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Meas., transition, function “ µpdxq, K px , dyq, f pyq

Integral/matrix operations [pµ,K , fq
finite´state
“ (row, matrix,column)]

µpfq :“

ż

µpdxq fpxq

K pfqpxq :“

ż

K px , dyq fpyq pµK qpdyq :“

ż

µpdxq K px , dyq

Composition pK1K2q
finite´state
“ (matrix product)

pK1K2qpx , dyq “

ż

K1px , duqK2pu, dyq

Gaussian distributions

§ νm,σ “ multivariate Gaussian with mean m and cov. σ

§ G “ Centered unit covariance Gaussian „ ν0,I
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Product space
Z :“ pXˆ Yq Q px , yq “ z

Disintegration proba on Z

pµˆ K qpdzq :“ µpdxq K px , dyq

P Πpµ, .q :“ tx ´marg “ µu

pη ˆ Lq5pdzq :“ ηpdyq Lpy , dxq P Πp., ηq :“ ty ´marg “ ηu

Set of couplings/disintegration/transport plans µ η

Πpµ, ηq :“ Πpµ, .q X Πp., ηq Q µb η :“ product measure

Note measures on Z5 :“ pYˆ Xq Q z5 “ py , xq

Q “ η ˆ L ðñ Qpdz5q :“ ηpdyq ˆ Lpy , dxq “: Q5pdzq

ùñ pQ5q5 “ Q
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Bayes’ rule/Dual op. - meas. on pXˆ Yq Q z :“ px , yq

pµˆ K qpdzq :“ µpdxq K px , dyq

“ pµK qpdyq K 7µpy , dxq

Posterior/conjugate/dual/backward transition:

K 7µpy , dxq :“
µpdxq K px , dyq

pµK qpdyq
ùñ µKK 7µ “ µ

Synthetic form

µˆ K “
`

pµK q ˆ K 7µ
˘5
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Dual op./Bayes’ rule ppxq ppy |xq “ ppyq ppx |yq

µpdxq K px , dyq “ pµK qpdyq K 7µpy , dxq

Synthetic form “ Proba. on pXˆ Yq

µˆ K “
`

pµK q ˆ K 7µ
˘5

Equivalent & standard dual operator/weak-form

xf ,K pgqyµ :“ µ pf K pgqq “ pµK q
`

K 7µpf q g
˘

“: xK 7µpf q, gyµK

Continuous/discrete: Forward Markov Backward Markov (end times)
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Example µpdxq “ e´Upxqdx and K symmetric-Gaussian:

µpdxqK px , dyq

“ pµK qpdyq K 7µpy , dxq
loooomoooon

9 exp p´Upxq´ 1
2t }x´y}2

2q dx

”Auxiliary/Proximal sampler” with a ”restricted oracle sampling” K 7µ. . .

Oxford Language/Dictionary: Priest/Medium/ AI?

”prophecy/response/message (from the gods) especially an ambiguous one.”
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Bayes’ rule for linear-Gauss models: X „ µ “ νm,σ

x
Kθ Zθpxq “ α` βx ` τ 1{2G with θ “ pα, β, τq

ùñ CovX ,ZθpXq “ σβ1 and CovZθpXq,ZθpXq “ βσβ1 ` τ

 Regression/Dual/Backward/Conjugate/Update formula

$

&

%

µˆ Kθ “ ppµKθq ˆ KBm,σpθqq
5

y  ZBm,σpθqpyq :“ m ` κθ py ´ pα` βmqq ` ς
1{2
θ G

with the gain/regression matrix

κθ :“ σβ1 pβσβ1 ` τq´1 and ςθ :“ pI ´ κθβqσ

ðñ Bayes’ map

θ ÞÑ Bm,σpθq “ pm ´ κθpα` βmq, κθ, ςθq
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Example: Linear-diffusion flow pXs,spxq “ xq

t P rs,8r dtXs,tpxq “ pAtXs,tpxq ` btq dt ` Σ
1{2
t dWt

Semigroup & Marginals “ Internal states distributions :

Ps,tpx , dyq :“ PpXs,tpxq P dyq and νt “ ν0P0,t “: LawpXtq

On any given final time t:

P0,t “ Kθrts with θrts “ pαrts, βrts, τ rtsq

and the parameters

αrts :“

ż t

0

Es,tpAq bs ds with Bt Es,tpAq :“ At Es,tpAq

βrts :“ E0,tpAq and τ rts :“

ż t

0

Es,tpAq Σs Es,tpAq
1 ds.
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On any given final time t:

P0,t “ Kθrts with θrts “ pαrts, βrts, τ rtsq

and the parameters

αrts :“

ż t

0

Es,tpAq bs ds with Bt Es,tpAq :“ At Es,tpAq

βrts :“ E0,tpAq and τ rts :“

ż t

0

Es,tpAq Σs Es,tpAq
1 ds.

12/64



Backward/Dual semigroup on r0, ts Q s

Pt,spy , dxq :“ PpXt,spyq P dxq ðñ νs ˆ Ps,t “ ppνsPs,tq ˆ Pt,sq
5

Example νspdxq “ pspxqdx and Xt,tpxq “ x :

´dsXt,spxq “ p´pAsXt,spxq ` bsq ` Σsp∇ log psqpXt,spxqqq ds ` Σ1{2
s dWs

On any given final/terminal time t  P0,t “ Kθrts:

µ “ νm,σ

ùñ µˆ Kθrts “
`

pµKθrtsq ˆ Pt,0

˘5
and Pt,0 “ KBm,σpθrtsq

Notes:

§ Pb with continuous time  Sol. discretize SDE

§ Pb with unknown ps  Sol. with scores/neural networks
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Entropic bridges

14/64



Schrödinger bridges

Relative entropy

H pQ | Pq “ Q

ˆ

log

ˆ

dQ

dP

˙˙

Entropic bridge map/reference P “ probability on pXˆ Yq:

P P Πpµ, .q ÞÑ Pµ,η :“ arg min
Q PΠpµ,ηq

HpQ|Pq P Πpµ, ηq
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Static vs Dyn. bridges Q ! P on Ω :“ Cpr0,T s,Rdq

Pzpdωq
z“px,yq

:“ Ppdω | pω0, ωT q “ zq

Ppdzq :“ µpdxq K px , dyq with K px , dyq :“ PpωT P dy | ω0 “ xq

Entropy factorization

HpQ | Pq “ HpQ | Pq `

ż

Hp Qz | Pzq
loooooomoooooon

0 ð Qz“Pz

Qpdzq.

Dynamic Schrödinger bridge Cpµ, ηq “ tQ : Q P Πpµ, ηqu

Pµ,η “ arg min
Q PCpµ,ηq

HpQ | Pq vs Pµ,η “ arg min
Q PΠpµ,ηq

HpQ | Pq

Solution “ Static bridge & Pinned process

Pµ,ηpdωq :“

ż

Pµ,ηpdzq Pzpdωq
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Lin-Gauss: dXtpxq “ pAtXtpxq ` btq dt ` Σ
1{2
t dWt

Pinned process | pX0pxq,XT pxqq “ z “ px , yq :

dXz
t “ pAt Xz

t ` btqdt ` Σ
1{2
t dWt

`Σt

˜

Et,T pAq
1 Σ´1

t,T

˜

y ´

˜

Et,T pAq Xz
t `

ż T

t

Es,T pAq bs ds

¸¸¸

dt

BtEs,tpAq :“ AtEs,tpAq and Σt,T :“

ż T

t

Es,T pAq Σs Es,T pAq
1 ds

In terms of the stoch. flow Xtpxq:

Xz
t

law
“ Xtpxq ` Ct,T C´1

T ,T py ´ XT pxqq

with the covariance matrices

Ct,T :“ EppXtpxq ´ EpXtpxqqqpXT pxq ´ EpXT pxqqq
1q
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Bayes/Dual Op. = Entropic half-bridge/projection

Note: Bridge disintegration formula

Πpµ, .q Q P

“ µˆ K “ Pµ,µK P Πpµ, µK q

Bayes’/backward/replacement rule:

P “ µˆ K “
`

pµK q ˆ K 7µ
˘5
P Πpµ, .q X Πp., µK q

ùñ P.,η :“ arg minQ PΠp.,ηqHpQ|Pq “
`

η ˆ K 7µ
˘5
P Πp., ηq
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Cost functions W px , yq
ex
“ px ´ yq2{t ` cte

P “ µˆ K with K px , dyq “ e´W px,yq νpdyq

Entropic regularized Kantorovich optimal transport

dQ

dP
“

dpµb ηq

dP
ˆ

dQ

dpµb ηq

ùñ HpQ | Pq “ QpW q `HpQ | µb ηq `Hpη | νq

ó

Pµ,η :“ arg min
Q PΠpµ,ηq

HpQ|Pq “ arg min
Q PΠpµ,ηq

rQpW q `H pQ | µb ηqs
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Quadratic cost function:

W px , yq
ex
“ }x ´ y}2{t ` cte

t-regularized entropic optimal transport:

Pµ,η “ arg min
Q PΠpµ,ηq

„

1

2

ż

}x ´ y}2Qpdpx , yqq ` t H pQ | µb ηq



»tÑ0 arg min
Q PΠpµ,ηq

ż

}x ´ y}2Qpdpx , yqq
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Sinkhorn bridges
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Sinkhorn eq. pn “ 0q ref. K0px , dyq “ e´W px ,yq νpdyq

µpdxq K2npx , dyq

Bayes
“ pµK2nqpdyq

µpdxq K2npx , dyq

pµK2nqpdyq
looooooooomooooooooon

:“K2n`1py ,dxq

Forward  Backward model

ηpdyq K2n`1py , dxq
Bayes
“ pηK2n`1qpdxq

ηpdyq K2n`1py , dxq

pηK2n`1qpdxq
looooooooooomooooooooooon

:“K2pn`1qpx,dyq

Forward-backward/time varying 2-block Gibbs:

π2n
hkkikkj

µK2n K2n`1 “ µ

ùñ µK2n
loomoon

“π2n

“

K2n`1K2pn`1q

‰

“ µK2pn`1q
looomooon

π2pn`1q

& η
“

K2n`1K2pn`1q

‰

“ η
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ðñ Half-bridges/Synthetic form, start K0 “ K

Entropic projection on Πpµ, .q

P2n :“ µˆK2n

Bayes
“ ppµK2nq

loomoon

π2n

ˆK2n`1q
5 P Πpµ, .q

”Correct” π2n ðñ Entropic projection on Πp., ηq

P2n`1 :“ pη ˆK2n`1q
5 Bayes
“ pηK2n`1q

loooomoooon

π2n`1

ˆK2pn`1q P Πp., ηq

Equivalent form

P2n`1 :“ arg min
QPΠpπ2n`1,ηq

HpQ | P2nq

P2pn`1q :“ arg min
QPΠpµ,π2pn`1qq

HpQ | P2n`1q
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Πpµ, .q

Πp., ηq

P0

P1

P2

P3

P4

P5

Pµ,η Schrödinger bridge

{{ Filtering {{Bayes stats  sequential Bayes updates

Finite state  matrix operations (“ Iterative proportional fitting)

Non finite/Non gaussian: Sinkhorn eq. UNSOLVABLE ­“ Algo.

{{Nonlinear filtering equation ­“ filtering algorithm
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Part II: Stability toolbox and Gaussian models
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Part II
Stability toolbox and Gaussian models

Sinkhorn bridges (continued), Elementary stability results,
Linear-Gaussian models
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ðñTime varying Gibbs loop/Markov chain formulation

Fixed point equations

µrK2nK2n`1s “ µ
p1q
“ π2nK2n`1 and η rK2n´1K2ns “ η

p2q
“ π2n´1K2n

Time varying forward/backward Markov chain

π2pn`1q :“ µK2pn`1q
p1q
“ π2n

“

K2n`1 K2pn`1q

‰

ÝÑnÑ8 η

π2n`1 :“ ηK2n`1
p2q
“ π2n´1 rK2n K2n`1s ÝÑnÑ8 µ
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Note:

dP2n`1

dP2n
px , yq “

dη

dπ2n
pyq and

dP2n

dP2n´1
px , yq “

dµ

dπ2n´1
pxq

ó

K2n`1py , dxq “
dη

dπ2n
pyq K2n´1py , dxq

dµ

dπ2n´1
pxq.

ó

Prop: [Commutation formulae]

K2n´1

ˆ

dµ

dπ2n´1

˙

“
dπ2n

dη
and K2n`1

ˆ

dπ2n´1

dµ

˙

“
dη

dπ2n
.

Same with pKn, πn, µq pKn`1, πn`1, ηq.
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In terms of Schrödinger potentials pµ, ηq “ pe´U , e´V q

Reference P0 “ µˆK :

Kpx , dyq “ Qpx , dyq :“ qpx , yqdy and set Rpy , dxq :“ qpx , yqdx

P2n “ µˆK2n
n“0
“ µˆK

P2npdpx , yqq
n“0
“ e´U2npxq qpx , yq e´V2npyq dxdy with pU0,V0q “ pU, 0q

ðñ K2npx , dyq “
Qpx , dyqe´V2npyq

Qpe´V2nqpxq
and e´U “: e´U2nQpe´V2nq
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In terms of Schrödinger potentials pµ, ηq “ pe´U , e´V q

P2npdpx , yqq “ e´U2npxq qpx , yq e´V2npyq dxdy

P2n-Conjugate dx |y “ K2n`1py , dxq

K2n`1py , dxq
U2n`1“U2n
“

Rpy , dxqe´U2n`1pxq

Rpe´U2n`1qpyq
, e´V :“ e´V2n`1Rpe´U2n`1q

ðñ P2n`1pdpx , yqq “ e´U2n`1pxq qpx , yq e´V2n`1pyq dxdy

Schrödinger system pV2pn`1q “ V2n`1q:

U2n`1 “ U ` logQpe´V2nq and V2pn`1q :“ V ` logRpe´U2n`1q.
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Some elementary stability results
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An entropy formula pn ą pq

dP2n

dP2p
px , yq “

«

ź

pďlăn

dP2l`1

dP2l
px , yq

ff «

ź

pďlăn

dP2pl`1q

dP2l`1
px , yq

ff

“

«

ź

pďlăn

dη

dπ2l
pyq

ff «

ź

pďlăn

dµ

dπ2l`1
pxq

ff

.

ùñ @Q P Πpµ, ηq

Q

ˆ

log
dP2n

dP2p

˙

“ HpQ|P2pq ´HpQ|P2nq

“
ÿ

pďlăn

rHpη|π2lq `Hpµ|π2l`1qs .

Q “ Pµ,η  

HpPµ,η|P2pq “ HpPµ,η|P2nq `
ÿ

pďlăn

rHpη|π2lq `Hpµ|π2l`1qs
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An entropy formula

HpPµ,η|P2pq “ HpPµ,η|P2nq `
ÿ

pďlăn

rHpη|π2lq `Hpµ|π2l`1qs

Some direct consequences

‚ p “ 0 & Markov transport Ó entropy ñ linear decays

HpPµ,η|P0q ě
ÿ

0ďlďn

rHpη|π2lq `Hpµ|π2l`1qs

ě pn ` 1q rHpη|π2nq `Hpµ|π2n`1qs

ùñ Hpη|π2nq `Hpµ|π2n`1q ď
1

n ` 1
HpPµ,η|P0q

‚ Bridge convergence HpPµ,η|P2nq ÝÑnÒ8 0 iff

HpPµ,η|P2pq “
ÿ

pďl

rHpη|π2lq `Hpµ|π2l`1qs
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Bounded costs W , K px , dyq “ e´W px ,yq νpdyq

K2npx , dyq “
ηpdyqK2n´1py , dxq

pηK2n´1qpdxq
& K2n`1py , dxq “

µpdxqK2npx , dyq

pµK2nqpdyq

ùñ Homogeneous cross-products (a.k.a. structure conservation)

dδx1K2n

dδx2K2n
pyq

dδx2K2n

dδx1K2n
pyq

“ exp ppW px2, yq ´W px1, yqq ` pW px1, yq ´W px2, yqqq

ě εW :“ exp p´2 oscpW qq

 Overdeveloped Hilbert projective metrics approaches for Sinkhorn:

Franklin-Lorenz (1989), Bornwein-Lewis-Nussbaum (1994), Ruschendorf
(1995), Chen-Georgiou-Pavon (2016), Deligiannidis-de Bortoli-Doucet
(2021), Eckstein (2025),. . . next bypass Hilbert metrics entirely
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Bounded costs ùñ Global Minorization prop.

dδx1K2n

dδx2K2n
pyq

dδx2K2n

dδx1K2n
pzq ě εW :“ exp p´2 oscpW qq

ùñ Uniform minorisation condition

δx1K2n ě εW δx2K2n

Dobrushin coef. contracts any Φ-entropy [ (+Miclo/PTRF-03)]

dobpK2nq :“ sup
}pµ1 ´ µ2qK2n}tv

}pµ1 ´ µ2q}tv
ď 1´ εW .

Ą Φ-entropies/Divergence criteria: Lp-norms, Havrda-Charvat
entropies, α-divergences, Jensen-Shannon divergence, squared Hellinger
integrals, Kakutani-Hellinger, Jeffreys, Rényi divergences,. . .
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Linear-Gaussian models
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Gaussian models pµ, ηq “ pνm,σ, νm,σq and ref. transition:

K0px , dyq “ Kθpx , dyq “ PpZθpxq P dyq

with the random map

θ “ pα, β, τq ÞÑ Zθpxq :“ α` βx ` τ 1{2G

Some advantages: Applies to any linear-Gaussian transition model,
closed-form Schrödinger & dual potential bridges, finite-dimensional
(sequential) solutions of Sinkhorn bridges (”true” Sinkhorn Algorithm),
Riccati matrix diff. equations/steady states,

υn`1 “ Ricc$θ pυnq :“ pI ` p$θ ` υnq
´1q´1

 same tools for log-concave marginals (vs Cramer-Rao &
Brascamp-Lieb), links with Bayesian inference, MCMC/Gibbs/. . . ,
complete convergence analysis with sharp rates, coupling tools/bridge
gaussians mixtures, linear diffusions, . . .

+Sharp rates Ă Riccati eq./Floquet form Ă (Arxiv-21)/(SIAM 22)

‘ Brief review Ă (Arxiv-24)/(FoDS-26)
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Brief review of vn`1 “ Ricc$pvnq :“ pI ` p$ ` vnq
´1q´1

Uniform estimates 1 ď p ď n

Riccp
$p0q ď Riccn

$p0q ď Riccn
$pvq ď Riccn´1

$ pI q ď Riccp´1
$ pI q ď I

Unique (closed-form) positive fixed point

r$ “ Ricc$pr$q “ ´
$

2
`

ˆ

$ `
´$

2

¯2
˙1{2

Sharp exp. Ó (Floquet form & closed-form 1d), `min:=min eigenvalue

}vn ´ r$} ď c1,$ δn
$ }v0 ´ r$} with δ$ :“ p1` `minp$ ` r$qq

´2

Matrix products

}pI ´ vnq . . . pI ´ v1qpI ´ v0q} ď c2,$ δn{2
$
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Note on the (positive definite) Riccati fixed point

r$ “ Ricc$pr$q ðñ r´1
$ “ I ` p$ ` r$q

´1

ðñ $r´1
$ ` I “ p$ ` r$qr

´1
$ “ p$ ` r$q ` I

ðñ $r´1
$ “ $ ` r$ ðñ r´1

$ “ I `$´1r$

ðñ I “ r$ ` r$ $´1 r$

Symmetric prop.: r$$ “ $r$

ùñ r2
$ `$r$ “

´

r$ `
$

2

¯2

´

´$

2

¯2

“ $.

ùñ

´

r$ `
$

2

¯

“

ˆ

$ `
´$

2

¯2
˙1{2

ùñ r$ “

ˆ

$ `
´$

2

¯2
˙1{2

´
$

2
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Gaussian Schrödinger map “ Riccati steady-state

ZSpθqpxq :“ m ` ςθ χθ px ´mq ` ς
1{2
θ G with χ

θ :“ τ´1β

ðñ fixed point of Riccati matrix equation:

pςθ χθq σ pςθ χθq
1 ` ςθ “ σ

ðñ rθ $
´1
θ rθ ` rθ “ I

with the rescaled matrices

ςθ “: σ1{2 rθ σ
1{2 and $´1

θ :“ σ1{2 pχθσχ
1
θq σ

1{2

Closed form Discrete Algebraic Riccati equation (DARE)

rθ “ ´
$θ

2
`

ˆ

$θ `

´$θ

2

¯2
˙1{2

“ Ricc$θ prθq
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Ex.: Gauss targets + Lin-Gauss ref (“ Quadratic cost)

Riccati ref. matrix:

τ “ t I ùñ
$θ

t2
“ σ´1{2 σ´1

β σ´1{2 with σβ :“ βσβ1

Riccati fixed point » Geometric mean covariance:

rθ
t
“ ´

$θ

2t
`

ˆ

$θ

t2
`

´$θ

2t

¯2
˙1{2

»

´

σ´1{2 σ´1
β σ´1{2

¯1{2

ùñ
ςθ
t

:“ σ1{2 rθ
t
σ1{2 » σ´1

β 7 σ

Limiting optimal transport map from νm,σ to νmσ

 Monge map/2-Wasserstein optimal (deterministic) transport

ZSpθqpxq “ m `
ςθ
t
β px ´mq ` ς

1{2
θ G »tÓ0 m ` pσ´1

β 7 σq β px ´mq
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Gaussian Schrödinger map “ Riccati steady-state

 Schrödinger ‘ Sinkhorn maps via Riccati Ă(FoDS-26)/(Arxiv-24).

Same Riccati theory Ă Log-concave marginals
(vs Cramer-Rao & Brascamp-Lieb)  (SAA-26)/(Arxiv-25)

 ­“ Approaches to Gaussian Schrödinger bridges :

via continuous time/Stochastic control/solving integral fixed point
equations/Schröd. potentials/ mainly for pα, β, τq “ p0, I , tI q,. . .

Chen-Georgiou-Pavon (14/21); Bolijov-Galichon (14), del Barrio et
Loubes (20), Janati-Muzellec-Peyré-Cuturi (20),Mallasto-Gerolin-Minh
(20),Bunne-Hsieh-Cuturi-Krause (23), . . .
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Gaussian Sinkhorn pθ0
ref
“ θq & θ2n  θ2n`1  θ2pn`1q

$

&

%

P2n “ µˆ Kθ2n

“ ppµKθ2nq ˆ Kθ2n`1q
5

P52n`1 “ η ˆ Kθ2n`1 “
`

pηKθ2n`1q ˆ Kθ2pn`1q

˘5

with the Bayes’/Regression/Dual/Conjugate maps

θ2n`1 “ Bm,σpθ2nq and θ2pn`1q “ Bm,σpθ2n`1q

 θn :“ pαn, βn, τnq & Sinkhorn Gauss marginals

µKθ2n “ νm2n,σ2n and ηKθ2n`1 “ νm2n`1,σ2n`1
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Gaussian Schrödinger map “ Riccati steady state

ZSpθqpxq “ m ` ςθ χθ px ´mq ` ςθ
1{2 G with χ

θ :“ τ´1β

with the rescaled matrices

ςθ “: σ1{2 rθ σ
1{2 and rθ “ Ricc$θ prθq

Sinkhorn maps “ Riccati difference equation:

Zθ2npxq “ m2n ` τ2n χθ px ´mq ` τ
1{2
2n G

with the rescaled matrices

τ2n “ σ1{2 υ2n σ
1{2 and υ2n :“ Ricc$θ pυ2pn´1qq ă I

and the expected values

m2n ´m “ σ1{2 pI ´ υ2nq σ
´1{2 pm2pn´1q ´mq
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Some convergence theorems (reference θ “ θ0)

P2n “ Pθ2n :“ µˆ Kθ2n ÝÑnÑ8 Pµ,η “ PSpθq :“ µˆ KSpθq

In terms of the parameter

ρθ :“ p1` `minp$θ ` r$θ qq
´2

Entropy estimates (sharper than any log-concave marg. studies)

Ent
`

Pθ2n | PSpθq
˘

ď cθ ρ
n
θ

`

}τ ´ ςθ} ` }m0 ´m}2
˘

.

p-Wasserstein distance

Wp

`

Pθ2n ,PSpθq
˘

ď c1,θppq ρ
n
θ }τ ´ ςθ} ` c2,θ ρ

n{2
θ }m0 ´m}
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Wp

`

Pθ2n ,PSpθq
˘

ď c1,θppq ρ
n
θ }τ ´ ςθ} ` c2,θ ρ

n{2
θ }m0 ´m}
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Part III
Contraction and Lyapunov techniques

Contraction theory via Log-Sobolev, Lyapunov techniques,
Weighted norms contractions
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Contraction theory via Log-Sobolev
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Reference flexibility

Pµ,η :“ arg min
Q PΠpµ,ηq

HpQ | Pq

@n
“ arg min

Q PΠpµ,ηq

HpQ | Pnq “ pPnqµ,η

Theo [SAA-26/Arxiv-25]: For ”good ref. P “ pµˆ K q” Dε ą 0 s.t.

HpηK | µK q ď HpPµ,ηK | Pµ,µK q ď ε Hpη | µq

„ ”Good” P example: µ and K satisfy Log-Sob (X “ Rd “ Y)
(example: K lin-Gauss and targets/marginals pµ, ηq log-concave at 8)

Ent. bridges ď ε ˆ Ent. marginals

Applying to pP,K , ηq “ pP2n,K2n, π2n´1q & recalling π2n´1K2n “ η

H pPµ,η | P2nq ď ε Hpπ2n´1|µq
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Contraction inequalities

ε´1 H pPµ,η | P2nq ď Hpπ2n´1|µq

Entropy formula:

HpPµ,η | P2nq “ HpPµ,η| P2pn´1qq ´
`

Hpη | π2pn´1qq `Hpµ | π2n´1q
˘

ď HpPµ,η| P2pn´1qq ´ pHpπ2n´1|µq `Hpπ2n | ηqq

ùñ Theo [SAA-26/Arxiv-25]

HpPµ,η | P2nq ď p1` ε
´1q´n HpPµ,η | P0q
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 Contraction Theory via Log-Sob (SAA-26)/(Arxiv-25)

Ą more refined results, direct application to log-concave (at infinity)
marginals, Riccati theory/estimates for log-concave/sub-Gaussian
marginals (vs Cramer-Rao & Brascamp-Lieb), general costs/reference
transitions, improved/better/more sharp expo rates & 2-Wasserstein
stability,. . . ,
See also Conditional mean/covariance (CIS-Kailath-25)/(Arxiv-25)

 ­“ (heavier machinery/more involved/sophisticated) different &
”disconnected” approaches (only) for quadratic costs:

via stochastic control, backward propagation techniques along
Hamilton-Jacobi equations + Eberle’s type diffusion coupling by
reflection, semi-concavity Schrödinger bridges,. . .
(Conforti-Durmus-Greco Arxiv-23/AAP-to appear),
(Chiarini-Conforti-Greco Arxiv-24).

 Next “ Weighted norms and Wasserstein distances
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Lyapunov techniques
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Kantorovich semi-distance, ϕ semi-distance on X

Dϕpµ1, µ2q :“ inf
QPΠpµ1,µ2q

Qpϕq (1)

Weighted g-norms

ϕg px1, x2q :“ 1x1 ­“x2 pgpx1q ` gpx2qq ùñ Dϕg pµ1, µ2q “ }µ1 ´ µ2}g

Note: g “ 1{2 ùñ }µ1 ´ µ2}g “ }µ1 ´ µ2}tv

Wasserstein metrics

ϕpx1, x2q :“ }x1 ´ x2}
p
2 ùñ Dϕpµ1, µ2q “Wppµ1, µ2q

p
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Comparisons - Weighted & ψ-semi-distances

gpx1q ` gpx2q ě ψpx1, x2q ùñ }µ1 ´ µ2}g ě Dψpµ1, µ2q

Examples

§ }x1}
p ` }x2}

p ě 2´pp´1q` }x1 ´ x2}
p

gpxq “ 1` }x1}
p ùñ }µ1 ´ µ2}g ě ap Wppµ1, µ2q

p

§ ec}x1}
p

` ec}x2}
p

ě ψpx1, x2q :“ 2
´

ep
c
2 p}x1}

p
`}x2}

p
qq ´ 1

¯

gpxq “ exp pc}x}pq ùñ }µ1´µ2}g ě Dψpµ1, µ2q ě ap Wqppµ1, µ2q
qp
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Comparisons - Weighted & ψ-semi-distances

gpx1q ` gpx2q ě c ψpx1, x2q ùñ }µ1 ´ µ2}g ě a Dψpµ1, µ2q

Example X “s0, 1r not complete for Euclidian but for the metric

%c px1, x2q :“

ˇ

ˇ

ˇ

ˇ

1

x1
´

1

x2

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

1

1´ x1
´

1

1´ x2

ˇ

ˇ

ˇ

ˇ

Note pa, b ą 0q:

gpxq “

ˆ

1

x

˙a ˆ

1

1´ x

˙b

ó

gpx1q ` gpx2q ě c ψpx1, x2q :“ c

˜

ˇ

ˇ

ˇ

ˇ

1

x1
´

1

x2

ˇ

ˇ

ˇ

ˇ

a

`

ˇ

ˇ

ˇ

ˇ

1

1´ x1
´

1

1´ x2

ˇ

ˇ

ˇ

ˇ

b
¸
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Lipschitz/contraction constant

lipg ,hpK q :“ sup
Dϕh

pµ1K , µ2K q

Dϕg pµ1, µ2q
“ sup

}µ1K ´ µ2K}h

}µ1 ´ µ2}g

Note: g “ 1{2 “ h ùñ }.}1{2 “ }.}tv ùñ lipg ,hpK q “ dobpK q
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Lyapunov conditions (pg , hq compact sub-levels)

K phq ď ε g ` c and Lpgq ď ε h ` c

‘ Local minorisation conditions

gpxi q _ hpyi q ď l ùñ }δx1K ´ δx2K}tv _ }δy1L´ δy2L}tv ď 1´ ιplq.

Theo: Da ą 0 and % Ps0, 1r „ pε, c , ιplqq s.t.

lipga,ha
pK q _ lipha,ga

pLq ď %

with ga :“
1

2
` a g and ha :“

1

2
` a h
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gpxi q _ hpyi q ď l ùñ }δx1K ´ δx2K}tv _ }δy1L´ δy2L}tv ď 1´ ιplq.

Theo: Da ą 0 and % Ps0, 1r „ pε, c , ιplqq s.t.
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Lyapunov + local minorization

Composition/Product rule

lipga,ga
pKLq _ lipha,ha

pLK q ď lipga,ha
pK q lipha,ga

pLq ď %2.

 Contraction inequalities/Example

}µ1pKLq
n ´ µ2pKLq

n}ga ď %2n }µ1 ´ µ2}ga
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Sinkhorn/Gibbs-loop process:

Loc compact Polish space & K px , dyq “ e´W px ,yq νpdyq

‚ Marginal potentials U,V tends to 8 at 8 (i.e. compact sub-levels)

µpdxq “ λUpdxq :“ e´Upxq λpdxq and ηpdyq “ νV pdyq :“ e´V pyqνpdyq

Note: λUp1q “ 1 “ νV p1q

‚ Conditions: Dδ Ps0, 1{2r s.t. λp1´2δqUp1q _ νp1´2δqV p1q ă 8 and

Uδpxq :“ δUpxq ´

ż

νV pdyq W px , yq,

Vδpyq :“ δV pyq ´

ż

λUpdxq W px , yq ě tends to 8 at 8
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Uδ and Vδ ě tends to 8 at 8 (i.e. compact sub-levels)

Example on X “ Y “ Rd pq ą pq or (q “ p and b2 ą 2a2)

W px , yq ď a1 ` a2 p}x}
p ` }y}pq & Upxq ^ V pxq ě b1 ` b2 }x}

q.

Other examples ((FoDS-26)/(Arxiv-25)): bi-Laplace, heavy-tailed
transitions, exponential, states with boundaries, Beta, Weibull,
semi-compact/semi-discrete models, linear Gaussian, Gaussian mixtures,
. . .

Example on X “s0, 1r, a^ b ą 0  Beta distribution

λUpdxq 9 xap1´ xqb dx

ùñ gpxq :“ eδUpxq ě c

˜

ˆ

1

x

˙δa

`

ˆ

1

1´ x

˙δb
¸
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 Lyapunov functions

pg , hq :“ pexp pδUq, exp pδV qq tends to 8 at 8

@ně1
ùñ K2n phq {g ď c e´Uδ and K2n`1 pgq {h ď c e´Vδ

Note: λp1´δqUp1q_ νp1´δqV p1q ă 8 ùñ supně1pπ2nphq_π2n`1pgqq ă 8

 Minorisation for some ı ą 0

ı K2npx , dyq ě KV px , dyq :“ e´W px,yq νV pdyq

ı K2n`1py , dxq ě K 5Upy , dxq :“ e´W px,yq λUpdxq

Note: ñ For any gpxi q _ hpyi q ď l and n ě 1 we have

}δx1K2n ´ δx2K2n}tv _ }δy1K2n`1 ´ δy2K2n`1}tv ď 1´ ιplq
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Theo: Da ą 0 and % Ps0, 1r s.t. for all n ě 1 we have

lipga,ha
pK2nq _ lipha,ga

pK2n`1q ď %

with ga :“ 1
2 ` a g and ha :“ 1

2 ` a h,

Cor: Weighted norms contraction

}π2pn`1q´η}ha ď %2 }π2n´η}ha and }π2n`1´µ}ga ď %2 }π2n´1´µ}ga .
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Prop: RN-ratio decays

›

›

›

›

dπ2n

dη
´ 1

›

›

›

›

h

_

›

›

›

›

dη

dπ2n
´ 1

›

›

›

›

h

_

›

›

›

›

log
dη

dπ2n

›

›

›

›

h

ď c %2n

Same with pπn, η, hq pπn`1, µ, gq.

Cor: Entropy estimates

HpPµ,η | P2n`1q ď HpPµ,η | P2nq ď c %2n
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Some references

Sinkhorn & Schrödinger bridges

§ New trends/Sinkhorn (+Jasra) (Arxiv-Jan.26)

§ Gaussian models (+ Akyldiz/Miguez) (FoDS-26)/(Arxiv-24)

§ Lyapunov (+ Akyldiz/Miguez) (FoDS-26)/(Arxiv-25)

§ Contraction Theory via Log-Sob (SAA-26)/(Arxiv-25)

§ Conditional mean/covariance (CIS-Kailath-25)/(Arxiv 25)

Tools : Contraction Markov & Riccati matrix equations:

§ Kantorovich contraction (+Gerber), (Arxiv-25)

§ Riccati eq./Floquet form (+Horton),  (Arxiv-21)/(SIAM-22)

§ Lyap. sg approaches (+Arnaudon/Ouhabaz) (SAA-24)

§ Dobrushin contraction coefficient (+Miclo)(PTRF-03)
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