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1 Generator Magic (Heuristics)

Consider a Markov Process X on state space S with generator A (and domain D(A) C
Cp(S)). Then, for any f € D(A),

MY = F(X,) — F(Xo) — /0 (Af)(X.) ds (1)

is a mean-zero martingale with quadratic variation

M= [ (A0 - 2747) (X ds.

Conversely, under some technical conditions, if a process X satisfies (1) for all f €
D(A), then X is a strong Markov Process with generator A. That has the following con-
sequence:

Theorem 1.1 (Handwaving [EthKur86]). Consider Markov Processes XN with generators
AN Suppose that

i) The sequence (XN)x is tight (so that we can extract a convergent subsequence).
ii) The generators AN — A converge in a suitable way.
iii) Many technical conditions...
Then, XN — X in distribution to the Markov Process X with generator A.

Furthermore, if the quadratic variation vanishes in the limit, the limiting process
is deterministic. In this case, the above formulation is nothing else than the weak
formulation of PDEs of the type

Oipr = Ap,

where the test functions f = fg : L?(T) — R usually take the form

folp) == (p.G) = [ p()Gla) du



for some G : T — R smooth enough. In the case of the heat equation (A = A), the action
of the generator is

Afa = fac

and the weak formulation becomes

t
0= (o0, G) — {p0, G) - /0 (90 AG) ds.

Note that usually the test functions are time dependent (to prove unique-
ness of the solution). That would add a term fot(asfs)(ps) ds or fg<p5,€)SGS> ds
to the formulations. In our case, this additional term does not make any
difference, so I don’t mention it for simplicity!

2 The Symmetric Simple Exclusion Process (SSEP)

Everything will be defined on the torus for simplicity: Ty :=Z/(NZ) and T = R/Z. The
exclusion processes take values in the space of all particle configurations Qp := {0,1}T~.

We then consider the Markov process 7 := () )t>0 with values in Qp, started in ppn,
with generator

LN f(n) = % > (nx(l — 1) - (O = F) + ne (L= me—r) - (F (" H7) = f(n)))

:EETN

=2 3 (Fe ).

z€T N

We expect the limit p to be deterministic. (One can easily show that the
quadratic variation vanishes.) This leads us to the ansatz p;(v/N) ~ pN(x) :=
E[nY(z)]. Hence, we want to compute

0l (@) = ELL m(0)] =B |5 - (o + 1)+ (o~ 1) = 2m(0)
= % AN pN (),

where A% is the discrete Laplacian on Tpy. Since, at least heuristically via parabolic

scaling, ..
NAY — A

we might expect that the sped-up process (17%2 ,)t>0 converges to the solution of the heat
equation

1
Oipt = §APt-

More rigorously: We are interested in test functions

(1.6 = [ )G dum Y o¥e()G () ~ (7. )

z€T N



where )
Wiv TN Z Nn2e(2)0z/N
:EGTN

N

is the rescaled empirical measure process. Then, 7' is a Markov process with generator

(using the same symbol)

N2LV(aN Gy =N* Y (LNne) - G (ﬁ)

ze€Tn N
2
=T L a6y
ze€Tn

Note that we performed two summations by parts to shift the Laplacian
from 7 to the test function G.
We conclude that

t
G.N 1
M7 = (x) G — (n) G — / <7T;V, QANG> ds
0
is a mean-zero martingale. If 7%V — 7 in distribution, then these quantities converge to

(1, G) — (0, G) — /Ot <7T8, ;AG> ds.

Furthermore, one shows that M converges to 0 and that, necessarily, 7( dz) = p(x) d=
for some p € L'(T).
This gives that p satisfies

1
Owpr = EAP

weakly.

The above covers everything that was discussed during the talk on May 09. The rest will
be covered during the first session of the minicourse on May 11. It is not necessary to
read it beforehand and is meant as an overview of the motivation for the rest of the
minicourse.



3 Gradient Models
One way of writing the generator from the SSEP is
LNy = Joote — Jewtt,
where J; ;11 is the current of particles flowing from x to x + 1, given by

Jzz+1 = (flux from z to x + 1) — (flux from =z + 1 to x)
= Ne(1 = Ne1) = Neg1 (1 —12)
=Nz — Nz+1 = _anz-
This decomposition into currents is often possible. This allows us to do a summation
by parts via
x
N2LN (N, Gy = N2 S (£Vn,) -G (N>

zeT N

=N > (1o = Jowi1) -G <%)

z€T N

= > Noart - NVVG ().

LL’ETN

where VNG (%) =G (Lj\rfl) -G (%) is the discrete derivative.
To proceed as before, we need to perform a second summation by parts. In analogy
to the SSEP for which J, ;41 = . val Nz, We assume the gradient condition for the current:

Ja:,z+1 = h(nz) - h(nx+1)'

Then, we get

N2£N<7r, G) = Z N(h(n:c) - h(77$+1)) -NVYG <%)

z€T N

= % h(n.) - N2AVG (%)

J?ETN

and we might expect the limiting equation to be
Oipr = A(h(l)t))-

Closing the Equation: There is one technical issue to overcome. In the present form,
we cannot use the weak convergence of 7V as the above is not (necessarily) a continuous
functional of 7%V. The usual approach is to replace 7, by the average

1

eN . _

WY D My
ly|<eN

over a macroscopic box of size €. The advantage is that we may write

e = (L)

rve



as a continuous functional of 7, where ¥ QE]I[Q: ex+e]- This implies
N2LN (x h(( ) N2ANG ()
~ 2 Gy
$€TN

which converges in N to

/Tr h <1 /u u+ p(v) dv> AG(@) du— [ h(p(u)) - AG(w) du.

2¢e el0

Although this part of the proof is not trivial and the so-called Replacement
Lemmas usually take up a big part of the overall proof, these will not be the
main point of this talk. So from now on, we will more or less ignore this
technicality and simply assume that everything works as just mentioned.

4 Examples Non-Gradient Models

Let us modify the Simple Symmetric Exclusion Process by changing the jumping rate from
one site to another by a factor that may depend on the surrounding sites:

ng Z Z 77; 779[:-!—7;) : (f(an) - f(77)),

€T Ny z==%1

where ¢(n; x) = ¢(7,n) is a translationally invariant function depending on a finite number
of values of n around x. This model is considered in [VarYau97].
As before, we can define the current

Jezr1=c(0;2) - ne(1 = ngy1) — c(m; 2+ 1)ney1(1 — ng)

yielding the current representation

N
g Ne = Jm—l,x — Jraz+l

and thus .
N2GV (N, @) = 3 NJyor - NVNG (N) .
.Z’ETN

The problem is that J does not satisfy the gradient condition as soon as c¢ is not
constant!
Heuristically, we might expect that

NJy w1 = Ne(n; x) (nz - 77z+1) + N1z (1 — nz+1)(c(77§$) —c(n;x + 1))
~ —c(p(x))Vp(x) + p(x)(1 — p(z)) Ve(p(x)).

In other words, we expect to see a limiting equation of the form

() = V - (Dpi()) Vpr(a))

for some diffusion coefficient D.



The problem is that we do not have any estimates that would allow us
to deduce this type of convergence of NJ. This is the object of the Non-
Gradient Method: In what sense can N.J be replaced by a gradient (rescaled
by a diffusion coefficient)?

A second example can be obtained by introducing a second species. In this context, a
site can be in one of three states: 0 (no particle), 1 (particle of type +) or —1 (particle
of type —). Then, the generator of the simply symmetric multi-species exclusion process
becomes

HNFo) =D D el (1= [nesl) - (FO0™Y) = F(m)),

€Ty z==%1

where |n,| = 1 iff there is a particle at site 2. The process is uniquely characterised by
the pair (|n|,n™"), where |n| tracks where the particles are (it is a standard SSEP!) and n*
tracks only the particles of type +. In particular, that means that |n| can be described by
the gradient methods. Let us concentrate on n. One easily checks that

HNW;_ = J;r—l,:p - J;r,m—lv
where the current of positive particles is given by
T per = 0 (U= e l) = (L= |na)mfis

which is not in gradient form. For details on this particular model, see [Eri22] for an
introduction and [Qua92] for a full treatment.
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