sinkhorn transitions KC,, also satisfy the Fisher-Lipschitz inequality
(3.27) with & := |71

Next we present some direct consequences of Theorem 3.4:

e Applying (3.37) to (P, K,n) = (Pan, Kon, m2n—1) we check that
H(nlmon) < H (Puy | Pan) < €x(p) H(mon-1lp) with  eq(p) := (“p)z (5.36)
Thus, by (4.24) we have

%(Pu,n|7)2n) %(Pu,n|732(n—1)) — H(m2n—1|p)

<
< H(PunlPan-1)) — €x(p) ™" H(Ppuy|Pan) (5.37)

Similarly, by (3.38) we have the 2-Wasserstein estimates
,DQ(TFQTHU) < Kp DQ(WQn—l’M)' (538)

e Applying (3.37) and (3.38) to (P, K,n) = (P31, K2nt1, T2n) we check that

H(plmons1) < H (B | Pansr) < €x(p) H(man|n) (5.39)
Thus, by (4.25) we have
H(Pun[Pan+1) < H(Pup|Pan—1) — H(man|n)
< H(Buy|Pon-1) — GK(P)_lH (Pum | Pan+1) - (5.40)

48



By (3.38) we have the 2-Wasserstein estimates

Dy(man+1, ) < kp Da(mon, ). (5.41)
Using (5.37) and (5.40) one has the following theorem.
Theorem 5.14. For any n = 0 we have the entropic exponential decays
H(Ppun|Pan) v H(Puy|Pan+1) < (1 + 1/ex(p))™" H(PyuylPo) (5.42)

with €. (p) as in (5.36). In addition, when €,(p) < 1 we have Wasserstein exponential decays

Di(mans 1) < x(p)" Do(mo, ) and Di(mansrspt) < ex(p)” Dalmr ). (5.43)

More refined estimates are provided in [49], see also Section 5.5.3.

Example 5.15. In the context of the linear-Gaussian transitions discussed in (2.10) and
i Example 5.12 we have

(5.32) - en(t)(p)lﬂ = H(t)p = g HE*le and (5.33) — en(t)(p)l/Q < cop eiat.

5.5.3 Some quantitative estimates

For instance, combining (3.29) with (5.35) we also check that

Jo,c€S, suchthat VzeR? V2U(z) =o' and VV(z)>7!
Av and Koy, 41 satisfy the LS(p) inequality with p = |02 (5.44)

Ay and Ky, satisfy the LS(p) inequality with p = |7||2.
More generally, assume (U, V') satisfying the convex-at-infinity conditions

lzlla<t

for some parameters a,a@ > 0, b,b > 0 and [,] > 0. In this context, combining (3.28) with
(5.35) there exists some parameters p(a,b,l) A p(a,b,l) > 0 such that

Av and Koy, 41 satisfy the LS(p) inequality with p = p(a, b,1)
B (5.45)
Ay and Ky, satisfy the LS(p) inequality with p := p(a, b,1).

Arguing as above we check that (5.36) and (5.39) and thus (5.42) hold with the parameter
ex(p) := K2p(a,b,1)p(@,b,1). (5.46)

The estimates (5.38) and resp. (5.41) also holds with the parameter p = p(@, b,) and resp.
p = p(a,b,l), thus (5.43) also holds with €. (p) as in (5.46).
One can also show that the entropic exponential decays presented in (5.42) can be refined.
We set
I, :=H(Puy, | Pn) and e:=e(p).
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Combining (4.24) with Proposition 4.1 and (5.39) we check that
Iy = Ippo1—H(p | mon-1) < Iono1 — H(man | 1) < Ion1 =€ s
Now, using (4.25) along with Proposition 4.1 and (5.36) we have
Dni1 = Ton —H(n | 7on) < Ton — H(Tong1 | 1) < Ton — & Iyna).

In summary we have proved that for any n > 0 the second order linear homogeneous
recurrence relation

L2 +e o= (1+eh) Lo (5.47)

These linear recurrence equations are rather well known, for instance following the proof of
[49, Theorem 6.9], for any n > 0 we have

H(Puy | Popnrr)) < (A +1/e +1/2)7" H(Puy | Po)

with the parameter

1+4/1+4+4
1+1/s:=2/’5:>(1+1/s)2=1+1/s+1/a>1+1/5.

5.5.4 Strongly convex models
Assume there exist some positive definite matrices o > o_ and & > _ such that

1 1

and o '<VV <ol

o '< VU <o~

This rather strong convexity condition [28, 33, 49, 34] is often used to improve the curvature
estimates in (4.29) and (5.35). This section underlines some links between these studies and
the Riccati matrix difference equations discussed in Section 5.4.3 in the context of linear-
Gaussian models.

It should be noted that for linear Gaussian transition potential of the form (3.32) the
decompositions (4.29) yield for any n > 0 the estimates

ol + X cov,, () X < VEWS, i (y,x) < o'+ X cov,, () X
T+ X coviey,, (y) X' < VEWauun(z,y) < -1+ X coviey,., (y) X
Applying (1.19) to the Markov transition K; we have

covip() =7 = 1l =0 X TX< Vi) < li=olt 4 X T X
= T]— S COVK,; ST
with X as in (4.26). Applying (1.19) to the Markov transition Ko, this implies that
-1 ._ =1 / 2 -1._ =1 /
Ty =0 +XT_- X <ViWo <7, =0_ +X7 X

= T9— < COVK, < To.
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Iterating the procedure, we have the covariance estimates
Tn— < COVK, < Tp

as well as the Riccati difference matrix inequalities

Tomh =0 b+ X! Tan)— X < VIW3..1 < T(;rllﬂ)i =0 L+ X T, X
ol = X X < VW < Tyt = '+ X7 X
2(n+1) (2n+1)— = 2"2(n+1) =X Ton41)— - 2n+1
For instance, if we set
Ton = 712 Ton 712 and T(2n+1)— = 0':1/2T(2n+1)70':1/2
we obtain
_ _ fy—1
Tomt1) = (L+7- Tenrn-72) <1
Teniy- = I+ Ton ’Y—)_l with - =32 X o',

Arguing as in (5.20) we conclude that
— . — . —1 /
Ton+1) = Ricce_ (T2p)  with @™ =y _9_.

The monotone properties (1.24) of Riccati maps provide several uniform upper bounds of
the flow of covariance matrices 7o,. These upper bounds also yield curvature estimates for
the Hessian matrices V%Wgn. For a more detailed discussion one can see [49, Appendix D].
5.6 Lyapunov techniques
5.6.1 Regularity conditions

Consider the marginal measures (u,7) = (Ay,vy) and the integral operators K and K°
defined in (2.7) and (4.1) and (4.7). We assume U, V, W are locally bounded and [e="| < 0.
In addition U,V have compact sub-level sets. These conditions ensures that (U,V, W) are
lower bounded by real numbers (U,, Vi, W,) so that (e~Y,e~") are uniformly bounded. We
again recall the notation By (X) and By(X) from section 1.5. We remark that for any 6 > 0
we have (97, e?) € (B (X) x By (Y)) and set

Us :=6U - WYV and Vs:=46V - Wy (5.48)
with the functions

WVY(zx) := J vy (dy) W(z,y) and Wy(y) := f Au(dx) Wiz, y).

Consider the following condition:
(A) : There exist 6 €]0,1/2[ and functions (0y,0,) € (Bo(X) x Bo(Y)) such that

Ai—25y0 (1) v va—gsv (1) <0 as well as e <0, and eV <0,. (5.49)
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Condition (A) is slightly weaker than condition Hj(U,V') discussed in [4]. Note that
(4) is met with (0,,6,) = (e7,e7Y5) as soon as the functions (Us, Vs) are locally bounded
with compact sub-level sets. Intuitively, condition (A) ensure that marginal-potentials (U, V)
dominate at infinity the (integrated) transition-potentials (W, WV). In terms of potential
energy conversion, the marginal potentials should be large enough to compensate high energy
transition losses.

Remark 5.16. Assume that (Us,Vs) are lower bounded by functions (Us ,Vy ). Note that
in this case for any l > 0 we have

{Us <1} c {Uy <1} and {Vs<I} c{Vy <lI}.

In this scenario, we can choose (0, 0,) := (e ,e™Vs ) € (By(X) x By(Y)) as soon as the
functions (Uy , Vs ) are locally bounded with compact sub-level sets.

Assume that W(z,y) < aw(z) + by (y) for some locally bounded functions (ay, by )
such that Ay (aw) v vy (by) < 0o. Then, we have

Us (x) := 0U(z) — aw(x) — vy (by) < Us(x) < 6U(x) — Wi

This shows that (Us,U; ) and similarly (Vs,Vy) with V5 := 0V — by are locally bounded.
Finally, (U ,V5 ) have compact compact sub-level sets if and only if (60U — aw, 6V — by)
have compact compact sub-level sets.

Remark 5.17. When |[W| < o0 we have w := |[WV| v |[Wy|| < 0. In this case, we have
e U <0, =ev e e By(X) and e Vi<, =e" e Ve By(Y)

The following examples are taken from [4, 51].

Example 5.18. Consider a Beta distribution on the open unit interval X :=]0, 1[ with shape
parameters a,, b, > 0 defined by

Ao(de) = ¢y 2% (1 — )% N(dz) with A(dz) = Lo,i[(z) dx
and some normalizing constant ¢, > 0. In this situation, for any § > 0 we have

)5bu

1 1 1
= U(z) = ay log — + by log +log— and e U@ — 8 goou (1 g
T 11—z cy

By Remark 5.17, when W is bounded we have w := |[WV| < co as well as the estimate

e <0y = cuu 2°% (1 —2)% € By(X)  with cyap = ec)

Thus, condition (&) is met for any 0 €]0,1/2[ as soon as W is bounded and (A\y,vy) are
both Beta distributions on X =]0,1[=Y with shape parameters a,,b, > 0 and a,,b, > 0.

Example 5.19. Assume that there exist some parameters a1,b1 € R, ag,bs > 0 and q¢ >
p > 0 such that for any z,y € X =Y = R? we have

W(z,y) < ar+az (2" + |y[*)  and U(z) A V(z) = b1 + by ||,
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In this case, there exists some constant c € R such that
Us(x) A Vs(x) = ¢+ dby |z]|? — ag |z|P.

We conclude that (5.49) is satisfied for any ¢ €]0,1/2[ as soon as q > p, and for any
0 €lag/ba, 1/2[ as soon as by > 2as and q = p. Indeed, in both situations we have

~Us(x) |, ,~Vs(x) o _ a1 1 ) _
e @) e Vs) L f(x) i=e exp( dby |z (1 5o Ha:||q—p>) lz|—o O

A wealth of examples satisfying these regularity conditions is presented in [4, Section 5]
ranging from polynomial growth potentials and heavy tailed marginals on general normed
spaces to more sophisticated boundary state space models. The latter consititues semi-
circle transitions, Beta, Weibull, exponential marginals as well as semi-compact models.
More precisely, in [4, Proposition 5.3] the Gaussian case is considered with extensions to
general mixtures ([4, Proposition 5.4]) and particularly Gaussian mixtures ([4, Proposition
5.5]). The mixture results help one to consider kernel-type density estimators of complex
data distributions arising in generative modeling.

5.6.2 A technical lemma
Consider the integral operators
Ky(z,dy) :== e V@Y vy (dy) and  KP(y,dz) = e wa) Av(dx)

and set
Wyp = log Ky (exp (Wy)) and WYV :=log K} (exp (WV)).

Lemma 5.20. Assume (A). Then we have that

lexpWyy| v | expWP | <0 and | exp Wa—syvul v [ exp WA=V < 0. (5.50)

In addition, for any n = 0 we have

WY (V) < log K (exp (~Van))
—Wy < log K’ (exp (=Usy)) < —n(V) + WUV, (5.51)
For any n = 1 we also have
U-WY+n(V) < U < U+Wyy
V-Wy < Vo < —n(V)+V+WY and log K(exp (—Van)) < Wy .
(5.52)

Proof. Recalling that U is locally bounded with compact sub-level sets, we have
Aa-syw (1) = Aa—2s)v (676U) < e Y Aqasyp(1) <00 and  v_gy (1) < oo
When c := [le™"| < oo for any § €]0, 1[ we have

exp(Wyp) < cwy (™) =cvg_gy(e™) <o — [V <

exp(WOY) < ¢ )\U(eWV) =c )\(1_(5)(](6_“‘3) <o = HeWU’VH < 0.
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Similiarly, one has

exp (Wa_syvr) = Ka—syv(€"7) < cva_gv(e?) = c va_agv(e™"?)

exp (WIOUV) — K(bl_a)U(er) < c )\(1—5)U(€Wv) = ¢ A1-26)0 (7).

Applying Jensen’s inequality and Proposition 4.4, for any n > 0 we have

log K (exp (—Van))(x) = 10gf n(dy) exp (=W (x,y) + V(y) — Van(y))
> —WY()+n(V) = n(Ven) = =W (z) + (V).

Note that
Usp = U +log K(e™"2") = U — WY + (V).

In addition, for any n > 0 we check that
log K (exp (~U))(y) = 1o | u(d) exp (~1W (1) + Ue) = Uan(2))
> —Wuly) + pU) = w(Uzn) = =Wo (y)
as well as
log K’ (exp (—Uzn)) < —n(V) + log K’ (exp (—(U = W) = —n(V) + WV,
By (4.9) we also have
V =Wy < Vagnrny =V +1log K’ (e7V2n) <V — (V) + WUV,
In a similar manner, we have
U-WY +0(V) <Uspyr) = U +log K(e”"2000) < U + Wy .
For any n > 1
exp (=W + (V) < K(exp (=Van)) < K(exp (—(V = Wir))) = Ky (exp (Wy)).

This ends the proof of (5.52). n

5.6.3 Some uniform estimates

In this section we assume (A) is satisfied and we set
(9, h) := (exp (3U), exp (3V)) (5.53)

Proposition 5.21. There exists some constant ¢ > 0 such that, for any n = 1, we have

dmoy, dn dmon+1 du v
< W, d < W"). 5.54
a v o c exp(Wy) an o V. p— ¢ exp( ) ( )
We also have the uniform estimates
ldsndnlln v |dn/dmanl <c and |dmoer/duly v |dpfdmomnly <c  (5.55)
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Proof. Using (4.12) and (5.52) for any n > 0 we have
dmon,
~(WY + Wy = (V) < Ui = Usn = log <@> <WY 4 Wi = (V)

as well as

dmon
Z; > < Wy + WO — (V).

(Wi + WOV~ (V) < Vagss) — Van = log (

We end the proof of (5.54) taking the exponential and using (5.50). The last assertion
follows from the fact that

eV (dﬂzn % dr ) <cexp(—Vs) and e (dmnﬂ v d ) < ¢ exp (—Us).

dn dmon, dp dmont1

This ends the proof of the proposition. |

Lemma 5.22. There exists a > 0 such that for any n = 1 we have
Kon(h) /g <ae™ and Kanii(9) /h<a e Vs,
In addition, there exists some 1 > 0 such that for any n = 1 we have
v Ky (x,dy) < Kon(z,dy)  and 1+ K (y, dz) < Kops1 (y, d).

Proof. Combining (4.10) with (5.50), (5.51) and (5.52) there exists some ¢y > 0 such that
for any n > 1 we have

1 Ky (z,dy) eV—V2r)®)
L Ky (e, dy) < Kon(a, dy) = 2V 18 %)

< WV(z) g du) Vv @)

This implies that
e U Kop (65V> <cye s Ka_sv (eWU) <c e ™ with ¢ =g |exp Wa—syvul-

Then, recalling that Us,11 = Us, we have that there exists some ¢y > 0 such that for any
n = 1 we have

1 Kb (y dw) e(U_UQn)(x)
— K} < Kon = U
o U(y7 dx) ’C2 +1(y7 dl’) Kb(€_U2”)(y)

This implies that

<o VW) K2 (y, dx) W (@),

eV Kons1 <€6U) <cpe s K(bl_(;)U(eWV) <c e with ¢ i=co |exp WUV

This ends the proof of the lemma. |

55



5.6.4 A contraction theorem

Theorem 5.23. Assume (A). Then there exists some a > 0 and o €0, 1] such that for any
n =1 we have

1 1
lipg, h, (Kan) v lipg, o (Kont1) < 0 with gq = Ztag and hg = 5 ta h  (5.56)
and (g,h) as in (5.53). In addition, we have the uniform estimates

Sup(man(h) v mans1(9) < 0 and - sup ([Kan (h)flg v [Kans1 (9) [n) < o0. (5.57)

n=1

Proof. For any € €]0, 1[, choosing r > 0 such that

ae"<e andset c:=a ( sup (6—2/15(3@) g(:z:)) Vv osup (e_v5(y) h(y)>> .

Us(z)<r Vs(y)<r
In this notation, we have
Kon(h)<eg+c and Kopi1(9) <eh+e.
This implies that

7T2n(h) = )\U’CQn(h) < € )\(1_5)[](1) +c
Ton+1(9) = Wwkant1(9) < eva_sv(l) +e (5.58)

We end the proof of (5.57) recalling that (U, V') are bounded below by a real number.
Since X and Y can be exhausted respectively by the compact sub-levels sets {g < I} and
{h < 1}, there exists some [; > 1 such that A ({g <1}) Av({h <1}) > 0 for [ =y and thus
for any I > I1. We set g, := supy(z)yny)<t W(x,y). Then, for any | > I; and g(z) < | we
have
vy (dy) 1n<yy (y)
w({h <1})

Ky (z,dy) = vy (1) with oy (1) :==e ' vy({h < 1})

Note that
w(fh<l}) =
In the same vein, for any [ > I; and h(y) <[ we have
Av(da) 1yg<ry(2)
Av(fg <1})

This implies that for any g(x1) v g(z2) <! and h(y1) v h(y2) <[ we have

v(e™ Tyqogqys) = e WP v ({h < 1)) >0

K(bf(y7 d%’) = LU(Z)

with (1) :==e 7 Ap({g < 1}).

H(SazllCQn - 5$2K2nHtv \4 H(Syl’CZn-i-l - 5yglc2n+1Htv < 1-— L(l)

with ¢(1) := ¢ (ty (1) Aty (1)). By Theorem 3.1, the contraction inequalities (5.56) are satisfied
for some a > 0 and p €]0, 1[ that only depends on the parameters (e, ¢) and the function
¢(1) and hence we conclude. ]

The next corollary is a consequence of (5.56).

56



Corollary 5.24. Under the assumptions of Theorem 5.23, we have the uniform contraction
estimates

sup (lipg, g, (S2n+1) V lipp, 1o (Sa(nr1))) < 0°.

n=1
with ¢ €]0,1[ as in (5.56). In addition, for any n = 1 we have
Imagsry = alll,, < 0 llmon = nlll, and  [Imenss — plly, < 0 limza—1 — ully,-

Combining Corollary 5.24 with the uniform estimates (5.58) there exists some constant
¢ > 0 such that for any n > 1 we have

lI72n+1 = wlly, v m2@miry = nll,, < c o™ (5.59)

Following the proof of (3.22) using (5.59) we obtain the following Kantorovich semi-distance
exponential decays.

Corollary 5.25. Assume the assumptions of Theorem 5.23 are met and there exists semi-
distance g and ¢ on X and Y such that

Yg(T1,22) < wg(x1,22) and  Yn(y1,y2) < wn(y1,y2)-
In this situation, for any n = 1 we have
Dwg (7T2n+17:u) Vv D¢h (772(n+1)an) < (C/a’) QQTL

with o €]0,1[ as in (5.56) and the Kantorovich semi-distances (Dy,,, Dy, ) defined in (5.6).

Example 5.26. Consider the Beta marginal distribution Ay on X :=]0,1[ discussed in
Ezxample 5.18. In this case, recalling that for any p > 0 and u,v = 1 we have

Quv =u+v and |u—oP < (u+ )P <207V (WP 4 oP)

and one has

Sa ob Da Db
1 1 1 1 1 1
= U = — [ — il

with (pa,pp) := (0a,0b). Therefore

1 1

r X2

1—1‘1_1—.%'2

Pa ’ 1 1

Py
wg(x1, x2) = Yg(x1,22) 1= Cap < > for some cqp > 0.

Example 5.27. Consider the marginal distribution \y on X := R¢ discussed in Ezam-
ple 5.19 for some parameters (by,ba,q). In this case we have

g(z) := V@ > ¢ exp (2b)|z|?)  with (c,b) = <6b1,b2/2> :
Following Example 3.2 several semi-distances 14 can be chosen, for instance we have

wg(x1,z2) = 2¢ (exp (b(|z1|? + |2z2]?)) — 1)
b
= g1, m2) 1= 2c (exp <2(q_1)+ |z — xQ‘q> — 1> .
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5.6.5 Entropy estimates

Proposition 5.28. Under the assumptions of Theorem 5.23, there exists some ¢ > 0 such
that for any n = 1 we have
dn

d7r2(n+1)

dn

d7r2(n+1)
d7T2(n+1)

dn

_ 2(n+1)

— 1| v |log

h
with ¢ €]0,1[ as in (5.56). The above estimates remain valid when we replace (7 41), 7, h)
by (7T2n+11 H, g)'

<co
h

|

Proof. Arguing as in the proof of Proposition 5.3 for any k,l > 1 we have

dmo(14k)
dn

’(531 - 1) 52(l+k) .. -52(z+1)Wha-

) — 1\ < dmo/diln,

Note that
1 fllre < CIFD A (1flln/a) -

By (5.55) there exists some constant ¢ > 0 such that for any £ > 1 we have

dﬂ'Qk

— L) —1]<co®* 1+hy) = |—= - < c o*.
) (+h) = |2 1)
In addition, for any k,l > 1 we have

AT (14 k)+1

(di,u)(x) -1 < Hdﬂ-QlJrl/dqua ”‘(&c - N)S2(l+k)+1 .- ‘82(l+1)+1Mga

dmog+1 2%k
= Vk=>1 - < c o™".
H g

By Proposition 4.7 we have

dn (dﬂ2k+1 ) dp <d7r2k )
— —1=K -1 and -1=K — -1
dﬁ2(k+1) 2(k+1)+1 du ok 2(k+1) dn

dn

dmagi1
d7T2(k+1)

- ~1

— ] Kagesny s (0)ln

h ‘ g

Using (5.5) and (5.57) we conclude that for any k > 2 we have
dmay,
— v

| -
dn h h

d
Vi[=——-1 il
This ends the proof of the proposition. |

2k
dﬂ'gk

A
o

lo
h l dmay, &

Proposition 5.28 ensures the convergence of the series (5.
spaces By (X) and Bp,(Y). Combining Proposition 4.4 with (5.6
we obtain the following theorem.

6) in the weighted Banach
) and using Proposition 4.6

Theorem 5.29. Under the assumptions of Theorem 5.23, there exists some constant ¢ > 0
such that for any n = 1 we have

U = Usnlg v IV = Vanlln v H(Puy | Pan) < c 0" (5.60)
with p €]0,1[ as in (5.56) and with (Uay, Vay,) and (U, V) as in Proposition 4.4 and (5.6).
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