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Meas., transition, function = u(dx), K(x, dy), f(y)

finite—state

Integral/matrix operations [(y, K, f) (row, matrix,column)]

=

—~
-

=
I

J/L(dX) f(x)
KOK) = [Kexdy) () (k) = [ () Kixidy)

finite—state

Composition (K1 Kj) (matrix product)

(K1K2)(x, dy) = J.Kl(x, du)Ka(u, dy)

Gaussian distributions
> Vm,. = multivariate Gaussian with mean m and cov. ¢

> G = Centered unit covariance Gaussian ~ 1q
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(nx K)(dz) :

u(dx) K(x,dy) € M(u,.) = {x — marg = u}

(n x L)"(dz) :=n(dy) L(y,dx) € N(.,n) := {y — marg = n}

Set of couplings/disintegration/transport plans p ~ 7

M(p,n) :=N(u, .) nN(.,n) 2 p®n := product measure

Note measures on Z° := (Y x X) 3 2 = (y, x)

R=nxL <= Q(dzb) :=n(dy) x L(y, dx)
—_ (Qb)b _ Q

- Q" (dz)
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Bayes' rule/Dual op. - meas. on (X x Y) 3z := (x,y)
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Bayes' rule/Dual op. - meas. on (X x Y) 3z := (x,y)

(nx K)(dz) = pldx) K(x,dy) = (uK)(dy) K (y,dx)

Posterior/conjugate/dual /backward transition:

dx) K(x, dy)

Kﬁ(y7 dx) = L LK) (dy) — ,uKKIE =

Synthetic form
b
px K= ((uK) x KY)
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Dual op./Bayes’ rule p(x) p(y|x) = p(y) p(x|y)

p(dx) K(x,dy) = (uK)(dy) Ki(y, dx)

Synthetic form = Proba. on (X x Y)

px K= ((uK) x Kﬁ)b

Equivalent & standard dual operator/weak-form

(f,K(g))u = u(f K(g)) = (uK) (Ki(F) g) =:(Ki(F), &)k

Continuous/discrete: Forward Markov~~Backward Markov (end times)
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~Udx and K symmetric-Gaussian:

Example pu(dx) = e
u(d) K (x, dy)

= (uK)(dy) Ki(y,dx)
—_———
o exp(~UG)—% [x—yl3) dx
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~Udx and K symmetric-Gaussian:

Example pu(dx) = e
p(dx)K(x;, dy)

= (uK)(dy) KE(y,dx)
—
o exp (*U(X)—% HX—}’Hg) dx

"Auxiliary/Proximal sampler” with a "restricted oracle sampling” K ﬁ ..
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U(x)

Example p(dx) = e~ “"dx and K symmetric-Gaussian:

n(dx)K(x, dy)

= (uK)(dy) Ki(y,dx)
—_———
o exp(~UG)—% [x—yl3) dx

"Auxiliary/Proximal sampler” with a "restricted oracle sampling” Kﬁ. ..

Oxford Language/Dictionary: Priest/Medium/ Al?

" prophecy/response/message (from the gods) especially an ambiguous one.”
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Bayes' rule for linear-Gauss models: X ~ 1= vy,

x % Zy(x) = a+ Bx + 726G with 0 = (o, ,7)
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x % Zy(x) = a+ Bx + 726G with 0 = (o, ,7)

= Covx z,x) =08 and Covz,x)z,x) = BoB +7

~> Regression/Dual/Backward/Conjugate/Update formula

1% Ko = (1K) x Ka, o))"

Yy~ Zs, @)(y) = m+ g (y — (a+ Bm)) + > G

with the gain/regression matrix

ko :=af' (BaB' + T)*l and ¢p = (I — Kof)o

<= Bayes’ map
0 By (0)=(m—re(la+ Bm), Kg,<p)
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Example: Linear-diffusion flow (X;s(x) = x)

te[s,00[~ deXee(x) = (AXer(x) + be) dt + T2dW,

12/64



Example: Linear-diffusion flow (X;s(x) = x)

te[s,00[~ deXee(x) = (AXer(x) + be) dt + T2dW,

Semigroup & Marginals = Internal states distributions :

Pst(x,dy) :=P(Xst(x) edy) and 1 =19Pos =: Law(X;)

12/64



Example: Linear-diffusion flow (X;s(x) = x)
te[s,00[~ deXer(x) = (AXse(x) + be) dt + £22dW,
Semigroup & Marginals = Internal states distributions :
Pst(x,dy) :=P(Xst(x) edy) and 1 =19Pos =: Law(X;)
On any given final time t:
Po,: = Korey  with  0[t] = (a[t], B[t], T[t])

and the parameters

o
=
[

t
J (c/‘s,t(A) bS dS With at gs’t(A) = At (c/‘syt(A)
0

B[] = Eox(A) and r[t]:= f £..1(A) T £, 1(A) ds.
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Backward/Dual semigroup on [0,t] > s

Peo(y, dx) i=P(Xes(y) € dx) <= vg x Py = (UsPst) X Prs)’
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On any given final/terminal time t ~ Py ; = Ky[q:

U =Vmo

b
— 1 x Kppep = ((1Kopg) x Pro)  and  Peo = Kg, (o1

Notes:
» Pb with continuous time ~~ Sol. discretize SDE

» Pb with unknown p; ~~ Sol. with scores/neural networks
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Entropic bridges

14/64



Schrodinger bridges

Relative entropy

H(Q| P)—Q<Iog (j‘,ﬁ))
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Schrodinger bridges

Relative entropy

wo1n-a(%)

Entropic bridge map/reference P = probability on (X x Y):

PeN(u,.)— P, := argmin H(Q|P) e N(x,n)
Qe M(u,mn)
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Static vs Dyn. bridges Q « P on Q :=C([0, T|,RY)

z=(xy)
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Static vs Dyn. bridges Q « P on Q :=C([0, T|,RY)

z=(xy)

P?(dw) = P(dw | (wo,wt) = 2)
P(dz) = u(dx) K(x,dy) with K(x,dy):=P(wredy|ws=x)

Entropy factorization

HQ|P)=H(Q | P) +f H(QF | P) Q(dz).

0 « Q?=P?

Dynamic Schrédinger bridge C(u,7) = {Q : Q€ N(u,n)}

P,,= argmin H(Q |P) vs P,, = argmin H(Q | P)
Qe C(p,m) Qe M(w,m)

Solution = Static bridge & Pinned process

Pun(d) = [ P (02) P(d)
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Lin-Gauss: dX;(x) = (AXe(x) + by) dt + £/ dW,
Pinned process | (Xp(x), X7(x)) =z = (x,y) :

dXZ = (A X2+ b)dt + T2 dW,
;
+2; <5t,T(A)' z;lT (y - <€t77(A) X +J Es,7(A) bs ds))) dt
t

.
0:Es t(A) i= Alsr(A) and zt,T;:J £ r(A) 5. £a1(AY ds
t
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Lin-Gauss: dX;(x) = (AXe(x) + by) dt + £/ dW,

Pinned process | (Xp(x), X7(x)) =z = (x,y) :

dXZ = (A X2+ b)dt + T2 dW,
;
+2; <5t,T(A)' z;lT (y - <€t77(A) X +J Es,7(A) bs ds))) dt
t

T
0t557t(A) = Atgs,t(A) and ZnT = J gs,T(A) ZS ES,T(A)/ ds
t

In terms of the stoch. flow X;(x):
X: 2 X () + Cor Crlr (v — X7 (%)
with the covariance matrices

Ce.1 = E((Xe(x) = E(Xe(x)) (X7 (x) — E(X7(x)))")
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Bayes/Dual Op. = Entropic half-bridge/projection

Note: Bridge disintegration formula

MNip,.)aP
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Bayes/Dual Op. = Entropic half-bridge/projection

Note: Bridge disintegration formula

M, .)aP=puxK="~P, kel nK)

Bayes’ /backward/replacement rule:

P=pxK=((uK)x K)" e N, .) A N(., 1K)

. b
— P, =argmingcn(.,) H(QIP) = (n x K}) eN(.,n)
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Cost functions W(x,y) = (x — y)?/t + cte

P=yuxK with K(x,dy)=e "o u(dy)
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Cost functions W(x,y) = (x — y)?/t + cte

P=yuxK with K(x,dy)=e "o u(dy)

Entropic regularized Kantorovich optimal transport

Q _dp®n)  dQ
dp— dP d(u®m)

— H(Q[P) = QW) +H(Q | p®n) +H(n | v)
I

P, = argmin H(Q|P) = argmin [Q(W)+H(Q | p®n)]
QeN(w,mn) Qe n(u,mn)
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Quadratic cost function:

W(x,y) E lx = y|?/t + cte

t-regularized entropic optimal transport:

. 1
P = angmin | [ Ix—y POy + £ 1@ @)
QeN(u,m)

~i o argmin f Ix — y[?Qd(x.y))
QeN(u,m)
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Sinkhorn bridges
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Sinkhorn eq. (n = 0) ref. Ko(x, dy) = e W) p(dy)
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wu(dx) Kan(x, dy)
(M’CZn) (dy)

:=Kant1(y,dx)

1(dx) Kan(x, dy) PL= (uhCan) (dy)

—. —

Forward ~~ Backward model

n(dy) Kant1(y, dx)
(nKC2n+1)(dx)

=ICo(nt1) (x,dy)

1(dy) Kanpa(y, dx) "2 (nKans1) (dx)

Forward-backward/time varying 2-block Gibbs:
T2n

—~
,U/Czn ’C2n+1 =

— pKan [Kons1Konin)] = Koni1) & 1[Kans1Kognin)] =1
—— —_—

e T2(nt1)
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<= Half-bridges/Synthetic form, start Ky = K

Entropic projection on IM(y, «)

Pan = p X Kap
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<= Half-bridges/Synthetic form, start Ky = K

Entropic projection on IM(y, «)

Pon 1= 11 % Kan "2 ((1Kan) x Kops1)? € M1, .)
—

T2n

" Correct” 7, <= Entropic projection on [1(.,7)

b Bayes

P2n+1 = (77 X ’C2n+1) = (7],C2n+1) X ’C2(n+1) € n(-ﬂ?)
—_——
T2n+1
Equivalent form
Popy1 = argmin  H(Q | Pan)
QeN(m2n41,m)
Pont1) = argmin = H(Q | Pans1)

QeN(u,m2(nt1))

23/64



24/64



/ Filtering / Bayes stats ~~ sequential Bayes updates

24/64



/ Filtering / Bayes stats ~~ sequential Bayes updates

Finite state ~ matrix operations (= Iterative proportional fitting)

24/64



/ Filtering / Bayes stats ~~ sequential Bayes updates
Finite state ~ matrix operations (= Iterative proportional fitting)

Non finite/Non gaussian: Sinkhorn eq. UNSOLVABLE 4+ Algo.

24/64



24/64

/ Filtering / Bayes stats ~~ sequential Bayes updates
Finite state ~ matrix operations (= Iterative proportional fitting)
Non finite/Non gaussian: Sinkhorn eq. UNSOLVABLE 4+ Algo.

/ Nonlinear filtering equation = filtering algorithm



Part II: Stability toolbox and Gaussian models

25 /64



Part |l

Stability toolbox and Gaussian models

Sinkhorn bridges (continued), Elementary stability results,
Linear-Gaussian models
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<= Time varying Gibbs loop/Markov chain formulation

Fixed point equations

1 2
[ KonKons1] = 1 W TonkKony1 and 1 [Kon_1Kon] =1 @ Ton—1K2n
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1 2
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Time varying forward/backward Markov chain

1
Tont1) = a1 D, [Kant1 Koni1)] —noo0 1

2
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<= Time varying Gibbs loop/Markov chain formulation

Fixed point equations

1 2
L KonKons1] = 1 W TonkKony1 and 1 [Kon_1Kon] =1 @ Ton—1K2n

Time varying forward/backward Markov chain

1
Tont1) = a1 D, [Kant1 Koni1)] —noo0 1

2
Tont1 = NKon1 = Tan—1 [Kon Kong1] —noeo 1
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Note:

dP2n+1 d?? C/Pzn d/l,
- d -
dpzn ( ) ) d7T2n (y) dP2n71 (X? .y) d7r2,77]_
\
_dn du
’C2n+1()/7 dX) = d772n (}/) K2n71(_y= dX) d772n—1
|
Prop: [Commutation formulae]
du dmop, dmn-1)  dn
Kon—1 <d7T2nl> = and  Kapy1 ( di ) = dman
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In terms of Schrodinger potentials (u,71) = (e7Y,e™")

Reference Py = i x K :

K(x,dy) = Q(x,dy) := q(x,y)dy andset R(y,dx):=q(x,y)dx
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Reference Py = i x K :

K(x,dy) = Q(x,dy) := q(x,y)dy andset R(y,dx):=q(x,y)dx

7)2n:,u><lc2nn;0lt><lC

Pan(d(x,y)) "=° eV g(x,y) e"V) dxdy with (Up, Vo) = (U,0)

—Vau(y)
— K:2n(Xa d}’) = C)(C;E:y‘):n)(x)y and e—U —- e—Uan(e—Vgn)
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In terms of Schrodinger potentials (u,71) = (e7Y,e™")
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In terms of Schrodinger potentials (u,71) = (e7Y,e™")
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In terms of Schrodinger potentials (u,71) = (e7Y,e™")
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Pan(d(x,y)) = e g(x,y) eV dxdy

Pan-Conjugate dx|y = Kopr1(y, dx)

U2”+L:U2n R(_y’ dx)e_U2n+1(X)
- R(e=Uu+1)(y)

= Pans1(d(x,y)) = e Y1) g(x,y) e Vi) dxdy

Kany1(y, dx) eV = e*VZ"“R(e_U?"“)

Schrédinger system (Vo1 1) = Vap11):

Usni1 = U + log Q(e™">") and Va(nt1) = V + log R(e™Yrs1),



Some elementary stability results
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An entropy formula (n > p)

) = [H dfyi';%x,y)} lH dpz(’“><x7y>]

p<l<n p<l<n dP2I+1
dn du
] 11 2]
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An entropy formula (n > p)

) = [H "Z,’;’;(X,y)} lH dpz(’“><x7y>]

p<l<n p<l<n dP2I+1
dn du
] 11 2]

Q (log ‘”’2") — H(QIPa) — H(QIP)

> [Hnlmar) + H(plmaia)] -

p<l<n

Q= P/z,nw

H(Prun|Pap) = H(PoyPn) + Y [H(nlmar) + H(p|m2r11)]

p<l<n
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An entropy formula

H(PunlPao) = H(PulPan) + 3 [Hnlmar) + H(ulmars1)]

p<l<n
Some direct consequences
e p =0 & Markov transport | entropy = linear decays

H(PuylPo) = > [Hnlma) + H(plmari1)]

0</<n
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An entropy formula
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H(PyulPap) = H(PuylPan) + Y [Hnlmar) + H(plmars1)]

p<l<n

Some direct consequences
e p =0 & Markov transport | entropy = linear decays

H(PunlPo) = >, [H(nlmar) + H(plmors1)]

o<i<n
= (n+1) [H(n|mn) + H(plm2n41)]
1
= H(n|m2n) + H(p|m2ns1) < P H(Pyn|Po)

o Bridge convergence H (P, ,|P2n) — ntoo O iff

H(PuylP2p) = Y, [H(nlmar) + H(plmzi41)]

p<!



Bounded costs W, K(x, dy) = e="V¥) u(dy)

n(dy)Kan—1(y, dx)
(n2n-1)(dx)

1(dx)Kan(x, dy)
(1K20) (dy)

K:2n(xa d)/) = & K2n+1(y7 dX) =
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Bounded costs W, K(x, dy) = e="V¥) u(dy)

d}/)’Canl(y’ dX)
(nK2n-1)(dx)

w(dx)Kan(x, dy)

_(
K:Zn(xa dy) - (,UICZn)(dy)

& Kanialy,dx) =

— Homogeneous cross-products (a.k.a. structure conservation)

6y, Ko ) 46, Ko
46, Kon " dby Ko

¥)

= exp ((W(XZ,y) - W(Xlay)) + (W(Xlay) - W(X27Y)))
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Bounded costs W, K(x, dy) = e="V¥) u(dy)

dy)Kan-1(y, d) o e 1y, dx) — 1(dx)KCan(x, dy)

_( s
Kb ) = ) (@0 (1Kan) ()

— Homogeneous cross-products (a.k.a. structure conservation)

do,, Kon di,, Ko

o) G Jon )

= exp ((W(XZ,y) - W(Xlay)) + (W(Xlay) - W(X27Y)))

> ey = exp (—2 osc(W))
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Bounded costs W, K(x, dy) = e y(dy)

34/64

n(dy)Kan—1(y, dx)
(n2n-1)(dx)

w(dx)Kan(x, dy)

K:Zn(xa dy) = (,UICZn)(dy)

& Kanialy,dx) =

— Homogeneous cross-products (a.k.a. structure conservation)

do,, Kon di,, Ko

o) G Jon )

:exp((W(Xz,y) - W(Xlay)) + (W(Xlay) - W(X27Y)))
= ey = exp (—2 osc(W))

~~ Overdeveloped Hilbert projective metrics approaches for Sinkhorn:

Franklin-Lorenz (1989), Bornwein-Lewis-Nussbaum (1994), Ruschendorf
(1995), Chen-Georgiou-Pavon (2016), Deligiannidis-de Bortoli-Doucet
(2021), Eckstein (2025),...~~ next bypass Hilbert metrics entirely




Bounded costs = Global Minorization prop.

di,, Kop doy, Kon

> = —2 W
) SR 2 ew = e (<2 oxe(W))
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= Uniform minorisation condition
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Dobrushin coef. contracts any ®-entropy [ (+Miclo/PTRF-03)]
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https://perso.math.univ-toulouse.fr/miclo/files/2012/04/contraction.pdf
https://link.springer.com/article/10.1007/s00440-003-0270-6

Bounded costs = Global Minorization prop.

A6 Kan . d6yKon
46, Kan " dby Ko

(z) = ew = exp (=2 osc(W))

= Uniform minorisation condition

6X11C2n > 6‘/V 6)(2’(:2”

Dobrushin coef. contracts any ®-entropy [ (+Miclo/PTRF-03)]

dob(/Cs,) = sup w&;fﬁgﬁtv <1—ep.

O ¢-entropies/Divergence criteria: L,-norms, Havrda-Charvat
entropies, a-divergences, Jensen-Shannon divergence, squared Hellinger
integrals, Kakutani-Hellinger, Jeffreys, Rényi divergences,. ..
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Linear-Gaussian models
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Gaussian models (¢,7) = (Vm, Vmz) and ref. transition:

Ko(x, dy) = Ko(x, dy) = P(Zp(x) € dy)

with the random map

0= (a,B,7) — Zy(x):= o+ Bx + 726G
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Brascamp-Lieb), links with Bayesian inference, MCMC/Gibbs/. . .,
complete convergence analysis with sharp rates, coupling tools/bridge
gaussians mixtures, linear diffusions, . ..
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(sequential) solutions of Sinkhorn bridges ("true” Sinkhorn Algorithm),
Riccati matrix diff. equations/steady states,
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~» same tools for log-concave marginals (vs Cramer-Rao &
Brascamp-Lieb), links with Bayesian inference, MCMC/Gibbs/. . .,
complete convergence analysis with sharp rates, coupling tools/bridge
gaussians mixtures, linear diffusions, . ..

+Sharp rates — Riccati eq./Floquet form — (Arxiv-21)/(SIAM 22)
@ Brief review ¢ (Arxiv-24)/(FoDS-26)
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Brief review of v,,1 = Ricco(v,) := (I + (@ + v,) 1) 7!
Uniform estimates 1 < p <n

Ricc? (0) < Rice? (0) < Rice? (v) < Rice 1 (1) < Riec? (1) </

Unique (closed-form) positive fixed point
. - o2\ 1/2
rm = Ricey (re) = -5t (w + (E) )

Sharp exp. | (Floquet form & closed-form 1d), min:=min eigenvalue

Vo — ro| < €1, 0% Vo — re|  with 05 := (1 + min(w + rm))*2
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Brief review of v, 1 = Riccw(vn) =+ (w+ v, H?
Uniform estimates 1 < p <

Ricc? (0) < Rice? (0) < Rice? (v) < Rice 1 (1) < Riec? (1) </

Unique (closed-form) positive fixed point
. - o2\ 1/2
r = Riccw (rm) = -5t (w + (5) )

Sharp exp. | (Floquet form & closed-form 1d), min:=min eigenvalue

Vo — reo| < 1w 07 Vo — re|  with 6o i= (1 + Lin( + 1)) 2

Matrix products

(=)o (I = vi)(I = v)| < o 6722
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Note on the (positive definite) Riccati fixed point

re = Ricecn(re) <= ro =1+ (w@w+rm)”
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Note on the (positive definite) Riccati fixed point

= =14+ (w+rey)t
— wr 4= (w+ry)r.
—

-1
Wl

re = Riccy (re)

Ve (m+ry) + 1

=w+rw<=>r;1:/+w_1rw
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Note on the (positive definite) Riccati fixed point

re = Ricey(rn) <= rot=1+(w+ry)?

1

— wrlttl=(w+ro)rt =(w+rs)+1
— wr;1=w+rw<=>r;1:/+w_1rw
= l=ro+row *ry

Symmetric prop.: row = wWry

5 w2 w2
=>rw+wrw=(rw+5> —(—) = w.
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Note on the (positive definite) Riccati fixed point

rw = Riccn(ry) <= rot=1+4+(w+rg) ™t

Ve (m+ry) + 1

=w+rw<=)r;1:/+w_1rw

— wr;l + 1 =(w+re)r,
— wr;I

= l=ro+row *ry

Symmetric prop.: row = wWry

= r2 + wr, *(r +z>2—(z)2*w
“ T2 2/
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Gaussian Schrodinger map = Riccati steady-state

1/2

ZS(G)(X) =M+ Xg (x —m) + /" G with Xg:= 7_1/8

< fixed point of Riccati matrix equation:

(so Xo) 0 (0 Xo) +p =0
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Gaussian Schrodinger map = Riccati steady-state

1/2

ZS(G)(X) =M+ Xg (x —m) + /" G with Xg:= 7_1/8

< fixed point of Riccati matrix equation:
(50 Xg) 0 (6 Xg) +sp=F=rygw, " rg+ry=1
with the rescaled matrices

s =072 ry 7% and w, =372 (XgoXp) T2

Closed form Discrete Algebraic Riccati equation (DARE)

1/2
/) @y \? i
rg = — + <w6 + (7) > = RICCWG(I’Q)
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Ex.: Gauss targets + Lin-Gauss ref (= Quadratic cost)

Riccati ref. matrix:

T=tl—= % =5 12 Uﬁ_l 7 Y2 with op:= o
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Ex.: Gauss targets + Lin-Gauss ref (= Quadratic cost)

Riccati ref. matrix:

T=tl—= % =5 12 Uﬁ_l 7 Y2 with op:= o

Riccati fixed point ~ Geometric mean covariance:

1/2
o @, (=0, (T0)? ~ (777 03! f-l/z)”
t 2t+<t2+<2t>> =7 9%

St _ ro _ — _
:—0:=01/2?901/22051ﬂ0
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Ex.: Gauss targets + Lin-Gauss ref (= Quadratic cost)

41/64

Riccati ref. matrix:
W ——1/2 -1 ——1/2 : .
T=tl:t—2=0 /0'6 o Y2 with og = Popf

Riccati fixed point ~ Geometric mean covariance:

1/2
oo__wo  (Wo  (W)? N(f—m -1 f—l/z)l/z
t 2t+<t2+<2t>> =7 9%

St — ro _ 1=
:>—0::Ul/2—01/22051ﬂ0
t t

Limiting optimal transport map from v, , to vz
~» Monge map/2-Wasserstein optimal (deterministic) transport

Zso)(x) = + *?" B(x—m)+6% Gayom+ (051 47) B (x — m)



Gaussian Schrodinger map = Riccati steady-state

~ Schrodinger @ Sinkhorn maps via Riccati < (FoDS-26)/(Arxiv-24).
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Gaussian Schrodinger map = Riccati steady-state

~ Schrodinger @ Sinkhorn maps via Riccati < (FoDS-26)/(Arxiv-24).

Same Riccati theory — Log-concave marginals
(vs Cramer-Rao & Brascamp-Lieb) ~~ (SAA-26)/(Arxiv-25)
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Gaussian Schrodinger map = Riccati steady-state
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~ Schrodinger @ Sinkhorn maps via Riccati < (FoDS-26)/(Arxiv-24).

Same Riccati theory — Log-concave marginals
(vs Cramer-Rao & Brascamp-Lieb) ~~ (SAA-26)/(Arxiv-25)

~~ % Approaches to Gaussian Schrodinger bridges :

via continuous time/Stochastic control/solving integral fixed point
equations/Schréd. potentials/ mainly for (o, 8,7) = (0,1, tl),. ..

Chen-Georgiou-Pavon (14/21); Bolijov-Galichon (14), del Barrio et
Loubes (20), Janati-Muzellec-Peyré-Cuturi (20), Mallasto-Gerolin-Minh
(20),Bunne-Hsieh-Cuturi-Krause (23), ...
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Gaussian Sinkhorn (B L 0) & Oy ~ O2pi1 ~> Opnsn)

{ PZH = /’L X K@gn
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Gaussian Sinkhorn (B L 0) & Oy ~ O2pi1 ~> Opnsn)

{ o o KGZ" - ((MK92n) x K‘-‘)2n+1)b

b
P|2)n+1 = n xKp,, = ((WK02,1+1) XK9z(n+1))
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ref

Gaussian Sinkhorn (0 = 0) & 0yy ~ O2pi1 ~ Oo(pi1)
Pon = [0S K92n = ((MK92n) X K‘92n+1)b
b
P|27n+1 = n xKp,, = ((WKazm) XK92(n+l))

with the Bayes’/Regression/Dual/Conjugate maps

02011 = Bmo(02n) and  O(ni1) = Brmz(02n41)
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Gaussian Sinkhorn (B L 0) & Oy ~ O2pi1 ~> Opnsn)

Pon = X K92n = ((MK92n) X K‘92n+1)b
b
P|27n+1 = n xKp,, = ((WKazm) X K92(n+1))
with the Bayes’/Regression/Dual/Conjugate maps

02011 = Bmo(02n) and  O(ni1) = Brmz(02n41)

~ 0, = (@, Bn, 7n) & Sinkhorn Gauss marginals

/’I’K02n = Vman,020 and nK92n+1 = Vmpny1,02041

43/64



Gaussian Schrodinger map = Riccati steady state

Zsp)(x) =m+cp Xo (x —m) + @Y G with Xp =718

with the rescaled matrices

o =7"2ro"? and )= Riccg, (rp)
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Gaussian Schrodinger map = Riccati steady state

Zso)(x) =M+ Xg (x—m) + "> G with Xg:=77'8
with the rescaled matrices

1/2

w=7"no and ry = Riccg, ()

Sinkhorn maps = Riccati difference equation:

Zy,,(X) = map + T2n Xg (x — m) + 7'21,{2 G

with the rescaled matrices

Ton =02 Up, /% and v, 1= Ricee, (Va(n_1)) </
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Gaussian Schrodinger map = Riccati steady state

Zso)(x) =M+ Xg (x—m) + "> G with Xg:=77'8
with the rescaled matrices

1/2

w=7"no and ry = Riccg, ()

Sinkhorn maps = Riccati difference equation:

Zy,,(X) = map + T2n Xg (x — m) + 7'21,{2 G

with the rescaled matrices

Ton = 02 00, 772 and  wop, = Ricee, (Va(n_1)) </

and the expected values

Mon — T =2 (I —wy,) 7 /2 (My(n—1) — M)
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Some convergence theorems (reference 6 = 6)
Pon =Py, := 1 X Ko, —>n—c0 Py = Pg(e) := 1t X Kgo)

In terms of the parameter

pPo = (1 + ém,',,(w,g + rwg)),z
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Some convergence theorems (reference 6 = 6)

Pon =Py, := 1 X Ko, —>n—c0 Py = Pg(e) := 1t X Kgo)
In terms of the parameter

pPo = (1 + ém,',,(w,g + rwg)),z

Entropy estimates (sharper than any log-concave marg. studies)

Ent (Po,, | Ps(o)) < co 0 (I — coll + [mo — %)

p-Wasserstein distance

n/2 —
W, (Po,,, Psa)) < cro(p) o |7 — <ol + a0 05> | mo — ]
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Part I1l: Contraction and Lyapunov techniques
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Part 111

Contraction and Lyapunov techniques

Contraction theory via Log-Sobolev, Lyapunov techniques,
Weighted norms contractions

47/64



Contraction theory via Log-Sobolev
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Reference flexibility

P, = argmin H(Q | P)
QG”(IMI)
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Hs1

Theo [SAA-26/Arxiv-25]: For "good ref. P = (u x K)" 3¢ > 0 s.t.
HK | pK) < H(Bunk | Bupw) <& Hin | p)

~ "Good" P example: p and K satisfy Log-Sob (X = RY =Y)
(example: K lin-Gauss and targets/marginals (11,m) log-concave at o)

Ent. bridges < & x Ent. marginals

APP'Y'“g to ('Dv K?”) = (,P2n7IC2n77T2n71) & recalling 7r2n71’C2n =0

H(Puy | Pan) < € Himon—1|p)
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Contraction inequalities

€Y H (Puy | Pan) < Hlmanalp)
Entropy formula:
H(Pu,n | 7D2n) = H(P,u,n| P2(n—1)) - (H(n ‘ 7r2(n—1)) + H(N | 71'2,,_1))

< H(Punl Pan-1y) — (H(man-1lp) + H(m2n | 1))

= Theo [SAA-26/Arxiv-25]

H(Ppuy | Pan) < (1 +eH)™" H(Pun | Po)
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~~ Contraction Theory via Log-Sob (SAA-26)/(Arxiv-25)

O more refined results, direct application to log-concave (at infinity)
marginals, Riccati theory/estimates for log-concave/sub-Gaussian
marginals (vs Cramer-Rao & Brascamp-Lieb), general costs/reference
transitions, improved/better/more sharp expo rates & 2-Wasserstein
stability,. . .,

See also Conditional mean/covariance (CIS-Kailath-25)/(Arxiv-25)
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transitions, improved/better/more sharp expo rates & 2-Wasserstein
stability,. . .,

See also Conditional mean/covariance (CIS-Kailath-25)/(Arxiv-25)

~ =% (heavier machinery/more involved /sophisticated) different &
"disconnected” approaches (only) for quadratic costs:

via stochastic control, backward propagation techniques along
Hamilton-Jacobi equations + Eberle’s type diffusion coupling by
reflection, semi-concavity Schrodinger bridges,. . .
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~~ =% (heavier machinery/more involved/sophisticated) different &
"disconnected” approaches (only) for quadratic costs:

via stochastic control, backward propagation techniques along
Hamilton-Jacobi equations + Eberle’s type diffusion coupling by
reflection, semi-concavity Schrodinger bridges,. . .
(Conforti-Durmus-Greco Arxiv-23/AAP-to appear),
(Chiarini-Conforti-Greco Arxiv-24).
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~~ Contraction Theory via Log-Sob (SAA-26)/(Arxiv-25)

O more refined results, direct application to log-concave (at infinity)
marginals, Riccati theory/estimates for log-concave/sub-Gaussian
marginals (vs Cramer-Rao & Brascamp-Lieb), general costs/reference
transitions, improved/better/more sharp expo rates & 2-Wasserstein
stability,. . .,

See also Conditional mean/covariance (CIS-Kailath-25)/(Arxiv-25)

~ =% (heavier machinery/more involved /sophisticated) different &
"disconnected” approaches (only) for quadratic costs:

via stochastic control, backward propagation techniques along
Hamilton-Jacobi equations + Eberle's type diffusion coupling by
reflection, semi-concavity Schrodinger bridges,. . .
(Conforti-Durmus-Greco Arxiv-23/AAP-to appear),
(Chiarini-Conforti-Greco Arxiv-24).

~> Next = Weighted norms and Wasserstein distances

51/64


https://doi.org/10.1080/07362994.2026.2619443
https://arxiv.org/abs/2503.15963
https://dx.doi.org/10.4310/CIS.260128095757
https://arxiv.org/abs/2504.18822
https://arxiv.org/pdf/2304.04451
https://arxiv.org/pdf/2412.09235

Lyapunov techniques
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Kantorovich semi-distance, ¢ semi-distance on X

D , = inf Q
o (H1, 12) et (¢)
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Kantorovich semi-distance, ¢ semi-distance on X

D , = inf Q
o (111, p2) et (¥)

Weighted g-norms

g(x1,%) = Lag4x (g(x1) + 8(x2)) = Dy, (11, p2) = |11 — p2lg
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Kantorovich semi-distance, ¢ semi-distance on X

Dylym.pz) = _inf Q) 1)

Weighted g-norms

g(x1,%2) 1= La4x, (8(x1) + &8(x2)) = Dy, (11, 12) = |1 — p2llg

Note: g =1/2 = |1 — p2fg = |p1 — p2| v

Wasserstein metrics

p(x1,x2) = X1 — xe[|5 = Dy(pi1, p2) = Wp(pa, p12)P
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Comparisons - Weighted & /-semi-distances

gla) +glx) = v(ixa, x2) = | — p2lg = Dy (p1, p2)
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Comparisons - Weighted & /-semi-distances

g(x1) + g(x) = (x1, %) = H,ul — MzHg = Dw(m,uz)

Examples

> xalP 4 [xef|P =270 |xg — P

g(x) =1+ al? = | — p2lg = ap Wp(p1, 112)”
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Comparisons - Weighted & /-semi-distances

gla) +glx) = v(ixa, x2) = | — p2lg = Dy (p1, p2)

Examples

> xalP 4 [xef|P =270 |xg — P
g(x) =1+ |x|P = |1 — pollg = ap Wp(p1, p2)?

v eclal’ 4 eclol” > gh(xg, x0) = 2 (e(% (P +l?) _ 1)
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Comparisons - Weighted & /-semi-distances

gla) +glx) = v(ixa, x2) = | — p2lg = Dy (p1, p2)

Examples

> xalP 4 [xef|P =270 |xg — P
g(x) =1+ |x|P = |1 — pollg = ap Wp(p1, p2)?

v eclal’ 4 eclol” > gh(xg, x0) = 2 (e(% (P +l?) _ 1)
g(x) = exp (c|x|P) = [p1—p2llg = Dy(pa, p2) = ap Wep (111, p12)®
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Comparisons - Weighted & /-semi-distances

glx) +g(x) = c ¥(xi,x2) = |1 — p2lg = a Dy (1, p2)

55 /64



Comparisons - Weighted & /-semi-distances

glx) +g(x) = c ¥(xi,x2) = |1 — p2lg = a Dy (1, p2)

Example X =]0, 1[ not complete for Euclidian but for the metric

1 1

X1 X2

- (3) ()

U

Oc (Xl,X2) =

‘ 1 1

1—X1 1—X2

Note (a, b > 0):

1 1

a+ 1 1
1—X1 1—X2

g(x1) +g(x) = cP(x,x) =c (

)
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Lipschitz/contraction constant

lip, ,(K) := sup Dy, (11K, paK) _w I K — K|l
o Dee (1, p2) 11— il

56 /64



Lipschitz/contraction constant

lip, ,(K) := sup Dy, (11K, paK) _w I K — K|l
o Dee (1, p2) 11— il

Note: g =1/2=h = |.|1)2 = ||-]ltv = lipg 4(K) = dob(K)
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Lyapunov conditions ((g, h) compact sub-levels)

K(h)<eg+c and L(g)<eh+c
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Lyapunov conditions ((g, h) compact sub-levels)

K(h)<eg+c and L(g)<eh+c

@ Local minorisation conditions

g(xi) v h(y;)) < | = [0 K = 65, K|t v ”5y1L - 6yzLHtv < 1—qu()).
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Lyapunov conditions ((g, h) compact sub-levels)

Khy<eg+c and L(g)<eh+c

@ Local minorisation conditions

g(xi) v h(y;)) < I = |6, K — 6, K|t v ||5y1/- - 5yzLHtv < 1—qu()).

Theo: 3a > 0 and p€]0,1[ ~ (¢, ¢, (/) s.t.

lipg, 5, (K) v lipy, o (L) <o

1 1
with ga::E—&-ag and ha::§+ah
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Lyapunov + local minorization

Composition/Product rule

lipg, g, (KL) v lipy, . (LK) < lip,, ;. (K) lipy, . (L) < 0°.
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Lyapunov + local minorization

Composition/Product rule

lipg, g, (KL) v lipy, . (LK) < lip,, ;. (K) lipy, . (L) < 0°.

~- Contraction inequalities/Example

1 (KL)" = pi2(KL)" g, < 0" |1 = piz]lg,
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Sinkhorn /Gibbs-loop process:
Loc compact Polish space & K(x, dy) = eV v(dy)

e Marginal potentials U, V' tends to oo at o (i.e. compact sub-levels)

p(dx) = Ay(dx) :== eV X(dx) and n(dy) = vy(dy) :== e u(dy)
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Sinkhorn /Gibbs-loop process:
Loc compact Polish space & K(x, dy) = eV v(dy)

e Marginal potentials U, V' tends to oo at o (i.e. compact sub-levels)
p(dx) = Ay(dx) :== eV X(dx) and n(dy) = vy(dy) :== e u(dy)
Note: Au(l) =1= Vv(].)

e Conditions: 30 €]0,1/2[ s.t. A1_25)u(1) v Y(1—26)v (1) < 00 and

Us(x) = 6U<x>—fuv<dy> Wix,y),

Vs(y) = 6V(y) —J Au(dx) W(x,y) = tends to oo at oo
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Us and V5 > tends to o0 at o0 (i.e. compact sub-levels)

Example on X =Y = R9 (g > p) or (g = p and by > 2a»)

Wix,y) < a+a (Ix[P+yl?) & Ul) A V(x) = b+ by [x]°.
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https://www.aimsciences.org//article/doi/10.3934/fods.2026006
https://arxiv.org/abs/2503.09887
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Example on X =Y = R9 (g > p) or (g = p and by > 2a»)

Wix,y) < a+a (Ix[P+yl?) & Ul) A V(x) = b+ by [x]°.

Other examples ((FoDS-26)/(Arxiv-25)): bi-Laplace, heavy-tailed
transitions, exponential, states with boundaries, Beta, Weibull,
semi-compact/semi-discrete models, linear Gaussian, Gaussian mixtures,
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Us and V5 > tends to o0 at o0 (i.e. compact sub-levels)

Example on X =Y = R9 (g > p) or (g = p and by > 2a»)

Wix,y) < a+a (Ix[P+yl?) & Ul) A V(x) = b+ by [x]°.

Other examples ((FoDS-26)/(Arxiv-25)): bi-Laplace, heavy-tailed
transitions, exponential, states with boundaries, Beta, Weibull,
semi-compact/semi-discrete models, linear Gaussian, Gaussian mixtures,

Example on X =]0,1[, a A b > 0 ~> Beta distribution

Au(dx) o x3(1 — x)® dx

— g(x) ="M > ¢ ((i)é " <1ix>6b>
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https://arxiv.org/abs/2503.09887

~> Lyapunov functions

(g, h) = (exp(dU),exp (6V)) tends to oo at oo

Yn=>1

= Ka(h)/g<ce™ and Ky1(g)/h<ce™™
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Note: A\1_syu(1) v va—sv(1) < 00 = sup,>1(m2n(h) v m2ny1(g)) < ©

~+ Minorisation for some 7 > 0

1 Kon(x,dy) = Ky(x,dy) = e~ W) vy (dy)
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~> Lyapunov functions

(g, h) = (exp(dU),exp (6V)) tends to oo at oo
Vn=1 —u —V
= Ko(h)/g<ce™ and Kopt1(g)/h<ce ™
Note: A\1_syu(1) v va—sv(1) < 00 = sup,>1(m2n(h) v m2ny1(g)) < ©
~> Minorisation for some 72 > 0

1 Kon(x,dy) = Ky(x,dy) = e~ W) vy (dy)
anaalysde) > Ky, dx) = e WO 2y (dx)

Note: = For any g(x;) v h(y;) </ and n > 1 we have

16 KCon — 6. Konllev v 8y, Kont1 — 6y, Konsafe <1 — (/)
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Theo: 3a > 0 and o €]0,1[ s.t. for all n > 1 we have

“Pga,ha(lc%) Vv “pha,ga(lc2n+1) <o

with ga::%—f—ag and hé,::%—I—ah7
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Theo: 3a > 0 and o €]0,1[ s.t. for all n > 1 we have

|ipg3,ha(’C2n) Vv “pha,ga(lc2n+1) <o

with ga::%—f—ag and hé,::%—I—ah7

Cor: Weighted norms contraction

Im2(0+1) = lln, < @ [m2n—nlln, and  |72ni1—pllg, < 0 [man—1— g,
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Prop: RN-ratio decays

dn
dmon,

dn
dmo,

2n

v -1

h

\
h

<co
h

' d7r2n
log

dn

Same with (7'(',77 7, h) ~ (7Tn+17 122 g)
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Prop: RN-ratio decays

dn
dmon,

v -1

' d7r2n
h

dn

h
Same with (71',17 7, h) ~ (7Tn+17 122 g)

Cor: Entropy estimates

dn
dmo,

2n

\Y <cCcop

h

log

H(Puy | Pans1) < H(Ppuy | P2n) < ¢ 0™



Some references

Sinkhorn & Schrodinger bridges
> New trends/Sinkhorn (+Jasra) (Arxiv-Jan.26)
> Gaussian models (+ Akyldiz/Miguez) (FoDS-26)/(Arxiv-24)
> Lyapunov (+ Akyldiz/Miguez) (FoDS-26)/(Arxiv-25)
> Contraction Theory via Log-Sob (SAA-26)/(Arxiv-25)
Conditional mean/covariance (CIS-Kailath-25)/(Arxiv 25)

v
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Some references

Sinkhorn & Schrodinger bridges
> New trends/Sinkhorn (+Jasra) (Arxiv-Jan.26)
> Gaussian models (+ Akyldiz/Miguez) (FoDS-26)/(Arxiv-24)
> Lyapunov (+ Akyldiz/Miguez) (FoDS-26)/(Arxiv-25)
> Contraction Theory via Log-Sob (SAA-26)/(Arxiv-25)
> Conditional mean/covariance (CIS-Kailath-25)/(Arxiv 25)

Tools : Contraction Markov & Riccati matrix equations:
> Kantorovich contraction (+Gerber), (Arxiv-25)
> Riccati eq./Floquet form (+Horton), ~ (Arxiv-21)/(SIAM-22)
> Lyap. sg approaches (+Arnaudon/Ouhabaz) (SAA-24)
> Dobrushin contraction coefficient (+Miclo)(PTRF-03)
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