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Abstract

This work treats transient numerical simulation of growth of silicon carbide (SiC) bulk
single crystals by physical vapor transport (also called the modified Lely method). A
transient mathematical model of the growth process is presented. Subsequently, the
finite volume method for the discretization of evolution equations, which constitutes
the basis for the numerical simulations presented in this work, is studied mathemati-
cally, proving the existence of discrete solutions. All material data used for numerical
simulations in this work are collected in the appendix.

Starting with a description of the physical growth procedure, problems arising during
the growth process are discussed as well as techniques that are used for process control.
It is explained why numerical simulation is an important tool for control, and the
advantages of a transient approach are considered.

Within the presented transient model, continuous mixture theory is used to obtain bal-
ance equations for energy, mass, and momentum inside the gas phase. In particular,
reaction-diffusion equations are deduced. Heat conduction is treated inside solid materi-
als. Heat transport by radiation is modeled via the net radiation method for diffuse-gray
radiation to allow for radiative heat transfer between the surfaces of cavities. The model
includes the semi-transparency of the single crystal via a band approximation. Induc-
tion heating is modeled by an axisymmetric complex-valued magnetic scalar potential
that is determined as the solution of an elliptic problem. The resulting heat source
distribution is calculated from the magnetic potential. The heat sources are updated
continuously during the solution of the transient problem for the temperature evolution
to allow for changes in the electrical conductivity depending on temperature and for
changes due to a moving induction coil.

The finite volume method is treated in a rigorous mathematical framework. It allows
the discretization of parabolic, hyperbolic, and elliptic partial differential equations,
as they arise from the mathematical model of the growth process, including nonlo-
cal contributions due to radiative heat transfer. The general abstract setting consists
of a system of nonlinear evolution equations in arbitrary finite space dimension, each
evolution equation living on a different polytope domain. In general, each evolution
equation has diffusive and convective contributions as well as source and sink terms.
Each contribution is permitted to depend on the solution. Discontinuities of the so-
lution are allowed at domain interfaces. Interface conditions in terms of the solution
and its flux are considered. Moreover, nonlocal interface conditions are considered.
Outer boundary conditions include Dirichlet conditions, flux conditions, emission con-
ditions, and nonlocal conditions. Time discretization is performed by an implicit Euler
scheme, where an explicit discretization is allowed in certain dependencies such that
the temperature-dependent emissivities can be taken from the previous time step. As
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usual, the space discretization is performed by integrating the evolution equations over
control volumes and then using quadrature formulas. As an axisymmetric setting and
cylindrical coordinates are used in the simulations, a treatment of change of variables
is included in the abstract considerations.

For the case that the evolution equations constitute nonlinear heat equations, still
allowing nonlinear diffusion, convection, and source and sink terms, as well as nonlocal
interface and boundary conditions as they arise from modeling radiative heat transfer,
discrete L>-L' a priori estimates are established for the system resulting from the finite
volume discretization. A fixed point argument is then used to prove the existence and
uniqueness of discrete solutions.

The presented numerical simulations are conducted in an axisymmetric setting. They
constitute transient investigations of control parameters affecting the temperature evo-
lution during the heating of the growth apparatus. A cylindrically symmetric finite
volume scheme provides the discretization for both the transient nonlinear heat prob-
lem and the stationary magnetic potential problem.

For different heating powers and different vertical coil positions, the temperature evo-
lution is monitored at the surface of the crystal and at the surface of the source powder
as well as at the top and at the bottom of the growth apparatus. It is studied how
the temperature difference between source and seed, which is highly relevant to the
growth process, is related to the measurable temperature difference between bottom
and top. Results concerning the time lack between the heating of the surface of the
source powder and the heating of its interior are considered. Finally, the global evolu-
tion of temperature and heat sources is investigated.
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Foreword

A few words might be in order on how this work came about. In September 1997, I took
a research position at the Weierstrass Institute for Applied Analysis and Stochastics
(WIAS), Berlin, to join the recently created research team for the topic of numerical
simulation of sublimation growth of SiC bulk single crystals, at the time consisting
of Prof. Dr. Jiirgen Sprekels (head person), Dr. Nikolaus Bubner, Dr. Olaf Klein, and
Prof. Dr. Krzysztof Wilmanski. The Bundesministerium fir Bildung, Wissenschaft,
Forschung und Technologie® (BMBF) had granted funding for my position due to a
successful application of the research team.

The goal was to create a physical model and to use numerical mathematics to develop
software that can be employed to control and optimize the SiC sublimation growth
process. The project was to be done in cooperation with the Institute of Crystal Growth
(IKZ), Berlin, where SiC bulk single crystals are produced using the sublimation growth
method.

As, especially in the early stages of the project, my main task lay less with the modeling
than with the numerical discretization of the model equations and the succeeding im-
plementation, my initial inclination was to restrict this work to these aspects. However,
I now think (not the least thanks to my advisor’s and coworkers’ suggestions) that a
more comprehensive presentation of the subject is much more valuable to the reader.
So the intention of this work is to give such a presentation. Section 1.2 describes the
extend and limits of the scope of this work.
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zur Losung von Problemstellungen in Industrie und Wirtschaft® # 03SP7TFV1/6. The
author is responsible for the contents of this publication.

Large parts of the material presented in Chapters 2 and 4 have been joint work with Dr.
Nikolaus Bubner, Dr. Olaf Klein, Prof. Dr. Jiirgen Sprekels, and Prof. Dr. Krzysztof
Wilmanski of the WIAS (cf. [BKPT99], [KP99], [KPSWO01], [KP01], [KP02]). In par-
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Dr. Krzysztof Wilmanski, and Dr. Olaf Klein has contributed many ideas concerning
the models for radiation and for induction heating as published in [KPSWO01], [KP01],
and [KP02], respectively. Dr. Volker Weifl provided most of the references for material
data from the literature presented in App. A. However, I am solely responsible for the
compilation of the material in this work and for the implementation of the computer
code used to perform the numerical simulations presented in Ch. 4. The entire material
of Ch. 3 is my original work.

My advisor Prof. Dr. Jiirgen Sprekels supervised and guided my work, which I gratefully
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proofreading and productive criticism.

Working in modeling and numerical simulation, it is extremely important to get feed-
back from experimenters working with the physical system. I thank Dr. Klaus Bottcher,
Dr. Thomas Miiller, Dr. Detlev Schulz, and Dr. Dietmar Siche of the IKZ for giving
that feedback and for providing material and experimental data. I also thank Michael
Rasp of SiCrystal, Erlangen, for bringing to my attention some of the particular aspects
relevant to the commercial producer.

I thank my coworkers and former coworkers of the WIAS. I am grateful to my dear
friends Ingrid Philip?, Ortrun Schermeier, and Andrea Warnke for being precisely that.
Last but not least, I thank all my friends and family, and I don’t think that I can say it
any better than with the words of Dr. Peter Raback [Rab96]: “Maybe you didn’t speed
up the process [of this work], but you certainly made the time much more worthwhile.”
In particular, I would like to mention my grandmother Else Ritter, who muchly would
have liked to see this work completed, but unfortunately died too early.

3Mathematical Methods Solving Problems in Industry and Business
4Ingrid is also my mom - being a good parent is responsible, also being a good friend is more.



CURRICULUM VITAE ix

Curriculum Vitae

Personal Data

Peter Philip
born on December 15, 1971 in Hillergd, Denmark

Education

1978 — 1984 Grundschule® der Evangelischen Schule Neukolln in Berlin, Germany

1984 — 1991  Albert-Schweitzer-Oberschule (Gymnasium®) in Berlin, Germany
Graduation examination: Abitur”

1991 — 1994 Student of the Diplom program in mathematics with minor subject
physics at the Free Universtiy of Berlin

1994 — 1995 Graduate studies at the mathematics department of the University of
Maryland at College Park, USA, due to an exchange program of the
Free Universtiy of Berlin

1994 — 1997 Student of the Diplom program in mathematics with minor subject
physics at the Free Universtiy of Berlin
Degree: Diplom®

Positions

1994 — 1995 Teaching assistant at the mathematics department of the University
of Maryland at College Park, USA

since 1997  Research position as a member of the research group Partial
Differential Equations and Variational Equations at the Weierstrass
Institute for Applied Analysis and Stochastics (WIAS), Berlin

Selementary school

6German high school

"German qualification for university entrance
8German university degree



X PREFACE

Abbreviations and Notation

Numbered environments are capitalized and are abbreviated except at the beginning of
sentences (e.g. Fig. 1, Ch. 1). The abbreviations used for Appendix, Chapter, Claim,
Definition, Equation, Example, Figure, Notation, Remark, Section, Table, Theorem
and their respective plurals are App., Apps, Ch., Chs, Cl., Cls, Def., Defs, Eq., Eqgs,
Ex., Exs, Fig., Figs, Not., Nots, Rem., Rems, Sec., Secs, Tab., Tabs, Th., Ths.

To enhance readability, a centered dash is sometimes used to mark the end of a defini-
tion, example, etc.:

Equations and environments are numbered within sections. References in parentheses
(e.g. (1.1.1)) always refer to equations whereas references without parentheses never
refer to equations, but to sections, theorems etc. (e.g. Th. 1.1.1).

As it is common in the mathematical literature, the word “iff” is used to express “if
and only if”.

To avoid confusion and to make formulas more readable, parentheses are only used to
group terms, whereas brackets are used to enclose function arguments: a - (b + ¢), but

[lz].
The quantifiers /\ (for all) and \/ (there exists) are used:

N ol], \/ ¢lal. (0.1)

The left-hand expression in (0.1) means that the formula ¢ holds for all x, whereas
the right-hand expression in (0.1) means that there exists at least one x such that the
formula ¢ holds for x.

The symbol N denotes the set {1,2,...}, whereas Ny := {0} UN. If the set K is used
in a statement, then the statement is meant to hold for both K =R and K = C.

Variables in boldface (e.g. u, T) always denote vectorial or tensorial quantities. How-
ever, in the mathematical chapters Ch. 3 and App. C, boldface is used only for matrices
and for vectorial physical quantities.

The terms function, map, and operator are used synonymously, but operator is preferred
for cases, where the domain consists of functions or vectors.
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Chapter 1

Introduction

1.1 Application and Growth of SiC Bulk Single Crys-
tals

Due to its advantageous physical properties, silicon carbide (SiC) is used in numer-
ous industrial applications. As a semiconductor substrate material, SiC is utilized in
electronic and optoelectronic devices such as MESFETs, MOSFETs, thyristors, P-i-N
diodes, Schottky diodes, blue and green LEDs, lasers, and sensors. Its chemical and
thermal stability enable SiC to be used in high temperature applications as well as in
intensive radiation environments. Moreover, SiC is especially suitable for usage in high
power and high frequency applications. Figure 1.1 shows an SiC wafer grown at the
Institute of Crystal Growth (IKZ), Berlin.

An economically profitable use of SiC requires the availability of low-defect SiC boules

Figure 1.1: 1 inch diameter SiC boule grown at the IKZ, Berlin.
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with large diameter. At the same time, a high growth rate is desirable to reduce
production time and cost. Even though there has been substantial progress in SiC
manufacturing in recent years, satisfying all of the aforementioned demands remains
challenging, as only partial solutions exist (cf. e.g. [GHTC97], [CTG99], [MGH™00]).

Several fundamentally different growth techniques for the production of SiC single crys-
tals are described in the literature. Even though SiC single crystals have been grown
from melt (cf. [HMW98]), currently this does not constitute a growth method suitable
for large scale industrial production. More practical techniques are given by chemical
vapor deposition (CVD), the sublimation sandwich method (SSM), and physical vapor
transport (PVT). An overview of SiC single crystal growth by CVD is found in [Nis95b]
which also includes a large number of further references on the subject. For descrip-
tions of SSM one can consult e.g. [VMRR79] and [VRR"97]. Both CVD and SSM are
mainly used to grow thin crystalline layers, even though variants of these methods have
been successfully applied to SiC bulk single crystal growth (cf. [EKIT98] for CVD and
[IMRRV97] for SSM). Large SiC single crystals are usually grown by PVT according to
the modified Lely method. Since modeling and simulation of PVT is the major concern
of this work, this method is now considered in more detail.

The original Lely method dates back to [Lel55]. In its initial form, the procedure used
a resistance heated thermally insulated graphite crucible, containing a polycrystalline
SiC source enclosing a cavity. The system was heated to some 2800 K in an inert gas
(e.g. Ar) atmosphere at 10° Pa (normal pressure). Due to the high temperatures, SiC
from the source sublimates and crystallizes in places of lower temperature, e.g. inside
the cavity, resulting in transparent SiC single crystals of up to 1 cm diameter.

The original Lely method had many drawbacks such as uncontrolled nucleation and
dendritic growth. The introduction of seeded sublimation growth using single crystals
grown by the original Lely method as seed crystals, led to substantial improvements in
size and quality of the produced SiC crystals (cf. [TT78] and [TT81]). In this form, the
technique became known as the modified Lely method and PVT.

Usually, modern PVT growth systems consist of a graphite crucible containing poly-
crystalline SiC source powder and a single-crystalline SiC seed. The crucible is heated
e.g. by induction or resistance heating. The source powder is placed in the hot zone
of the growth apparatus, whereas the seed crystal is cooled by means of a blind hole,
establishing a temperature difference between source and seed. To this end, different
geometrical setups have been proposed, the main types being drawn schematically in
[Nis95a, Fig. 1(a), 1(b)]. In the first configuration ([Nis95a, Fig. 1(a)]), the source and
the seed are placed inside a single chamber with the source at the bottom and the seed
at the top. For numerical simulations of this type of setup presented subsequently in
Sec. 4.3, the growth apparatus displayed in [PACT99, Fig. 2] is used. It is reproduced
in Fig. 1.2. In the second configuration ([Nis95a, Fig. 1(b)]), the source and the seed
are placed in different chambers, separated by a thin porous graphite wall, the seed
being located at the bottom of the inner chamber. The corresponding structure that
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we used for numerical simulations of the second type of setup presented in [KPSWO01]
is a modified version of [Nis95a, Fig. 1(b)]. It is depicted in Fig. 1.3. On its outside,
the growth apparatus is thermally insulated, typically with graphite felt or foam.

blind hole
(for cooling of seed)

N S, V]
copper iC cryst
induction coil rings gas
— SiC |powder ]
— insu- —
= lation ]

porous| graphite

Figure 1.2: Setup of growth apparatus according to [PACT99, Fig. 2.

To eliminate contaminants such as S, B, and metallic elements from the growth system,
in a first heating stage, the apparatus is degassed at some 10~2 Pa and heated to about
1200 K. After the contaminant bakeout phase has been completed, a high-purity argon
atmosphere is established at 10° Pa, and the temperature is further increased. At
growth temperature, which can reach up to 3000 K for growth of the SiC polytype 6H,
pressure is reduced to about 2 - 10 Pa (cf. [BMH"93]).

The high temperature and the low pressure cause the source powder to sublimate,
adding molecules made up of silicon and carbon to the gas phase. The composition
of the gas mixture has been analysized both experimentally and by thermodynami-
cal theorectical considerations, showing that, apart from the inert gas, Si, Si;C and
SiCy constitute the predominant species (cf. e.g. [DMI58], [RCB96], [GHTC97], and
[ABEP98]). As the SiC source is kept at a higher temperature than the cooled SiC
seed, sublimation is encouraged at the source and crystallization is encouraged at the
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-

porous graphite crucible

graphite susceptor
for induction heating

L)

gas

SiC crystal

i

gas

SiC powder]

insulation

blind hole (for cooling of seed)

Figure 1.3: Setup of growth apparatus with source powder and seed crystal in separate
chambers, seed at bottom.

seed, causing the partial pressures of Si, Si,C and SiCy to be higher in the neighbor-
hood of the source and lower in the neighborhood of the seed. As the system tries to
equalize the partial pressures, source material is transported to the seed which grows
into the reaction chamber. In the setup with two different chambers for source and seed
as depicted in Fig. 1.3, the molecules originating from the source diffuse through the
pores of the graphite wall into the growth chamber.

According to the aforementioned requirements, the growth process needs to be opti-
mized in order to lower the defect rate of the grown crystal, and simultaneously to
increase its size and growth rate.

Typical defects are the growth of unwanted polytypes, micropipes (tiny tubelike cavi-
ties), vacancies, dislocations, and impurities. A selection of published results on boule
size, defect densities, and growth rates may give an idea of the current possibilities of
SiC single crystal growth by PVT. Reference [MGH™00] reports the growth of a 2.5 cm
(diameter) micropipe-free 4H-SiC wafer, a 5 cm 4H-SiC wafer with a micropipe density
of 1.1 em™2, and a 7.5 cm 4H-SiC wafer (no information on defects). The authors
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report impurities of less than 0.1 parts per million. Growth rates from 0.2 to 4 mm/h
are reported by [BMH"93].

It is found (cf. e.g. [SBP9§], [RSD99], and [SVKT00]) that the crystal’s defect density
and growth rate are strongly influenced by the temperature distribution (especially the
temperature at the seed and the temperature difference between source and seed), the
mass transport, and the pressure and concentrations of gas species. These internal
control parameters can only be tuned indirectly by varying external control parameters
such as the geometrical configuration of the setup, the power of the RF heater, the
position of the induction coil, and the inert gas pressure.

Due to the high temperatures, experimental verification of the correlation between the
properties of the grown crystal and both internal and external control parameters is
very intricate and costly. Hence, theoretical modeling and numerical simulation play
an essential role in the investigation and determination of the relation between control-
lable quantities and advantageous growth conditions. In consequence, the development
of numerical models and software and their application to PVT growth of SiC crys-
tals has been an active field of research in recent years. Papers on stationary models
include [HHW*95], [PBD*96], [KMR97], [EGGT98], [CAB*99], [PACT99], [RMD*99],
[KKZ*00], [SKM*00]. In [Rab96], a transient model is stated, but the numerical consid-
erations are restricted to the stationary case. Results of transient numerical simulations
of the heat transfer during PVT are presented in [CZP*99], [KPSWO01], and [KPO01].
Results similar to the ones presented in [KPO01] are included in Ch. 4.

For a number of reasons, it is not sufficient to restrict one’s attention to the quasi-
stationary state at the end of the heating process, but it is also important to monitor
and control the temperature field evolution during the heating process itself: Crystal
growth can already occur during the heating-up stage, possibly causing micropipes or
the growth of unwanted polytypes. Moreover, thermal stresses in the seed crystal due
to temperature gradients during heating can initiate crystal defects.

Results of transient simulations can help to gauge the time one has to allow for the
contaminant bakeout phase described above, and it can be an important tool to verify
the validity of using temperatures measured at the blind holes to estimate temperatures
(or temperature differences) in the growth chamber (s. Sec. 4.3.3).

1.2 Scope and Structure of this Work

1.2.1 Modeling and Simulation

It is the goal of this work to present a rather comprehensive treatment of transient
modeling and numerical simulation of SiC bulk single crystal growth by PVT. It is
comprehensive in the sense that it treats all aspects of the numerical simulation process,
from the experimental setup (as decribed above), the compilation of relevant material
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data (App. A), the formulation of a physical model (Ch. 2), a treatment of the numerical
methods including a description of the discretization and mathematical analysis (Ch.
3), and the presentation and discussion of numerical results (Ch. 4).

However, the subject is so vast that striving for completeness is impossible at the current
stage of research and far beyond the scope of this work. Actually, further research is
warranted in virtually all of the aforementioned aspects of the numerical simulation
process. The following paragraphs describe this work’s scope and indicate some fields
where further research seems desirable.

The physical properties of the materials used in the PVT growth system are very difficult
to control e.g. due to the high temperatures and the chemical reactivity and the porosity
of the involved substances such as SiC powder, graphite crucible and insulation. One
goal of research is to find materials and setups of growth systems where the physical
properties are more stable or at least where their change is more predictable. This would
also help to provide more accurate material data to be used in numerical simulations. I
tried to use material data typical for real growth systems for the numerical simulations
presented in Ch. 4, but in some cases the available data are probably merely crude
approximations of the real situation (cf. App. A).

The gas model based on continuous mixture theory described in Sec. 2.1 covers heat
transport as well as gas dynamics and chemical reactions. The deduced system (2.1.28)
consists of simplified transient balance equations for mass, momentum, and energy as
well as of reaction-diffusion equations for the gas mixture in three space dimensions.
The material laws of an ideal gas (2.1.31) are used, which are valid in a low pressure or
high temperature setting.

Transient and temperature-dependent heat conduction according to (2.2.1) is considered
in solid materials, but no mechanical or chemical reactions in solid bodies are accounted
for. In particular, neither graphitizing or sintering of the SiC source nor Si accumulation
in the insulation is included in the model, even though these processes do occur in real
growth systems. A possibility to improve the modeling of solid components in future
research is the application of the theory of porous media to the SiC source powder, the
graphite crucible, and the insulation.

Models for crystal growth, source powder sublimation, and thermal stress in the single

crystal are not treated in this work, but should certainly be included in more complete
future models. References on these subjects are e.g. [KMRI7], [KKZ*00], [SVKT00].

Heat transport by radiation inside solid materials is included in the respective tempera-
ture-dependent laws of thermal conductivity. Radiative heat transfer between surfaces
of cavities is modeled in Sec. 2.4. Using a diffuse-gray model is justified, since the
involved surfaces are generally non-smooth. The semi-transparency of the SiC single
crystal is modeled via a band approximation model in Sec. 2.4.4; all other solids are
treated as opaque. Volumetric coupling of surface radiation with the interiors of either
the single crystal or the gas phase is neglected. The resulting numerical expenditure
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from including volumetric coupling is not justified by the expected gain in accuracy,
since at higher temperatures, the temperature variations in the crystal and in the gas
regions is in the order of 100 K.

Even though the radiation model of Sec. 2.4 is valid in three space dimensions, the
numerical methods described in Sec. 3.7.8 assume cylindrical symmetry, thereby reduc-
ing the problems to two space dimensions. For example, computing visibility factors
in three space dimensions without cylindrical symmetry is much more complicated (cf.

e.g. [SHI93], [Kel96]).

In Sec. 2.5, induction heating is modeled assuming cylindrical symmetry of fields and
domains, sinusoidal time dependence, and independence of the magnetic permeability
of the magnetic field. The sinusoidal time dependence allows to reduce the transient
electo-magnetic problem to a stationary problem (s. Sec. 2.5.6). Since the time scale of
changes in the electo-magnetic fields is at least five orders of magnitude faster than the
time scale of changes in the temperature field, it is reasonable to solve quasi-stationary
electro-magnetic problems in each time step of the solution of the transient heat trans-
port problem (accounting for temperature-dependent material data or changing coil
positions). The assumption of cylindrical symmetry, however, is somewhat crude, re-
placing the induction coil by disjoint cylindrical rings. Still, this drawback seems almost
unavoidable, since the solution of Maxwell’s equations (2.5.2) in three space dimensions
is much more difficult.

Only transient heat transport is simulated for the numerical results discussed in Ch. 4,
i.e. in the gas phase, only the energy balance (2.1.28¢) is considered. To include the
other equations describing the gas phase, i.e. the mass balance (2.1.28a), the momentum
balance (2.1.28b), and the reaction-diffusion equations (2.1.28d), one still needs to set
up appropriate boundary conditions, and additional material functions such as the
diffusion coefficients D(*) in (2.1.28d) need to be determined.

The restriction to simulations of heat transport allows another significant simplification
without considerable loss of accuracy. Since for lower temperatures, only argon is
present in the gas phase, and for higher temperatures, heat is mainly conveyed by
radiation, argon can be considered as the only constituent of the gas phase. This allows
to use the simplified model of Sec. 2.1.4.

As cylindrical symmetry is an essential assumption for both the induction heating model
and the numerical methods used to calculate radiation terms, cylindrical symmetry is
presumed in all the presented numerical simulations, i.e. the equations (2.1.34c¢) and
(2.2.1) describing heat transport in gas and solid, respectively, are also considered in
an axisymmetric setting, even though the equations are equally valid in three space
dimensions.

The numerical results presented in Ch. 4 are similar to the results shown in [KPO01],
studying the evolution of the temperature distribution depending on the heating power
and the coil position. In contrast to [KP01], where a constant heating voltage is pre-
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scribed, in Ch. 4 the power is prescribed and it is increased gradually from 0 to its
maximum. Some new results concerning the temperature evolution in the SiC source
powder are discussed in Sec. 4.3.3. Moreover, Sec. 4.3.3 contains some new results bear-
ing on the validity of using the temperature differences between lower and upper blind
hole as an indicator for the temperature differences between SiC source and seed. As
mentioned in Sec. 1.1, in a stationary setting there are many articles in the literature
presenting numerical simulations including phenomena other than heat transport.

1.2.2 Finite Volume Method

In Ch. 3, time and space discretization of coupled partial differential equations is treated
mathematically, using the finite volume method. The partial differential equations have
the general form of nonlinear evolution equations. The coupling is across interfaces be-
tween different space domains, not between different equations on the same domain
(approaches for the latter situation can be found in [EGHO00, Ch. VII]). The setting was
chosen sufficiently general to include the situations occurring during the discretizations
for the simulations of Ch. 4, [BKP199], and [KPSWO01], in particular, allowing for non-
linear diffusive and convective contributions as well as source and sink terms. Interface
conditions in terms of the solution and its flux are considered, and nonlocal coupling is
treated, as it occurs owing to radiative heat tranfer through cavities. Outer boundary
conditions include Dirichlet conditions, flux conditions, and emission conditions as well
as nonlocal conditions.

To avoid further complications in the formulation of the finite volume discretization,
input functions as well as solutions are assumed to be continuous within each space
domain. However, discontinuities of the solution and of the input functions are allowed
across interfaces, such as to include the situation of temperature steps between solid
and gas, and to allow jumps in material parameters.

Only polytope domains are considered to avoid the introduction of further notions and
notation when treating more general manifolds. As convergence of the discrete scheme
to continuous solutions is not the subject of this work, it presents no complication to
admit an arbitrary finite space dimension.

In Secs 3.3.2 and 3.4.3, time discretization is performed by an implicit Euler scheme,
where an explicit discretization is allowed in certain dependencies such that the tem-
perature-dependent emissivities can be taken from the previous time step. The space
discretization is performed by integrating the evolution equations over control volumes
(Sec. 3.5) and then using quadrature formulas (Sec. 3.7). It is shown in Sec. 3.6, how a
change of variables (e.g. cylindrical coordinates) can be handled within this framework.

For the case that the evolution equations constitute nonlinear heat equations, still
allowing nonlinear diffusion, convection, and source and sink terms, as well as nonlocal
interface and boundary conditions as they arise from modeling radiative heat transfer,
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discrete L>-L' a priori estimates are established for the system resulting from the finite
volume discretization (s. Sec. 3.7.13). Using a fixed point argument, it is shown that
the discrete system then has a unique solution (Sec. 3.8).

An analytic mathematical treatment of the existence theory (let alone the regularity
theory, approximation theory, and control theory) of the complete model including
nonlocally coupled nonlinear heat equations with discontinuous coefficients and differ-
ent types of boundary conditions, coupled with Euler equations and reaction-diffusion
equations, including free boundaries at least on the surfaces of the SiC source and the
seed crystal, also coupled to an electro-magnetic induction heating problem, (in two,
let alone in three, space dimensions) seems completely hopeless at the current state of
research.

Promising starting points for further analytical research might be given by [LT00],
where an existence theory of heat equations with nonlocal coupling due to radiation
operators is treated.

In my own forthcoming work, I plan to use the discrete existence and uniqueness results
of Sec. 3.8 together with discrete L°>°-L? a priori estimates similar to [MRO1], to establish
convergence results for the finite volume scheme defined in Sec. 3.7.12 (s. Def. 3.7.41).
The strategy is outlined in Sec. 3.9.



Chapter 2

Modeling

2.1 Model of the Gas Phase

The purpose of this section is to present a transient model describing the processes in
gas regions of the growth apparatus during SiC bulk single crystal growth by PVT. As
explained in Sec. 1.1, the gas regions contain a mixture made up of several constituents,
where Ar, Si, Si;C, and SiC, are the predominant species. The model needs to account
for the interchange of mass and momentum between the different constituents, in ad-
dition to chemical reactions and thermomechanical processes such as motion and heat
transfer.

The model developed below has been published in a similar form in [BKP*99]. In
the framework of a continuous mixture theory of A constituents, the model starts out
from general partial balance equations for mass and momentum, and another balance
equation for the total energy. The system of balance equations is then algebraically
transformed into a system of field equations, followed by simplifications and the ad-
dition of material laws. It is noted that there exist mixtures (e.g. plasmas), where it
is necessary to consider a different temperature for each constituent. However, in the
following treatment it is always assumed that the constituents of the mixture exchange
energy sufficiently rapidly so that a single temperature can be assigned to the mixture
at all times.

2.1.1 General Balance and Field Equations

A gas mixture consisting of A constituents is considered, the different constituents being
denoted by (o), ¢ € {1,..., A}. As mentioned above, the application one should have
in mind is the gas mixture consisting of the predominant species occurring during SiC
growth by PVT, where A =4 and

{o, e {1,...,4}} = {Ar, Si, SixC, SiCy . (2.1.1)

10
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The following symbols are used, where the superscript («,), ¢ € {1,..., A}, indicates
quantities inside the gas species o, (e.g. p™*, v(3 etc., see below), and where boldface
denotes vectorial or tensorial quantities:

p\@) — partial mass density,

v(@) — partial local mean velocity of gas particles,

p*(m) — partial mass source, T — (tE?) — partial stress tensor,
b(®) — partial force density, e.g. gravimetric acceleration,

p (o) _ partial momentum source, glaw) — partial internal energy,
q*) — partial heat flux, g*(@) _ partial energy source,

(@) — partial radiaton.

Partial mass sources, partial momentum sources, and partial energy sources allow for
the exchange of mass, momentum, and energy between the different gas constituents,
which can occur e.g. due to diffusion, chemical reactions, and phase transitions.

It is noted that the stress tensors T(*) are symmetric (cf. [Miil85, p. 66 (3.53)] and

[Wil98, p. 63 (4.71)]), i.e.
A At =, (2.1.2)
ve{l,..., A} (i,5)€{1,2,3}2

In the following, vector and tensor notation is employed. Some definitions and relations
are provided in App. B.1.

Balance Equations

Equations (2.1.3) and (2.1.7) below can be found in [Miil85, p. 69 (3.65), p. 173 (6.2) and
(6.6)]. Equations (2.1.3a) and (2.1.3b) constitute partial balance equations for mass and
momentum written for each constituent «,, ¢ € {1,..., A}. Following [Miil85, (6.2)],
the total energy balance is written in (2.1.3c) (using the slightly different form [Miil85,
(3.76)]). Equations (2.1.7) form the global conservation laws of mass and momentum.
The total energy balance (2.1.3¢) employs a number of quantities defined subsequently
in (2.1.4) and (2.1.6). For completeness and since it is often customary (cf. [Ml85, p.
68 (3.61)] and [Wil98, p. 191 (10.4)]), partial energy balances are formulated in (2.1.9).
However, in this work no subsequent use is made of the partial energy balances.

As usual, t denotes time.

e Partial Mass Balance:

dplen)
N\ T div (peve) = pre, (2.1.3a)
e{1,..., A}
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e Partial Momentum Balance:

0 (pN™) (plvie) @ vlo) — ple)

A ot . (2.1.3b)

vef{l,..., A} = p* () 4 p(ocb)b(ocb)
Using (B.1.3) and (B.1.6d) yields (2.1.3b) in components:

a(”(ab)vz‘(ab)) 0 (o) () ()
— g+ gy (P )
A i=1 . (2.1.3b)

e{1,...,A},
1€{1,2,3} =D,

e Total Energy Balance (using quantities defined in (2.1.4) and (2.1.6)):

0 1
0 (1o (s )

. 1
+ div (pgas (5gas + 5 (Vgas)Q) Vgas + Qgas — Tgasvgas> (213C)

= pgasbgas ® Vgas + PgasTgas-

Now the promised definitions needed in the formulation of (2.1.3c): Let

Pgas = ZP(OCL), (214&)
=1
1A
Vgas 1= Zp(o”)v(o“), (2.1.4b)
pgas =1
and for each ¢ € {1,..., A}
(a.)
o) = 2 (2.1.4c)
Pgas
u@®) = vl _y (2.1.4d)

The meaning of the quantities is as follows: pgas is the total mass density of the gas
mixture, Vg, is the local mean velocity of all constituents, c(®) is the concentration
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of the species «,, and u®) is the diffusion velocity of the species ¢,. As immediate
consequences of the definitions one gets

d =1, Y eyl <o, (2.1.5)

=1 =1

It still remains to define the total stress tensor Tg,, the total force density bg,s, the
total internal energy eq,g, the total radiation 74,s, and the total heat flux qgas, which is
now done in (2.1.6):

A
Tgas = Z ( (o) _ p(”‘")u("‘") ® u("‘")) , (2.1.6&)
=1
1 A
bgaS = Z p(ab)b(m)7 (2.1.6b)
pgas =1
1 A 1 2
ggas = Z p(ab) (g(aL) _|_ —_ (u(ab)) ) , (216C)
pgas —1 2
1 A
Teas ‘= Z p(aL) (r(ab) + b@) o u(m)) ’ (2.1.6d)
pgas —1
4 1 2
o = 3 (q@) N (pm» (5@) b () ) _ T@)) u(o“)) . (2.1.60)
=1

In addition to the balance equations (2.1.3), the following global conservation laws hold:

e Global Mass Conservation:

A
> pre) =o. (2.1.7a)
=1

e Global Momentum Conservation:

A
> pr=o. (2.1.7b)
=1

For each instant in time the state of the gas mixture is determined by the 2A + 1

quantities
{p(al)’ L plea) ylen o ylea) Tgas} , (2.1.8)

where Tg,s denotes the (common) absolute temperature in the gas mixture. In the
formulations of (2.1.3) and (2.1.7), the dependence on T, is implicit. Equations (2.1.3)
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and (2.1.7) are further coupled by material laws which are provided subsequently in Sec.
2.1.3, where the variable Tg,s occurs explicitly.

As mentioned above, one can also write partial energy balance equations for each con-
stituent:

e Partial Energy Balance:

0 1 2
- (au) () 4 = ()
7 (7 (25 600) )

(
/\ + div (p(o‘b) (5(0“) + % (v(‘“))2> vl 4 gl — T(ab)v(o“)) . (2.1.9)

Equations (2.1.9) can be viewed as defining equations for the partial energy sources
g*(@) Then summing (2.1.9) over ¢, and using (B.2.8), the linearity of 9,, (B.2.9),
Rem. B.1.7, (B.2.2), and (2.1.3c) yields

e Global Energy Conservation:

D el = (2.1.10)

Conversely, (2.1.9) and (2.1.10) imply (2.1.3c).

Analogous to the total energy balance (2.1.3c), one can write total balance equations
for mass and momentum:

e Total Mass Balance:

a as .
gi + div (PgasVgas) = 0. (2.1.11a)
e Total Momentum Balance:
a as as .
% + div (Pgasvgas ® Vgas — TgaS) = PgasDgas- (2.1.11b)

Lemma 2.1.1. The partial balance equations (2.1.3) together with the global conserva-
tion laws (2.1.7) imply the total balance equations (2.1.11).

Proof. Summing (2.1.3a) over ¢, and using (2.1.4a), (2.1.4b), (2.1.7a), the linearity of
O, and Rem. B.1.7 gives (2.1.11a); summing (2.1.3b) over ¢, and using (2.1.4b), (2.1.6a),
(B.2.7), (2.1.7b), (2.1.6b), the linearity of 0;, and Rem. B.1.7 gives (2.1.11b). |
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Field Equations
For each time instant, the state of the gas mixture is determined by the 2A+3 quantities
{pgas, Vas, cle) o lea) yle) o glea) Tgas} , (2.1.12)

which can be used alternatively to the 24 + 1 quantities (2.1.8). The combination of
the following field equations (2.1.14) together with (2.1.5)! is equivalent to the system
consisting of (2.1.3) and (2.1.7) (s. Apps B.2.2 and B.2.3). Moreover, one also has that
(2.1.11a), (2.1.11b), and (2.1.3¢c) are equivalent to (2.1.14a), (2.1.14c), and (2.1.14d) (s.
App. B.2.4). Let % denote the material derivative , i.e.

d 0
— == o V. 2.1.13
it "o Ve (2.1.13)
The field equations read
d
pg%% = div Tyas + Pgasbgas, (2.1.14a)
d (ar)
eI T (T 4 i) o ()
1
A — (div @) — @) div Tys) . (2.1.14b)
p as
ve{l,...,A} &
I (p* (@) — prleyle) 4 oo (hled _ b))
pgas
d Egas 1 . 1
+ div ggas = —— Tgas ® (V Vgas) + Tgas, 2.1.14c
dt pgas g pgas g ( g ) g ( )
d as .
Zi + Pgas diV Vgas = 0, (2.1.14d)
dele) 1 1
/\ c n div (pgasc(m)u(a)) = prle), (2.1.14e)
ve{1,...,A} dt Pgas Pgas

2.1.2 Simplifications
Fick’s Law

One of the standard simplifications in the theory of gas mixtures is to replace (2.1.14b)
by
N VP = )V py = —Dul), (2.1.15)

ITo ensure 0 < p(ab) < pgas for each ¢, one needs the additional assumption (@) > 0 for each ¢.
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where the D) denote diffusion coefficients, the p{®) denote the partial pressures, and
Dgas 15 the total pressure:

A
Peas = D _ P\ (2.1.16)
=1

Equation (2.1.15) is known as Fick’s Law.

In the setting of SiC growth by the PVT method, Fick’s Law can be justified by the
following reasoning, divided into points (i) — (v).

(i) The viscosity of the gas constituents is sufficiently small to neglect its contributions
to the partial stress tensors. So the stress tensors are presumed to be given by

A\ T = —plevr, (2.1.17)

where 1 denotes the unit matrix. In consequence, using (B.1.6), one has

A\ divT@) = —vp), (2.1.18)

(ii) For each ¢ € {1,..., A} the term p(®)u(®) @ ul®) is neglected in the total stress
tensor Tg,, since the components of pledul®) @ ul@) are orders of magnitude
smaller than p(®) (see App. A.2.2). Together with (2.1.6a), (2.1.16), and (2.1.17),
this leads to

Tgas = —Pgasl, (2.1.19)

and then (B.1.6) yields
div Tyos = — V Dyas. (2.1.20)

Remark 2.1.2. Even though (2.1.18) and (2.1.20) do follow logically from (2.1.17) and
(2.1.19), respectively, in general f < g does not imply the same relation for derivatives
of f and g. Thus, (2.1.17) and (2.1.19) are only justified under the implicit assumption
that changes of the neglected quantities are small if the quantities themselves are small.

(iii) It is assumed that there are diffusion coefficients D) relating the mass and
momentum exchange to the diffusion velocities via

/\ p*le) — prladyle) — _ pladylen), (2.1.21)
4y

(iv) The diffusion processes change slowly in the sense that

dule)
~ 0. 2.1.22
N ——=0 (2.1.22)
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(v) Gravimetric acceleration g is the only force density acting on the gas species, i.e.

/\ b =g, (2.1.23)

which implies
bgas = 8 (2.1.24)

according to (2.1.6b) and (2.1.4a).
Using (2.1.22), (2.1.4c), (2.1.18), (2.1.20), (2.1.21), (2.1.23), and (2.1.24) in (2.1.14b)
yields
Tul) 4 Vv, e (pe) gl
A ( (Vu Vias) @ (171 0) . (2.1.25)

ve{l,...,A} = - VP(O“) + (o) Vpgas — D))

One now obtains Fick’s Law by the usual linearization assumption of classical fluid
dynamics, neglecting the left-hand side term in (2.1.25).

Neglecting Nonlinear Velocity Terms

As justified in App. A.2.2, % (u(a'«))2 can be neglected in comparison with (@), % (Vgas)2
can be neglected in comparison with €ga5, and PgasVeas @ Vgaas can be neglected in com-

parison with Ty, i.e.

1
/\ gle) 3 (u(o“))2 is replaced by e(®), (2.1.26a)
e{1,...,A}
1
Egas T 5 (Vgas)2 is replaced by = Egas, (2.1.26b)
PeasVaas @ Vgas — Lgas 15 replaced by  pgasl. (2.1.26¢)

As the approximations (2.1.26) are also to be used under derivatives, notes analogous
to Rem. 2.1.2 apply.

Consequences

Thanks to the above simplifications, (2.1.6) now become (2.1.27), and the field equations
(2.1.14) can now be formulated in the form (2.1.28) (s. App. B.2.5 for details):

Simplified Quantities in the Gas Mixture:

Tgas = _pgas]-a (2127&)
bgas =g, (2127b)
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A
Epas = » el (2.1.27¢)
=1
A
Tgas = Y cl®)p(@), (2.1.27d)
=1
4 1
gos = ) ( Q') = (pgasc®e @) 4 plo)) - (D)) (V plo) — (o) Vpgas)> :
=1
(2.1.27e)
Simplified Field Equations:
e Simplified Total Mass Balance:
a as .
% + div (PgasVgas) = 0. (2.1.28a)
e Simplified Total Momentum Balance:
8 as as .
% + div (Pgasl) = Pgas8- (2.1.28b)

e Simplified Total Energy Balance:

0 .
ot (Pgascaas) iV (PgasCgasVeas + Agas + PgasVeas) = Pyas8® Vgas T PgasTgas- (2.1.28¢)

e Reaction-Diffusion Equations:

dc(aL) 1 : @ @ -1 @ @ 1 *(a
/\ 0 div (pgasc( ) (D( ’*)) (Vp( D clow) Vpgas)> = prlen).
e{1,...,A} t Pgas Pgas
(2.1.28d)

2.1.3 Material Laws

In the equivalent systems ((2.1.3) & (2.1.7)) and ((2.1.14) & (2.1.5)) as well as in the
simplified system (2.1.28), the equations are further coupled by material laws.

The partial mass sources have the form (cf. [Miil85, p. 70 (3.66)])

/\ p*(an) — Z ,YéaL)M(aL)M(H)Aa’ (2129)
a=1
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where ”yéab) are stoichiometric coefficients, M(®) denotes the molecular mass (in partic-

ular, M is the molecular mass of hydrogen), and A, are rates of chemical reactions
or phase transitions, respectively.

The heat flux is presumed to satisfy Fourier’s Law:

A
> ) = kg V Tyas, (2.1.30)

=1
Kgas denoting the thermal conductivity of the gas mixture.

If the gas mixture behaves according to the laws of an ideal gas, then the material laws
read for each ¢ € {1,..., A}:

o o R
ple) = pgasc( L)WTgas, (2.1.31a)

M(ab)Tgasa

where R is the universal gas constant, z(®) = % for single-, z(®) = % for double-, and
z() = 3 for multi-atomic gas molecules.

Using the material laws, and (2.1.16) together with (2.1.27), one gets

A
(o)
C
Dgas = R Pgas Tgas Z W7 (2132&)
=1
A o
Eons = RTps Y Z(m)ﬂ (2.1.32b)
gas gas M(Ol‘)’ 1.

=1
Qgas — —HKgas \Y Tgas

Aol (o)
2 c (z + 1)
R Pgas Tgas § (M(O‘L))2

=1
) (20 1)
M(QL)M(O‘M)

: (D(a")) Y (pgasc(a/') TgaS>

N D(m))—l V (pgas Teasc ™) . (2.1.32¢)

(
+ R pgas Tpas D (

L'=1

2.1.4 Simplifications Assuming the Gas Consists of One Con-
stituent Only

Equations (2.1.28) and (2.1.32) simplify considerably if the gas mixture is reduced to a
gas made up of merely a single constituent. The simplified forms are formulated in the
present section.

As mentioned in Sec. 1.1, Ar, Si, Si;C, and SiC, are the predominant gas species in
the PVT growth system. For temperatures above 2500 K, species other than Ar make
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up a significant portion of the gas mixture. However, for lower temperatures only Ar
is present, and for higher temperatures heat is mainly transported via radiation (cf.
Sec. 2.4). So e.g. if one is mainly interested in the temperature distribution and its
evolution, assuming a pure Ar gas phase can be a reasonable approximation.

If Ar = a4 is the only gas constituent present, then A = 1, leading to

Pgas = pY) (from (2.1.4a)), (2.1.33a)
Vias = VA (from (2.1.4b)), (2.1.33b)
A =1 (from (2.1.4c)), (2.1.33c)
r r R
phn) = p& >WTgas (from (2.1.31a)), (2.1.33d)
Pgas = pAY (from (2.1.32a)), (2.1.33¢)
r r R
SAn) _ (A )M(Ar) Tyas (from (2.1.31b)), (2.1.33f)
Egas = €AY (from (2.1.32b)), (2.1.33g)
Ugas = —Figas V Tyas = —k ™) V Ty (from (2.1.32c)), (2.1.33h)
Tgas = 700 (from (2.1.27d)). (2.1.33i)

Now (2.1.33) is substituted into (2.1.28) (in spite of (2.1.33a) and (2.1.33b) the nota-
tion pgas and Vg, is kept to underscore pg.s and vg,s being unknown functions to be
determined as solutions to the system (2.1.34)), resulting in

8pgas

5t + div (pgasVgas) = 0, (2.1.34a)
8 (,0 asV as) R
gat B+ RVEES V (pgasTpas) = Pgass (2.1.34b)

(Ar)R o (Z(Ar) + 1) R
—Z 1 A Ar
[ (Ar) a (pgasTgas) + div ( M AD pgasTgangas — H( ) \V4 Tgas

= PgasE ® Vgas + Paast ™. (2.1.34c)

The reaction-diffusion equations (2.1.28d) no longer occur in (2.1.34) owing to (2.1.33c¢)
and (2.1.33e).

2.2 Heat Conduction in Solid Materials

The PVT growth system comprises several solid material components. Quantities in the
solid material 3;, j € {1,..., N}, will carry the superscript [3;]. For the setups depicted
in Fig. 1.2 on p. 3 and Fig. 1.3 on p. 4, the solid materials are given by the SiC source
powder, the SiC seed crystal, the graphite crucible, and the graphite felt insulation.



2.3. INTERFACE AND BOUNDARY CONDITIONS 21

These materials will be referred to using the superscripts [SiC-Powder], [SiC-Crystal],
[Crucible|, and [Insulation], respectively. Additional and/or different materials occur
in many real growth systems.

Heat conduction in the copper induction coil is not considered, as in real growth systems
the coil is cooled very effectively, e.g. by water flowing inside the coil rings. Thereby
the coil is kept virtually at room temperature.

The mechanisms of heat transport inside solid materials considered in this work are heat
conduction according to (2.2.1a) and radiative heat transfer through semi-transparent
materials as treated in Sec. 2.4.4. It is also noted that radiative heat transfer due to
radiation which is both emitted and absorbed inside the same material 3; is included in
the current model via using an appropriate temperature-depending law for the thermal
conductivity of the material §;.

However, the current model neglects any mechanical or chemical interactions inside the
solid materials. In particular, it does not account for certain effects observed in real
growth systems such as porosity changes, sintering and graphitization of the source
powder, and accumulation of Si in the graphite felt insulation.

Heat conduction in the solid material 5;, j € {1,..., N}, obeys

9T
pilcll) atj +divgl®l = 18] (2.2.1a)
ql%! = —klBl v T (2.2.1b)
where
t — time, T — absolute temperature,
p[ﬁj] — mass density, cgfj} — specific heat,
q[ﬁj] — heat flux, k%] — thermal conductivity,

f 851 power density (per volume).

The power density %! is caused in conducting materials B; due to induction heating.
It is determined according to the sinusoidal RF-heating model in Sec. 2.5.

2.3 Interface, Boundary, and Initial Conditions

To complete the heat transport model inside the entire growth apparatus, the heat
equation of the gas phase (2.1.34c) (assuming only one constituent) and the different
heat equations (2.2.1) for the solid materials 3;, 7 € {1,..., N}, need to be coupled
by appropriate interface conditions, and suitable outer boundary conditions have to be
set.
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The interface conditions are provided in terms of the heat flux by (2.3.1) and in terms of
the absolute temperature by (2.3.2), where it is presumed that the respective locations
of all solid components of the growth apparatus do not change with time.

Let {5,0'} C {f1,...,0n}. The normal heat flux is assumed to be continuous on an
interface v3 3 between two solid materials § and [, i.e. the interface condition is given
by (2.3.1a). If the solid material 3 is semi-transparent, or on an interface s g.s between
the solid material 3 and the gas phase, one needs to account for radiosity R and for
irradiation J, resulting in interface conditions (2.3.1b) and (2.3.1¢c), respectively. The
modeling of R and J is the subject of Sec. 2.4.

q¥ e nl? - q" e nl”! on Y4, (2.3.1a)
q? e n —R+4+J = q"” e nl” on vs g, (2.3.1b)
Qgas @ Ngys —R+J = q[ﬁ] LJ9 § NS ON Vg gass (2.3.1(3)

where nl? is the outer unit normal vector to the solid material 3, and N, is the outer
unit normal vector to the gas phase.

The temperature is always assumed to be continuous between solid materials, i.e. on
an interface g3 between two solid materials § and " one has (2.3.2a). Even though
in reality the temperature is also continuous across an interface 73 4.5 between a solid
material § and the gas phase as stated in (2.3.2b), the temperature gradient can be
extremely steep inside an interface layer. If the size of the interface layer is much
less than typical lengths of the system to be modeled, then it is reasonable to assume a
temperature jump on the interface. In this case, if the heat flux in the gas phase satisfies
(2.1.33h), then the temperature discontinuity depends linearly on the normal heat flux
through the interface, with a positive factor of proportionality £3. Thus, (2.3.2b) is then
replaced by (2.3.2b'). It is noted that in heat transport problems where a solid surface
is sourrounded by a gas of known temperature, (2.3.2b") often arises in the form of an
outer boundary condition of third kind, written in terms of the normal heat flux of the
solid. Here, however, it is more natural to use Kgas V Tyas, as otherwise the radiation
terms R and J occurred explicitly in (2.3.2b") according to (2.3.1c).

T[ﬂ} — T[ﬂ/] on Vﬁ,ﬁ’? (232&)
T8 — Tgas Ol Y3 gas) (2.3.2b)
_(’%gas V Tgas) b ngas = 55 (Tgas - T[m) on Vﬁ,gas- (232b/)

The Stefan-Boltzmann law together with (2.2.1b) provides the outer boundary condition

— (KA T o0l = geldl [T19] <(T[m)4 _ i ) . (2.3.3)

room

Here o = 5.6696 - 1078 m¥¥<4 denotes the Boltzmann radiation constant, and €/ denotes
the (temperature-dependent) emissivity of the surface. Condition (2.3.3) means that



2.4. MODEL OF RADIATION 23

the growth apparatus is exposed to a black body environment (e.g. a large isothermal
room) radiating at room temperature Tyoom = 293 K.

On outer boundaries receiving radiation from other parts of the apparatus, the situation
is more complicated. On such boundaries, it does not suffice to use just the Stefan-
Boltzmann law according to (2.3.3), but, as in (2.3.1b) and (2.3.1c¢), one has to account
for radiosity R and irradiation J, leading to the boundary condition

q?en —R+J =0, (2.3.4)

where, as before, the modeling of R and J is deferred to Sec. 2.4.

Condition (2.3.4) is used on outer boundaries representing surfaces adjacent to the
upper and lower blind hole in Fig. 4.1 on p. 195. To allow for radiative interactions
between such open cavities and the ambient environment, including reflections at the
cavity’s surfaces, black body phantom closures are used, emitting radiation at Ty oom.
In Fig. 4.1, the phantom closures are the dashed lines labeled I't,, and I'yottom-

Finally, in the case of transient simulations, one needs to prescribe a temperature
distribution at the initial time. For the simulations presented in Sec. 4, it is assumed
that the initial temperature distribution is homogeneous at 7Tioom.

2.4 Model of Diffuse-Gray Radiation Including Semi-
Transparency

2.4.1 Model Assumptions

The model does not consider any interaction between gas and radiation. In particu-
lar, radiation is assumed to travel unperturbed between surfaces of solid components
throughout cavities inside the growth apparatus. All solids except the SiC single crystal
are treated as opaque media (Sec. 2.4.2). For the SiC single crystal, semi-transparency
is included via the band approximation model (Sec. 2.4.4).

Reflection and emittance are supposed to be diffuse-gray , i.e. independent of the angle
of incidence and independent of the wavelength. Since the solid surfaces inside the
growth apparatus (including the surface of the SiC single crystal) are generally non-
smooth, the effect of specular reflections is expected to be negligible.

The heat flux due to radiosity R and the heat flux due to irradiation J have to be
included in the interface conditions between a solid and a semi-transparent material
and between a solid material and the gas phase, resulting in the interface conditions
(2.3.1b) and (2.3.1c). Similarly, the heat fluxes due to R and J have to be taken into
account on outer boundaries being in mutual radiative interaction, resulting in the outer
boundary condition (2.3.4).
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The model employs the net radiation method as described in [Jar96, Chapter 3.3] and,
with a different notation, in [DNR*90]. More general treatments of this standard model
can be found in textbooks such as [SC78] and [Mod93].

2.4.2 Opaque Case

In the present section, it is assumed that all solid materials adjacent to the cavity under
consideration are opaque, i.e. no radiation is transmitted through a solid’s suface.

Let I' consist of the union of all surfaces of solid materials adjacent to the considered
cavity. Let Iy, denote the singular part of I', consisting of the set of all points of '
where I" has a corner (i.e. where I' has no unique normal vector), united with the set of
all points of I' belonging to interfaces between different solids. The set I'yeg := I' \ Iy
is called the regular part of I'.

On I, the emissivity or the normal vector might be discontinuous. To avoid problems
arising in such situations, the following considerations are carried out on I'ie. This is
legitimate, since in applications, the functions defined below will always occur under
integrals with respect to which I'y;, constitutes a null set, thus giving no contribution.

At each point x € I'\,, the radiosity R is the sum of the contribution from emitted
radiation E and of the contribution from reflected radiation Jef:

N R = E[x] + Jr[x]. (2.4.1)

X€Elreg

It is convenient to write the material dependence of the emissivity as a dependence on
the space variable x:

A ( e[ (T )] 1= e [Tl ) 2.42)

o for each x in the domain of the solid
X reg

where T.;q denotes the absolute temperature in the respective solid material adjacent
to the considered cavity. While due to the possible temperature jump between solid and
gas (cf. (2.3.2b')), one needs to distinguish between the corresponding temperatures,
such a distinction is not necessary between the temperatures in different solids, as
continuity is assumed on solid-solid interfaces.

According to the Stefan-Boltzmann law, the emitted radiation is given by
N EX = oe[(Twnalx], x)] (Tionalx])" . (2.4.3)
XEFreg

The reflective term in (2.4.1) can be expressed using the reflectivity o, i.e. the ratio of
reflected radiation and irradiation J:

N Teetlx] = o[(Tionalx],x)] - J. (2.4.4)

XElreg



2.4. MODEL OF RADIATION 25

If o denotes the absorptivity, i.e. the ratio of absorbed radiation and irradiation, then
opaqueness implies
a+o=1, (2.4.5)

and by Kirchhoft’s law
a=e. (2.4.6)

Due to diffuseness, J can be calculated using the integral operator J defined by

A JM=ﬂMM:AM®WWWJWWN% (2.47)

XElreg

where A is the visibility factor defined by

1 iff x, y are mutually visible,
A A=) i (2.45)
(.)€ (Treg)? 0 iff x, y are mutually invisible,

and where w is the view factor defined by

wl(x = (ngas [y] @ (x = ¥)) (ngas [x] @ (y — %)) 2.4.9
(xvy)e/(>reg)2: eyl m((y—x) e (y—x))° ’ (249)
x#y

ng,s denoting the unit normal vector on I',.; pointing from gas to solid.

For later use, it is noted that for a closed surface I':

A [Alxyelxylay 1 2.410)

xEFreg

See [Tii97, Lem. 1] for a proof of (2.4.10). The physical meaning of (2.4.10) is the
conservation of radiation energy: Radiation emitted from a point x on the boundary I
of a cavity enclosed by I' must be absorbed somewhere on I' (as it is assumed that no
radiation is absorbed in the interior of the cavity).

Combining Eqs (2.4.1) through (2.4.7) provides the following non-local equation for the
radiosity R:

/\ R[X] - (1 - E[(Tsolid[x]y X)})j[R] [X] = 0¢€ [(Tsolid[x]a X):| (ﬂohd[XDAl . (2411)

XEFreg

It is often useful to have (2.4.11) written in operator form

G[Tsonal[R] = E[Teona, (2.4.12)
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where the operators G and £ are defined by

A A\ GITIR) x| = R[x] — (1 - ¢[(Tx],x)]) T[R][x], (2.4.13a)
A A EMK = oe[(T[x],x)] (T[x])". (2.4.13b)

If €[(T[x],x)] > 0 for each x € I', then G[T] is invertible for each T" (see [LT00, Lem.
2]), such that one can let

A RIT] = (G[11) " [€[17], (2.4.13¢)

and (2.4.12) can be stated as
R = R{Tsolid]- (2414)

Finally, as it is needed in the interface conditions (2.3.1b) and (2.3.1¢), and in the
outer boundary condition (2.3.4), the expression —R+ .J is computed from (2.4.11) and
(2.4.7):

/\ — R[X] + J[X] = 6[(Tsolid[x]> X>:| : (j[R] [X} — 0 (Tsohd[X])él)‘ (2415)

XElreg

While the new formulation of (2.3.1b) and (2.3.1c) will be given in Sec. 2.4.4 (see
(2.4.38) and (2.4.39), respectively), the open cavities of the setup in Fig. 4.1 on p.
195 do not involve semi-transparent materials, allowing to rewrite the outer boundary
condition (2.3.4) as

q” enl” + ¢ (J[R] — 0Tiq) =0 (2.4.16)

on each outer boundary of solid material 5 adjacent to an open radiation region. Using
the operator R, (2.4.16) reads

a” en + e (T[R[Tiona]] — 0Tq) = 0. (2.4.17)

2.4.3 Axisymmetric Model

Assuming cylindrical symmetry of the growth apparatus and of the relevant physical
quantities, the model of the previous section can be reduced from three to two dimen-
sions. The axisymmetric model is later used for the discretization in Sec. 3.7.8 and the
numerical simulations discussed in Ch. 4.

In the following, (7,4, z) denote cylindrical coordinates (cf. App. B.3).

As in the previous section, let I' denote the radiating surface of the cavity under con-
sideration, and let I, be its regular part. The visibility factor A and the view factor
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w were defined in (2.4.8) and (2.4.9), respectively. In an axisymmetric situation, A and
w are invariant with respect to rotations around the symmetry axis (s. (2.4.18)) as well
as with respect to reflections through planes with ¥ = const. (s. (2.4.19)):

A [((r,ﬁ,z), (7:,’15,2))}
— A [((r, (8 + 9')mod 27, 2), (7, (9 + ') mod 2, 2))}

A

((r0.2),(7,8,2).0")
E(rreg)2 X [0,271’]

b

(2.4.182)
w |:((7“,19,Z), (7,7, 2))}
—w [((r, (¥ + ) mod 2, 2), (7, (0 + ') mod 2, 2))}

Y

A

((r0.2),(7,9,2).0")
€(Treg)?x[0,27]

(2.4.18b)
A A[((r,ﬁ,z), (7, (9 + ) mod 27?,%))] 00
(60.009) - A[((r,@?, 2, (7, (9 — ') mod 2, z))} ’ 4.
€(Treg)?
wl((r,9,2),(F, (9 +9")mod 27, 2
A [((0,2), (7, (0 + ) )] .

((ro.2),(70".2)) =w [((7’7 9, 2), (7, (¥ — ') mod 2m, 2))}
E(Treg)?

The following notation is introduced: The circular projection mg.. discards the angular
coordinate 9. It can be viewed as a rotation into the 9 = 0 plane. More precisely,

Teire Rar x [0,27] x R — R(T X R, Teiel(r, 9, 2)] := (1, 2). (2.4.20)

Furthermore, for a function f defined on an axisymmetric set A C Ry x [0,27] x R,
[+ A— R let ferc:= flr.a-
Using (2.4.18) and (2.4.19), one can write (2.4.11) in axisymmetric form:

/\ Rcirc[(r7 Z)] - (1 — €cire [(Tsolid,circKra Z)]7 (Ta Z))} ) \7circ [Rcirc] [(Tu Z)]

) , (2.4.21)
ew(»Tsz)‘ = O€circ [(T'solid,circ[(ra 2)]7 (T, 2))] (T‘solid,circ[(ra 2)])
where
A Tl Rl 2)] = /  Aae[((7:20, 7 2)] Rl (2] 7 47, (2422

(T,Z) eﬂ-circrreg
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Acirc [((n Z)? (7;7 ’§>)]
DR AN = /0 A[((r,0,2), (7,9, 2))] w[((r,0, ), (7,9,2))] d9]

One can combine (2.4.10), (2.4.18), (2.4.19), and (2.4.23) to express the conservation
of radiation energy in the axisymmetric case: If ' denotes a cylindrically symmetric
closed surface, then

(2.4.23)

A /ﬂr Aee[ (. 2), (7. 2))] 7 d(7, 2) =1. (2.4.24)

(Tvz)eﬂ-circrreg

Proceeding analogously as after (2.4.11), one can write (2.4.21) in operator form

gmrc[ solid c1rc] [Rcirc] - gcirc [Tsolid,circ]7 (2425)

where

/\ /\ (Geine[TI[R]) [x] := R[x] — (1 = €cire [(T[x],x)]) Teirc[R][x],  (2.4.26a)

TvR xEﬂ—CircFreg

/\ /\ Eeire|T)[X] 1= oecine[(T[x], x)] (T[x])*. (2.4.26b)

XETcircl'reg

If €cive[(T'[x],x)] > 0 for each x € 7L, then Geir[T] is invertible for each 7', such that
one can let

/\R — (GeirelT)) ™ [EcirelT1], (2.4.26¢)

and (2.4.21) can be stated as
RCiI‘C = Rcirc [Tsolid,circ]- (2427)
The axisymmetric version of (2.4.15) reads

— Reire [X] + Jeire [X]
A ( = €cire | (Trotid,cire[X], X)] + (Teire[Reirc] [X] _0<Tsohdm[x]>4)>. (2.4.28)

xEﬂ'CircFreg

2.4.4 Semi-Transparent Case

This section contains a description of the band approximation model to account for the
semi-transparency of the SiC single crystal.

According to the band approximation model, the spectrum decomposes into a reflective
band of wavelengths I, and a transmittive band of wavelengths I;. Radiation corre-
sponding to I, interacts with the surface of the semi-transparent material, i.e. it is
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emitted, reflected and absorbed by the surface. Radiation corresponding to Iy does
not interact with the material at all, i.e. it is transmitted unperturbed through the
medium. Thus, the band model neglects radiation transmitted between the interior
and the exterior of the semi-transparent material. This is an accurate approximation
if the range of wavelengths in which the spectral optical thickness (penetration depth
devided by material thickness) is close to one, is sufficiently small (cf. [DNR*90, Sec.
3.4]). As mentioned before, radiation-driven heat transport staying inside a solid com-
ponent is assumed to be accounted for by the corresponding temperature-dependent
law of thermal conductivity.

The contributions from the two bands of wavelengths are computed separately. While
the radiation region for the reflective band consists of the actual cavity, the radiation re-
gion for the transmittive band is made up of the cavity united with the semi-transparent
body. Consequently, the boundary I'y of the transmittive radiation region is different
from the boundary I' from the opaque case, I'y containing the interfaces between semi-
transparent material and opaque solids instead of interfaces between semi-transparent
body and gas. Analogous to the definition of I'ie; in Sec. 2.4.2, let I'y ;o denote the
regular part of T'.

On I', let R,, E;, Jity, and J, denote the respective contributions to the radiosity,
emitted radiation, reflected radiation, and irradiation, stemming from wavelengths in
the reflective band I,. The corresponding contributions from the transmittive band are
defined on I'y and are written as Ry, Ej, Jier, and J;. Analogous to the opaque case
(cf. (2.4.1)), one now has

N Relx] = Eilx] + Juers[x], (2.4.29a)
N Rilx] = Ex] + Jera[x]. (2.4.29b)

According to Planck’s law of black body radiation, to get the analogue of (2.4.3) for
the reflective and for the transmittive band, one needs to replace the total emissivity
by the respective band contribution:

N Elx = oe [(Tionalx], )] (Tonalx])* (2.4.30a)
N Elxl = o6 [(Twnalx], x)] (Teonalx])* . (2.4.30b)
where |
/\ €r [(Tsohd[x], X)] = /6 [(Tsolid[x], X, )\)] Ib,)\[T‘solid[XH d)\, (2431&)
/\ €t [(ﬂolid [X], X)] = /E {(Tsolid [X], X, )\)] [b,A[ﬂolid [XH d)\, (2431b)

XEFt,reg ]t
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15C*4
mANSTH4 (e% — 1) ’

T |T] = (2.4.32)

A denoting the wavelength, € [(Tyopq[x], x\)] denoting the emissivity for monochromatic
radiation of wavelength ), and C := 1.4388 - 102 mK.

Planck’s law and Kirchhoff’s law yield the bandwise analogues of (2.4.4):

e/F\ Jret.e[x] = 01 [(Tionalx], %)] - o, (2.4.33a)
E{\ Jret 1 [X] = o1 [(Teonalx], x)] - i, (2.4.33b)
where -
[P VR
N el 0] =1 - f]“T[T[TLﬁA . (2.4.31b)

Again, one writes the irradiation via an integral operator acting on the radiosity (cf.
(2.4.7)):

A A= TR = [ Ay lxoy)] Rildy. (24.350)
A Ak = ZRIN = [ Meylelxy)Rliyldy.  (2435)

As in the opaque case, combining (2.4.29) through (2.4.35) one can derive non-local
equations for R, and R, similar to (2.4.11):

N Rilx] - (1 - &[(Tonalx], x)]) LR [x] = o6 [(Tona[x], )] (Teonalx])*, (2.4.36a)
N Rilx] = (1= e [(Taona[x], )] ) AR [X] = o€ [(Teonalx], %)] (Tiona[x])" .
(2.4.36b)

Moreover, one has the following analogues of (2.4.15):

N R+ L =& [(Tonlx],x)] - (FRX] = 0 (Tonalx])"),  (2.4.37a)

XEFreg
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A R+ L = &[Tl x)] - (AIRIK — 0 (Towalx])").  (2.4.37h)

XGFt,reg
One is now in the position to rewrite (2.3.1b) and (2.3.1c) depending on which of the
following three cases occurs at the respective interface:

Case (i): The interface is part of ['y\ I, i.e. it is an interface between a semi-transparent
material (here: the SiC single crystal) and an opaque solid (3. Let the interface be de-
noted by 7sic-crystal,3. Since only transmittive contributions are present on 7sic_crystal g
the interface condition reads

q[SiC—Crystal} ° n[SiC—Crystal] + € - (%[Rt] . O-irséi)lid) — q[ﬁ] ° n[SiC—Crystal]

OIl YsiC-Crystal,3-

(2.4.38a)

Case (ii): The interface is part of I'y N T, i.e. it lies between an opaque solid 5 and the
gas phase. Let the interface be called vggas. On 75 gas, One obtains contributions from
both bands I, and [;, which then are incorporated additively into the corresponding
interface condition, yielding

Ogas @ Ngas + €+ (T [Re] =0T i)+ (L[R) — 0Tk iq) = d™ eng.s  on vsgas. (2.4.38b)

Case (iii): The interface is part of I' \ I'y, i.e. the interface is between the SiC crystal
and the gas phase. Hence, it will be denoted by Ysic-crystalgas: ON Ysic-Crystal,gas, Only
contributions from the reflective band are present, resulting in

Jgas ® Ngas + €; - (jr[Rr] — T, d) = @SiC-Crystal] o Ngos  ON YSiC-Crystalgas-  (2-4.38¢)

Finally, this section is concluded by the reformulation of interface conditions (2.4.38)
using operators for the radiation terms. Analogously to the procedure carried out after
(2.4.11), where J and € are used to define R, one can use J, and ¢, to define R,, and
one can use J; and ¢ to define Ry. Then (2.4.38) become

q[SiC—Crystal} ° n[SiC—CryStal] + € - (u7t [Rt [TsolidH _ O-irséi)lid) — q[ﬁ] ° n[SiC—Crystal]

(2.4.392)
OIl YSiC-Crystal,3»
Qgas @ Ngas + & - (T [Re[Teotia] | — 0T i) (2.4.39b)
e - (\7t [Rt [j—vsolidu _ O-Tsilid) — q[ﬁ] ® Ilgos  ON Y3 gas;
Qgas ® Ngas + € (~7r [Rr [TSOlidH B UTSilid) - q[SiC_CYYStal] ® Nges (2.4.39¢)

OIl 7YSiC-Crystal,gas-

In (2.4.39) as well as throughout Sec. 2.4, Ty,;1q was written independently of the par-
ticular solid material. It is reiterated that this is justified, since no temperature step is
considered between different solid materials.

Proceeding in the same manner as in Sec. 2.4.3, it is straightforward to write the
equations of the semi-transparent case in axisymmetric form.
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2.5 Modeling Induction Heating

2.5.1 Model Assumptions

In this section, a model for the radio frequency (RF) induction heating of the PVT
growth system is presented. The basic ideas are taken from [CRS94] and [RS96].

The crucible is placed inside a copper induction coil as depicted in Fig. 1.2 on p. 3.
An alternating current is imposed in the coil, generating a rapidly oscillating magnetic
field, inducing eddy currents in the conducting materials of the growth apparatus. The
values for the frequencies used vary in the literature, e.g. 10 kHz in [BSGT91] and 125
kHz in [PAC*99]. The eddy currents cause heat sources due to the Joule effect, giving
rise to the term fl% := fI%] on the right-hand side of (2.2.1a). For each time instant ¢
and for each point x inside the conducting material 3, one can calculate fI? from the
current density 7 according to

721t x)]

O

O, x)] = (2.5.1)

where o) is the electrical conductivity of the material 3.

The difficulty now lies in computing the current density j from known input data, such
as the heating power, the heating voltage, or the heating current. The following model
allows one to choose either the power, the voltage, or the current as known (s. Sec.
2.5.7).

The strategy is to use Maxwell’s equations together with the following simplifying
assumptions (indHeat) to get a formula for j. Let {e,, ey, e,} denote the space-
dependent standard basis for the cylindrical coordinates (r,v,z). Some background
material on cylindrical coordinates can be found in App. B.3.

(indHeat-i) The growth system is cylindrically symmetric; in particular, the induc-
tion coil is approximated by a number of disjoint rings.

(indHeat-ii) The electric field E, the magnetic induction B, the magnetic field H,
and the current density vector j are cylindrically symmetric. Finally, j
is perpendicular with respect to the r-z-plane, i.e. j = j[(¢, 1, 2)]ey.

(indHeat-iii) The magnetic permeability p is independent of the magnetic field H.

(indHeat-iv) No rapid movements of conducting materials occur in the growth sys-
tem, and displacement currents are neglected.

(indHeat-v) Time dependence is sinusoidal.
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Hypothesis (indHeat-i) is somewhat subtle as it changes the topology of the coil. Re-
placing each turn of the coil by a cylindrical ring means that the start and the end
of the turn now coincide. However, one has to think about the start and the end of
the turn as still being insulated against each other, such that the voltage present in
the three-dimensional turn is also present between the start and the end of the cor-
responding ring. The sum of the voltages in the different rings must equal the actual
voltage imposed in the three-dimensional coil (cf. (2.5.42)). Moreover, even though the
coil rings are now disjoint, to model the three-dimensional situation one needs to make
sure that the total current is always the same in each ring (cf. 2.5.38a). To take these
aspects into account is the subject of Sec. 2.5.7.

Even though the hypothesis (indHeat-v) will play an essential role when the transient
model will be reduced to a stationary one (used in each of the numerical simulations
presented in Ch. 4), the following considerations up to Sec. 2.5.6 do not make use of
the assumption of sinusoidal time dependence.

2.5.2 Consequences of Maxwell’s Equations

If there is no displacement current, then Maxwell’s equations take the form

divB =0, (2.5.2a)
0B

IE = —— 2.5.2b

cur 5 ( )

curl H = j, (2.5.2¢)

VB =H, (2.5.2d)

where v denotes the magnetic reluctivity, i.e. the reciprocal of the magnetic permeability
L.
According to Ohm’s law,

j=0cVE in each conducting material £, (2.5.3a)
i=0 in each insulating material. (2.5.3b)

Using (2.5.2¢), (B.3.8) from App. B.3, and continuity of H at r = 0, the assumption
(indHeat-ii) on H and j implies

H[(t,r 9, 2)| = H|[(t,r,2)| = H.[(t, 7, 2)]e, + H.[(t, T, z)]e. (2.5.4)

and
OH,[(t,r,2)] OH.[(t,r 2)]

0z B or = Jjl(t,r, 2)]. (2.5.5)
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Then (2.5.4) together with (2.5.2d) and (indHeat-ii) gives
B[(t,r, 9, 2)] = B(t,r, 2)] = B.[(t,r, 2)]e, + B.[(t,r, 2)]e., (2.5.6a)
Br[(t7T7 Z)] = M[(t7r7 Z)]Hr[(t>T’ z)]’ (256b)
B.[(t,r, 2)] = pl(t,r, 2)|H,[(t,r, 2)]. (2.5.6¢)

Next, (2.5.6a), (2.5.2a), and (B.3.7) lead to

d(rB,) N 0B,
or 0z

= 0. (2.5.7)

S| =

As usual, (2.5.2a) gives rise to a magnetic vector potential A such that
B = curl A. (2.5.8)

Due to (2.5.6a) and its consequence (2.5.7), one can even find a magnetic scalar potential
¢a: As shown in App. B4, if (2.5.7) is satisfied, then one can choose ¢4[(t,r, z)] such
that the two equations

_9da 5 _ 10(r¢a)

Br - A z —
0z r Or

(2.5.9)
hold. If one now lets
A = (bAeﬂ, (2510)

then (2.5.8) holds according to (B.3.8), (2.5.9), and (2.5.6a). It is noted as an aside
that the Coulomb condition div A = 0 is also fulfilled, as is implied by (2.5.10), (B.3.7),
and ¢4 being independent of 9.

Combining (2.5.5), (2.5.6b), (2.5.6¢), and (2.5.9), one gets

.0 ([ 094 0 (vO(roa)
j=—n (VW) - <;7) . (2.5.11)

For the discretization by means of a finite volume method (cf. Ch. 3), it is desirable to
rewrite the right-hand side of (2.5.11) in divergence form. This can be achieved easily
in space domains where v is constant. Using (B.3.6) and (B.3.7), one gets

div V(rga) _ div (&(WA) az(7”¢A)) _ lar (&(WA)) N 92(rga)

r2 r r2
_ 0w | Bon) | Blron)

r3 r2 r2

(2.5.12)

One verifies that if v is constant, then carrying out the outer differentiation with respect
to r in the right-hand side of (2.5.11) and multiplying by 1/r yields the negative of the
v-fold of the right-hand side of (2.5.12). Thus, (2.5.11) can be written in the divergence

form
V(rga)
r2

! — _ydiv . (2.5.13)
.
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If ¢ 4 is sufficiently smooth, such that time and space derivatives commute, then (2.5.8)
implies

0B 0A
Finally, (2.5.14) and (2.5.2b) imply
curl (E + 88—1?) =0. (2.5.15)

2.5.3 Magnetic Scalar Potential Equation in Insulators

The current density vanishes in insulating materials, i.e. (2.5.3b) holds. This, together
with (2.5.13), yields

V(T¢A)

—vdiv
r2

= (0 in each insulating material. (2.5.16)

2.5.4 Magnetic Scalar Potential Equation in Conductors

In the material 5 (2.5.3a), the form of j, and (2.5.10) can be used to get

OA ([ j | 0¢a
E + T (@ + W) ey. (2.5.17)

If ¢4 is sufficiently smooth in the domain Q) of the material 3, such that (2.5.15)
holds, then one can use (2.5.17) in (2.5.15) to get

J , Oda _

Using (2.5.18), and the cylindrical symmetry of j and ¢4, one sees from (B.3.6) and

(B.3.8) in App. B.3.2 that
J o, 094\\ _
V (7" (E + W)) = 0. (2.5.19)

In particular, if Q% is connected, then the expression 7(5/ o+ 0y 4) does not depend

on the space coordinates (r, 1, z) in Q. That means there is a time-dependent function
C¥It] such that

j[(tv T Z)] a(b [(t, r, Z)] B ]
' <a£5][(t,r, a9 i ) =0 i QP (2.5.20)
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To identify the function CP![t], voltages in the material 3 are computed. Two phenom-
ena contribute to the existence of a voltage along a path I', namely the presence of the
field E, and the field B changing in time owing to induction. Let V¥[I'] be the voltage
resulting from integrating E+ 0, A over the closed circular path I' of radius r, contained
in Q. Using (2.5.17), (2.5.20), and that the tangent unit vector tr of I is identical to
ey on ', one calculates

0A J 0da
14l _ _
[F]_/F<E at)'tf_/r<a£m at)e“eﬂ

2m :
_ J ., 994 _ orclAl

showing that VI?[] =: V17 is actually independent of I'. Now there are two different
situations to consider, depending on whether the path I' is contained in one of the coil
rings or in the growth apparatus.

(2.5.21)

Let the induction coil consist of N rings, and let ngg], k€ {1,...,N}, denote their
respective domains. As described in Sec. 2.5.1, each coil ring needs to be considered as
the two-dimensional model of a three-dimensional coil turn. In particular, the voltage
between the start and the end of the k-th coil turn is represented by the voltage Vk[rmg] [t]

in the k-th coil ring. If I lies in Qging}, then (2.5.21) implies

Ve

C] [t] — o

in Qe (2.5.22a)

If the path I' lies in the domain Q{E@pCOn of some conducting material 3 in the growth
apparatus, then

cP =0 in O

appCon?

(2.5.22b)

since there is no voltage imposed in the growth apparatus.

Assuming that v is constant in Q% one can plug (2.5.13) and (2.5.22) into (2.5.20) to
conclude

V(rga) olringl 5 61 olring] ‘/;C[ring] ]

—vdiv =R e = = in Q" (2.5.23)
\% Do
—vdiv (:f 4) = % =0 in? (2.5.23b)

The voltages Vk[ring] [t] have to be determined from the input voltage, the input current,
or the input power. How this can be done in the case of sinusoidal time dependence is
described in Secs 2.5.6 and 2.5.7.
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2.5.5 Interface and Boundary Conditions

The magnetic scalar potential ¢, is determined from (2.5.16) and (2.5.23), completed
by the following interface and boundary conditions.

It is assumed that ¢4 is continuous throughout the considered domain. If there are no
surface currents, then on interfaces 7, ,, between a material v and a material v, (the
materials can be either solid or gas), one has the flux interface condition

% V(r¢s)en, = % V(r¢a)en,,. (2.5.24)

As for the boundary condition on ¢4, it follows from the continuity of A and (2.5.10),
that ¢4 = 0 on the symmetry axis r = 0. It is also assumed that ¢4 vanishes on outer
boundaries sufficiently far from the growth apparatus (cf. [KP01, Sec. 3.2] and Sec. 4.1
for more information on what distance may be considered “sufficiently far”).

2.5.6 Sinusoidal Time Dependence

It is now assumed that (indHeat-v) holds, i.e. that the time dependence of the functions
Vk[ring], ke {l,...,N}, j,and ¢4 is sinusoidal. In addition to (indHeat-iii), this includes
the implicit assumption that p and o, do not depend on time, since otherwise sinusoidal
time dependence can generally not be expected.

Sinusoidal time dependence means there are an angular frequency w, voltages Vk[réng],

a current density jo[(r,2)], a magnetic scalar potential ¢4[(r,2)], and times ty .,
ke{l,....N}, tol(r,2)], ts,ol(r, z)] such that

vIe) = v sin [w(t + tyeo)], ke {1,..., N}, (2.5.25a)
3Lt 7, 2)] = jol(r, 2)] sin [w(t + t;0[(r, 2)])], (2.5.25b)
Gal(t,r,2)] = dapl(r,z)]sin [w(t + t4,0[(r, 2)])]. (2.5.25¢)
As is customary, the functions Vk[ring], 4, and ¢4 are extended into the complex plane
by letting
ylrinelcomplexyy .y lringl )y [ring] [t + 1] ke{l,...,N} (2.5.262)
k L k k 2w 9 g e ey 9 . .
-complex N . 1
Femes (k)] = gl 2] 4 [ (14 5oz )] (2:5.26D)
complex e l
" [(t,7,2)] :=idal(t,7,2)] + Pa [(t + oty z)] : (2.5.26¢)
Then
vIe[) = Im [v,jri“g]’comple" [t]] . ke{l,...,NY, (2.5.272)
jl(t,r, 2)] = Im [jcomplex[(t,r, z)]] , (2.5.27b)

)
Oal(t,r.2)] = I [ ((t.7. )] (25.27¢)
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Define
Vk[j"(i)ng],complex — Vk:[ii)ﬂg]eiwtv,k,oj k e {1’ Ceey N}, (2528&)
) = o, e, (2:5.280)
e, 2)] = baol(r, ) eacl (2.5.28¢)

From (2.5.25), (2.5.26), (2.5.28), and the relation e’ = cos[¢] + i sin[y], it follows that

Vk[ring],complex [t] _ Vk;[,r(;ng} eiw(t—i—tv,k,o) — V;v[féng],complexeiwtj ke {]_, ceey N}, (2529&)
-complex[( ) = jol(r, Z)]eiw(tthj,o[(r,z)D _ jgomplex[(T, Z>]€iwt’ (2.5.29b)
)

J
S (t,7,2)] = Baollr, 2o Honolt ) = g oy (2:5.290)

One then gets the formula

t,r, 2
t

<

Y z

i LT N 4 (i G2),

r r2

, (2.5.30)

which follows from (2.5.26) and (2.5.29) by writing (2.5.13) once for ¢ + 5~ and once for
t multiplied by 4, adding, and multiplying by e~

One of the main simplifications achieved by the assumption of sinusoidal time depen-
dence is the possible reduction of the transient problem for ¢4 to a stationary problem
for gbf&nplex in the presence of time-independent material parameters v and o. (see
(2.5.32)). Since the quantities of the electromagnetic problem change orders of magni-
tude faster than the quantities of the heat problem, the heat sources f/’l in (2.5.1) can

be computed by taking the average of j2 over one period:

fperiode[(tara z)]dt B Jel(r, 2)] ‘ fog sin® [w(t +t;0[(r, z)])] dt

f[ﬁ] [(’I", Z)] = - w
7. |period| ol ™
R )] J T (2] 2.5.31)
25 ' a

The function ™' in (2.5.31) can be computed from (2.5.33) below.

It is noted that in order to account for the temperature dependence of the electrical
conductivity and for changing coil positions when solving the transient heat problem,
the quasi-stationary problem for gzﬁif’glplex has to be solved after each time step (or at
least after each significant change of the electrical conductivity or the coil positions) of
the time-discretized heat problem.

Now the stationary problem for qbi;’jglple" is going to be formulated. For easy reference,

the system of partial differential equations for ¢4, consisting of (2.5.16) and (2.5.23)
with the interface and boundary conditions written in Sec. 2.5.5, is given the name
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(PDE: ¢4). Analogously, let (PDE: gbcomplex) be the system consisting of the following
Equations and Conditions (2.5.32):

\V4 (T Xr(;iplex)
A —————l

5 in each insulating material, (2.5.32a)
”

—vdiv

complex rin 1 rin, ring],complex
(7“¢ ) zw0£ g] ,complex 0'£ g}v[ gl p

. A0 . k,0 : [ring]
—vdiv = + . = Gy in "%, (2.5.32b)
\V/ <’l“ complex> (8] ,complex
—vdiv A0 ) IO in QY (2.5.32¢)
r2 r appCon? o

v ( Complex> oen, = Be g < COInpleX) en, on cach interface v,, ,,, (2.5.32d)

complex

Ao 1s continuous on each interface, (2.5.32¢)
j;fg‘plex =0 on each outer boundary. (2.5.32f)

It is easily verified that ¢4 satisfies (PDE: ¢4) if ¢Complex satisfies (PDE: gbcomplex) Using
(2.5.27) and (2.5.29), (2.5.32a) implies (2.5.16), (2.5. 32b) implies (2.5. 23a), (2.5.32c¢)
implies (2.5.23b), (2.5.32d) implies (2.5.24), and (2.5.32f) implies ¢4 = 0 on outer
boundaries, simply by multiplying the assumed equation by e**! and taking the imagi-
nary part. The continuity of ¢4 on interfaces follows from (2.5.32¢), since multiplication
by ¢! and taking the imaginary part are both continuous operations.

One can combine (2.5.30) with (2.5.32b) and (2.5.32c¢), respectively, to determine the
stationary complex current density needed for (2.5.31):

[ring] v [ring],complex

. Oc Tin
]((]:omple)([(r’ 2)] _ _iwo_([:r1ng]¢i:4o710nplex + /;(;TT in Q]& g]) (2533&)
GEIN (1, 2)] = —iwal eIt in Q0 .. (2.5.33b)

Substituting (2.5.33) in (2.5.31) yields

[ring],complex 2
wingl [ [ Re [VM scomp ]

[ring] UJ Oc complex
FElr 2)) = 2r2 2w +1m [rgb }
. 2
Im [Vlc[f(l)ng} ,complex} 1 .
+ v — Re [r iﬁglp ex] in ngg],
(2.5.34a)

e Z)]:w;;[?] (<Re i ¢complex]>2 (s d)complexDQ) in O (25.34b)
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2.5.7 Prescribing Current, Voltage, or Power

In order to solve the system of partial differential equations (PDE: gbcomplex) for gbcomplex

one still has to determine the quantities V[rmg] COMPIS i) (2.5.32b), i.e. the voltages in

rlng] complex

Y

the different coil rings. The goal of the present section is to compute the V),
from a given total current, a given total voltage, or a given total power 1mposed in the
induction coil. The approach presented here has been published in [KP02].

The circular projection 7. that was defined in (2.4.20) is used again in the following.

The total current J, in the k-th coil ring corresponding to gzﬁcomplex and Vk[ii)ng] complex i

computed from (2.5.27b), (2.5.29b), and (2.5.33a):

Jk: [( fzglplex’ Vk[ii)ng},complex’ t)} = / ) j[(t, T, Z)] dr dz

[ring]
k

=Im | / o geemplex i ) dr dz]
| 7rcichgmg]
— v [ring],complex o [ring]
] k,0 . .
= Im |e™t 72—/ ' c dr dz — ’LCU/ - O_£r1ng}¢f40,r61plex dr dz
ﬂ- WCirCleng] r Wcircﬂgﬂrmg]
] i 1 . i
— Im | e™? Vk[r(l)ng],comp eXUc,k —iw U£r1ng] <bi;)glplex dr dz
’ T Q[ring] ’
L circ k
_ iwt complex complex [rlng ,complex
- Im Jequmplex [ geomplex. /[ )]] , (2.5.35)
where i
1 o lring
Ock i = — dr dz, (2.5.36)

27r 7|'cichging] r
lex complex [ring],complex
Jcomp [ ( V ) }
A0

_ V;c[jr(l)ng] comp exo_gk . zw/ - 0_([:r1ng] ¢iﬁglp = qr dz .
Teirc$2

circ 4y,
If the cylindrically symmetric approximation of the coil by disjoint rings is supposed to
reflect the three-dimensional situation, then the total current must be the same in each
coil ring and for each point in time, i.e.

Jtotal[ ] Jy [( complex V—l[rmg complex, t)}

. JN |:( Xrélplex’ V]£;7i(r)1g],complex7 t):|

for each time ¢ (2.5.38a)

or, equivalently,
complex | complex complex [ring],complex
Jtotal ,0 J [( A0 ‘/1 ):|
o __ ycomplex complex [ring],complex
— = YNp [( A0 Vo )]

(2.5.38D)
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One can now formulate a joint determining system for (bif”glplex and the V,Eoing]’complex, ke
{1,..., N}, consisting of (2.5.40) or (2.5.45) together with (PDE: gzﬁiﬁglplex), depending
on whether the total current or the total voltage is to be prescribed. Scaling of the
solution to (PDE: qugglple") and (2.5.45) allows to prescribe the total power.

Prescription of Total Current: Suppose the sinusoidal total current
Jgiven[t] = Jgiven,0 sin[wt] = Im[Jgiven,oei‘“t] (2.5.39)
is to be prescribed. Then gbif’glplex and the V,géng]’complex must satisfy the system
Tgiveno = Ty [(@50P, VORI e {1, N (2.5.40)
Prescription of Total Voltage: Suppose the sinusoidal total voltage
Viotal[t] = Viotaro sin[wt] = Im|[Vigar0e™"] (2.5.41)

is to be prescribed. The sum of the voltages in the coil rings equals the total voltage,
i.e.

N
Viotallt] = > Vi™8I[t]. (2.5.42)
k=1
The equivalent complex equation reads
N
complex ring],complex
VieomPleX[g] =y pyrneheomplexyy (2.5.43)
k=1
where - |
‘/t((:)(t);l;plex [t] - Z‘V:cotaul [t] + ‘/total [t + %} = ‘/total,oewm- (2544)

Moreover, (2.5.43) is equivalent to the stationary equation

N
. [ring],complex
Viotaro = > V& . (2.5.45a)
k=1
complex

So in the present case, ¢ o” and the Vk[ii)ng]’complex must satisfy the system consisting
of (2.5.45a) and

complex complex [ring],complex
‘]k 0 [( A0 ’ Vk,O )]

__ gycomplex complex [ring],complex
= Jii10 [( A0 Ver10 )}7

ke{l,...,N—1}, (2.5.45b)

which is (2.5.38b) rewritten. It is noted that instead of solving (PDE: qbiﬁ?fplex) and

(2.5.45) one can also solve (PDE: ¢f4°fonplex) and (2.5.40) for a reference current, and
then scale the solution to the prescribed voltage.
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Prescription of Total Power: The electrical power Py in the k-th coil ring is
Pi[t] = VI8 [t 1], (2.5.46)

and the average over one period is

27

Pt (2.5.47)

— w

P, =—
, 21 Jo

Summing over all coil rings, one gets the total electrical power

N N
Procalt] = > Bilt] = > V[ g,1] (2.5.48)
k=1 k=1
and the corresponding average power
2n N
w [ —
Ptotal — 2—/ Ptotal[t] dt - Pk (2549)
T Jo k=1
Assuming (2.5.38a) and using (2.5.42), (2.5.48) implies
-Ptotal [t] = ‘/total[t] Jtotal [t] (2550)
If ( iﬁglplex, Vl[féng] ’Complex, . V]gjsl g]’(ﬂ’omplex) is the solution to (PDE: gbiﬁgnplex) and (2.5.45),
then for each A € R, it is
<)\¢i;)781plex’ )\Vvl[yréng],complex, o )\V]gj(r)lg],complex) (2551)

the solution to (PDE: qbiﬁg“plex) and (2.5.45) with Vietaro replaced by AViotaro-

Using (2.5.50), (2.5.41), (2.5.35), and (2.5.45b), the total power of the scaled solution
(2.5.51) can be computed as

P[] = AViotaro sinfwt] - Im [ ot ch%mplex [( 'Xré’lplex, ‘/1[’r(i)ng},complex>]:|
= XV Re [JE5 [(o5mm™, Ve eomr)]) (sinfur])? (2.5.52)
N Vigtao I |5 (95757, V™) | sinfif] cosfe]
Combining (2.5.49) and (2.5.52) provides the average power of the scaled solution:

2 complex complex [ring],complex
A*Viotar 0 Re [‘]1,0 [( A,0 Vio )}

2
complex

Thus, to prescribe the average total power P, one solves (PDE: ¢ y""") and (2.5.45)
with arbitrary Vigtaio 7 0 and then scales the solution with

Ptotal,)\ = (2553)

2P
Ap = . (2.5.54)

complex complex [ring],complex
Viotar,o Re [‘]1,0 [( A,0 7V1,0 )}
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Decomposition for Numerical Solution

As the system (PDE: (bif’glplex) is linear, (PDE: gbiﬁglplex) plus either (2.5.40) or (2.5.45)
can be decomposed into N+ 1 (numerically) simpler problems: N reference problems of
the form (PDE: gbff’glplex) and one problem of the form (2.5.40) or (2.5.45), respectively.

To that end, choose an arbitrary reference voltage Vier # 0 (Vier = 1V is used during
the simulations presented in Ch. 4). Then for each [ € {1,..., N}, one can solve the
problem (PDE;: gbif’,glplex) which consists of (PDE: gbiﬁglplex) with

. ; V; f for k =1
V[rlng} ,complex __ V[rlng],complex — re ) 2.5.55
k,0 L,k,0 0 for k e {1,...,N}\ {i}. ( )

It is noted that for each (PDE;: ¢iﬁr§plex)7 the matrix M of the linear discrete problem
arising from a fixed spatial discretization is the same. Hence the numerically costly
procedure of inverting M (rank(M);10 000 not being unusual in applications) has to
be performed only once.

Let %40 1 denote the solution to the problem (PDE;: ¢Xglplex). Then according to
(2.5.35) and (2.5.37) the corresponding total current J et in the k-th coil ring is given
by

L complex [ring],complex . iwt ycomplex
Jiket[t] .= T [(D410 > Viro )] =Tm [ TR0 | (2.5.56)
where
complex ., jcomplex complex [ring],complex
Jl,k,ref,O T JkO [( A0 7‘/2,16,0 )]
. [ring] ,complex _
B VietOc ) — iw fﬂ'cichEing] oc " Qaro  drdz for k=1, (2.5.57)
= ) . )
—w fﬂcircggmg} olrinel (biﬁ%) “dr dz  for k # 1.
. 1 . 1
Now for arbitrary complex numbers ¢,°"”*, 1 € {1,..., N}, the function ¢% ™" defined
by
N
complex | complex ,complex
A0 T E :Cz ALO (2.5.58)
=1

is the solution to the problem (PDE: gbf;glplex) with Vk[fé)ng}’complex = Py e ke
{1,...,N}. According to (2.5.35), (2.5.37), (2.5.56), (2.5.57), and (2.5.58), the corre-
sponding total current in the k-th coil ring is given by

N
complex complex o iwt complex jcomplex
Jk[( a0 s Ch Vref,t)] =1Im |e q i wet.0 | - (2.5.59)
=1

It remains to determine the numbers ¢ [ € {1,..., N}, such that

complex complex complex
( A0 , C1 ‘/I‘ef7“'7CN ‘/ref)
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is a solution to (2.5.40) or (2.5.45), respectively.

complex

Prescription of Total Current: The numbers ¢, must satisfy the linear system

N
Jaiven,0 = Z cfompleXJZng%X, ke{l,...,N}. (2.5.60)
=1
Prescription of Total Voltage: The numbers ¢/ must satisfy the linear system
N
‘/total,() = clcomplexvvref’ (2561&)
=1
N N
complechomplex o compleXJcomplex Lk 1 N 1 2.561b
Zcz LExef,0 — ch Lk+1,ref,07 e{l,....N—1}. (2.5.61D)
=1 =1
Prescription of Total Power: Assume that ({27 ..., ™) denotes the solu-

tion to (2.5.61) with Vigtaro = Vier, i.¢. to (2.5.61b) combined with Y75 o™ = 1.
Then for each A € R, it is
(Acﬁf’fgfplex, . ,Acﬁ@’i@lex) (2.5.62)

the solution to (2.5.61) with Viotar0 = AVier, and
N
A,complex | complex ;complex
AT = N P (2.5.63)
=1

is the solution to (PDE: ¢g'™) with V" mP = Ael™' Vi, k€ {1,...,N}. A
computation analogous to the one preceding (2.5.53) yields the corresponding average
total power:

2 N  complex jcomplex
A Veet Re [ =16 Jl,l,ref,o

Ptotal,ref)\ - 9 (2564)
Thus, to prescribe the average total power P, one has to set
2P
A= : (2.5.65)

N complex jcomplex
‘/ref Re [Zl:l G Jl,l,ref,O :|



Chapter 3

Finite Volume Method

In Ch. 2, boldface is used to denote vector- and matrix-valued quantities. Accordingly,
in the present chapter, boldface denotes matrices and vectorial physical quantities occur-
ring in examples. However, to avoid an overuse of boldfaced symbols, vectors occurring
in abstract mathematical settings are not set in boldface.

3.1 The Considered Problem Class and Scope of the
Treatment

Chapter 3 contains a mathematical treatment of the finite volume method, which is
used for the discretization of partial differential equations such as occurring in (2.1.34),
(2.2.1), and (2.5.32). The first main objective is the rigorous formulation of a finite
volume scheme in a setting suitable to be used for the transient numerical simulations
of temperature field evolutions presented in Ch. 4. The second main objective is to
prove discrete a priori estimates for the resulting finite volume scheme, leading to the
existence and uniqueness of a discrete solution. In future work, the goal is to proceed
to establish the convergence of the finite volume scheme; however, this is outside the
scope of the material presented here.

Even though the contents of this chapter is dedicated to transient problems of the form
(3.1.1), the formulation of the finite volume discretization for stationary prolems lacking
the term 0,b;[(u;,t, x)] in (3.1.1) (such as (2.5.32)) can be done analogously. Omitting
the time discretization step, one ends up with the finite volume discretization (3.7.122)
without the first summand (3.7.122a) which involves the time step t, — t,_;. However,
the proof of the existence and uniqueness of a discrete solution makes essential use
of the presence of the time derivative or, more precisely, of the presence of the term
involving the time step in the discrete scheme.

Similar remarks apply to other features of (3.1.1): The formulation of the finite volume

45
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discretization is done in a more general setting than the proof of discrete existence and
uniqueness, e.g. since different mathematical techniques are needed depending on the
type of (3.1.1). For example, during the formulation of the discretization, the range of
the unknown w is allowed to be some arbitrary subset of C, but for the mathematical re-
sults in Secs 3.7.13 and 3.8, the range is assumed to be of the form [m, co[. Furthermore,
boundedness and regularity conditions are added in Ths 3.7.50 and 3.8.35.

The setting of (3.1.1) is rather general in the sense that each term is allowed to depend
nonlinearly on the solution u; as well as on the space variable  and the time variable
t. In its full generality, (3.1.1) comprehends a vast abundance of interesting examples,
including those enumerated in Ex. 3.1.1. However, since the mathematical results of
Secs 3.7.13 and 3.8 are restricted to the transient case and to a solution range of the
form [m, oo[, in Ex. 3.1.1, it only applies to (b) and the first case of (a). In Ex. 3.1.1(b),
Eq. (3.1.1) plays the role of a heat transport equation including the time derivative of
an internal energy term, diffusion, convection, and source and sink terms.

Even though different equations on different space domains coupled via spatial interfaces
are allowed in this treatment, only a single equation is considered on the same space
domain. For example, (3.1.1) can represent either one of the equations in (2.1.34),
but the discretization of the coupled system (2.1.34) is beyond the scope of this work.
Systems are treated e.g. in [EGH00, Ch. VII].

The interface and boundary conditions allow for nonlocal terms as they arise during
radiation modeling (s. Exs 3.1.2(c) and 3.1.3(e)).

Section 3.6 addresses the problem of dimension reduction by a change of variables in
the case the problem at hand displays an exploitable symmetry. This is relevant to
the simulation application in Ch. 4, where cylindrical coordinates are used to take
advantage of the cylindrical symmetry of the problem.

Now the problem class will be stated and some examples will be considered. As de-
scribed above, the objects of interest are rather general nonlinear partial differential
equations of the form

0ubjl(uj, t,2)] — div (kj[(uy, ¢, 2)] V ug) + divos[(us,t, 2)] = fil(wy,t,2)] =0 (3.1.1)
for the unknown function u; defined on the time-space domain
T X Q] = [to,tf} X Qj, (312)

where (2 is a d-dimensional space domain, d € N. For the major part of the sequel, it is
assumed that the set (); is polyhedral, in which case it is denoted by p;. It is assumed
that there is a finite number of domains €2;, i.e. there is a finite index set J such that
the set of domains is {§; : j € J}. If there is no time dependence in (3.1.1) and if b;
vanishes, then one deals with the corresponding stationary problem.

Example 3.1.1. Except in the second case of (b), the index j € J plays no role in the
present example. Thus, except in the second case of (b), the index j is suppressed, i.e.
u, b, k, v, and f is written instead of u;, b;, k;, v;, and f;.
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(a) Hyperbolic Balance Equations: For example, one can get (2.1.34a) by setting u :=
Paass O[(u,t,x)] :=u, k[(u,t,x)] := 0, v[(u,t,z)] = uvgs[(t,x)], and fl(u,t,z)] =
0.
To get the i-th component of (2.1.34b), i € {1,2 3} set U := (Vgas)i, b[(u, t, )] :=

prasl(t 2] u, Kl(ut,2)] = 0, v[(u,t,2)] = 5 Pgas(t, 7)) Teas[(, )] o where
e; denotes the unit vector in the i-th coordinate direction, and f[(u,t,z)] =

Pgas|(t, )] gi-

(b) Transient Heat Equations: For example, one can get (2.1.34c) by setting u :=
(Ar) r .
Tas, b[(u,t,x)] = (Afpgas[(t,x)] u, k[(u,t,7)] = cB(u,t,2)], v[(u,t,2)] =

)" _
MG pgaS[(ta )] uvgas{(ta r)], and f[(u,t,7)] := PgaS[(t> r)ge VgaS[(t> r)]. Here,

the radiation term A% is neglected, as it typically shows a nonlocal volumetric
space dependence inside the gas region, and the detailed modeling of this term is
outside the scope of this work.

One can get (2.2.1) by setting u; = TVl b[(u;,t,2)] = pl¥l[(t, )] e[(uj, t, 2)],
where ¢[(u;, t, )] = [}" cL%][(y,t,x)] dy., byl t, )] = W) [(uy, £, )], 05l t, )
= Oa and fj[(Uj,t,fL')] = f[ﬁj [(U]‘,t,a?)]-

As another example consider the slightly different form of the gas energy balance
(where, as above, the volumetric radiation term pgasreas has been dropped)

Pgas 8tgg;as + PgasVgas @ \Y €gas — div(’fgas \Y Tgas) + Dgas div Vgas = O, (313)
that was used in [BKP199, (2.18¢)], also cf. (2.1.14c).
Equation (3.1.3) can be written in the form (3.1.1) by using
PgasVgas @ \Y Egas = diV(Egas pgasvgas) — Egas div(pgasvgas)a (314)

and then letting u = Ty, b[(u,t,2)] 1= puasl(t, 7)] €gas|(u, t, x)], K[(u,t,x)] =
Kgas[(u, 1, 7)), v[(u, t, 2)] 1= gas[(u, £, T)] pas[(t, )] Veas[(Z, 2)], and

P10, £,2)] = ganl(1,£,2)] iV (pgacl (£, 0)] Vigas (£, 2)]) — Pt 2)] v Vil (2, 2)]

(c) Stationary Heat Equations: By setting b[(u, ¢, )] := 0 and b;[(u;, t,x)] := 0, respec-
tively, in the examples in (b) and assuming all functions to be time-independent.

complex

(d) Elliptic Equations: For example, one can get (2.5.32b) by setting u := r¢% ",

b[(u,t,( r, ))} =0, k[( u, ,(r,z))} =5, [(u,t,( r, ))} =0, and

O_([:ring] t, r oz Vk[r(i)ng],complex t(r 2
Flut, (r,2))] =2 L T 2)] " [(t, (r,2))]

_iwo olrinel [(t,(r,2))] u

r
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(e) Richards Equation: It reads
90[(u, z)] — div (K[(u,z)] (Vu—g)) =0, (3.1.5)

where 6 denotes the saturation, K denotes permeability, u denotes the capil-
lary pressure, and g denotes gravity. Richards Equation describes saturated-
unsaturated fluid transport in porous media (cf. [Ric31]). To fit (3.1.5) into the
framework of (3.1.1), one lets

b[(u,t,x)] := 0[(u, x)], kl(u,t,z)] == K|(u, z)],
v[(u,t,x)] K[(u,x)]g[m], f[(u,t,:t)] = 0.

Also cf. [FLO1, Sec. 6.6].

On (d — 1)-dimensional interfaces v = 7, j, between adjacent domains € and €,
interface conditions for the unknown functions u; and u;, and the fluxes Fj :=
ki [(uj, t, )] Vuy, and Fj, = kj,[(u),,t, 2)] Vu,, are considered. The unknown func-

tions either satisfy the continuity interface condition

Uyjy rTX’y: Uy rTX'y (316&)
or a jump interface condition of the form

Fjl ® ngy, + a?l;ilnp[(ujl7t7 1‘)] B a;dip[(ujzvt'%)] =0 on 7 x4, (316b)
where n denotes the outer unit normal vector. The fluxes satisfy an interface condition
of the form

Fj eng, — Fj, eng, — A, [(“J r{t}xﬂj)je}} [] (3.1.7)

- ag{llx[(ujmta )] + aﬁfx[(ujz,t,x)] =0 on 7T X7.

Conditions (3.1.6) are similar to condition [EGHO00, (11.14)], which occurs in a time-

independent setting and has the form wj, [, —u;, [,= aj(zr)np [z]. However, in contrast to
[EGHO00, (11.14)], according to (3.1.6) the solution is either continuous at 7 or satisfies
a jump condition involving the flur, where a nonlinear dependence on the solution is
allowed in the functions al’! and a2 . For applications involving (3.1.6) see Exs

jump jump-
3.1.2(a),(b) below.

Condition (3.1.7) is in generalization of [EGHO00, (11.13)], where [EGHO00, (11.13)] is
a time-independent condition of the same form as (3.1.7), but only admitting positive
real numbers instead of the potentially nonlinear functions k;, and k;,, and without a
nonlocal coupling term A,. The introduction of the operator A, into (3.1.7) allows to
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account for nonlocal radiation operators such as €.(J; o R;) and €(J; o Ry) in (2.4.39).
Thus, in practice, the operator 4, merely depends on the functions u; defined on
domains adjacent to the radiation region under consideration (more precisely, it depends
on the restrictions of such functions u; to the respective interfaces).

Example 3.1.2 shows how the interface conditions arising in Secs 2.3, 2.4.4, and 2.5.6
fit into the framework of (3.1.6) and (3.1.7).

Example 3.1.2. (a) Continuous Temperature: It is seen immediately that (2.3.2a),
(2.3.2b), and (2.5.32¢) are of the form (3.1.6a).

(b) Temperature ngp: To write (2.3.210’) in the form (3.1.6b), let ujy = Tas, Ujy =
Tm’ kh = &l r)7 ng; = Dgas, a;dmp[(uj1vt7x)] = gﬁujn and a;dmp[(uj2’t7z>] =

fgu]é, f € R+.

(c) Heat Fluzx Including Radiation: If (2.1.33h) and (2.2.1b) hold, then each of the
Eqgs (2.4.39) can be written in the form (3.1.7), as is demonstrated below. In the
considered cases, the operator A, acting on the family [(uj [{t1x, )je J] is defined
in terms of a radiation operator acting on Ti;q. The precise meaning of such a
definition is the following: The radiation operator acts on all temperature functions
u; := Tionalq,, j € Jy, where J, is such that the family (€2;);es, includes all solid

domains adjacent to the same radiation region as 7 (s. Fig. 3.1).
For (2.4.39&), let Uj; = dsolid rQ[Si07Crystal], Ujy = Lsolid fQ[ﬁ], kj = K[SiC—Crystal],
kj — Ii[m ng. = n[SiC—Crystal] — _n[ﬁ]

) g1 )

A, [(Ug [{tyx9; )jej} = e[ (uj,, 2)] T [Ru[Teonial

’1 Py— ’2 Pyp—
agux =0, and agux[(uhvta x)] T Gt[(ujzvx)] Uu;é'
For (2.4.39b), let u;, := Tyas, Ujp = Tiond [, Kjy = Kgass kjy = k8 ng, =
N — _nl8

gas ’

Ay (510, ) o] = €l ) T [RelTional] + 1 (1g02)] T [Ra Tl

71 . 72 .
CLgux =0, and a“gux[(ujz? t, LL')] = (Er + Et)[(ujw :L‘)] Uu?g'

For (2.4.39¢), let wj, = Tyas, W), = Tiolid [qisic—crystatl, kjy = Kgag, kj, 1= SiC—Crystal]

anl = Ny = _n[SiC—Crystal]7

A (w510, ) o] = el 2) Z[Rel Tl

71 Pyp— ’2 - —_—
CLgux =0, and agux[(ujzv t, I)] T Er[(u]é’xﬂ UU?Q.
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Q
— Q[SIC—C ystal]

Qj1 = ans

[y: le n sz

sz — Q[SiC—Powder]

Figure 3.1: If the radiation region is given by (4,5, then the set of indices corresponding

to the adjacent solid domains is given by J, = {j2, J3, ja}.
(d) Magnetic Scalar Potential Fluz: To verify that (2.5.32d) is of the form (3.1.7),
let wj, = uy, =71 iﬁg’plex, kj = 21, ky, = 22 ng, = n,, A, =0, and

r r
vl 72
Ay -= Qg = 0.

In general, the outer boundary of §2; (i.e. the part of the boundary that is not an inter-
face) is partitioned into disjoint (d — 1)-dimensional parts I'; pi, and T';,, ¢ € J;, where
different types of outer boundary conditions are considered. Outer boundary condi-
tions are either of Dirichlet type or of non-Dirichlet type. Outer boundary conditions
of Dirichlet type have the form

Uj[(t, J})] = ’UJj’Dir[(t,l')] on 7T X Fj,Dir- (318)

Outer boundary conditions of non-Dirichlet type have the form
Fjeng; —B;, [(UJ TRty )jeJ] +ajul(uy,t,2)] =0 on T xT,. (3.1.9)

Conditions (3.1.8) and (3.1.9) are in generalization of [EGHO00, (11.10) — (11.12)]. Some
important special cases are considered in Ex. 3.1.3, where [EGH00, (11.10) — (11.12)]
are actually special cases of Exs 3.1.3 (a), (b), and (c).

Example 3.1.3. (a) Zero Dirichlet Condition: This is the case u; piy = 0 asin (2.5.32f).

(b) Neumann Condition: Condition (3.1.9), where B;, = 0 and aﬁ;ﬁt.does not depend
on uj. A Neumann condition is called a zero fluz condition iff aly = 0.
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(c) Condition of Third Kind: Condition (3.1.9), where B;, = 0 and a’, has the form
gl (ujot, 2)] = € (uj = text ju[(£, 2)]), € € RY.

(d) Emission Condition: — This is the type of outer boundary condition written in
(2.3.3), where Bj, = 0 and aly[(u;,t, x)] = 0 éd?(uj,2)] (uf — T,p) with u; =
T8

(e) Nonlocal Radiation Condition: — This is the type of outer boundary condition
written in (2.4.17), where

Biu [(u3yxn, ) e,] = ellus, )] - T [RITional]
and a’!

hail(u,t,2)] = €[(uj, x)] o uj with u; := Tipa. An analogous note as made at
the beginning of Ex. 3.1.2(c) applies to the present situation.

Finally, an initial condition
u{(to, 7)) = [a] (3.1.10)

prescribes the solution u; at time ?, in the transient case.

3.2 Literature Review

Finite volume techniques for the solution of partial differential equations have been
used in the literature at least since [Mac53|, where the method is used to discretize
the elliptic equation — div (k:[(t, )] Vu) — fl(u,t,x)] = 0, allowing linear dependence
of f on u. Finite volume schemes for more general linear elliptic problems are studied
in [Hei87] and [Hei88], including results on convergence of the scheme. Finite volume
discretizations for linear elliptic problems are also treated in [Bey98|, focussing on
aspects of adaptive grid refinement and multi-grid methods.

An extensive survey on the finite volume method can be found in [EGH00]. In [EGHO00],
elliptic problems ([EGHO00, Chs IT and III]) are considered as well as hyperbolic problems
(b;[(u,t,z)] = u, kj = 0, v # 0, [EGH00, Chs V — VII|), and parabolic problems
(bj[(u,t,x)] = u, k; > 0, [EGH00, Ch. IV]). Convergence results and error estimates
are presented for both linear and nonlinear cases.

Even though, in the following Secs 3.3 — 3.7, the finite volume discretization is developed
for the general form of (3.1.1), in view of the numerical applications in Ch. 4, the
main focus of this work is the fully nonlinear parabolic case of (3.1.1), allowing mixed,
nonlinear and nonlocal boundary and interface conditions. In particular, the discrete a
priori estimates of Sec. 3.7.13 and the proof of discrete existence and uniqueness in Sec.
3.8 are mainly designed for the parabolic case, even though certain hyperbolic cases
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(such as the first case of Ex. 3.1.1(a)) are included as well. Special cases are considered
in [FLO1] and in [EGH00, Ch. IV], and these situations are now briefly discussed.

In [FLO1], a finite volume discretization is considered for equations 0b;[(u;, )] —
div (k;[(uj, 2)] Vu;) + divo[(uj, z)] = 0, where the solution is supposed to be con-
tinuous across interfaces. In [FLO1|, the equations are completed by special mixed
boundary conditions of Dirichlet form (3.1.8) and non-Dirichlet form (3.1.9) (B;, = 0),
and discrete existence and uniqueness results are proved as well as a maximum principle
and stability. The structure of the treatment in [FLO1| is completely different from the
structure of the treatment in this work: Whereas the hypotheses in this work are usu-
ally formulated in terms of properties of the input functions b;, k;, etc., the hypotheses
in [FLO1] are provided in terms of (monotonicity) properties of the finite volume dis-
cretization, which have to be verified for a given concrete class of problems. Moreover,
the existence theory in [FLO01] is based on matrix theory rather than on L>*-L! a priori
estimates and the Banach Fixed Point Theorem. Neither time dependence of the input
functions, nor source and sink terms f;, nor jump interface conditions, nor nonlocal
interface or boundary conditions are considered in [FLO1].

In [EGHO00, Sec. 17], error estimates are proved for a finite volume scheme for the linear
parabolic equation dyu — divVu + div(uv[(t,z)] — f[(u,t,x)] = 0, where f depends
linearly on u, with Dirichlet boundary conditions. In [EGHO00, Sec. 18], a maximum
principle and a convergence result are established for a finite volume scheme for the
(degenerate) nonlinear parabolic equation dyu— div (k[(u,t, )] Vu) — f[(t,2z)] = 0 with
a zero flux boundary condition (cf. Ex. 3.1.3(b)).

In this work, (3.1.1) is always considered in the context of an initial-boundary value
problem, i.e. the evolution equation is completed by initial conditions and boundary
conditions. However, in the literature, the finite volume method is also used as a
discretization procedure for initial value problems, where the evolution equation is
completed by initial conditions together with so-called entropy conditions. For literature
on this subject, it is referred to [Kr697], [Ohl01], and references therein.

The continuous solution theory of initial-boundary value problems for evolution equa-
tions is studied in a vast number of papers and textbooks, e.g. [GGZT74, Chs IV —
VII], [Wlo82, Ch. 1V], [Zei90, Ch. 23], [RR96, Ch. 10], and [CH98], just to mention a
few. However, especially for nonlinear problems, nonsmooth domains, and for problems
with mixed, nonlinear, and/or nonlocal boundary and interface conditions, there are
still many open problems concerning existence, uniqueness, and regularity questions.
Existence, uniqueness, and regularity results for linear parabolic problems with mixed
boundary conditions of Dirichlet and Neumann type (cf. (3.1.8) and Ex. 3.1.3(b)) on
Lipschitz domains are provided in [Gri99, Ch. 2]. In [Tii97], existence and uniqueness
is proved for an elliptic diffusion-convection problem (b; = 0) with nonlinear and nonlo-
cal interface and boundary conditions arising from radiative heat transfer as described
in Exs 3.1.2(c) and 3.1.3(d),(e). In [LTO00] results of [Tii97] are proved with weaker
hypotheses and existence and uniqueness are also established for the corresponding
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parabolic case (b[(u,t,x)] = u). References for the existence of a solution for the prob-
lem class studied in [EGHO00, Sec. 18] (see above) are provided therein.

3.3 The Evolution Equation

The subject of the present Sec. 3.3 and also of the following Sec. 3.4 is to provide the
mathematical setting for the subsequent study of partial differential equations of the
form (3.1.1), subsequently called evolution equations, by means of the finite volume
method.

First, in the present section, the case of a single evolution equation is considered: the
continuous setting in Sec. 3.3.1 and the time discretization in Sec. 3.3.2.

Then, in Sec. 3.4, the case of several evolution equations (3.1.1) is treated, each equa-
tion living on a different spatial domain, where coupling occurs via local and nonlocal
interface conditions. Outer boundary conditions are also treated in Sec. 3.4. Analogous
to Sec. 3.3, Sec. 3.4 covers both the continuous and the time-discrete case.

In preparation of the space discretization and the formulation of a finite volume scheme
in Sec. 3.7, Sec. 3.5 provides an integral formulation of coupled systems of evolution
equations (3.1.1) including interface and boundary conditions.

3.3.1 Continuous Setting

Since only a single equation is considered in the current section, the subscript j occurring
in (3.1.1) is dropped:

abl(u,t, 7)) — div (k[(u, t,2)] V u) + divo[(u,t,2)] — fl(u, t,2)] = 0. (3.3.1)

As described in Sec. 3.1, it is the purpose of (3.3.1) to determine the unknown function
u, defined on a time-space domain T X p, where 7 is a time domain and p is a d-
dimensional polyhedral space domain, d € N. It is assumed that v has its range in the
set v C K, where K=R or K =C.

Throughout Ch. 3, 7 denotes the compact time interval 7 := [to, t;] with initial time t,
and final time t;. Moreover, d always denotes the dimension of the space domain, and
v always denotes the range of the unknown.

In the sequel, space domains are always (closed) polytopes, i.e. bounded polyhedral
sets, cf. App. C.4.2. Most of the theory could also be developed for more general
domains having sufficiently regular boundaries. The restriction to polytopes avoids
certain difficulties, not the least being of notational and technical nature, arising in the
case that e.g. the boundaries of the domains are more general manifolds of codimension
one.
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As the constituent functions b, k, v, and f of (3.3.1) are allowed to depend on the
unknown, they are typically defined on a domain of the form v x 7 x p. To include Ex.
3.1.1(d), b, k, and f are allowed to be C-valued. However, to allow the use of an upwind
function according to Def. 3.7.14 in the formulation of the finite volume discretization
in Sec. 3.7, v is assumed to be R%valued. For the proof of the discrete a priori estimate
in Sec. 3.7.13 and of the existence and uniqueness of a discrete solution in Sec. 3.8, b,
k, and f are also assumed to be real-valued.

In its full generality, the question of what regularity one can expect for a solution u of
(3.3.1) is very difficult. The answer depends on the particular type of the equation, on
the regularity of input functions, on the boundary and interface conditions, and on the
regularity of the domains. Hence, the final choice of solution spaces is inexorably linked
with the continuous solution theory (for details, it is referred to the literature, see the
last paragraph of Sec. 3.2). Since the continuous solution theory is not the subject of
this work, matters concerning regularity and weak differentiability are not considered
in detail, except where needed in the formulation of the finite volume scheme, the
discrete existence theory, and the discrete a priori estimates. Naturally, regularity and
weak differentiability questions have to be investigated in more depth to consider the
convergence of the finite volume schemes.

Even though detailed regularity and differentiability questions are not the main objec-
tive of this work, some words on the meaning of (3.3.1) in a rigorous framework are in
order. In general, each of the functions b, v, k, and f can depend on the time coordinate
t, on the spatial location z, and on the value of the unknown at (¢, ). The regularity of
b, v, k, f, and of the unknown u need to be such that each term in (3.3.1) has meaning,
at least in a certain weak sense (cf. Rem. 3.3.2 below). In addition, solutions to (3.3.1)
are assumed to be continuous in this work, notwithstanding the fact that, especially
for higher values of d, the existence of continuous solutions can not be guaranteed in
general, and weaker requirements for the solution can be mathematically reasonable. In
the case where different equations of the form (3.1.1) are coupled via spatial interfaces
(cf. Sec. 3.4), the solutions u; are not always assumed to fit together continuously, but
discontinuities between the u; are required at jump interfaces according to condition

(3.1.6b).

In this work, continuity of the given functions b, v, k, and f is assumed, except at
interfaces. It is known that in many cases less regularity suffices, e.g. f being square
integrable with respect to time and space variables. However, continuity of the given
functions is present for the simulation applications in Ch. 4, and its assumption allows
considerable simplifications in the formulation of time and space discretization: It is
used in (3.3.9) that b, v, k, and f can be evaluated at discrete times ¢, € 7, and it is used
in Def. 3.7.41 that b, v, k, and f can be evaluated at points y € v and x € p. Otherwise,
more complicated approximations have to be used (cf. Rems 3.3.6 and 3.7.37).

For later reference, the setting for (3.3.1) is now summarized in Def. 3.3.1. Moreover,
Def. 3.3.1 introduces an operator formulation of (3.3.1).
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Definition 3.3.1. Let 7 be the closed time interval, let p be a d-dimensional polytope,
and let v C K. Given

be CvxTtxpK), (3.3.2a)
veCxTtxpRY, (3.3.2b)
ke C(vxtxpK), (3.3.2¢)
felC(vxrtxp,K), (3.3.2d)
the evolution operator Hy, i s is defined by
Hy oo, p [W[(t, 2)] =00 [(u[(t, x)], t, 2)] + div (v[(u[(t, )], ¢, 2)]) (3.33)

— div ([(ul(t. )], )] Vul(t.2)]) — F[(ul(t, )], t,2)].
Thus, Hp, ks maps a suitable subset U of C(7 x p,v) into the set of all K-valued
functions on 7 X p: Hy,p.r : U — F(7 % p,K).
Then the corresponding evolution equation is defined by

Hyy e slu] = 0. (3.3.4)

In a more concise form, (3.3.3) reads
Hyopeplu] = 0y(bou ") +div(vou" ") —div (kou" ") Vu) — fou"", (3.3.5)
where given u : 7 x p — K, the function u" P is defined by
WP T xp— v xTxp, u TPt )] = (ul(t, )]t 2). (3.3.6)

The use of ©* %P allows more concise and more precise formulations. However, in order
not to burden the reader with this nonstandard notation, formulations of the form
(3.3.3) are generally preferred in the sequel.

As a caveat, it is pointed out that (3.3.4) might be an equality of function classes (e.g.
of elements of L?(7 x p,K)) such that writing arguments means picking representatives
from the classes.

Even though the right-hand side of (3.3.4) is 0, it does allow for source and sink terms
by means of the function f.

Remark 3.3.2. In addition to the regularity assumptions on u, b, v, k, and f listed in
Def. 3.3.1, these functions need to be such that the terms 9;b[(u, ¢, 2)], div (v[(u,t,z)]),
div (k[(u,t,2)] Vu), and f[(u,t, )] are meaningful, e.g. in terms of weak differentiabil-
ity, and such that these terms belong to the same space, e.g. L?(7 x p,K). To handle
boundary and interface conditions, k[(u,t, )] V u is required to have a trace on 7 x Op.
As v[(u,t,x)] is continuous, it can simply be restricted to 7 x dp.

Example 3.3.3. If the evolution equation (3.3.4) is interpreted as a transient heat
equation as in Ex. 3.1.1(b), then b plays the role of an internal energy, v constitutes a
convection, k constitutes a diffusion, and f represents heat sources or sinks.



26 CHAPTER 3. FINITE VOLUME METHOD

3.3.2 Time Discretization

This section begins the task of formulating discretized versions of evolution equations,
treating the time discretization of a single evolution equation (3.3.4). The time dis-
cretization of coupled systems of evolution equations including the time discretization
of interface and boundary conditions is carried out in Sec. 3.4.3.

The description of the subsequent space discretization is more involved and is the sub-
ject of Sec. 3.5.

Discretization in time means to discretize the time domain 7 into a strictly increasing
sequence of discrete times (Z,),e0,..n} = (to,---,tn = tr). The positive real number

A := max {tV —t,1:ve{l,... ,n}} (3.3.7)

is called the fineness of the time discretization.

The discretization (t,),eqo,...ny of 7 with fineness A is kept fixed for the rest of the
chapter.

For each time step, the time derivative in the evolution equation (3.3.4) is replaced
by a difference quotient (s. (3.3.8)), and each term of the evolution equation is either
evaluated at the current time t, (so-called implicit discretization) or at the previous
time ¢,_1 (so-called explicit discretization). The result is a scheme of equations, one
equation for each discrete time ¢, > ty. Starting from the initial condition, the equation
at time t, is used to determine a solution u) at t,,, treating the solution w1V at t, 4
as known.

In this work, only implicit time discretization is considered (with the exception of the
nonlocal interface and boundary conditions, where a semi-implicit method is used, s.
Secs 3.4.3, 3.4.3). In the context of evolution equations, an implicit time discretization
is known to be advantageous, due to properties such as unconditional stability. In
case of an explicit time discretization, it is known that to get stability even for simple
examples, the dependence of the finess of the time discretization on the fineness of the
space discretization is such that the time step has to be chosen impracticably small (s.

e.g. [GO92, Secs 8.2, 8.3], [GKO95, Secs 2.1, 2.3, and p. 279], and [PTVF96, Sec. 19.2]).
Definition 3.3.4. The implicit time discretization of the evolution operator Hy, k. ¢ is
defined as the family (Hé':}k £)ve{l,..ny, Where
)l @[] =t = tm) ™ (00 [(ule], )] = b0 (@],
+ div (v(”) [(u[z],2)]) — le( [( 2], 2)] V ulz])
— fO(ulz], 7)] (3.3.8)

for each v € {1,...,n}, and

b e C(v x p,K), b |(y, )] == b[(y, t,, 2], (3.3.9a)
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v e C(v x p,RY), v (y, z)] = v[(y, t, )], (3.3.9b)
kY e C(v x p,K), Ky, 2)] := k[(y, t,, )], (3.3.9¢)
€ ClvxpK), F1y,2)] = fl(y, b, 2)] (3.3.94)

for each v € {0,...,n}.

Thus, each Héﬁk’f maps a suitable subset U") x U* =V of C(p,v) x C(p,v) into the set
of all K-valued functions on p:

Hyyp s UY < U™ — F(p,K). (3.3.10)
The implicit Euler scheme of the evolution equation Hy,, k rlu] = 0 is given by

A H W, )] =0, (3.3.11)

In a manner similar to (3.3.5), one can write (3.3.8) in the more concise form

Hé;),k,f[(uy @)] =ty — ty—1)"" (b(y) ou® — p Vo Tf‘p‘) + div (U(V) o uSp‘)

(3.3.12)

— div ((k(”) o u’™) Vu) — @) oy,

where given u : p — K, the function u*" is defined by
uP i p— Kxp, uPx]:= (u[z],z). (3.3.13)

Once more, conforming to standard notation, the formulation (3.3.8) is mostly used
instead of (3.3.12).

Remark 3.3.5. Analogous to Rem. 3.3.2, in addition to the regularity assumptions on
u®, b™ ™ E® and f®) listed in Def. 3.3.4, these functions need to be such that
the terms in (3.3.8) are meaningful in a suitable sense.

Remark 3.3.6. As mentioned in Sec. 3.3.1, for the mathematical theory it is often
not necessary to assume continuity of f. For example, if one just had square in-
tegrability of f with respect to ¢, then one would replace f*) [(u[az]w)] with (¢, —

t,)" [ fl(ula).t )] dt in (3.3.8).

3.4 Evolution Equation Complexes

As described in Sec. 3.1, the goal is to study different evolution equations (3.1.1) on
different domains, coupled by interface conditions. The contents of the present section
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provides the setting and the notation for this situation, which is then kept fixed for the
remainder of Ch. 3.

In the language of Def. 3.3.1, one considers a family of evolution equations Hy, . x;.f, [1]
= 0, j € J, where J is a finite nonempty index set and each Hy, , 1, s @ U; —
F (1 x pj, K) is an evolution operator. Thus, the evolution equations all share the same
time domain 7 as well as the same solution range v; they just differ in their space
domains p;.

The total space domain p is the union of the spatial subdomains p;, and, moreover,
(pj)jes is assumed to form a partition of p in the sense of Def. C.1.3. A nontrivial
example is depicted in Fig. 3.2, where further notation used in Fig. 3.2 is explained
below.

3.4.1 Interface, Boundary, and Initial Conditions

An evolution equation (cf. (3.3.1) and (3.3.4)) does not determine a unique solution
u. In many cases, a unique solution can be selected by prescribing the unknown’s
behaviour at the boundary of the domain via boundary and interface conditions. An
initial condition, prescribing the solution at the initial time, can be viewed as a special
case, but in the following, the terms boundary and interface conditions are reserved for
conditions on the boundaries of space domains.

As described in Sec. 3.1, boundary conditions in terms of the unknown itself and in
terms of its flux are considered in this work (cf. (3.1.8), (3.1.9)).

If evolution equations (3.3.4) are considered on several space domains having common
interfaces, then on such interfaces, boundary conditions are replaced by interface con-
ditions. Analogously to the case of the boundary conditions, the interface conditions of
interest here are given in terms of the unknowns and their fluxes (cf. (3.1.6a), (3.1.6b),
(3.1.7), and also (3.4.6), (3.4.7) below).

In case the boundaries of two spatial subdomains p;, and p;, did not intersect in an
interface, one would provide one boundary condition on dp,, and one boundary condi-
tion on dpj,. Accordingly, one needs two conditions at an interface between p;, and p,,.
Here, one condition is always given as a relationship between the two adjacent fluxes,
i.e. in the form (3.1.7). It might or might not involve the values of the unknowns wj,
and u;, at the interface (or even at other interfaces e.g. due to radiation), but it always
involves the values of the fluxes. On the other hand, the second interface condition

involves the fluxes if and only if the unknown is allowed to have a discontinuity at the
interface (cf. (3.1.6)).

During the discretization process described in the succeeding sections, interface and
boundary operators are used to deal with flux terms on surfaces of polyhedral control
volumes. It is noted that due to the fact that derivatives might exist only in a weak
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N=4,J=1{1,2,3,4},

Econ = {{17 3}7 {27 4}}7 IFcon — {aregpl N aregp37 aregpQ N aregp4}7

Ejump = {{17 2}7 {17 4}}7 IFjump = {aregpl N aJregp27 aregpl N a1regp4}7
Ji=1{0,1}, Jo = {1,2,3}, Jy = {0}, J, = 0.

Figure 3.2: Space domain p of a (2,4)-dimensional domain complex
(U7 T, (pj)jEJ; EIFa Econ: (ie)eeEIFa (Jj)j€J7 (Fj,L)(j,L)EJXJj) (S- Def. 345)

sense, in general, the flux must be interpreted as the trace of a weakly differentiable
function:

Notation 3.4.1. Let j € J, and let w C p; be a d-dimensional polytope. Then the
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flux F} s, through the boundary of w is defined by
Fio0((t,2)] = trrxan (ks [(uyl(t, 2)], 1, 2)] Vuy[(t, 2)]), (3.4.1)
or, more precisely, using (3.3.6), by

Fj,aw = trrxow ((k] o u;.—sp.) VU]) (342)

Interface Conditions

Given two distinct indices j; € J and j, € J, the spatial subdomains p;, and p;, are
said to have an interface iff Oregpj, N Oregpjy # 0. The regular boundary of a polytope
is defined and illustrated in App. C.4.2, cf. Def. C.4.11 and Fig. C.3. Since interfaces
are supposed to have dimension d — 1, it does not suffice to require dp;, N dp;, # 0.
For example in Fig. 3.2, ps and p3 do not have a common interface, even though

Op2 N Ops # 0.

Given the family (p;) e, the set off all interfaces is given by

IF = {aregpjl N amgpjg : areg;pjl N aregpjz 7£ Q)a jl 7é ]2} (343)

Remark 3.4.2. It is implied by Rem. C.4.13 that at most two spatial subdomains
intersect at an interface, i.e. for each v € IF, there is precisely one two-elementic index
set {J1,j2} € J such that v = OregPjy; N OregPjs-

In consequence of Rem. 3.4.2; instead of by IF, the set of all interfaces is also charac-
terized by

EIF = {{jl,jg} g J 8regpj1 N aregij e IF } (344)

Then one has the bijective map e : I[F — FEpp, that assigns each v € IF the unique
two-elementic subset e[y] := {1, ja} of J such that v = OregPj; N Oreglys-

It was described in Sec. 3.1 that given the interface v = Oegpj, N GregPj, € IF, the
unknowns u;, € U;, and u;, € U, are supposed to satisfy either the continuity interface
condition (3.1.6a) or the jump interface condition (3.1.6b). Therefore, the set IF is
decomposed into the disjoint union of the sets IF.,, and IFj,,: IF = IFq, UIFjump,
where a continuity interface condition is prescribed for each v € IF.,, and a jump
interface condition is prescribed for each v € IFjymp. The corresponding decomposition
of Eip reads Eip = Econ U Ejump, where Eqon := {e[7] 1 ¥ € IFeon}, Ejump := {€[7] : 7 €
IFjump}- Equivalently, one can also treat the set E.., as given, subsequently defining
[Feon :== {7y € IF : e[y] € Eeon}. The latter point of view is taken in Def. 3.4.5 of
a domain complex, since two-elementic index sets are simpler objects than the actual
interfaces. In particular, E.,, can be prescribed without first defining IF or Fip.
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Remark 3.4.3. The sets Eip, Feon, and Ejump can be interpreted as sets of edges of
a graph (cf. App. C.5 for some basics about graphs), namely of the graph having the
subdomains as vertices that are connected by an edge if and only if they have a common
interface. Then each e[y] corresponds to an edge in that graph.

A flux interface condition (3.1.7) is assumed to hold at both continuous and jump
interfaces, i.e. at each v € IF.

Both jump interface conditions and flux interface conditions are asymmetric with re-
spect to the adjacent subdomains, i.e. they are not invariant under a switch of j; and
J2. Ordering the two subdomains adjacent to an interface allows to write jump inter-
face conditions and flux interface conditions in a normalized manner by introducing the
following conventions:

If the jump interface condition at 7 = OregDj, N OregPj, 1S given as

)1 2

Fjl,apjl ® Npy, + a’;/ump[(ujl7t7 I)] - ajvump[(ujwt? x)] =0 on 7Xx v (345)
L.e. in terms of the flux Fj, 5,, through the boundary of p;,, then pj, is called the first
subdomain at v and pj;, is called the second subdomain at . In the following, i;[7] is
written for the index of the first subdomain, and iy[y] is written for the index of the
second subdomain. For the purpose of subsequent reference, (3.4.5) is restated in terms

of i1[y] and is[y]:

1 ,2
Fiﬂﬂﬁpilh] ® Ny, 1y T a?ump[(uil[’y]’t’ z)] - aJ"Y mp[(uiz['yb t,x)J]=0 on 7x7. (3.4.6)

Moreover, the flux interface condition at v is always assumed to be given in the form

Fimopi ) ® iy~ Lol opiy) @ Tpiyiy — A [(uj f{t}ij)jEJ} 2] (3.4.7)

)1 2
— ag (Ui, 6 0)] + agn [(igpy, t,2)] =0 on 7 x 7.

Thus, both #; and iy are maps from IF into J such that

A Hablihl} =ehl (3.4.8)

vEIF

In particular, given 4y, the map is is uniquely determined by (3.4.8).

The following Ex. 3.4.4 treats a situation arising from the model of Ch. 2.

Example 3.4.4. In Fig. 3.1 on p. 50, v denotes the interface between p; = €; =

Qgas and pj, 1= Q;, = QISIC=Powder] " If the jump interface condition (2.3.2b') and the
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flux interface condition (2.4.39b) both hold at 7, then the situation of Ex. 3.1.2(b) is
combined with the situation of the second case of Ex. 3.1.2(c):

Uy = TgaS7 Ujy ‘= Lsolid fija kjl ‘= Rgas, ka = K[SiC*Powder]’
Mp; = Ngas = _n[SinPowder] = —ny,
Grup [ (W1, 1, 95)] = €510 Powdertlyy s [ (W1, )] = Esi0Powder s
aﬂux =0, aguzx[(ujwta [B)] = (Gr + €t)[<uj27 IL’)] o u;ly

'AV [(u] r{t}xpj )je]] = Er[(Uj2, )] t7r[ [ sohdH + et[(ujm )] s7t [Rt[ sohdH

According to the above convention, one has i1[y] = j; and i3[y] = j2 in the present
situation.

As in (3.3.2), continuity of the given functions is assumed:

N Gy € Clo x 7 x 7, K), a2 € Cux1x7,K), (3.4.9a)
’YGIFjump

/\ agt € Cv x 7 x v,K), ag? € Cv x 7 x 7,K). (3.4.9b)

vyeIF

The precise setting for the nonlocal interface operators A,, v € IF, is the following:

Ay [ Csv) — Coul(1,K), (3.4.10)

jed

assigning a K-valued piecewise continuous function on the interface to a family of v-
valued space-dependent continuous functions.

In the following, as in (3.4.7), A, is always applied to a family of unknowns restricted
to the time instant ¢t € 7: A, [u[], where the symbol u always denotes the family
(u;)jer, and ufpy:= (uj [ {61 xp; )jeJ denotes its restriction to the time instant ¢t € 7.

At a jump interface v € IFjynp, the jump interface condition and the flux interface
condition can be combined to yield a different jump interface condition in terms of the
flux in the second subdomain at v: Using (3.4.6) to replace Fj ) ap, ., ® Ny, () 10 (3.4.7)

together with n,, R results in

1= ]’

E2[’Y]78pi2['y] ® Npiyiy — AW [(UJ r{t}ij)jeJi| [1’]

— afh [t )] + a (s, £ )] (3.4.11)

1 2
— op [ (Uiy ) 1, T)] + Qi [(Winfy), £, 2) =0 on 7 X 7.
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Boundary Conditions

As described at the end of Sec. 3.1, several different outer boundary conditions of
Dirichlet type (3.1.8) and non-Dirichlet type (3.1.9) are considered on outer boundaries
Op N Op;. The notation for outer boundaries introduced in the following is illustrated
in Fig. 3.2 on p. 59.

Let O; denote the relative topology on dp N dp; with respect to the norm topology on
R?. Subsequently, it is always assumed that for each j € J, the family (T';,).c J; forms
a partition of dp N dp; with respect to O;, where J; is a nonempty finite index set.
Moreover, each I';, is required to be a (d — 1)-polytope. In particular, each I';, has
nonempty interior with respect to O;.

The index ¢ = 0 is reserved for Dirichlet boundaries: I';py, := I'j 9. That means p; has
a Dirichlet boundary if and only if 0 € J;.

Thus, for each j € .J, the Dirichlet condition (3.1.8) is presumed to hold on I';pj
(if it exists), and a non-Dirichlet condition (3.1.9) is presumed to hold on each T

Jsts
v € J; \ {0}, where once again continuity of the given functions is supposed:
/\ ujpir € C(7 X ' pir, v), (3.4.12a)
jeJ: OGJ]'
A ali, € Clux 7 x T, K). (3.4.12b)
Gwerx (J;\{0})

The u;pyy are called Dirichlet functions.

In analogy with (3.4.10), the setting for the nonlocal boundary operators B;,, (j,t) €
J x (J;\ {0}) is
Bi.: [1Cwsv) — Cow(T., K). (3.4.13)

jed

As the solution is known a priori at Dirichlet boundaries, there is a conceptual difference
in the subsequent handling of Dirichlet and non-Dirichlet boundaries (s. Sec. 3.7).

Initial Conditions

For each j € J, the initial condition is given by (3.1.10), where the initial distributions

u§0) satisfy

A € Clp;v). (3.4.14)

jeJ
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3.4.2 Domain Complex and Evolution Equation Complex

The domain complex (Def. 3.4.5) and the evolution equation complex (Def. 3.4.6) are
structures combining all the previous ingredients of Sec. 3.4. The evolution equation
complex contains all information needed to describe a problem of coupled evolution
equations on several domains, where the domain-related data is collected in the domain
complex.

Definition 3.4.5. Let (d,N) € N? and let J be an index set with #J = N. A
(d, N)-dimensional domain complex

D = (v, 7, (0j)jes, Eeon, i1, (J3)jer, (Tj0) Gyesxs;) (3.4.15)

is an 8-tuple consisting of the solution range v C K, the time domain 7, a finite family of
d-polytopes (p;)jes, a set Eeon of two-elementic subsets of J, a map i1, a finite family of
nonempty finite index sets (J;) e, and a finite family (I';,)(;,yesx s, of (d—1)-polytopes
I';, € OpNJpj, satisfying the following conditions (i) — (iii). Given the objects collected
in (3.4.15), the sets IF, Ep, IFon, IFjump, Ejump, and the maps e and iy can be defined
as described in Sec. 3.4.1.

(i) (pj)jes is a partition of p := Ujerj.
(i) It is iy : IF — J such that i1[y] € e[y] for each v € IF.

iii) For each 5 € J, the family (I';,).cs, is a partition of dp N dp,; with respect to the
( ) Js j J
relative topology on dp N dp;.

Figure 3.2 on p. 59 illustrates the (2,4)-dimensional domain complex that was already
used for examples in Sec. 3.4.1.

A problem of coupled evolution equations on several domains is given via a domain
complex together with the information about given functions, leading to the following
notion of an evolution equation complex:

Definition 3.4.6. Let (d,N) € N? and let J be an index set with #J = N. A
(d, N)-dimensional evolution equation complex

1 ,2 1 2
Q: = <©7 (Hbjavjykj» j)jg]’ ((a?ump7 G’J"yump))fyelpjump7 ((agu)ﬂ a%ux’ A/Y))WEIF’

Jot (0)

(3.4.16)
(Uj,Dir)jGJ: 0eJ;” ((aou‘w Bjyb>)(j,b)ej><(Jj\{0})’ (uj )jeJ)’

consists of a (d, N)-dimensional domain complex ® (s. Def. 3.4.5), an evolution operator

Hy, v, k;.5, for each spatial subdomain p; (cf. Def. 3.3.1), two continuous functions a}’dilp
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V7,2
and a;,,.

apt and a” and one nonlocal operator A, for each interface v (cf. (3.4.7), (3.4.9b),
and (3.4.10)), a Dirichlet function u; p; for each Dirichlet boundary I'; ps (cf. (3.1.8)

and (3.4.12a)), a continuous function a’*. and a nonlocal operator B;, for each non-
Dirichlet boundary I';, (cf. (3.1.9), (3.4.12b), and (3.4.13)), and an initial distribution
on each spatial subdomain p; (cf. (3.1.10) and (3.4.14)), satisfying the compatibility

conditions (i) — (iii).

for each jump interface v (cf. (3.4.6) and (3.4.9a)), two continuous functions

N (0 0

(i) ugl[)ﬂ/] [= ugﬁﬂ/] [, for each v € IF 0.

(ii) For each v € IFc, such that 0 € J; (4 N Jiypy) and such that ¢ := 5 N L 5,00 N
Liyi,Dir 7 (), it holds that Ui, [7),Dir | 73¢= Wis[],Dir [7xq, Where 7 is the closure of «y
with respect to the relative topology on p;, ) N ps,y. Confer Fig. 3.3.

(iil) ujpir [{to)xr; 0= u§0) r,, for each j € J such that 0 € Jj.

In Def. 3.4.6, condition (i) ensures that different initial distributions agree where they
are defined on common continuous interfaces, and condition (ii) does likewise for Dirich-
let functions. Condition (iii) guarantees the consistency of the Dirichlet functions with
the initial distributions. The compatibility conditions (i), (ii), and (iii) of Def. 3.4.6
are the most elementary, and it is trivial that they are necessary for the existence of
discrete solutions (cf. Th. 3.8.35 in Sec. 3.8). However, if one wants to proceed to prove
the existence of continuous solutions, then, in general, more complicated compatibility
conditions related to interface and boundary conditions are needed.

A solution to an evolution equation complex is a family of functions (u;);e s, satisfying
all corresponding evolution equations, interface conditions, boundary conditions, and
the initial conditions:

Definition 3.4.7. Given an evolution equation complex € as defined in Def. 3.4.6,
a family u := (u;)jes € [[;c,U; is called a solution to € iff it satisfies the following
conditions (i) — (vii).

(0)

(i) Each uy, j € J, satisfies the initial condition u;[s)xp,= u; -

(ii) Hy,w;k,,5,u;] = 0 for each j € J.

(iii) For each v € IFcon, the functions u; [, and w,,[, satisfy the continuity interface
condition w;, (] [7xy= WUiy[y] [7x~-

(iv) For each v € IFjump, the functions wu,;}, and w;,p satisfy the jump interface
condition (3.4.6).
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- = aregpl N 6regp2 € IFcon

— 0 =T1pir )

=Dy =Topir

b1

!

T2

Figure 3.3: Subdomains p; and py have the continuous interface . One has x; & 7,
but {z1} = ¢ == YN 1 py N Tapi. Moreover, x5 € I'y piy N o pir, but 22 & ¢. Thus,
u1 pir and ug pi; must agree on x1, but not necessarily on xs.

(v) For each y € IF, the family u satisfies the flux interface condition (3.4.7).

(vi) For each j € J such that 0 € J;, the function u; satisfies the Dirichlet boundary
condition (3.1.8) on I'; pi = I'j .

(vii) For each (j,¢) € Jx (J;\{0}), the function u; satisfies the non-Dirichlet boundary
condition (3.1.9) on I';,.

A domain complex ® as defined in Def. 3.4.5 and an evolution equation complex € as
defined in Def. 3.4.6 is now kept fixed for the remainder of Ch. 3.

3.4.3 Time Discretization

The goal of this section is to discretize the evolution equation complex € in time. This
includes the time discretization of evolution equations and of the several interface and
boundary conditions considered in the previous sections.

The time discretization of an evolution equation has already been performed in Sec.
3.3.2. Now a similar procedure is used to deal with interface and boundary conditions.
It is recalled that the time domain 7 = [to, t;] is discretized into (g, ..., t, = t;). As in
Sec. 3.3.2, implicit discretization is used. The only exceptions are the nonlocal operators
A, and B;, in the flux interface conditions (3.4.7) and the boundary conditions (3.1.9),
respectively, where some of the dependencies on the solution are discretized explicitly
(cf. Nots 3.4.9, 3.4.11, and Eqs (3.4.24), (3.4.31) below). In the application to heat
equations, where the A, and B;, represent nonlocal radiation operators (cf. Exs 3.1.2(c),
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3.1.3(e) and Exs 3.4.10, 3.4.12 below), this allows to evaluate the emissivities at the
temperature of the previous time ¢,_;, which considerably simplifies the solution of the
nonlinear system resulting after space discretization, given by Def. 3.7.42(iii), by means
of Newton’s method.

The result of the time discretization is a scheme of systems of equations and conditions,

one system for each discrete time ¢,. Starting from the initial condition, the system at

time t, is supposed to be a determining system for the solution family u®) = (ug-")) jeg

at t,, treating the solution family u®*=1 at ¢,_, as known.

Interface Conditions

For each continuous interface v € IF.,,, the continuity interface condition in Def.
3.4.7(iii) is replaced by the time-discrete scheme

) v, 0
AN AOIEC U AT (3.4.17)
ve{0,...,n}

To discretize the jump interface conditions (3.4.6), the time-discrete analogue of Not.
3.4.1 is provided:

Notation 3.4.8. Let j € J, and let w C p; be a d-dimensional polytope. Then the

flux Fj &, through the boundary of w at time ¢, is defined by
F%) [a] o= tra, (K [(u®[], 2)] V o [2]), (3.4.18)
i.e. in function notation using (3.3.13)
Flps = trau (k" o (u”)P) Vi), (3.4.19)

where the k§y) are given according to (3.3.9¢).

For each jump interface v € IFjynp, the jump interface condition (3.4.6) is replaced by
the time-discrete scheme

¥) L, () 2070, (V) _
A o ® o (000 — el )] = 0 on 9, (3:420)
ve{0,...,n}
where for each (v, a, v) € IFjump x{1,2} x {0,...,n}:
jimp € C0 X7, K), i (U5 2)] = iy (5t ). (3.4.21)

In order to formulate the time-discrete version of the flux interface conditions (3.4.7), the
possible dependencies of the nonlocal interface operators A, on the family of unknowns
u is artificially divided into dependencies that are to be discretized explicitly and into
dependencies that are to be discretized implicitly:
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Notation 3.4.9. For each interface v € IF, an operator

(A, (H C’(pj,v)> — Cow(7,K) (3.4.22a)

jeJ
is called a dependency splitting of A, iff

A (A [(u,0)] = A [u]. (3.4.22b)

u€l];e; Cpj,v)
Analogously, for each o € {1,2}, a function

(ag®)™™ e C(® x 7 x 7,K) (3.4.23a)

flux

is called a dependency splitting of ajy. iff

A (@)™ ™™ [((w,9),t,2)] = afil(y, t, )], (3.4.23b)

(y,t,x)evxTxy

The first argument of a dependency splitting is to be discretized explicitly, whereas the
second argument of a dependency splitting is to be discretized implicitly.

Example 3.4.10. When applied to Ex. 3.1.2(c), the dependency splittings allow one
to separate the temperature dependence of the emissivity into the first argument. One
is then in the position to discretize the emissivity explicitly in an otherwise implicit
discretization.

The following dependency splittings are actually used for the numerical simulation
applications in Ch. 4. The precise relation between the temperature T,;q and the
family of unknowns (u;);e; was explained in Ex. 3.1.2(c). Here, to simplify notation,
the family (u;);es is always hidden behind the symbols Tyiq and Ssoia.

Dependency splittings in the first case of Ex. 3.1.2(c):

(A'y)ex._im‘ [(Ssolid> Tsolid)] = € [(Ssolida .23)] \7t [Rt [Tsolidu 3
(agfx)exrlm. [((Ssolid7 Tsolid)a ta ZL‘)} =€ [(Ssolida ZL‘)] o Ts%)lid'

Dependency splittings in the second case of Ex. 3.1.2(c):

(A'y)exrim. [(Ssolid7 Tsolid)] = 6r[<SS01id7 I)] u7r [Rr [TsolidH
+ €4 [(Ssolidu (L’)] \7t [Rt [Tsolid” ’

(agfx)ex‘-im' [((Ssolid7 Tsolid)7 tu SL’)} = <€r + Et) [(Ssolida I)] o Tstlid-
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Dependency splittings in the third case of Ex. 3.1.2(c):

(A'y)ex._im. [(Ssolid7 Tsolid)] = 6r[(Ssolid; SL’)] \7r [Rr [ﬂolidH 3
(agfx)ex._lm' [((Ssolid7 Tsolid)a t x)} = er[(Ssolida 917)] UTsind-

In each of the three cases, one recovers the original situation by setting Sgoiia = Tsonia:

(.Afy)ex._im.[(TSOlidu Tsolid)] = AW [Tsolid]a
(agfx)ex'-lm' [((Tsolidy Tsotia), ¢, 117)} = a;{fx [Tsonia-

It is recalled that u) = (ugy)) jes. For each interface v € IF, the (semi-implicit) time-
discrete scheme for the flux interface condition (3.4.7) is formulated:

() (v)
. ° — F
11[7],0pi (4] Tpiy i) FZ2 [7].0Piy 4]

_ (A’y)ex.—im. [(u(,,_n’u(y))} [x]

° npil (]

A . 4.24)
1,y €X-im. (v-1) (v) on 7, (3
ve{l,...,n} - (a’gux ) [(( i1[] ’uil['y])’ 'T)]
2,p\ €X-im. w=-1) ) _
+ (agux ) [((uZQ[’y} ’uiz['y])’ :C)] - 0
where for each (v, a,v) € IF x{1,2} x {0,...,n}:
()™ € O x 7, ), 1

(ag)™ ™™ (0.9, 2)] = (ag) ™™™ ().t 7) |-
Finally, combining (3.4.20) and (3.4.24) yields the time-discrete analogue of (3.4.11)
for each v € IFjymp:
sy~ A )]
) ‘ [((“z(-lu[;]l)v“z(f[)ﬂ)’x)}
ve(tomy | (@)™ (i ul)), @)
( Y20, V)

2(1”[)7}7 Z')] + ajump[(“@h]? x)} =0

on 7. (3.4.26)

Boundary Conditions

For each j € J such that 0 € J;, the Dirichlet boundary condition (3.1.8) is replaced
by the time-discrete scheme

A ] =ufblz] on Lo, (3.4.27)
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where for each (7, 1/) € J x{0,...,n} such that 0 € J;:

ulDs € CTpin K),  ulylz] = wipie| (s, 2)]. (3.4.28)

To state the time-discrete version of the non-Dirichlet boundary conditions (3.1.9), the
strategy is analogous to the case of the flux interface conditions, introducing dependency
splittings of the B;, and the aly:

Notation 3.4.11. For each (j,¢) € J x (J; \ {0}), the operator (B;.)™™ and the

function (aiﬁt)ex’_lm' are dependency splittings of B;, and al’t., respectively, iff

2
yexm (HC Py, U ) — Cpu(T,, K), (3.4.29a)

jeJ
A (B,)™ ™ [(w,w)] = By, [u], (3.4.29D)
€l es Cpjv)
(ale)™ ™™ € C(W? x 7 x T, K), (3.4.302)
A @) () b)) = dil(y.t2). (3.4.30D)

(y,t,x)evxTxTy,

Example 3.4.12. The present example is analogous to Ex. 3.4.10, where dependency
splittings were used to separate the temperature dependence of the emissivity occurring
in the interface conditions of Ex. 3.1.2(c) into the first argument. Now the same is done
in the case of boundary conditions by applying dependency splittings to Ex. 3.1.3(e),
where, as in Ex. 3.4.10, Tyq and Ssoia is written instead of (u;) e

(Bj’L)eX._im.[(Ssolida Tsolid)] = 6[(Ssolid7 l’)] : \7 [R[Tsolidﬂv
(@) [ ((Ssotids Teotia) . @) ]| = €[(Ssotia, )] & Teba-
As in Ex. 3.4.10, setting Ssoiig = Tsoliq yields the original situation.

For each (j,1) € J x (Jj\{O}), the non-Dirichlet boundary condition (3.1.9) is replaced
by the time-discrete scheme

A (F}(’?pﬂ',. n”x . S )l ) on T, (3.4.31)
veiom \ + (ah) [(( y ), z)] =0
where for each (j,¢,v) € J x (J;\ {0}) x {0,...,n}:
(ah’) € C(v* x Ty, K),
(@)™ [(@9)2)] = (@)™ [(@, ), tor ) ).

ex.-im.

(3.4.32)
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Evolution Equation Complex

The time discretization of an evolution equation complex (3.4.16) includes the time
discretization of the evolution equations (Sec. 3.3.2) as well as of the interface and
boundary conditions (Sec. 3.4.3). The structure ¥ defined in the following Def. 3.4.13
contains all the resulting data.

Definition 3.4.13. Given an evolution equation complex €, a time discretization T of
¢ (implicit except in some interface and boundary condition dependencies),

¥) v)
< >V€{0’ S (uJ )(ju)eJX{O, ,n}’(Hbj,vj,kpfj)(j><1/)€]><{0,...,n}’

&%1,1/ %271/)
jump Jump (7,) €IFjump x{0,...,n}’
, (ag

(
()™ ™ (adt)™ ™ (A ™) s
((

, 9.y €X.-im.
agn’) (@) ) (yetE <o) (3.4.33)

ﬂux

(v
JDII“) (4,v)€Tx{0,...,n}: 0€J;’
Jst ex -im. ex.-im.
() (Bi)™ ™)) Gesxanon:
37“, ex.-im.

Tout ) Guwre s onxo.- m})

consists of a discretization (t,),cqo,..n} of T, sets L{;V) C C(pj,v), an implicit time

discretization (HISJ'V,)'UJ‘,kj,f]')yE (0.} of each Hy, o k;f;, Where HIE;)%kj’fj is defined on

M]@ X Z/{ (=) (cf. Def. 3.3.4), functlons ajun satistying (3.4.21), dependency split-

jump

tings (ozﬂux)eX and (A))™ of a® and A, respectively (cf. Not. 3.4.9), functions
(a ™ v)

ag )ex ™ satisfying (3.4.25), functions U Py
(aznit)ex.-lm. and (B]’,L)ex._lm of CL

(a5 ™™ satisfying (3.4.32).

Definition 3.4.14. A solution to a time discretization ¥ of an evolution equation
complex €, where ¥ is given by (3.4.33), is a sequence of families

0 WY — (@) )
WO, ™) = () e regonm € I . (3.4.34)
(j,v)eJ x{0,...,n}

vELVE

satisfying (3.4.28), dependency splittings
and B;,, respectively (cf. Not. 3.4.11), and functions

out

satisfying the time-discrete schemes for the evolution equations, for the interface con-
ditions, and for the boundary conditions. That means, (3.4.34) is a solution to ¥ iff it
satisfies the following conditions (i) — (vii):

(i) For each j € J, ugo) is identical to the initial distribution.

(ii) Hé:,i;j,kj,fj [( §V),u§'j b )] =0 for each (j,v) € J x {1,...,n}.
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v)

(iii) For each 7 € IFeon, the functions u; ., and ug[)ﬂ, v €40,...,n}, satisfy (3.4.17),

i.e. the time-discrete scheme for the continuity interface condition on ~.

(iv) For each v € IFjump, the functions ug'[)ﬂ and ug;j[)ﬂ, v €{0,...,n}, satisfy (3.4.20),

i.e. the time-discrete scheme for the jump interface condition on ~.

(v) For each v € IF, the families u), v € {0,...,n}, satisfy (3.4.24), i.e. the time-
discrete scheme for the flux interface condition on ~.

(vi) Foreach j € J such that 0 € J;, the functions ug-”), v €{0,...,n}, satisfy (3.4.27),
i.e. the time-discrete scheme for the Dirichlet boundary condition on I'; pir = I'; o.

(vii) For each (j,¢) € J x (J;\{0}), the functions u§-y), v €{0,...,n}, satisty (3.4.31),
i.e. the time-discrete scheme for the non-Dirichlet boundary condition on I';,.

3.5 Integral Formulation

The subject of the present Sec. 3.5 is to deduce an integral formulation of coupled
systems of evolution equations including interface and boundary conditions that have
previously been subject to a time discretization according to the description in Sec.
3.4.3. The strategy is a follows:

Each d-dimensional space domain p; is discretized into a finite number of control vol-
umes, where each control volume consists of a d-polytope (cf. Sec. 3.5.1).

Each time-discrete evolution equation is then integrated over control volumes contained
inside the space domain where the respective evolution equation is defined (cf. Sec.
3.5.2). The Gauss-Green Integration Th. C.8.2 is used to transform volume integrals
into boundary integrals.

In Sec. 3.5.3, the time-discrete interface conditions (3.4.17), (3.4.20), and (3.4.24) are
used to link equations on adjacent domains, and the time-discrete boundary conditions
(3.4.31) are used to deal with terms on outer boundaries.

Towards the end of Sec. 3.5.3, everything is put together to yield the final integral
formulation (3.5.24). In Sec. 3.7, (3.5.24) is discretized in space, providing the finite
volume scheme (3.7.5) using the operators (3.7.122). The discretization is achieved by
approximating the integrals occurring in (3.5.24) using quadrature formulas, assuming
the integrands to be constant inside their respective domains of integration. Since the
integration domains are either control volumes or flat pieces of control volume surfaces,
the approximation should become better as the partition into control volumes gets finer
and the control volumes become smaller, provided that the integrands are sufficiently
regular.
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3.5.1 Polytope Discretization of Space Domains

To commence with the program outlined above, let € be the usual evolution equation
complex (3.4.16), and let © be the corresponding domain complex (3.4.15).

Each d-dimensional space domain p;, j € J, is to be discretized into finitely many
d-polytopes w,(j). To that end, for each j € J, consider a partition I1) := (w,(j))kel(j)
of p;, where each w,(j ) is a d-dimensional polytope, and each 1) is a finite set. The

polytopes w,(j ) are called control volumes. An example is depicted in Fig. 3.4.

WD) iV
W W
V)
WiV WiV
Figure 3.4: Partition of space domain p; into control volumes wgl), - ,wgl).

Notation 3.5.1. Let A C R%. Then
diam A := sup {||a — b||> : (a,b) € A%} € [0, o0 (3.5.1)

is called the diameter of the set A.

The number .
A = max {diamw,(f) ke I(j)} (3.5.2)

is called the fineness of the partition I1¢).

3.5.2 Integral Formulation of Time-Discrete Evolution Equa-
tions

Fix a time discretization T of € according to (3.4.33). Moreover, fix a solution

(0) )y — (,¥)
W™ u )—(“j )(j,u)EJX{O ..... n}

to T according to Def. 3.4.14.
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Of course, in general, a solution to ¥ might not exist, and its existence is not claimed
here. It is just shown in the following, that each solution to ¥ (if it exists) also satisfies
an integral formulation of the problem. This is the standard approach when passing
from strong solutions (of the original problem) to weak solutions (of the integral prob-
lem), where the term “weak solutions” is used, since the integral problem can have a
solution even if the original problem has none.

The time-discrete evolution equations from Def. 3.4.14(ii) are to be integrated over each
control volume w,(f ). As H,S:)Uj’kj 5 is computed according to (3.3.8), integrating

) (v) | (v=1)\1 _
Hbj,vj,kj,fj [( U )] - 0

J’]

over w,(c ), k € IU), results in

0=(t, —t,-1)" /mbﬁ” u 2], )] dXal] — / O §”‘1>[xJ,x>]dAd[x1>

; /< aiv (o (], 2)] ) drale] — /wde(’f [ fa], )] V o]} Al
f [( V[ ],x)} dN\glz] , (3.5.3)

(J)

where \; denotes d-dimensional Lebesgue measure, and d)\s[z] indicates integration
with respect to the variable x.

Now the Gauss-Green Integration Th. C.8.2 can be applied if the arguments of the
divergence terms in (3.5.3) are sufficiently regular. In that case, one gets

[ (o 071 ]) ant

:/ (U(‘V) [(u(‘y)[l’] I)]) on ;[r]d\g_1]7] (3.5.4a)
o N Wy 1|/,

/U) div (kf('y) [(u§”) (], )] Vu§.”) [$]> dAqz]

) (3.5.4b)

J,0wy;

_ / F ] e o] dAg 2]
8wl(cj) k

Decomposition of the Boundary Integrals
With respect to the relative topology on 8w,(€j ),

(&u,(fj) Nint[p;], awfj) N op, (9w,£,j) N (Op; \ ap)) (3.5.5)
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is a partition of 8w,(€j (s. Figs 3.5 and 3.6). Thus,

/ ,=/ | +/ / | | (3.5.6)
8w,(c]> aw,(j) Nint[p;] (J)ﬂﬁp (%J,(cj)ﬂ(@pj \Op)
=z

~ b1 D2 b3 .

(d)

— &ug) — &uél) N int[p)]  m— 8w§1) N Op &uél) N (Op1 \ dp) =10

Figure 3.5: Partition of &uél) according to (3.5.5).

D1 D2 D3

(d)

— ! — o Nnint[p] WV Nop=0 = 0w N (Op1 \ Ip)

Figure 3.6: Partition of &uél) according to (3.5.5).
With respect to the relative topology on &u,ij e dp,
(0w NT;y,) (3.5.7)

LEJ]'
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is a partition of 8w,(€j) N Jp (s. Fig. 3.7), i.e. in consequence,

/‘ :2:/, | (35.8)
Bw,(c])ﬂﬁp = Bw,(cj)ﬂl“jyb

=
~ P1
(a)
(1)
2
— Fl,l —&uél) N ap — ﬁwgl) N Fl,l — awél) N FLQ
- =T
Figure 3.7: Partition of awél) N dp according to (3.5.7).
=
= b1

—_— —_— awél) Ny — 8wé1) N Y2

- Gwél) N (Op1 \ Op)

Figure 3.8: Partition of &uél) N (Op1 \ Op) according to (3.5.9).
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With respect to the relative topology on &u,(f 'n (Op; \ Op),
(awl(cj) N Y)yerr

is a partition of 8w,(€j) N (Op; \ Op) (s. Fig. 3.8), resulting in

/Bw,(cj)ﬂ(apj\ap) /8w(j)r‘|'y

vEIF k

Combining (3.5.6), (3.5.8), and (3.5.10) yields:

RS WD 3 W
Bw,(j) 8w,<€]) Nint[p;] 8w,(j) nry,,

LeJj ~yElF
Now using (3.5.4) and (3.5.11), (3.5.3) can be written as

0= (t,—t, 1) ( / b [(uf[2], )] dAale]

_/ bV [(u "V ]a), )] d)\d[fl?]>

o 7
k

i /awmmnt[p.] (UJ('V) [ [a], xﬂ) * o] Aol

1 ) IR CUTLER0) PR

veIF

_ /8 F(l’) ) [gj‘] ) nw](j) [.CC] d)\dfl[.??]

. - J
W nintlp;] IOk

-3 / CFY ] en o [a] dAgs[a]
ownr;, k F

LEJ]' j78w
)
B % /&u(”rw F;vaw,iﬁ [:C] b nw](cj) [x] d)\dfl [x]
e K

= [ o 571w [e] )] dafa].

Wk

/80.1,(;) Ny

7

(3.5.9)

(3.5.10)

(3.5.11)

(3.5.12a)

(3.5.12b)
(3.5.12¢)

(3.5.12d)

(3.5.12€)

(3.5.12f)

(3.5.12g)

(3.5.12h)

On non-Dirichlet boundaries, the boundary conditions (3.4.31) are used to replace
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(3.5.12f):

Z /a ],80.1(]) [z] o n,0) [2] dAg-1[z]

veJj\{0}

Z /8 ) [0 4] 2] dAg 1 [2] (3.5.13)

LeJ;\{0} wy! “Fw

+ Y / (@)™ ™ (], u (), 2)] dAas 2]

v} 9w s

3.5.3 Using Interface Conditions to Replace Terms Involving
the Flux across Interfaces

The interface conditions (3.4.17), (3.4.20), and (3.4.24) are to be used to replace
(3.5.12g). Therefore, one needs to have a relationship between the partitions ITUV)
and I1U2) whenever p;, and p;, share a common interface, i.e. whenever {ji,j.} € IF.

The idea is to start with a finite partition IT = (wg)rer, of the total space domain p.
As before, the wy, are assumed to be d-dimensional polytopes that will be referred to as
control volumes. The partition I is used to construct the partitions 1) = (w,g,] )) kel
by letting

w? = intlwg N pj), (3.5.14)
1= {keln: vy #0}. (3.5.15)

Indeed, if w,(f ) is not empty, then it is a d-polytope according to Rem. C.4.10. Moreover,
as II is a partition of p and (p;);es is a partition of p by Def. 3.4.5(1), (w,?))je(]:kg(j) is
a partition of wy, and IIV) is a partition of pj. An example is illustrated in Fig. 3.9.

In general, (3.5.14) can not be replaced by w,ij) = wy N pj, since wy, M p; can have
dimension less than d (cf. Fig. 3.10).

According to the considerations of Sec. 3.5.2, (3.5.12) holds for each w,(j) . The term
(3.5.12g) can only yield a nonzero contribution if 8%9 'n ~ has dimension d — 1. This
is precisely the case where the interface conditions are to be used on (3.5.12g). For
that reason, wy needs to lie on both sides of its (d — 1)-dimensional intersections with
an interface v (if any). In the language of the following Def. 3.5.2, wy needs to be
nontangent to interfaces.

Definition 3.5.2. If w C p is a d-dimensional polytope, and for each j € J, w\) =
int[w N p;], then w is called nontangent to interfaces iff

/\ 8regw ub gy = 9, oW @20 A~ (3.5.16)

vEIF
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ws w1 W
Wy | Wio w3 Wy Ws
D2 D1
Wil

P3 .

Wig W13

Wit

Figure 3.9: The domain p := p;UpaUpsUpy is partitioned intowy, ...,wg. Ifforeach j €
{1,...,4}, one lets w? := w, Np;, k 6 {1,...,19}, then for each j, IV := (W), ;0
forms a partition of p;, where e.g. I) = {1 L7 I® =1{1,3,6,8,9,10,11}. The wy
are numbered such that IIM recovers the partltlon of Fl% 3.4. For example one also
has that (wg ), wg )) is a partition of wy, and that ( w6 7w62 ,wé?’),wﬁ ) is a partition of
Weg-

P P2 %’ .

8

Figure 3.10: The intersection of the control volume w with p, is the 0-polytope {z}.

where 4; and iy are the maps introduced after (3.4.5).

The polytope w is called tangent to interfaces iff it fails to satisfy (3.5.16).

Examples of polytopes being nontangent (respectively tangent) to interfaces are given
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in Fig. 3.11 (respectively Fig. 3.12). All the control volumes occurring in Fig. 3.9 are

nontangent to interfaces.

J4!

|

(a)

b2

. — interfaces

Figure 3.11: Examples of the polytope w being nontangent to interfaces according to

Def. 3.5.2.

|

b1

b2

(c)

. — interfaces

(d)

Figure 3.12: Examples of the polytope w being tangent to interfaces according to Def.

3.5.2.

Due to the different situations found at continuous interfaces as compared to jump
interfaces, another preparatory step is taken before the interface conditions are applied

to (3.5.12g).
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To ensure that in the finite volume discretization (3.7.5) the number of equations is
the same as the number of degrees of freedom of the solution due to discontinuities
at jump interfaces (cf. the paragraph after (3.5.24)), equations (3.5.12) are combined
by summation if and only if the corresponding wkj are connected via a sequence of
continuous interfaces. To that end, an equivalence relation is defined on the set

Vi :=1{j € J: int[w, Np;| # 0}, (3.5.17)

by defining j; and j; to be equivalent (denoted j; ~ jo) if and only if 8regw(j 1)ﬂ8regwk +
0 and OregPj; N Oregljs € IFeon ({J1,J2} € Econ). To obtain an equivalence relation, the
closure of the relation “~” with respect to transitivity is taken. Then each equivalence
class can be identified with the connected component of a graph (cf. Def. C.5.3 in App.
C.5):

Definition 3.5.3. For each d-dimensional polytope w C p, define the associated graph
G, = (V,, E,,), where the set of vertices V :=V,, is defined analogous to the set V,, in
(3.5.17), and the set of edges E,, is defined by

Ew = {{jl;j2} - V aregw,lg N aregwlg;h): {jij} € ECOH 7& (b} (3518)

Example 3.5.4. Figure 3.13 depicts three examples differing in the way the jump
interfaces and the continuous interfaces are distributed. In each case, the associated
graph of the polytope w is drawn below the respecive space domain. In case (a), G := G,
has the single connected component {1,2,3,4}. In (b) and (c), G has two connected
components, CoCmp[G] = {{1,2},{2,3}} in (b) and CoCmp|G] = {{1},{2,3,4}} in
(c).

In a natural way, the connected components C € CoCmp[G,,| are again graphs, and the
vertex set of C is denoted by V[C] (cf. App. C.5). These vertex sets are identical to the
equivalence classes defined above.

Lemma 3.5. 5 As before, let 11 = (wg)kery be a partition of p into control volumes,

and let the wk be defined by (3.5.14). Moreover, let C € CoCmp|G,, |, and let v € IF
such that

vN U Gregwk (3.5.19)
Jjevic]

If wy is nontangent to interfaces, then precisely one of the following three situations
occurs:

(8) 7 € IFeon and {ir[v],22[y]} € VIC].
(b) Y - IFjump Cl’ﬂd Zl[’ﬂ c V[C]
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% Y4 D b3 .

jump interfaces  w' := int(w N p;)

s

continuous interfaces

(b)

gw: gw:

20—0 260—0]

Jo—e4 Je—e4 3 4

Figure 3.13: Three examples showing the associated graph of a polytope w for different
distributions of jump interfaces and continuous interfaces (s. Exs 3.5.4 and 3.5.8).

(c) v € IFjump and iz[y] € VIC].

Proof. According to (3.4.8), one has v = OregPi; [y] N OregPis[]- Combining (3.5.19) with
(3.5.16) yields Oregw ™D Ny = 9@V Ny £ () with either i1[y] € V[C] or ig[y] € V[C],
which proves the lemma for v € IFjym,. If v € IFo, then {i;[7],i2[y]} € VI[C] by
(3.5.18). n

Notation 3.5.6. If wy is nontangent to interfaces, then, bearing in mind Lem. 3.5.5,
for each o € {1,2} define
Giump,a : CoCmpl[G,, ] — P[IFjump).
Gjump,oc [C] = {'Y € IFjump : ia [’7] S V[C]}
Remark 3.5.7. For each C € CoCmplG,,], @ € {1,2}, and v € IFjump, one has

ia[7] € V[C] & € = CoCmpyg, [ia[7]], as each connected component is the connected
component of all its vertices.

(3.5.20)

Example 3.5.8. Consider case (c) of Fig. 3.13. It is clear that w is nontangent to
interfaces. Let the four interfaces be denoted by 712 := OregD1 N OregP2, V2,3 := OregP2 N
aregp?)a V3,4 = aregpfi N aregp47 and T4 = aregpl N aregp4- Then IFcon = {'72,37 73,4} and
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IFjump = {712, 71,4} Asillustrated in Fig. 3.13(c), the associated graph of w has the two
connected components C; = (V[Cy], E[C1]) and Co = (V[Cs], E[Cs]), where V[Cy] = {1},
ElC]) =0, V[C)] :={2,3,4}, and E[Cs] = {{2,3},{3,4}}.

A typical application resulting in the picture shown in Fig. 3.13(c) is given by the
following situation: Let p; be the domain of a gas phase, and let py, p3, and ps denote
the domains of different solid materials. Between different solids, assume continuity
of both heat flux and temperature according to (2.3.1a) and (2.3.2a). Between solid
and gas assume the jump interface condition (2.3.2b’) and the flux interface condition

(2.4.39b).

As the interface conditions (2.3.1a) and (2.3.2a) are completely symmetric with respect
to the materials adjacent to the respective continuous interface, one still has a choice
when defining 4; and iy on 23 and v34. For definiteness, let i1[v2 3] := 2, i2[y23] := 3,
i1]v3.4) = 3, i2[y34] := 4. However, (2.3.2b) and (2.4.39b) are not symmetric with
respect to the materials adjacent to the respective jump interface. To conform to the
conventions introduced in (3.4.6) and (3.4.7), respecitvely, one has to define 4;[y1 2] := 1,

Z.g[’)/ljg] = 2, i1[71,4] = 1, Z‘Q["}/174] =4 (Cf EX. 344)
Consider the case C := C;. Then the condition (3.5.19) is satisfied if and only if
7 € IFjump. For both the choices of v € IF;ynp, one is in the case of Lem. 3.5.5(b). In
particular, Gjump1[C1] = IFjump and Giump2[C1] = 0.
Consider the case C := Cy. Then the condition (3.5.19) is satisfied for each v € IF. For

7 € IFcon, one is in case (a) of Lem. 3.5.5. For both the choices of 7 € IFjynp, one is in
the case of Lem. 3.5.5(c). In particular, Giump1[C2] = 0 and Gjump 2[Ca] = IFjump-

For the rest of Sec. 3.5.3, assume that for each k € Iy, wy is nontangent to interfaces,
and let G, := G, be the associated graph of wy.

Fix k € Iy and C € CoCmp[Gx]. Sum (3.5.12g) over j € V[C]. If v € IF., and
TN Ujevig 8regw,(j) # 0, then {i1[y],42[v]} C VIC] according to Lem. 3.5.5(a). Hence,
(3.4.24) can be applied to yield

-2 > /(])m Jawm (2] e n o [#] dAga [7]

JeVI[C] vElFcon

- _ Z (.A»y)ex'_im' [(u(y—1)7u(u))} [IK] d)\d,l[x]
eTFeen  1MUjevic) Dreswy)
- ()™ ™ (@l ),y D), 2) | dha o
~EIFcon Y Ujevie areg"-’z(f)
s (a2 [((ug[;]l)[x],ul(;’[)ﬂ[ D, )] dhi[z]. (3.5.21)

(7)
V€T eon Y 1NUjev(c) Oreawy
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If 7 € IFjump and v N Ujcpg 3regw,9) # (), then according to Lem. 3.5.5 and Not. 3.5.6
either v € Gjump.1[C] or v € Giump2[C].
If v € Gjump,1[C], then i1[y] € VIC], and one can use (3.4.20) to get

N Z Z /8(] ]Qw(J) ]'”U[]d)\d 1[7]

JGV[C] 'YEGJump 1

- ¥ /6 o yu;;[(ugjgﬂ[x],x)}—a;di;;[(uggﬂ[x],x)])dAd,l[x]. (3.5.22)

YEGjump,1(C]

If v € Gjump2[C], then is[y] € V[C], and one can use (3.4.26) to get

- Z Z /6 () ]aw(”) ] ° nw,(cﬂ [CB] d>\d—1[$]
(4) ﬂ'y

JEVIC] vEGjump,2[C]

/ . ’y ex -im. [(u(y 1) u I/))} [.ZE] d)\dfl[iﬂ]
Owy, 2 W])ﬂv

Y€Gjump,2[C]

v €X.-im. (v—1) (v)
> /aw(mnm (afe)™ [y ol iy [e]), 2)] A [e]

YEGjump,2[C]

+ Z /8 quXV e [((UEQV[;]I)[JI]’ uf;/[)'y][ ]) )} d)‘d—l[x]

YEGjump,2[C]

Py /a g, (0] + 2w ] 1)) el

’76 jump, 2

(3.5.23)

Putting Everything Together

Summing (3.5.12) over j € V|[C], and using (3.5.13) to replace (3.5.12f), and (3.5.21),
(3.5.22), and (3.5.23) to replace (3.5.12g), results in

(ty —tu) ™ > ( / . b [(ul[z], )] dgla]

_ /(j) bg‘y_l) [(u§u—1)[x]7 x)} d)\d[x]>

+ > / | (U§V)[(uéy)[x],m)}>onwlgj)[x]d)\d,l[av] (3.5.24b)
jevic] Ow,”’ Nint [p;]

(3.5.24a)

+j§[c] /&Gk,)map (o8 [ (e, 2)] ) @m0 2] AN 2] (3.5.24¢)



3.5. INTEGRAL FORMULATION 85

/8 N J(V i [x],x)]) o1 o] dAg 7] (3.5.24d)
JjeVv C] ~EIF ¥ 0%
> /a ) intp ] Fj(lf;)w,i” [2] om0 [2] dAaa [2] (3.5.24e)
]EV[C} wp: Nint ’
(v)
B v%:o J; /8w(j)ﬁfjo Fjva"-’;(cj) [I] ¢ n“’l(cj) [13] d)\dfl[x]
Jje € k ,

- Z > / Bj)™ ™ (D, u) ][] dAg-a[o] (3.5.24f)

]EV LGJ \{0} &uk ﬂFJ .

+ Z S [ @ () el (524

jevic] eJ;\{0} dwk L.

- > (A [0, u) ][] da-a[e] (3.5.24h)

o)
EFeon ¥ 1 Ujevie) 0w

,1,v €X.mim. v—1 7
+ Z B / (agux ) ((u'fl [7] )[.T], UEI [)7][ ]) I) dAd—l [I‘]
'YEIFcon ) - -
YNUjevic) Oreswy;

i2[v]

+ / (a2 :((u(.y_l)[x] u) [x]),x): dAg_1[x] (3.5.24i)

YMUjevie) Brogwy))

v (v) 2,V (v) .
/awmh oy ( o [ (3,11, 2)] = afiin [(wirp, (2], )]) dha_i[z] (3.5.24j)

VEG ump,1(C]
a Z / (ial] ex_im. [<u(y_1)’u(,,))] [2] dAg-1[z] (3.5.24k)
'YEGJump 2 awk 200
v ex.-im. v—1 v
- Z <_/ (i2[7) (agulx ) [((ugl[v])[x]’ugl[)v][ D )] dAg-1[z]
'YEGjump,2 [C] awk 2 Ny

+ /8 N mgf;f"'lm‘[((uﬁsm“[x],uE;BM,x)}dxdM) (3.5.241)

( v])m,y

py / (= a7 el )] + a2 () 2], 2)] ) dAaa o] (3.5.24m)

YEGjump, 2[C] (22[ ])ﬁ’y

B Z/ ulz], )] dag[z] = 0. (3.5.24n)

jeviC
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As mentioned above, Eqgs (3.5.24) form the basis for the subsequent space discretization
of evolution equation complexes, resulting in a finite volume scheme (cf. the description
in Sec. 3.7.1 and Def. 3.7.41). The idea is to replace the integrands in (3.5.24) by their
values at certain points inside the respective domain of integration. For each connected
component C of the graph Gy, (3.5.24) provides precisely one equation. In the finite
volume discretization (3.7.5), this ensures that the number of equations is the same
as the number of degrees of freedom of the solution due to discontinuities at jump
interfaces. Dirichlet boundaries play a special role, since there the solution is known
a priori, i.e. it is not to be determined using (3.5.24). This leads to an exceptional
handling of Dirichlet boundaries in Sec. 3.7.

3.6 Change of Variables

In many applications, time and space discretization are not applied directly to the
equations of some problem, but only after the equations have been simplified by reducing
the dimension of the space domain. This kind of simplification is possible if the space
dependence of the original problem contains symmetries that can be exploited by a
suitable change of variables. Here a “suitable” change of variables is one such that the
symmetries cause the transformed problem to be independent of one or more of the
new variables, thereby allowing the dimension reduction.

A typical example is given by the situation considered during the simulations presented
in Ch. 4, where the assumption of cylindrical symmetry allows to reduce the space
dimension of the problem from three to two. More precisely, instead of considering Eqs
(4.2.1) in cartesian coordinates (z1, s, x3), they are considered in cylindrical coordi-
nates (r, 1, z), in which they are independent of the angular coordinate ¥.

The purpose of the present section is to show how a dimension reduction by change of
variables can be treated within the framework of the preceding sections; in particular,
this section describes the modifications that have to be made in the deduction of the
integral formulation in Sec. 3.5. If one starts out with equations having the form (3.3.3)
with respect to the original variables, one then performs a change of variables, carries out
considerations analogous to Sec. 3.5, and finally reduces the dimension using symmetry
conditions, then one ends up with equations (3.6.22). Comparing (3.6.22) to (3.5.24),
one finds that there is a (lower dimensional) problem in the new variables leading to the
same equations (3.6.22) by the prodedure of Sec. 3.5. The evolution operators of the
new problem still have the form (3.3.3), but in general, the functions k; are no longer
scalar-valued as was required in (3.3.2c), but matrix-valued. However, for cylindrical
coordinates the new functions k; are scalar-valued, showing that the setting of Secs 3.1
— 3.5 is sufficiently general to apply to the simulations of Ch. 4.

In the present section, the polytope domains p; are the domains of the new variables,
whereas the domains of the original variables no longer need to be polytopes (e.g. in the



3.6. CHANGE OF VARIABLES 87

case of cylindrical symmetry, a polygon in the r-z-plane rotated around the symmetry
axis is no longer a polytope). Due to this reason, the restriction made in the preceding
sections of Ch. 3, that space domains must be polyhedral, is lifted within the remainder
of the current section. In consequence, when used in this section, some definitions of
ealier sections are implicitly extended to the situation where the space domain is no
polytope. For instance in the situation treated below, T'(int[p x ¢]) is considered a space
domain, even though it is not polyhedral in general.

3.6.1 Coordinate Transformations

Coordinate transformations and change of variables are first defined in general terms,
followed by the application to cylindrical coordinates.

Definition 3.6.1. Let  be an open subset of R, d € N. Amap T : Q — TQ C R?
is called a coordinate transformation ift T' is a diffeomorphism, i.e. iff T" is bijective, and
both T and T~ are differentiable.

Definition 3.6.2. Let (d,d’) € N?. Suppose p is a d-dimensional polytope, and ¢ =
[Lc (1 d,}[)\i, ;] is a cartesian product of d’ intervals. Suppose O is an open subset
of RY, and let  := O x int[g]. Moreover, let T : Q — TQ C R¥? be a coordinate
transformation and int[p] C O (s. Fig. 3.14 for an example of how p and O can be
situated in the case of cylindrical coordinates). Define

/\ TIAxq:=T((ANO) x int[q]). (3.6.1)

ACp

The map 7' is then called a change of variables between the space domains p x ¢ and

T'[p % q], where the new variables are elements of p X ¢ and the old variables are elements
of Tp x q.

It is assumed that the symmetry of the problem is such that the solution is expected
to be independent of the variable z, € g.

Example 3.6.3. In the case of cylindrical symmetry, assumed for the simulations of
Ch. 4, the solution is supposedly independent of the angular coordinate 9. The usage
of cylindrical coordinates means choosing 7' = Ty (s. Def. B.3.1), where the polytope
p is a subset of Ry x R and ¢ = [0,27] (d = 2, d = 1). For O one can choose
each open set O C RY that is sufficiently large. More precisely, O needs to be large
enough to contain the parts of the boundary of p not lying on the axis r = 0 (e.g.
each |0, rmax[X] Zmin, Zmax| With Tmax > max{r : (r,2) € p}, zmn < min{z : (r,2) € p},
Zmax > max{z : (r,z) € p}, will do for O, s. Fig. 3.14). According to Rem. B.3.2(b),(c),
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Z
—0pNnO
p —dp\ O
0
= r

Figure 3.14: The relation between the polytope p and the open set O is illustrated in
the r-z-plane of cylindrical coordinates.

Tey restricted to = Ox]0,27[ is a coordinate transformation in the sense of Def.
3.6.1.

To proceed in the general situation, using the notation of Def. 3.6.2, it is assumed that
T is a change of variables between p x ¢ and T'[p x g]. The strategy now is as follows:
Starting with an evolution equation complex in the old variables (i.e. with total space
domain T'[p x q]), the arguments of Sec. 3.5 are used to deduce the analogue of (3.5.24),
which is then transformed into the new variables.

Let the (d, N)-dimensional evolution equation complex in the old variables be denoted
by

€= <2’ (Hbj’ﬁjﬁj’ij)jej’ ((Qﬁ;p,gﬁip))lemjmp, ((Q%jw@%fx?Al))leE’
(gijir)jeJ:OGJj’ ((Q(J;UL'D’§j70>)(j,L)€JX(lj\{0})’ (250))j€J>’
and assume that in the new variables, there is a domain complex
D = (v, 7, (Pi)jess Beons iv, (Ji)jer, (Tju) Gwyeax;)

such that
2 - (U7 T, (T[p] X Q]>j€J7 Ecom ilu (lj)j€J7 (T[Fj,L X q])(j,b)EJXlJ)’
where J; is the disjoint union of the sets ij and J;o: J; = lj U Jios
0 if (Op;)\ O =10,
ANTES . (0p;) \ (3.6.2)
- {tjo} if (Opj) \ O # 0,

(F]’,L>L€lj is a partition of O N dp; with respect to the relative topology, and I';,. , =
(Op;) \ O in the case (dp;) \ O # 0.
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The introduction of J; is necessary, since the case of cylindrical coordinates shows that
the boundary of the domain p in the new variables can have some part dp\ O that does
not correspond to a boundary in the old variables (cf. Fig. 3.14).

In analogy with Sec. 3.5, fix a time discretization ¥ of € according to Def. 3.4.13,

(v) (v)
( )VE{O ----- (ZA] )(j,u)GJX{O ,,,,, n}’ (Hb] .k, f )(jXV)EJX{O ,,,,, n}’

v, 1,v 'y 2, l/
—Jump’ —Jump )('y Z/)EIF]ump {0,...,n}’

71 ex.-im.

7,2 | ex.-im. i
a’ﬂux ) (aﬂux) ) (Al)ex . ))1€E7

7,2, €X.-im.

(t
((a
((«
( (—ﬂux (Qﬂux )) (1,v)EIFX{0,...,n}’
(57
((
((a

.....

i ex -im. ex.-im.
( out B] L) )) (4:0)€JIx(J;\{0})’
ity u ex.-im.

—OUt )le/)EJX(J \{0}) x{0,..., n})’

and fix a solution (u®,... u™) = (u )

u; )(j eI {o,... to % according to Def. 3.4.14.

3.6.2 Integral Formulation

Continuing to follow Sec. 3.5, let II = (wg)ker, be a finite partition of p (in the new
variables) and define partitions IT¥) of each p;: 10 := (W), 0, W = int[wg N py],
10 ={k € Iy : w,(fj) # (}. Asin Sec. 3.5, the wy, k € Iy, are assumed to be nontangent
to interfaces (cf. Def. 3.5.2 and Lem. 3.5.5). The time-discrete evolution equations

Hb Wk f [( ) ’U,(-l/_l))] =0 (363)

J ’=J
% q).

Asin Sec. 3.5.3, let G;, := G, be the associated graph of wy, for each k € I;. Fix k € I
and C € CoCmp|[Gy].

Analogous to (3.5.4), the Gauss-Green Integration Th. C.8.2 is used to transform in-
tegrals over T[wl(j ) x q] involving divergence terms into integrals over 8(T [wl(j ) x q])
Decomposing the resulting boundary integrals followed by an applications of interface
conditions analogous to Sec. 3.5.2, and finally using interface conditions analogous to

Sec. 3.5.3, leads to (3.6.6) which is analogous to (3.5.24).

In the formulation of (3.6.6) as well as in the entire rest of Sec. 3.6, the function
notation introduced in (3.3.12) and (3.3.13) is used. Consistently writing function
compositions and avoiding writing arguments makes the following integral formulas

are integrated over T [w
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much more concise. It seems especially suitable in the context of the application of
the Change of Variables Th. C.8.3 in Sec. 3.6.4. For the terms involving the functions

(a7 ™™ and (g%{i’y)exrlm', respectively, it becomes necessary to extend (3.3.13) to

two functions: Given (uj,us) € F(A,K) x F(A,K), where A is either a subset of R? or
a subset of R define

(ug,ug)®® : A — K xKx A, (ug,u)™[z] = (ui[x], us[z], z). (3.6.4)

For each (j,v) € Jx{1,...,n}, let F° ®) ) denote the flux through the boundary

(T[w( )Xq}

of T[w,(gj) X q] at time t,, i.e.

@) = ¥) (. ()\sp. )
Ej,a(T[wfj&q]) T tr@(T[w,ij)xq}) <(EJ © <ﬂj ) P ) VQ]- > . (365)

After these preparations, the promised analogue of (3.5.24) is written:

v )\ 5P v— v— Sp-
ot [ (e )" e ()T e

jevic]
sp.
jevic) v int [1p; xa)] o (71w xq]) q
(v) (v) sp.
i / (9' °<”‘ ) )'”* () (3.6.6¢)
'ezV%C] o(Tlpxq))no (71w xq)) ! J Tlw xq]
(v) @\ .
V IF /708 ><q] _J ° (II_L] ) ).nT[w;j)Xq] (366d)
Jj€ YyEIF
- TSP ® N, (3.6.6¢)
jezV[:C} /int [7lp; <al] 0 (Tl xq)) ~ 30 (Tl xal) Tl
- o ® Ny, ()

- Z / (B, )™ (w1, u®)] (3.6.61)
T, xqnd (Twxq))

JeVIC] eJ;\{0}

! / (i)™ ™™ o (uf V)™ (3.6.68)
Z T xand (T xq)) ' ° (")

jevic] e \{o}

con

1NUjevic @

- Z / (A [, u)] (3.6.6h)
( (

vyeIF, B )
T[wk‘7) ><q])
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7,1 ex.-im. (v—1) ) sp.
- Z / <_ (Qﬂux ) © (?—Lh[l] ’ui1[1]>

VEE on o
U eviel O(T[w,(j) ><f1]) .
2,20\ F -1 ) " .
+ (Qﬂux > o (%2[11 ,7_%2[1]) (3.6.61)
1LY <u) R L I :
+ Z / <—Jump —11[1]) — Qjymp © (Q@ m) ) (3.6.6j)
legjump,l[c} T[w< i1[v]) ])
k
- > / (A) ™™ [, u)] (3.6.6k)
’Yegjump,Z[c} ’yﬂa T[wk Xq])
'yll/ ex.-im. -1 () sp.
* Z / —ﬂux ° (-11[711 ’—11[7])
Wegjump,Q[c} T[w<12[ ~1) Xq]
k
v,2,v ex.-im. w=1) () Sp. 3 6.61
+ Aux o} Qiz[j] 7Qi2[1] ( .0. )
ot 1 vV (1,) ol (I/)
+ Z / - QJump o <—11[’y]> + qump (—m[v]) ) (366m)
’yegjump 2[6]

)\ 5P
_ Z/ B iﬁf%(@ >> = o (3.6.6n)
. Tw)’

3.6.3 Writing the Domains of Integration as Images of the
Coordinate Transformation

In Sec. 3.6.4, the Change of Variables Th. C.8.3 is going to be used to transform (3.6.6)
into the new variables. In preparation, the domains of integration in (3.6.6) are to be
written as images of the coordinate transformation 7.

For the volume integrals, this can be done noting that

Twd x ¢ 2 T((w N O) x int[q]),

) (3.6.7)
>\d+d’ [T[ 1) % qH = )\d+d’ [T((wk N O) X mt[q]” .
Analogously, one also has
int [T[w,(gj) x ¢]] 2 int [T'((O ﬂwk ) x int[q])], (368)

)\d+d’ |:th [T[u),(f) X qu| = )\d+d’ |:th [T((O N w,gf ) X int [q])ﬂ .
The following formulas are used below. They hold for each A C R% and each B C R%:
int[A x B] = int[A] x int[B], (3.6.9a)
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J(Ax B)=(0Ax B)U(A x 0B). (3.6.9b)

Let w C p be an arbitrary d-polytope.
One can use the Domain Invariance Th. C.1.11(b) to get

Th. C.1.11(b)

int [T ((wNO) x intlq])]

(3.6.9a), int[w]CO

T(int [(wNO) x int[g]]) (3.6.10)

T (int[w] x intg]),

which together with (3.6.8) allows to replace int [T'[p; x ¢]] in (3.6.6b) and (3.6.6e) by
T (int[p;] x int[q]).

As a consequence of the Domain Invariance Th. C.1.11(c), one gets

T((wNO) x intfq]) N 8<T((w N0) x int[q]))

Th. C.1.11(c)

T(((wﬂO) x int[g]) N O((wN O) x int[q])> (3.6.11)

Y r((wnon (9wn o)) x intlg]) = T((0 N ow) x intlg]).

where the last equality in (3.6.11) holds since int[w] C O, O is open, and w is closed.

Assumption 3.6.4. It is assumed that for each d-polytope w C p, it holds that
Adgd—1 [8(T[w X q])] = Ndta—1 [8(T[w x q)) NT((wnO) x int[q])] (3.6.12a)

and
O(Tw x g]) NT((wNO) x int[g])

= a(T((w NO) x int[q])) NT((wNO) x intg]). (3.6.12Db)

Example 3.6.5. Assumption 3.6.4 is satisfied in the case of cylindrical coordinates if
O is chosen sufficiently large in the sense of Ex. 3.6.3: In that case, 8(T[w X q]) is
the disjoint union of 7'((O N dw) x int[g]) and the one-dimensional set {(z1,0,z3) :

(z1,23) € O NOw}, which yields (3.6.12a). Moreover, 8<T((w NO) x int[q])) is the

disjoint union of T'((O N dw) x int[g]) and {(z1,0,25) : (z1,23) € Ow}, which yields
(3.6.12b).

Now, (3.6.6) is rewritten as (3.6.14), where the domains of integration are written as
images of the coordinate transformation 7.

Combining (3.6.10), (3.6.11), and (3.6.12) with the bijectiveness of T yields (3.6.14b)
and (3.6.14e).
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(3.6.14c) follows from (3.6.6¢), (3.6.11), and the bijectiveness of 7.

Since int[p] C O, one has v C O for each v € IF. Moreover,

A ( [y x q) 2 T(y x int[q]), )
~EIR Aava-1[Tly % ql] = Aasa—1 [T (v x int[g])] )

A ( T[L,, x q) 2 T((ONT},) x int[q]),

(j,L)EJle

)\d+d’—1 [T[Fj’L X q]] = /\d+d’—1 [T((O N Fj,L) X int[q])]

93

(3.6.13a)

) . (3.6.13D)

which together with (3.6.11) and the bijectiveness of T" allows to replace the domains of
integration in (3.6.6d) and (3.6.6f) — (3.6.6m) by the domains of integration in (3.6.14d)
and (3.6.14f) — (3.6.14m). The same holds for the Dirichlet term between (3.6.6d) and

(3.6.6).
sp. (v—1) (V—l) Sp.
V - V 1 Z / ( _1_7] @) <u] )
Jjevic] o
(0w )th[q])
(v) )\ *®
+ > / <g. o(g) ),nf .
JEV(C] 7 (9w Nintlp,) xintlq)) J J T xq
E ) )\
i / (2' © (@ ) )on_ o)
jeviC] T((Oﬁaw(j>ﬁap)><int[q]) J J Tlwy’ xq]
sp.
+ ) / @,ﬂo (g§u>> ). e
JeV[C] velF aw(])ﬂ'y ><1nt[q] q
-2 FV en. 4
JEV] C]/ awh Nint[p;]) ><1nt[q]) 7,0 (T[wliJ)Xq}) Tlw'? xq]
— E F(l/) o
]EV C] OGJ / OﬁawmﬂF]O X]nt[q]) (T[w“ Xq]) T[U.)k] Xq]

e B
((Oﬁaw mrj,L)Xint[q])

jevie e oy /(009

+ j,l?y ex.-im. (.l/—l)7 (1/) Sp.
Z Z /<(Oﬂaw,(€j)ﬂl"j,b)><int[q]) (QO ¢ ) © (/l—Lj U; )

jeviel e\ oy 7T

- Z / (AThxq] >eX._im' [(E(yil) ) E(V))}

'YGIFcon ()
T(('YQUjeV[C] ow,’ )Xint[q])

(3.6.14a)

(3.6.14D)

(3.6.14c¢)

(3.6.14d)

(3.6.14e)

(3.6.14f)

(3.6.14g)

(3.6.14h)
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Thyxg) 1) ™ (v—1) ) sp.
+ Z / <_ (gﬂux ) o (gil[T[VXq]]’gil[T[WXq]])

YEIF con ]
T (('YmUjeV[C] 80.1,(9])) Xint[q])

Tlyxql, 20\ ™ (0 w-1) ) P :
+ <Qﬁux ) 9) (Q—Liz[T[VXqH’giz[TthH> ) (36141)
T['YXQ]’LV (V) SP-
T Z / (qump © (g“ [T[’yXQH>
T((aw,(:l h])r'1'y)><int[q]) 7 sp.
[vxq],2,v @) .
— qump o (QTQ[T[VXQH> > (3614J)

- / (Appyng) ™™ [, )] (3.6.14k)

T ((6(»,(:2 M)ﬂ'y) X int[q])

Tlyxq],1,v ex.-im. (v—1) ) sp.
+ Z / <_ <gﬂux ) o <Q@'1[T[fqu”7%1[fhxq”)

B (F LR
Tlyxql, 2,0 ™ (v—1) (v) sp-
+ <Qﬁux ) 9) (Q—Lig[T[vxqﬂ’giz[TthH) ) (36141)

T[’qu},l,I/ (V) SP-
+ Z / < - qump o <H“[T[wqﬂ)

YE€Gjump,2[C] T((awl(:z [W]>m7)><int[q}) Flyxal 2w ) sp.
+qump o (gh[T[WXqH) ) (3614111)
Sp.
- [ e (W) = o (3.6.14n)
ievie) T (Onw?)xintlg))

3.6.4 Change of Variables

Equation (3.6.14) is to be transformed into the new variables using the Change of
Variables Th. C.8.3. Since Th. C.8.3 does not apply directly to the boundary integrals
of (3.6.14), some preparatory remarks are needed. Let S C p be a (d — 1)-dimensional
polytope such that int[S] € p N O. Since S is piecewise affine, by decomposition
one can assume that S already lies in a (d — 1)-dimensional affine subspace of R?.
Thus, there is a (d — 1)-dimensional polytope S C R%! and an affine parametrization
®: Sxqg— RY? of S x ¢ such that gr & = 1, where ® denotes the derivative of @,
and gr & := det[(®')" ®'] denotes its Gram determinant. Then T'o® is a parametrization
of T(S x int[g]), and by the chain rule gr(T o ®) = gr((T" 0o ®) - &) = (Jp o ®)? gr &' =
(Jr o ®)%, where Jr := det[T"] denotes the Jacobian of T. Thus, for each integrable
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function g : T'(S x int[q]) — K:

T(Sxint[q]) S xint]q]

:/ (goToq))-(yJT|o<I>):/ (goT)-|Jrl.

Sxint[q] Sxint[q]

(3.6.15)

Combining Th. C.8.3 with (3.6.15) produces the the new variable version of (3.6.14):

R S | ((@S” o ()" p o (uﬁ”‘”)sp) 0 T) |Jr| (36.160)

Jeviel (0w xint[q]

DO (( (70 (7)) o "T[w;;uq]) o7 ) 1] (3.6.16b)

jevic] (0w Nint[p;]) xint[q]

+ Z / (( (ng) o (gg,V)>Sp-> .nT[w£j>Xq]) OT) | Jr| (3.6.16¢)

jeV[C ‘
Jeviel (Oﬂ(‘)w,(j)ﬂap)xint[q]

f 2 S (e ()Y om0 7)1 (35164

jeV[C] velF .
Jevicly (Bwl(cj)ﬂ'y)xint[q]

v)
> / ((Ejaa(ﬂw,i”m) '”T[aaé”m]) © T> [ Jr] (3.6.16¢)

Jjevic] (0w Mint[p;]) xint[g]

- (v) _ '

jeV(C):0e )
JEVIcl0ed, (0Ndw? AT} o) xint(q]

_ Z Z / <(§j7L)ex.—im.[(E(V71)7§(V))} oT) . ’JT| (3.6.16f)

jevic] e \{0 ,
Jeviclied;\ }(Omaw,?)mrj,b)xmt[q]

+ Y Y[ (@ )Y or) (86168

ieV[C] ved \ {0 _
IEVIELEIANOY a0 nr, ) xintlg)

— Z / <(AT['YXq])ex.-im. [(E(V—l)’g(V))} o T) . |<]T| (3616h)

YEIF con . .
('YmUjeV[C] 8w,(j>) xint[gq]

_ T[’YXQLLV ex.-im. (v—1) ) sp.
t 2 / (( (Qﬁux ) o(Qil[f[vxqﬂ’gz’ﬂﬂwqﬂ)

YEIF con . .
('YmUjeV[C] Bw,g” ) xint[q]

T[’qu},Q,V ex.-im. (v—1) ) Sp. .
+ (gﬂux > ° (%[Thqur%[fhan> )OT) Vol (36161
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Tlyxql,1,v () o
. Z /((@jump O<gi1[T[’y><q]])

€G5ump,1[C i
YEG ump, 1 ](awl(cl[ﬂ)m,y)xint[q]

T 2. v sp. '
_qu[;:(ﬂ ° (ﬂgﬂ)ﬂwg]]) ) ° T) |1 (3.6.16j)

_ Z / (AT["/Xq})eX'-im' [(H(V_l),ﬂ(y))] o T) '|<]T| (3.6.161{)

€Giump2[C]
V€G; n?H(a I —

Thxg 1w\ M ( w=1) W) -
+ Z /(( Qg ) o <%1[T['qu]]7uil[f[,qu”)

Giump, Q[C] (12 7])07 ) xint[q]

Tlyxql,2,v ex.-im. (v—1) ) sp.
+ (Qﬂux > © (giZ[Tth]py’iQ[TthH) ) o T) * ‘JT| (36161)

Tlyxq],1,v (v) Sp-
> / (< G0 @'ﬂﬂwﬂ)

Y€Gjump,2[C ]( (20D 1) intlg
T[yxq],2,v (v) SPp-
) )er) s
- () (@)S"' T). _ 1
;v:m/<omg>>xinuq] (£ ()™ )or)lml = o (3.6.16n)
J

3.6.5 Symmetry Assumptions and Dimension Reduction

Finally, in this section, the assumed symmetry of the problem is used to achieve a
dimension reduction from d + d’ to d in (3.6.16).

Definition 3.6.6. Given a subset A C O, a continuous function g : T'(A xint[q]) — K
is called g-independent iff there is a continuous function g : A — K such that g[zp] =
(goT)[(wo,x,)] for each (zo,7,) € A x intlg]. The function g is called the dependent
part of g.

Assumption 3.6.7. The coordinate transformation 7T is compatible with q-independ-
ence in the sense that there exists a matrix T = (fi,i/)(m/)e{l ..... )25 t;s € C(p,K), such
that for each sufficiently smooth g-independent function w : T'(p; x int[q]) — K with
dependent part w and for each d-polytope w C p;, j € J:

(Vwlay] - Tla)) o nafe)

(3.6.17)
(2p,2q) = (V<Q o T)[(wp, 7q)] - (TI>71[(5UP7 Iq)]) ® T (wxq] [T{(xzn xq)H
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Basically, the following Assumptions 3.6.8, 3.6.10, and 3.6.12 say that all relevant quan-
tities of the considered problem are assumed to be ¢-independent for each fixed time
t € 7. The solution functions are treated first:

Assumption 3.6.8. It is assumed that for each j € J, there exist functions u; €
C(7 x pj;,v) such that

/\ uj[(t’xp)] = (Qj r{t}xT(pjxint[qD OT)[(xpaxq)] = U [(t T[(xpvxq)])]
(t,(a:p,xq)) €TX ((pj Xq)ﬂQ)
(3.6.18&)

Remark 3.6.9. Since according to Assumption 3.6.8, for each j € J and each t € T,
U; [{tyxT(p;xintlg)) 18 g-independent, and 7" is compatible with g-independence by As-
sumption 3.6.7, the chain rule yields for each d-polytope w C p;, j € J:

A (Vesltt, )] - Tlay]) @ ol
(tiamen) N (V8 Ttpcrioysneta) © D) (@9, 20)] © 11 [T, )]
erx () xq)n0)
(3.6.18b)

Assumption 3.6.10. The functions b;, v;, k;, f _Jump, a%’ui, and gﬁﬁt are also pre-
sumed to be independent of z, € ¢, i.e. there are functions b; 6 C(v x 17 x p;,K),
v; € CuxTxp;,RY), ki € O(’UXTij, K), f; € C(uxTxp;, K), ajonr, € Cux7x7,K),
ape € C(v x 7 xv,K), and aly, € C(v x 7 xT';,,K), such that

/\ /\ bi[(y,t,2p)] = b;[(y, 8, T[(2p, 29)])], (3.6.18c)

jet (y,t,(xp,xq)) EUXTX ((pj Xq)ﬁQ)

for each d-polytope w C p;:

vi[(y,t,2p)] @ nulzy) )
AR (0 i ST BRI

erx (((9w) xg)n22)

N A ki[(y.t.2,)] = k[ (v, t, Ty 20)])]. (3.6.18¢)

y,t,(xp,xq)) EVXTX ((pj XQ)HQ)

A A Filwtw)] = £t Tl 2)))],  (36.180)

y,t,(:pp,a:q)) EUXTX ((pj Xq)ﬂQ)
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A A ae [t 2y)] = als P [ (y, b Tl(xy, 2,)])].

eIFjuE:l;ag{l,?} (y,t,(xp,xq)) EUXTX (('qu)ﬂQ)

(3.6.18g)
A A gy [(yst )] = g [ (y, 8, T((y, 7,)])]

eIéE?i,Z} (9t (@p20)) vxrx ((rx0)n0)

(3.6.18h)
A A abue [yt 2p) ] = alie [(y, 8, Tl(wp, 20)])] . (3.6.181)

Moreover, it is also assumed that analogous symmetry conditions hold for the chosen

ex.-im. ex.-im.

()™ " and (ag )™ ™ (alt) , Tespectively.

Remark 3.6.11. If the symmetry conditions of Assumptions 3.6.8 and 3.6.10 hold,

then the analogous symmetry conditions also hold for the corresponding time-discrete
v v v v ’y a,v v,Q,V eX.-im. j0 1 €Xmim. v v v
R O O 70 R (770 R U R VR

k(u) f(y) al oLV (a'y 0, u)ex -im. 7 (a],b l/)

j »J7 7 Zjump? flux out

dependency splittings (ag..)

functions u;

)

ex.-im.

,ved0,...,n}.

Next, the symmetry conditions for the nonlocal operators are formulated:

Assumption 3.6.12. It is assumed that for each « € IF, there is a nonlocal interface
operator A,, and that for each (j,¢) € J x J; \ {0}, there is a nonlocal boundary
operator B;, such that for each family of g-independent functions ro = (w;);e s, it holds
that

A A, 0] [z,] = Azp g [0] [T](@, 2,)]]. (3.6.192)
(xp,xq)E(yXq)N
A B [w][z,] = B[] [T[(xy, 2,)]]. (3.6.19D)

(xp,xq)€(T},, xq)NQ
where tv = (w;);ecs, w; being the dependent part of w;, j € J.
As before, it is also assumed that analogous relations hold for the chosen dependency
splittings (AT[,YXq])eX._im., (ﬁj’b)ex"im', and (A,)™™ (B;,)™ ™.
Assumption 3.6.13. Assume that Jr factorizes into functions Jr, : O — R, Jp, :
int[qg] — R, i.e.
/\ Jrl(@p, xg)] = Jrplry] - Jrglzy]- (3.6.20)

(zp,xq)EQ

Moreover, assume that Jr, is continuous and extends to the whole set p continuously:
JT’p € C’(p,]R)
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If T = T, with p and ¢ as in Ex. 3.6.3, then according to Rem. B.3.2(c) one has
Jr.,l(r, 9, 2)] =7, ie. one can let Jr,_ ,[(r, 2)] = r and Jg,, [V] = 1.

cyl

Presuming that the unknown is sufficiently regular, it is

tr . (k;(.’/) o (u@)sp.) AN oT
T ((Oﬂawfj) ) xint [q}) - - -
B ) @) \* ()
= tr(omaw,(j))xint[q] (( (Eg o (Qj > ) V u; ) o T).

Define the following families consisting of the dependent parts of the ¢-independent
time-discrete solutions:
v) . (, @)
/\ u) = (u; )jEJ.

Putting everything together, i.e. using (3.6.5), (3.6.21), (3.6.8), Rem. 3.6.11, (3.6.19),
(3.6.20), and the Fubini Th. C.8.3 in (3.6.16), then dividing the equation by fint[q] | J1q],

results in

(ty — 1y 1) z/w

( o (u v s"‘_ b o (u§”—1>)sp') Nz (3.6.22a)

Jjevicl " “k
) @)\

+ / ((v o (u > > on (j)) |7l (3.6.22b)

Z 0w P int [p;] ! ! “k P

JevVIC]

v v sSp.
2 / ) (<w§ o (“5 )> )'”w,gw)-lJT,pl (3.6.22¢)
8wk Nop

jevic]
v v)\ 5P
S L (e ()Y e ) 1,
jEV[C] veIF wry
(v )\ 5P v =
— Z /(trom @) ( j ) o <u§ )) > Vug. ) ~T) 'nwfj)) |7 (3.6.22¢)

JEVIC]

(3.6.21)

(3.6.22d)

&u]ij)ﬁmt[p il
y ) 5P v ~
- Z / (trOma o ( k:]( ) (u§ )> )Vu§ | 'T) .nwij)) 1zl
]GV[C OEJJ 8 (]>QF]0
_ Z Z / ex—im‘[(u(l/ 1) I/)):| |JTp‘ (3622f)
JEVIC] eJ;\ {0} oy ”Fw
ex.-im. v— )\ 5P
b S [ (e () ) bl (o)
jeVe] e\ {0} 9w Ly,
-2 (A [ N - | gy (3.6.22h)

~EIF con 1 Ujevie 8‘*’(])
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+ a%L,j)ex.—im. ° <u('1/71) u(y) ]>sp.

; _( flux i , Uy
YEIFcon YNUjevie aw,(j)( 1(v] 1y

v\ €X. 1m v—1 .
- (&gfx ) ( Z2[w])’ 12[7]) ) sl (3.6.22i)
,1Lv v Sp- 2v .
+ Z /(a,ltyump o (ul(l[)ﬂ) ?ump < 12[7]) ) . |JT7p| (3622])
7€ G ump,1[C] (i1h])rw
- 2 / (abi, AP [0 )] [y (3.6.22Kk)
'Ye Jump2
7 1,v ex.-im. (v—1) (v) sp
+ Z /6 (i2[)) ( Uux ) © <uil[’ﬂ ’ui1[7]>
’Ye jump, 2[ ] U.) ﬂ"y
2,0\ eX- -im. v—1 v Sp-
+ (agux ) o (u;h] )7 uig[)'y]> ) : |JT7p| (36221)
Ly v sp- 2,V v Sp-
T Z /(_ i © (ugl[)7]> + @iy © (ul('a[)wl> ) ] (3.6.22m)
€2l 2t
v )\ 5P
N Z /(j) <fJ( b0 (ug )> >'|JT,p| = 0. (3.6.22n)
JeVIe] Y “k

Comparing (3.6.22) with (3.5.24), one finds that one also ends up with (3.6.22) when
starting out with a (d, IV)-dimensional evolution equation complex

) ) 7,1 7,2
¢ = <©7 (H\JTp\-b' ‘JT,p‘-’Uj7‘JT,p"k'j'T’|JT,P|'fj>j€J, ((ajump7 ajump>)'y€IFjump7
ora ,’ (0)
((agux7 aguxa A’Y))'yélF’ (uj,Dir)jEJ: 0eJ;’ ((a‘(])lblt7 B'J',L))(j,L)GJX(Jj\{O}’)7 (uj )jEJ)’
aly =0,
/\ Bj,L = 0, ) (3623)
(j)ET % 0 vjlr;, eny, =0

and then proceeding as in Sec. 3.5 (without change of variables). This shows that
the general setting of an evolution equation complex as defined in Def. 3.4.6 is almost
sufficiently general to include all situations arising from dimension reductions via a
change of variables as described in the present section. To make clear what is meant by
“almost sufficiently general”, the evolution equations in the new variables are written:

O(|Jrp| - by 0 uz ™) + div(|Jry| - vj 0 ui ™)
= div (V) - ([l T 0u;™)) = |yl f 0ui™™ = 0.
If |Jrp| is sufficiently regular, then (3.6.24) has the same form as (3.3.4) with the

exception of the diffusion term. While the diffusion was assumed to be scalar-valued in
(3.3.2¢), it needs to be matrix-valued to include the generic situation of (3.6.24).

(3.6.24)
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However, the case of cylindrical coordinates, that is used for the simulation applications
of this work, is more benign than the generic case of (3.6.24). By (B.3.4) in App. B.3,

one has Jr,, = r which is C*°, and by Rem. B.3.3, Ti; is the identity matrix.

It just remains to mention the symmetry conditions for the Dirichlet functions and for
the initial distributions: It is assumed that for each j € J where 0 € J; and for each
v € {0,...,n}, it is ulp, € C(T)0,K) such that

(zp,2q)E(I'j,0Xq)NQ

and for each j € J, it is u§0) € C(p;,K) such that

A 2] = ul” [T(2, 2,)]] (3.6.26)

(xp,zq)€E(Pj xq)NQ

3.7 Finite Volume Discretization and Discrete A
Priori Estimates

The contents of Sec. 3.7 consists of the formulation of a space discretization of (3.5.24)
and of the supply of discrete a priori estimates. The discrete a priori estimates are used
in Sec. 3.8 in the prove of existence and uniqueness of discrete solutions.

The discretization strategy is outlined in Sec. 3.7.1, followed by a detailed treatment
of each term of (3.5.24) in the subsequent Secs 3.7.2 — 3.7.11. The discretization is
summarized in the definitions of Sec. 3.7.12, and the discrete a priori estimates are
provided in Sec. 3.7.13.

3.7.1 Outline of Discretization Strategy

As already mentioned in Sec. 3.5, it is assumed that the control volumes introduced
in Sec. 3.5.1 are small, such that the functions occurring in the integrands of (3.5.24)
can be approximated as being constant inside their respective domains of integration.
More precisely, for each k € Iy (where II = (wy)rer, is the partition of p into control
volumes), associate a discretization point xj with the control volume wy, such that (cf.
Fig. 3.15)

N o €w (3.7.1)
kel
Moreover, it is assumed that the discretization points are chosen such that for each
integral in (3.5.24), there is always precisely one discretization point inside the respec-
tive domain of integration. The only exceptions are the integrals involving interior
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fluxes, i.e. the integrals in (3.5.24b) and (3.5.24¢), where the domain of integration is
perpendicular to the line segment joining neighboring discretization points (s. condition
(dispt-(i)) below). All integrands in (3.5.24), except the ones occurring in (3.5.24b) and
(3.5.24¢), and except the ones occurring in the nonlocal terms (3.5.24f), (3.5.24h), and
(3.5.24k), are then replaced by their values at the respective discretization points (see
the following Secs 3.7.2 — 3.7.11 for details, where the discretization of the nonlocal
terms (3.5.24f), (3.5.24h), and (3.5.24k) is the subject of Secs 3.7.7 and 3.7.8).

The integrands in (3.5.24b) and (3.5.24e) involve the normal fluxes through regular
interfaces Opegwi N Oregw; between neighboring control volumes wy, and w; (see Sec. 3.7.3).
For the approximation of these terms in Secs 3.7.3 and 3.7.4, it is assumed that the
partition II is such that the line segment joining the neighboring discretization points
xy, and x; is always perpendicular to the interface Oregwy M Oregwi, i.€.

Xy — Tk

|z — 2],

/\ rr # x; and

{k,l}eEp ]

= Ny, [&egwkﬂaregwla (dlSpt— (1)>

where the set Fip[Il] is defined in (3.7.11) below. In Fig. 3.15, the discretization points
are chosen such that (dispt-(i)) is satisfied.

xq T2
W§1) wél)
w{! Wit
3¢ ® Ty ® 5
oD
wél) ugm
ze6 x7

Figure 3.15: The partition of Fig. 3.4 including discretization points x1, ..., x7.
As described in Sec. 3.5.3, the partition IT gives rise to partitions I1¢) = (w,(j))ke](j) of

p;, j € J. Now, the value ugz)j) = ug»y) [zx] is to be used as an approximation of the

g-”) in wY at time t,. Therefore, (3.7.1) is strengthened to

/\ /\ xk€w,ij) (dispt-(ii))

kel jEVwk

time-discrete solution u

(cf. (3.5.17) for the definition of V,, ). For example in the situations depicted in Fig.
3.16, the chosen position for the discretization point x, is the only one possible to
satisfy (dispt-(ii)).
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The vector Ul(o';)g = (ng)j))(k,j)e ImxV.,, constitutes a time- and space-discrete approxima-
(v)

tion of the family of time-discrete solutions (u;

of the Ul(ol;)g should converge to the (ug.")) jes as the size of the control volumes tends to

)jes at time t,. Suitable interpolations

zero; and suitable interpolations of the (ugy)) jes should converge to a solution (u;);es
to € (cf. Def. 3.4.7) as the size of the time steps tends to zero.

)

As will be explained shortly, the approximation Ulong 18 also represented by the smaller

vector U™ = Us(go)rt = (UEZ?C))(ka)EIH,’D’ where
Ing = {(k,C) : k € Iy, C € CoCmplG,,]}. (3.7.2)

The index ® in I is used to indicate that the set depends on the domain complex
9, as it needs the information about the distribution of continuous interfaces and jump
interfaces (cf. the definition of G, according to Def. 3.5.3). The reason for passing

v) v)

from the vector UIE;)g to the vector U™ is the fact that values (O and u,g i must be

the same whenever p; and p;, are connected via continuous interfaces, i.e. whenever j;
and j lie in the same connected component of the graph G,, . For example in case (a)

of Fig. 3.16, ugy) [z], ... ,uff) [z,] can have four different values, whereas in case (b) of
Fig. 3.16, uy”[x.], ug/) [z,], and u{”[z,] all have the same value, which can be different
from u!”[z,).
It was shown in Sec. 3.5, that, if (ugy)) is a solution to the time discretization ¥ of €,
then Eqs (3.5.24) are satisfied, i.e. precisely one equation for each discrete time ¢, and
for each (k,C) € Iy (cf. the remarks immediately after the formulation of (3.5.24)).
The strategy is to determine U™ using discretized versions of (3.5.24). However, if
x, € Lo, j € VIC], then

ulye = 1w irl (tu, 7)) (3.7.3)

is known a priori. This actuates the introduction of the index sets

Inopir:={(k,C) € Inwp : 0 € Jj, ['joN Oregwr, # 0 for some j € VIC]}, (3.7.4a)
Ing -pir == Imo \ Ino pir- (3.7.4b)

Here, and also in the following, the handling of the boundary conditions makes use
of the assumption that one can find a discretization point in each (d — 1)-dimensional
intersection between a control volume and an outer boundary I';

/\ /\ [ NOegwr #0 = x €1y, (dispt-(iii))

kel (ju)eTxJ;

In Fig. 3.17(a), (dispt-(iii)) is satisfied, whereas the condition is violated in Fig. 3.17(b)
for k € {3,5,7}.
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Figure 3.16: Control volume w with discretization point z,, for two different disributions

of jump and continuous interfaces.

T | (r—l) U 2 T | (r—l) 2
w1 w2 -~ Ts w1 w2 -~ Ts
T3 — T3
w3 ws w3 ws
z3@ @4 @z
z3 @zs @%5)I'0 = I'pir Fo = I'pir
wyq wy
Ta Ta
we wy 'y we wry 'y
e [ Yeid ze6 [ Yl

(a) (b)

Figure 3.17: Illustration of Condition (dispt-(iii)
¥)

As the vector (UEZ,)C))(ka)GIH,D,Dir is known a priori, only (u(k’c)

).

)(k,C)e o i 15 determined

using discretized versions of (3.5.24), where it will suffice to discretize (3.5.24) for
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(k7 C) € IH,D,—\Dir~

The discretization of the (k,C)-th equation of (3.5.24) at time t,, (k,C) € Ino -Dir,
according to the strategy described above and as carried out in the following sections,
has the form

b (U, UW)] =0, (3.7.50)
by + VIR s pIne P K (3.7.5b)
which can be combined to
h (U, UM =0, (3.7.6a)
b(V) - oD ¢ oI, -pir _ RIMD,-Dir (3.7.6b)

Each operator UEZ)C) in (3.7.5) is a sum of operators

)  _ (@) (v)
h(k,C) - b(k,c),(a) +oee f)(k,c),(n), (3.7.7)

where the operator hEZ)C) (a) T€DPresents the space discretization of (3.5.24a) etc. It is

noted that the summand between (3.5.24e) and (3.5.24f) vanishes for (k,C) € I o -pir-

The operators f] (kC)(a) hEZ)C) are defined in the succeeding Secs 3.7.2 - 3.7.11 .

A discrete solution will have to satisfy (3.7.6a) for each v € {1,...,n} (cf. Def.
3.7.42(iii)).
On the way to establish discrete a priori estimates in Th. 3 7 50, it is an important

auxiliary result to prove an upper bound for the operators s*) defined by

5(”) - o -pie ¢ o Im,,-Dir K,

N = % (h&)@ b, a)) . (3.7.8)

ve{O,n} (k,C)eln, ,~Dir

Subtracting f)EZ?CM in (3.7.8) eliminates the time-step-dependent terms from s*) (cf.

(3.7.9)). The proof of the upper bound for the s*) involves estimating upper bounds
of the terms

v) )
- > Wow o — D Diem

(k,C)eln,,-Dir (k,C)eln,,-Dir

which is accomplished in the subsequent Secs 3.7.3 — 3.7.11 succeeding the definitions
of the respective operators. The result is then summarized in Lem. 3.7.45.
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3.7.2 Terms Involving the Time Step

(3.5.24a) is discretized by replacing the integrand by its value at zy, i.e. (3.5.24a) is
replaced by

by @ (O, UN] = (t, —t,01)” (bg”))[U(kc] bl o) [Ulhe ”]), (3.7.9)

where the bg:?c) : v — K are defined by:

/\ bEZ)C) Z b [(y, 26)] - Aalw). (3.7.10)

ve{0,...,n}, Jjevic]
(k,C)el,,-Dir

3.7.3 Terms Involving Interior Diffusion Flux

(3.5.24e) is to be discretized.

First, the domain of integration Gw,(gj ) Aint [p;] is partitioned further: For that purpose
define
B[] := {{k,1} C I : Oregwi N Oregwr # 0, k # 1}, (3.7.11)

where it is noted that (3.7.11) is analogous to (3.4.4). A control volume w;, [ € I
(cf. (3.5.15)), is called a j-neighbor of wy iff {k,1} € Ep[ll]. The set of corresponding
indices is defined by

N objlk] = {1 €19 {k,1} € B[]} (3.7.12)

kel

Remark 3.7.1. The family (aw,(j) N 8wl(j))16nbj[k} forms a partition of (%),(Cj) N int[p;]
with respect to the relative topology (see Fig. 3.18).

In the following, one frequently needs to determine the index in Iy 5 that corresponds
to (1,j) € In x J. To that end, define

A Cl.4)] = CoCmpg, [4]. (3.7.13)

(l7])€IH><J

Now for | € nb;[k], there is a difference depending on ({,C[(l, j)]) being an element of
It » pir or not. Define

nb; pir[k] == {l € nb,[k] : (Z,C[(l,j)]) S IH,D,Dir},
/\ (nbj,ﬁDir[k‘] := nb,[k] \ nb; pi[k] ) . (3.7.14)

kel
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Bwél) n 6w§1)
1 1
wi ) wg ) Bwél) n awil)
-_—— Buél) n auél)
WY wiD
B
1 1
awé ) n awé )
owi now® | LM WD
-_—— 8wé1) N awgl)

Figure 3.18: Enlargement of p; of Fié;;s 3.5 and 3.6 on p. 75, illustrating the partition of

&uél) N int[p;] into &uél) N ow!”, 8w21) Now”, and awél) N &uél); and of &uél) N int[p |

into 8wé1) N &uél), &uél) N ow’, and 8wél) N &uél). One has nby[2] = {1,4,5} and

nb;[6] = {3,4,7}.

Example 3.7.2. (a) In Fig. 3.17(a) (where the index j = 1 has been discarded), it is
nbl,Dir[Q] = nbl,Dir[éL] = nbLDir[?] = {5}, and nbLDir[k] = @ for k € {1, 3, 5, 6}

b) If the interface Y= are D1 N are D2 in Flg 3.191is a jump interface, then nbl Dir 3| =
g g )
{1}, and nb27Dir[3] = (Z)

(c) If the interface 7 = OegP1 N OregP2 in Fig. 3.19 is a continuous interface, then

nb; pir[3] = {1}, and nbs pi[3] = {1} (even though 21 ¢ I'sp;; which might not
even exist).

T2 z1 'y pir

P2 P1 wéz) wf) wgl) u)él)

Y= 6regpl n BregPQ
i) WP w® WiV
z9 ¢ exig | *3 Ty ez5
a (1
“’10) wq )
2 2 1 1
| | |

xe6 z7

Figure 3.19: Hlustration of (3.7.14), cf. Ex. 3.7.2 (b),(c)
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If I € nb, pi[£], then UEZZ:[(M.)D is known a priori from

uéé’fcm = D[ (v, 1)),

where jp;, is an element of V'[C[(L, j)]] such that 0 € J;;, . Example 3.7.2(c) shows that
one can not expect 7 = jp; in general. To avoid the ambiguity in the choice of jpj;;, the
following Not. 3.7.3 is introduced.

Notation 3.7.3. For each (I,7) such that (I,C[({,7)]) € Inmpi let joi[(l,5)] be an
element of V' [C[(1,)]] such that 0 € J;, . The element jpi[(/, )] is kept fixed for the
remainder of Ch. 3.

If I € nb; _pi[k], then UEIV)C[(l ) has to be determined using the discretization of (3.5.24).

To proceed with the discretization of (3.5.24e), it is recalled that according to (3.4.18):

Fv) o lr] = trawlgj> (kj(-y) [<u§1,) [x],x)} Vugy) [x])

J,0wy;
As mentioned in Sec. 3.7.1, for {k,l} € E[ll], it is assumed that the line segment

joining z and z; is perpendicular to Oregwi N Oregwi, i.€. (dispt-(i)) holds. The normal
vector in (3.5.24¢) is replaced using (dispt-(i)). The gradient of u(y ON Oregwk M Oreg
v _,
in the normal direction is approximated by the difference quotient “;fu’”), and the
1~ Tk
value of k’j ") on Oregwi M Oregwy is approximated by the arithmetic mean of k‘]( v)
at xy and x;, respectively.

evaluated

At this point, all the preparations are in place to write the discretization of (3.5.24e),
where (3.5.24e) is replaced by

where the £ Dlr (0 vio.-pir 5 K are defined by
)
EﬁDir,(k,C) [U]

j ) ? ] s 7‘ Y
A - .EVZ[:C] 2 . (3.7.16)
ve{0,...,n}, I{ S
(k,C)€ln,®,-Dir tenb; i [k} U(l,C[(lJ)}) — U(k;,C)

lzr — 1]

SV [ () F‘le(])}
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and the Eg&,(k,c) : v — K are defined by

()
EDir,(k,(:) Y]
= 7 [, o)) + 5[ (w0 it 20)], 21)]
A ' 2 . (3.7.17)
(0.} zjiV[C]’[k]
ved{0,..., n}, €nb; pir
k,C)E T m e i il (s 11)] — , 4
(k.C)€ln,p,-p Uy ) Die (B, )] — Y ')\dq[w;(f) mwl(j)]

2k — 212

The estimates provided in the following Lems 3.7.4 and 3.7.6 are steps towards proving
an upper bound for the s) according to the remarks at the end of Sec. 3.7.1.

Lemma 3.7.4. The following holds:

/\ Z E(ﬂV]%ir,(k,C) = 0. (3.7.18)

I/E{O,...,TZ} (k,C)EIH’®7ﬁDir

The main ingredient to the proof of Lem. 3.7.4 is the following Lem. 3.7.5 that con-
stitutes a purely combinatorial result to the effect that a certain sum vanishes if the
summands satisfy the symmetry condition (3.7.21). Lemma 3.7.5 is also used in the
proof of Lem. 3.7.16 below.

Lemma 3.7.5. Consider a function

F: Ingnp-pie — K, (3.7.19)
It 9 nb,-Dir = {(j, (k,C), (l,é)) € J X Ingmp,-pir X Inp,-pir :
(k,1} € Ew[Ml], j € V[C] N V[é]}, (3.7.20)
satisfying the symmetry condition
A F [(j, (k,C),(z,é))} —F [(j, (z,é),(/{,C))} . (3.7.21)
(4.(£.0).0.6)) €T11,5 0, -Dix

Then

Z F[(] (k,C), (z,C[(l,j)]))} = 0. (3.7.22)

(k,C)EIT, D ,~Dir»
jeviel,
lenbjy_‘Dir[k’]

Proof. It is shown how the order of summation on the left-hand side of (3.7.22) can
be changed such that (3.7.21) can be applied. The index set for the sum in (3.7.22) is
given by

A= {((ks,c),j, 1) € Inp-pw x JxIn: jEV[C], 1 € nbj,ﬁDir[k:]}. (3.7.23)
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Instead, one can use the index set

B = {(k,j,l) €lnxJxIy: (j, (k. Cl(k, 1)), (z,c[(l,j>])> S In,g,nb,ﬁm}, (3.7.24)

as the following map Z establishes a bijection between A and B:

7:A— B, I[((k,C),5,1)] : = (k, j, 1),
7' B— A Tk, 4,0)] = ((k,Cl(k, ), 4, 1).

Since (k,7,1) € B if and only if (I, j, k) € B, condition (3.7.21) finishes the proof. N

Proof of Lem. 3.7.4. Fix v € {0,...,n}. To apply Lem. 3.7.5, define

F IH,:D,nb,ﬁDir — K,

N k‘(-y) (U(kyc),ﬂfk) —1—]{(»1/) (U 5 ,.CEl)
F(. (k,€), (1.0)) | ==~ [ ]2 Gy (3.7.25)
U, s — U, . .

Yue ~Vwo G) ~ )
lzx = 21l Ad—1 [wk Nw, ]

Then (3.7.21) is satisfied, and (3.7.22) together with (3.7.16) yields (3.7.18). [ |

Lemma 3.7.6. Assume that the range of the unknowns u; is a real interval of the form
v = [my, 0o[. Moreover, assume that k; and w;pi, are real-valued and k; is nonnegative
for each j € J. Then

v )
- > Yow= 2. Waeo
A (k,C)El, ~Dir (k,C)El,p, ~Dir , (3.7.26)
ve{0,n} < Bipu[€] - (Bpu[€] — my) - dpi[11]

where

Bpir[€] := max {||w;pi||max : 7 € J, 0 € J;}, (3.7.27)
By pi|€] := max{k:j[(y,t,w)] cy € [my, Bowl€]], teT, €D, jE J}, (3.7.28)

() ()
dpir (1] := Z Ao N’

(k,C)EIn,» pir, JEVIC], ka - leQ
l€nbjﬁDir[k]

(3.7.29)

Proof. The equality in (3.7.26) is (3.7.15) combined with Lem. 3.7.4. To verify the
estimate, it is noted that by the nonnegativity of the k;, E]()Vi)r (k.0) [y] < 0 whenever

Wjp(1,5)),Dirl(ty, 21)] —y < 0. Moreover,

sup {9 [(y, 21)] = Wipg (@il (b 20)] =y > 0,
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(k,C) € Ingp,—pir, j € VIC], | € nb;pi[k]}
< max {&\"[(y, )] : m, <y < Boul€], x € pj, j € J} < Bypal€l,

which, together with kj(-'j)[(ujDir[(lJ)],Dir[(t,,,xl)],xl)] < Bypi[€], establishes the case.
Using a correspondence similar to the one established in the proof of Lem. 3.7.5, the
sum in (3.7.29) is written in terms of Iy o pir, whereas the sums in (3.7.26) are witten
in terms of I o -pir- [ |

Remark 3.7.7. The number dp;,[II] measures the size of the surface consisting of the
collection of all interfaces between control volumes at Dirichlet vertices and control
volumes at non-Dirichlet vertices in relation to its distance from the outer boundary.
Unfortunately, the following Ex. 3.7.8 shows that dp;[II] can not be expected to stay
bounded as II becomes finer. Thus, to prove convergence in the presence of Dirichlet
boundaries, the estimate (3.7.26) needs to be improved, e.g. by first establishing a

ul) ] —ul) [ ]

bound for the discrete gradients p——

Example 3.7.8. For the polytope discretizations depicted in Fig. 3.20, one has A;[wy, N
wi] = a for a control volume wy adjacent to I'p; and a control volume w; directly
underneath wy, except at the right side and at the left side, where A\j[wy Nw;| =
Moreover, ||z — x;||]o = h for the corresponding discretization points. Thus dp; =
which tends to infinity if h tends to zero.

a
5
d
ho

b )
a a
® ° ° - ® ° ® ® I'pir
"""" h D control volumes

e discretization points

° ° ° o o o o o U wnw
kel o, pir,
leln n,-Dir

[ J ° oo o' oo
(a) (b)

Figure 3.20: Polytope discretizations illustrating the definition of dp; according to
(3.7.29). For the depicted discretizations, one has dp;, = 2 (s. Ex. 3.7.8).

Example 3.7.9. In Ex. 3.1.1(b) and in the first case of 3.1.1(a), the hypotheses of
Lem. 3.7.6 are satisfied, as the unknown is either mass density or absolute temperature,
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i.e. v = [0,00[, and the k; are nonnegative, since they either vanish or they represent
thermal conductivity.

3.7.4 Terms Involving Interior Convection Flux; Upwind

(3.5.24b) is to be discretized. The discretization is similar to the discretization of
(3.5.24e) in Sec. 3.7.3, but some new complications arise from the v](.”) being vector-
valued. For the discretization of (3.5.24e) in Sec. 3.7.3, resulting in (3.7.16) and (3.7.17),
it sufficed to approximate k](-y) on Oregwy N Oregwy by taking the arithmetic mean of kj(u)
evaluated at z; and x;. However, to guarantee certain monotonicity properties of the
finite volume discretization that are used to prove the existence of a discrete solution
in Th. 3.8.35 (cf. Lem. 3.8.12), choosing an appropriate average of the v](-l’) evaluated at
;. and x; 1s more subtle.

The general idea is to choose the average depending on the directions of the vectors

e [(ugy) (4], )] and v](-V) [(ugy) [2],21)]. Unfortunately, due to the dependence on the

sélution, the directions are a priori unknown. To circumvent this problem, the sim-
plifying assumption is made that the solution dependence of the v; can be decoupled
from their vector-valuedness in the sense that v; can be decomposed into two factors,
one factor being scalar, but allowed to depend on the solution, the other factor being
vector-valued, but independent of the solution. In other words, the v; are assumed to

have a scalar-vector-splitting in the sense of the following Def. 3.7.10:

Definition 3.7.10. Let A C R%. A pair (vVsea, Vvec) 18 called a scalar-vector-splitting of
a function v € C'(v x 7 X A, RY) iff vy € C(U X T X A R), Vyee € C(7 x A, R?); and

A\ V[t 7)] = Vaea (U, £, 2)] - Vuecl (£, 7). (3.7.30)

(y,t,x)EvXTXA

Example 3.7.11 shows that scalar-vector-splittings exist for all the cases considered in
Ex. 3.1.1.

Example 3.7.11. Scalar-vector-splittings of nonzero functions v; occurring in Ex. 3.1.1
are considered. The potential time dependence present in Ex. 3.1.1 is disregarded in
the present example to simplify notation. It poses no difficulty if time dependence is
indeed present. In each of the following examples, the functions vg., and vy are chosen
such that they constitute a scalar-vector-splitting of the function under consideration.

In the first case of Ex. 3.1.1(a), vj[(y,%)] = yvgs[z]. One can set vs[(y, )] = y,
Uyec|] 1= Vgas[z]. In the second case of Ex. 3.1.1(a), v;[(y, )] = 17t Pgas (] Tyas[2]e:-
One can set Vsea[(y, )] := 1, vyec|z]| == ﬁpgas [2]Tgas|x]€;. One can also set vgea[(y, )]
= %pgas (2] Tgas[], Vvec[z] := €;. It is seen that scalar-vector-splittings are not unique.
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S(a)
In the first case of Ex. 3.1.1(b), v;[(y,z)] = %pgas[x]yvgas[x]. One can set
2(AD)
Vsea[(y, 7)] = (M—S)R Peas[T]Y, Vyec[T] := Vgas[z]. In the second case of Ex. 3.1.1(b),

v; = 0. In the third case, v;[(y, )] = €gas[(V, T)] Pgas[T]Vaas[z]. One can set vsea[(y, x)] :=
Egas| (U, T)] Peas[T], Vyec|T] 1= Vigas[7].

IIE ]?X. 3.1.1(e), vj[(y, z)] = K[(y, z)]g[x]. One can set vsea[(y, )] := K[(y, z)], Vyec|x] :=
g[z].

Definition 3.7.12. A family
m = ((Uj,scaw ’ijvec))jeJ (3731)

is called a family of scalar-vector-splittings for the evolution equation complex € iff
(Vj.scas Vjvec) 18 a solution-vector-splitting of v; for each j € J.

The time discretization of U is defined as the family

®) W) ) 3.7.32
(52 55%9) o (3.7.32)
where for each (7,v) € J x {0,...,n}:
§sca € C(vxp;,R), Ofeal(y, 0)] = Viscal (9, 1, ), (3.7.33a)
v € C(p;, R, V) 2] = Ve (B ) (3.7.33b)

For each v € {0, ...,n}, the pair (v(-y) o) ) is called a scalar-vector-splitting of vj('/) (cf.

J,scar ¥ j,vec
Rem. 3.7.13 below). The context should always make clear, if a scalar-vector-splitting

belongs to a time-dependent or to a time-discrete function.

Remark 3.7.13. If U as given by (3.7.31) is a family of scalar-vector-splittings for €
with time discretization (3.7.32), then

A A M) = o, @) - vl (3.7.34)

(4,v)€Ix{0,....,n}  (y,x)EVXp;

For the remainder of Ch. 3, fix a family of scalar-vector-splittings U for € according to
(3.7.31).

A direction-dependent average of v(y) [(u(y) [z4), z4)] and v(y) [(ug-”) [21],21)] can now be

selected by takmg the arithmetic mean of vj( ¥) |zx] and UJ( V)ec [2;] multiplied by a convex
combination w Nk, v Jsca[xl] + (1 _ (V)[(k;, l)]) U](Vs)ca[$k] where w( ") is the so-called

upwind function for 11U) and v V)ec, the value of wy') depending on the direction of
v Jae] + o)

j,vec j,vec

[z;] according to the following Def. 3.7.14.
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One finds different kinds of upwind functions in the literature. If the upwind function
is defined as in Def. 3.7.14, then one usually speaks of full upwinding. Since special
properties of full upwinding are used to prove the existence of a discrete solution in Th.
3.8.35, no other upwind functions are considered here.

Definition 3.7.14. Define the ordered analogues of the set Ep|[II] for the IV, j € J,
(cf. (3.7.11)):
Ep paies[[19] == { (k1) € (ID)* : {k,1} € Eyp[11]}. (3.7.35)

Moreover, given a function v € C(p;, R?), define auxiliary quantities

/\ T}(k%l) = (U[.’L‘l] + /U[xk]) b nwk raregwkmal'egwl ° (3736)
(k’l)eEIF,pairs[H(j)}

The upwind function w for 1Y) and v is defined by

0 for @(k,l) > 0,
w s B pains Y] — [0,1], w[(k, )] := 3 for Dy =0, (3.7.37)
1 for Uik, < 0.

Using the value % for the upwind function in the case where ;) = 0 is not essential,
since the corresponding term in the discretization of (3.5.24b) vanishes anyway (s.
(3.7.40) and (3.7.41)). Using 3 has the advantage that some assertions about w can be
stated more concisely, as e.g. in the following Rem. 3.7.15.

Remark 3.7.15. For each v € C(p;,RY), the upwind function w for I1¥) and v satisfies
the symmetry condition

A w((k,1)] =1 —w[(l, k)], (3.7.38)

(kil)eEIF,pairs[H(j)]
which is immediate from 7, [5,.u00N0reger = —Mor [dregrBregers (3-7-36), and (3.7.37).

For the rest of Ch. 3, wj(-y) denotes the upwind function for II¢) and v](-f'v)ec, j e J,
ve{0,...,n}.

Finally, the discretization of (3.5.24b) can be carried out, replacing (3.5.24b) by

) )] . (@) v ) )
b(k,C),(b)[U( )] = Uint,ﬂDir,(kﬂ)[U( )] * Yine,Dir (k,0) [U(k,C)]7 (3.7.39)
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where the Ul(nt) Dir (kC) vfme.-pir — R are defined by

Ui(rlllt),—'Dir,(k,C) [U]
= (wj('y)[(’ﬁl)] ), [(U(z,c[u,j)])’ml)]
teitngon ]
/\ + (1 @ (K, l)]) JS)Ca[(U(k,C),xk)]) , (3.7.40)
(kzgégﬂéfibn (U§;Lcktﬂ +—v§vlckvk]> o (1, — xy)
. 2|z — m|2

/\d—l [wl(cj) N wl(j)}

and the 01:3 pir,(kc) - U — R are defined by

)
Oint,Dir, (k,C) [y]
= Z ( l/ [(k l)] ]SC&[(UJDIY[(IJ)} Dlr[(t’/’xlﬂ xl)]
Jjevicy,
lEnbj7Dir[k]
A (w0 ma)]) | eray
ve{0,...,n}, ) )
(k,C)GIH,@ﬁDir (Uj,vec[ ] + U] Vec[xk]> hd (CL’[ - xk)
' 2|y — @2

At [P A9

The following Lems 3.7.16 and 3.7.18 are analogous to Lems 3.7.4 and 3.7.6 and are
used in proving an upper bound for the s®).

Lemma 3.7.16. The following holds:
/\ Z Ui(rljt)ﬁDir,(k,C) =0. (3.7.42)

ve{0,...,n}  (k,C)Eln,p,-Dir

Proof. Fix v € {0,...,n}. To apply Lem. 3.7.5, define

F: Ingab,-pir — R,

F0.0:00.0.0) = (w101 o2 [ (V1)
(1= w0 0]) ol Ciner, ) (3743

(UJ(QGC[ZEZ] + Uj(jil)ec[l'k]> hd (ZL‘[ - l’k)

2||re — 21]2

“Ad—1 [w,(g) N wl(j)].
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Then (3.7.21) is satisfied using (3.7.38), and (3.7.22) together with (3.7.40) yields
(3.7.42). n

Definition 3.7.17. Let A be a set. A function F': A — R is called bounded from
above iff sup F' := sup{F[a] Ca € A} < oo and bounded from below iff inf ' :=
inf {Fla] : a € A} > —o0.

Lemma 3.7.18. If the family of scalar-vector-splittings 0 = ((vj,sca, vjvvec))je{] s such
that each v;gca is bounded from below, then

() _ (v)
o Z b(k,C),(b) - Z Vint,Dir, (k,C)
/\ (k7C)EIH,’D,—~Dir (kyc)EIH,Q,—\Dir

ve{0,...,n} S max {Bv,Dir[(¢7 SU)]: Bv,sca,Dir[(€7 SU)]} . lDir [H]

: (3.7.44)

where
BUvDir[(Q; Qj)] ‘= max {Uj,sca[(uj,Dir[(t, CC)], t7 ZE)} . }lvi,vec[(tal)] H2 :
(j»i,t,lf,g)EJXJXTXijgxpl, OGJ]'}, (3745)
Bv,sca,Dir[(Qt; %” = max{ - Uj,sca[(yatx)} : ij,vec[(t>£>]H2 :

(J,y t,x,2) € J X0 XTXp; Xpy, t, (3.7.46)
o [11] = > Aot [wf) Nwi?]. (3.7.47)
(k,C)€It, o pir, JEVIC],
lenb]'ﬁDir[k’]

Proof. The equality in (3.7.44) is (3.7.15) combined with Lem. 3. 7 16 To verify the es-

W)

timate, it is recalled that w; " is the upwind function for 1Y) and vj vec

tO (3737) lf ( ] Vec[ml]+v§ v)ec[l‘k]) (l’l—l'k) < 07 then Uj,s)caI:(ujDir[(lJ)]ler[(tV’ [L‘l)], xl):| iS
selected in (3.7.41). Then by the Cauchy-Schwarz Inequality (Rem. C.2.2), the negative
of the corresponding summand has the upper bound B, pi[(€,T)] - A\g— 1[ N wl(] ) }

On the other hand, if (v jvec[xl] + vj(Vv)ec[xk]) o (x; — x)) > 0, then v]( Sla[(y,xk)} is se-
lected in (3.7.41), and, according to the hypothesis of Lem. 3.7.18 and the Cauchy-
Schwarz Inequality, the negatlve of the corresponding summand has the upper bound
By scapir[(€,0)]- Aa—1 [w,g )ﬂwlj)} Analogous to Lem. 3.7.6, the sum in (3.7.47) is written

in terms of I p pir, Whereas the sums in (3.7.41) are witten in terms of Iy o -py,. W

Thus, according

Remark and Example 3.7.19. The number [p;[II] measures the size of the surface
consisting of the collection of all interfaces between control volumes at Dirichlet vertices
and control volumes at non-Dirichlet vertices. For the type of polytope discretizations
depicted in Fig. 3.20 on p. 111, one has Ip;[Il] = b independently of h.

Example 3.7.20. It is verified for the cases considered in Ex. 3.7.11 that correspond
to Ex. 3.1.1(b) and to the first case of Ex. 3.1.1(a), that under natural hypotheses, vgca
is bounded from below, as is required in Lem. 3.7.18.
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) (zA041)R )
If vseal(y, 2)] = v, then inf vgea = Mmy. If vsea[(y, 7)] 1= 7m0 Pgas[]y, then inf vge, >

. AD+1)R .
min{0, ZM(—AY)) || pgas |lmax - M0}, since pgas > 0.

If Vseal(V, 2)] = €gas[(Y, )] pgas[z], then vg, is bounded from below assuming eg,s is
bounded from below, again using pgas > 0.

3.7.5 Terms on Outer Boundaries

In this section, (3.5.24c) and (3.5.24g) are discretized, whereas the discretization of
(3.5.24f) is postponed to Sec. 3.7.7.

Approximating the integrand of (3.5.24c) as being constant on &u,(f ) Ndp, both functions
in the scalar-vector-splitting of vj(y) are evaluated at xp, where z, € &ug ) N Jdp is
guaranteed by (dispt-(iii)). In contrast to the cases of the discretizations of (3.5.24e)
and (3.5.24b) in Secs 3.7.3 and 3.7.4, respectively, the remaining integrals involving the
normal vector are not evaluated using (dispt-(i)), since the normal vector does not have
to be constant on the entire domain of integration (cf. Fig. 3.21).

Zop M) [Trop]

%—» U[l’k] = nw](gj) [xright]

% Lright
%

n""l(cj) [xright]

b;

Figure 3.21: In this example, v[z}] @ n_¢) is not constant on &u,(j) as it is 0 on the part
k
of the boundary facing upwards and 1 on the part of the boundary facing right.

Thus, (3.5.24¢) is replaced by

(v) V). L) (v)
Bikeo) U] = Uout,(k,C)[U(k,C)]7 (3.7.48)
where the Ug;)t,(k,c) : v — R are defined by
A ohaobl= Y dlwa] [ idndeny. (3149)
ve{0,...,n}, Jevic] Wy’ NOp

(k,C)EI,,-Dir
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Approximating the integrand of (3.5.24g) as being constant on &ukj )Ar,,, it is evaluated

Gyl
at ry, where z, € &uk]) NT;, is guaranteed by (dispt-(iii)). Thus, (3.5.24g) is replaced
by

v v— v v v— 1
By o (U0 U] = a0y (U Ulie))) (3.7.50)

where the a( ) w(ke) D UX U K are defined by

A auol@)l =3 @)™ (@) )] - Aaa[0w O] (3.7.51)

ve{0,...,n}, (1) eVICIx J;\{0}:
(kvc)EIH,Q,ﬁDir Ad—l[aw(”mrj L]>O

3.7.6 Terms on Interfaces

In this section, (3.5.24d), (3.5.24i), (3.5.24j), (3.5.241), and (3.5.24m) are discretized,
whereas the discretization of (3.5.24h) and (3.5.24k) is postponed to Sec. 3.7.7.

Throughout this section, x; € Ow,(f N v is guaranteed by

AN N 1N0a)#0 = €7, (3.7.52)

k€l jEV., vEIF

which is a consequence of (dispt-(ii)) and of the wy being nontangent to interfaces.

The discretization of (3.5.24d) is analogous to the discretization of (3.5.24c) in Sec.
3.7.5, and the term (3.5.24d) is replaced by

() (v) (v) (v) (v)
D) () U] = O con, (k, c)[U( )] + UJump (k, c)[U(k,C)], (3.7.53)

)

where the Ucon (k) -

: v — R are defined by

A oaell= X ol [ ddnleng. (150

(4)
ve{0,...n}, jeviel, Ouy vy
(kvc)EIH,GJ,ﬁDir YEIF con

and the UJ.(:I)np7(k76) : v — R are defined by

A ol = Y vl m) /8 oy, Vel o (3.7.55)
Wk

ve{0,...n}, Jjevic],
(kvc)eIH,Q,—\Dir ’YEIFjump

The reason for decomposing b(k 0).(a) into one operator for continuous interfaces and
one operator for jump interfaces is their different treatment in the estimates in Lems
3.7.31 and 3.7.33, respectively.
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Approximating the integrands of (3.5.24i) as being constant on v N ey 8regw,(€j),

they are evaluated at xj, where it is noted that ul(ly[; }1)[%] = uf;'[; ]1)[xk] and uz(.i'[)y] (2] =
ug[)ﬂ [x)], since 7 is a continuous interface. Thus, (3.5.24i) is replaced by
v) v—1 N - ) (v=1) rr(¥)
h(k,C),(z’)KU( L UM = aﬂux,con,(k,C)[(U(k,C) 7U(k:,C)>]7 (3.7.56)

v)

where the a;ux cony(kc) - VXV K are defined by

af(‘ll:l)x,con,(k,C) [(g7 y)} = Z <_(ag;11>;y>ex._im. [((g7 y)v x/ﬂ)}

YEIF con: A
Ad—1 ['YmUjeV[C] Bregwl(f)] >0

A 2™ (@) @)

(k,C)eIm,»,-Dir

')\de ’Yﬁ U aregw](gj)
JevC]
(3.7.57)

The discretization of the terms (3.5.24j), (3.5.241), and (3.5.24m) is similar to the

discretization of the term (3.5.24i). However, since v is now a jump interface, w1V and

i1[]
u“~ " can have different values at z;, and likewise for u!) [z)] and v} [z]. Moreover,
i [A/] 21 [’Y] 12 ['7]

;. can be a non-Dirichlet vertex on one side of the interface and a Dirichlet vertex on
the other side of the interface (s. Fig. 3.19 on p. 107 and consider zy = z7). In this
case, the solution value is known a priori at the Dirichlet vertex, which has to be taken
into account in the following discretizations.

The term (3.5.24j) is replaced by

(v) I @) v (v) (v)
h(k’,C),(j)[U( )] T Cljurnp,l,—\Dir,(k,C) [U( )] + ajump,l,Dir,(k,C) [U(k,C)]’ (3758)
where the uj(sr)np 1,~Din,(k.C) vio-pir — K are defined by

aj(ll:l)np,l,—'Dir,(k,C) [U]
= (a'ﬁiy Uy, xx)] — almr [(U L) )
/\ veng;l[C]:J p[ } i p[ (k:,C[(k:,zg[y])]) } - (3.7.59)

(k,lgg}h;nigir (k7c[(k7i2['7])])eIl’I,’D,ﬂDir, .
Ad—1 [Bw,(flm)ﬂ'y] >0 A1 [aw](jlh]) N ,7]
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and the aJ(UI)np LDir(ke) - VT K are defined by
(v)
ajump,l,Dir,(k,C) [y]
. v,1,v
T Z <ajump [(ya $k):|
A V€G] 5 . (3.7.60)
ve{0,...n}, (k,C[(k ialy })]) €I, ,Dir> - a?dn;p [(ujDir[(k7i2[“f])LDif[(tm xk)]: xk)]

(k,C)eIn,»,~Dir At [8 G1ly ]>ﬂ'y:| >0 Ayt [awj(flh]) N ,ﬂ

The term (3.5.241) is replaced by
(v) v— U] g ) v—
b(k,C),(l) KU( 1)’ U( ))] ':aﬂux Jjump,2,—Dir,(k,C) [(U( 2 )]

3.7.61)
) (v 1) v) (
+ aﬂuXJumeDlr (k, C)[(U(kc UkC))]
where the af(il:l)xjump2 bir(ke) | VP x pfioopi — K are defined by
af('lu)><3ump 2,-Dir,(k,C) KU U)]

= ( _ (a“/;ll);y)ex -im. (U ) U ' )’ Th
/\ we%inp,z[cy fl [( (k,c['(k,’tl[’ﬂ)]) (k,C[(k,zl['y])}) )} (37.62)

(kzgé(} ..... n}, (k,C[(k,h[’y])]) €I, D,-Dir» + (agf);l/)ex--lm- [((U(k,C)7 U(k,C)), $k)] >
, 1,9 ,-Dir (i2[v] ;
Ad—1 [awk2 K ’m} >0 Ayt [&u,g”h]) N 7]

and the a{({fl)x,jumpg’Dir’(k’c) : v X v — K are defined by

(v) ~
aﬁux,jump,Z,Dir,(k,C) [(y7 y)]
= 2 <— (af)™ " (Wil pie [t )],
YEGium YQ[C]:
/\ (i, u[JvaeInwr Winyel(kin LD (Fos 28)]), ) ]| - (3.7.63)

(kC)El p ~Dir At [0wl2000n] >0 - (agf);”)ex'_im' [((gj,y),:rk)})

At [0 4]

The term (3.5.24m) is replaced by

(v) W ) )
b(k C),(m [ ( )] : ajump, 2,—Dir,(k,C) [U( )] + ajump 2,Dir, (k,C) [U(kyc)]v (3764)
where the aj(m)np 2,-Dir,(k,C) - vimo.-pir 5 K are defined by
)
ujump,Q,ﬁDir,(k,C) [U]

. o
= Z ( N a;ump [(U<k C[(k,il[’)/])]) 7 fEk)]
/\ VE€Gump,2[C]: 2y |
V{0, om), (k7c[(k‘,’i1[7])])EIH,@,—'Dir, + a?ump [(U(k,C), xk)])

(k,C)elm,n,-Dir (i2[¥]) ;
Aot [0 5] 50 Aaa [0 4]

(3.7.65)



3.7. FINITE VOLUME DISCRETIZATION 121

and the aj(;)npz’Dir’(k’c) : v — K are defined by

(v)
% ump.2,Dir, () Y]
,Lv
= Z ( — A (Wi (ks )1 Dic [(Eo, T0)], )]
/\ YEGjump,2[C: . ) (3766)
ve{0.nk, (k’c[(k’ilm)])GIH,D,Din + @;dn;p [(% mk)])

(k,C)eln,»,-Dir (ia[]) .
N1 [0 my] >0 At [00) 4]

3.7.7 Terms Involving Nonlocal Operators

The subject of this section is the discretization of (3.5.24f), (3.5.24h), and (3.5.24k). In
contrast to the discretization of the remaining terms of (3.5.24) described in other parts
of Sec. 3.7, the discretization procedure for the nonlocal terms described in the following
is less concrete. If at all feasible, the determination of a universal discretization method
for general nonlocal operators seems to need an investigation of the continuous solution
theory (s. Rem. 3.7.21 below). Since the continuous solution theory is not the subject of
this work, certain aspects of the discretization procedure are left open. However, in Sec.
3.7.8, it is shown, how a concrete discretization of the terms (3.5.24f), (3.5.24h), and
(3.5.24k) can be constructed, if the nonlocal interface and boundary operators represent
nonlocal radiative heat transport between surfaces, i.e. for the cases considered in Exs
3.1.2(c) and 3.1.3(e) (also see Exs 3.4.10 and 3.4.12).

The terms (3.5.24f), (3.5.24h), and (3.5.24k) are replaced by

bEZ,)C),(f)[(U(V_l)> U(V))] = _%EZ?C)[(U(V_D, U(V))], (3.7.67a)
B [T U] o= = oy (0D, U], (3.7.67D)

™) v—1 N ™) v—1 v
Do) (U D, U] = =2 o [(UED, U™)], (3.7.67¢)
respectively, where for each v € {1,...,n} and for each (k,C) € It -pir, the %gz)c),
Qlf;i,(k,c)a and Q[j(sr)np,(k,C) are functions from v/mo.-pir x pfmo-pir into K such that the

right-hand sides of (3.7.67) are suitable approximations of (3.5.24f), (3.5.24h), and
(3.5.24k), respectively.

The nonlocal interface operators A,, v € IF, and the nonlocal boundary operators
Bj., (j,¢) € J x (J;\ {0}), can depend nonlocally on (potentially) all unknowns u;.
Correspondingly, the same holds for the dependency splittings (A,)™™™ and (B;,)™™
with respect to the time-discrete unknowns ug-”). Thus, the approximations on the right-
hand sides of (3.7.67) can depend on the entire vectors U1 and U® . ie. they can
depend on all solution values at discretization points of control volumes of II.
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Remark 3.7.21. In a suitable sense, the approximations on the right-hand sides of
(3.7.67) should become better as II becomes finer (i.e. as hU) decreases, s. (3.5.2)).
However, to make this more precise, one needs an analysis of the continuous solution
and convergence theory, which is not considered here.

3.7.8 Example: Discretization of Nonlocal Radiation Terms

The subject of this section is the concrete construction of the discretization operators
on the right-hand sides of (3.7.67) for the special case described in Exs 3.1.2(c) and
3.1.3(e) (also see Exs 3.4.10 and 3.4.12), i.e. if the nonlocal interface and boundary
operators represent nonlocal radiative heat transport between surfaces.

Using the model of diffuse-gray radiation as described in Sec. 2.4 together with the
assumed cylindrical symmetry (cf. Sec. 2.4.3), the discretization strategy follows the
same paradigm used so far in this work: The relevant equations are integrated over
control elements (more precisely, over boundary elements on interfaces, compatible
with the control volumes of the polytope discretization II), followed by quadratures,
where functions are approximated as constant in the respective domains of integration
(see Sec. 3.5 and the description in Sec. 3.7.1 for the case of evolution equations in
general).

Let praq be a 2-dimensional polytope that constitutes the circular projection (cf. (2.4.20))
of some cylindrically symmetric radiation region. One should have in mind that p..q
typically represents (the circular projection of) a gas-filled cavity inside a complex ap-
paratus. Thus, there are usually several p;,q; within a domain complex. However, to
simplify notation, the index j is dropped, and the considerations are performed for just
one radiation region p,.q. Moreover, as in the case of Ex. 3.1.3(e), where the nonlocal
boundary operator represents radiative interactions between surfaces inside the upper
and lower blind hole in Fig. 4.1 on p. 195, it can happen that p,.q lies outside the total
space domain p, i.e. no evolution equation is solved on praq.

The case of Ex. 3.1.3(e) is the one considered in the following. The three cases of
nonlocal radiation operators on interfaces considered in Ex. 3.1.2(c) can be treated
analogously. The operator B := B,, of Ex. 3.1.3(e) in axisymmetric form (cf. Sec.
2.4.3) reads

B[Tsolid,circ] = ECiI‘C[(TSOhd,CirC7 $)] . xycirc [Rcirc [Tsolid,circH . (3768)

Once again, the precise meaning of R, acting on Tyl cire 1S according to the remark
made at the beginning of Ex. 3.1.2(c). The function B[Tidcirc] is defined on I' :=
Praa N p. The set Opraq \ p consists of some part lying on the r = 0 axis and a phantom
closure. For the lower blind hole of the apparatus in Fig. 4.1 on p. 195, this is illustrated
in Fig. 3.22. The phantom closure I'py, (corresponding to I'pottom OF 'top in Fig. 4.1) is
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assumed to radiate as a black body at room temperature, setting €c,e = 1 on I'p,. Thus

N\ Reel] = 0 Th. (3.7.69)

Q?Eth

I'=praaNp

== th = I'bottom

r=20

Prad

Figure 3.22: Circular projection of the lower blind hole of the configuration of Fig. 4.1
on p. 195.

Now, I' U I'yy, is discretized into line segments. To that end, let Il.q := ((u)rer,, be
a partition of I' U I'py, such that each ¢ is a line segment. The (,, are called boundary
elements. With each (,, associate a discretization point z, € (.. Moreover, if a constant
approximation of radiation is to be reasonable on each (., then each (. should lie within
a single solid material. On T', Il,,4 is supposed to be compatible with the partition II
of p in the following sense: For each control volume w such that I' N Oiegw # 0, the
family (¢, Nw)ger, is supposed to form a partition of I' N dw, where I, := {k € Iq :
int[C,] N Opegw # 0}. Furthermore, for the discretization point z,, of w, it is presumed
that

N 7o =2, (3.7.70)

k€l
In particular, I, has at most two elements. The situation is illustrated in Fig. 3.23.

So far, for the sake of readability, the fact that Ry (and thus B) only depends on
Teotid cire Testricted to a fixed time ¢ € 7, was hidden in the notation. However, this

plays a role in the following. Thus, for each v € {0,...,n}, let TS(Ong cire denote the
restriction of Tyolid cire to the time ¢,.

To find %EZ)C) such that the right-hand side of (3.7.67a) approximates the term (3.5.24f),
the dependency splitting (cf. Ex. 3.4.12)

B (T T )] = e (Tgties 0] - Teire [Rewre Tt and]  (3.7.71)

solid,circ’ * solid,circ solid,circ? solid,circ

is multiplied by r and integrated over (, for each k € laar, where Laar := {Kk € Laa :
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W1 %)
@ ®
|
- = th = 1—\bottom
®
w3 control volume with
discretization point
Wy W .
Prad . - .

I ——— 1st element of [,

_____ 2nd element of I,

v (if any)

Figure 3.23: Magnification of the radiation region of the lower blind hole that was
depicted in Fig. 3.22. Here, to illustrate the assumed compatibility between II,,q and
[T, the control volumes adjacent to p,.q are also shown.

(. CT'}. This yields

A / cire [(Ta el (7, 2)], (1 2))] - Teine [Reive Lpq. i | [(7, 2)] - 7 d(r, 2)

He[rad r

(3.7.72)

Actually, this is the same as integrating e|(T\ " [z], z)] - F [R[ngzd]] [z] over 7L
then performing a change of variables analogous to the description in Sec. 3.6.

(. and

= 7—\)fcnfc [T

Solid, eire) according to

Now, using that on I', with obvious notation, RCHC
(2.4.27), (3.7.72) is approximated by evaluating €., 7, -1 and RY) at the dis-

solid,circ? circ
cretization point x., K € Laqr. If z, lies in the boundary of (., then the functions
to be evaluated at x, might not be continuous at x,. However, the functions are con-
tinuous on int[(,] and can be extended continuously to x.. In that case, the following

evaluations at x, are meant to be those of the continuous extensions.

Thus, the approximation of (3.7.72) yields

A Vo= e (Theled 2] | T RN, 2rd(r2), (3.7.73)

Ke[rad,l" Cr
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and furthermore, using (2.4.22), one gets

%rc[ Gl 2)]rd(r, 2)

/C /F e r,2), (7, 2))] RYLI(F, 2)] 7 d(7, 2) rd(r, 2)

A

whar / [ dacl(@ 0207 a2y | BT

)\E—[Iad CN
14
= E : Rcirc[a:)\] ANM\
A€ aa

where

Ay /CN /Q aire [ (1, 2), (7, 2)) ] 7 d(7, 2) rd(r, 2) . (3.7.75)

(K, /\)6

rad

Definitions (2.4.23) and (3.7.75) together with the forms of A and w imply the symmetry
condition

/\ An,/\ = A)\,,‘i' (3776)
(r,\)ET?

rad

Since ['UT",y, is the circular projection of a closed surface, the conservation of radiation
energy (2.4.24) yields

Z Axa _/ Acire (7“ 2), (T, z))} 7 d(r, 2)rd(r, 2)

Aelng Cr Aelpnq

HE{\ /C /M are[((r,2), (7, 2))] 7 d(F, ) rd(r,2) |- (3.7.77)
| :/le'rd('r,z) =l

Substituting (3.7.74) in (3.7.73) results in

/\ V’{ = Ceire [(7;((;1(110”(: Z RCII‘C LU)\ Ky (3778)

HGIrad’F A€lrag

Multiplying (2.4.21) by r, integrating over Ci, K € Iraar, and approximating the result
by evaluating Rgﬁ)c, v, TUY and TV

solid,cire? bohd cires b the discretization point z,, leads to

/\ Rélyr)c [x"‘i]l - ( — €circ [(Ts(oyli_dizirc [:L"‘f] ’i):|) ¢ \7(311"(3[ c1rc] [<T7 Z)]T d(?", Z)
KEIrad’F = O¢€circ [(Ts(oyhdlglrc [xﬁ] H):| (Ts(oylzd circ [x/f])4 l:‘f

(3.7.79)
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The combination of (3.7.79) and (3.7.74) yields

Rc(:lr)c [x"f]l - (1 — €circ [(Ts(oyhdlglrc Z RCH‘C
A T . (3.7.80)
€laar \ = 0€irc [(Ts(cl)jli_ch)irc [2x], xm)] (Ts(oylzd,circ [xn])4 L

If the families of values (TS((;;SC)HC [95,.@])1.Ce haar and (Twlzd cire [QJK])HE Loy TC known, then

(3.7.80) constitutes a linear system of equations for the determination of the family of

Vahles (R((:lr)c [l.“i] ) KEIrad,F )

In matrix form, (3.7.80) reads

AX =Y, (3.7.81a)

with vectors X = (Xu)rerur € Rixear Y = (Ye)relar € R’dar and a matrix A =
(AH:)\)(K ANel?

Y

ad,I’
A X, := RY [z, (3.7.81b)
K€l ad,T
A Ve = 0€aine [ (Tiiariee ) )] (T cive]) (3.7.81c)
Helrad,r

The matrix A has the form
A=D+L (3.7.81d)

. . I2 I2
with matrices D = (D“v’\)(“vA)Effad,r € Rwar and L = (L) wayerz, . € Reor, where

ad,I’

D is diagonal,

I, for &=\,
A D ::{ o (3.7.81e)

(e 0 fork# A\,
A Ly = — (1 = eire [(T e[ @al 2)]) - A (3.7.81f)
(K, )\)Elrad r

Using Def. C.3.1 and Lem. C.3.2 of App. C.3, the following Lem. 3.7.22 provides some
important properties of the matrix A.

Lemma 3.7.22. If 1 > €. > 0, then the following holds:

(a) A is strictly diagonally dominant.

(b) A is an M-matriz. In particular, A is invertible, and A~ is nonnegative.
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Proof. (a): Since r can not vanish identically on (,, one has

N >0 (3.7.82)

HeIrad,l"

directly from (3.7.77). In particular, for each xk € Iar, there has to be at least one
A € Iq such that A,y > 0. If 1 > €ge > 0, then (3.7.81f) yields by (3.7.77) and

(3.7.82):
A Y Lal< Y A=t (3.7.83)

Re]rad,F )\EIrad,l" AETLaq
Thus
A > Al < Aw, (3.7.84)

ne[rad,l" Aelrad,l"\{“}
showing that A is strictly diagonally dominant.

(b): Combining (3.7.81d), (3.7.81e), and (3.7.81f) with (3.7.82) shows that the hypoth-
esis of Lem. C.3.2(b) is satisfied. Then (a) yields that A is an M-matrix. Thus, A is
invertible, and A~! is nonnegative according to Def. C.3.1(d) and Lem. C.3.2(a). M

Lemma 3.7.22(b) allows to write (3.7.81a) in the form
X=A"'Y. (3.7.85)
Moreover, combining (3.7.85) with Lem. 3.7.22(b), (3.7.81c), and (3.7.81b) yields

A Rl =X.>0. (3.7.86)

’ielrad,l"

Finally, introducing the matrix L = (.Z/,i,)\)(n)\)GIQ € Redr,

/\ Eﬁ’,\ = Ecire [(TS(OVh_dTC)irC[xH], ac,{)] Ny, (3.7.87)

(K’)\) eIr2aud,l"

(3.7.85) allows to write (3.7.78) in the form
V =LA'Y, (3.7.88)

where V = (VH)HEIrad,F'

In the present example, the total space domain p can be decomposed into p = pgoriq U
Peas; Where pgoiq and pgas represent the domains of solid materials and gas cavities,
respectively. The unknown is the temperature which is called Tyolig cire ON Psotia and
Tgascire ON Pgas.  Both Tiglig cire and Tyagcire are continuous, but the temperature can
be discontinuous on pelid N Peas- In particular, for each k € Iy, G,, has at most two
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connected components which are referred to by the supscripts “solid” and “gas”. Thus,
the notation (k,C) € Inp is replaced by (k,solid) € I p and (k, gas) € I p, and

U» =TY 2] for 2 € Peotid,
/\ ( k,?zild S((Z/l;d,cu“c[ ) k & Psolid . (3.7.89)
ve{0,...,n} Uk,gas = Tgas,circ [Ik] for Tk € Dgas
Moreover, it follows from the above definitions of V, L, A, and Y, that
v— v v—1 v
V= V[(U( 1)7 U( )>] = V[((Ulg7soli()i7 Ulis)olid))kejnzmkep} . (3790)

One is now in the position to define %l(cl,/s)olid such that —%,(:S)()hd[(U =1 ™)) is an
approximation of (3.5.24f) by letting

A B0 U)] = YOV, U] (3.7.91)
ve{l,...,n}, S
Fﬁaregwk#w

Here it is used that I'NOyegwy # 0 implies x;, € T'NOwy, by (dispt-(iii)) and that z,, =
for k € 1, according to (3.7.70).

It was mentioned earlier that the discretization of nonlocal radiation operators on in-
terfaces considered in Ex. 3.1.2(c) can be treated by a procedure analogous to the one
presented above. In this case paa € p, I' = Opraa = T'con U L'jump, Where I'eon =
rn UveIFcon Y, Fjump :==1"N UveIFjump 7, and there is no I'yy, i.e. Liaar = Iraq. For each
control volume w such that I, # 0, let I, con := {K € Laa : Teon N Int[Cs] N Opegw # 0O},
I jump = {K € Liad : Tjump Nint[C,] N regw # 0}. Depending on the case of Ex. 3.1.2(c),
one has to replace €girc With € cire, €tcirc + €rcire, O €rcire- One is then led to the fol-

lowing definitions of thfn,mhd and 2l§§ilp7k7solid such that _Ql‘(:Z])a,k,solid[(U =1 ™)) and
—Ql}gznpykysohd[(U(”*l), U™)] are approximations of (3.5.24h) and (3.5.24k), respectively:
/\ ngzzl,k,solidKU(y_l)a U(V))] = Z VH[(U(V_1)7 U(V))]’ (3792)
lle{l ..... n}, He[uk,con
Fconmaregwk7é@
/\ 221j(lzznp,k,solid[((](V_l)7 U(V))] = Z VH[(U(V_l)v U(V))] (3793)
ve{l,...,n}, K/Elwk,jump
Fjump“‘%eg“’k#@

It is used that T'con N Oregwy, # 0 implies x4, € T'eon N Owy, by (3.7.52) and analogously for
Ijump-

The situation of Ex. 3.1.2(c) is depicted in Fig. 3.1 on p. 50. In this case, one has
Q5 N Qj, € Tiump, 25, Ny € Diumps 25y N Q4 € Cjump, and Q5 N Qy, C Teon.
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3.7.9 Upper Bound for Terms on Outer Boundaries

In this section, under suitable hypotheses, upper bounds are proved for the contributions
to the operators s) stemming from terms on outer boundaries, i.e. stemming from
h X f) (*.0)(f)? and UEZ?C),(Q)' Since no universal discretization procedure was given
for the nonlocal boundary operators B;, in Sec. 3.7.7, a general estimate just depending
on conditions on the input functions can only be expected if no nonlocal boundary
operators are present. Therefore, the strategy in the following is different from the
procedure that was used for the corresponding estimates in earlier sections. First, Def.
3.7.23 defines the needed estimate as a property of the discretization operators. If no
nonlocal boundary operators are present, Lem. 3.7.25 proves the upper bound, using a
sufficient condition on the input functions. Finally, Ex. 3.7.27 proves an upper bound
for the case where the nonlocal boundary operator is as in Sec. 3.7.8, i.e. it represents
the nonlocal radiation operators arising from Ex. 3.1.3(e).

Definition 3.7.23. The discretizations %EZ?C), Ug';)t,(hc), and a((;)m(hc), (k,C) € Ino -pir
are called bounded from above iff they are real-valued and there is B,y [€] € R such that
independently of II and v,

> (Bl oW e~ 8% ey ) < Bowl€] - Aa1[0p). (3.7.94)

(k,C)€It, ,~Dir

Remark 3.7.24. As a trivial consequence of Def. 3.7.23, if %EZ?C), U(()Z)t’(k,c), and a(()'/u)m(k’C),
(k,C) € Inm -pir, are bounded from above, then

) ) )
- <h<k,c>,<c) ey T b(k,c’),(g))
A (kvc)EIH,Q,ﬂDir (3 7 95)
_ () ¥) ) S
v€{0,...,n} - Z <%(k,c) - Uout,(k,C) - aout,(k,C)) < Boutm ’ )\d,l[ﬁp]

(k’C)GIH,’D,—\Dir

Lemma 3.7.25. Suppose that all nonlocal boundary operators vanish (i.e. B;, = ‘B(Z)c)

= 0). Moreover, assume that for cach (j,0) € J x (J; \ {0}), the functions all, are
real-valued, and that the function

avout2UXUXT><Fj7L—>R,

i, \ex.-im. (3796)
Vol t.0)] == —vyl(y. t, )] e my o] = (afi) " [((7.9):t,2)],

is bounded from above. Then %EZ?C), Ug;)t,(hc), and a(()'fl)t’(w), (k,C) € Inm-pi, are
bounded from above with

Bow[€] := max { sup(avly,) : (j,1) € J x (J;\ {0}) }. (3.7.97)
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Proof. The hypothesis implies that each

—0jtal (s )]0 2] @ 0 = (@)™ (5, 9), )]
is bounded from above by B.u[€]. Hence, (3.7.94) follows from (3.7.49) and (3.7.51),
and since (w,gj))jeJ: rer is a partition of wy, k € Iy, I is a partition of p, and (I';,).e,
is a partition of dp N Op;,. ]

Example 3.7.26. Examples 3.1.3(b),(c),(d), Ex. 3.1.1(b), and the first case of 3.1.1(a)
are 1nvest1gated with respect to the hypothesis of Lem. 3.7.25, i.e. with respect to

whether avly; is bounded from above. In each of these cases, it is B;, = 0.

Suppose v = [m,,, oo, as for example if the unknown represents temperature. Moreover,
let " be a (d — 1)-dimensional polyhedral subset of dp.

It is first assumed that (aﬁ’ét)ex'_im' [((g, Y),t, x)} = al'.[(y,t,x)], i.e. there is no depen-
dency splitting.

For the boundary conditions considered in Exs 3.1.3(b),(c),(d), using natural hypothe-

ses, —aly, is always bounded from above: Let aly, € C’(T x I''R). Ex. 3.1.3(b):
sup( at) = max{—a’’[(t,z)] : (t,z) € 7 x I'} since aly,; does not depend on
the unknown. Ex. 3.1.3(c): sup(—aly) < &(||tiext|/max — my) for —al (y.t,z)] =

€ (uext[(t,2)] — y), € € R, uey € O(7 x I',R). Ex. 3.1.3(d): sup(—aly,) < 0T, for

my, = 0, —ali[(y,t,2)] = oel(y,t,2)](T,, —y'), 0 € R, € € C(vx 7 xT,[0,1]),

room
Troom € .

Thus, in these cases, avf;’ﬁt is bounded from above if —v; [yxrxr e, is bounded from
above, e.g. if v; does not depend on the unknown as in the second case of Ex. 3.1.1(b).
However, if —v;[,x7xr ®n,, is not bounded from above then av’?, can only be bounded
from above if the two remaining summands of av’’, compensate each other. Example
3.1.1(a), first case: One has —v;[(y,t,2)] = —yVgslx]. Letting A := max(—vgas 1
onpj) —V; [uxrxr @y, is bounded from above if and only if A < 0. If A > 0 and

—alt [(y,t,x)] = £(uext[(t z)] —y), £ € RT, then av’’, is bounded from above if and
only if A —¢& < 0. If —a’[(y,t,2)] = ae[(y,t,x)](T4 —y*), then avly, is bounded

from above if € is bounded away from zero. The first case of Ex. 3.1.1(b), where

S(aD)
vi[(y,t,x)] = (M—:i)R Peas YVgas[T], 1s similar. Example 3.1. 1(b), third case: One has
—0;[(y, t, ©)] := —€gas[V] Pgas[®]Vgas[z], and whether avly, is bounded from above or not

depends on the special form of ¢.

Finally, consider Ex. 3.1.3(d) with the dependency splitting

()™ [(@9)t2)] = 0el(7,t.2)](Y" = Trbom)-
Since € is [0, 1]-valued, —(agﬁt)ex'_im' is bounded from above. Moreover, it is still true,
that for —v;[(y,t,2)] = —yVgas[z], the function avly is bounded from above if € is

bounded away from zero.
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Example 3.7.27. As in Sec. 3.7.8, consider the case where the nonlocal boundary
operator B := B;, is given by (3.7.68), i.e. it represents the nonlocal radiation operators
arising from Ex. 3.1.3(e). Moreover, considering Ex. 3.1.3(e) in axisymmetric form, one
has

Aout [(Tsolid,circa tv ZE)] - ag)ut [(Tsolid,circa tv ZE)] - 6circ[(trsolid,cirm )] o Ts%)hd circ*

Thus, using the dependency splitting of Ex. 3.4.12, it is

ex.-im

Bex-im. [( (V 1) T(V) )][l’] ( (V)> ’ [((T(V_l) T(V) . ),I)]

solid,circ? = solid,circ Aout, solid,circ? = solid,circ

(3.7.98)
v—1) v v—1 v 4
= €circ [(7—‘5(011d ,cire? )] ‘7CITC |: circ [Ts(olzd mrcH — €cire [(7—;(olid,2irc? .T)] 9 (Ts(olgd,circ) :

The considerations of Sec. 3.7.8 led to the definition of %(Z)C = ‘ngs)ohd in (3.7.91).

Together with a(()]”l)t’k,sohd = agu)t () defined according to (3.7.51), and recalling (3.7.89),
this yields

%I(:s)olid[(U v=1) U(V)>] E)u)t k SOhd[(Uk(;VSOﬁC)l’ Uk sohd)]
= > (ValW D, 09)] = el (Ut 2] 7 (U ) 1) (3.7.99)

Iiefuk

Let Liadph := Irad \ [raa,r- The following (3.7.100) is another instance of the conservation
of radiation energy. Using that I' U I',, as defined in Sec. 3.7.8 (s. Fig. 3.22 on p.
123) forms the circular projection of a closed surface, and using (3.7.99), (3.7.89), and
(3.7.78), one calculates

(k,C)€It,»,-Dir

. (v—-1)
- E €circ [(Tbohd CH‘C E : RCer .CL’)\ Ky A

Helrad,[‘ Ae[rad
Z (v—1) (v) 4
- €circ [(Tsolid,circ [1:5]7 CU,{)} g (Tsolid,circ [QZK]) ln
He[rad T
(3.7.80) (V)
= - E Rmrc mﬂ l + E E : Rcu"c
K€lvad,r K€Lada,r AElvaq
(3.7. 77) (v) )
E : ch"c[xﬁ] E : Afﬂ,)\ + E : E : Rcirc [‘/EA] Afﬁ)\
K€lvad,m A€l aq K€l ad,r AElraq
RY) [ ] Apy + RY) [x,] A
circ [V r]LARA circlVK N
He[rad,l" Aelrad Aelrad,l" Helrad

= - Z Z Rv(:;;)c[xﬁ]An,A+ Z Z R((:Iljr)c[xm] AH,)\

’ielrad,l‘ )‘elrad,ph )‘elrad,l" He]rad,ph
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(3.7.69)
Z Z R((;ljr)(?[x”] A’{v/\ < O-Triom Z Z AH’)‘
)‘elrad,F He[rad,ph Aelrad,l" He]rad,ph
(3.7.77) (3.7.77)
< oTi.. Z I, < aTriom/ rd(r,z) < oo. (3.7.100)
Ton

Hlelrad,ph

(3.7.86)
<

Thus, for Ugfl)t,(k,C) = 0, (3.7.100) shows that the operators are bounded from above in

the sense of Def. 3.7.23.

It is remarked that it is straightforward to superpose the situation of the present ex-
ample with the situations considered in Ex. 3.7.26 (discarding the condition B;, = 0 in
Ex. 3.7.26).

3.7.10 Upper Bound for Terms on Interfaces

In this section, under suitable hypotheses, upper bounds are proved for the contributions
to the operators s*) stemming from terms on interfaces, i.e. stemming from hEZ)C) (d)’ and

hEZ?C),(h)’ e bEZ?C),(m)' The following is organized analogous to the strategy described

at the beginning of the previous Sec. 3.7.9.

Definition 3.7.28. The discretizations
(v) (v) (v) (v) (v)
E?’lcon,(lc,C)’ tJcon,(k,C)’ aﬁux,con,(k,C)’ Q’ljump,(k,C)’ t)jump,(k,(,’)’

e o) o) o)
jump,1,Dir,(k,C)’ “jump,2,Dir,(k,C)’ " flux,jump,2,—Dir,(k,C)* " flux,jump,2,Dir,(k,C)’

(3.7.101)

(k,C) € Inm -pir, are called bounded from above iff they are real-valued and there is
Bir[€] € R such that independently of IT and v,

(v) () (v) (v) (v) (v)
Z (Qlcon,(k,C) - t)con,(k,C) - aﬂux,con,(k,C) + Q[jump,(k,C) - Ujump,(k:,C) - ajump,l,Dir,(k,C)
(k,C)eln,»,-Dir

e W W
jump,2,Dir, (k,C) flux,jump,2,-Dir,(k,C) flux,jump,2,Dir, (k,C)

< Bip[€]- > Aaalyl. (3.7.102)

vy€IF

The following Lem. 3.7.33 is similar to Lems 3.7.4 and 3.7.16.

Lemma 3.7.29. The following holds:

2 : (v) (v) _
/\ (ajumpvla_‘Dirv(kvc) + ajump,2,—|Dir,(k,C)) o 0 (37103)
ve{0,...,n} (k,C)elt,»,~Dir
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Proof. Fix U € vmo.-pir,
(v)

Due to (3.7.59), q;[U] := > % ump.1,-Dir, (k.c) U] actually involves a sum over the
(k,C)eltt,»,-~Dir o Y

set
A :{(U{?,C),’Y) € IHD -Dir X Gjumpl[c] :
) (3.7.104)
(k,c[(k7i2[7])]) € Inm -pir, Ad-1 [7 N &u o } > 0}-
Analogously, due to (3.7.65), ay[U] := > aj(sr)np 2,-Dir,(k,c) (U] involves a sum over
(k,C)eln,p,-Dir w Y
B :{((kac%f}/) S IH,D,ﬁDir X Gjump,2[c] :
(3.7.105)

(k,Cl(k, i1 [1])]) € I -pies At [7 N aw}jﬂﬂ)] > o}.

Now a bijection Z : A — B is established by letting

Z| ((k.0),7) | = ( (k. Clki2l)]). 7). (3.7.106)

The proof is completed by observing that for each ((k’,C),’y) € A, the summand
of a,[U] corresponding to ((k,C),7) cancels the summand of ay[U] corresponding to
Z[((k,C),7)] (cf. Rem. 3.5.7). |

Remark 3.7.30. As a trivial consequence of Def. 3.7.28 and Lem. 3.7.29, if the dis-
cretizations (3.7.101) are bounded from above, then

=~ (00 + 000 + Dk

(k; C)EIH D, Dir

(v) (v) (v)
+hty) 0).) T Otkerm T Diey,o T k,C),(m))

_ () (v)
Z < con,( - rJcon J(kC) Clﬂux con,(k,C)
A (k C)EIH % ,-Dir
ve{0,...,n (v) _ (v) (v)
& ! + Q[Jump (k,C) t)Jump (k,C) ajump,l,Dir,(k,C)
e e e )
jump,2,Dir, (k,C) flux,jump,2,—Dir,(k,C) flux,jump,2,Dir,(k,C)

If there are no nonlocal interface operators, then the operators (3.7.101) are bounded
from above, given a sufficient condition on the input function. This is the contents of
the following Lems 3.7.31 and 3.7.33, and of Rem. 3.7.35, where Lem. 3.7.31 deals with

terms on continuous interfaces, and Lem. 3.7.33 deals with terms on jump interfaces.
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Lemma 3.7.31. If for each y € IFcon, the functions alt, o € {1,2}, are real-valued,
and the function

AVeon[y] : VXU X T Xy — R,

Weon[(G, v, 1. 0)] = = D viall(y,t,2)] ey, (2] (3.7.108)
ae{1,2}

+ @)™ ™ (@)t w)] = @32 ™ [(Gy) b 7)]

1s bounded from above, then

A S (-0 ko)~ Wk cone) < Beonl€ s D Aailil, (37.109)

ZIG{O ..... n} (k,C)GIH,Q’ﬁDir YEIF con

Beon|€] := max { sup(aveon[7]) : 7 € [Feon }- (3.7.110)

Proof. The hypothesis implies that each

- Z Uz(ayg }Sca[(:% ]f)] z(f'y},vec[mk] .nw,(fo‘h])
ac{l,2}

Hag ) (@) )] = @20 [(Gy), )]

is bounded from above by Beo,[€]. Hence, (3.7.109) follows from (3.7.54) and (3.7.57),
since (cu,(f ))]EJ kel is a partition of wy, k € Ip, II is a partition of p, and since vy N
regwk) # () holds if and only if j € {i1[y],2[y]}. [ |

Example 3.7.32. Suppose 7 € IFcon is a continuous interface. Let vg y 1= Vi 4] [oxrxy,
a € {1,2}. Suppose v = [m,,00] and that there is no dependency splitting, i.e.

()™ [(@, ). t,2)] = agl(y, 1. ).

The function avee,[7] is bounded from above for af = aﬂux = 0 if both v, , and vy,
are independent of y € v or if vy, = vy, i.e. if the convection through v is continuous.

However, in general, if the convection through the interface v is discontinuous then
aVeon[7] is only bounded from above for a suitable nonvanishing choice of aj;. and aj” .
For example if vi, =0 and vo,[(y,t,2)] = —yny, . then aveon[] is bounded from

above for agil =0 and a2 [(y,t,2)] = €y, € € [1,00].

Lemma 3.7.33. Assume that for each v € IFjumyp, the functions af, and a’ o€

{1,2}, are real-valued, and each of the functions

Jump’

AViumpalY| U XU XTXy— R, a€e{l 2}
jump, [v] Y ) {

aVijump,1 [’7] [(g7 Y, t, l‘)] ‘= Ui 4] [(yv t, ‘T)] b npilh] [m] + (agulx) m [((3}, y)? t, ZL')} )
aVjump,2 (@, y,t,2)] = —Visly] [(y,t,7)] e Mpis i [z] — (agfx) o [(@a Y),t, CL’)}
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are bounded from above. For simplicity, also assume that the functions ajump and aJump

are bounded from below (this assumption can be avoided whenever 5 does not intersect
a Dirichlet boundary). Then

() () )
Z <_Ujump,(k:,6) ~ %ump,1,Dir,(k,¢) — Hump,2,Dir, (k,C)

(k,C)elm, o, ~Dir
(v) )
/\ ~ %ux,jump,2,~Dir, (k,C) aﬂux,jump,Q,Dir,(k,c)) ’ (3-7-112)
ve{0,...,n}
S (Bjump[e] + Bjump,Dir Q: : Z )\d_l[’y]
’YGIFjump

Bjump|€] :=max { sup(aviump,1[Y]) + sup(aviump2[7]) © ¥ € IFjump }

[((ujpul(t, 2)], wjpic[(8, 2)]), 8, 2)]
Y € Fjump, JE€J: 0€ J;, ((t,2) €7 x7x 7N},
(3.7.113)

ex -im.

4+ max { aﬂuX

Bjump,Dir[Q:] = max { Sup ?ump) v e IFJump7 o€ {1 2}}
-+ max {ajump [(uj,Dir[(t7 27)], tv ZL‘)} :

a€{1,2}, v € Fjump, j€EJ: 0€ J;, (t,x) €T XFNTpir }-
(3.7.114)

Proof. The hypothesis implies that each

—vﬁ[)ﬂ,sca[(yl, m)]vﬁfﬁﬂ vee K] ® 1) — v;”[)ﬂ seal (U2 xk)]v,gg”[?,],vec [24] @ 11 iato0

+ag)™ " (G, 91), 2) ] — (agi)™ " [((F2,y2), z1)]
(3.7.115)

is bounded from above by Bjump|[€] and that this is still the case if summands with
index 1 in (3.7.115) are replaced with the Dirichlet term from (3.7.63). Moreover, each

summand in (3.7.60) is bounded from below by —Bjump pir[€]Ad-1 [&u,(:lm) N ﬂ and

each summand in (3.7.66) is bounded from below by — Bjump,pir| €] Ad—1 [8w,(f2m) N ﬂ.
Hence, (3.7.112) follows from (3.7.55), (3.7.60), (3.7.62), (3.7.63), and (3.7.66), since

(w,(gj))jejzkd(j) is a partition of wy, k € Iy, IT is a partition of p, and since ’yﬂ@regwéj) #
holds if and only if j € {i1[v], i2[7]}. [ |

Example 3.7.34. Suppose v € IFj,mp is a jump interface.

First, it is remarked that for aJump[(y,t x)] = ajump[(y,t z)] = &y, £ € R, according

to Ex. 3.1.2(b), a;uilp and aJump are bounded from below, satisfying the hypothesis of
Lem. 3.7.33.
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Let vay 1= Vigpy] loxrxy, @ € {1,2}. Suppose v = [m,,, oo[ and that there is no depen-
dency splitting, i.e. (ago)™ ™ [((7,y).t.z)] = afl(y. ¢, 2)].

The situation is similar to Ex. 3.7.32, except that the contributions from the two sides
of v can no longer compensate each other. Still, the avjymp [y] are bounded from above
for all = al?. = 0, if both v; and v, are independent of y € v. However, while in
Ex. 3.7.32, the hypothesis of Lem. 3.7.25 was satisfied for vy, = vy, in the current
situation, vy, = v2, does not suffice to ensure the hypotheses of Lem. 3.7.33. For
example, if Ulﬁ[(y’ t,[E)] = UZ“/[(:%ta "L‘)] R AL INSE then _(Ulﬂ * npqh])[(?/a t,fL’)] =Y
is bounded from above, but —(vs,, @ n,,J[(y,t,2)] = y is not bounded from above.
In particular, avjump2[7] is not bounded from above if aj2. = 0. However, analogous
to Ex. 3.7.32, aVjumpa|7], @ € {1,2}, are both bounded from above for a} = 0 and

a2yt )] = &y, € € [1,00]

Remark 3.7.35. The combination of Lems 3.7.31 and 3.7.33 yields that the discretiza-
tions (3.7.101) are bounded from above with

BIF[Q:] = max {BCOH[QL Bjump[Q] + Bjump,Dir[¢]}7

if all nonlocal interface operators vanish (i.e. A, = Qlf;])ﬂ (kC) = QIJ.(ZI)HP Q) = 0) and if
the hypotheses of Lems (3.7.31) and (3.7.33) are satisfied.

The following Ex. 3.7.36 is similar to Ex. 3.7.27, showing that under natural hypotheses,
the discretizations (3.7.101) are bounded from above if the nonlocal interface operators
represent the nonlocal radiation operators that are discretized according to Sec. 3.7.8.

Example 3.7.36. As at the end of Sec. 3.7.8, consider the case where the nonlo-
cal interface operators A, represent the nonlocal radiation operators arising from Ex.
3.1.2(c). More precisely, cylindrical symmetry is assumed and only the contributions
from the transmittive band are considered (s. Sec. 2.4.4, the contributions from the
reflective band can be handled similarly). Thus, using the notation of Fig. 3.1 on p. 50,
Feon = 2, N, Tiump = (4, NQ,) U (25, NQy,) (cf. last paragraph of Sec. 3.7.8), and

.A’Y [Tsolid,circ] = Etv(:irc[(TSOlid,CirC’ x‘)] . ‘Zﬁ,circ [Rt7circ I:Tsohd’circ]] ’
ag{llx[(Tsolid,Circg t, .T)] = 0’

a;ﬁlzx[(Tsolid,circu t? ZE)] - 6t,circ[(,-Tsolid,circa (L’)] o Tstljd@irc‘

Thus, using the dependency splitting of Ex. 3.4.10, it is

(A= (T T lle] = (a2 ™ ™ (T e T ne) )]

solid,circ? = solid,circ solid,circ? ~ solid,circ

v—1 v v—1 v 4
= Et,CirC[(Ts(olid,(Zirm .CC)] ' x7t,circ [Rt,circ [Ts(olgd,circu - et7CirC[(iz_vs(olid,c)irm ZL’)] o (Ts(olzd,circ) :
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Then, if A% n(kC) = Qlconksohd and 2" — AY ., are defined by (3.7.92)

jump, (k,C) jump,k,solid
(v)

and (3.7.93), respectively, then together Wlth af('lI;)x,jump,ZﬂDir,(k,C) = Ofiux jump.2,~Dir & solid

defined according to (3.7.62), and recalling (3.7.89), this yields

(v) v— v v (v—1 v
Q[con k sohd[(U( 1)’ U( ))} - aig'lu)x Jjump,2 ﬁDir,k,solid[(Uk,soli()i’ Ulg,s)olid)]
v— v v— v 4 .
= > (VU] - el Ui mle (U ') - BTHO)
Kzelwk,con

and the analogous equation involving Ql ump e solid-

Using Iy, = 0, an argument analogous to (3.7.100) shows

(v) v— v (v) e y
Z (mcon,(k,c)[(U( 1)’ U( )] + Q(Jump k C)[(U( 1)7 U( ))]
(k,C)€In,»,-Dir (37117)

) (v=1) 77(¥) _
- aﬂux,jump,Q,ﬁDir,(k,C)[(U(k,C) 7U(k,C))]> = 0.

Superposing the situation of the present example with the situations considered in Exs
3.7.32 and 3.7.34 shows that under natural hypotheses, the discretizations (3.7.101) are
bounded from above.

3.7.11 Source and Sink Terms

(3.5.24n) is discretized by replacing the integrand by its value at xy, i.e. (3.5.24n) is
replaced by

hEZ)C) (n) [ U )] = _fEZ?c) [U((]:)C)]J (3.7.118)

where the f(k 0 U K are defined by:

/\ EZ)C) Z f [(y, 71)] Ad[w,gj)]. (3.7.119)

ve{0,...,n}, JEVIC]
(k,C)EI1,»,-Dir

Remark 3.7.37. As mentioned in Sec. 3.3.1, for the mathematical theory, it is often
not necessary to assume continuity of the f;. For example, if one just had square

integrability of f; with respect to x, then one would replace f;y)[(y, x| - Aglw ])] with
f“’l(cj) f;y)[(y, x)]dz in (3.7.119).

As in the previous sections, the contributions to the operators s*) are estimated from
above:
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Lemma 3.7.38. If each f;, j € J, is real-valued and bounded from above, then

v) _ v)
A > bowm= X fuo <BAC-MbBL (379
ve{0,...n} (k,C)EItt,,~Dir (k,C)€In,n ,~Dir
where
By[€] :=max {sup f;: j € J}. (3.7.121)

Proof. By the hypothesis, each f]('/)[(y,xk)] is bounded from above by B([€]. Hence,

(3.7.120) follows from (3.7.119) and since (w,&j))jejzkd(j) is a partition of wy, k € I,
and II is a partition of p. |

Example 3.7.39. Example 3.1.1(b) and the first case of Ex. 3.1.1(a) are investigated
with respect to the f; being bounded from above as needed in the hypothesis of Lem.
3.7.38.

The hypothesis of Lem. 3.7.38 is trivially satisfied, where the f; are independent of the
unknown: In the first case of 3.1.1(a), one has f; = 0. In the first case of 3.1.1(b), one
has fi[(y,t, 7)) = pgas[r]g ® Vgas[z].

In the second case of 3.1.1(a), it is f;[(y, t, x)] = f1%], where f1%i] is supposed to represent
a heat source due to induction heating. Thus, the assumption that the f; are bounded
from above is physically reasonable, since it means that the power density of the heat
sources can not become arbitrarily large.

In the third case of 3.1.1(a), f;[(y,t,2)] = €gas|y] div (pgas [:c]vgas[:c]) — Pgas|T] div Vgas[z].
Since the internal energy ¢ is nonnegative, f; is bounded from above if and only if ¢ is
bounded from above or div(pgasVeas) < 0, i.e. there are no gas sources.

3.7.12 Summarizing Definitions

For the sake of easy reference, the ingredients to a finite volume discretization are
summarized in the following Defs 3.7.40 and 3.7.41, and the notion of a solution to a
finite volume discretization is provided by Def. 3.7.42. Moreover, the estimates proved
in Secs 3.7.2 - 3.7.11 are combined into Lem. 3.7.45.

Firstly, Def. 3.7.40 collects the requirements with respect to the polytope discretization
IT.

Definition 3.7.40. The partition II = (wg)ker, of p into finitely many d-dimensional
polytopes wy (control volumes) together with a family of discretization points (xx)ker
is called a space discretization of the domain complex @ iff the following conditions (i) —
(iv) are satisfied, where according to Sec. 3.5.3, TIV) := (w,(cj))kem), w,gj) := int|wy, N pjl,
10 :={k eIy : w,(fj) #0}.
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(i) A wg is nontangent to interfaces.

keln

(ii) A Ty # 1 and ||§kl:§f||2 = Ny, raregwkmaregwl'
{k‘J}EE]F[H}

i) A A apewl.
kel jGVwk

(IV) /\ /\ F]’7L N 8regu)k; 7£ 0 = T € F]’,L.

kel (ju)eJxJ;

Conditions (ii) — (iv) are conditions (dispt-(i)) — (dispt-(iii)) from Sec. 3.7.1.

Finding discretizations that satisfy Condition 3.7.40(ii) presents no difficulty, as it is
fulfilled for every Voronol discretization as described in App. C.4.3 (s. Rem. C.4.19). A
Voronol discretization yields a discretization of p into d-polytopes that has a prescribed
finite point set as discretization points. However, sufficiently many discretization points
need to lie on interfaces and boundaries to guarantee Conditions 3.7.40(i),(iii),(iv), and
to provide a construction procedure for the general case seems to be difficult.

If d = 2, i.e. if p is two-dimensional, then one can discretize the convex hull of p, conv|p],
into triangles satisfying the constrained Delaunay criterion (temporarily adding the
space domain peony = conv[p| \ p). The constrained Delaunay criterion says that the
sum of two opposite angles can be at most 180°, and that angles opposite boundaries
or interfaces must be at most 90° (cf. Fig. 3.24). Moreover, each interface and each I';,
must be discretized into triangle edges. A constrained Delaunay triangulation is pro-
duced by the grid generator Triangle (cf. [She96]), which is used during the numerical
simulations of Ch. 4. It is also referred to [She96] for further information and references
on Delaunay triangulation. If V' is the set of vertices of a constrained Delaunay trian-
gulation of conv[p], and (w,),ev is the induced Voronofi discretization of p, then (&, ),ev
together with the set of discretization points V' is a space discretization in the sense of
Def. 3.7.40, where @, := w, \ Peonv. Figure 3.25 illustrates that, in general, it does not

suffice to use a Delaunay triangulation of just p to guarantee Conditions 3.7.40(iii),(iv).

Definition 3.7.41. A finite volume discretization § of the evolution equation complex
¢ consists of a time discretization T of €, a space discretization (H, (k) ke In) of ®, a
family of scalar-vector-splittings U for €, and the family of discretization operators

(b))
(k’c) (Va(kvc))e{lr":n}XIH,@,ﬁDir

according to (3.7.7), given by means of the discretization operators defined in Secs 3.7.2
- 3.7.11 (s. (3.7.122) below).
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Figure 3.24: The situation in (a) violates the constrained Delaunay criterion, as ac > 90°.
For the situation in (b), & = 110° and g = 60°, i.e. the constrained Delaunay criterion is
violated if and only if the dashed line constitutes an interface between different spatial

(a)

subdomains p;, and pj,.

p

------------------

Figure 3.25: Delaunay triangulations of p and conv|[p| and resulting Voronoi discretiza-

tions.

Since the definition of the bEZ)C) is scattered over Secs 3.7.2 - 3.7.11, it can be useful
to have the following closed form (3.7.122), even though it is rather lengthy itself: For

CHAPTER 3. FINITE VOLUME METHOD

(>

(b)

conv/|p|

boundary of Voronoi boxes intersected with p

each v € {1,...,n} and for each (k,C) € Iy o -pir, One has

Lo [, U]

boundary of Voronol boxes intersected with conv[p] \ p
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— v v v—1 v—1 v v v v
= (t - tyfl) 1 ([)( ) [U( ) ] bgkc )[U( )]) + U( ) (. C)[U( )] + Ui(nt),Dir,(k,C) [U((k,)c)]

int,—Dir

(v) (v) (v) () (v) (v) (v) v
+ 060 Uik + Peon ey [Ugeey] + 05 [Uikey) — i, k:C)[U( )

jump,(k,C)
— ) o) = B U™, U] + a0, o [(Ue) Ulre)
Qlil;n KU(V 1)’ U( ))] + ai(il;)x con,(k,C) [<U(k )’ U(Ilc/C )] + aj(sr)np 1,-Dir,(k,C) [U(V)]
) (v) () v— () v— v
+ Cljump 1,Dir,(k,C) [U(k C)] - Q(jump,(k,C) [(U 1)7 U( ))] + aﬂuXJump 2,—Dir,(k,C) [(U 1)7 U( ))]
) (v) ) ) (v)
+ Clﬂux ,Jjump,2,Dir, (k,C) [(U(kz,C) ’ U(k,C)>] ajump,Z,—\Dir,(k,C) [U( )] + cljump 2,Dir,(k,C) [U(k,C)]
) )
~fko Uk
_ v v v v—1 j
= (b= to)™ 2 (01U o] = 81Uy w))) - Al (3.7.1223)
Jevic]
(v) (v) (v)
jevIc],
lenb; _pirlk] ) »
+ (1 —u(k, m) ST 00
. “ Ad— N 3.7.122
2||xk — x1|2 e N’ ( )
+ Y ( )] - 052 [ (Wi .90 D1 [ (B )], 22) ]
Jevicl,
lenb; pir[k]

+ <1 — wj'/ [(k7l)]> ]Sca{(U(]:C fEk)})

(UJ(':)EC[‘TZ] + UJ(';)ec[wk]> hd (xl - xk)

A U) A @) 3.7.122¢
2|z — 2|2 d— 1[ ! } ( )
+ Z ]sca ) I’k)]/ ) U](',Vv)ec[xk] .nw(j) (37122d)
]EV aw(J)map k
+ Z V2 (UG 7)) / o ] e (3.7.122¢)
Jevic 8‘”1(@])07 k
761F

)1 70) (T
I{;] [(U(k’c)v'rkﬂ + k] [(U(lzc[(l’])])7xl>:|

-y :

jevicl,
lEnb ,—Dir [k]

(v) _ )
Ve ~ Yoo

|2k — 2|2

a1 [w nw?] (3.7.122f)
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WGy )] + 57 [ (Wt mie (o, @), )]

-2

jeV[CL[ |
lenbj,Dir k
Wi (1) Dir | (s T —y . .
tidenonllty 20}~ Ve Wi Nw”] (3.7.122g)
[z — 2
— B (U, UM)] (3.7.122h)
1 v EX-im. v—1 v j .
T Z g)ut ((U((k:,c))’ U((k,)C))7 xk)} ’ )‘dfl[awi(cj) N Fj,b] (3.7.122i)
(J,1)eVIC]xJ;\{0}:
Aa—1[0wT;,]1>0
— A Lo (U UM)) (3.7.122j)
Y (@ W) U )]

VEFcon: ) 72,} ex.-im. (v—1) v)
N1 [1Ujevic) Oy >0 + (g ((Ugeey - Uty xk)])

SYRRETANY Oregw’ (3.7.122k)
Jev[C]
v (v) 2. (y)
+ Z (a;ump[<U(kc k)] — ;/ump[ (kb)) $k)})
( ’YeGjum)p,l[C]l
k,Cl(k,i2[v])] ) €ln,9,-Dir; (i1[v])
. 1[0 N 3.7.1221
M [0 0] 50 a-1[ 0wy, 7] ( )
Ly v 2,V
+ > (“?ump[(U((k,)C)@k)] - a?ump[(%iruk,izmn,mr[(twxk)],xk)])
7 Clumg, 0 (i)
(kClteibh]) elmope,  * Aa-1[0wp" 0 0] (3.7.122m)
>\d 1[8«;}(:1M)ﬂ'y] >0
— A o (U0, UM)] (3.7.122n)

1 ( Y Lyyexm £ (-1) R ’
2 (a57) i (keltkarbi) (m[(k,zmm)) )|

(kﬁc[(;ic[lvj]u)r}n)pgi],@,ﬁm, + (agfxy)ex " [((U ((1:,2)1 )= U((kV,)C))Jk”)

dacafou2Pm]s0 (00,200 (4] (3.7.1220)
+ ) (— (@)™ [(iolgeiaproie (B, ),
(kC[(ZEiJv];Si[Z]mD ol (B, 7)), )

puns[ouf 2] 0 o)™ (WS Uy 74)])

a1 [0 4] (3.7.122p)
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~,1,v (v) ~¥,2,v (v)
S DI Gt (e AN 8) B (N
YEGjump,2[Cl: '
(ki) efnp i - Ag_q [Owi0V N 4] (3.7.122q)
Ad—1 |:(9w,(:2 M)ﬁ'y} >0
+ > ( — @i [ (Wi ) Die [t 20)), 7)) + @i [(U ey xk)D
’YEGjumpyg[C]: (Z
(kClkinb))elmp o~ Ad=1[0wy 20D 4] (3.7.122r)
Mgt [wgzmm] <0
= > 171w, 20)) Aalwy”): (3.7.122s)
jevic]

Next, the notion of a solution to a finite volume discretization is defined in Def. 3.7.42.
The solution to a finite volume discretization should represent a discrete approximation
of a (continuous) solution to an evolution equation complex in the sense of Def. 3.4.7.
Thus, as explained in Sec. 3.7.1, for each discrete time t,, the solution consists of a
vector UV = <UEZ,)C))(’€7€)€IH,D € v/mo | such that uEZ?C) should represent the value of a
(continuous) solution at the discretization point xy. If xj lies in more than one space
domain p;, then the solution can have multiple values at x; if and only if x; lies on
a jump interface v € IFjymp. Such multiple values are parametrized by means of the
connected components C.

At the initial time ¢y, the values of the solution are determined by the initial distri-
bution (Def. 3.7.42(i)), and on Dirichlet boundaries I';, the values of the solution are
determined by the Dirichlet functions for each ¢, (Def. 3.7.42(ii)). For t, > ¢, and zy
not on a Dirichlet boundary, the values of the solution are determined inductively from
t, 1 to t, by means of the discretization operators h*) (s. (3.7.6), (3.7.122), and Def.
3.7.42(iii)).

Definition 3.7.42. A solution to a finite volume discretization § of an evolution equa-
tion complex € is a family of vectors

v v {0,...,n}
(U)cq0nmy = (W) k)0, my i € (017) : (3.7.123)

satisfying

. 0 0
B A A ule =u
(k,C)eln,p jEVIC]

i) A A ue, = uspiel(t, 7).
(k,C)eln,» pir JEVIC]

(111) /\ b(V) [(U(V_l) rln,gﬁpira U(V) rIH,@,ﬁDir)] =0.

ve{l,...,n}
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After each definition of the discretization operators in Secs 3.7.3 - 3.7.11, it was proved
that the corresponding contributions to the operators s*) defined in (3.7. 8) are bounded
from above. These results are combined into the following Lem. 3.7.45, where Defs
3.7.43 and 3.7.44 collect all the used hypotheses.

Definition 3.7.43. The evolution equation complex € is called bounded from above iff
the following conditions (i) — (iv) hold:
(i) The range of the unknowns w; has the form v = [m,,, co[, and each of the functions
k;, ujpir, and f; is real-valued.
(ii) k; is nonnegative for each j € J.

(iii) There is a scalar-vector-splitting U = ((vj scar Uj vec)). such that each —vjgca
) ) ]EJ B
is bounded from above. Then each such scalar-vector-splitting is called bnd-
admissible.

(iv) Each f; is bounded from above, j € J.
Definition 3.7.44. The finite volume discretization § of € is called bounded from above
iff the following conditions (i) — (iv) hold:

(i) € is bounded from above.

(ii) U is bnd-admissible.

(iii) The discretizations ‘BEZ?C), n(()l;)t (k.c)» and a ( > (k,C) € I -pir, are bounded
from above according to Def. 3.7.23.

(iv) The discretizations (3.7.101) are bounded from above.

Lemma 3.7. 45 If the finite volume discretization § of € is bounded from above, then
the operators s*) defined by (3.7.8) are real-valued and satisfy

AN\ sups® < B[(¢,11,D)], (3.7.124)

where
B,[(€,11,9)] :=By, pir[€] - (Bpu[€] — my,) - dpi[1]
+ max {Bv Dir ¢ m)] Bv sca Dir[(€7 m)}} : lDir[H] + Bout [Q:] : /\d—l[ap]
+ Bip[€] - > Aai[y] + Br[€] - Aalpl- (3.7.125)

YEIF



3.7. FINITE VOLUME DISCRETIZATION 145

Proof. The summation of the conclusions of Lems and Rems 3.7.6, 3.7.18, 3.7.24, 3.7.30,
and 3.7.38 yields (3.7.124). |

Remark 3.7.46. In the presence of Dirichlet boundaries, B,[(€,1I,,%)| depends on
the discretization II through dp;[II] and Ip;[IT]. As stated in Rem. 3.7.7, to prove
convergence in the presence of Dirichlet boundaries, the dependence on dp;[I1] needs
to be eliminated, since dp;;[I1] does not stay bounded if II becomes finer. In contrast,
the dependence of Ip;[II] on IT is not serious (s. Rem. 3.7.19).

3.7.13 Discrete L>*-L!' A Priori Estimates

Within this section, fix a finite volume discretization § of € according to Def. 3.7.41.
The goal of this section is to prove discrete L*>°-L! a priori estimates in Th. 3.7.50.

In the following Def. 3.7.47, the discrete L'-norms N, N%).  and N are defined, as
well as the discrete L>®°-L'-norms Np;,, N-pir, and N,y. For each of these norms, there
is a variant just involving Dirichlet indices and a variant just involving non-Dirichlet
indices, since different techniques are used to estimate each variant in the sequel. The
numbers Nb(f:)Dir and Ny, —piy defined in (3.7.126) and (3.7.127), respectively, constitute
discrete L'- and L>-L'-norms, where the vectors are first subject to an application of
b§”). For these norms, the Dirichlet case is omitted, since it is not needed for subsequent
use.

Definition 3.7.47. Discrete L'-norms composed with bgy):

Nb(,l/—?Dir D ofeoD — Ry
A | NolUl = Y ’bg'y)[(UM)vf’?k)] ] | (3.7.126)
ve{0,...,n} Jevicl,

(k,C)eIm,»,-Dir

Discrete L>®-L'-norms composed with bg-y):

. 0,...,n
Ny -pir : (UIH’Q’ﬁD"){ ’ — R(J)r7

) ) ) (3.7.127)
No-ie[(U")veqo....n1] = max {NbﬁDir[U v edo,... ,n}} .
Discrete L'-norms:
N](Dliz . UIH,Q,Dir . R&?
A | MU= > Ukl Adwi] | (3.7.1284)

ve{0,...,n} JEVIC],
(k,C)EI,» Dir
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) . I -i +
N—‘Dir ) I1,D,-Dir SN R[),

A | NBOT= > kel Mle] | (3.7.128b)
ve{0,...,n} jevic],
(k,C)eln,»,-Dir
N(ﬁ) : UIH7® N RS_,
/\ ( (v) ) v) ) ) . (3.7.128¢)
ve{0,...,n} Nall [U] = NDir [UrIH,Q,Dir} + NﬁDir [U fln,o,mir]

NDir [(U(V)>V€{O ..... n}} ‘= max {N](DI:B[U(V)] LV E {07 cee 7”}} ’ (37129&)
N_pj : (UIHVD’“D“){O’""”} — RY,
Nopie [0 etonmy] == max{Ni’gir[UW] L vedo,... ,n}}, (3.7.129b)

Nt [(U)oego.my] 1= max{Na(;;)[UW)] cvefo,... ,n}}. (3.7.129¢)

.....

The following Lem. 3.7.48 shows that the discrete norms composed with b§-y) yield an
upper bound for the discrete norms themselves, provided that the b; satisfy a linear
growth condition.

Lemma 3.7.48. Ifv = [m,, oo, and for each j € J and each (t,x) € TXp;, the function
bjlux{tyx{z} 1S nonnegative, increasing, and imverse Liny p-Lipschitz, Lin,p € R*, (s. Def.
C.7.10 in App. C), then

)

W _ N pir

A N < 7 +lmu] - Adpl, (3.7.130a)
ve{0,...,n} inv,b
N, —Dir

Nopy < =222 |my| - Aalp)]. (3.7.130b)
inv,b

Analogous formulas hold for the Dirichlet case and for the combined case, but they are
not stated, since they are not used in the sequel.

Proof. Using Rem. C.7.12(a) in (3.7.128b), and using Upc)y > My, b; Toxqiyx{z}> 0
being increasing, one has for each (k,C) € I p,-pir such that Uy ey > 0:

B (U o)] =8 [mo )] | b8 [(Uy, )]

T my| <

[Utke)| <

< + |my|, (3.7.131a)
Linv,b

Linv,b
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and for each (k,C) € I p,-pir such that Ugcy < 0:

b§-”) [(Utkcy, r)]

Linv,b

[Uko| < [mo| < + . (3.7.131D)

Combining (3.7.131) with (3.7.126); and taking into account that (w,(cj))je(];kgu) is a
partition of wy, k € Iy, and that II is a partition of p, yields for each U € v/mo.-pir;

N U]

v A )
Loy 170l

NoUT= 3 Weol - M) <
jeviel,
(k,C)€I1,n ,~Dir
proving (3.7.130a). Then (3.7.130b) is a direct consequence of (3.7.130a), (3.7.127),
and (3.7.129b). [ |

Example 3.7.49. It is shown that under natural hypotheses, the functions b; occurring
in Ex. 3.1.1(b) and in the first case of Ex. 3.1.1(a) satisfy the hypotheses of Lem. 3.7.48,
i.e. they are nonnegative, increasing, and inverse Lipschitz.

In the first case of Ex. 3.1.1(a), the unknown function represents mass density, i.e.
v = R{ is suitable. Then b;[(y,t,z)] = y is nonnegative, increasing, and inverse 1-
Lipschitz.

In Ex. 3.1.1(b), the unknown function represents absolute temperature, i.e. v = R{. In
the first case, one has b;[(y,t,z)] = j\(j(—;)fpgas [z]-y, i.e. b; is nonnegative, increasing, and

inverse (j\(j(zf INV pgas )-Lipschitz if pg,s is bounded away from 0. In the second and third

case, bj[(y,t, z)] = p|x]e[y], which is nonnegative, increasing, and inverse Lipschitz, if p
is bounded away from 0, and ¢ is nonnegative, increasing, and inverse Lipschitz.

Theorem 3.7.50 combines Lems 3.7.45 and 3.7.48 to establish discrete L>®°-L! a priori
estimates for each solution to the finite volume discretization § according to Def. 3.7.42,
provided that § is bounded from above and the functions b; [, x{t}x {2} are nonnegative,
increasing, and inverse Lipschitz.

Theorem 3.7.50. Let

be a solution to § according to Def. 3.7.42. The initial distribution and the values on
Dirichlet boundaries can be estimated without further hypotheses:

Ny o [U] <Byol€] - Aalpl, (3.7.132a)

Now <Bpu[€] Y alpjl, (3.7.132b)

jeJ: 0,



148 CHAPTER 3. FINITE VOLUME METHOD

where Bpi|€] is defined in (3.7.27), and
Byo[€] := max {|b; [(u\"[2].t,2)]] : j € J, (t,2) € T x p;}. (3.7.133)
Suppose the additional hypotheses (i) and (ii) hold:

(i) § is bounded from above.

(ii) There is Linyp[€] € RY such that for each j € J and each (t,z) € T X p;, the
function bj[,x{tyx {2} 98 nonnegative, increasing, and inverse Liyy y-Lipschitz.

Then

N.-Dir <N ﬁDlr [UO] + B[(¢,T1,D)] - (tr — to)

<Byl€] - )\d[p] + B[(€,TL,D)] - (tr — to), (3.7.134a)
Nop < <|mv| - b[[i]]) ©lpl + B,[(€, r;:vl)b][-q(tf - t0)7 (3.7.134D)
Nay < <|mul + Bpi[€] + %) - Aalp] + B[, IE:V]);[&](“ — to), (3.7.134c)

where the number B,[(€,11,0)] is defined in (3.7.125).
It is underscored that the estimates (3.7.132) and (3.7.134) hold idependently of the

.....

aries, where there is a dependence on 11 via the numbers dpi[I1] and lpi[II] that occur
in the definition of Bs[(€,11,%0)] in (3.7.125) (s. Rems 3.7.7 and 3.7.46 ).

Proof. In each of the estimates (3.7.132) and (3.7.134), it is taken into account that
(wlij))jej:ke_[(j) is a partition of wy, k € Iy, and that II is a partition of p.

(3.7.132a) follows from (3.7.126) using Def. 3.7.42(i) and (3.7.133).
(3.7.132b) follows from (3.7.128a) and (3.7.129a), using Def. 3.7.42(ii) and (3.7.27).

To verify (3.7.134a), using that the functions b;, j € J, are nonnegative, one can
compute for each v € {1,...,n}:

v 1 v—1 V—
le,—?Dir [U( )rIH,D,ﬁDir] - Nb(,—|Di1)r [U( 1)r
(347.126),(3;7.9),(3.7.10) Z (

IH,’D,—\Dir]

by — tl’_l) ’ bgz?c)v(a) [(U(V_l) I\IH,D,ﬂDiN U rIH,@,ﬂDir)]
(k.C)€ln,n,~Dir
(3.7.8), Def. 3.7.42(iii)

= (tV - tV*1> ’ 5(1/) [(U(Vil) rIH,Q,ﬁDir7 U(V) rIH,@,ﬁDir)}
Lem. 3.7.45
<, — ) - Bi(e, T )], (3.7.135)
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Then (3.7.134a) follows by summing (3.7.135) for v € {1,...,n}, and then using
(3.7.132a) in the result.

(3.7.134b) is implied by (3.7.134a) and (3.7.130b).

Combining (3.7.132b) and (3.7.134b) yields (3.7.134c), according to the definition of
Nan in (3.7.128¢) and (3.7.129c¢). |

3.8 Existence and Uniqueness of a Discrete Solution

The goal of Sec. 3.8 is to prove the existence and uniqueness of a discrete solution in
Th. 3.8.35. More precisely, it is shown in Th. 3.8.35 that for sufficiently large M €

|m.,, 00|, and provided that the time discretization is sufficiently fine, there is a unique

. v 0,...,n . . . ..
family (“Ek,)c))(u,(k,C))e{o ..... nyxInp € ([mv,M]I“*Q){ J satisfying (i), (ii), and (iii) of

Def. 3.7.42.

The proof is based on a fixed point argument, using the Banach Fixed Point Th. 3.8.1.
Starting from the initial distribution (), the u®), v > 0, are constructed inductively,
assuming u* =Y to be given. In each time step, each operator bgz)c), (k,C) € Inm.-Dir,

acting on u) is decomposed into a function hEZ?C), merely depending on the scalar uéZ?C),

and a function g((Z)c), which can depend on the entire vector u® (cf. (3.8.51a)). The

main auxiliary result is Th. 3.8.4, where it is shown that, if the hE:)C) grow sufficiently

fast in relation to the growth of the g((;;)c), then h™[u] = 0 has a unique solution in
a sufficiently large hypercube [m, M]m®-pir. The proof of Th. 3.8.35 shows that by

;:hoosing the time steps sufficiently fine, one can force the hEZ?C) to grow sufficiently
ast.

As the Banach Fixed Point Theorem does not apply directly to the situation of Th.
3.8.4, it is adapted in the following Sec. 3.8.1 (s. Lems 3.8.2 and 3.8.3).

As the operators bg:?c) involve a considerable number of terms (s. (3.7.122)), their de-

composition into hEZ)C) and géz)c) as mentioned above, is somewhat tedious. It is carried
out term by term in Secs 3.8.3 — 3.8.8. For each term, the part of the decomposition
that is to become a summand of hEZ)C) carries a superscript T and is occasionally referred

to as an T-operator. Correspondingly, the future summands of 9((11;)0) carry a superscript
| and are sometimes called |-operators. Each decomposition is succeeded by a lemma
that establishes the properties needed to provide the hypotheses of Lem. 3.8.5 for its
application in the proof of Th. 3.8.35.
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3.8.1 Existence of Unique Fixed Points

In the current section as well as in the following sections, a number of elementary facts
on Lipschitz functions, inverse Lipschitz functions, and contracting functions are used.
These facts are provided in App. C.7.2, C.7.3, and C.7.4, respectively.

Banach Fixed Point Theorem 3.8.1. Suppose C is a closed nonempty subset of
a complete metric space, and f : C' — C' is a contraction. Then there is a unique
Ty € C such that flrac] = Xy, t.e. [ has a unique fized point in C.

Proof. See for example [Zei86, p. 17]. [ |

The following Lem. 3.8.2 shows that a map f that is sufficiently contracting on a ball,
maps the ball into itself, and thus has a unique fixed point if the metric is complete.
Here sufficiently contracting means c-contracting, such that ¢ multiplied by the ball’s
radius is less than the distance of f[zo] from the ball’s complement, xy denoting the
center of the ball (cf. Fig. 3.26).

Figure 3.26: Hlustration of Lem. 3.8.2: If f is
B, [x¢] into itself.

-contracting, then it maps

d( flwo) X\ By [x0))
T

Lemma 3.8.2. Let (X,d) be a metric space, xg € X, r € RT, and [ : B.[xo] — X.
Suppose f is c-contracting for some c € [0, 1], satisfying

< d(f[xOLX \ BT[QJO])

r

. (3.8.1)
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(a) It holds that

7| Befeal] € Bl

151

(b) If (B.[zo],d) is a complete metric space, than f has a unique fized point.

Proof. (a): For each z € B,[z], one calculates

d[(f[z], flwo])] < - d[(z,20)] < c-7 < d(flwo], X \ By[0]),

i.e. f[a:] S Br[xO]a

establishing the case.

(b) is an immediate consequence of (a) and the Banach Fixed Point Th. 3.8.1. [ |

The ensuing Lem. 3.8.3 specializes Lem. 3.8.2 to the case X = ([m, oo[)! endowed with

the max-norm, where [ is a finite index set, o = (m,...

application in Th. 3.8.35, one has I = I11 o —pir-

(m, M)

f - (f17f2)

v = [m, 0|

,m) (cf. Fig. 3.27). In the

-\ By ]

m = (m,m)

(M;m)

Figure 3.27: Tllustration of Lem. 3.8.3: f maps [m, M]? into itself if f is sufficiently
contracting, satisfying (3.8.2b).

Lemma 3.8.3. Given a finite, nonempty index set I and m € R, let v := [m, 00|. Let

M €]m, 00|, and

with the maz-norm. Let m := (m, ..

consider maps fy :
.,m). Suppose

N film] < M,

kel

[m, M)} — v, k € I, where [m, M) is endowed

(3.8.2a)
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and that there are numbers ¢ € [0,1], k € I, such that

M — max { fi[m] : ke]}.

cmaxzzmax{ck:ke_f}g U —

(3.8.2b)

If each fy is cx-contracting, k € I, then the map f : [m, M]! — o, flx] := (fkm)ke[’
maps [m, M|! into itself and has a unique fized point.

Proof. By Rem. C.7.14, f is ¢pax-contracting with respect to the max-norm || ||max on
R!. Moreover, [m, M| = By;_,,[m] and

cmax(M—m)gM—max{fk[m}: ke[}

= 1nf{|]f[m] — Yllmax : ¥ €T\ BM_m[m]} . (383)

Thus f maps [m, M]! into itself and has a unique fixed point according to Lem. 3.8.2. W

3.8.2 A Root Problem

Theorem 3.8.4. Given a finite, nonempty index set I and m € R, let v := [m, o0l.
Consider an operator

H:o' — R, Hu = (Hiu]) (3.8.4)

kel’

Assume there are continuous functions hy € C(v,R), gr € C(v!,R), k € I, nonneg-
ative real numbers Ly, Liny,p, and a real number M €|m, oo, such that the following
conditions (i) — (vil) are satisfied. Let m := (m, ..., m).

() A Hilu] = hiur] = gelu].

kel

(ii) Each hy is increasing, k € I.

i) A A hem] < grful.

kel uev!

(IV) Lg < Linv,h-

(v) A gulm] < hy | M — (M —m) g

L !
kel inv,h

(vi) Each gi is Ly-Lipschitz with respect to the maz-norm on [m, M|', k € I.
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(vil) For each k € I, there is \; € R such that

L
MNe > M — (M —m)—2,
Linv,h
/\ i Timn,) € InLipy, <[m7,\k]7R>’ . (3.8.5)

kel

hi[Ax] > max (gk ([ma M]I) )

Then H has a unique root in [m, M|!, i.e. there is a unique uy € [m, M| such that

Huo) = (0, ...,0).

Proof. Before starting the main part of the proof, it is remarked that the right-hand
side of (v) is always defined, since by (iv),

L
M>M-—(M-m)~—2>M—M+m=m. (3.8.6)

inv,h
To prove the theorem, define

foim M —T[m M N\ fo=htog (3.8.7)

kel kel

It is noted that the hy' exist on [hg[m], hi[A]] by Rem. C.7.12(b),(c). Moreover,
h;' can be composed with gy, since (iii) and (vii) imply that g, maps [m, M]! into

As (3.8.7) means g; = hg o fr, Lem. C.7.15 shows that cach fj is —<—-contracting,

Linv,h
kel
Moreover, it follows from (v) that
Ly
max { f[m] : k:e]}<M—(M—m)L , (3.8.8)
inv,h
implying
L M — m|: kel
g max { fi[m! 3 (3.8.9)
Linv,h M —m

Now Lem. 3.8.3 yields that f maps [m, M]! into itself and has a unique fixed point
ug = (Uox)rer € [m, MJ?. That v is a fixed point of f means

/\ hi[uo k] = grluol. (3.8.10)

kel

According to (i), ug is a root of H if and only if (3.8.10) holds, i.e. the proof is complete.
[ |
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The following Lem. 3.8.5 gives a criterion for function families (hy) and (gx) to satisfy
the hypotheses (ii) — (vii) of Th. 3.8.4. It is designed to be directly applicable to the
situation arising in the proof of Th. 3.8.35 below.

Lemma 3.8.5. Given a finite, nonempty index set I and m € R, let v := [m,o0].
Consider continuous functions hy, € C(v,R), g € C(v',R), k € I.

Assume there are numbers {6, Liny} C RT, P, € RS, and continuous functions g, €
C(W R), by € C(v,RY), hy € C(v,R), satisfying the following conditions (i) — (vii).
Let m := (m,...,m).

() A he="2%+hy

kel

(i) A gr=L+ g
kel

(iii) Each by and each hy, is increasing, k € I.
(iv) Each gy is minimal at m, k € I.

(v) A2 ] < B+ gyfm).

(vi) A V AN Gk is Lgy-Lipschitz on By[m] (i.e. gy, is locally Lipschitz).

yev Lg,y ER(‘)" kel

(vii) Each by is inverse Ly, -Lipschitz, k € I.

Set
P 0,7 — min {0, h
g, o Demax ’gk[fz].} win {0 hsml} (38.11a)
S:=max{Sy: kel}. (3.8.11b)
If
M > 8, (3.8.12a)
M-S
- Lyasom < Liny - ——2 8.12b
g,M—m < M - m (3 8 )
5 <1, (3.8.12¢)

then gi, hi, k € I, and M satisfy conditions (ii) — (vil) of Th. 3.8.4 with Ly, := Ly pr—m

and Liny p, = —Lg”.
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Proof. Th. 3.8.4(ii): It follows from (i) and (iii) that hj is increasing for each k € I.

Th. 3.8.4(iii): It follows from (i), (ii), (iv), and (v) that hy[m] < gi[u] for each k € I
and each u € v’.

Th. 3.8.4(iv): If L, = 0, then L, < Ly, holds. Assume L, > 0. Using (3.8.12b), one

gets Linyp = Li{;‘“ > Lgv—m - % > L, (it is S > m by (3.8.11)).

Th. 3.8.4(v): Using (3.8.12b) and Liny, = &%, one finds

L
9 (M —m)<M—8, (3.8.13)
Linv,h
which implies
L
S < M — (M —m) 2. (3.8.14)
inv,h

Due to (iii), (vii), and (3.8.14), one can apply Rem. C.7.12(a),(b) to conclude

Py + max {0, gx[m]} — min {0, ﬁk[m]}
/\ < Py + max {0, gx[m]} — min {O,Ek[m]} + bi[m)] . (38.15)

L
K\ Lo (Sh — m) + belm] < b[S] < by [M — (M = m) =2 }
inv,h

Together with (3.8.12c) and (iii), (3.8.15) implies

M — (M —m) Ly } + 0 - hy[m)
inv,h

(3.8.16)

k/e\f gbk[M—(M—m) L ]+5~ﬁk{M—(M—m) Lg}

inv,h Linv,h

Dividing (3.8.16) by ¢ and using (i) and (ii) establishes the case.

Th. 3.8.4(vi): This follows from the definition of L, and (vi) by observing [m, M|’ =
Byf—m[m].

Th. 3.8.4(vii): It follows from (i), (iii), (vii), Rem. C.7.12(d),(e), and the definition of
Liny 1, that hy is inverse Liyy p-Lipschitz on its whole domain v for each k£ € I. Since the

hy. are unbounded from above according to Rem. C.7.12(a), there exist A\, € R, k € I,
such that (3.8.5) holds. [ |

3.8.3 Decomposition of Terms Involving Interior Diffusion Flux

Following the strategy outlined at the beginning of Sec. 3.8, Secs 3.8.3 — 3.8.8 provide
the decompositions of the summands making up bg:?c) according to (3.7.122). The
summands are decomposed in the same order as they were defined in Secs 3.7.3 —
3.7.11.
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The decompositions make use of the concept of the variation of a function described in
App. C.6.3. It is pointed out that in this work, variation is only used as a technical tool
to decompose locally Lipschitz continuous functions into increasing locally Lipschitz
continuous functions (cf. Rem. C.6.8(h)).

In the present Sec. 3.8.3, the operators {?(ﬁ%iry(k’c) and E](Dyi)r,(k,C) defined in (3.7.16) and
(3.7.17) are decomposed. In preparation, the following Def. 3.8.6 defines the initial
supremum of a function, and a result concerning its Lipschitz continuity is proved in
Lem. 3.8.8. Lemma 3.8.8 is used in the succeeding Lem. 3.8.10. The initial supremum
is introduced to be able to establish (3.8.26) in the proof of Lem. 3.8.10.

Definition 3.8.6. Given m € R, a set A, and a map k : [m,c0[xA — R, define the
initial supremum of k:

insup[k] : [m,o00[— RU{oo}, yr sup{k[(\z)]: (\,z) € [m,y] x A}. (3.8.17)
Remark 3.8.7. The initial supremum is always increasing.

Lemma 3.8.8. Let X be a compact metric space. Consider a continuous map k :
[m, M] x X — R. Suppose k|m mixiz} is Lipschitz for each v € X. If

L = sup { ||k ljmmx (e} JLip 1 € X} < 00 (3.8.18)
(cf. Def. C.7.8 of || ||Lip), then insup[k| is L-Lipschitz.

Proof. First, the special case is considered, where k is independent of z € X:
Claim 1. If k : [m, M] — R is L-Lipschitz, then insup[k| is L-Lipschitz.

Proof. Let {y1,y2} C [m, M|, where y; < yo. If insup[k][y;1] = insup[k][ys], then there
is nothing to show. If insup[k|[y1] < insup|k][ys], then there is §o €|yi, yo| such that
insup|k][y2] = k[g2]. By the intermediate value theorem, there is 4; € [y1, o] such that
insup[k][y1] = k[g1]. Hence, |2 — 91| < |y2 — 1], and one calculates

‘iHSUP[k] (2] — insup[k][y1]| = !k[ﬂﬂ — k[@l” < L-|go—t| < L-ly2 =l
showing that insup[k| is L-Lipschitz. A

Now the general case of Lem. 3.8.8 is treated.

Using Cl. 1, it remains to show that the map maxx[k] : [m, M] — R, maxx[k][y] :=
Ik Tgaxx |lmax is L-Lipschitz. Let (y1,y2) € [m, M]*. By a possible interchange of ¥
and 15, one can assume maxy [k|[y;] < maxx[k][ys]. There are (z1,22) € X? such that
maxx[k|[y1] = k[(y1, x1)], maxx[k][y2] = k[(y2, 22)]. One calculates

|maxx[K][y1] — maxx [k][y2]| = k[(y2, 22)] = kl(y1, 21)]
< Kl(y2, 22)] = K[(y1, 22)] < L - y2 — vl

showing that maxy[k] is L-Lipschitz. [ |
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However, the following Ex. 3.8.9 shows that, in general, the condition (3.8.18) in Lem.
3.8.8 can not be omitted:

Example 3.8.9. Consider k : [0,1] x [0,1] — R defined by

L for0<y<z<l1,

k[(y,x)] = { ve

3.8.19
Ve for0<z<y<1. ( )

Then £ is continuous, k [(o,1)x{0} is O-Lipschitz, and for each x €]0,1], the function
k lfo1)x{z) 18 \%—Lipschitz. However, one has insup[k][y] = /y for each y € [0, 1], that
means insuplk] is not a Lipschitz function.

Now, to decompose Ei’gir,(k,C) and E&)r,(k,C)’ assume v = [m,,, oo[ and that for each j € J,

k; is real-valued and locally Lipschitz in the sense of condition (locLip) of the following
Lem. 3.8.10. Let

/\ Do — R R = E () — m), (3.8.20)
(4,v,@)€Tx{0,...,n} xp;
v, .
Ebinme PV R,
/\ EI::[T)ir,(k,C) [y] :Z <insup [k?]('y)] ] - (y —my) :
ieVi[C], ) )
ved{0,...,n} lerjlb: Dic K] ~ Ad—1 [w(J) N (.U(J)]
(kJ7C)EIH’ ,—Dir JmDAr + |:k(V) :| 3 k l
D + var 1,k [y] 9. ka _ leQ
(3.8.21a)
E:,]%)ir,(k:,(f) : UIH’:DﬁDir - Ra
vl — - 7.0
EﬂDir,(k,C) [U] '—Z (Var [k]mk:| [Utk0)]
jevicl,
l€nb]-,ﬁDir[k}

+ (insup [k](-y)] [U(k,C)] - k]('y) [(U(I,C[(l,j)])’xlﬂ )
/\ . (U(k,C) - mv) )

S t0my + (B Uey, z)]) + 6 | (U x
(k,C)elt1,p,-Dir i (kC)> Tk J (Lelan)

' (U(l,cw,j)l) - mU) >

2 [Jo — a2

(3.8.21D)
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v, 1 .
N R i
DH‘ J(k, C _Z ( VaI' |: ]I;ki| [y]
jevicl,
I€nb; i [k]
/\ + var |:kj(y) [UX{xk}] [y] . (ujDir[(l,j)},Dithua xl)] - mv) s
ve{0,...,n}, )
* 0, + 57 [ (Winstapnoiel(tos 2] 20) | - (Y = w10t xl”))
e[ e

2 lzr — 22
(3.8.22)

V?l .
EDir e v R,
Hhwobl =3 v [K2]
A ¥ + [p®)
€nbjpirlk] +( k; [(my, x1)] + var 3 Toxc{an) [y]
ve{0,...,n}, . . . . _
(k,c%éIH,Q,EDir (uJDir[(lJ)]’Dlr[(tm xl)] mv))

>\d 1[ () ﬂwl(j)]

2 |lzp — 2|2

(3.8.22h)

Lemma 3.8.10. Suppose v = [m,,, 0o[, the k; are real-valued, and the conditions (nn)
and (locLip) below both hold:

(nn) k; is nonnegative for each j € J.

(locLip) A V A ki loxityx fy € Lipp, o ([Mo, Mo + 7], R), d.e. each

reRy Ly o[C]eRE  (Jit,@)€TXTXp;
k; is locally Lipschitz with respect to its dependence on y € v.

Let m := (my,...,my). Then the following holds for each v € {0,...,n} and for each
(k,C) € Inp -pir-

(@) —€05 oo [U] = € o) [Utno)] = €y o) [U] for each U € vl
(b) EZ’&Mk’C) is increasing.
(c) EZ%MM) is minimal at m.

(d) E—\Dlr ,(k,C) [mv] < E—\]lDH" (K, C)[ ]
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(€) max {0, ¥, . o)[m]} = min {0,€%, o [m,]} = 0.

£) gt is L [€] - Amax|I1]-Lipschitz on [m.,, m, + r]mo-Dic with respect to the
—Dir,(k,C) k,r
maz-norm for each r € R™, where

5
Ly, (@ =5 2Lk, (€] -7+ Bem, [€]), (3.8.23)
By, [€] := max{]k- Moy, T, x)”  (t,x) €T X pj, jE J}, (3.8.24)
Ad—1 wk ﬂwl( )]
Apax [I1] := max ckelg,. 3.8.25
Z Z ||£L"k _ 961”2 I ( )
JEJ lenbjk]

The number dy.x[Il] measures how large the size of interfaces between a control
volume and neighboring control volumes can get in relation to the distance between
the corresponding discretization points.

Proof. (a) follows from hypothesis (locLip) and Rem. C.6.8(h).
(b): Each {’,”]ler (k) 18 increasing according to Rems 3.8.7 and C.6.8(c).

(c): It is immediate from (3.8.21b) and Rem. C.6.8(a) that ?V’l (hoym] = 0, it suffices to
show that E (k) 1s nonnegative. Indeed, each summand in (3 8.21b) is nonnegative:
Remark C.6.8(b) yields var~ [fcj(”)} > 0. Moreover, kj > 0 and insup [kj(y)} > 0 by

, T

hypothesis (nn). It remains to show that

kiy, = insu k:](-V) [)\]—kj(u)[( 2] ) - (A —my)
A ( p[ } ' ) (3.8.26)

(s(2), 0, m) + (’%(-V)[(A, )] + & [(u, Z)]) (p—my) >0

{0,..., n}><J><p xv?2

If A\ < p, then kj(-y)[(u,z)](u —my,) — kj(.u)[(u,z)]()\ —m,) > 0, since kj(»y) > 0, proving

v,x,z
k]/\u > 0.

If A > p, then insup [k](-”)} [A] — kj(-y)[(u, z)] > 0 according to Rem. 3.8.7, again proving
k% > 0. Thereby (3.8.26) is established and thus (c).

A =
For (d) and (e), it is remarked that € [m,] = EZ’Il)in(k’c)

—Dir,(k,C)
consequence of (3.8.21a), (3.8.21b), and Rem. C.6.8(a).

(f): First, the Lipschitz constant of /;:](l;) is determined:

[m] = 0, which is a direct

Claim 1. For each r € Ry and for each (j,v,z) € J x {0,...,n} X p;, the map IEJ(VI)
defined in (3.8.20) is L-Lipschitz on [m,, m, + 1], where L := 2 - Ly ,[€] - 7 + By, [€].

Proof. Hypothesis (locLip) and Rem. C.7.7(a),(e) yield the claim. A
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Thus, by Rem. C.6.8(h), var~ [l%§”) | contributes the Lipschitz constant 2Ly ,[€] - r +

Tk
Bym, [€]. Since 7 x p; is compact, and since ||k; [, m,+rx {6} x{z} ||Lip < L, [€] for each

(r,3,t,x) € R§ x J x 7 X p; by hypothesis (locLip), Lem. 3.8.8 shows that insup [kj(»y)]
is Ly ,[€]-Lipschitz, and by the same argument as in Cl. 1, insup [kj(-y)} (Uk,cy —my) also
contributes the Lipschitz constant 2Ly, [€] - r 4+ By, [€]. Remark C.7.7(h) shows that

. . a1 |wlnw? | .
each of the remaining three summands in front of % n (3.8.21b) contribute

the Lipschitz constant 2Ly .[€] - 7 + By, [€]. Then, Rem. C.7.7(c),(d) finish the proof
of (f). n

Lemma 3.8.11. Suppose v = [m,,, 00|, the k; are real-valued, and the conditions (nn)
and (locLip) of Lem. 3.8.10 hold. Then the following holds for each v € {0,...,n} and
for each (k,C) € Ino -pir-

() _ gl v,
(a) _EDW E131r kC) EDir,(kz,C)'

(b) €] (k) 1S increasing.

(c) ’ngr (ke is minimal at m,,.

(d) EBL,(k,C) [m.] < Ellgiln(k,c) [

(€) max {0,655 ey fmol } — min {0,655 oy lmul} < 3(Bipul€] + Bipal€]) - dumax[T1),
where

Bli,Dir[Q:] = Bm,[€] - (Bp[€] — my), (3.8.27a)

Bll,Dir[Q:] i= Bypir[€] - (Bpir[€] — my). (3.8.27b)

The numbers Bpi|€], Bipir(€], Brm,|€], and dy.x[ll] were previously defined in
(3.7.27), (3.7.28), (3.8.24), and (3.8.25), respectively.

(f) {%Siln(k’c) i8 Lpir g r[€] - dmax[I1]-Lipschitz on [m.,, m, + r| for each r € RY, where

1
LDir,k,r [Q:] = §Lk,r[€] . (27" —+ BDir[Q:] — mv) —+ Bk,mu [Q:] (3828)

Proof. 1t is noted that the contributions of the Dirichlet terms are constant in EBL (kC)

v,l
and EDH (k,C)"

(a) follows from hypothesis (locLip) and Rem. C.6.8(h).

Both EgiTr( o) and E”Dllr (ke

proving (b) and (c).

) are increasing due to hypothesis (nn) and Rem. C.6.8(c),
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(d) follows from (a), since E (koylme] = 0is immediate from (3.7.17), hypothesis (nn)
and g, )il 22)] 2 .

(e): Since the variation terms in (3.8.22a) and (3.8.22b) vanish at m,, (s. Rem. C.6.8(a)),
the estimate is immediate from the definitions of Bp[€], Bkpir[€], Bkm,[€], and
Amax [I1].

(f): Since var~ [k{") ] is (2Ly,[€] - 7 + By, [€])-Lipschitz by CL 1 of Lem. 3.8.10

7%k
and Rem. C.6.8(h), and var™ [k;j(-y) [ox{ax} ] is Ly, |€]-Lipschitz by hypothesis (lo-
cLip) and Rem. C.6.8(h), (f) follows the definition of Bp;[€] in (3.7.27) and Rem.
C.7.7(3.8.28),(d). n

3.8.4 Decomposition of Interior Convection Flux Terms

In this section, the operators Ui(st)ﬁmeC) defined in (3.7.40) are decomposed. The

operators v l(nt) Dir,(k.C) defined in (3.7.41) are not decomposed, as they themselves have

all the properties of an T-operator (cf. Lem. 3.8.12,(b),(d),(e) below). Let

V1

int,~Dir, (k) - U T R,
N 1R S CE O (L)) RE R ()
Jevie],
A 1€nb, ore 4 (ohelon) + oli]) o (= ) |
ve{0,...,n} ‘ _]VGC[ ] ]VGC[ k] ( l k)
(k,C)eln,p,-Dir 2”37}: _ leQ
e
(3.8.29&)
Vvi . I —Dir
Vint,~Dir,(k,c) - ¥ eobr — R,
v, L (v)
Uint,—\Dir,(k,C)[U] T Z [(k l)} ]sca |:<U(I,C[(l,j)])7$l>]
Jjevicy,
lenb i, ir[k] (1/) ( )
VE{O/,.\..,n}, P . (Uj,vec[ ] + U] vec[ k]) o (ZE[ - xk)
(k,C)eIn,n,-Dir Qka _ xl||2
(3.8.29D)

Lemma 3.8.12. Suppose v = [m,,, 00| and that the conditions (inc), (np), and (locLip)
below all hold:

(inc) The family of scalar-vector-splittings 0 = ((vxsca, vjvvec))jej is such that the func-
tion Vjsealox{t)yx{z} 18 increasing for each (t,x) e T X pj, jEJ.
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(np) The family of scalar-vector-splittings B is such that v;sea[(Mmy,t, x)] = 0 for each
(t,x) e T X pj, jEJ.

(locLip) The family of scalar-vector-splittings U is such that

A V AN Viscaloxinx a1 € Lipg, ., ey ([0, mo+7],R),

rERY Ly sca,r[(€V))ERT  (,t,z)EJXTXp;

i.e. each vjgcq s locally Lipschitz with respect to its dependence on y € v.

Let m := (m,,...,m,). Then the following holds for each v € {0,...,n} and for each
(k,C) € Inp,-pir-

(a) v, koylUl = oi) koylUko) = U;}I;i,—\Dir,(k,C)[U] for each U € vio-pir,

int,—Dir, int,—Dir,

V7T (V) s y
(b) Vit ~Dir, (k) 0 Vi pip (k) OT€ NCTEASING.

Vvl« y Y0 9.
(€) O3t —pir (ke 15 minimal at m.

v,7 _owl _ . _
(d) Vint,~Dir, (k,C) [m.] = Vi, ~Dir, (k,C) [m] = Vint,Dir, (k,C) [my] = 0.

(e) Bnax {0,00 —pir ey} = min {0,030 5, ey [mo]} = max {0, Ui(rlllt),Dir,(k,C) o]} =

(f) D;/r;i,—'Dir,(k,C) 18 (Lw[(@, )] - )\d,l,max[ﬂ])-Lz’pschitz on [my, my, + r]imo-pir ith re-
spect to the maz-norm for each r € RT, where

Loal(€. )] 1= Lugear [(€ )] - masx { [0 2]] o 5 € I} (3.8.30)
Ad—1 max|I1] := max Z /\d_l[ﬁu),gj)] ckeln,. (3.8.31)
jeJ: kel

The number \g—1max|[Il] measures the maximal size of the combined surfaces of
partial control volumes w,(f) making up a control volume wy.

Proof. Tt is noted that in Ul(rlllt) Dir,(k.C)? the summands involving the Dirichlet contributions
are constant.

(a) is clear, since (3.8.29a) and (3.8.29b) are merely an algebraic decomposition of
(3.7.40).

(b): It follows from (3.7.36) and (3.7.37) that

(1= wl” [k, D)]) - (0[] + 00 [w4]) @ (20— 24) > 0

j,vec j,vec
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in the definitions of nﬁi ~Dir (k) and Ul(rlllt) pir(ke) 11 (3.8.29a) and (3.7.41), respectively.

This, together with N [(y, zx)] being increasing in y by hypothesis (inc) proves (b).

j,sca

(c): It follows from (3.7.36) and (3.7.37) that

—w (k. D]+ (v veclti] + 0fclal) @ (a0 = 22) = 0
in the definition of vl . . in (3.8.20b). This, together with v\, (s being
minimal at m, for each = € p; by hypothesis (inc), proves (c).

(d) and (e) are immediate from hypothesis (np).

(f): U;;;i,—\Dir,(k,C) i8 (Lo, [(€,D)] - Aa—1,max[1])-Lipschitz by hypothesis (locLip), the

Cauchy-Schwarz Inequality (Rem. C.2.2), and Rem. C.7.7(c),(g). [ |

Remark 3.8.13. If v = [m,,oo[, then a family ((vj,sca,vjwec))jej of scalar-vector-
splittings that satisfies condition (inc) of Lem. 3.8.12, also satisfies Def. 3.7.43(iii),
since (inc) implies that v;g, is bounded from below by min {vxsca[(mv, t,x)] : (t,z) €

Tij,jeJ}.

Example 3.8.14. It is verified for the cases considered in Ex. 3.7.11 that correspond
to Ex. 3.1.1(b) and to the first case of Ex. 3.1.1(a), that under natural hypotheses,
Usca = Vjsca 18 INcreasing in y € v and vanishes at y = m,,, as is required in conditions
(np) and (inc) of Lem. 3.8.12. Moreover, v, is locally Lipschitz in the sense of condition
(locLip) of Lem. 3.8.12.

Since in Ex. 3.1.1(b), the unknown represents mass density, and in the first case of Ex.
3.1.1(a), the unknown represents absolute temperature, one has m,, = 0.

, (:4041)R
If Usca[(ya t7 ZE)] =Yyor if Usca[(y; t, {L‘)] = T M@An Pgas [ZE]y, then Usca[(07 t; ZL’)] = 07 and VUsca
is an increasing linear function in y, as pgas > 0. In its y-dependence, vy, is 1-Lipschitz
(zA04+1)R

A | pgaSHmax) -Lipschitz in the second case.

in the first case and (

If vseal (Y, t, )] = Egas[(y, @)] peas[], then vge, vanishes at y = 0 and is increasing in y,
assuming 4,5 vanishes at y = 0 and is increasing in y, again using pg.s > 0. Moreover,
if €445 15 (locally) Lipschitz in its y-dependence, then so is vgca.

3.8.5 Decomposition of Terms on Outer Boundaries

In this section, the operators U(()l:l)t (c) and agl;)t (rc) defined in (3.7.49) and (3.7.51),

respectively, are decomposed. The discretized nonlocal operators ‘BEZ)C) are not decom-
posed and are treated in Sec. 3.8.7 below.
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»)

The decomposition of the v is carried out first. Let

ut, (k,C)
v,T X
Uout,(k,C’) U R7
VE{0/>-,71}7 Vol = D vl z) ~max{0,/ 0 O] ‘”wff} |
(k,C) €I, D ,~Dir JEV[C] Owy’’NOp
(3.8.32a)
v, .
Uou‘m(k,C) -V R’

/\ v,| L (v) : (v)
ve{0,...,n}, Uout,(/c,(,’) [y] = § : Uj,ScaKyﬂ xk)] - min {07 /awmﬁ@p Uj,vec[xk] d nw;(gj)}
K

(k,c)GlnygyﬁDir ]GV[C}

(3.8.32D)

Lemma 3.8.15. Suppose v = [m,, 0|, and assume the conditions (inc), (np), and
(locLip) of Lem. 3.8.12. Then the following holds for each v € {0,...,n} and for each
(k7c> € [H,D,—\Dir-'

vl

(l/) —_— V?T k)
(a) t’out,(k,C’) o t’out,(k:,C) - t)out,(k‘,C)'

(b) nggt,(hc) is increasing.

(c) Ugﬁlt,(k,c) is minimal at my,.

(d) DZuTt,(k,C) [m.] = D?uit,(k,c’) [m,] = 0.

() max {0, 0%, ¢ [mo]} = min {0,077, oy [m]} = 0.

£) o 8 (Ly,[(€,0)] - Ma—1.max[I1]) -Lipschitz on [m,, m, + 1] for each r € RT,
k,C) ; ,

out,(
where the numbers L, . [(€, )] and Ng_1 max[11] are defined in (3.8.30) and (3.8.31),

respectively.

Proof. (a) holds, as for each real number A\: A = max{0, A} + min{0, A}.

(b) and (c) follow, since U(’;’Jt’(k’c) and UZ;Jlm(k’c) are increasing using hypothesis (inc)
together with max {0, faw](cj)map v](-i,)ec[xk] ° nw]ij)} > 0 and —min {O, faw,(j)map vj(?ec[azk] °
nwfj)} > 0.

Hypothesis (np) yields (d) and (e).

f): o2 is ( Ly, [(€,0)] - A\d—1.max|11] )-Lipschitz by hypothesis (locLip), the Cauchy-
out,(k,C) ) )
Schwarz Inequality (Rem. C.2.2), and Rem. C.7.7(c). [ |
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Now the operators a((;:l)t (kc) A€ decomposed. Assume v = [m,,, 00| as well as condition

(locLip) of Lem. 3.8.16 below. Let

ag&(k’c) tuvxv— K,
Cpolin = ¥ (@ [(G.m). )
A GevIch<;\{0): . ;
ve{0,...,n}, Ad*l[awk] AL;5,.]>0 i |: i) N i|
(k7C§éIH,Q,EDir + var (aOUt ) r{?J}XUX{&U/k} [y]
. /\d_l[ﬁw,ij) N Fj,b]
(3.8.33a)
agiftv(k’c) cuvxv— K,
/\ ag;}t,(kﬂ)[(gvy)] = Z var [(af;lizcy) } r{g}xvx{xk}] [y]
(J,1)EVIC]x J;\{0}:
ve{0,...,n}, I
. Ad—1[0w;”’ N, ]>0 .
At AW
(3.8.33b)

Lemma 3.8.16. Suppose v = [m,, 00, and let Syyy 1= ((aj’L

out) )(j,L)EJX(Jj\{O}) .de_

note the family of real-valued dependency splittings. Moreover, assume the conditions
(np), (bnd), and (locLip) below:

(np) A A A @) (gem), tx)] <.

(J0)eIx(J;\{0}) wev  (tax)eTxDy,

(bnd) Bout,mu [(@7 Gout)] = —inf {(ai’étfx--im. [((y’ mv)7 t, x)} :

(y,t,2) € v x Ty, (Go0) € T x (J;\ {0})} < .
(3.8.34)

(locLip) Fach (af;;t)e""im' is locally Lipschitz with respect to its dependence on the second
argument, i.e.

/\ \/ /\ < (af;;jt)cx‘_im' [y} xox{t}x{z} > .

TGRS' LOUt’T[(C’Gout)]gRg (J,tyy,t,x) € LlpLou:,r[(Q‘,Gouc)} ([mvv My, + 7’], R)
eJx(J;\{0})xvxTxT;,

Then the following holds for each y € v, for each v € {0,...,n}, and for each (k,C) €
I p -pir-

V?Jr

(v) _ vl
(a) Dout,(k,) — Yout,(k,c) ~ Yout,(k,0)"
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(b) The function ag’ul (he) [ {y}xv 15 increasing.
(c) ag;llu(k’c) [yixo s minimal at m,,.

(d) aZJt,(k,C)[(yamv)] < agft,(k,c)[(’y,mu)]-

(e) If Mi—1max[II] is the number defined in (3.8.31), then

max {0, C‘Z{ft,(k,c)[(% my)]} — min {0, ath,(k,C)[(ya my)] }
S max {O, Bout,mv [(Q:, Gout)]} : )\d—l,max[H]~

(f) The function aZ{llt,(k,C) [{y}xo @8 (Louw[(ﬁ Sout)] 'Ad—l,max[H]) -Lipschitz on [m.,, m,+
r] for each r € RT.

Proof. (a) and (f) follow from hypothesis (locLip) and Rem. C.6.8(h). Due to Rem.
C.6.8(c), ag’uTt,(k’c) [y} xo and aZ{lln(k,c) [{(y3xv are both increasing, proving (b) and (c).
Combining (a) with hypothesis (np) yields (d). Finally, (e) follows from Rem. C.6.8(a)

together with hypotheses (bnd) and (np). [ |

Example 3.8.17. The functions o/, arising from Exs 3.1.3(b),(c),(d),(e) are investi-
gated with respect to the hypotheses (np), (bnd), and (locLip) of Lem. 3.8.16.

Suppose v = [m,,, 00, let I be a (d — 1)-dimensional polyhedral subset of dp, and let
alr, € C(r x T, R).

It is first assumed that (a’ )eX'_im' [((§,9),t,2)] = ali[(y,t,2)], i.e. there is no depen-

out
dency splitting. In that case, 3.8.16(bnd) is always satisfied, since 7 and I" are compact.

Ex. 3.1.3(b): 3.8.16(locLip) is trivially satisfied if o', does not depend on y € wv.

N out
However, 3.8.16(np) can only be fulfilled if a’y, is everywhere nonpositive.

out
Ex. 3.1.3(c): If ally = €(y — tet[(t, 7)), € € R, Uy € C(7 x I',v), then 3.8.16(np)

holds, as m, — Ue[(t, 2)] < 0. 3.8.16(locLip) holds, as alt [ (1) x(z} is &-Lipschitz.

Ex. 3.1.3(d): In this case, m, = 0, as the unknown represents absolute temperature. If
alty = o€(y,t,2)](y* — Titom), 0 €ERT, e € C(v x 7 xT',[0,1]), then 3.8.16(np) holds,

out room
as My < Troom- By Rem. C.7.7(h), ali luxiiyx{z} is locally Lipschitz and 3.8.16(locLip)
holds, if € is locally Lipschitz in its y-dependence, but even for constant € % 0, the

function aout [vx{tyx{=} is not (globally) Lipschitz.
If Ex. 3.1.3(d) is considered with the dependency splitting

(ale)™ ™ (@G, y) t,2)] = o€l 1, )]y — Thom), (3.8.35)

then 3.8.16(bnd) and 3.8.16(np) still hold, as € is [0, 1]-valued. Moreover, 3.8.16(locLip)
is now satisfied independently of the Lipschitzness of €, as € is bounded, and € is now
independent of y.
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With respect to a’, 3.1.3(e) is a special case of Ex. 3.1.3(d), letting (in abuse of the

notation) Troom = 0. Furthermore, the dependency splitting (3.8.35) is analogous to
the one used in Ex. 3.4.12.

3.8.6 Decomposition of Terms on Interfaces

() (v) (v) (v)

con,(k,C) + t)jump,(k,C)7 aﬂux,con,(k,C)’ ajump,l,—Dir,(k,C)’
0 umpz,Din(k0) T Oz Dir (k) that were defnined in (3.7.54), (3.7.55), (3.7.57),
(3.7.59), (3.7.62), and (3.7.65), respectively, are decomposed. However, the operators
0 ey A AL ey B o bingeey defined in (3.7.60), (3.7.63), and
(3.7.66) are not decomposed, as they themselves have all the properties of an T-operator
(cf. parts (b), (d), and (e) of Lems 3.8.21 and 3.8.23 below). Moreover, the discretized
nonlocal operators nggzh(m) and Q[J'(Zr)np,(k,C) are not decomposed and are treated in Sec.
3.8.7 below.

In this section, the operators v and

The decomposition of the UEZL ko) T szlllp ) is carried out first. Let
V7T .
Ok ey - VT R,
N | ool = 3 vl m)] - max {0, / el et |
IJE{O ..... n}, ' jGV[C], aw](CJ)m,y k
(k7C)EIH,©,ﬁD1r ’YEIF
(3.8.36a)
v, .
T I R,
Ve{o/\ } UIVIV?%(IC,C) [y] = Z Uj(':/szra[(%xk)] - min {O’/ (9) U§?ec[xk] ¢ nw,(cj)}
..... n}, ‘ jeviel, Ow,’Mry
(k’c)GIH,Q,ﬁDlr ’YGIF
(3.8.36b)

Lemma 3.8.18. Suppose v = [m,, o0, and assume the conditions (inc), (np), and
(locLip) of Lem. 3.8.12. Then the following holds for each v € {0,...,n} and for each
(k7c> € [H,D,ﬁDir-'

(v) (v) ol v,|
(a) Ocon, (k) T Pjump, (k) = PP, (k) — PIF,(k,C)"

(b) UIVﬁT,(k,C) is increasing.
(c) UI”’F%(,%C) is minimal at m,.
(d) UIVf‘t(k,C) [m.] = Ui/ﬁl,(k,C) [m.] = 0.

(e) max {0, UIV’F%%C) [m,]} = min {0, UIVI’TT’(,C’C) [m,]} = 0.
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(f) Uﬁ’w%(hc) is (Lv,[(€,D)] - Ad—1,max[I1]) -Lipschitz on [m,,m, +r] for each r € RT,
where the numbers Ly ,[(€, V)] and Ai—1max[I1] are defined in (3.8.30) and (3.8.31),
respectively.

Proof. The proof is completely analogous to the proof of Lem. 3.8.15. |

Next, the decomposition of the ag;)x con, (.C) is performed. Let

v,
aﬁux con,(k,C)

/\ alf?uTx,con,(k,C) Ky? y)] = ; <a’f‘}l/{12);l/>ex._im. [((g
YElFcon:

v xv— K,

VG{O ..... TL}, >\d—1 "/ﬂU- c 8regw(j) >0
(k‘,C)GIH,D,—\Dir [ e * ] : d—l ’7 m U regwk_
Jev(c]
3.8. 37a
clgulx,con,(k,C) PUXU — Ka
v, ~ . 1w ex.-im. -
aﬂulx7con7(k7(})[(y7y)] = Z (agux ) [((?Jay)7$k
/\ YEIF con: ‘
ve{0,....n}, Xi—1 [7Ujevc) Freawy)’ | >0
(k,C)EIM, »,~Dir [ T ] -1 YN U aregwk
Jev(c]
3.8. 37b
Lemma 3.8.19. Suppose v = [m,, 00 and that the a}. are real-valued, o € {1,2}.
Let Geon = ((ag{l‘i‘()ex"lm')(aﬁ)e{m}xmcon denote the family of real-valued dependency

splittings. Moreover, assume the conditions (np), (bnd), (inc), and (locLip) below:

(up) A A A @D = @)™ ™) [((y.ma), t2)] <0,
YE€IlFcon Y€V  (t,x)ETX7Y
1) 1, [(€, Seon)] =D { (ail)™ ™™ [((9700). . 2)]
(y,t,x) EvXT X7, vE IFCOH} < oo, (3.8.38a)
Beon2m, (€, eon)] i= = inf { (a2)™ ™ [((g,m0), 1, )]

(y,t,x) € v x 1 X7, v€EIFn } < 00. (3.8.38b)

)ex.—im. )ex.—im.

(inc) The functions (ag;}x [yt xox{thx{z} and (agfx [y xox{t}x{z} aTe increas-
ing for each vy € IF .o, for each y € v, and for each (t,z) € T X 7.
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(locLip) Fach (ag’ulx)ex'_im' is locally Lipschitz with respect to its dependence on the sec-
ond argument, i.e.

A \ A < (@)™ Moo etad ) |

€ Li : My, My, + 1], R
'I‘GRS_ Lﬂux,l,r[(c7600n)]€R3— (75y5t,) pLﬂUXJ,T[(Q’GCOn)] ([ vy v + ]7 )
EIFcon XUXTX7y

Then the following holds for each y € v, for each v € {0,...,n}, and for each (k,C) €
It p -pir-

(a) a(V) — o] — a2t
flux,con,(k,C) — “flux,con,(k,C) flux,con, (k,C)

(b) The function ag’uTX con,(k.c) [ {y}xv 8 increasing.
(c) agﬁx’con’(k’c) [{y1xo s minimal at m,,.

(d) agﬂx,con,(k,(}) [(y? mv)] S a;ﬁx,con,(k,C) [(?/, mv)] .

(e) If Ma—1max[ll] is the number defined in (3.8.31), then

max {07 agﬁx,con,(k,C) [(y7 mv)]} — min {O’ agﬂx,con,(k,(f) [<y’ mv)]}
S (maX {07 Bcon,l,mv [(Q:a 6con)]} + max {O, Bcon,Q,mu [(Q:a 6con)] }) : )\dfl,max [H]

(f) The function agﬁx,con,(k,C) [yyxo 18 (LﬂuxJ,T[(Q, Seon)] - )\d_l,max[H])—Lipschitz on
[My, my, + 7] for each r € RT.

Proof. (a) is clear, since (3.8.37a) and (3.8.37b) are merely an algebraic decomposition
of (3.7.57). (b) and (c) are equally clear from hypothesis (inc). Hypothesis (np) yields
(d), and hypothesis (bnd) yields (e). Finally, (f) follows from hypothesis (locLip). B

Example 3.8.20. Suppose v € IF ., is a continuous interface and v = [m,,, ool.

First, assume that there is no dependency splitting, i.e. (ag’o‘)ex"im'[((;&,y),t,x)] =

ux

ap>[(y,t,z)]. In that case, 3.8.19(bnd) is always satisfied, since 7 and ~y are compact.
Conditions (np), (inc), and (locLip) of Lem. 3.8.19 are trivially satisfied for ajl =
ay? = 0. In the last case considered in Ex. 3.7.32, where aj:l = 0 and aj [(y,t,2)] =

€y, € € [1,00[, condition 3.8.19(np) holds for m, < 0, 3.8.19(inc) holds, as both a}:}
and agfx are increasing in y; and 3.8.19(locLip) holds, since ag;llx is 0-Lipschitz.

In the first case of Ex. 3.1.2(c), one has m, = 0, al’l =0, a2 [(y,t,2)] = oe[(y, t, z)]y*.

flux flux

Then 3.8.19(np) holds, as al [(0,t,2)] = ag>[(0,t,x)] = 0. 3.8.19(inc) holds trivially
for ajl , but al? is only increasing in y if €, is sufficiently benign. 3.8.19(locLip) holds,

. fy’l . . .
since ag,,, is 0-Lipschitz.
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Finally, consider the first case of Ex. 3.1.2(c) with the dependency splitting introduced
in Ex. 3.8.17, i.e. with (agfx)ex'_im’ [((7,y).t,2)] = oe[(y,t,x)]y*. Then 3.8.19(np) and
3.8.19(locLip) hold as before. Now 3.8.19(inc) holds independently of €, as €; is nonneg-
ative and independent of y. 3.8.19(bnd) also holds, since (agfx)e""im‘ [((g], 0),t, x)} =0.

For the decomposition of the aj(zr)np L -Dir,(kc) 1€t
v,1 .
ujump,l,ﬁDir,(k,C) -V K’
v, . v 7
ool = D Gl )] A [0 017
/\ ( ’YGGij)p’l[C}: ’
ve{0,...,n}, k,Cl(k,i2[V])] ) €1, ,-Dirs
(k,C)EIT,5 ~Dir - [8%(:1[7])07} -0
(3.8.392)
l/,l . 1 —Dir
ajump71,—\Dir,(k,C) DUTHEIPE — K’
vl . 72V
/\ ajump,l,ﬂDir,(k,C) [U] T Z a’jump [(U(k,C[(k,ig [’Y])]) ) xk)}
{0 } ( 'YGGjum)p,l[C]:
Senh k.Cl(kvizb))] ) €m0 -
k,C I —Dir ’ ’ II,%,-Dir» i
O Xd-1 [‘r’wx(fm])m} >0 " Ad-1 [awél[vl) N ﬂ
(3.8.39h)

Lemma 3.8.21. Suppose v = [m,,,o0[, that the aj,, o« € {1,2}, are real-valued and

that conditions (np), (inc), and (locLip) below all hold:

(np) (ajvdrlnp - a?dfnp)[(mv, t,z)] <0 for each v € IFjymp and each (t,x) € 7 X 7.

(inc) The functions a}djlp lox{t}x{z} are increasing for each o € {1,2}, each vy € IFjymp,
and each (t,z) € T x 7.

(locLip) A V A aﬁ;fnp lox{tyx{z}€ LiPr . (e ([my, my + 7], R),
r€RY  Ljump,2,r[CJERT (v:t:)
ElFjump X7 X7y

i.e. each a?dfnp 18 locally Lipschitz with respect to its y-dependence.
Let m := (my,...,my). Then the following holds for each v € {0,...,n} and for each
(kac> € IH,D,—\Dir-'

) _ ol !
(a) 1/\ ajsmp,l,—'Dir,(k,C) [U} - a;/ump,l,—\Dir,(k,C) [U(kvc)] - ajyump,l,—'Dir,(k,C) [U} ’
Uey'm,®,-Dir

)

(b) a*! ) and aj.(;'mpJ’Dir,(k’c) are increasing.

jump,1,—Dir,(k,C

y’l . ..
(€) Ojup 1 ~Dir,(kc) &8 Minimal at m.
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V’J/
(d) ajump 1,—Dir,(k, C)[ ] < ajump,l,—'Dir,(k,C) [Il’l] and aJump 1,Dir,(k,C) [mv} < 0.

(e) If Mi—1max[I] is the number defined in (3.8.31), then

!
max {0’ ;/ump 1,—Dir,(k C } min {0’ Jump 1,-Dir, (k, C)[ ]}

S Bjump,mv [Q:] : )\d—l,max[l_-[]v
and

— min {07 Jump 1,Dir,(k,C) mv]} < lgjump,Dir,mU [Q] : )\d—l,max [H]7

where
Bjump,mu [Q:] =1max { ‘a’Jump[(mlﬁ t7 LE’)H : (t7 I’) €T X Y Y S IFjump }

+ max{’ajump[(mv,t,x)” c(t,x) € T x 7y, v € IFjump },
(3.8.40)

Bjump,Dir,mv [Q:] ‘= max {‘ Jump[<y7 t I)H :
(y,t7$> € [mva BDir[Qz]] XTXY, Y € IFjump }
+ max {[a)2, (v, t,2)]] :

(y.t,2) € [mo, Bowl€]] X 7 % 7, 7 € IFiump }
(3.8.41)

Using absolute values in (3.8.40) and (3.8.41), and using the domain [m,, Bpi|[€]]
fory in both summands of (3.8.41), allows the use of the same bounds Bijump,m, [€]
and Bjump Dirm, [€] i Lem. 3.8.23(e) below.

(f) aump 1-Dir(k.C) (Ljump,gy,«[C] . )\d_l,maX[H])-Lipschitz on [my, my, + r]fno-pi ith
respect to the maz-norm for each r € RT.

Proof. 1t is noted that in a(m)np 1.Dir, (k.C)? the summands involving the Dirichlet contri-

butions are constant.
(a) is clear, since (3.8.39a) and (3.8.39b) are merely an algebraic decomposition of
(3.7.59). (b) and (c) are immediate consequences of hypothesis (inc).

Hypothesis (np) directly implies the first part of (d). According to (3.7.60), the second
part of (d) can also be seen from hypothesis (np), since m, < w;p, (i} Dir[(tv, Tx)],

v.2w
and since aj;;10 is increasing in y according to hypothesis (inc).

The compactness of v and 7 together with the continuity of ajd mp and ajump implies (e),

and hypothesis (locLip) together with Rem. C.7.7(g) yields (f). [ |
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Example 3.8.22. Suppose v € IFJump is a jump interface, v = [m,, 00|, and consider
the case of Ex. 3.1.2(b), i.e. aJump[(y,t z)] = ajump[(y,t a:)] = &y, £ € RT. Then the
hypotheses (np), (inc), and (locLip) of Lem. 3.8.21 are satisfied due to the following
obvious facts (a), (b), and (c).

(a) ( Jump ?ufnp)[(mi}?t’x)] =0.

(b) ajump and aJump are increasing.

(c) aJump and aJump are both ¢-Lipschitz.

Finally, al) . . +a®)

ClfluX,Jump,2,—|D11r,(k,C) jump,2,—Dir,(k,C) 18 decomposed. Let

vl .
ajump,2,ﬂDir,(k,C) )

A [amaol@) = (@2 (@ 0m)] ¢ afuizﬁy’“”)

’YEGjump,Q [C]

vXv— K|

Y

woh (k.Cltksis b)) €111, i
- [aw,(j'?””m} <0 A1 [awk fy]
(3.8.42a)
ajylinp,ZﬁDir (kC) pieepr  ptneepr — K,
ajuian—‘DlI‘ k,C) [(U U)]
L 7,1,y ex.-im. ~
A = 2 <<aﬂux ) [((U(k,cuk,nmn)’U(kﬂ[(kmh])}))’:”’“)]
YEGjump,2[Cl:
wos b | (kClki D] €ln.p i o
Ad—1 [&ul(jzhbﬁ'y} >0 + CLjump [(U(k,C[(k,zl['y})]) ) xk)])
g1 [@wéiz[v]) NA]
(3.8.42Db)
Lemma 3.8.23. Suppose v = [my,, 00| and that the ajump and ajump are real-valued.

L v, \ ex.-im
Let 6jump T ((aﬂux) )(a,'y)e{l,2}><IFjump

splittings. Moreover, assume the conditions (np), (inc), (bnd), and (locLip) below:

A A A ((wz@f"*ﬁ“—<aasx>e“m'>[((y,mw,t,wﬂ)_

+ (a72 —al! ) (my, t,2)] <0

jump jump

denote the family of real-valued dependency

YEIFjump Y€V (tz)ETXY

(bnd)
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Bﬁux,jump,l,mv [(€7 6jump)] .=sup {(agﬁx)ex'-im. [((ya m’u)7 tu CL’):| :

(y,t,x) Ev X T X7, 7€IFjump} < 00,

(3.8.43a)
B ump 2o [(€ Sump)] i= = inf { (@20 [((y, o), 1. 2)]
(y,t,x) Ev X T X7, vE IFjump} < 0.
(3.8.43b)

(inc) The functions

( ~,1 )ex.—irn.

1
iy [y xox () x {2} T mp [ox {1} x {2}

and

( 7,2 )ex.-im.

2
iy [y xox {8y x (e} T mp lox{t)x {2}

are increasing for each vy € 1Fjymp, for each y € v, and for each (t,x) € T X 7.

(locLip)

A \/ A ((aﬂﬁx) O Ty exttyxia) +aj7l;fnpfw{t}x{x}>'
)

e Li v My, M r|,R
TGRE)F Lﬂux,jump,’r [(C»Gjump)}ERg (’Yvyytyx pLﬂux,jump,r[(dejump)] ( [ v v + ] ) )
EIFjump XUXT Xy

Let m := (m,,...,my,). Then the following holds for each y € v, each U € vimno-pir
each v € {0,...,n}, and each (k,C) € Ino -pir:

) o )
(a) /\ ( aﬁux,jump,QmDir,(k,C) [U] + ajump,27—|]:)ir’(k,c) [(U, U)] >
V7T ind V7l B )
(0,U)€UIH,CO,ﬁDirXUIH,CO,ﬁDir = ajump,QmDir,(k,C)[(U(k,C)7 U(k,c’))] - ajump72,_‘Dir7(k;7C)|:(U7 U)]

: v, ) )
(b) The functwns ujump,Z,ﬁDir,(k,C) r{y}xv and aﬁux,jump,Z,Dir,(k,C) [{y}xv +ajump,2,Dir,(k,C) are

mereasing.

vl . L
(c) 0 mp.2,~Dir, (k.C) [{U}sznmﬁDir is minimal at m.

v, v,
(d) ajump,?,—\Dir,(k,C) [(U(k,C)7 mU>] S ajump,?,—\Dir,(k,C) [(U’ m)]’

()

(v)
aﬂux,jump,Q,Dir,(k,C)[(y’ my)] + %ump,2,Dir, (k,C) [m,] < 0.

(e) If Biump.mo €], Bjump,Dir;me [€], and Ai—1 max[I1] are the numbers defined in (3.8.40),
(3.8.41), and (3.8.31), respectively, then

max {07 a;inp,Q,—\Dir,(k,C) (U, mv>]} — min {07 aJI'jl’lInp,Q,—\Dir,(k,C) [(Utkc), mv)]}

< (max {0, Bauxjump,1,m, (€ Siump)] }
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+ max {07 Bﬂux,jump,2,mv [(67 6jurnp)]} + Bjump,mv [Q:]) : )\dfl,max[H]-

and

: (v) ()
— i {O’ Clﬂux,jump,2,Dir,(k,C) [(y7 mv)] + ajump,Q,Dir,(k,C) [mv]}

< (max {0, Baux,pir[€] }
+ max {0, Bﬁux,jump,Q,mu [(Q:, Gjump)]} + Bjump,Dir,mU [Q:]) . )\d—l,max[H]a

where
Bﬂux,Dir[Q] = max {(ag{jx)ex._im. [((ig? y)’ t’ I’)} :

(3.8.44)
((gj,y),t,aﬁ) S [mU7BDir[¢H2 XT XY, Y S IFjump }

(f) The function a;;ilp,Q,—\Dir,(k,C) r{U}XUIH,GJ,ﬁDir i8 (Lﬂux,jump,r[(€7 6jump)] : )\dfl,max[HD’
Lipschitz on [m.,,, m, + r]m®-pir with respect to the maz-norm for each r € R*.

Proof. It is noted that in a&)&jumpgﬁmr?(,ﬁc) + aj(zr)anﬁDir,(k,C), the summands involving

the Dirichlet contributions are constant.
(a) is clear, since (3.8.42a) and (3.8.42b) are merely an algebraic decomposition of the
sum of (3.7.62) and (3.7.65). (b) and (c) are immediate consequences of hypothesis
(inc).
Hypothesis (np) directly implies the first inequality in (d). The second inequality in
(d) can be seen from (3.7.63), (3.7.66), and hypothesis (np), since

My < Wjpy, [(h,ir (7)), Die [ (B Tx)]
7,1 >ex.-im.

and since each (aj,
hypothesis (inc).

[ fy} xox{t}x =} —i—a;l;inp lox{t}x{z} 18 increasing according to

7,1
Tjump>

Hypothesis (bnd) and the compactness of v and 7 together with the continuity of

ajvliilp, and wu; p; imply (e), and hypothesis (locLip) together with Rem. C.7.7(g) yields
(f). n

Example 3.8.24. Asin Ex. 3.8.22, suppose v € IFj,, is a jump interface, v = [m,,, 00|,
and consider the case of Ex. 3.1.2(b), i.e. a%inp[(y,t,x)] = a}ﬁilp[(y,t,x)] = EumpYs
éjump c RT.

In the present example, this situation is combined with a consideration of the cases
in Ex. 3.8.20 in the context of a jump interface. The hypotheses of Lem. 3.8.23 are
investigated.

First, assume that there is no dependency splitting, i.e. (ag’uo)‘()ex"im'[((gj,y),t,az)] =
ap > [(y,t,x)]. Then, analogous to Ex. 3.8.20, 3.8.23(bnd) follows from the compactness
of 7 and ~.
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Conditions (np), (inc), and (locLip) of Lem. 3.8.23 are satisfied according to Ex. 3.8.22

3 '711 — 7’2 —
if Afux = Afux = 0

In the last case considered in Ex. 3.7.34, where aghlx = (0 and agfx[(y, t, )] = Eaux¥, Eaux €
[1, 00|, condition 3.8. 23(np) holds for m,, <0, using Ex. 3.8.22(a). 3.8.23(inc) holds as

all the functions aJump, a?ufnp, apl , and aj? are increasing in y. Since ajl + aJump is
&ump-Lipschitz and afys + alin 18 (§ump + Saux)-Lipschitz, 3.8.23(locLip) also holds.

In the first case of Ex. 3.1.2(c), one has m,, = 0, ag.. = 0, agfx[(y, t,z)] = oe(y, t, z)]y?.
Then 3.8.23(np) holds, combining Ex. 3.8.22(a) with aﬂuX[(O t x)] = ag? [(0,t,2)] = 0.
Analogous to Ex. 3.8.20, 3.8.23(inc) always holds for ay: + a amps DUt ag> + ajufnp is

only increasing in y if € is sufficiently benign. 3.8.23(locLip) holds due to Ex. 3.8.22(c).

Finally, as in Ex. 3.8.20, consider the first case of Ex. 3.1.2(c) with the dependency
splitting introduced in Ex. 3.8.17, i.e. with (ag?)" [((7,y),t,2)] = oel(7,t,2)]y".
Then 3.8.23(np) and 3.8.23(locL1p) hold as before, but 3.8.23(inc) now holds indepen-
dently of €, as ¢ is nonnegative and independent of y. 3.8.23(bnd) also holds, since

(ag2)™ "™ [((5,0),t.2)] = 0.

3.8.7 Nonlocal Operators

The discretized nonlocal operators %gZ?C), ngzzl (ke and ﬂjump (kc) are not decomposed,
as it is seen in Ex. 3.8.26 below that if the operators arise from nonlocal radiation terms
according to (3.7.91), (3.7.92), and (3.7.93) (which is the only concrete case considered
in this work), then they themselves have all the properties of a |-operator (s. Def. 3.8.25
below).

Definition 3.8.25. Given the finite volume dlscretlzatlon $ of €, it is said that the
discretized nonlocal operators %EZ?C), Q(EZ; (kc)» and QlJump (rc) have the |-property iff
they satisfy the following conditions (i) — (1V) for each u € vme-pir each (k,C) €

In® -pir, and each v € {0,...,n}. Let m := (my,...,m,).

(i) %EZI?C) r{u}XvIH,D,—\Dira miZh,(k,C) l{u}XUIH,I),ﬂDhM and Qljump (k,C) r{u}XUIH,Q,ﬂDir are mini-
mal at m.

(ii)) 0 < B

ol m)], 0 <AY) L l(wm)], and 0 < A T(w,m)].

(iii) There is a number Byonloc[€] € Ry that is independent of IT and independent of the
time discretization and such that ‘BEZ)C)[(u,m)] < Buonloc[€], nggfl royl(u,m)] <

Bnonloo[Q:] and 2L () )[(U, m)] S Bnonloc[Q:]-

jump, (

(iv) For each r € R, there is Lyonioc.[(€, I1)] € Ry that is independent of the time dis-
cretization and such that the functions %EZ)C) [{u}xvznmﬁm, ng;zl (*.C) l{u}mfnmﬁDiw
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and Q[Jump (5:¢) | tuyxomo-pie a1€ Luontoc[(€, IT)]-Lipschitz on [m,,, m,, + r]fne.-pi

with respect to the max-norm.

Example 3.8.26. As in Exs 3.7.27 and 3.7.36, the case is considered where ‘BEZ?C)
A > and Qljump (k¢ are defined by (3.7.91), (3.7.92), and (3.7.93), respectively, that

con,(k,C
means the nonlocal operators arise as radiation operators according to the axisymmetric

cases of Exs 3.1.3(e) and 3.1.2(c).

It is verified that in this case, ‘BEZ?C), Qlizzl (kc)» and A

fump, (k,C) have the |-property
according to Def. 3.8.25.

As the unknown represents absolute temperature, one has m, = 0. It is then immediate
from (3.7.81c) and (3.7.88) that ‘BEZ?C)[(U, m)| = Ql((:';;(k’c)[(u, m)| = QL}ZBnp,(k’,C)[(U’ m)| =
0, which implies conditions (ii) and (iii) of Def. 3.8.25 with Bponioc|€] = 0.

The vector Y is nonnegative by (3.7.81c), A~! is nonnegative by Lem. 3.7.22(b), and
L is nonnegative by (3.7. 87) Then (3.7.88) shows that V is also nonnegative and so

are SBEZ?C), A , and A

con, (k,C jump, (k,C)? proving condition (i) of Def. 3.8.25.

Condition 3.8.25(iv)' The function y +— X - y* is (4\r3)-Lipschitz on [0,7]. Thus, ac-
cording to (3.7.81c), the map (TS(Olzd Clrc[xk])ng L Yis (4omax{l, : Kk € Laar}-1°)-

Lipschitz on [0, 7]7=4r by Rem. C.7.7(f). Combining this with (3.7.88), Def. and Rem.
C.2.3, and Rem. C.7.7(b), shows that the map (T@

solid,circ

K € Laar} - |[LA7Y| - r3)-Lipschitz on [0,7]%r. Then, according to (3.7.91), (3.7.92),
and (3.7.93), and using that each I, , k € Iy, can have at most two elements, each of

[xk])ﬁel L Vis(do max{l, :

the functions %§Z?C) r{u}xv’ﬂmﬁDirv i’lggly(k,c) [{u}xvln o.-pirs and Q[J(Zr)np( kC) [{u}mfnmﬁm is
Luontoc[(€, I)]-Lipschitz for each u € v'mo.-pir where

Luontoe,[(€,1T)] := 8o max{l, : & € Laar} - |[LA7Y| 75 (3.8.45)

Since Ecirc[(Ts(;Ec)irc [[BH],Z/L’,{)] is always bounded by 1, Lyonioc[(€,II)] does not depend
on the time discretization as required in Def. 3.8.25(iv). It does, however, depend on
the space discretization II (a priori, e.g. Laar, max{l; : £ € Laar}, and |[LA™!| all

depend on II).

3.8.8 Decomposition of Source and Sink Terms

In this section, the operators fE:)c) defined in (3.7.119) are decomposed. Assume v =
[m,, oo and that for each j € J, f; is real-valued and locally Lipschitz in the sense of
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condition (locLip) of Lem. 3.8.27 below. Let
ff,’ic) : v — R,

A | b= X (- £ |

ve{0,...,n}, JEV(C] v i
(k,C)eN  ~Dir + var®t [—f]( )[UX{wk}] [y]> ')‘d[wl(cj)]
(3.8.46a)
fee): v — R
v, - v n |- 3.8.46b
AT LR DR B IRV (38460

(k,C)EI,»,-Dir

Lemma 3.8.27. Suppose v = [m,, oo[, the f; are real-valued, and the conditions (np)
and (locLip) below both hold:

(np) —fi[(my,t, )] <0 for each j € J and for each (t,x) € T X p;.

(1OCL1p> /\ V /\ fj rvx{t}x{m}e Lipo,T[Q‘} ([mva My + T],R), i.e. each

reRy  Lyr[e]eR)  (it@)eIxTxp;
f; is locally Lipschitz with respect to its dependence on y € v.

Then the following holds for each v € {0,...,n} and for each (k,C) € Inmn -pir:
(@) ~fike) = fiile) — ey

(b) f’(’,gc) is increasing.

(c) f?’,;%c) is minimal at m,.

(d) Tl ] < ik el

(e) max {0, fl(jl;l,(,’) [m,]} — min {0, f'(’;ic) (M)} < Bpmo[€]  Admax|1], where

By, €] :=max { f;[(m,,t,2)] : (t,z) €T xp;, jE€J}, (3.8.47)
Admax|I1] := max {)\d[wk] ke IH}. (3.8.48)

The number \gmax|[Il] measures the mazximal size of control volumes in terms of
Lebesgue measure.

(f) fl(',;ljc) is L, [€] - Mgmax[H]-Lipschitz on [my,, m, + 1] for each r € R*.
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Proof. (a) and (f) follow from hypothesis (locLip) and Rem. C.6.8(h). Both fl(',jc) and

fl(',;lc) are increasing due to Rem. C.6.8(c), proving (b) and (c). Combining (a) with
hypothesis (np) yields (d). Finally, (e) follows from Rem. C.6.8(a) together with hy-
pothesis (np). [ |

Example 3.8.28. Example 3.1.1(b) and the first case of Ex. 3.1.1(a) are investigated
with respect to the hypotheses (np) and (locLip) of Lem. 3.8.27.

Both conditions are trivially satisfied for the first case of Ex. 3.1.1(a) as f; = 0. It
remains to consider Ex. 3.1.1(b).

In this example, the unknown represents absolute temperature. Hence m, = 0, and
condition 3.8.27(np) is completely natural from the physical point of view, as it states
that the system can not be cooled if its absolute temperature is zero. However, the
condition can still fail for some concrete model equation, which just means that the
model is not valid close to absolute temperature zero.

It is fi[(y,t,2)] = peasl(t,7)]g ® Vgas[(t,x)] in the first case of Ex. 3.1.1(b). Thus,
3.8.27(locLip) holds, as f; does not depend on y € v, and, assuming pg.s > 0, 3.8.27(np)
holds if and only if g e vg.s[(t, z)] > 0 for each (¢, ).

In the second case of Ex. 3.1.1(b), f;[(y,t,x)] = fI%, where fl%! > 0 is supposed to
represent a heat source due to induction heating, i.e. condition 3.8.27(np) is always sat-
isfied. However, investigating the regularity of f1%! according to the induction heating
model is not in the scope of this work.

In the third case of Ex. 3.1.1(b), it is

Fil(y, t,2)] = €gas[(y, 1, )] div (pgas (T, 2)[Vias (1, 7)]) = Pas(t, )] div vias [ (T, )]

L.e., assuming €4,5[(0,¢, )] = 0, 3.8.27(np) holds if and only if peas[(t, )] div Vas[(t, )] <
0 for each (t,z). Moreover, f; is (locally) Lipschitz in its y-dependence if and only if
Egas 15.

3.8.9 Statement and Proof of the Theorem

The central part of this section is the statement and the proof of Th. 3.8.35.

The hypotheses of Th. 3.8.35 need to include the hypotheses of Lems 3.8.10 — 3.8.12,
3.8.15, 3.8.16, 3.8.18, 3.8.19, 3.8.21, 3.8.23, and 3.8.27. This collection of lemmas is
thus named for the convenience of subsequent reference:

Notation 3.8.29. Lemmas 3.8.10 — 3.8.12, 3.8.15, 3.8.16, 3.8.18, 3.8.19, 3.8.21, 3.8.23,
and 3.8.27 are called Decomposition Lemmas.

The purpose of the following Defs 3.8.30 — 3.8.33 is the grouping of similar hypotheses
of the Decomposition Lemmas. Definition 3.8.30 comprehends the hypotheses of type
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(inc), where certain functions are required to be increasing. Moreover, Def. 3.8.30(i)
provides a growth property of the b; also needed in the proof of Th. 3.8.35. Definition
3.8.31 comprehends the hypotheses of type (np), where certain functions are required
to be nonpositive at y = m,. Definition 3.8.32 comprehends the hypotheses of type
(bnd), where dependency splittings are assumed to satisfy a boundedness condition at
m,. Finally, Def. 3.8.33 comprehends the hypotheses of type (locLip), where certain
functions are required to be (uniformly) locally Lipschitz in their dependence on y € v.

Definition 3.8.30. The evolution equation complex € is called increasing iff v =
[m,, 00, each of the functions b;, agyy, and aj;; . is real-valued, and the following
conditions (i) — (v) hold:

(i) There is Liny[€] € R such that for each j € J and each (t,2) € 7 X p;, the
function b; [,x{s}x{z} 18 nonnegative, increasing, and inverse Liny p|€]-Lipschitz.
Moreover, each b;[{m,}xrx{z} is decreasing (in ¢t € 7).

(ii) There exists a family of scalar-vector-splittings U = ((vj,sca, vjwec))j ., such that
the function vjgca [ux {1} x {2} is increasing for each (t,x) € 7 x p;, j € J. Then each
such U is called inc-admissible.

(iii) The functions ag), [vx e} x{=} are increasing for each a € {1,2}, each v € IF,, and
each (t,x) € 7 x 7. Then the family of real-valued dependency splittings Seon 1=

((aﬁ’o‘)ex"im')(aﬁ)e{m}xmcon is called inc-admissible iff (af o)™ ™ [ {yyxox{t}x{z} aT€

ux

increasing for each o € {1,2}, each v € IFq,, each y € v, and each (t,x) € 7 X 7.

(iv) The functions aﬁ;;p [ux{t}x{z} are increasing for each o € {1,2}, each v € IFjymp,

and each (t,x) € 7 X 7.

(v) The functions ag [oxityx{z} +aj7ﬂ1p lox{t}x{z} are increasing for each a € {1, 2},

each v € IFjump, and each (¢, z) € 7x~y. Then the family of real-valued dependency

sige L 7,00\ exX.-im.
splittings Sjump = ((agin) )(OW)G{LQ}XIijnp
¥,0 )ex.-im. r

functions (ad (yxox{thx{z} T0jump lvx{t}x{z} are increasing for each o €
{1,2}, each v € IFjymp, each y € v, and each (t,z) € 7 x 7.

is called inc-admissible iff the

The finite volume discretization § of € is called increasing iff € is increasing, U, G on,
and Gjump, are inc-admissible.

Definition 3.8.31. The evolution equation complex € is called nonpositive at m :=
(Mo, ..., my) iff v = [m,, 00, each of the functions agy, agyy, Gy, and f; is real-

valued, and the following conditions (i) — (vi) hold:

(i) There exists a family of scalar-vector-splittings U = ((vj7sca, Uj,vec))je , such that
Vjscal (M, t, )] = 0 for each (¢,2) € 7 x p;, j € J. Then each such U is called
np-admassible.
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i) a’ [(my,t, )] <0 for each 7,t) € Jx(J;\{0}) and each (t,z) € 7 x I';,. Then
out J ) A B
J,t

the family of real-valued dependency splittings Sy = ((aout)ex . ) (G.OeTx (A 0})
) J

is called np-admissible iff

A A A @I () b)) <o.

(Jv)eIx(J;\{0}) yeEv  (t,w)eTxTy,

(iii) (agfx - agulx)[(mv,t z)] < 0 for each v € IF,, and each (t,z) € 7 x y. Then the

family of real-valued dependency splittings S, :

= ((aﬂux)ex lm )(a,y)e{1,2}xIFcon is

called np-admissible ift

A A A (@™ = @)™ ™) (v m). t,2)] <0.

YEFcon Y€V (t,x)ETXY

iv) (a7t —a)? Moy, t, )] <0 for each v € IF;y,, and each (t,z) € 7 X 7.
J p

jump jump

(v) (agfx — agulx)[(mv,t,m)] + (a?dilp a;uinp)[(my,t,x)] < 0 for each v € IFj,n, and

each (t,z) € 7 xy. Then the family of real-valued dependency splittings Sjump :=

((aguo:()ex im )(a’,y)e{172}><IFjump is called np-admissible iff

AA A ((wsz"'*”—<aa;3x>e""“‘>[((y,mm,w)])_

YEIFjump Y€V (t,x)ETXY + (ajump - a’ju7mp> [(mw t, x)] <0

(vi) —f;[(my,t,z)] <0 for each j € J and for each (t,z) € T X p;.

The finite volume discretization § of € is called nonpositive at m iff € is nonpositive at
m, and U, Suut, Scon, and Gjump are np-admissible.

Definition 3.8.32. Supposed v = [m,,, oo[. Consider the families of real-valued depen-
o 6t:on =

dency splittings Goue = ((aly;) )(ij)EJX(Jj\{O}),

and Sjump = ((adin

)eX 1m )
flux (O‘fY)E{l?z}XIFjump‘

ex.-1m
((a’ﬂyuo)é() )(a,’y)e{l,Q}XIFcon,

(a) Gout is called bounded at my, iff Bowtm, [(€, Sout)] < 00, where Boyt im, [(€, Sout)] is
the number defined in (3.8.34).

(b) Geon is called bounded at my, iff Beon 1.m,[(€, Seon)] < 00 and Beon 2.m, [(€; Seon)] <
00, where Beon 1.m,[(€, Seon)] and Beon 2.m, [(€; Scon)] are the numbers defined in
(3.8.38).

(c) Gjump is called bounded at my, it By jump.1,m. [(€, Siump)] < 00 and

Bﬂux,jump,Q,mv [(€> 6jump)] < o0,

where Bux jump,1,mo [(€; Sjump)] and Bux jump,2,m. [(€, Sjump)] are the numbers de-
fined in (3.8.43).
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Definition 3.8.33. The evolution equation complex € is called locally Lipschitz iff
v = [m,, 00|, each of the functions k;, aly, al;, L q7? and f; is real-valued, and

out» CLoutu agl/{lxu a
the following conditions (i) — (vii) hold:

jump?

(i) There exists a family of scalar-vector-splittings U = ((vj,sca, vjwec))j ., such that

/\ \/ /\ Vj sca rvx{t}x{x}e Liva,sca,r[(cym)] ([mva my + ’l“] y ]R) )

rERY Lo sca,r[(€,D)]ER]  (G1,2) €S XTXD;

i.e. each vj4c, is locally Lipschitz with respect to its dependence on y € v. Then
each such U is called locLip-admissible.

(ii)) A V A ki lox{tyx {23 € LiPr, je) ([my, my +7],R), ie. each k; is
r€RY  Ly[e]eR] (5t,z)€XTXp;
locally Lipschitz with respect to its dependence on y € v.

(iii) Each aﬁﬁt is locally Lipschitz with respect to its y-dependence, i.e.

A V N aicloxyiar € Livg,,, o) ([mo,mo + 7], R).
’!’ERO-'— Loug,r[C}GRg (j,L,t,Z‘)
eJx(J;\{0})xTxTy,

Then the family of real-valued dependency splittings

B G,u \€X.-im.
Sout = ((&out) )(j,L)EJX(Jj\{O})

is called locLip-admissible iff each (alt,)™ ™™

its dependence on the second argument, i.e.

is locally Lipschitz with respect to

ex.-im.

(gﬁt f XvX{t}x1x
A \ A ( Uut) {hxox{thx{a} )

rE€RY  Lout,r[(€,G0ut)]ERY (4,L,y,t,z) € LlpLout,r[(CGout)] ([mva my, + T’], R)
eJx(J;\{0})xvxTxT;,

(iv) Each aghlx is locally Lipschitz with respect to its y-dependence, i.e.

/\ \/ /\ ( apl Tox ity o} ) |
)

e Li 1 ([my, my + 7], R
TERg Lﬂux,lﬂ"[c]ER(?JL (’Y,t,l‘ pLﬁuX’l’T[Q] ([ v v ]7 )
Feon XTX7y

Then the family of real-valued dependency splittings
L v, \ exX.-im.
Geon = <(aﬂux) )(a,'y)e{l,Z}XIFcon

is called locLip-admissible iff each (al’! )ex'_im' is locally Lipschitz with respect to

flux
its dependence on the second argument, i.e.

A Y, A ( (@)™ ™™ Tttt ) ‘

€ Li . My, M r|,R
TERSF Lﬂux,1,r[(¢,6con)]€R:{ (7,y,t,x) pLﬂux,l,r[(Qﬁcon)] ([ vy My + ]’ )
ElFcon XUXTX7y
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(V) /\ \/ /\ a;ﬁlp rvx{t}x{x}e LipLjump’Q’r[q ([mv,mv -+ T],R), 1.e.
TERY  Ljump,2,r[CJERT (v.t.@)
EIFjump X7 X7y

each aﬁfnp is locally Lipschitz with respect to its y-dependence.

(vi) Each ag’ulx [ox{t}x{z} +a}£np lox{tyx{z} is locally Lipschitz with respect to its y-
dependence, i.e.

/\ \/ /\ ( (agillx + a?l;inp) rvx{t}x{a:} > .
TER(J; Lﬂux,jump,r[C]ERSr (7,t,x) < LlpLﬁuX,jump,T[C] <[mv’ My + T]? R)
jump XT X7y

Then the family of real-valued dependency splittings

L v, \ ex.-im.
Gjump T ((a’ﬂux) )(Q’V)G{LZ}XIFjump

is called locLip-admissible ift

|1\ ex.-im. 1
/\ \/ /\ ((aﬁux) [ fydsox{t}x{z} +a7umpfvx{t}x{z})_

e Li , v My, My + 7], R
TER(T Lﬂux,jump,r[(Cvejump)]GRBL (V:yvt:x) pLﬂuX,Julnp,T‘[(Q7GJump)] <[ vy v ]’ )
EIFjump XUXT Xy

(vii) A V A Filoxinyx oy € Lipg, o ([0, 0 +7],R), Le. each f; is
TER; Lf,r[C]ERE)F (j,t,I)EJXTij
locally Lipschitz with respect to its dependence on y € wv.

The finite volume discretization § of € is called locally Lipschitz iff € is locally Lipschitz
and U, Gout; Geon, and Gjump are locLip-admissible.

Remark 3.8.34. If § is increasing, nonpositive at m, and locally Lipschitz; and if
Gouts Scon, and Gjump are bounded at m,,, then all the hypotheses of the Decomposition
Lemmas are satisfied with the possible exception of Lem. 3.8.10(nn). However, Lem.
3.8.10(nn) is also satisfied if § is bounded from above (s. Def. 3.7.43(ii)).

If the hypotheses (i) — (iv) of the following Th. 3.8.35 are satisfied, then for each suf-
ficiently large M €]m,, o], the finite volume discretization § has a unique solution
in ([mU,M]Iﬂm){O"“’n} (cf. Def. 3.7.42), provided that the fineness A of the time dis-
cretization is sufficiently small, where, in general, A needs to be chosen smaller if M is
chosen larger. The precise statement reads as follows:

Theorem 3.8.35. Let § be a finite volume discretization of the evolution equation
complex € according to Def. 3.7.41, v = [m,, 00, m = (M, ..., My).
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Assume conditions (i) — (iv) below. Let BW[(€ 11,0, Sout, Scons Sjump)], Linv.s[€],
Aamin[H], and Bpi|[€] be the values defined in (3.8.58), Def. 3.8.30(i), (3.8.55), and
(3.7.27), respectively. Then for each M €|m,,, oo[ satisfying

B [(Q:, H, ‘B, Gouta 6con> Gjump)]

M>S5:=
Linv,b[Q:] . )\d,min [H]

+ My, (3849&)

A4zmm{&WMme{umm:jen}, (3.8.49h)

§ has a unique solution

provided that

M —
A . LM—mU[(sz H7 m) 6Out; Gcona 6jump)] < (Linv7b[(’:] : )\d,min[H]) . M—7 (3849C)

_mv

A<, (3.8.49d)

where the number Lys—m, [(€, 11,0, Souty Scon, Siump)] @5 according to the definition in
(3.8.54) below.

(i) § is bounded from above.
(ii) § is increasing, nonpositive at m, and locally Lipschitz.

(iii) The families of dependency splittings Gout, Scon, and Siump are bounded at m,,.

(iv) § is such that the discretized nonlocal operators %EZ?C), 2[2;317(,6’6), and QIj(lelpv(k,C)
have the |-property.

Proof. 1f (k,C) € Inm pir, then for each v € {0,...,n}, uEZ?C) is uniquely defined by Def.

3.7.42(ii), where UEZ)C) is well-defined, since it is required in Def. 3.4.6(ii) that different
Dirichlet functions must agree on common continuous interfaces.

For non-Dirichlet indices, the solution (u(”))ye{o
by induction on v.

.....

© . (0

For v = 0, the solution is uniquely defined by Def. 3.7.42(i), i.e. u(g o) = Uy [Tl

picking any j € V[C]. This is well-defined by Def. 3.4.6(),(iii).

Now assume v > (0. By induction, there is a unique

-----

satisfying Def. 3.7.42(iii) for each 7 € {1,...,v — 1}. One needs to show that there is
a unique u™ € [m,,, M]mo-pir such that Def. 3.7.42(iii) holds for v.
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Define

A e e — Ry ] = b [ 0] (3:850)

(k,C)EI,»,-Dir

Theorem 3.8.4 is applied to prove the existence and uniqueness of u(*) E [mv, Mo .-pir

satisfying Def. 3.7.42(iii). The strategy is to find continuous functions h(k o) g((Z)c), g((;;)c),

bEIZ?C)’ EEZ)C) and numbers P( and A, such that for each (k,C) € Itp-pi:

N Hielul = hileluee) = g ul: (3.8.51a)
uevln,’D —Dir
P(V)
v (k,C) ~\V
g((k?c) ~ A + g((k,)c)a (3.8.51b)
(¥) bEZ €) | 7
hiey = A T ey (3.8.51c)

and such that the hypotheses of Lem. 3.8.5 are satisfied. To that end, the decomposi-
tions of the discretization operators provided in Secs 3.8.3 — 3.8.8 are used to define for
each (]{?,C) S ]H,D,ﬂDir:

P
h(k,()) v — R,
h(l’) — ! U(V) ! 0" gl ¢!
(k,C) - int,—Dir,(k,C) int,Dir,(k,C) out,(k,C) IF ,(k,C) —Dir,(k,C) Dir,(k,C)

vl : 2l ()
+ aout ,(k,C) r{“EZ,_cﬁ)}XU +aﬂux,con,(k,C) r{uE:;;)}XU +ajump, 1,—Dir,(k,C) t+a Jump,l,Dlr (k,C)
™)

v,T v,T
+ ajump, ,—‘Dir,(k,C) r{u(ufl)}XU +ujump,27Dir,(k,C) r{ugz,}i)}xv +f(k,C)’ (3852&)

(k,C)

g((z?c) - plmo-pie R,
97((;,)0) [u] == Uﬁi—\Din(k,C)[ ]+ ol (K, C) [ugkc)l + Ulyﬁl,(k,C) [ugkc)l + EZ’]%ir,(k,C) [u] + E]lgilr,(k,C) [u]
+ %(Z)C)[(U(V u)] + aly (kC) [(UEZE;% Uc))] + ng;zl (k c)[(u(y_l)a u)
T aﬂux con, (k.C) [<“§k2>)7 Uke))] + ajump 1 -Din (ko) U] + Ql fump, (k.,C) (™Y, w)]
+ag, ump 2,~Dir, (k,C) (Y, w)] + f(k,c) (k)] (3.8.52b)

Moreover, let

W) . (v—1)
P(kC - [’ kc) [ Uik,c) } (3.8.52¢)
Ay =1, —t, 1, (3.8.52d)
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bEZc tv— Ry, bEZ?c) = bEZ?C), (3.8.52¢)
byl -
v v (k,C) v
hEkC - v R, hgk?c) [y] := A + hgk?c) [y], (3.8.52f)
(v) I, »,-Dir (v) P((’::)C) ~(v)
Iiey - VP — R, Iikc) [u] := A + Ik [u]. (3.8.52g)

It remains to verify (3.8.51a) and the hypotheses of Lem. 3.8.5, which is done in the
following. The conclusions of the Decomposition Lemmas (s. Def. 3.8.29) are used
below, where hypotheses (i), (ii), and (iii) of Th. 3.8.35 ensure that the hypotheses of
the Decomposition Lemmas are satisfied (s. Rem. 3.8.34).

(v

(k

(3.8.51a): To show h(hc) [(w=D u)] =h )C)[ ug0) —g((Z?C)[u], observe

b(”) [u ] _ P(V)
(k,C) P (R,C) kC) _ () v-1
A, = b(kz,C),(a) [(“( )7“)]

by (3.7.9), and

BEZ?C)[U(M)] (k C)[ ul = b(kc [( (V_l)v“)} toe Tt UEZ?@,(M[U], (3.8.53)

where (3.8.53) is precisely what was proved in parts (a) of the Decomposition Lemmas
(s. Def. 3.8.29).

bg:?c) in (3 7.10) shows that P(V)) € Ry and that b k)c) is nonnegative, since the b; are
nonnegative by hypothe51s (ii).

That the h(k ¢y and g ¢) have the forms required in Lem. 3.8.5(i ),(ii) is ensured by the
definitions in (3 8. 52f) and (3.8.52g), respectively.

Lem. 3.8.5(iii): The bEZ?C) are increasing using (3.7.10) and that the maps b; [yx{t}x {2}

(t,x) € T X pj, are increasing by hypothesis (ii). The BEZ)C) are increasing, since all
its summands according to (3.8.52a) are increasing, as was proved in parts (b) of the
Decomposition Lemmas (s. Def. 3.8.29).

Lem. 3.8.5(iv): The g((,’;)c) are minimal at m, since all its summands according to

(3.8.52b) are minimal at m, as is granted by hypothesis (iv) for %Ek 0); Qli';n , and
Qlj(ll:r)np,(k,(f) (cf. Def. 3.8.25(i)), and was proved in parts (c) of the Decomposition Lemmas

(s. Def. 3.8.29) for all other summands.

Lem. 3.8.5(v): It suffices to show bEZ?C) [m,) < PY)

< Py and BEZ?C) (my] < g% [m]. Tt is

() _ @) (v—-1) =11, -1 _ p®)
by [Mw] = bley[ma] < ey [ma] < by ey [ Uik } = Py
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since the b; [{m,}xrx{z}, T € pj, are decreasing by hypothesis (ii), m, < “EZ C;), and
the b; [UX{t}X{I}, (t,x) € T X pj, are increasing by hypothesis (ii). The remaining

estimate h(k olmo] < g((Z)C) [m] follows by summing the statements in parts (d) of the

Decomposmon Lemmas (s. Def. 3.8.29) and combining the result with Def. 3.8.25(ii).

Lem. 3.8.5(vi): Each gg,’;)c) is L,[(€, 11,0, Gout, Scons Sjump)]-Lipschitz on [m,, m, +
r|fno-pir for each r € R* and independently of (k,C) € Inp-pir and v € {0,...,n},
where

L, [(€,11,, Sout, Seons Sjump)]
=3 Lnonloc,T[(Q:v H)] + (Lllc,r[e:] + LDir,k,T[Q:]) ’ dmax [H] + Lfﬂ"[c] ’ >\d,max [H]
+ (3 ' LU,TKQ:? ‘B)] + Lout,r[<¢7 6011‘5)} + Lﬂux’lﬂ“[(g’ GCOH)}

+ Ljump,Q,r[Q:] + Lﬂux,jump,’r[((’:a 6jump)]> : )\d—l,max[H] : (3854)

The Lipschitz constants for the summands of g}(”) o) according to (3.8.52b) are given by

con,( jump, (
(f) of the Decomposition Lemmas (s Def. 3.8. 29) for the remaining summands. Then

Def. 3.8.25(iv) for B QI(V , and A and were already proved in parts
(kC)? )’

the Lipschitz constant of g}g:)c) is given by the sum of the Lipschitz constants of its
summands (s. Rem. C.7.7(d)).

Lem. 3.8.5(vii): It follows from (3.7.10), hypothesis (ii), and 3.8.30(i) that each ng?C),
(k,C) € Inm -pir, is inverse (Liny p[€] - Ad.min[11])-Lipschitz, where

Anin[11] = min { 0[] = (k,5) € I x J}. (3.8.55)

It is noted that Agmin[I1] > 0, since each w,(cj) is a d-polytope (s. Sec. 3.5.3).
Corresponding to (3.8.11), let

v ~(v) : 7 ()
S(V) _ P((k,)C) + max {Oa g(k,C) [m]} — min {0’ h(k,C) [m]} +m (3 ] 56&)
(k,C) * Llnvb[e:] . )\d min[H] vy 0.
S™) = max {S (k,C) € Ino,-Dir }- (3.8.56b)

The following Cl. 1 shows that the numbers S*) can be bounded independently of
v € {0,...,n}, i.e. independently of the time discretization.

Claim 1. It holds true that

Bl T[(Q H m 6outa 6(:0117 Gjump)]
Lmv,b[Q:] )\d,mm[H]

SV <= + My, (3.8.57)

where

BL’T[(Q:, H, m, 60ut7 GCOIU Gjump)]
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= Buol€] - Malp] + Bul(€ L) - (1 — t0) + 5 (Bl €]+ Bl [€]) - 1T

+ (max {07 Bout,mv [(¢7 Gout)]} + max {O, Bcon,l,mv [(Q:, 6(3011)]}
+ max {07 Bcon,2,mu [(Q:, 6con)]} + 2- Bjurnp,rmu [Q:] + 2. Bjump,Dir,mU [Q:]
+ max {O, Bﬁux,jump,l,mu [(Q:, Gjump)]} + 2 - max {0, Bﬁux,jump,Z,mu [(Q:, Gjump)]}

+ max {07 Bﬂux,Dir[€] }) : )\dfl,max [H]
+ Bf,mv [Q:] ’ )\d,maX[H]~ (3858)

Proof. Hypotheses (i) and (ii) grant the hypotheses (i) and (ii) of Th. 3.7.50. Thus,
using (3.7.134a):

0 < Pipy < Noopie < Buol€] - Aalp] + Ba[(€, 11, D)] - (tr — to). (3.8.59)

The proof of (3.8.58) is concluded by remarking that the summands according to
(3.8.52a) and (3.8.52b) are bounded by Def. 3.8.25(iii) together with the estimates
proved in parts (e) of the Decomposition Lemmas (s. Def. 3.8.29). A

The only hypotheses of Lem. 3.8.5 that remain to be verified are (3.8.12), where (3.8.12a)
and (3.8.12c) are just hypotheses (3.8.49a) and (3.8.49d), respectively, taking into ac-
count A, < A. Finally, by hypothesis (3.8.49¢):

AV . LM—mU [(¢7 H7 ma 6Outa 6cona 6jump)] S A- LM—mU [(Q:a H7 ma 6Outa 6001’17 6jump)]
M-S
Linv A min I1]) - EY )
< (Liny (€] - A min[TT]) Y
which yields (3.8.12b).
Now, due to the conclusion of Lem. 3.8.5, all hypotheses of Th. 3.8.4 are satisfied, and

the conclusion of Th. 3.8.4 provides a unique vector (UEZ?C))(]‘:’C)EIH,CO,—‘DH € [m,,, M]m.o,-pir
satisfying Def. 3.7.42(iii). [ |

Remark 3.8.36. It is noted that

M-S
lim — = 1. 3.8.60
Moo M —m, ( )
Thus, given 1 > § > 0, one can impose the additional condition, to choose M sufficiently

large such that 1\14\4:75 > 0, which is assumed within the current remark.

If the number Ly, [(€, 11,0, Sout, Scons Sjump)], occurring in (3.8.49¢) in Th. 3.8.35,
is independent of M (i.e. if L.[(€,II,0, Gout, Scons Sjump)| defined in (3.8.54) is inde-
pendent of ), then A just needs to satisfy (3.8.49d) and

A LMfmU[(Qta H; m; 6outy 6c0n7 6jump)] < (Linv,b[e] : Ad,min[H]) ' 57 (3861)

i.e. A can be chosen independently of M.
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3.8.10 Example: Coupled Transient Heat Equations

In the general situation of Th. 3.8.35, the dependence of the fineness A of the discretiza-
tion of the time domain 7 on the fineness h of the space discretization (cf. (3.5.2)) can
be very complicated. In general, Agmin, Lar—m,, and also the number M itself all de-
pend on the space discretization II. Therefore, the purpose of the present section is
to consider situations, where the dependence of A on A is computed explicitly. The
chosen setting is the situation of coupled transient heat equations, where one equation
is considered on a gas domain and another equation is considered on a solid domain (s.

Ex. 3.1.1(b)).

Domains

As usual, let 7 = [ty, ] denote the time domain. Let p; denote the domain of the gas
phase, and let p, denote the domain of the solid material 3;. For simplicity, it is further
assumed that the shape of the domains is such that they can be discretized into cubes
of equal size (s. Fig. 3.28). Thus, the polytope discretization IT = (w)ker; of p = p1Ups
is supposed to be such that each wy is a cube, each side having length h, where the
discretization points are chosen such that ||zy—2;||2 > h whenever OyeqwiNOregwi # 0. In
consequence, Az[wy] = h? and Ao[Owy] = 6h? for each k € I1, Agmax[I1] = 73, dpax[1T] <
A2 [Owp]

22028 = 6h. Furthermore, it is assumed that the w,(gj) are such that Ag[w,(cj)] > %3 (i.e.

AminlTT] > 22 N1 o [TT] < 2+ Ao[0y] = 122,

[ L 4 L 4 L 4 L 4 L 4 4
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1 1

1 1
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Figure 3.28: Section through the discretized cubic domain p = p; U ps.
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As the unknowns u; and uy are supposed to represent absolute temperature, their range
is v = [m,, co[ with m,, = 0.

Input Functions of the Heat Equations

The situation of Ex. 3.1.1(b) is considered with csp , and f1%) being independent of the
unknown. For simplicity, let vy, = 0. Thus, letting u; = Ty, and uy = T[ﬂf], one

has bl[(“’lat?x)] = j\(j(ig)%pgas[ ]ula kl[(u17t7x)] = K(Ar)[(ulat>$)]7 U1[<U1,t, .T)] = 07 and
Allur,t,2)] = 0, and bo[(us, t,2)] = plP[x] @) ug, kof(uast, x)] = &P)[(us,t, x)],
va[(ug, t, )] := 0, and fo[(ug,t, )] := fBI[(t, 2)].

The only reasonable choice for U then is U = ((0, O))je{1,2}'

Bil are bounded away from zero, i.e. there is 0, € RT

[ .

It is assumed that pgas, Pl and cqp
such that peas > Omin, pﬁf > Omin, and csp > Omin- It is convenient for subsequent use,

to choose 0, sufficiently small, such that j‘(j(A)}f > Omin.-

Interface Conditions

It is presumed that v := Oregp1 N OregP2 is a jump interface, where, as in Ex. 3.1.2(b),
Goanpl (11,1, )] = Eumptin, A (2,1, 2)] = Eumptiz, Gump € RY. In particular, IFee, =
(). The flux interface condition is supposed to have its most simple form, i.e. ag’ulx =

a2 = A, = 0, and also (afh)™ ™ = (ag2)™™™ = (4,)%™ = 0.

Boundary Conditions

The boundary conditions of Ex. 3.1.3(a),(b),(c) are allowed in the current example,
where the boundary conditions of Ex. 3.1.3(d) is later added in Ex. 3.8.38 below. As
in Fig. 3.28, the case is considered where only py has outer boudaries. To permit the
prescription of the different boundary conditions on dp = dp, N dp, there is a partition
(T2,0).e50,1,2,3y of Op (s. Fig. 3.28), such that us piy = 0 on I'y g, ai;llt is independent of wus
onTyy, a gft[(ug,t z)] = Eout (u2 — Uext | (2, :1:)]) Eout € RT, on I'yo, and By, = 0 for each
v € {1,2,3}. The function a2’ on I'y 3 is specified in Exs 3.8.37 and 3.8.38, respectively.

No dependency splitting is considered, i.e. (aZ’)"" o [(7,y).t.2)] = at [(y,t, )] and
(By,)™™ =0 for each ¢ € {1,2,3}.

Linear, Coupled Transient Heat Equations

Example 3.8.37. It is assumed that ") and %! are independent of the unknown,
ie. ky[(ug,t,z)] = k™D[(t, )] and ko[(us, t, )] := &l%[(t, 2)]. Moreover, let a2’ = 0.

out T
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Calculation of B,[(€,I1,0)]: One has Bp;[€] = 0, B, p[(€, V)] = 0, By scanic[ (€, V)] =

0. In the current situation, Lem. 3.7.25 applies with av>’[(7,v.t,z)] = —a24[(y, t, x)],
i.e. with By,[€] = max{sup(—ai{ft) : v € {1,2,3}}. Moreover, Bey|€] = 0 as
[Feon = 0, and Lem. 3.7.33 applies with avjumpa[7] = 0, @ € {1,2}, Bjump[€] = 0,
and Bjump,pir[€] = 0, since for o € {1, 2}, sup(—ajyy,,) = 0 as well as aj;; [(0,¢,7)] = 0.

Then, Bir|[€] = 0 according to Rem. 3.7.35. Thus,

B.[(€,T1,9)] = Bow[€] - \a_1[0p] + Bf[€] - Aalp]. (3.8.62)

Calculation of BY[(€, 11,0, Sout, Seons Sjump)]: Since Bpi[€] = 0, one has B,;Dir[(’l] =
B,jDir[QZ] = 0. Lemma 3.8.16 applies with Bout.m,[(€, Gout)] = Bout[€] (see above).
From IF., = 0, one gets Beon1.m,[(€, Gcon)] = Beon2:my[(€, Gcon)] = 0, and since
Bpi[€] = 0 as well as a0 [(0,t,2)] = 0, a € {1,2}, Lem. 3.8.21 applies with

jump

Bjumpmo[€] = Bijump,Dirm, [€] = 0. Lemma 3.8.23 applies with B jump,1,m., [(€; Sjump)]
= Biux jump,2,mo (€, Sjump)] = Baux,pir[€] = 0. The wuj-independence of the f; yields
nymv [Q:] = Bf[Q:] ThUS,
BY[(€, 11,9, Sout, Scons Siump)]
< By,0[€] - Aalp] + (Bouwl€] - Aa-1[0p] + Bs[€] - Aalp]) - (tt — to) (3.8.63)
+ 12Bout [€]h? + B[€]h°.

Next, one can choose Liyy, (€] = 62,
Then, according to (3.8.49a),

< 8- BL’T[(Q:, H, m, 6outa 6cona 6jump)]

S e . (3.8.64)
According to (3.8.49), one has to choose
M > max{S, maX{Hu;O)HmaX L j € {1,2}}}. (3.8.65)

Calculation of L,[(€,I1,D, Sout, Scons Sjump)], 7 € RT: Since all nonlocal operators
vanish, Lyoniocr[(€,11)] = 0. Also, L,,[€] = 0 by the above definition of U, and
L1+ [(€, Seon)] = 0 since IF,, = 0. Since the k; and f; are independent of the
solution, one can choose Ly ,[€] = L¢,[€] = 0. In consequence, L,lw €] = 2 By, [€],
Lpir .+ |€] = Bgm, [€]. As each a’!, is either 0-Lipschitz or &,y-Lipschitz, one can choose
Lout +[(€, Sout)] = Eout- As a;dfnp iS &ump-Lipschitz, one can choose Ljump 2.+ [€] = &ump-
Eump- Thus,

)ex.—im.

1. . )
=0 and a}ump is &ump-Lipschitz, one can choose Ly jump.r[(€, Siump)] =

L, [(€, 11D, Sout, Seons Sjump)] <

NCREEN|

+ Biom, [€] - 6h + (Eout + 2&ump) - 120, (3.8.66)
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In particular, L, [(€, I1, D, Sout, Scon, Sjump)] is independent of 7 (cf. Rem. 3.8.36).

Now, according to (3.8.49), A can be chosen

6r2ninh3 S
’ l1=-=1]p, (3867
21 Bim, [€] - b+ (Eout + 2jump) - 1202 M

A<min{1

showing that the fineness of the time discretization depends quadratically on the fineness
of the space discretization for h — 0.

Nonlinear, Coupled Transient Heat Equations

Example 3.8.38. The only difference between this example and Ex. 3.8.37 is the
consideration of nonlinearities in the k; and in the boundary conditions on I'y 3.

One might want to choose k; according to (A.2.2). However, the function in (A.2.2)

is not locally Lipschitz at T = 0, and thus not admissable.! Therefore, it is set
k1[(u1,t,x)] := w1, and a proper nonlinearity is only considered in ks, where
ko[(ug, t, )] := ae’ "2 (3.8.68)

with positive real numbers a; and by. Then ks has the form (A.3.5¢). It is continuously
differentiable with respect to us, and the derivative is

Ky[(ug, t, )] = apbpe’"2. (3.8.69)

Furthermore, let
azil(us,t, )] = o e(ut — T o), (3.8.70)

room

€ €]0,1]. Then a’? is continuously differentiable with respect to u,, and the derivative

out
1S
(s [(uz, t, )] = 4o eus. (3.8.71)

Calculation of B,[(€,I1,%)] and BM[(€, 11,0, Sout;s Scon, Sjump)]: There is basically no
change in comparison with the calculations in Ex. 3.8.37, and, in particular, (3.8.62)
and (3.8.63) still hold: Since Bp;, = 0, the k; do not contribute to B,[(€,II,)]. The
only change can occur in the value of Boy[€], as sup(—a2>) = 0 in Ex. 3.8.37, and
0 < sup(—a’3) < oT*.. in the present example.

out room
One can still choose Liyy, [€] = 62, and (3.8.64) remains valid as well as (3.8.65).

min?

1As (A.2.2) was fitted according to data for T' > 290K anyway, one could consider a Lipschitz
continuous cutoff for small T'. However, this was not done here, as, in practice, it was not necessary for

the simulations. Analogous remarks also apply with respect to some of the other material functions in
App. A.
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The main difference between Exs 3.8.37 and 3.8.38 lies in the calculation of the number
L, [(€,11,D, Sout, Scon, Siump)], 7 € RT. Even so, one still has

Lnonloc,r[(€7 H)] = Lvm [Q:] = Lﬂux,l,r[(€7 600n>] = Lf,’r[c] = 07

Ljump,Z,r[Q:] = Lﬂux,jump,rKQ:a 6jump)] = fjump-

According to Rem. C.7.7(i), k2 [ux{iyx{z} 18 (apbreb*™)-Lipschitz on [0, 7], since kj is in-
creasing in us. As ki [yx ) <o} 1S 1-Lipschitz, one can choose Ly, . [€] = max{1, apbpel*}.
Moreover, By, [€] = ag, such that L,lw[@] = brmax{1, apbpe”"} + gak, Lpir . [€] =
rmax{1, axbre®"} + aj. To choose Loy, [(€, Gout)], it is observed that a>l Fox {t} x {x}
is 0-Lipschitz, agft [ox{tyx{z} 15 Eout-Lipschitz, and ai{i lox{tix{z} 18 (40 €r?®)-Lipschitz
on [0,7] by Rem. C.7.7(i), since (a%>)’ is increasing in u,. Hence, one can choose
Loutr[(€, Sout)] = max{&us, 40 €3}, Thus,

LT[(Q:: Ha Q?, 6ou‘m 600n> Gjump)] < (36 T rnax{l, akbkeb”} + 21 - ak) h

3.8.72
+ (max{é‘out, 4o er®} + 2£jump) - 12h2. ( )

Sie

Now M is chosen sufficiently large, such that 1 —

> %, max{1, apbre®*M} = abpe M
and max{&,u, 40 € M3} = 40 € M>. Then A can 0

e chosen

o

512nin h3

(72 M agbret™ + 42 - ay,) h+ (40 € M3 + 2&jump) - 24h

A < min {1, } . (3.8.73)

showing that for fixed M, the fineness of the time discretization still depends quadrat-
ically on the fineness of the space discretization for h — 0. However, in the present
case, the exponential function in ko yields an exponential dependence of A on M.

3.9 Perspectives on Convergence

Given a number h € R™, call a finite volume discretization § of € h-admissible iff its
space discretization II has fineness less than h (cf. (3.5.2)) and § satisfies the hypotheses
of Th. 3.8.35. In particular, the fineness A of the time discretization of § has to be
sufficiently fine. Let S, denote the set of all h-admissible finite volume discretizations
of €, and let & := (J,cp+ Sh-

Given § € S, Th. 3.8.35 provides a solution iz to §:
R V?S
Uz = (u(k,c)>(l/’(k7c))€{0 ~~~~~ ngtxlng -

According to Th. 3.7.50, one has a discrete L>°-L' a priori bound N,y[is] < B[(€, V)],
where B[(€, V)] is independent of Ilg, assuming that there are no Dirichlet boundaries.
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A suitable interpolation of 3 should yield an approximation uz of a solution to €.
For example, one can use constant interpolation in space and linear interpolation in
time: Given j € J and x € p;, there is a unique (k,C) € I, » such that x € w,(j% and

jeVic], C € CoCmplG,, .|. Forte [tl(i)l, t%)], let

Uie — Yo
wsllt o)== (- ) + u(%,. (3.9.1)
v+1 — W

Then ug defined by wug [-xp,:= u;z is an element of the evolution space L*(r, L'[p]),
where

Jjeviel,
(kvc)elng,ﬁ

= Nan[thz] < B[(€,V)].

gl Lo (rzt ) = max{ ST Sl alwiy) v e {0,...,n3}}
(3.9.2)

Since 7 is a compact interval, one also has ug € L%(7, L'[p]) for each a € [1, 00[. Thus,
for each a € [1, oo[, there is a closed ball B, in L*(7, L*[p]) such that {uz : § € S} C B,.

Given a sequence h; — 0, and finite volume discretizations §,, € Sp,, with corresponding
solutions ug, , one would like to establish the existence of some u such that a subse-
quence of (U%hi)z‘eN converges to u in a suitable space. To use standard compactness
techniques, a suitable space is the dual of some (separable, reflexive) function space,
and L%, L'[p]) is not suitable in that respect. Thus, a canonical next step is to im-
prove (3.9.2) into an analogous result in, e.g., L°°(7, L?[p]) (using additional hypotheses
where appropriate). Usually, one also needs further estimates for discrete gradients and
for time and space translates (see below). Finally, one needs to show that the limit u

is a solution to €, at least in a certain weak sense and, ideally, in the (strong) sense of
Def. 3.4.7.

In [MRO1], the method outlined above is used to establish the convergence of a semi-
implicit finite volume scheme for the nonlinear evolution equation

Ou — div (k[| VG *xu|] Vu) = fu], (3.9.3)

where G is a C'*°-function with compact support, and “x” denotes convolution: A
discrete L>=-L? estimate ([MRO1, Lem. 3.1(i)]), estimates for the discrete gradients in
space ([MRO1, Lem. 3.1(ii)]) and time ([MRO1, Lem. 3.1(iii)]), and estimates for space
and time translates ([MRO1, Lems 3.2 and 3.3]) are used to prove the existence of a
limit u for (h,A) — (0,0) by applying the Fréchet-Kolmogorov Theorem [Bré83, Th.
IV.25] (]IMRO1, Lem. 3.5]). Subsequently, it is shown that the limit u constitutes a
weak solution ([MRO1, Sec. 3.3]).



Chapter 4

Numerical Results

4.1 General Setting and Methods

Throughout this chapter, it is assumed that all components of the growth system are
cylindrically symmetric, and that all relevant physical quantities are cylindrically sym-
metric as well.

All numerical simulations presented in the following were performed for the growth sys-
tem displayed in Fig. 4.1, consisting of a container placed inside of 5 hollow rectangular-
shaped copper induction rings. The geometric proportions of the system are provided
in Sec. 4.2.2 and Fig. 4.2.

During each specific physical growth run, the SiC source powder graphitizes and sinters,
and chemical reactions inside the solid parts of the graphite crucible lead to changes
in its porosity and can cause nonsealing joints. Moreover, accumulation of Si in the
insulation felt is observed. It is not feasible to account for these changes at the current
stage of numerical simulations. Hence, all simulations presented in this chapter are
performed for an idealized growth apparatus, treating all solid materials as homogeneous
and pure. Typical material data are used where available. The material data that have
been used during the following numerical experiments are collected in App. A.

As described in Sec. 2.1.4, for simulations of the temperature distribution evolution, it
is reasonable to assume that the gas phase is made up solely of argon.

Making the aforementioned assumptions, neglecting any mechanical or chemical inter-
actions inside both solid and gas as well as radiative and convective contributions inside
the gas phase (cf. [KPSWO01] for numerical simulations including convection), according
to (2.1.34c) and (2.2.1), heat transport in the growth apparatus is described by

ZANR 9
M®) ot

or
p[ﬁj]cgfj] Frie div (H[ﬁj] VT) = fo] (solid component [3;). (4.1.1b)

(paasT) — div (kA VT) =0 (gas phase), (4.1.1a)
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Figure 4.1: Setup of growth apparatus according to [PAC199, Fig. 2] indicating loca-
tions of temperatures monitored in the simulations, and also indicating the phantom
closures I'yottom and I'igp.

In (4.1.1), the temperatures Ty,s and Tl have been replaced by a single temperature
T, as in absence of data on transition coeflicients &; (cf. (2.3.2b')), for the simulations
of this chapter, the temperature is presumed to be continuous throughout the whole
apparatus.

It is noted that the relaxation times of the pressure and of the temperature in the gas
phase always lie orders of magnitude below the corresponding relaxation times in the
solid components. Since the gas does not have a significant influence on the temperature
of the solid parts, each temporal snapshot of a transient simulation furnishes the quasi-
stationary temperature distribution in the gas phase determined by the temperature
distribution on the adjacent solid surfaces. In particular, for a given constant pressure
p™¥) | the time derivative in (4.1.1a) vanishes identically as can be seen from (2.1.33d).
Thus, the quasi-stationary temperature distribution in the gas phase does not depend
on the gas pressure. The same result was stated in [KP01, p. 10]; however the reasoning
therein is not completely correct as it is based on [KP01, (3.2)] that contains an error
in its time derivative. The time derivative in [KP01, (3.2)] should simply read 20,p4"
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Figure 4.2: Geometric proportions of induction coil rings.

as follows from (2.1.33d) and (4.1.1a).

The argument of the preceding paragraph suggests that (4.1.1b) could be coupled with
the stationary version of (4.1.1a), i.e. with

div (s VT) = 0. (4.1.2)

However, for the regularity of the problem, it is advantageous to keep the time derivative
in the gas equation, which is also helpful within the present code implementation.
Hence, for the following simulations, (4.1.1a) is used with the constant density pg.s =
pA) = 3.73 1073 kg/m? corresponding to 7' = 2575 K and p?) = 2. 10% Pa in an
ideal gas.

Apart from the continuity interface conditions (2.3.2a) and (2.3.2b) for the temperature,
interface conditions (2.3.1) are used for the heat flux. On interfaces adjacent to cavities
or adjacent to the semi-transparent SiC single crystal, the flux interface conditions
include radiative contributions according to the modeling in Sec. 2.4 (s. (2.4.38) and

(2.4.39)).

The nonlocal outer boundary condition (2.4.17) is used on outer boundaries bordering
the outer and lower blind hole, where black body phantom closures such as I'y,, and
[hottom in Fig. 4.1 are used as described at the end of Sec. 2.3. On all remaining outer
boundaries, the Stefan-Boltzmann emission condition (2.3.3) is used.
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Induction heating is modeled according to Sec. 2.5, in particular using cylindrical sym-
metry and the model assumptions of Sec. 2.5.1 as well as sinusoidal time dependence
according to Sec. 2.5.6. The average total power P, is prescribed according to the
method in Sec. 2.5.7. The power is increased linearly during each simulation (s. Sec.
4.2.2). It was found in [KPO01, Sec. 3.2] that a domain of radius 1.2 m and height 1.8
m having the configuration Fig. 4.1 (radius: 8.4 cm without coil, height: 25 cm) in its
center, is sufficiently large for accurate computations of heat sources.

A finite volume method as described in Ch. 3 is used for the discretizations arising
in the stationary computation of the magnetic scalar potential and in the transient
temperature simulations. An implicit Euler scheme provides the time discretization;
only emissivity terms are evaluated explicitly, i.e. using the temperature at the previous
time step. The nonlinear systems arising from the finite volume discretization of the
nonlinear heat transport problem are solved by Newton’s method.

The space domains are discretized into unstructured grids of triangles satisfying the
constrained Delaunay criterion. The triangles are used to construct control volumes as
Voronoi boxes (cf. the paragraphs after Def. 3.7.40 and App. C.4.3). A grid of 7247
triangles is used to discretize the growth apparatus without coil rings for the transient
temperature computations, and a grid of some 100000 triangles is used to discretize
the larger domain, where the magnetic scalar potential is computed. Even though the
grid is chosen extremely fine in the coil rings and rather coarse far from the rings, it is
my impression that the discretization could still be optimized to get the same accuracy
with considerably less triangles. However, for the time being, grid optimzation was not
pursued for the benefit of other tasks.

The standard time step control algorithm implemented in the program package pdelib
(see below) is employed. It tries to predict the maximal size of the solution change
during time step number v + 1, linearly interpolating the maximal size of the solution
change that occurred during the v-th time step. The size of the time step is chosen
such that the predicted maximal size of the solution change equals a prescribed value.
The time step is discarded and repeated with a smaller step size, if the actual solution
change is considerably larger than the predicted one.

The finite volume discretization of the nonlocal radiation terms according to Secs 3.7.7
and 3.7.8 involves the calculation of visibility and view factors according to (3.7.75)
and (2.4.23). Even for an axisymmetric configuration, in general, this is a complicated
task. The method used is based on [DNR*90] and described in [KPSWO01, Sec. 4].

The software resulting from the implementation of the discrete scheme has been named
WIAS-HiTNIHS'. 1t is based on the program package pdelib being developed at the
Weierstrass Institute of Applied Analysis and Stochastics (WIAS), Berlin (cf. [FKLO1]),
and it uses the grid generator Triangle (cf. [She96]), the interpreted extension language

'High Temperature Numerical Induction Heating Simulator; pronounciation: ~nice.
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Lua (cf. [IFF96]), the graphics software OpenGL (cf. [Shr99]), together with its X-
Windows based emulation Mesa, and the sparse matrix solver PARDISO (cf. [SGFS00]).

4.2 Compilation of Equations and Parameter Val-
ues Used in Simulations

4.2.1 Equations Used in Simulations

All equations are considered in an axisymmetric setting, i.e. in two space dimensions
using cylindrical coordinates. During the computation of the evolution of the unknown
temperature 7', one has to take into account the heat sources due to induction heating.
The heat sources are computed via (4.2.1¢), where the complex magnetic scalar potential

ffglplex is determined using the method described in Sec. 2.5.7 for a prescribed average

total power P,oa1[t]. The gbcomplex are redetermined in each time step of the transient
problem for 7', to account for temperature dependence of the electrical conductivity
and for changing coil positions.

The transient problem for T consists of the following system (4.2.1), where (2.1.34c)
yields (4.2.1a), (2.2.1) yields (4.2.1b), (2.5.31) and (2.5.33b) yield (4.2.1¢c), (2.3.2a) and
(2.3.2b) yield (4.2.1d), (2.3.1a) yields (4.2.1e), (2.4.39a) yields (4.2.1f), (2.4.39b) yields
(4.2.1g), (2.4.39¢) yields (4.2.1h), (2.4.17) yields (4.2.1i), and (2.3.3) yields (4.2.1j).

Gas Domain

Z(Ar R

g (p T) —div (s VT) =0 in gas, (4.2.1a)

Solid Domains

or
p[ﬂj]cggﬂ i div (/{[ﬁj} VT) = f1Ai] in each solid f3;, (4.2.1b)

2 ¢c0mplex complex

f[ﬁj} _

5 in each solid f3;, (4.2.1c)

Interface Conditions

T is continuous on each interface, (4.2.1d)
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(H[ﬁn] \V4 T[ﬁjll) o nliinl = (Kj[ﬁﬂé] \V4 T[ﬁjzl) o nlfi! (42.1¢)
, 2.1e
on each interface between solids 3;,, 5;, if SiC-Crystal¢ {f;,, 5, }

q[SiC-Crystall o py [SiC-Crystal] | ¢ ( T [Rt [TH — O'T4) — %) o nlSiC-Crystall (4.2.11)
on each interface between SiC-Crystal and solid f; | -

Qgas @ Ngyg + € - <‘7r [Rr [T]] — O'T4)
e (‘713 [Rt [TH - O-T4) = q[ﬁj} ® Ngys | (421g)

on each interface between solid 3; and gas

<<1gas o Ny + €+ (L[R[T)] — 0T%) = gSIC-Cotall o ngas>

, ) (4.2.1h)
on each interface between SiC-Crystal and gas

Outer Boundary Conditions

q'%) e nlfil 4 €l (j[R[TH — aT4) =0 (4219
on each outer boundary of solid ; inside the blind holes -

room

( — (WP T) el = gl (74 — T2 ) ) . (4.2.1j)

on each outer boundary of solid 3; outside the blind holes

4.2.2 Parameters Used in Simulations

Material data and physical constants are not collected in this section, but in App. A.

The configuration in Fig. 4.1 is used in the simulations, assuming a radius of 8.4 cm
and a height of 25 cm for the apparatus without coil rings. The precise geometric
proportions of the coil rings are depicted in Fig. 4.2. While the horizontal gap between
container and coil is fixed at 4.2 cm in all the numerical experiments, the vertical coil
position is varied during the simulations in Sec. 4.3.

The angular frequency w used for induction heating is calculated according to w = 27 f,
where f = 10 kHz. The average total power Pyt is prescribed according to the method
in Sec. 2.5.7. A so-called ramp is used to prescribe P,q.1[t], increasing the power linearly
from 0 to Py, letting

tramp

Poa t ::
votal [t] Prax for t > tramp,

lma_x,l (6] 0<1<t[am7 2
{ T — p (4.2- )

where tamp = 2 h and Py is varied as a control parameter.

Each simulation starts at Troom = 293 K.
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4.3 Transient Numerical Investigation of Control
Parameters Affecting the Temperature Evolu-
tion

4.3.1 Description of Numerical Experiments

In Sec. 4.3, results of numerical computations are presented and discussed, simulating
the temperature distribution evolution during the heating process of SiC growth by
PVT. The general setting is described in Sec. 4.1, the governing equations and the
fixed parameters are collected in Sec. 4.2, and the used material parameters can be
found in App. A.

The system is heated, starting at room temperature, using a ramp for the heating power
according to (4.2.2). The temperature distribution evolution is studied, varying Ppax
and the coil position. The investigation is similar to the one in [KP01, Sec. 3.3], except
that in [KP01] the heating voltage was prescribed and no ramp was used. Moreover,
some aspects are discussed that were not considered in [KPO01], namely the relation
between the temperature differences Tyource — Tseed a0d Thottom — Ttop (s. Fig. 4.6), and
the time lag between the heating of the body of the apparatus and the heating of the
source powder (s. Fig. 4.7).

Three series of numerical experiments are considered, referred to as C§t, C1¢, and C}®,
respectively, each series using a different vertical coil position. For C*, the coil is
positioned between z = 0 and z = 14 cm, i.e. the lower rim of the bottom coil ring is
at z = 0, and the upper rim of the top coil ring is at 2 = 14 cm. The meaning of CJ6
and C!8 is analogous. There are five experiments in each series, using different values
for Ppax, namely P, = 4.0 kW, 5.5 kW, 7.0 kW, 8.5 kW, and 10.0 kW. Subsequently,

a fourth series C}%;! is considered, using a moving induction coil.

Results for the time evolution and the final values of the temperature evolution at four
points of particular importance are depicted in Figs 4.3, 4.4, and 4.5, respectively. The
monitored points are located at the blind holes at the top and at the bottom of the
growth apparatus, and at the surface of the crystal seed and of the source powder,
respectively (labeled Tiop, Thottoms Lseed, and Tiource in Fig. 4.1). The significance of
Tiop and Thottom lies in the blind holes being the principal locations for temperature
measurements; Tieeq and Tiouee are of interest, since their difference is a key control
factor for the crystal’s growth rate and quality (cf. e.g. [Kon95], [SBP98]). Figure 4.6
compares Tyource — Tsced t0 the measurable quantity Tiottom — Tiop. In Fig. 4.7, the evo-
lution of the temperature inside the source (i.e. at the point labeled Ti,source in Fig. 4.1)
is compared to the evolution of Tsyuee and Ti,,. Results of the time evolution of the
global temperature field and the heat sources are shown in Fig. 4.8, and results of the
quasi-stationary temperature distributions at the crystal and its immediate surround-
ings are depicted in Fig. 4.9. The results are discussed in detail in the following Secs
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4.3.2,4.3.3, and 4.3.4 .

4.3.2 Temperature Evolution at Points of Interest

The numerical results for the time evolution and the final values of Tiop, Thottoms Lseed;
and Tyouree are considered.

In [KPO1], it was found that for each time ¢, the temperatures Tiop, Thottom, Lseed, and
Tiource depend nearly linearly on the prescribed effective voltage Veg. It can be seen
in Figs 4.3 and 4.4 that for fixed ¢, the dependence of Tiop, Thottom, and Tieed ON Prax
is mot nearly linear, since the distance between the 4 kW and the 5.5 kW curves is
considerably bigger than the distance between the 7.5 kW and the 10 kW curves.

The exact relation between the prescribed power P and the resulting temperature 1" at
a given location in the growth apparatus is actually quite complicated. If the electrical
conductivity o, is constant, then it can be seen from (2.5.32) and (2.5.65) that the

relation between /P and the magnetic scalar potential qﬁiﬁglplex is linear. However,

complex

here 0. depends nonlinearly on T' (s. (A.3.2b)), and ¢y depends nonlinearly on

0. by (2.5.32c). Moreover, the coupling between ¢’ (" ' and T through (4.2.1c) and
(4.2.1b) is quite intricate e.g. due to the nonlinear functions of thermal conductivity
(s. e.g. (A.3.2c) and (A.3.5¢)) and the nonlinear boundary condition (4.2.1j). As a
deeper analysis of these relations is not the subject of this work, it is merely observed
that for the quasi-stationary state at ¢ = 30 000 s, Tiop, Thottom, and Tieed, as well as

Toource — Tseea depend on P, approximately according to the power law T o< v/ Pax
(s. Fig. 4.5).

Figures 4.3, 4.4, and 4.5 show furthermore that Ti,, and Ti.q increase significantly
between C}? (low coil position) and C1® (high coil position), whereas Tiotom decreases
slightly. This can be explained by the heat sources being shifted upwards and the source
powder’s insulating property which, though less prominent, is still effective even at high
temperatures (cf. Fig. 4.8(a) and (A.3.5¢)), thereby hindering heat generated below the
source powder from reaching regions above the source powder and vice versa.

The shape of the curves in row (4) of Figs 4.3 and 4.4 depicting Tiource — Tseed 1S also
due to the insulating characteristic of the source powder and the gas phase, initially
keeping the powder’s surface below the temperature of the seed which the heat reaches
via conduction through the graphite. This causes the negative peak in the corresponding
graphs. At higher temperatures, radiative heat transfer becomes more effective both
in the gas phase and the porous source, resulting in the source growing warmer than
the seed, as is required for crystal growth. Moreover, it is seen in Fig. 4.5(4) that
at the quasi-stationary state, a lower coil position or a higher heating power result in
Tsource — Tseea being increased (in [KPO1], it was stated incorrectly that a higher coil
position increases Tiource — Txeed ). 1f the heat is generated below the source powder, then
it passes through the powder and then through the gas phase to reach the seed (s. Figs
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Figure 4.3: Time evolution of Ti,, (row (1)), Thottom (roW (2)), Tieea (row (3)), and
Tsource — Tuced (tow (4)) for the simulation series Ci* (column (a)) and C1° (column (b)).
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Figure 4.5: Temperatures Tiop (in (1)), Thottom (i (2)), Tieea (in (3)), and Tiource — Tseed
(in (4)) for the quasi-stationary state at ¢t = 30 000 s for the simulation series C§*, C3,
and C}lg depending on the 4-th root of the maximal heating power Py y.

4.8(a) and 4.9). A higher power leading to a higher difference Tyource — Tscea thus means
that a higher temperature below the powder enhances the powder’s ability to transport
heat even more effectively than it enhances the corresponding ability of the gas phase.
For a higher coil position, more heat is generated in upper parts of the apparatus, where
it can reach the seed without passing through the powder, thus explaining T} ,urce — Tseed
being bigger for lower coil positions. Figure 4.5(4) indicates that Tyource — Tseea Can be
tuned effectively by controling the heating power and the vertical coil position.

Now, the series of numerical experiments C1*7;!4 is discussed, where the coil starts at the

position used for C1¥, moves downwards at the rate 1.33 cm/h, and stops at the position
used for C}*. During these simulations, the grid for the heat source computations is
newly generated in each time step. The objective of the series Ci; is to study how
a moving coil affects the temperature field evolution during the heating process. In
this work, there is no investigation of coil movements that follow the growing crystal

in the quasi-stationary temperature field, which are often used in growth experiments
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to compensate the influence of the growing crystal on the temperature distribution.
The rate of such coil movements is usually in the order of 1 mm/h, and the movement
starts after the apparatus is fully heated, i.e. after the simulations considered here have
reached their respective quasi-stationary final states.

As expected, the curves for the moving coil (Fig. 4.4(b)) initially coincide with the
corresponding curves of C}® (Fig. 4.4(a)) and coincide with the corresponding curves of
Ci* (Fig. 4.3(a)) after the coil’s lowest position is reached at ¢ = 3 h.

4.3.3 Phenomena Inaccessible to Direct Measurements

In this section, simulation results are discussed which give some insight into phenomena
that are inaccessible to direct measurements, but can be of considerable importance with
respect to the quality of the growth process and the resulting single crystals.

In physical growth experiments, the measured temperature difference Ty := Thottom —
Tiop is often used as an indicator for Ty := Tiource — Tieea Which is not accessible to
direct measurements. The simulation results depicted in Fig. 4.6 show that one has to
use care when using this method, as it is not admissible in general. According to Fig.
4.6, Thy is a good indicator for Ty, only for the lowest coil position C}* and only in the
quasi-stationary state (right side of Figs 4.6(1) and 4.6(4)). For the higher coil positions
C16 and CL8, not even the signs of Ty, and T, agree in the quasi-stationary state. Thus,
in practice, the validity of using T} as an indicator for Ty should be verified by some
other method (e.g. numerical simulation).

As described in Sec. 1.1, the growth system is usually kept at some 1200 K for a certain
time, to bake out contaminants from the source powder. It is seen in each situation
dipicted in Fig. 4.7 that in the initial heating phase, there is a time lack of up to
20 minutes between the temperature Ti,source inside the source (s. Fig. 4.1), and both
Tsource and Tiop. Thus, depending on the configuration of the growth system, it can be
of paramount importance to take into account this time lack, in order to allow sufficient
time for the contaminant bake-out phase.

4.3.4 Evolution of Global Distribution of Temperature and of
Heat Sources

For the experiment C}3;'-7 kW, results concerning the time evolution of the global

temperature distribution and the heat sources are discussed. It can be seen in column
(a) of Fig. 4.8 that the minimal temperature Ty,;, is always established at the outside
of the outer insulation material, where the isotherms become very dense at higher
temperatures, producing the dark outer regions in Fig. 4.8 (2)(a) and (3)(a). The
maximal temperature T},., is found in the graphite strip between source and insulation
in Fig. 4.8 (1)(a) and inside the labeled isotherms below the source in Fig. 4.8 (2)(a)



206 CHAPTER 4. NUMERICAL RESULTS

T[K] : : : : : ‘ T[K]

100 |- 1 4 100 /\
0 0
o ) N ]

0 2000 4000 6000 ramp 10000 12000 t [5] 0 2000 4000 6000 ramp 10000 12000 t [5]

3 ] (4)

N |

-200 | \¥ 200 |

F . . . . . . . . . . . .
o 2000 4000 6000 tramp 10000 12000 t[s] 0 2000 4000 6000 framp 10000 12000 t[s]

Figure 4.6: For the numerical experiments C}* (in (1)), C1° (in (2)), C}® (in (3)), and
Ci85" (in (4)) (Pmax = 7 kW in all four cases), the graphs labeled by “1” show the
evolution of Tyyurce — Tseed, Whereas the graphs labeled by “2”7 show the evolution of

Tbottom - ﬂop .

and (3)(a). The change of the location of Ti,.x corresponds to the heat sources moving
downwards together with the induction coil according to Fig. 4.8(b).

Figure 4.8(a) also demonstrates how the insulating property of the gas phase and the
source powder changes with time, causing a large temperature gradient in the gas
phase in 4.8(1)(a) as well as a local minimum in the source. Due to radiative heat
transfer through the gas phase and through the pores of the source, the temperature in
the growth chamber is more homogeneous in 4.8(2)(a) and 4.8(3)(a), where the local
minimum in the source has vanished, even though some of the source’s insulating quality

persists.

Finally, Fig. 4.9 displays close-ups of the final temperature distributions in the crystal’s
immediate surroundings for P,., = 7 kW and the three coil positions C}*, C1°, and
C18. The picture in Fig. 4.9 (a) also constitutes a close-up of Fig. 4.8(3)(a), since the
stationary states are identical for the simulations C{*-7 kW and C}*;;'*-7 kW. The
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Figure 4.7: For the numerical experiments C}*, Puax = 4 kW (in (1)), C}*, Puax = 10
kW (in (2)), C1®, Puax = 4 kW (in (3)), and C1®, Pyax = 10 kW (in (4)), the graphs
labeled by “17, “2”, and “3” show the evolution of Tiurce, TinSource; and Tiop, respectively.

lower temperatures found for C}{* in Fig. 4.9(a), are once more explained by the powder
source forming a barrier for heat generated in the lower part of the apparatus. Moreover,
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Figure 4.8: Time evolution of heating process for numerical experiment C}37;*, P, =
7 kW (coil moving at -1.33 cm/h). Column (a): temperature evolution, difference
between neighboring isotherms is 20 K. Column (b): heat source evolution, difference
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(a): C*, Poax = 7 kW

~J] 5 P

Figure 4.9: Close-ups of the temperature distribution in the crystal, the gas phase, and
the crucible directly above the crystal for the quasi-stationary states at t = 30 000 s of
the numerical experiments C{* (in (a)), C1 (in (b)), and C1® (in (c)), where P = 7
kW in all three cases. Temperature difference between neighboring isotherms is 5 K.

Fig. 4.9 shows that the final temperature gradient between source and seed is nearly
independent of the coil position and approximately constant along the r = 0 axis with
a slight increase at the seed.



Appendix A

Material Data

In order to guarantee the satisfactory performance of the numerical algorithms used in
the simulations , it was necessary to fit the individual segments of piecewise defined
functions together smoothly. For this reason, some of the following coefficients had to
be considered with a high accuracy which does not reflect the accuracy of the physical
values. Figure A.1 demonstrates that e.g. restricting to six relevant digits in (A.2.2b)
would result in discontinuities at 7' = 500 K and 7" = 600 K. Such discontinuities would
lead to a failure of Newton’s method which is used to solve the nonlinear systems of
equations arising during the numerical simulations.

A.1 General Physical Constants

Boltzmann Radiation Constant: o = 5.6696 - 10_8%;.

Universal Gas Constant: R = 8.31441moJ1 -

A.1.1 Molecular Masses

M@ =39.948 - 1073 22 M(© = 12,011 1073 & 10D = 1.0078 - 1073 X& A/6) =

mol’ mol

28.086 - 1073 X&  7r(82C) — 68183 . 103 k& Hf(SiC2) — 52 108 - 1073 X&

mol’ mol’ mol *

A.2 Gas Phase

A.2.1 Argon
Since Ar is single-atomic, z(A") = 1.5.

210
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Figure A.1: Plots of x(A9[T] over T according to (A.2.2), where in the upper plot the
accuracy of the coefficients is as in (A.2.2b), and in the lower plot the accuracy of the
coefficients is restricted to six relevant digits.

According to (2.1.4c) and the ideal gas law (2.1.31a), one has

M(Ar) K 2
L 48047107 =2

Ar p
In the simulations the density at T = 2575 K and p*) = 2.10° Pa is used, i.e.
pA) =3.73.1073 kg/m?.
It remains to provide the thermal conductivity x**). According to [Lid95, S. 6-251],
the thermal conductivity of gases changes less than one percent if the pressure is varied
below normal pressure, i.e. below 10° Pa. Hence for the purpose of this work the

(A.2.1)
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thermal conductivity is considered to be independent of the pressure. For the reader’s

convenience, Tab. A.2.1 for x4") is reproduced from [Var75, p. 561].
TK] | £ [107222] | TIK] | & [10722%] | TK] | & [1072 3]
290 1.72 520 2.75 1150 4.76
300 1.77 540 2.83 1200 4.89
310 1.82 560 291 1250 5.02
320 1.86 580 2.99 1300 5.14
330 1.92 600 3.07 1350 5.26
340 1.96 650 3.24 1400 5.37
350 2.00 700 3.41 1500 5.60
360 2.05 750 3.58 1600 5.83
380 2.13 800 3.74 1700 6.05
400 2.22 850 3.91 1800 6.26
420 2.30 900 4.06 1900 6.47
440 2.39 950 4.22 2000 6.67
460 2.48 1000 4.36 2500 8.00
480 2.57 1050 4.50 3000 9.10
500 2.66 1100 4.63 3500 10.20

Table A.2.1: Thermal conductivity of Ar at 10° Pa according to [Var75, p. 561].

The values of Tab. A.2.1 have been used to fit £*") as written in (A.2.2) below. Figure
A.2 shows the agreement between the fitted function in (A.2.2) and the values from

Tab. A.2.1.
(1.83914 - 104 W (Z)*5000 for T < 500 K,
(Ar) W T (Ar) w T \3
e ﬁ(mOK) +éx ( 100 ) (100K)
Ar _ (Ar) 2 (Ar
RAIT) = S +ex %( wr) T mk (1£K)
ol W for 500 K < T < 600 K,
(4.19440 - 1074 W (T)%0THIS for T > 600 K
(A.2.2a)
where
a™) = —7.1287382681160803, bAY = 6.610288591812101,
AT = —2.440839830308151325,  dM) = 0.4497633940115560911, (A.2.2b)

—0.0413251721439221090, A7) = 0.001514463800685296.

K
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Figure A.2: Comparison of A" [T] according to Tab. A.2.1 and according to (A.2.2).

A.2.2 General Estimates

The purpose of this section is to justify the following estimates (A.2.3) and (A.2.4)
inside the gas mixture.

Estimates Involving Diffusion Velocities:

/\ max { ple)

(W) @u), |1 (7)€ {1,238} <p,  (A23)

/\ % (u(o“))2 < gl (A.2.3b)

Estimates Involving the Local Mean Velocity of the Gas Phase:

max {Pgas (Vgas ® Vgas)z‘,j : (7/7]) c {17 27 3}2} < pga& (A24a)
1
5 ( gas)2 < Egas- (A24b)
Using (B.1.1), (B.1.3), the ideal gas laws (2.1.31), and (2.1.4c), it suffices to show for
(A.2.3) that
(@), () R
/\ /\ ‘uz u; << WTgas- (A.2.5a)

ef{1,..., A} (i,5)€{1,2,3}2

Using (B.1.1), (B.1.3), the ideal gas laws (2.1.32a) and (2.1.32b), and (2.1.5), it suffices
to show for (A.2.4) that

/\ ) (Vgas); (VgaS)j

(4,5)€{1,2,3}2

< min {%Tgas L E {1, c. ,A}} . (A25b)

At the current stage of research the range of velocities occurring in PVT growth systems
is still the subject of debate. In [EGGT98, Sec. 3] gas speeds of a “few meters per
second” are mentioned. In [RMD'99, Fig. 2] simulated velocity fields are depicted
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showing speeds well below a few meters per second. In any case, the following estimates
should be rather conservative:

AN e

e{1,..., A} (i,5)€{1,2,3}2

2
m
<105, (A.2.6a)

A \(vgas)i (vgas)j‘ < 10%2. (A.2.6b)

S
(4,5)€{1,2,3}2

As Ar, Si, Si,C, and SiCs are the predominant gas species, let a; := Ar, ay := Si,
ag = SipC, and ay = SiCy, s := {1,2,3,4}.

Then M) < 0.1 <& for each ¢ € I, according to App. A.1.1. Combining this with

mol

an assumed temperature range of 290 K < Tg,s < 3000 K yields

m? R
/\ 20000 & < 77y Lews (A.2.7)
e{l,...,A}

Now (A.2.6) and (A.2.7) show that (A.2.5) (and hence also (A.2.3) and (A.2.4)) hold.

A.3 Solid Materials

The growth apparatus used to conduct the numerical experiments presented in Ch.
4 employs the following solid components: A porous graphite crucible referred to as
“Crucible”, graphite soft felt sheets for thermal insulation referred to as “Insulation”,
silicon carbide source powder referred to as “SiC-Powder”, and the silicon carbide single
crystal referred to as “SiC-Crystal” (see Fig. 4.1). Moreover, the copper (Cu) induction
coil is needed in the heat source computations, but is outside the domain where the
temperature field is simulated.

Each solid material 8 of the apparatus is specified by the following potentially temper-
ature dependent functions: mass density pl®[T], thermal conductivity xl%[T7], specific

heat cly [T], emissivity e”/[T], and electrical conductivity o [T].

To compute the magnetic scalar potential in the Cu induction coil, the only material

parameters needed are pl® and ol No temperature dependence needs to be consid-

ered, as the induction coil is virtually kept at room temperature by an effective water
cooling system.

A.3.1 Copper

The material parameters for Cu at room temperature used for the induction coil are



A.3. SOLID MATERIALS 215

k
PO = 89302 (A.3.1a)
m
1
ol = (1.7-10%Qm) ' =5.9. 1079—. (A.3.1b)
m
The values for pl° and o/ are according to [Ben90)].
A.3.2 Graphite Crucible
The material parameters for graphite used for the graphite crucible are
rucible kg
plCruciblel () — 17503, (A.3.2a)
ENE
: In |- 106
[Crucible] Tl = | 289 — 18.8 - . 1023 K I A.3.2b
ol [T 8.9 — 18.8 - exp < 5 57 ) o (A.3.2b)
RICRIl [T] 37 7158 *_o~196095104 (A.3.2¢)
m K ’
_J
[Crucible] [T] — kg K (A 3 Qd)
c, — — —, 3.
’ 441.12 [£] 72970 L 7.97093 . 10-4 [L] 70020107
(0.67 for T < 1200 K,
[Crucible] 1714 [Crucible] 17713 [Crucible] 1712
g[Crucible] [T] _ €e [E} + de [K] +ce [E] (A32€)
+ b[gCrumble] [%] + GLCru61ble] for 1200 K S T S 2900 K,
\0.79 for T > 2200 K
where aéCrucible] _ 4(1352)g1 '10_27 bLCrucible] _ _% . 10_47 CLCrucible] _ 19349 . 10_9’ déCrucible] _

_% . 10_11’ egCrucible} _ ;i,_; 10713,
The references for plcrueiPlel and ol are [MSS99a] and [Hus84], respectively. The
functions for k[Cruciblel and glCruciblel have been fitted using Tables A.1 and A.2, respec-
tively, which contain data as given by [MSS99a]. Since [Lid95, p. 10-297] states that
the range of emissivity of graphite is between 0.7 and 0.8 if 0 < T < 3600 K, it seems
reasonable to extrapolate Tab. A.2 by a constant function for low and high tempera-
tures. Figure A.3 relates the values of Tab. A.1 to (A.3.2¢), and Fig. A.4 does likewise
for Tab. A.2 and (A.3.2¢). The function for cf5™™ has been fitted according to the
data in [BK73, p. 209], reproduced in Tab. A.3.2. Figure A.5 depicts the fitted function
(A.3.2d) together with the data of Tab. A.3.2.
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T[K] 1000 | 1200 | 1400 | 1600 | 1800 | 2000 | 2200

pelCrueible] [T 110310 | 29.5 | 28.5 | 27.0 | 26.5 | 25.5 | 24.5

Table A.1: Them}f&&%&?ﬁ‘fgﬂﬂty of graphite crucible according to [MSS99a].
35
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Figure A.3: Comparison between (™el[T] according to Tab. A.1 and according to
(A.3.2¢).

T[K] | 1200 | 1400 | 1600 | 1800 | 2000 | 2200

€ 0.67 | 0.69 | 0.73 | 0.76 | 0.77 | 0.79

Table A.2: Emissivity of graphite crucible according to [MSS99a].

¢[Crucible] [T]
0.78
0.76
0.74
0.72

500 1000 1500 2000 2500 3000 3500  T[K]
0. 68

Figure A.4: Comparison between [©™Pl[T] according to Tab. A.1 and according to
(A.3.2¢).

A.3.3 Graphite Felt Insulation

The material parameters for graphite felt used as thermal insulation are

. k
p[Insulatlon] [T] — 170_g3’ (A33a)
m
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TR ||z | TR || | T | |]
298.15 709.3 1400.00 | 1954.4 2600.00 | 2089.3
300.00 716.2 1500.00 1977.1 2700.00 | 2095.2
400.00 993.9 1600.00 1995.5 2800.00 | 2100.9
500.00 12194 1700.00 | 2010.6 2900.00 | 2106.5
600.00 1407.0 1800.00 | 2023.2 3000.00 | 2112.0
700.00 1549.2 1900.00 | 2034.2 3100.00 | 21174
800.00 1652.3 2000.00 | 2044.4 3200.00 | 2122.8
900.00 1732.7 2100.00 | 2054.0 3300.00 | 2128.1
1000.00 1797.2 2200.00 | 2062.1 3400.00 | 2133.4
1100.00 1849.3 2300.00 | 2069.6 3500.00 | 2138.8
1200.00 1891.8 2400.00 | 2076.6 3600.00 | 2144.2
1300.00 1926.4 2500.00 | 2083.1 3700.00 | 2149.6

Table A.3.2: Specific heat of graphite according to [BK73, p. 209].

Cg(p?rucible] [T] [

2000
1750
1500
1250
1000

_J
kg K

f 10

Figure A.5: Comparison between csp

(A.3.2d).

. 245.7 1
[Insulation] T = -
UC [ ] Qm ’

T
L+ 2500 K

f [Insulation] W (
K m K
[Insulation]

+dx

K [Insulation] [T] = b[InsulatIOIl]

[Insulation]
K

[ (—0.74475+ 7.5 -

00

) + gnsulatlon]i (K%)

3 2
ar () + e e (%)
W
m K

0-1E)

2000

[Crucible] [T]

3000

4000
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according to Tab. A.3.2 and according to

(8.1759 - 1072 +2.48571 - 10745 ) %

for 1473 K < T < 1873 K,
for T' > 1873 K,

for T < 1473 K,

(A.3.3b)

(A.3.3¢)
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C[Insulation] [T] — 2100 J
sp ke K’
e[Insulation] [T] —0.53
where
Insulation] __

a[

K

b [Insulation]

K

C[Insulation} _

K

d[Insulation}

K

ex

f [Insulation]
K

Insulation] __

~ 609396292308373774083543 1

512
~355163131482778204191

~204652204018369767

1024

512
~ 116893623135279

512
66155269623

1024

37145151

512

10

—-19

10718

-1071

10—18

107

0—19
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(A.3.3d)

(A.3.3e)

(A.3.4a)
(A.3.4b)
(A.3.4c)
(A.3.4d)
(A.3.4e)

(A.3.4f)

The quantities plinsulation] anq glnsulation] are provided by [MSS99a], where the function
for glnsulation] wag fitted using the data in Tab. A.3. Figure A.6 displays (A.3.3c) in

comparison with Tab. A.3. The quantities ol s"2tn!

nd C[Insulation]

Sp

are according to

[Rab96] and [MSS99b], respectively. Since no data for the emissivity of graphite felt
were available, the value given for carbon filament in [Lid95, p. 10-297] was used.

TK] | 673

873

1073

1273

1473

1673

1873

2073

2273

k2] | 0.25

0.3

0.35

0.39

0.45

0.5

0.67

0.82

0.95

Table A.3: Thermal conductivity of graphite felt according to [MSS99a].

A.3.4 SiC Source Powder

The material parameters for SiC source powder are

. k
p[SlC—Powder] [T] — 1700_g37
m

O¢

[SiC—Powder]

7]

1

=100 —
Om

(A.3.5a)

(A.3.5b)
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glInsulation] (7] [ % ]

1000 1250 1500 1750 2000 2280 2500 T[K]

Figure A.6: Comparison between x24T according to Tab. A.3 and according to
(A.3.3¢).

1072961037 W
K

K[[SiC—Powder] [T] — 6.83991 - 10—3 e H’ (A35C)

. J
[SiC-Powder] T =1 v A.3.5d
e ] — 1000, (A354)
g[SiC—Powder] [T] = 0.85. (A35e)
[SiC—Powder]

The values in (A.3.5a) and (A.3.5d) are according to [MSS99b|, whereas o¢
is according to [Rab96]. The data for eSiFPovder] provided by [TdW72, p. 793] vary
between 0.3 and 0.9, most data points displayed in the range between 0.8 and 0.9.
Thus (A.3.5e) seems to be a reasonable assumption. The dependence of the thermal
conductivity of SiC powder on its porosity, its particle sizes, its transmissivity and the
ambient gas pressure is described in [KRRS98]. The common features of the presented

results are that the range of the thermal conductivity lies between 5 - 10*3% and
- 10*1% and that the thermal conductivity usually increases with temperature. In

absence of precise data for the porosity and particle size of SiC powder used in actual
growth experiments, the simple approximation given in (A.3.5¢) is used. It is noted
that the source graphitizes and sinters during a growth run, resulting in considerable
changes of emissivity, porosity and thermal conductivity, which are not reflected in the
data (A.3.5) and which were not accounted for in the simulations of Ch. 4.

A.3.5 SiC Single Crystal

The material parameters for the SiC single crystal are

kg

pISIC-Crystall ] — 314O—m3, (A.3.6a)
. 1
[SiC—Crystal] T = 105 A.3.6b
O-C [ ] Qm’ ( )
. 11 W
ISIC-Crystall ] — 61100 (A.3.6¢)

T 44F o 170
T _115mK
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J

[SiC-Crystall /] — ke K (A.3.6d)
ct — — : 3.
’ 39161 (L)' 1 1.83598 - 10-3 (L) 1
eBIC-Crystall (P AY] = 0.85 on I, (A.3.6¢)
The quantities plSiC-Crystall and ,ISiC-Crystall are according to [NMH*97], while gt~ sl
is according to [R&b96]. The function for ci" " hag been fitted using the data

in Tab. A.3.5 which are reproduced from [BK73, p. 1342]. The fit (A.3.6d) and the
data from Tab. A.3.5 are related in Fig. A.7. In absence of other data the constant
value from (A.3.5¢) for the emissivity eSi¢-Cstall(T \) in the reflective band I, is used.
As mentioned in [BK90, p. 2833], the energy gap for the 6H polytype shifts from
3 eV (corresponding to I, = [0,413 nm]) at 300 K to some 2.5 eV (corresponding to
I, = [0,495 nm]) at 2400 K, indicating that the energy-band model of semi-transparency
is not completely accurate if the range of temperatures is large. In the simulations
of Ch. 4 it is assumed that the band of wavelengths interacting with the crystal is
I, = [1nm, 500 nm].

TIK] | e [kgLK] TK] |y [kg%(] TK] |ep [k%x]

298.15 672.8 1300.00 | 1266.6 2400.00 | 1363.6
300.00 675.7 1400.00 | 1279.6 2500.00 | 1369.9
400.00 838.9 1500.00 | 1291.1 2600.00 | 1376.1
500.00 963.8 1600.00 | 1301.5 2700.00 | 1382.2
600.00 1049.7 1700.00 | 1311.1 2800.00 | 1388.1
700.00 1109.9 1800.00 | 1319.8 2900.00 | 1393.9
800.00 1153.8 1900.00 | 1328.1 3000.00 | 1399.7
900.00 1187.0 2000.00 | 1335.8 3100.00 | 1405.3
1000.00 | 1213.0 2100.00 | 1343.2 3200.00 | 1410.9
1100.00 | 1234.1 2200.00 | 1350.2 3245.00 | 14134
1200.00 | 1251.7 2300.00 | 1357.0

Table A.3.5: Specific heat of SiC crystal according to [BK73, p. 1342].
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SiC-Crystal
C£p1 rystal [T} [ngK]

1400
1200
1000
800
500 1000 1500 2000 2500 3000 TIK]
Figure A.7: Comparison between ciy st [T] according to Tab. A.3.5 and according

to (A.3.6d).



Appendix B

Formulas and Computations

B.1 Vectors, Tensors, and Differential Operators

The setting of this section is a finite dimensional real vector space V = R, where [
is a finite index set. In the physical applications in Ch. 2, R! consists of the three-
dimensional domain of physical space coordinates.

In the present section vectors are elements of V, and tensors are elements of R/*! =
Lin(V, V). Vectors are denoted by u = (u;)ier, v = (v;)ier, and tensors are denoted by
A = (aij)ijerxr B = (bij)ajerxr- The notation Av means that A is applied to v in
the sense of matrix multiplication, where v is considered as a column vector.

For the purposes of this work it is convenient to define the scalar product for three
situations, namely for two vectors, for two tensors, and for a vector and a tensor (see
Def. B.1.1). In the first two cases the result is a scalar, whereas in abuse of its name it
is a vector in the third case.

Definition B.1.1. Let u, v be vectors, and let A, B be tensors. The scalar product is
defined by

uev = Zaibi, AeB = Z ai,jbi,ja ueA (= Aeu := <Z vjam) . (Bll)
iel (i,5)eIxI Jel iel
The abbreviation u? is used for u e u.

Remark B.1.2. The scalar product has the following elementary properties:

(a) Commutativity: uev=veu, AeB=BeA ueA=Aeu
(b) Bilinearity: For scalars A, i, one has

(Au® + pu@) e v = A(u® o v) + p(u® e v), (B.1.2a)

222
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ue W 4+ v®) = A(uevW) + p(uev®?), (B.1.2b)

and analogously for the scalar product of two vectors and for the scalar product
of one vector and one tensor.

Definition B.1.3. The tensor product of two vectors u, v is defined by
U®V = (W) ; yerur - (B.1.3)
Remark B.1.4. The tensor product is bilinear, i.e. for scalars A, u, one has

A + pu@) @ v =Au® @ v) + p(u® @ v), (B.1.4a)
u® AW + uv®) = Nue v) + pue v?). (B.1.4b)

Remark B.1.5. For vectors u, v it holds that

(u@u)v=(uev)u. (B.1.5)

In Def. B.1.6 the differential operators V and div are defined. The gradient of a scalar
is a vector, the gradient of a vector is a tensor, the divergence of a vector is a scalar,
and the divergence of a tensor is a vector.

Definition B.1.6. The gradient V and the divergence div are defined as follows:

V:C'YV] —CWV,YV), V= 00if)icr (B.1.6a)
V:C'(V, V) — C(V,Lin(V,V)), V= (9u) ; jyerxr » (B.1.6b)
div: C*(V,V) — C]V), divu:= Yo, (B.1.6¢)
i€l
div: C*(V,Lin(V,V)) — C(V, V), divA = (Z 8jam~> . (B.1.6d)
g€l iel

Remark B.1.7. The gradient and the divergence are linear operators.

Remark B.1.8. Product rules for the gradient: If (f, g) € (C'[V])?, u e C*(V,V), and
v € F(V,V) then

V(fg)=fVg+gV{, (B.1.7a)
veV(fu)=fveVu+ (veV flu, (B.1.7b)
veV(ful) =u’(veV f)+2ue(fveVu). (B.1.7¢)

Remark B.1.9. Product rules for the divergence: If f € C'[V] and u € C*(V,V), then

div(fu) =ueV f + fdivu. (B.1.8a)
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Ifue C'(V,V)and A € C*(V,Lin(V,V)) such that Alv] is symmetric for each v € V,
then

div(Au) =uedivA+ AeVu. (B.1.8b)

IfueC'WV,V),veC(V,V),and w € F(V,V), then

div (v*u) = v’divu+2-(u®@v)e Vv, (B.1.8¢)
diviu®v) = (divv)u+veVu, (B.1.8d)
wedivivu)=(vew)divu+ (u@w)eVv. (B.1.8e)

B.2 Balance and Field Equations

B.2.1 Some Identities

Lemma B.2.1. If (2.1.4) and (2.1.6) are satisfied, then the following identities hold
true:

A A
Zp(m)u(m) — Zp(m) (V(OCL) _ Vgas) =0, (B21)
=1 =1
A
Z P (b @ v(@) L p)) = b @ Vias + PasTgas, (B.2.2)
=1
A (u@))? - (V<at))2 — 2 v o vy + (Vgas)? (B.2.3)
eq{1,...,A}
u@) @ ul@)
/\ " (B.2.4)
wefl,, Ay \=V o) @ vl v g Vgas — Vgas & v 4 Vgas © Vgas
A A A
Z plew) (u(ao)? ul@) — Z plew) (Vw))? ule) _ 9. Z P (V) @ vy ) ul),
=1 =1 =1
(B.2.5)
A
VAR ((V(m))? _ (u@))?) = Paas (Vaus)? (B.2.6)
=1
A
Z p(aL) (V(OLL) ® V(OIL) _ u(OéL) ® u(aL)) — pgasvgas X VgaS7 (B27)
=1

A

(03 (03 1 e 2 1
Zp( L) (5( L) _|_ 5 (V( L)) ) — pgas (ggas —|— 5 (VgaS)Q) 5 (B28)
=1



B.2. BALANCE AND FIELD EQUATIONS 225

Proof.

A

Z (p(%) (5(0@) + % (V(aL))Q) viw) q(ab) _ T(Oa)v(m))
=1 (B.2.9)
1
= Pgas <5gas + 5 ( gas)2> Vgas + Qgas — Tgasvgasa
Helaw) dp (9p(cn)
T ) S B.2.10
e{1,...,A}
/\ PgasVgas ® V @) 4 C(m)vgas ®V Pgas = Vgas @ V P(aL)' (B.2.11)
ve{l,...,A}

(B.2.1): Use (2.1.4d) and (2.1.4b).
Use (2.1.4d), Rem. B.1.2(b), (2.1.6b), and (2.1.6d).
Use (2.1.4d) and Rem. B.1.2 (a), (b).
Use (2.1.4d) and Rem. B.1.4.
Multiply (B.2.3) by p®)ul®) sum over ¢, and use (B.2.1).
Use (B.2.3), (B.2.1), Rem. B.1.2(b), and (2.1.4Db).
Use (B.2.4), (B.2.1), Rem. B.1.4, and (2.1.4Db).
Use (2.1.6¢) and (B.2.6).
Use (2.1.4d), (B.2.8), (2.1.6e), Rem. B.1.5, (B.2.5), (2.1.6a), and (B.2.1).

B.2.10): Use (2.1.4c¢) and the product rule for 0.
B.2.11): Use (2.1.4c) and (B.1.7c). |

B.2.2 The Balance Equations Imply the Field Equations

In preparation some identities are proved.

Lemma B.2.2. If the balance equations (2.1.3) and the global conservation laws (2.1.7)
hold, then the following identities are satisfied, where equations depending on v hold for
each 1 € {1,..., A}:

a aSV as . aV as
—<pg8t ges) + div (PgasVgas ® Vgas) = Pgas_ai T PgasVgas ® V Vgas. (B.2.12)
_ p*(aL)V(aL) + p* (ar) + p(ab)b(‘%) + div T(O‘L) _ C(CVL) div Tgas _ p(aL)bgas
a (ar)
_V(ab) le (p(OéL)V(aL)) _|_ p(aL) ‘fat _'_ le (p(OlL)V(OtL) ® V(ab)) (B213)
(OlL) aVgas

+ C(ab)Vgas div (pgasvgas) - P - c(aL) div (pgasvgas ® Vgas) ’

ot
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0 (1 O(PgasVgas) 1 )
e ( Pgas (Vgas)2) _ % ® Vgus = 5 (Vgas)2 div(pgasVgas)- (B.2.14)

(1 : 1 .
div (ipgas (Vgas>2 Vgas> - Vgas o div (pgasvgas ® Vgas) = _5 (Vgas)2 dlv(pgasvgas)~

(B.2.15)
aa":gas .
pgasrgas :pgasw + pgasvgas L V 6gas + le qgas
— div(TygasVgas) + Vgas ® div Tgas
Lo (1 N 2 (B.2.16)
8 ; Pgas (Vga8> + div §pgas (VgaS) Vgas
0
- o) v Vi (Vi © Vi)
le (pgasc(ab)u(ab)) :V(OCL) ° v p(aL) + p(OéL) le (V(OCL) — Vgas)
(B.2.17)
— Vgas ® (XY pas + pgas V ) .
. dcl)
P (ex) =Pgas T C(O‘L)VgaLs oV Pgas — (O‘L) div Vgas
(B.2.18)

+v(@) o W ple) 4 ple) diy v,

Proof. As shown in Lem. 2.1.1, (2.1.3) and (2.1.7) imply (2.1.11), which are used below.
(B.2.12): Use the product rule for g, (2.1.11a), and (B.1.8d) with u = vg, and v =

PgasVgas-
g g

(B.2.13): Use (2.1.3a), (2.1.3b), the product rule for 9, the linearity of 0; and div,
(2.1.11D), (2.1.4¢), and (2.1.11a).

(B.2.14): Use the product rule for d; and (2.1.11a).

(B.2.15): Follows from (B.1.8c) and (B.1.8¢) by letting u := pgasVgas aNd W 1= V 1= Vqs.
(B.2.16): Use (2.1.3c), (2.1.11b), the linearity of 0; and div, the product rule for 0,
(B.1.8a), and (2.1.11a).

(B.2.17): Use (2.1.4¢), (2.1.4d), (B.1.8a), and (B.1.7c¢).

(B.2.18): Follows from (2.1.3a), (2.1.4¢), the product rule for d;, (B.1.8a), and (2.1.11a).

Lemma B.2.3. The balance equations (2.1.3) together with the global conservation laws
(2.1.7) imply the field equations (2.1.14).

Proof. (2.1.14a): Use Rem. B.1.7, Lem. 2.1.1, (2.1.11b), and (B.2.12).



B.2. BALANCE AND FIELD EQUATIONS 227

(2.1.14b): Use (B.2.13), (2.1.4c), (2.1.4d), the linearity of 0; and V, and (B.1.8d) once

with u = v(®) v = p(ab)v(ab) and once with u = Vgas, V= pPgasVgas-

(2.1.14¢): Use (B.2.16), (B.1.8¢), (B.2.14), and (B.2.15).

(2.1.14d): Use Lem. 2.1.1, (2.1.11a) and (B.1.8a).

(2.1.14e): Use (B.2.17) and (B.2.18). [

B.2.3 The Field Equations Imply the Balance Equations

Lemma B.2.4. The field equations (2.1.14) together with (2.1.5) imply the balance
equations (2.1.3) and the global conservation laws (2.1.7).

Proof. (2.1.7a): Sum (2.1.14e) over ¢ and use (2.1.5).
(2.1.3a): Use (2.1.14e), (B.2.10), (B.2.11), (2.1.4d), (B.1.8a), and (2.1.14d).

(2.1.3b): Use (2.1.14b), (2.1.4c), (2.1.4d), the linearity of 0, and V, (2.1.14a), and
(2.1.3a) to get

ovie)
p* (OCL) + p(ab)b(ab) :p(OCL)T + IO(OCL)V(OCL) ° VV(OCL) — le T(OCL)

OlL) ap(ab)
ot

(B.2.19)

+ v + v div (p(ab)v(ah)) .

Now (2.1.3b) follows from (B.2.19), the product fule for 0;, the linearity of div, and
(B.1.8d) with u = v(®) and v = p(@)y(@),

(2.1.7b): Use (2.1.3b), the linearity of div and 0y, (2.1.6a), (2.1.6b), (2.1.14a), (2.1.4b),
the product rule for 9, and (B.2.7) to get

A

0 as .
Z p*(at) = Vg%% + div(pgasVgas ® Vias) — PgasVeas ® V Vias. (B.2.20)
=1

Now (2.1.7b) follows from (B.2.20), (2.1.14d), (B.1.7b) with f = pg.s and u = v = v,
and (B.1.8d) with u = pgasVgas and v = vg,s.

(2.1.3c): Using the product rule for 9, (2.1.14d), (B.1.8a) with f = pgasVy,, and u =
Vgas, and (B.1.7¢) with f = pgas and u = v = v, yields

0 (pgasVy
1% —+ 5 div (pgasvgasvgas)
t (B.2.21)

= Vgas ® (pgas ot ) + Vgas ® (PgasVgas ® V Vgas) -
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Using (2.1.14c), the product rule for 0, (2.1.14d), (B.1.7a) with f = 405 and g = pgas,
(B.1.8a) with f = pgascgas and U = Vgus, (B.1.8b) with A = T,,s and u = vg,, and
(2.1.14a) yields

O(pgas€gas)

,Ogasrgas :T + div(pgasggasvgas) + div qgas
OVgas
+ Vgas L4 pgasw + Vgas L4 (pgasvgas L V Vgas) (B222)

- pgasbgas ® Voas — diV(Tgangas)-

Now (2.1.3¢) is implied by (B.2.22), the linearity of 9; and div, together with (B.2.21).
|

B.2.4 Equations (2.1.11a), (2.1.11b), (2.1.3c) Are Equivalent to
Equations (2.1.14a), (2.1.14c), (2.1.14d)

Equations (2.1.11a) and (2.1.14d) are equivalent, which is immediate from (B.1.8a),
letting f = pgas and U = Vgqs.

It was shown in App. B.2.2 that (2.1.11a) and (2.1.11b) imply (2.1.14a). It was also
shown in App. B.2.2 that (2.1.11a), (2.1.11b), and (2.1.3c) imply (2.1.14c).

That (2.1.14a) and (2.1.11a) imply (2.1.11b) is seen by using the product rule for J,
and (B.1.8d) with u = vy and v = pgagVgas.

Finally, it was shown in App. B.2.3 that (2.1.14a), (2.1.14c), and (2.1.14d) imply
(2.1.3¢).

B.2.5 Simplifications

Lemma B.2.5. The simplifications of Sec. 2.1.2 applied to the quantities (2.1.6) yield
(2.1.27).

Proof. (2.1.27a) and (2.1.27b) are identical to (2.1.19) and (2.1.24), respectively.
(2.1.27c¢) follows from (2.1.6¢), (2.1.4¢c), and (2.1.26a).

(2.1.27d) is implied by (2.1.6d), (2.1.4c), (2.1.24), and (2.1.5).

(2.1.27¢) follows using (2.1.6e), (2.1.4c), (2.1.26a), (2.1.17), and replacing the remaining
u®) by means of (2.1.15). [ |

Lemma B.2.6. The simplifications of Sec. 2.1.2 applied to the field equations (2.1.14)
(with (2.1.14a), (2.1.14c), and (2.1.14d) replaced by the equivalent equations (2.1.11a),
(2.1.11b), and (2.1.3¢c), cf. App. B.2.4) yield (2.1.28).
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Proof. (2.1.28a) is the same as (2.1.11a).

(2.1.28b) is inferred from (2.1.11b), (2.1.24), and (2.1.26¢).

(2.1.28¢) follows from (2.1.3c), (2.1.19), (2.1.24), and (2.1.26D).

(2.1.28d) results from replacing u(®) in (2.1.14e) using (2.1.15). [ |

B.3 Cylindrical Coordinates

B.3.1 Definition and Elementary Properties

Definition B.3.1. Let Q := R x [0,27] x R, and consider the following coordinate
transformation Ty

T : Q@ — R® T.y[(r,9,2)] := (rcos[d], rsin[¥], ). (B.3.1)

If x € R® and x = Toy[(r, 9, 2)], then (r,9,z) are called cylindrical coordinates of x.
Moreover, one defines the coordinate-dependent standard basis {e,, ey, e,} by

e [(r,, z)] := (cos[V],sin[9],0), (B.3.2a)
ep[(r, 9, 2)] := (—sin[¥], cos[V], 0), (B.3.2b)
e, [(r,v,2)] :=(0,0,1). (B.3.2¢)

Some important elementary properties of cylindrical coordinates are collected in Rem.
B.3.2.

Remark B.3.2. (a) T,y is onto.

b) T, is one-to-one on int[(], i.e. cylindrical coordinates are unique if » # 0 and
y y

v ¢{0,2r}.

(¢) Toyilintjoy is a diffeomorphism, i.e. both Tey [ingfo) and (T fint[m)_l are differentiable.
For (r, 9, z) € int[Q] it is

cos[] —rsin[d] 0
Tial(r,9,2)] := | sin[d] rcos[] 0], (B.3.3a)
0 0 1
cos[d] sin[d] 0
(Th) 7 [(r, 0, 2)] 1= | =2l sl g ) (B.3.3b)
0 0 1
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The Jacobian is
JTCyl[(T’ 197 Z)] = det [Téyl[(r7 7'97 Z)H =T (B34)

Remark B.3.3. Let O be an open subset of R? and let f : O — K be differentiable.
Then by the chain rule it holds for each r := (1,9, z) € int[(2] that

(V) o Tep)[r] = (V(f o Tey)) [r] - (Tdyn) ]
cos[v] sin[¥] O

8(f O lc 1) 8(f O lc 1) a(f O lc 1) — sin[¢ cos[¥
- o), ALt O Lol ) | sl el
( r 89 9z ) R - (B.3.5)
_ 8(f;r Cyl) [I'] . er[r] + %a<f;19 Cyl) [I‘} . eﬁ[r] + a(fgz Cyl) [I‘] . ez[r]'

Remark B.3.3 is the precise justification for (B.3.6), where the composition with 7.y is
supressed in the notation, as is usually done. Similar reasoning can be used to prove

(B.3.7) and (B.3.8).

B.3.2 Grad, Div, Curl in Cylindrical Coordinates
The gradient of a function f(r,d,z) is given by

Cof  19f  of
Vf = Eer + ;6—19819 + aez. (B36)

The divergence and the curl of a vector field A = A,e, + Ayey + A.e. read

o 10(rA) 104, DA,
dvA=——2—=+%0 t 5.

104, 9Ay 04, OA, 1 (O(rAy)  OA,
T o0 _E)e’“ (82' N m)eﬂ ( ar a&)ez' (B-38)

(B.3.7)

r

curl A = (

B.4 Existence of a Magnetic Scalar Potential

If (2.5.7) holds and B, and B, are continuously differentiable, then there is a function
¢4 satisfying (2.5.9). This is the contents of the following Th. B.4.1, where By and B,
is written instead of B, and B., respectively, to avoid confusion with the variables r
and z. Since the vector potential A does not occur in Th. B.4.1, the notation ¢4 is
simplified to ¢.
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Theorem B.4.1. Given functions B; € C'(R§ x R,R), i € {1,2}, satisfying

A @B [(r,2)] + (rd:B2)[(r, 2)] = 0,

(r,2) GR(T xR

231

(B.4.1)

there is a function ¢ € C*(R{ x R, R) such that (B.4.2a) and (B.4.2b) both hold:

Bl = _82¢a
T’BQ == 81 (T’Qb)

Proof. Integrating (B.4.1) with respect to r yields

N\ rBil(r,2)] + /0 rf(ang)[(f,z)] dr = 0.

(r,2) ER(T xR

Integrating (B.4.3) with respect to z yields

A /0 rBi(r, 7)) dz +/OT FB|(F, )] dF — /0 7By|(F, 0)] dF = 0.

(r,z)ERgXR
The hypothesis By € CY(RS x R, R) implies

i OTFBQ[(f,O)] a7 = 0.
If one now defines
= [ Bi[(r,2)]dz + L [T FB[(7,0)]dFif r > 0,
AN {— Jy Bil(0,2)]dz if r =0,

(r,z)€ERE xR
then (B.4.4) implies

A rolr2)] = /0 ' By[(7, )] dF

(T,Z)ERS_ xR

(B.4.2a)
(B.4.2b)

(B.4.3)

(B.4.4)

(B.4.5)

(B.4.6)

(B.4.7)

Finally, differentiating (B.4.6) with respect to z gives (B.4.2a), and differentiating

(B.4.7) with respect to r gives (B.4.2b).



Appendix C

Mathematical Background Material

C.1 Topology

C.1.1 Elementary Notions

Definition C.1.1. If X is a topological space, O being its topology, and A C X, then
Os:={AN0O: O € O} is called the relative topology on A with respect to O.

Definition C.1.2. If X is a topological space, O being its topology, and A C X, then
the closure of A (denoted clp[A]) is the intersection of all closed sets containing A. The
interior of A C X (denoted intp[A]) is the union of all open sets contained in A. The
(topological) boundary OpA of A is the set of all points x € X such that each open set
containing = has a nonempty intersection with both A and X \ A. Often the topology
is understood and the subscript O is dropped. In that case A is used instead of cl[A].

Definition C.1.3. Let X be a topological space, and let F := (X;);e; be a family of
subsets of X.

(a) F is called an open cover of X iff each X; is open and X = (J, ., Xi.

(b) F is called a partition of A C X iff A=/
i

Definition C.1.4. A map f: X — Y between topological spaces X and Y is called
continuous iff f~1O is open in X for each open set O C Y. Moreover, f is called
piecewise continuous iff there is a partition (X;);e; of X and a family of continuous
maps f; : X; — Y, i € I, such that f; [x,= f |x, for each i € I. The set of
all continuous (respectively piecewise continuous) maps from X into Y is denoted by
C(X,Y) (respectively Cpyw(X,Y)).

X; and int[X;] Nint[X;] = O for each

il

232
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Definition C.1.5. A topological space X is called compact iff each open cover of X
has a finite open subcover.

Remark and Definition C.1.6. Let f be a continuous real-valued map on a compact
topological space C'. Then f assumes its maximum and its minimum. Define the
maz-norm

[1f lmax := max {| f[z]| : = € C}. (C.1.1)

Remark C.1.7. If X is a metric space, then X is compact if and only if each sequence
in X has a subsequence that converges in X.

Remark and Definition C.1.8. If V is a normed vector space, then the norm on
V gives rise to a topology on V. If V is finite-dimensional, then all norms on V are
equivalent, i.e. all norms on V define the same topology on V), called the norm topology.
Remark C.1.9. A subset A C V of a finite-dimensional normed vector space, endowed

with the norm topology O, is compact with respect to O, if and only if A is bounded
and O-closed.

C.1.2 Domain Invariance

Definition C.1.10. A bijective map between topological spaces is called a homeomor-
phism iff both the map and its inverse map are continuous.

The Domain Invariance Th. C.1.11 is a classical result of algebraic topology.

Domain Invariance Theorem C.1.11. Let A and B be subsets of R, d € N, and
let f: A— B be a homeomorphism.

(a) If A is open, then B is open.
(b) f(int[A]) = int[B].

(c) f(ANOA)=BNJIB.

Proof. (a): See for example [Oss92, Th. 5.6.15].

(b) and (c) are immediate consequences of (a) and the bijectiveness of f. |
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C.2 Norms

Definition C.2.1. Let d € N and p € [0, 00[. The maps

3=

Ny: R*— Ry, N [(Tieqr,..ap] = Z lzi” | (C.2.1a)

Noo: R — Ry, N [(2)ieqr,..ap) = max {|z;| : 1 € {1,...,d}} (C.2.1b)
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are called the I,-norm on R% and the lo,-norm or maz-norm on R%. The notation ||z||,
is used instead of N,[z], and || ||max is used instead of Ny [z].

Remark C.2.2. Cauchy-Schwarz Inequality: For each {x,z,} C RY d € N, it holds
that |$‘1 01'2‘ S H.]?ll‘g . ”.TQHQ

Definition and Remark C.2.3. Let d € N, and let || || be a norm on R?. Given a
linear map A : RY — RY, define the operator norm || A|| of A by

|A|| == sup {||A[z][| : z € RY, [jz]| = 1}. (C.2.2)

As a direct consequence of (C.2.2), one has

A A - ARl < 1Al - ly — =], (C.2.3)

(z,y)ER4 X R4

i.e. Ais ||A|-Lipschitz (cf. App. C.7.2).

C.3 Matrix Theory

Definition C.3.1. Let I be a finite index set, and let A := (a;;)(ijjcrxs be a real
square matrix.

(a) A is called nonnegative iff a; ; > 0 for each (i,7) € I x I.

(b) A is called diagonally dominant iff

A D laigl < s (C.3.1)

el jel\{i}
A is called strictly diagonally dominant iff the inequality in (C.3.1) is strict.

(c) A is called monotone iff given x € R!, Ax > 0 implies x > 0.
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(d) A is called an M-matriz iff A is monotone and a; ; < 0 for each {(i,j) € I x I :
i £},

Lemma C.3.2. Let I be a finite index set, and let A := (a; ;) jicix1 be a real square

matriz.

(a) A is monotone if and only if A is invertible and A~ is nonnegative.

(b) Suppose
N ay<0for i£j,  ay;>0for i=j. (C.3.2)

(4,9)€1?

If A is strictly diagonally dominant, then A is an M-matriz.

Proof. (a): See [Axe94, Lem. 6.1]. (b): See [Axe94, Lem. 6.2]. [ |

C.4 Affine Geometry

C.4.1 Affine Subspaces

Definition C.4.1. A subset A of R%, d € N, is called an affine subspace of R iff there
is a linear subspace V of R? and ay € R such that A = V 4 ay. Moreover, define the
dimension dim A := dim V.

Definition C.4.2. Given finitely many vectors (v;);cr, #I < 00, in a real vector space
and real numbers (\;)ics, such that > .., A\; = 1, the vector ) .., \v; is called an
affine combination of the vectors v;, © € I. The vectors v;, i € I, are called affinely
independent iff for each pair of families of real numbers ((\;)ier, (14i)icr), it holds that

Yoicr NiVi = > ey pivi and Yoo N = >0 s = 1 imply A; = p; for each i € I, i.e. iff
the coefficients of affine combinations of the vectors v;, ¢ € I, are unique.

Definition C.4.3. Let A CRY d € N. The set aff[A] is defined as the set of all affine
combinations of finitely many elements of A, i.e.

aff[A] == {Z Nvi: #I < oo, €A NER S A= 1} . (C.4.1)
iel i€l
The set aff[A] is called the affine hull of A.

Remark C.4.4. A C R? is an affine subspace if and only if there is a nonempty finite
set of points V' such that A = aff[V].
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C.4.2 Polyhedral Sets

Following [Grii67] and [Zie98], polyhedral sets can be unbounded. Bounded polyhedral
sets are called polytopes.

Definition C.4.5. A subset A of a real vector space is called convez iff for each (vg,v1) €
A?% and for each A € [0, 1], it holds that Avg + (1 — A)v; € A.

Intersections of convex sets are convex, giving rise to the following definition.

Definition C.4.6. If A is a subset of a real vector space, then conv[A] is the intersection
of all convex sets containing A and is called the convex hull of A.

Definition C.4.7. Given affinely independent vectors vy,...,vq, d € Ny, in a real
vector space V), the set o := conv[{vy,...,vq}] is called a d-simplex in V. The elements
of Vo] := {wo,...,vq} are called the vertices of o. Let simy[V] denote the set of all
d-simplices in V. Each d-simplex, d € Ny, is called a simplex and the set of all simplices
in V is denoted by sim[V].

So a d-simplex is the convex hull of d + 1 affinely independent points.

Definition C.4.8. Given a real vector space V and ¢ € sim[V], the boundary of o is

the set
Jo = U conv [V[o] \ {v}]. (C.4.2)
veVio]
The set int[o] := o \ do is called the interior of o.

For example in R?, that means in the plane, there are O-simplices (points), 1-simplices
(line segments), and 2-simplices (triangles) as depicted in Fig. C.1. Figure C.1 also
displays the corresponding boundaries, where doy = ().

Polytopes are finite unions of simplices. For the purposes of this work, it suffices to
consider polytopes that are made up of simplices of the same dimension. This leads to
the following Def. C.4.9.

Definition C.4.9. A subset p of a real vector space V is called a d-polytope, d € Ny,
iff there are finitely many d-simplices in V, denoted by o;, i € I, #I < oo, such that
p = U, 0i- The set of d-polytopes in V is denoted by pt,[V]. A polytope is a set p that
is a d-polytope for some d € Ny. The set of all polytopes in V is denoted by pt[V].
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V2
§ »’“
,UO o UO / :

oo = conv [{vo}] o1 = conv [{vg,v1}] o2 = conv [{vg, v1, va}]

L =

80'1 80'2

Figure C.1: Simplices in R? and corresponding boundaries.

Remark C.4.10. Let p; and ps be d-polytopes in a finite-dimensional real vector space
V, dim[V] = d, d € N. Let O denote the norm topology on V. If intp[p; N pa] # 0, then
into[p; N pe] is a d-polytope.

Here, with the exception of boundaries of simplices, only boundaries of polytopes in
finite-dimensional real vector spaces V, dim[V] = d, d € N, are considered, that have
the same dimension d as the ambient space. Restricting to this case allows the following
simple definition of polytope boundaries.

Definition C.4.11. The boundary of a d-polytope p C V in a finite-dimensional real
vector space V, dim[V] = d, d € N; is its topological boundary, where V is endowed
with the norm topology. It is denoted by dp. A point v € Op is called reqular iff there
is a (d — 1)-simplex o C Op such that v € int[o]. Points in dp that are not regular are
called singular. Let O,gp be the set of regular points in dp, and let Og,p be the set of
singular points in Op.

Remark C.4.12. Definition C.4.11 is consistent in the sense that, if one considers d-
simplices, d € N, as polytopes according to Def. C.4.9, then the two boundary notions
given by Defs C.4.8 and C.4.11 coincide.

Figure C.2 shows six examples of polytopes in R2. Polytopes can be multiply connected
as po and py, simply connected as p; or not connected as p3, ps, and pg. The sets pq, po,
and p3 are 2-polytopes, the sets p, and p5 are 1-polytopes, and the set pg is a 0-polytope.

Remark C.4.13. Let V be a d-dimensional real vector space and p € pt,[V], d € N.
Suppose J is a finite index set, p; € pt,y[V] for each j € J, and (p;,);es is a partition of p
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) "l
4 .

pa = Opy DPs

Figure C.2: Polytopes in R2.

with respect to the norm topology. Let (j1, j2) € J?, j1 # J2, and ¥ := OregPj, NOregljy F
0. If j € J and Owegpj Ny # 0, then j € {j1,j2}. That means there are precisely two
polytopes adjacent to the interface ~.

Definition C.4.14. Let A be an affine subspace of R?, d € N, and let € R%. Then,
z is called perpendicular to A iff z e (a; — ay) = 0 for each (ay,as) € A%

Notation C.4.15. Given two distinct points v and w in R%, d € N, let AL[(v,w)] :=
{z €R?: flv—zll2 = [w — =[|2}.

Remark and Definition C.4.16. Given two distinct points v and w in R?, d € N,
At [(v,w)] is an affine subspace and v — w is perpendicular to A*[(v, w)].

Remark and Definition C.4.17. Let p be a d-polytope in R?, d € N, and let & € D,egp.
Then there exists a unique vector n,[z] € R? with the following properties (i) — (iii):

(1) lInpl2]ll2 = 1.
(ii) If o C Op is a (d — 1)-simplex such that = € int[o], then n,[z] is perpendicular to
aff[o].
(iii) There is ¢g € R such that {z + en,[z] : € €]0,6[} Np =0 and {z —enyla] : € €
]07 60[} g p.

The map n, : Owegp — R? (the vector n,[z]) is called the outer unit normal vector of p
(at ). The map n, is continuous, since it is only defined on the (usually disconnected)
set OregP.

Figure C.3 illustrates Defs C.4.11 and C.4.17.
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P1 apl 8regp1 with asinpl
normal vectors n,,

Figure C.3: Regular and singular boundary of the 2-polytope p;.

C.4.3 Voronoi Discretization

Definition C.4.18. Let p be a d-polytope in R?, d € N, and let V be a nonempty finite
subset of p. Then the induced Voronoi discretization of p, denoted by II[V] = (wy,)vev,
consists of the so-called Voronoi boxes w,, where

/\ wyi={z€p: ||z -0 < |z —w|s,for each w e V'\ {v}}. (C.4.3)

veV

The v € V are called the discretization points of the Voronol discretization (cf. Def.
3.7.40).

Remark C.4.19. Let p be a d-polytope in R, d € N, let V be a nonempty finite
subset of p, and let II[V] = (w,),ev be the induced Voronoi discretization of p. Then,
I1[V] is a partition of p into d-polytopes such that v € w, for each v € V. Moreover,
for each (v,w) € V2, v # w, one has that dw, N dw,, C At[(v,w)], and, in particular,

w—v —_
||w—v||2 - nwv rarengmaregww :

Example C.4.20. Figure C.4 displays the Voronoi discretization induced by the set
V:i={vy,...,v9}. It illustrates that one can not replace “<” in (C.4.3) by “<” without
losing the property that the Voronoi boxes are always d-polytopes: If “<” were used
in (C.4.3), then the isolated point  would be an element of w,,, assuming ||vs — x||2 =
[[vg — []2.

C.5 Graph Theory

Definition C.5.1. A graph is a pair G = (V, E) consisting of a set of vertices V = V[G]

and a set of edges E = E[G] C (‘2/), where (‘2/) denotes the set of all subsets of V' that
have precisely two elements. For each Vi C V| the set G [y,:= (Vo, EN (‘;0)) is called

the induced subgraph of G on Vj.
Definition C.5.2. Consider a graph G = (V, E). A one-to-one map p : {0,...,n} —

V', n € Ny, such that either n = 0 or {p[v],plr+1|} € E for each v € {0,...,n — 1}, is
called a path in G. If v = p[0] and " = p[n], then p is also called a vv'-path in G.



240 APPENDIX C. MATHEMATICAL BACKGROUND MATERIAL

v1 v2

5
x
v3 e ovy U5 g
8

ve vy

Figure C.4: Voronoi discretization, s. Ex. C.4.20.

Definition C.5.3. Let G = (V, E) be a graph. The connected component in G of a
vertex v € V is the set of all vertices v € V such that there is a vv'-path in G. The
connected component in G of v € V' is denoted by CoCmpg[v] or by CoCmplv] if the
graph G is understood.

Remark C.5.4. For each graph G = (V| E),

/

v~v & v e CoCmplv] (C.5.1)

defines an equivalence relation on V.

Definition C.5.5. Let G = (V, E) be a graph. The induced subgraphs G [ on the
equivalence classes C' C V' of the equivalence relation defined in (C.5.1) are called the
connected components of G. The set of all connected components of G is denoted by

CoCmp[G].

C.6 Regularity Notions of Functions

C.6.1 Continuous Differentiability

In this work only real differentiability plays a role, even for functions between complex
spaces, i.e. the derivatives are not required to be C-linear, just R-linear. Hence, in the
current section only real subsets of real spaces are treated. The considerations apply
to complex spaces by identifying C? with R?9.

Notation C.6.1. If (d,d') € N?>, k € Ny, O C R?, B C R?, and O is open, then
the set of all functions f : O — B having continuous partial derivatives up to k-th
order, is called C*(O, B). Moreover, C*(O, B) := (o C*(O, B). If A = int[A] is an
arbitrary subset of R? that is the closure of its interior, then C*(A, B), k € Ny U {oo},
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denotes the set of all functions f : A — B such that the restriction f [in4) is in
C*(int[A], B), and all its partial derivatives extend to A continuously. The extensions
are then called partial derivatives of f, denoted by 0;, i € {1...,d}. Let C*[A] :=
CFAR), C(A,B) := C°(A, B), and C[A] := C(A,R).

Requiring A = int[A] in Not. C.6.1 guarantees that partial derivatives are always unique.
Notation C.6.2. For d € N and A = int[A] C R4, let

div: C" (A RY) — CA], div(fiicq.ay = Y, Oifi (C6.1)

ie{l...,d}

Next, some notation for differentiating functions defined on time-space domains is pro-
vided. In this case, the gradient and the divergence act on the space variables only:

Notation C.6.3. Let Q = [to,t] x ©Q, Q C RY, be a time-space domain (cf. (3.1.2)).
For real-valued functions defined on @), the symbol 0, denotes the partial derivative
with respect to the time variable t € [tg,t¢], and 9,,, i € {1...,d}, denotes the partial
derivative with respect to the i-th space variable z;, (%;)icq1...qy € €. Furthermore, for
functions f, f;, i € {1...,d}, defined on @ and having partial space derivatives, let

V= Onfiep g V(ieng = Y Ol (C.6.2)

ie{l...,d}

C.6.2 Monotonicity
Definition C.6.4. Let ACR and f: A — R. Then f is called increasing iff
N a<b = fla <[]0, (C.6.3)

(a,b)€A?

and f is called strictly increasing iff the inequality in the conclusion of (C.6.3) is strict.

C.6.3 Variation

The topic of this section is the variation of real-valued functions on bounded and un-
bounded intervals.

Notation C.6.5. For each a € R, let
Zo = {[a,b] : b€ [a,00[} U{[a,b]: b€ [a,o0[} U{[a,oo[} (C.6.4)

be the set of all intervals with minimum a.
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Definition C.6.6. Given a real interval I := [a,b], a discretization of I is a finite,
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to=a and t,=0. (C.6.5)

Definition C.6.7. Let a € R and I € Z,. For each function f : I — R, define the
functions
var[f] : I — [0, o0],
var|f][a] := 0,

var[f][A] := sup{ > | flte] = £l (C.6.6a)

)

A
Xel\{a}

.....

vart[f] : I — [0,00],
vart[f][a] := 0,

vart[f][\] := sup{ Z max {0, f[t,] — fltv—1]} : (C.6.6b)
vedl,...,n}
A ;
real (tv)veqo,...,ny is a discretization of [a, )\]}
var” [f]: I — [0, 00],
var”~ [f][a] :== 0,
var™ [f][A] := sup {VE{;”’n}Zmin {0, flts] — fltv—1]} : (C.6.6¢)
/\ }
Ael\{a} (tv)veqo,...ny is a discretization of [a, A]

The function var[f] is called the total variation function of f. Analogously, vart[f] is
called the positive variation function of f, and var®[f] is called the negative variation
function of f. The function f is called of bounded variation iff the total variation
function of f remains finite, i.e. sup (Var[f]) < 00.

The following Rem. C.6.8 states some useful elementary properties of variation.

Remark C.6.8. Let a € R and [ € Z,. For each function f : I — R, the following
holds:
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(a) var[f][a] = var®(f][a] = var~[f][a] = 0.

(b) Each of the functions var[f], vart[f], and var~[f] is nonnegative.

(c) Each of the functions var[f], var*[f], and var~[f] is increasing.

(d) var[f] = var™[f] + var~[f].

(e) If b € I and var[f][b] < oo, then f = f[a] + var*[f] — var~[f] on [a, D).
(f) For each (A, u) € I* with A < p, it holds that

var )] = var{fJ[A] + var [ Lioga o] 1] (C.6.72)
var*{f][u] = var* [fJ[A] + var® [£ oo ] (C.6.7b)
var™ [ f][u] = var~[fJ[A] + var™ [£ o] (1] (C.6.7¢)

(g) If L € Ry and f is L-Lipschitz (cf. Def. C.7.4), then each of the functions var™|[f],
var~[f], and var[f] is L-Lipschitz. In particular, the functions all are of bounded
variation on each compact interval contained in I, and f = f[a|+var®[f] —var~[f].

(h) If f is locally Lipschitz (cf. Def. C.7.5), then each of the functions var*[f], var~[f],
and var[f] is locally Lipschitz. In particular, the functions all are of bounded
variation on each compact interval contained in I, and f = f[a]+var®[f] —var~[f].

C.7 Some Subjects in Metric Spaces

C.7.1 Elementary Notation

Definition C.7.1. Given a finite index set I and metric spaces (Xj,dx,), k € I, set
X = [1;e; X&- The function

d: X* — Ry, d(z,y)] :=max {dx,[(zs y)]: k€ } (C.7.1)

is called the maz-metric on X.

Notation C.7.2. Let (X, d) be a metric space, z € X, and A C X. Define d(z, A) :=
inf {d[(z,a)] : a € A}.

Definition C.7.3. If (X, d) is a metric space, g € X, and r € R, then
Ba,|mo] == {z € X : d[(zo,2)] <1} (C.7.2)

is called the (open) r-ball with center xy and with respect to d. One also writes B[z
if d is understood.
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C.7.2 Lipschitz Functions

Definition C.7.4. Let (X,dx) and (Y, dy) be metric spaces, L € Rf. A map [ :
X — Y is called L-Lipschitz continuous or just L-Lipschitz iff

N dy[(fl]. flaa))] < L-dx[(z1,22)]. (C.7.3)

(z1,r2)€EX?

Moreover, f is called Lipschitz continuous or Lipschitz iff f is L-Lipschitz for some

L € Rf. The set of all L-Lipschitz functions from X into Y is denoted by Lip, (X,Y),
while Lip(X,Y) is the set of all Lipschitz functions from X into Y.

Definition C.7.5. Let (X, dx) and (Y, dy) be metric spaces. A map f: X — Y is
called locally Lipschitz iff for each x € X, there is an r € R* such that f is Lipschitz in
B, [x].

Remark C.7.6. Let (d,d') e N>, X CRY Y CRY. Amap f: X — Y is locally
Lipschitz if and only if f is Lipschitz on each compact subset of X.

The following Rem. C.7.7 collects some elementary properties of Lipschitz functions,
that are used in this work.

Remark C.7.7. (a) Let f : [m, M] — R be L-Lipschitz, L € RJ. Then f[M] <
flm]+ L- (M —m).

(b) Compositions of Lipschitz functions are Lipschitz functions: If (X,dx), (Y,dy),
(Z,dz) are metric spaces, f € Lipo(X, Y), g € Lip, (Y, Z), {Ly, Ly} C R{, then
go f€Lipg,.., (X, 2).

(c) Scaled (locally) Lipschitz functions are (locally) Lipschitz functions: Let (X, dx)
be a metric space, and let (Y| ||) be a normed vector space. If f € Lip,(X,Y),
L eRy, A €R, then A« f € Lipy (X, Y).

(d) Sums of (locally) Lipschitz functions are (locally) Lipschitz functions: Let (X, dx)
be a metric space, and let (Y, || [|) be a normed vector space. If fi € Lip;, (X,Y),
Ly € RS, k€ I, #1 < 0o, then 3", fx € Lip,(X,Y), where L :=Y",_, L.

(e) The product of two real-valued bounded Lipschitz functions is a Lipschitz func-
tion: Let (X,dx) be a metric space, f € Lip, (X,R), g € Lip, (X,R), and
max {[| fllsup. [|9llsup } < 00, then f-g € Lip, (X, R), where L = || f|lsupLg+I|gllsup Ly-

In particular, if X is compact, then f - g is Lipschitz. Also, if f and g are locally
Lipschitz, then f - g is locally Lipschitz.
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(f) The cartesian product of (locally) Lipschitz maps is (locally) Lipschitz with respect
to the max-metric: Given a finite index set I and metric spaces (X, dx), (Y,dy),
let X! and Y’ be endowed with the respective max-metrics, denoted by d x max
and dy max, respectively. If fp € Lip,(X,Y), L € Rf, k € I, then the map
= (fr)rer : X! — Y is L-Lipschitz.

(g) The sum of (locally) Lipschitz maps depending on different variables is (locally)
Lipschitz with respect to the max-metric: Given a finite index set [, a metric
space (X,dy), and a normed vector space (Y, ] ||), let X! be endowed with the
max-metric, denoted by dx max. If fr € Lip, (X,Y), Ly € R{, k € I, then the
map f: X' — Y, fla] := >, c; felaw] is L-Lipschitz, where L := ", ; Ly.

(h) The product of two real-valued bounded Lipschitz maps depending on different
variables is Lipschitz with respect to the max-metric: Given a finite index set [
and a metric space (X, dx), let X be endowed with the max-metric, denoted by

dxmax- If f € Lip (X, R), g € Lip;, (X, R), and max { || f|lsup, [|9/lsup } < 00, then
for each (k,l) € I?, the map fg: X! — Y, (fg)[z] := flzx] - g[xi] is L-Lipschitz,
where L := || f|lsupLg + [|gllsupLy-

In particular, if X is compact, then fg is Lipschitz. Also, if f and g are locally
Lipschitz, then fg is locally Lipschitz.

(i) Suppose C' is a convex subset of R, d € N, and f € C(C,R) is diffenrentiable
on int[C] such that all partial derivatives of f are bounded, i.e. such that there is
M € R{ satisfying |0; f[x]| < M for each i € {1,...,d} and for each z € int[C].

Then for any (z,y) € (int[C])?, one can use the mean value theorem to get £ €
conv[{z,y}] C C such that

flyl = flx] = V flE] o (y — 2), (C.7.4)
and hence
|fly] = flz]] < d M|z — y||max- (C.7.5)

If C' contains boundary points, then (C.7.5) extends to these points by the conti-
nuity of f. Hence f is dM-Lipschitz continuous with respect to the max-norm.

In particular, if f is continuously differentiable, then f is locally Lipschitz with
respect to the max-norm.

Definition C.7.8. Let (X, dx) and (Y, dy) be metric spaces. For each map f: X —
Y let

et

Remark C.7.9. A map f: X — Y between two metric spaces is Lipschitz if and
only if || f||Lip < 0o. Moreover, for each f € Lip(X,Y), it holds that

| fllip =min {L € R§ : f € Lip,(X,Y)}. (C.7.7)

. (.I'l,.ilﬁg) € X2, T 7é .1'2} . (076)
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C.7.3 Inverse Lipschitz Functions

Definition C.7.10. Let (X,dy) and (Y,dy) be metric spaces, Li,, € RT. A map
f: X — Y is called inverse Li,,-Lipschitz iff

N\ dy [(fln], flaa))] = Liny - dx [(21,22)]. (C.7.8)
(z1,22)EX?

Moreover, f is called inverse Lipschitz iff it is inverse Li,,-Lipschitz for some Lj,, €
R*. The set of all inverse Li,,-Lipschitz functions from X into Y is denoted by
InLip; (X,Y). Analogously, the set of all inverse Lipschitz functions from X into
Y is denoted by InLip(X,Y).

Remark C.7.11. The name inverse Lipschitz is justified: Let (X, dx) and (Y, dy) be
metric spaces. If the bijective map f : X — Y is inverse Lj,,-Lipschitz for some
Liny € RT, then its inverse map f~' is L; -Lipschitz.

mv

As a caveat it is pointed out that in contrast to Lipschitz functions which are always
continuous, functions that are inverse Lipschitz can be discontinuous.

The following Rem. C.7.12 collects some elementary properties of increasing inverse
Lipschitz functions, that are used in this work.

Remark C.7.12. Let I be an interval, ] C R, and let f : [ — R be inverse Lj,-
Lipschitz for some L;,, € RT. Moreover, suppose that f is increasing.

(a) A f[b] = Liny(b — a) + fla] > fla]. In particular, if sup I = oo, then f is
(a,b)el?: a<b
unbounded from above.

(b) f is one-to-one, hence f is strictly increasing, and thus f~! exists on f[I].
(c) f is continuous if and only if the range of f is an interval.

(d) A Afisinverse ALj,,-Lipschitz.

AeRT

(e) If g: I — R is increasing, then f + g is inverse Li,,-Lipschitz.

C.7.4 Contracting Maps

Definition C.7.13. Let (X, dx) and (Y, dy) be metric spaces. A map f: X — Y is
called c-contracting or a c-contraction for ¢ € [0, 1] iff f is e-Lipschitz, i.e.

N dy [(f[z1], flaa])] < ¢ dx[(z1,20)]. (C.7.9)
(z1,22)EX?

If (C.7.9) holds for some ¢ € [0, 1[, then f is called contracting or a contraction.
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Remark C.7.14. A map into a product space endowed with the max-metric is con-
tracting if all its component maps are contracting. More precisely, given a finite index
set I and metric spaces (X, dx), (Y, dy,), k € I, set Y := [],.; Yx, and let dy be the
max-metric on Y. If there are numbers ¢; € [0, 1] such that each f; is ¢x-contracting,
keI, thenthemap f: X — Y, 2+ (fk[a;])kel, is max{cy : k € I}-contracting.

Lemma C.7.15. Let (X,dx), (Y,dy), and (Z,dz) be metric spaces, and f : X — Y.
Suppose there are g € Lip, (X, Z), L€ Ry, h € InLip;, (Y,Z), Liny € R", such that

g=hof. If Ly, > L, then f is LF -Lipschitz, i.e. [ is L#—contmctz’ng.

Proof. One calculates

A <Lmv-dy[(f[w1]7f[$2])] < dz[(hlf[21]]; hlf22]])]

(z1,22)EX? =dy [(9[$1]7 g[xzm < L-dx [(Il, $2)}

Dividing (C.7.10) by Li,y establishes the case. [ |

) . (C.7.10)

C.8 Integration

C.8.1 Notation for Lebesgue Measure

Notation C.8.1. Let \; denote d-dimensional Lebesgue measure, d € N. For singleton
sets {x}, also define \o{z} := 1.

C.8.2 Integration Theorems

In Th. C.8.2 the Gauss-Green Integration Theorem is stated in a form that is suitable
for the needs of this work. Since the general notion of a manifold is not required
elsewhere in this text, a rigorous definition is omitted. Intuitively, the hypothesis made
on the boundary of the integration region in Th. C.8.2 says that the boundary can have
corners and (hyper)-edges of finite angles, and that, locally, small translations either
shift the boundary totally inside or totally outside of the integration region. For details,
it is referred to [Zei86, Sec. 6.2] and [Zei90, Sec. 18.2].

For the applications in Ch. 3, the closure of the set O in C.8.2 is acually always a
polytope.

Gauss-Green Integration Theorem C.8.2. If O is a bounded open connected non-
empty subset of R?, d € N, such that 9O is an (d — 1)-dz’mensional Lipschitz manifold
and such that O lies locally on one side of 0O, and if f € C*(O,R?), d' € N, then

/ div f = trago f ® no, (C.8.1)
o 80
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where no is the outward unit normal that is defined almost everywhere on 00. FExten-
sions: Equation (C.8.1) still holds if (a) O € pty[RY], d € N, or (b) div f only exists in
a weak sense, e.qg. for f € H(div,O), where H(div,O) is the space defined in [Bey98,
Def. 1.1.36], or (c) f has values in C.

Proof. Confer e.g. [Nec67, p. 121]. Extension (a): Let (0;)ier, #I < oo, be a finite
partition of p := O into d-simplices. Since C.8.2 applies to each o;, i € I, and since
feong = —feng on Ogng, N Oregho; Whenever (i,5) € 1 24 # 4, a finite summation
establishes the case. Extension (b) for f € H(div,O) follows from the continuously
differentiable case, as C>°(O,R?) is dense in H(div,O) (cf. [Bey98, Lem. 1.1.37]). Ex-
tension (c) follows by applying the real theorem to the real and imaginary parts of

I [ ]

Change of Variables Theorem C.8.3. Let O be an open subset of RY, d € N, and
let T : O — R? a one-to-one map that is differentiable (in the classical sense). Let
T': O — Lin(R%,R?) denote the derivative of T, and let Jp: O — R, z + det[T"],
denote its Jacobian. If f: RY — K is measurable, then (f o T) - |Jr| is measurable,
and

[wenini=[ » (C.82)
O TO

Proof. See [Rud87, Th. 7.26]. The complex case follows by applying the real theorem
to the real and imaginary parts of f. |

Fubini Theorem C.8.4. Let A C R?, B C RY, (d,d") € N2, be measurable sets.
Suppose f € L'(A x B,K). Then fl{gxp€ L'(B,K) for almost all a € A, flaxpy€
L' (A,K) for almost all b € B. Moreover, an element of L'(A,K) is defined by a —
[ f Tiayxs almost everywhere, an element of L'(B,K) is defined by b — [, f laxq
almost everywhere, and it holds that

/ ( / fr{a}xB) -/ i/ ( / f[AX{b}), s

Proof. See [Rud87, Th. 8.8(c)]. [ |
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List of Symbols

Apparently, it is practically unavoidable that occasionally a symbol occurs with different
meanings in different contexts. In the following list, each symbol is listed with all its meanings
occurring in the text. In case the symbol is defined in the text, the list provides a reference
to the page or to the formula with the respective definition.

Symbols that are not based on a letter are listed first, followed by letter-based symbols in
alphabetical order. For each letter, stylized letters are listed first, followed by Greek letters,
followed by Roman letters, where upper case letters are listed before lower case letters, e.g.
0, A, §, D, d. Moreover, the following order is used for fonts: blackboard bold, Fraktur,
calligraphic, bold, roman, e.g. D, ®, D, D, D.

See f... for some function-related symbols.

Symbol Meaning Ref.

[..] function argument p. X
(...) grouped terms p. X
| | absolute value
I abstract norm
| [ILip Lipschitz norm (C.7.6)
I| Il max max-norm (C.1.1)
I 1l l,-norm Def. C.2.1
| Hsup Hstup ‘= sup {f[a] : a in domain of f}
= equals by definition
= isomorphic
~ approximately equal
< much less
N\ olx] formula ¢ holds for each x p. X
x
V o[z] there exists x such that formula ¢ holds for x p. X
xT
) empty set
\ set-theoretic difference
N set-theoretic intersection
U set-theoretic union
Ujes 4j union of sets A;
U disjoint set-theoretic union
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Symbol

@)
§2lcon,(k:,C)

Q[(V)

con,k,solid

(v)
Qljurnp,(k,C)

Ql(l/)

jump, k,solid

SN NS

aﬂux,con,(k,C)
V7T
aﬂux,con,(k,C)
V7~L
aﬂux,con,(k,C)
()

aﬂux,jump,Q,Dir,(k,C)

v

flux,jump,2,-Dir,(k,C)

12
%ump,1,Dir, (k.C)
)

14
%jump, 1,-Dir, (%,C)

Meaning

cartesian product

cartesian product of sets A;
composition of functions
scalar product

tensor product

gradient

integral over A

identity matrix
absorptivity

variable with domain {1, 2}
variable for gas phase constituents

discretized nonlocal interface operator

variable for affine subspaces

A (v, w)] = {z eR?: [l — 2]z = [lw — z]2}

nonlocal interface operator

variable for tensors and matrices

matrix arising during radiation discretization

magnetic vector potential
transpose of matrix A

number of gas phase constituents
variable for a set

closure of the set A

number of elements of the set A,
cardinality of A

set, of functions from I into A, identical to
the cartesian product of #1 copies of A

LIST OF SYMBOLS

Ref.

(B.1.1)
(B.1.3)
(B.1.6)

p- 121
(3.7.92)

p- 121
(3.7.93)

p- 235

Not. C.4.15

(3.4.10)
p- 88
(3.4.22)
p.- 89
p. 222
p- 126
(2.5.8)

p. 232

(3.7.57
(3.8.37a
(3.8.37b

(3.7.63
3.7.62
3.7.60
3.7.59

~— — ~— ~— ~— ~— ~—

—~~ —~
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Symbol

I/7T
jump,l,ﬁDir,(k,C)
1/7
%jump, 1,-Dir, (k,C)
v
ajump,2,Dir,(/€,C)
L)
jump,Z,ﬁDir,(k,C)
v,1
ajump,Z,—\Dir,(k,C)
v,
ajump,Z,—\Dir,(k,C)
)
aout(k(ﬁ
Z/7T
aout(k(ﬁ

v,
aout(k(ﬁ

a

7,1
Ahyx
2

Meaning

variable for set elements

first given function in flux interface condition

second given function in flux
interface condition

PY’a
flux

dependency splitting of a

7,

time-discrete dependency splitting of ag’

components of the tensor A

first given function in jump interface condition

second given function in
jump interface condition

time-discrete given functions in
jump interface condition

j?l’
out

dependency splitting of a;

Jst

time-discrete dependency splitting of ay) .

variable for solid materials

259

p- 89
(3.4.25)
p- 89
p. 222
(3.4.9a)

(3.4.9a)
p- 88

(3.4.21)
p- 89
(3.4.12b)
p- 88
(3.4.30)
p- 89
(3.4.32)
p- 89
(C.4.1)
(3.7.108)
(3.7.111)
(3.7.96)
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Symbol

ﬁ/
%
Bc)

(v
%k,s)olid

Bj.,.

BVHT(..)]

By (]

Beon €]
Bcon,l,mu [(Q‘q 6con)]
Bcon,Q,mU [(0:7 6con)]

Bpj €]

Bd,r [1‘0]

Bf,mu [Q:]
Bﬂux,Dir
Bﬁux,jurnp,l,mu [(@, Gjump
Bﬂux,jump,?,mu [(Q: S
Bir[€]
Bjump {Q:]
Bjump,Dir [Q:]
Bjump,Dir,mu [Q:]
Bjump,mv [Q:]
By, pir[€]
B;,Dir [Q:]
Bli,Dir[Q:]
Blm, €]
Bnonloc [Q:]
Bout [Q]
Bout,mv [(Q:a Gout)}
BT [(L‘o]
B,[(¢, 11,0

~—
—

LIST OF SYMBOLS

Meaning Ref.

variable for solid materials
variable for solid materials p-

discretized nonlocal boundary operator

variable for tensors
magnectic induction
variable for a set

open r-ball with center xy and
with respect to metric d



LIST OF SYMBOLS

Symbol

)
b1c)
b(OéL)

bgas

Ck(A, B)
Cow(X,Y)

(o)
cg%'}

Ccomplex

ccomplex
clp[A]
CoCmp[7]
CoCmpg|v]
conv[A]
0.
0A
do
OregP
8sinp
d

di
A

Meaning

partial force density of constituent «,

total force density of the gas mixture

variable for set elements

variable for function under the time derivative
function under the time derivative in the

j-th material

components of the tensor B

function b at discrete time ¢,

W )
blkc) = Bie)

the set of complex numbers
evolution equation complex

variable for connected components of G,
C[(1. /)] = CoCrnpg, [

set of continuous functions from X into R
set of continuous functions from X into Y
set of functions from A into R having
continuous partial derivatives up to order k
set of functions from A into B having
continuous partial derivatives up to order k
set of functions from A into B having
continuous partial derivatives of all orders
set of piecewise continuous functions

from X into Y

concentration of constituent c«,

specific heat of solid material (;
variable for complex numbers
complex conjugate of ¢omplex

closure of A with respect to topology O
connected components of graph G
connected component in graph G of vertex v
convex hull of set A

partial derivative

boundary of set A

boundary of simplex o

regular boundary of polytope p

singular boundary of polytope p

material derivative

fineness of time discretization
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Ref.

(3.7.10)

p- 11
(2.1.6b)

(3.3.2a)

(3.1.1)
p- 88
p- 222
(3.3.9a)

(3.8.52¢)

Def. 3.4.6
p- 88

(3.7.13)
Not. C.6.1
p. 232
Not. C.6.1

Not. C.6.1

Not. C.6.1

p. 232
(2.1.4c)

p- 21

p. 232

Def. C.5.5
Def. C.5.3
Def. C.4.6
Not. C.6.3
p. 232
(C.4.8)
Def. C.4.11
Def. C.4.11
(2.1.13)
(3.3.7)
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dpic (]

dmax 1]
det

diam A
dim

div

e[(T[x],x)]
e[(Tx], x, M)

Meaning

A, =1, —1t,_1
domain complex

matrix arising during radiation discretization

diffusion coefficient of constituent o,
components of matrix D

integration with respect to measure m
and variable ©

dimension of space domain

variable for finite dimensions

variable for metrics

distance of z from set A in metric d
dimension of ¢

variable for finite dimensions

determinant

diameter of set A
dimension

divergence

emissivity
monochromatic emissivity
emissivity of solid 3

emissivity of reflective band

emissivity of transmittive band

partial internal energy of constituent
partial energy source of constituent «,
total internal energy of the gas mixture
radiation operator

radiation operator

electric field

emitted radiation

set of edges of graph G

Econ :={e[y] : v € IFcon}

Ejump = {e[7] : v € IFjump}
reflective emitted radiation
transmittive emitted radiation
radial cylindrical basis vector
angular cylindrical basis vector

LIST OF SYMBOLS

Ref.

(3.8.52d)
Def. 3.4.5
p- 88

p- 126
(2.1.21)
(3.7.81e)

p. 46

p- 243
Not. C.7.2
Def. 3.6.1

(3.7.29)
(3.8.25)

(3.5.1)

(B.1.6)
(2.4.2)
p- 30

p- 22

p- 27
(2.4.31a)
(2.4.31b)
p- 11
(2.1.9)
(2.1.6¢)
(2.4.13b)
(2.4.26b)
p- 32
(2.4.3)
Def. C.5.1
p- 60
(3.4.4)
(3.7.11)
p. 60

p- 29

p- 29
(B.3.2a)
(B.3.2b)
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Symbol

€

A
bA,0

1
qbj:qomp ex

complex
a0
complex
¢A,l,0
¥
5

F(A,B)

f (35]
fcirc

J

f(l/)
flring]

Fbottom
Lcon

Lj.

Meaning

vertical cylindrical basis vector

2.718. ..

map, assigning the set of indices {j1, jo} to
each interface OregPj; M OregPio

magnetic scalar potential

amplitude of sinusoidal magnetic

scalar potential

complex magnetic scalar potential

solution to (PDE;: qﬁilo,glplex)

variable for real numbers

finite volume discretization

set of functions from A into B

variable for a function

flux k;[(uj,t,2)] Vu;

flux through the boundary of w C p;

flux through the boundary of w C p; at time ¢,

variable for a function

variable for a source or sink function
fA:={fla]: a € A}

derivative of f

inverse function of f

f'B:={a: fla) € B}

f restricted to set A

power density per volume in solid material 3;
fcirc = f[ﬂcirCA

source or sink function in the j-th material

function f at discrete time ¢,

power density per volume in coil rings
path

solid surface

I':=praaNp

lower phantom closure

Teon:=1T'N U'yGIFcon vy

non-Dirichlet boundary of type ¢ of
j-th space domain
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Ref.

(B.3.2¢)

p- 43

Def. 3.7.41

p- 21
p. 27
(3.1.1)
p- 88

(3.3.9d)
(2.5.34a)
p. 36
p- 24
p- 122
p- 195
p. 128

p- 50
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Symbol

Fj70
L'; pir
Djump

| RSN

Fsin

I‘reg

L'y
Ft,reg
Ftop
v
g

o)

V8,8’
75’,gas
771 yY2

Vi
V1,42
g
g
9lve
gcirc
Gk
Gu
Gjump,a
g
g
gi
QEZ,)C)

~(v)
Iik.0)
(e
H
Hy o 1,f
Ho; 05, k5,15
Hy, 0, k, S
()

b7v7k7f
)

By, o, 1,
[](V)

)

bkc)

)
b(.0).(a)

LIST OF SYMBOLS

Meaning

Dirichlet boundary of j-th space domain
Dirichlet boundary of j-th space domain

Djump == TN U, erpn, Y

black body phantom closure

singular part of surface I

regular part of surface I

boundary of transmittive radiation region
regular part of I'

upper phantom closure

variable for interfaces

variable for elements of IF

stoichiometric coefficients of constituent o,
solid-solid interface

solid-gas interface

interface between materials y; and o
index for both solid materials and gas
interface between materials j; and jo
radiation operator

variable for graphs

induced subgraph of G on vertex set Vy[y,
radiation operator

gk = gwk

associated graph of w

gravimetric acceleration
variable for a function
components of the vector g

magnectic field
evolution operator
evolution operator on j-th space domain

Ref.

.37
.48
(2.4.13a)
Def. C.5.1
Def. C.5.1
(2.4.26a)
p- 83

Def. 3.5.3
(3.5.20)
p- 17

ie;

(3.8.52g)
(3.8.52b)
)

(3.8.50

p. 32
(3.3.3)
p- 58
p. 88

(3.3.8)
p- 89

(3.7.6)
(3.7.122)

(3.7.9)



LIST OF SYMBOLS

Symbol

Igas
I
Irad
Irad,F
Irad,ph
It
It
It » pir
It »,-Dir
I
L,

Iw,con

IF
IF

Meaning

fineness of the partition II()
index for gas phase constituents
index for non-Dirichlet boundaries
set of intervals with min a

index set

variable for intervals

finite index set for partition I1(7)
Planck function

finite index set for gas constituents
reflective band of wavelengths
finite index set for partition Il.q
Irad,F = {H € Laq : G C P}
Irad,ph = Iraq \ Irad,F

finite index set for partition II

reflective band of wavelengths
I, :=={K € Laq 1 int[(x] N Oregw # 0}

Ly con := {k € Ltad : Tcon NiNt[(] N Oregw # 0}
I%jump = {/i € Iaa :Fjump N int[(,.i] N 8regw #* @}

set of all interfaces
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Ref.

(3.7.39
(3.7.48
(3.7.53
(3.7.15
(3.7.67a
(3.7.50
(3.7.67b
(3.7.56
(3.7.58
(3.7.67¢
(3.7.61
(3.7.64
(3.7.118
(3.8.52f

(3.8.52a)
)

(3.5.2
p- 10
p.- 50

(C.6.4)

)
)
)
)
)
)
)
)
)
)
)
)
)
)

(3.5.15)
(2.4.32)
p- 214
p- 28
p.- 123
p- 124
p. 131
p.- 78
(3.7.2)
(3.7.4a)
(3.7.4a)
p- 29
p- 123
p. 128
p- 128
(3.4.3)
p. 88
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Symbol

IFcon
IFump
IE iy,
Im [ Ccomplex]

InLip(X,Y)
InLipy, (X,Y)

1

i1[]
ia[7]
inf ¥
insuplk]
int[A]

int[o]

Jgiven
J, given,0

J;
Ik
J;;oomplex
Jl,k,ref
complex
l,k,ref,0
Jr
Jrp
Jrg
Ji
Jref
Jref,r
Jref,t
Jtotal

LIST OF SYMBOLS

Meaning

set of continuous interfaces

set of jump interfaces

imaginary part of ¢
set of all inverse Lipschitz

functions from X into Y

set of all inverse Lj,y-Lipschitz
functions from X into Y

abstract indices or indices referring to
space coordinates

imaginary unit

index of first subdomain at ~

index of second subdomain at ~y
infimum of function F

initial supremum of function k
interior of set A

interior of simplex o

integral irradiation operator

reflective irradiation operator
transmittive irradiation operator

complex

irradiation

set of indices for abstract materials
Jacobian of f: Jg := det[f’]

given total current

amplitude of given total current

finite index set for non-Dirichlet boundaries

transmittive irradiation
reflected radiation

reflective reflected radiation
transmittive reflected radiation
total current

Ref.

Def. C.7.10

Def. C.7.10

Sec. 2.5.6
p. 61

p. 61

Def. 3.7.17
(3.8.17)

p. 232

p- 236
(2.4.7)

(2.5.38a)
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Symbol

complex
total,0

J
J
J

-complex

J

.complex
0

Jo
Jpir[(l, )]
K
K/(Ar)

KRgas
K

K
(v)
Eﬁ]TDir,(k,C)
& D, (k,0)
EJD)ir,(k,C)
Dir,(k,C)
gl
Dir,(k,C)

V7
EDir,(k;,C)

k
k
k
k
k

.

ol
N R <

S
8

Meaning

current density vector

current density

abstract indices

or indices referring to space coordinates,
solid materials or abstract materials
complex current density

index for boundary elements

thermal conductivity of Ar

thermal conductivity of solid material 3;
thermal conductivity of the gas mixture
K=RorC

permeability

index for induction coil rings

index for control volumes

abstract index

variable for diffusion function
diffusion function in the j-th material

visibility factor
rates of chemical reactions or
phase transitions

variable for real numbers
wavelength
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Ref.

(2.5.38b)
p. 32
p. 32

(2.5.26b)
(2.5.28b)
(2.5.25b)
Not. 3.7.3
p.- 123
(A.2.2)

p- 21

p- 19

p- 48
(3.7.16)
(3.8.21a)
(3.8.21b)
(3.7.17)
(3.8.22a)
)

(3.8.22b

p. 36
p- 73

(3.3.2¢)
(3.1.1)
p- 88
(3.3.9¢)
(3.8.20)
(2.4.8)

p- 19
(2.4.23)
(3.7.75)

p- 30
(3.8.31)
Not. C.8.1
(3.8.48)
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LDir,k,r[Q:]
Lf,r [Qt]
Lﬁux,l,r[(€7 6Con)]
Lﬂux,jump,r[(e:y 6jump)]
Linv
Linv,b[Q:]
Ln,/\
f/n,)\
Ly, .|C]
L, [e]
Lyr—m, [( )]
nonloc r[(@, H)]
Lout r[(Q: G;Tut)}

L.[(..

Ly [€]
Lin(V,V)
Lip(X,Y)

Lip; (X,Y)
l
Ipic (]

Meaning

matrix arising during radiation discretization
matrix arising during radiation discretization

variable for Lipschitz constants

components of matrix L
components of matrix L

set of linear maps from V into V

set of all Lipschitz functions from X into Y
set of all L-Lipschitz functions from X into Y

index for induction coil rings

variable for real numbers
magnetic permeability

variable for maxima of intervals
molecular mass of constituent «,
m = (My,...,My)

variable for minima of intervals
minimum of v = [m,, 00|
magnetic reluctivity

index for discrete time instances
magnetic reluctivity in material ~
number of time steps

set of natural numbers 1,2, ...
No=1{0,1,2,...}

number of solid materials
number of induction coil rings
discrete L'-norm

discrete L'-norm

LIST OF SYMBOLS

Ref.

(3.8.55)

p- 126

p- 127

p- 244
(3.8.28)
Lem. 3.8.27
Lem. 3.8.19
Lem. 3.8.23
Def. C.7.10
Def. 3.8.30
(3.7.81f)
(3.7.87)
Lem. 3.8.10
(3.8.23)
(3.8.54)
Def. 3.8.25
Lem. 3.8.16
(3.8.54)
(3.8.30)

Def. C.74
Def. C.7.4
p. 43
(3.7.47)
(3.7.77)

p. 32

p- 210

Sec. 2.2
p- 36
(3.7.129¢)

(3.7.128¢)
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Symbol

Ny —Dir

(v)
b,—Dir

Ngas
nb;[£]
nb; pir (K]
nb; —pir[k]
@)

Oa
O
1I
1[V]
1
1_Imd
T
Tcire
PlA]
Py
P

)
Pc)

Ptotal
Ptotal
Ptotal,)\
Ptotal,)\
(PDE: ¢4)
(PDE ¢complex>
(PDEZ ¢complex>
p* (o)

p
p

p
p(au)
p(AD

Meaning

@)

discrete L>°-L'-norm composed with bj
discrete L'-norm composed with bg.y)
discrete L>°-L'-norm

discrete L'-norm
discrete L>°-L'-norm

discrete L'-norm

outer unit normal vector to set A

outer unit normal vector to polytope p
outer unit normal vector to solid 3

outer unit normal vector to material
outer unit normal vector to gas phase

set of indices of j-neighbors of wy

set, of indices of Dirichlet j-neighbors of wy,
set of indices of non-Dirichlet j-neighbors of wy
variable for topologies

relative topology on A with respect to O
variable for open sets

I = (wk) ke

Voronoi discretization induced by point set V'
e = (w;?))kem

Hrad = (Cﬁ)melmd

n=314...

circular projection

power set of A

electrical power in k-th coil ring

average electrical power in k-th coil ring
Pleey = bie) [vic) |

total electrical power

total electrical power

system for ¢4

complex

system for ¢,

partial momentum source of constituent c,
pressure

polyhedral total space domain

variable for nonnegative real numbers
partial pressure of constituent c,

pressure of Ar
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Ref.

(3.7.127)
(3.7.126)
(3.7.129a)
(3.7.128a)
(3.7.129b)
(3.7.128b)

Def. C.4.17
p. 22

p. 37

p. 22
(3.7.12)
(3.7.14)
(3.7.14)

p. 232

p.- 73

Def. C.4.18
p. 73

p- 123

(2.4.20)

(2.5.46)
(2.5.47)
(3.8.52¢)
(2.5.48)
(2.5.49)
(2.5.52)
(2.5.53)

p- 39
p- 39
p- 43
p- 11

p- 58

p. 16
211
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Symbol

Dgas
Pgas
Dj
Prad

Psolid
pt[V]

q(®)

Meaning

pressure of the gas mixture
domain of gas phase

polyhedral space domain of the j-th material

circular projection of radiation region
domain of solid materials

set of all polytopes in V

set of d-polytopes in V

partial heat flux of constituent c,
total heat flux of the gas mixture
heat flux of solid material 3;

¢ = licq,...ay s gl

partial mass density of constituent
mass density of Ar

partial mass source of constituent c,
mass density of the gas mixture
mass density of solid material 3;
reflectivity

reflective reflectivity

transmittive reflectivity

the set of real numbers

the set of nonnegative real numbers
radiation operator

radiation operator

reflective radiation operator
transmittive radiation operator
radiosity

universal gas constant

reflective radiosity

transmittive radiosity

real part of ccomplex

vector in cylindrical coordinates
radial cylindrical coordinate
partial radiation of constituent «,
total radiation of the gas mixture
Boltzmann radiation constant
variable for simplices

electrical conductivity of solid material

electrical conductivity of coil ring

LIST OF SYMBOLS

Ref.

(2.1.16)
p- 127

p- 46

p. 122

p. 127
Def. C.4.9
Def. C.4.9
p- 11
(2.1.6e)

p- 21

Def. 3.6.2
p- 11
(A.2.1)

p- 11
(2.1.4a)
p- 21

p- 24
(2.4.34a)
(2.4.34Db)

(2.4.13c)
(2.4.26¢)

p- 124
p.- 31
p- 31

(2.4.1)

p. 210
p- 27
p- 29
p- 29

p- 230
p- 229
p- 11
(2.1.6d)
p. 210
p- 236

p. 32

(2.5.36)
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Symbol

Gcon
Sjump
6out
S
S)

solid

T185]
Tcyl

Tgas
Tgas,circ
Troom
Tsolid

Tsolid,circ
(v)
solid,circ
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Meaning Ref.
family of dependency splittings Lem. 3.8.19
family of dependency splittings Lem. 3.8.23
family of dependency splittings Lem. 3.8.16
........................... (3.8.49a)
........................... (3.8.56b)
........................... (3.8.56a)
variable for absolute temperature of
solid material
........................... (3.7.8)
set of all simplices in V Def. C.4.7
set of all d-simplices in V Def. C.4.7
supremum of function F Def. 3.7.17
time domain (3.1.2)
saturation p. 48
angular cylindrical coordinate p- 229
time discretization of
evolution equation complex (3.4.33)
............................. p- 89
partial stress tensor of constituent c, p.- 11
total stress tensor of the gas mixture (2.1.6a)
absolute temperature
coordinate transformation Def. 3.6.1
T[A x q] = T((ANO) x int[q]) (3.6.1)
matrix occurring in symmetry condition, related
to the derivative of coordinate transformation 7' (3.6.18a)
absolute temperature of solid material 3; p. 21
coordinate transformation for
cylindrical coordinates (B.3.1)
absolute temperature of the gas mixture p- 13
absolute temperature on domain pgas p. 127
room temperature p- 23
absolute temperature of solid material p- 24
............................. p- 27
............................. p. 123
time p- 11
initial time (3.1.2)
final time (3.1.2)
time for phase shift (2.5.25¢)
components of matrix T (3.6.18a)

components of the partial stress tensor
of constituent a, p. 11
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Symbol Meaning Ref.

t.0 time for phase shift (2.5.25b)
t, discrete time instant p. 56
tv.k0 time for phase shift (2.5.25a)
tra f trace of the equivalence class of
functions f on the set A
u domain of evolution operator p- 55
U; domain of evolution operator on j-th
space domain p- 55
U reservoir set of time-discrete solutions at ¢, p. 57
Z/{](V) reservoir set of time-discrete solutions at ¢,
on j-th space domain p.- 71
Ul p. 89
U®) discrete solution vector at time ¢, p. 103
UL (3.7.89)
UV ia (3.7.89)
u u= (Uj)ng p- 62
ulgy uly= (1, ) jes p. 62
u®) ut) = (W) e (3.4.34)
ul p. 89
u variable for vectors p. 222
ul®) diffusion velocity of constituent «, (2.1.4d)
u? u’:=ueu p. 222
u variable for unknown function
U capillary pressure p- 48
U; components of the vector u p. 222
u;j unknown function in the j-th material (3.1.1)
ug-o) initial distribution in the j-th material (3.1.10)
ng) ............................. p- 88
uj time-discrete unknown function in
the j-th material (3.4.34)
g§y) ............................. p- 89
Uj Dir Dirichlet function (3.4.12a)
UiDir e et p. 88
uggir time-discrete Dirichlet function (3.4.28)
W), p- 89
=3,Dir
u) unknown at discrete time ¢, p. 56
UEZ?j) ............................. p. 102
uEZ’)C) (k,C)-component of discrete solution vector at

time ¢, p- 103
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Symbol

(w1, ug)®
uSP-

ut.fsp.

V. [ring],complex
k

414
ring|,complex
Vk[’o g],comple
‘/ref

‘/total

Wotal,o
complex
V;;otal

Voo

(v)
thCon,(k’,C)
UU7T
IF,(k,C)
v,
IF, (k.C)
o)
int,Dir, (k,C)
b
int,—Dir,(k,C)
UV7T
int,—Dir,(k,C)
U”7l
int,—Dir,(k,C)
v
W)
out,(k,C)
0"
out,(k,C)

o]

V7
Yout, (k.C)
A%
vl

Vgas
v

Meaning

variable for families of scalar-vector-splittings

variable for vector spaces

vector arising during radiation discretization

finite set of points

vertex set of connected component C
set of simplex vertices

voltage in material

components of vector V

voltage in k-th coil ring

amplitude of sinusoidal voltage in
k-th coil ring

complex voltage in k-th coil ring

set, of vertices of graph G

reference voltage
given total voltage
amplitude of given total voltage

variable for vectors

partial local mean velocity of particles
of constituent o,

local mean velocity of all gas particles
variable for convective function
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N@@:@%ﬁ%%@

S
> N
3

2
200

LIST OF SYMBOLS

Meaning

variable for elements of abstract vector spaces
variable for vertices

components of the vector v

convective function in the j-th material

total variation function of f

positive variation function of f

negative variation function of f

variable for vectors

variable for elements of abstract vector spaces
upwind function for II) and U](f;)ec
factor in interface conditions

vector arising during radiation discretization
variable for topological spaces or metric spaces
components of vector X

(physical) vector of space coordinates
(abstract) vector of space coordinates
discretization point of boundary element (j
discretization point of control volume wy
variable for elements of p

variable for elements of ¢

range of the unknown

vector arising during radiation discretization
variable for topological spaces or metric spaces
components of vector Y

physical vector of space coordinates

variable for elements of v

variable for elements of v

boundary element

variable for metric spaces

vertical cylindrical coordinate

configuration number of Ar

space domain

2 := O x int[q]

domain of material 3

domain of conducting material G in

Ref.

p. 222
(3.1.1)

p- 88
(3.3.9b)
Def. 3.7.30
(3.7.33a)
Def. 3.7.30
(3.7.33b)
(C.6.6a)
(C.6.6b)
(C.6.6¢)

p. 114
(2.3.20)
p- 126

(3.7.81b)

p- 123
(3.7.1)
(3.6.18a)
(3.6.18a)
p- 53

p- 126

(3.7.81c)

p- 123

p- 229
p- 210

Def. 3.6.2
p.- 35
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Symbol

Meaning

growth apparatus
space domain of the j-th material

domain of k-th coil ring
angular frequency

view factor

control volume

control volume in domain p;
Voronoi box
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Ref.

p. 36
(3.1.2)
p- 36
p- 37
(2.4.9)
p.- 78
(3.5.14)
(C.4.3)



Index

a priori estimate, see estimate, a priori
absolute temperature, see temperature, abso-
lute
absorbed radiation, see radiation, absorbed
absorptivity, 25
acceleration
gravimetric, 17
affine combination, 235
affine geometry, 235
affine hull, 235
affine subspace, 94, 235
dimension, 235
affinely independent, 235
alternating current, see current, alternating
angle of incidence, 23
angular frequency, see frequency, angular
Ar, 2,3, 7, 10, 19, 20, 194, 210, 214
argon, see Ar
associated graph, see control volume, associ-
ated graph
axisymmetric, see symmetry, cylindrical

bakeout phase during PVT, see PVT, bakeout
phase
balance equation, 11, 13, 225227
hyperbolic, 47
partial, 10, 14
energy, 10, 14
mass, 10, 11
momentum, 10, 12
total, 14
energy, 7, 12, 14, 47
energy, simplified, 18
mass, 7, 14
mass, simplified, 18
momentum, 7, 14
momentum, simplified, 18
ball, 150, 243
Banach Fixed Point Theorem, 150
band
reflective, see wavelength, reflective band

transmittive, see wavelength, transmittive

band

band approximation model, see model, band
approximation

bilinearity of scalar product, see scalar product,
bilinearity

bilinearity of tensor product, see tensor prod-
uct, bilinearity
black body, 23
phantom closure, 23, 122, 195
Planck’s law, 29
blind hole, 2, 5
lower, 23, 122-124
upper, 23, 122
bnd-admissible, see scalar-vector-splitting, bnd-
admissible
Boltzmann radiation constant, see constant, Boltz-
mann radiation
boundary, 23, 25, 26, 29, 37, 39, 50, 58, 63, 72,
87, 89, 103, 111, 117, 124, 129, 232,
247
condition, see condition, boundary
Dirichlet, 63, 65, 86, 111, 135, 143, 145,
147, 148
element, 123
integral, 72, 94
decomposition, see decomposition, bound-
ary integrals
non-Dirichlet, 63, 65, 77
polytope, 237
regular, 237
singular, 237
regular, 24, 29, 53
simplex, 236
singular, 24
topological, 232, 237
bounded
from above, 116, 138
for a finite volume discretization, 144
for an evolution equation complex, 144
for discretization operators on bound-
aries, 129, 132, 144
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for discretization operators on interfaces,
132, 137, 144
from below, 116, 135, 163
bounded variation, 242

capillary pressure, see pressure, capillary
cartesian coordinates, see coordinates, carte-
sian
Cauchy-Schwarz Inequality, 116, 163, 164, 234
cavity, 23-26, 29
open, 23, 26
chain rule, 94, 97, 230
change of variables, 86, 87, 94, 100, 124
Change of Variables Theorem, 90, 91, 94, 248
chemical interactions, 21
chemical reaction, 10
rate, see rate, chemical reaction
chemical vapor deposition, see CVD
circular projection, see projection, circular
closure
black body phantom, see black body, phan-
tom closure
of a set, 232, 240
commutativity of scalar product, see scalar prod-
uct, commutativity
compact
metric space, 233, 244, 245
subset of finite-dimensional space, 233
topological space, 233
compatibility condition, see condition, compat-
ibility
concentration of gas constituent, see gas phase,
constituent, concentration
condition
boundary, 7, 8, 21-23, 26, 38, 50, 53, 55,
58, 63, 65, 66, 70, 72, 77, 103, 130
Dirichlet, 50, 63, 66
Dirichlet, time discretization, 69, 72
emission, 51
for magnetic scalar potential, 37
Neumann, 50
non-Dirichlet, 50, 63, 66
non-Dirichlet, time discretization, 70, 72
nonlocal, 56
nonlocal radiation, 51
of third kind, 22, 51
time discretization, 69, 72
zero Dirichlet, 50
zero flux, 50
compatibility, 65
Coulomb, 34
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initial, 21, 51, 56, 58, 63, 65, 67
interface, 8, 21, 26, 38, 48, 55, 57, 60, 65,
66, 72, 78, 80, 83, 89
continuity, 48, 60, 65
continuity, time discretization, 67, 72
flux, 61, 62, 66, 83
flux, time discretization, 69, 72
for magnetic scalar potential, 37, 50
in terms of absolute temperature, 22
in terms of heat flux, 22, 49
in terms of temperature, 49
jump, 48, 61, 62, 65, 83
jump, time discretization, 67, 72
nonlinear, 48
nonlocal, 48, 56
nonlocal radiation, 49
solid-gas, 22, 23, 31
solid-solid, 22, 23, 31
temperature continuity, 22
time discretization, 67, 72
symmetry, 86, 96, 98, 101
conducting material, see material, conducting
conductivity
electrical, 32, 38
solid material, see material, solid, elec-
trical conductivity
thermal, 112
gas phase, see gas phase, thermal con-
ductivity
of Ar, 212
solid material, see material, solid, ther-
mal conductivity
connected component, see graph, connected com-
ponent
conservation
energy
global, 14
radiation, 25, 125, 131
radiation (axisymmetric), 28
mass
global, 13
momentum
global, 13
conservation laws
global, 13, 14, 225-227
constant
Boltzmann radiation, 22, 210
physical, 210
universal gas, 19, 210
constituent, see gas phase, constituent
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contaminants during PVT, see PVT, contami-
nants
continuity interface condition, see condition, in-
terface, continuity
continuous function, 48, 54, 55, 62, 64, 65, 98,
124, 137, 152, 154, 156, 171, 174, 184,
232, 233, 238, 246
piecewise, 62, 232
continuous mixture theory, 10
continuous partial derivative, see derivative, par-
tial, continuous
contracting function, 150, 152, 153, 246
contraction, see contracting function
control volume, 8, 58, 73, 78, 81, 101-104, 111,
116, 121-124, 128, 138, 159, 162, 177
j-neighbor, 106
associated graph, 81, 83, 89
nontangent to interfaces, 78, 79, 81-83, 89,
118, 139
convection, 55, 134, 194
convergence, 8, 9, 111, 122, 145
convex hull, 236
convex set, 236, 245
cooling, see induction coil, water cooling
coordinate transformation, 87, 91, 92, 229
coordinates
cartesian, 86
cylindrical, 26, 32, 86-89, 92, 101, 229
curl, 230
definition, 229
divergence, 230
gradient, 230
properties, 229
standard basis, 32, 229
physical space, 222
copper, 214
copper induction coil, see induction coil
corner, 24
Coulomb condition, see condition, Coulomb
crucible, 2, 32
graphite, 2, 6, 20, 194, 215
porous graphite, 2, 214
crystal
SiC seed, see SiC, single crystal, seed
crystal growth, 10
curl
in cylindrical coordinates, 230
current
alternating, 32
eddy, 32

INDEX

induction heating, see induction heating,
current
sinusoidal, 41
surface, 37
current density, see density, current
CVD, 2
cylindrical coordinates, see coordinates, cylin-
drical
cylindrical symmetry, see symmetry, cylindrical

decomposition
boundary integrals, 74, 89
Decomposition Lemmas, 178, 182, 185—187
decreasing function, 179
defects during PVT, see PVT, defects
degassing during PVT, see PVT, degassing
density
current, 32, 35
complex, 39
sinusoidal, 37
vector, 32
force
partial, 11, 17
total, see gas phase, force density
mass, 111, 147, 163
partial, 11
solid material, see material, solid, mass
density
total, see gas phase, mass density
power
solid material, see material, solid, power
density
dependency splitting, 68, 71, 98, 121, 123, 130,
131, 134, 136, 165-170, 172, 174, 175,
179
bounded at m,,, 180, 182, 183
inc-admissible family, 179
locLip-admissible, 181, 182
nonlocal boundary operator, see operator,
nonlocal boundary, dependency split-
ting
nonlocal interface operator, see operator,
nonlocal interface, dependency split-
ting
np-admissible, 180
dependent part, 96, 98, 99
derivative, 16, 17
material, 15
partial
continuous, 240
space, 35, 241
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time, 35, 56, 241
diagonally dominant matrix, see matrix, diag-
onally dominant
diameter of a set, 73
diffeomorphism, 87, 229
differentiable
continuously, 230, 245
differential operator, see operator, differential
diffuse-gray radiation, see radiation, diffuse-gray
diffuse-gray radiation model, see model, diffuse-
gray radiation
diffuseness, 25
diffusion, 55, 100
matrix-valued, 100
diffusion coefficient, 7, 16
diffusion velocity, see gas phase, constituent,
diffusion velocity
diffusion velocity estimate, see estimate diffu-
sion velocity
dimension of affine subspace, see affine sub-
space, dimension
Dirichlet boundary, see boundary, Dirichlet
Dirichlet boundary condition, see condition, bound-
ary, Dirichlet
Dirichlet function, 63, 65, 101, 143, 183
discrete times, see time, discrete
discretization, 26, 34
finite volume, 8, 9, 45, 53, 72, 86
in space, 8, 54, 67, 86, 148, 176
domain complex, see domain complex,
space discretization
matrix, 43
nonlocal operator, see operator, nonlo-
cal, space discretization
nonlocal radiation operator, see opera-
tor, nonlocal radiation, space discretiza-
tion
polytope, 73, 111, 116, 122, 138
in time, 8, 54, 66, 73, 86, 148, 149, 175,
186
evolution equation, see evolution equa-
tion, time discretization
evolution equation complex, see evolu-
tion equation complex, time discretiza-
tion
evolution operator, see operator, evolu-
tion, implicit time discretization
explicit, 56, 6668
fineness, 56, 182
heat transfer problem, 38
implicit, 56, 6668
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scalar-vector-splitting, see scalar-vector-
splitting, time discretization
of interval, 242
stationary problem, 45
strategy, 101
Voronoi, see Voronoi discretization
discretization point, 101, 102, 103, 111, 123,
138, 143, 159
Voronoi, see Voronoi discretization, discretiza-
tion point
displacement current, 32, 33
diSpt—(i), @
dispt-(ii), 102
dispt-(iii), 103
divergence, 223, 241
in cylindrical coordinates, 230
of a tensor, 223
of a vector, 223
divergence form, 34
divergence term, 74, 89
domain
polytope, 8, 86
space, 8, 46, 49, 50, 53, 57-61, 64, 65, 72,
73, 81, 86, 87, 122, 143
gas phase, 127
solid material, 127
total, 58, 78, 79, 88, 127
time, 53, 56, 58, 64, 66
time-space, 46, 53, 241
domain complex, 59, 64, 66, 73, 88, 103, 122
space discretization, 138
Domain Invariance Theorem, 92, 233

eddy current, see current, eddy
edge, 61, 81
of graph, see graph, edge, see graph, edge
electric field, 32
electrical conductivity, see conductivity, electri-
cal
elliptic partial differential equation, see partial
differential equation, elliptic
emission condition, see condition, boundary, emis-
sion
emissivity
solid material, see material, solid, emissiv-
ity
emittance, 23
emitted radiation, see radiation, emitted
energy
exchange, 10
internal, 55, 138
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partial, 11
total, see gas phase, internal energy
partial balance equations, see balance equa-
tion, partial, energy
energy conservation
global, see conservation, energy, global
energy gap in SiC, see SiC, energy gap
energy source, see souce, energy
estimate
a priori
discrete, 105
discrete L>-L', 9, 145, 147
discrete L>=-L%, 9
diffusion velocity, 213
local mean velocity of the gas phase, 213
evolution equation, 8, 53, 56-58, 66, 72, 100,
122
continuous setting, 53
finite volume discretization, see evolution
equation complex, finite volume dis-
cretization
solution, 9
implicit Euler scheme, 57
operator form, 55
solution, 58
time-discrete, 56, 99
time discretization, 56, 66, 72, 74, 89
integral formulation, 73
evolution equation complex, 57, 64, 66, 73, 88,
100, 113
bounded from above, 144
finite volume discretization, 86, 112, 139,
145, 175
bounded from above, 144, 147, 148, 182,
183
increasing, 179, 182, 183
locally Lipschitz, 182, 183
nonpositive at m, 180, 182, 183
solution, 65, 143, 147
solution, existence, 112, 149, 183
solution, uniqueness, 149, 183
increasing, 179
locally Lipschitz, 181
nonpositive at m, 179
solution, 65, 143
space-discrete, 103, 105
time-discrete, 71, 73, 102, 103
time discretization, 71, 89, 139
evolution operator, see operator, evolution
exchange
mass, 16

INDEX

momentum, 16

exchange of energy, see energy, exchange

existence of discrete solutions, see evolution equa-
tion complex, finite volume discretiza-
tion, solution, existence

existence of fixed points, see fixed point, exis-
tence

explicit discretization, see discretization, in time,
explicit

Fick’s Law, 16, 17
field equations, 15, 225-228
fineness
of partition, 73
fineness of time discretization, see discretiza-
tion, in time, fineness
finite volume discretization, see discretization,
finite volume
finite volume method, 8, 34, 45
first subdomain, 61
fit
of CLLgruCible]’ 215
of Cg}inCrystal]7 290
of E[Crucible], 215
of functions
piecewise, 210
smooth, 210
of k(A1) 212
of K[Crucible]y 215
of H[Insulation]’ 21
of p[Insulation]7 218
fixed point
existence, 150
uniqueness, 150
fluid dynamics
linearization assumption, 17
fluid transport in porous media, see porous me-
dia, fluid transport
flux, 48, 58, 59
across interfaces, 78
convection
interior, 112
diffusion
interior, 106
heat, 22, 83
due to irradiation, 23
due to radiosity, 23
normal, 22
partial, 11
solid material, see material, solid, heat
flux

[0d]
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total, see gas phase, heat flux
interface condition, see condition, interface,
flux
interior, 102
normal, 102
through the boundary, 60, 61, 67
force density, see density, force
Fourier’s Law, 19
frequency
angular, 37
induction heating, see induction heating,
frequency
Fubini Theorem, 99, 248
function, x

gas constant, see constant, universal gas
gas mixture, see gas phase
gas phase, 3, 7, 10, 13, 15, 19, 20, 22, 23, 31,
37, 47, 83, 194, 210, 213
absolute temperature, 13, 19, 20
composition, 3
constituent, 7, 10, 11, 14, 17, 19, 21, 214
concentration, 5, 13
diffusion velocity, 13, 16, 17
viscosity, 16
domain, 127
force density, 13
heat equation, 21
heat flux, 13, 19
internal energy, 13
local mean velocity, 12, 17
estimate, 213
range during PVT, 213
mass density, 12
mass transport, 5
normal vector, 22, 25
predominant species, 3, 10, 19
pressure, 5, 16
radiation, 13
simplifications, 10, 15, 228
one constituent only, 19
species, 10
quantities inside, 11
stress tensor, 13, 16
thermal conductivity, 19, 211
gas phase model, see model, gas phase
gas region, 10
Gauss-Green Integration Theorem, 72, 74, 89,
247
global conservation laws, see conservation laws,
global
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global energy conservation, see conservation,
energy, global
global mass conservation, see conservation, mass,
global
global momentum conservation, see conserva-
tion, momentum, global
gradient, 223, 241
in cylindrical coordinates, 230
in normal direction, 108
of a scalar, 223
of a vector, 223
product rules, 223
temperature, see temperature, gradient
Gram determinant, 94
graph, 61, 81, 239
associated, see control volume, associated
graph
connected component, 81, 83, 103, 128, 143,
240
edge, 61, 239
path, 239
vertex, 61, 81, 239
graphite crucible, see crucible, graphite
graphite felt insulation, see insulation, graphite
felt
graphitization
SiC powder, see SiC, powder, graphitiza-
tion
gravimetric acceleration, 11, see acceleration,
gravimetric
growth apparatus, 10
growth rate during PVT, see PVT, growth rate

heat conduction
solid material, see material, solid, heat con-
duction
heat equation, 66
existence theory, 9
gas phase, see gas phase, heat equation
nonlinear, 8
solid materials, see material, solid, heat
equation
stationary, 47
transient, 47, 55
heat flux, see flux, heat
interface condition, see condition, interface,
in terms of heat flux
heat sink, 55
heat source, 32, 38, 55, 138, 178
numerical simulation, see numerical simu-
lation, heat source
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heat transfer, 7, 10, 20, 22, 194

model, see model, heat transfer

via conduction, 21

via radiation, 20, 21, 29, 121, 122
heating during PVT, see PVT, heating
heating power, see induction heating, power
homeomorphism, 233
hyperbolic balance equation, see balance equa-

tion, hyperbolic

ideal gas
material laws, see material laws, ideal gas
ideal gas law, 211, 213
iff, x
implicit discretization, see discretization, in time,
implicit
implicit Euler scheme, 57
inc-admissible
family of dependency splittings, 179
scalar-vector-splitting, 179
increasing evolution equation complex, see evo-
lution equation complex, increasing
increasing finite volume discretization, see evo-
lution equation complex, finite volume
discretization, increasing
increasing function, 146-148, 152, 154-156, 158—
164, 166-170, 172-175, 177-179, 185,
186, 241, 246
strictly, 241, 246
induced subgraph, 239
induction coil, 7, 32, 36, 40, 214
heat conduction, 21
moving, 38
position, 5
rings, 32, 36, 40-43, 196
topology, 33
total current, 33
turn, 33, 36
voltage, 33, 36
water cooling, 214
induction heating, 2, 21, 138
current, 32, 36, 40, 41, 44
frequency, 32
power, 5, 32, 36, 40, 42, 44
coil ring, 42
coil ring, average, 42
total, 42
total, average, 42
voltage, 32, 36, 40, 41, 44
inert gas, 2
pressure, 5

INDEX

initial condition, see condition, initial
initial distribution, 63, 65, 71, 101, 143, 147,
149
initial supremum, 156
initial temperature distribution, see tempera-
ture, distribution, initial
initial time, see time, initial
Institute of Crystal Growth (IKZ), Berlin, 1
insulation, 2, 6
graphite felt, 214
graphite felt, 3, 20, 194, 216
Si accumulation, 21
graphite foam, 3
integral formulation
change of variables, 89
of time-discrete evolution equations, 73
integral operator, see operator, integral
interchange
mass, 10
momentum, 10
interface, 39, 50, 54, 60, 62, 69, 78, 82, 102, 111,
116, 118, 122, 128, 132, 134, 159, 238
continuous, 61, 65-67, 80-83, 103, 104, 107,
118, 119, 133, 134, 169, 183
jump, 54, 61, 62, 65, 67, 80-83, 86, 103,
104, 107, 118, 119, 133, 135, 143, 172,
174
solid-gas, 24, 31, 37
solid-solid, 24, 29, 31, 37
interface condition, see condition, interface, 53
interface layer, 22
interior, 63, 232, 240
simplex, 236
intermediate value theorem, 156
internal energy, see energy, internal
invariance of domain, see Domain Invariance
Theorem
inverse Lipschitz function, 146-148, 150, 154,
155, 179, 186, 246, 247
invertible operator, see operator, invertible
irradiation, 22, 23, 24, 30
reflective, 29
transmittive, 29

Jacobian, 94, 230, 248

Joule effect, 32

jump interface, see interface, jump

jump interface condition, see condition, inter-
face, jump

Kirchhoff’s law, 25, 30
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Lebesgue measure, 74, 177, 247
Lely method
modified, 2
original, 2
linear operator, see operator, linear
linearization assumption of fluid dynamics, 17
Lipschitz function, 150, 152, 154, 156, 157, 159—
164, 166, 168, 169, 171, 172, 174-177,
186, 234, 244, 245, 246
cartesian product, 245
composition, 244
locally, 154, 156-158, 162, 163, 165, 166,
169, 170, 176-179, 181, 182, 244
product, 244, 245
scaled, 244
sum, 186, 244, 245
local mean velocity, see velocity, local mean
locally Lipschitz
evolution equation complex, see evolution
equation complex, locally Lipschitz
finite volume discretization, see evolution
equation complex, finite volume dis-
cretization, locally Lipschitz
function, see Lipschitz function, locally
locLip-admissible
dependency splitting, 181, 182
scalar-vector-splitting, 181
Lua, 198

M-matrix, see matrix, M-
magnetic field, 32
continuity, 33
oscillating, 32
magnetic induction, 32
magnetic permeability, 32
magnetic potential, see potential, magnetic
magnetic reluctivity, 33
map, X
mass
partial balance equations, see balance equa-
tion, partial, mass
mass conservation
global, see conservation, mass, global
mass density, see density, mass
mass exchange, see exchange, mass
mass interchange, see interchange, mass
mass source, see souce, mass
mass, molecular, see molecular mass
material
conducting, 21, 32, 33, 35, 36
insulating, 33, 35, 39
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semi-transparent, 21-23, 26, 28, 31
solid, 6, 20, 22-24, 26, 29, 32, 37, 49, 50,
83, 123, 194, 214
absolute temperature, 21, 24
domain, 127
electrical conductivity, 214
emissivity, 8, 22, 24, 29, 67, 68, 70, 214
heat conduction, 20
heat equation, 21
heat flux, 21
mass density, 21, 214
monochromatic emissivity, 30
normal vector, 22, 24
power density, 21, 138
specific heat, 21, 214
surface, 22-24, 26, 28
temperature continuity, 22, 24, 127
thermal conductivity, 21, 29, 214
material data, 6, 7, 38, 194, 210
material derivative, see derivative, material
material laws, 10, 14, 18
ideal gas, 19
material thickness, 29
matrix
diagonally dominant, 234
strictly, 126, 127, 234
M-, 126, 127, 235
monotone, 234
multiplication, 222
nonnegative, 126, 127, 234
square, 234, 235
unit, 16
max-metric, 243, 247
max-norm, 151, 152, 159, 162, 171, 174, 176,
233, 234
Maxwell’s equations, 7, 32, 33
mean velocity, see velocity, local mean
mechanical interactions, 21
Mesa, 198
metric space, 150, 151, 233, 243-247
micropipes, see PVT, defects, micropipes
mixture, 10
mixture theory, see continuous mixture theory
model, 10, 21
band approximation, 23, 28, 220
diffuse-gray radiation, 23, 122
axisymmetric, 26
semi-transparency, 28
gas phase, 10
heat transfer, 21
time discretization, 38
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induction heating, 32, 178
assumptions, 32
sinusoidal, 21, 37, 38
stationary, 7, 33, 38
transient, 7, 33, 38
net radiation method, 24
stationary, 5
transient, 5, 10
modified Lely method, see Lely method, modi-
fied
molecular mass, 19, 210
molecule
double-atomic, 19
multi-atomic, 19
single-atomic, 19, 210
momentum
partial balance equations, see balance equa-
tion, partial, momentum
momentum conservation
global, see conservation, momentum, global
momentum exchange, see exchange, momen-
tum
momentum interchange, see interchange, mo-
mentum
momentum source, see souce, momentum
monochromatic emissivity, see material, solid,
monochromatic emissivity
monotone matrix, see matrix, monotone
motion, 10

negative variation function, see variation func-
tion, negative

net radiation method, 24

Neumann condition, see condition, boundary,
Neumann

new variables, see variables, new

Newton’s method, 67, 210

non-Dirichlet boundary, see boundary, non-Dirichlet

non-Dirichlet boundary condition, see condi-
tion, boundary, non-Dirichlet

nonlinear interface condition, see condition, in-
terface, nonlinear

nonlinear system of equations, see system of
equations, nonlinear

nonlocal boundary condition, see condition, bound-

ary, nonlocal

nonlocal boundary operator, see operator, non-
local boundary

nonlocal interface condition, see condition, in-
terface, nonlocal

INDEX

nonlocal interface operator, see operator, non-
local interface
nonlocal operator, see operator, nonlocal
nonlocal space dependence, see space depen-
dence, nonlocal
nontangent to interfaces, see control volume,
nontangent to interfaces
norm topology, 63, 233, 237, 238
normal pressure, see pressure, normal
normal vector
gas phase, see gas phase, normal vector
polytope, see polytope, normal vector
solid material, see material, solid, normal
vector
np-admissible
dependency splitting, 180
scalar-vector-splitting, 179
null set, 24
numerical simulation, 3, 5-7, 26, 33, 43, 54, 68,
86, 87, 101, 194, 195, 210, 211, 214,
220
heat source, 214
heat transfer
transient, 5, 38
stationary, 5, 8
temperature distribution, 194, 214
transient, 5, 23

Ohm’s law, 33
old variables, see variables, old
opaque media, 24, 31
opaqueness, 25
open cavity, see cavity, open
open cover, 232
open radiation region, see radiation, region, open
OpenGL, 198
operator, x
1, 149, 175
T, 149, 161, 167
differential, 223
discretization, 139, 143, 144, 184
evolution, 55, 58, 64, 86
implicit time discretization, 56, 71
integral, 25, 30
invertible, 26, 28
linear, 223
nonlocal, 49, 175, 176
l-property, 175, 183
space discretization, 121
nonlocal boundary, 63, 65, 66, 98, 121, 122,
129, 131
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dependency splitting, 70
space discretization, 121
nonlocal interface, 62, 65-67, 98, 121, 122,
133, 136
dependency splitting, 68
space discretization, 121
nonlocal radiation, 66, 122, 129, 131, 136
space discretization, 122, 128
norm, 234
space discretization, 105
oscillating magnetic field, see magnetic field,
oscillating
outer boundary condition, see condition, bound-
ary

PARDISO, 198
partial balance equations, see balance equation,
partial
partial differential equation, 8
elliptic, 47
evolution equation, see evolution equation
heat equation, see heat equation
hyperbolic balance equation, see balance
equation, hyperbolic
nonlinear, 46
Richards equation, see Richards equation
stationary, 46
stationary heat equation, see heat equa-
tion, stationary
transient, 46, 51
transient heat equation, see heat equation,
transient
partial energy source, see source, energy, par-
tial
partial force density, see density, force, partial
partial heat flux, see flux, heat, partial
partial internal energy, see energy, internal, par-
tial
partial local mean velocity, see velocity, local
mean, partial
partial mass density, see density, mass, partial
partial mass source, see source, mass, partial
partial momentum source, see source, momen-
tum, partial
partial pressure, see pressure, partial
partial radiation, see radiation, partial
partial stress tensor, see tensor, stress, partial
partition, 58, 63, 64, 72, 73, 75-79, 81, 88, 89,
101, 102, 106, 107, 123, 130, 134, 135,
138, 147, 148, 232, 237, 239
fineness, see fineness, of partition
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path, 36
path in graph, 239
pdelib, 197
penetration depth, 29
permeability, see magnetic permeability, 48
perpendicular, 238
phantom closure, see black body, phantom clo-
sure
phase transition
rate, see rate, phase transition
physical constant, see constant, physical
physical vapor transport, see PVT
piecewise continuous, see continuous function,

piecewise
Planck’s law, 29, 30
plasma, 10

polyhedral set, 46, 53, 58, 87, 130, 166, 236
polytope, 53, 55, 59, 63, 64, 67, 72, 73, 78-82,
86-88, 92, 94, 96, 97, 122, 138, 186,
236, 239
boundary, see boundary, polytope
discretization, see discretization, in space,
polytope
domain, see domain, polytope
normal vector, 108, 117, 238
polytype of SiC, see SiC, polytype
porosity, 21
of graphite crucible, 194
of SiC powder, 6, 219
porous graphite, see crucible, porous graphite
porous media, 6
fluid transport, 48
positive variation function, see variation func-
tion, positive
potential
magnetic (scalar), 34, 214, 230
continuity, 37, 39
in conductors, 35
in insulators, 35
interface and boundary conditions, 37
sinusoidal, 37
magnetic (vector), 34
continuity, 37

powder
SiC, see SiC, powder
power
induction heating, see induction heating,
power
power density, see material, solid, power den-
sity
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predominant species, see gas phase, predomi-
nant species
pressure, 3
capillary, 48
normal, 2, 211
partial, 4, 16
total, see gas phase, pressure
product rule
for 0, 228
for 0y, 225-228
gradient, see gradient, product rules
projection
circular, 27, 40, 122, 123, 125, 131
PVT, 2, 5, 6, 10, 16, 19, 20, 32
bakeout phase, 3, 5
contaminants, 3
control parameters
external, 5
internal, 5
defects, 4
dislocations, 4
impurities, 4
micropipes, 4
unwanted polytypes, 4
vacancies, 4
degassing, 3
geometric setup, 2, 6
single chamber, 3
two chamber, 4
growth rate, 4
heating, 3

g-independent, 96, 98, 99

radiation, 6, 22-25, 28, 29, 31, 47, 49, 58, 123,
175, 176
absorbed, 25
black body, 29
diffuse-gray, 23
emitted, 24, 25
reflective, 29
transmittive, 29
energy conservation, see conservation, en-
ergy, radiation
partial, 11
reflected, 24
reflective, 29
transmittive, 29
region, 29, 49, 50, 122
open, 26
total, see gas phase, radiation

INDEX

radiation constant, see constant, Boltzmann ra-
diation
radiative interaction, 23, 122
radiosity, 22, 23, 24, 25, 30
reflective, 29
transmittive, 29
range
local mean velocity during PVT, 213
range of the unknown, see unknown function,
range
rate
chemical reaction, 19
phase transition, 19
reaction-diffusion equations, 7, 18, 20
reflected radiation, see radiation, reflected
reflection, 23
specular, 23
reflective band, see wavelength, reflective band
reflectivity, 24
region
radiation, 124
regular boundary, see boundary, regular
polytope, see boundary, polytope, regular
regularity of input functions, 54
regularity of the unknown, see unknown func-
tion, regularity
relative topology, see topology, relative
reluctivity, see magnetic reluctivity
resistance heating, 2
RF-heating, see induction heating
Richards equation, 48
room temperature, 21, 23, 214
rotation, 27

saturation, 48
scalar, 223
scalar product
bilinearity, 222
commutativity, 222
of two tensors, 222
of two vectors, 222
of vector and tensor, 222
scalar-vector-splitting, 112, 113, 116, 117, 139,
144, 161-163, 179
bnd-admissible, 144
inc-admissible, 179
locLip-admissible, 181
np-admissible, 179
time discretization, 113
scaling, 41, 42
second subdomain, 61
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seed crystal
SiC, see SiC, single crystal, seed
semi-transparency, 23, 28, 31, 220
semi-transparent material, see material, semi-
transparent
Si, 3, 4, 10, 19, 21, 194, 214
SixC, 3, 4, 10, 19, 214
SiC
boule, 1
defect density, 4
impurities, 5
size, 4
bulk single crystal growth, 1, 5, 10, 16
growth rate, 2
crystallization, 2, 3, 6
energy gap, 220
growth of thin layers, 2

polytype, 4
4H, 4
6H, 3, 220

powder, 2-4, 6, 8, 20, 194, 214, 218
ambient gas pressure, 219
graphitization, 21, 219
particle size, 219
porosity, 219
sintering, 21, 219
sublimation, 3, 6
transmissivity, 219

single crystal, 2, 5, 6, 10, 23, 31, 214, 219
application, 1
seed, 2-5, 20
semi-transparency, 28, 31
surface, 23

source, see SiC, powder

sublimation, 2

SiCsy, 3, 4, 10, 19, 214
simplex, 236, 237

boundary, see boundary, simplex

interior, see interior, simplex

vertex, 236

simplifications in the gas phase, see gas phase,

simplifications

simulation, see numerical simulation

single crystal, 10

single-atomic molecule, see molecule, single-atomic

singular boundary, see boundary, singular
polytope, see boundary, polytope, singular

sink

heat, see heat sink

sink function, 55, 137
sintering
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SiC powder, see SiC, powder, sintering
sinusoidal, 21, 32, 33, 37, 38
sinusoidal current, see current, sinusoidal
sinusoidal voltage, see voltage, sinusoidal
solid material, see material, solid
solution
evolution equation, see evolution equation,
solution
evolution equation complex, see evolution
equation complex, solution
strong, see strong solution
weak, see weak solution
source
energy
partial, 11
partial, defining equations, 14
gas, 138
heat, see heat source
mass
partial, 11, 18
momentum
partial, 11
SiC, see SiC, powder
source function, 55, 137
space dependence
nonlocal volumetric, 47
space domain, see domain, space
species, see gas phase, species
specific heat
solid material, see material, solid, specific
heat
spectral optical thickness, 29
spectrum, 28
SSM, 2
stationary heat equation, see heat equation, sta-
tionary
stationary partial differential equation, see par-
tial differential equation, stationary
stationary problem, 45
Stefan-Boltzmann law, 2224
stoichiometric coefficient, 19
stress tensor, see tensor, stress
strictly increasing, see increasing function, strictly
strong solution, 74
subgraph, see induced subgraph
sublimation sandwich method, see SSM
surface
SiC single crystal, see SiC, single crystal,
surface
solid, see material, solid, surface
surface current, see current, surface
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symmetry

condition, see condition, symmetry

cylindrical, 7, 26, 27, 31, 32, 35, 40, 86, 87,

122, 131, 136, 176, 194
conservation of radiation energy, 28

system of equations

linear, 44, 126

nonlinear, 67, 210

partial differential, 38, 40

temperature, 2, 3, 5-7, 22, 38, 49, 67, 68, 70,
83, 127, 130, 195, 214, 215, 219, 220
absolute, 111, 147, 163, 166, 176, 178
gas phase, see gas phase, absolute tem-
perature
interface condition, see condition, inter-
face, in terms of absolute temperature
solid material, see material, solid, abso-
lute temperature
at SiC powder, 5
at SiC seed, 5

continuity between solids, see material, solid,

temperature continuity
difference
source-seed, 2, 5
distribution, 5
evolution of, 5, 7, 20
initial, 23
numerical simulation, see numerical sim-
ulation, temperature distribution
gradient, 22
jump, 22, 24
room, 123
single, 10
tensor, 222, 223
stress
partial, 11, 16
total, see gas phase, stress tensor
tensor product
bilinearity, 223
of two vectors, 223
tensorial quantities, 11
thermal conductivity, see conductivity, thermal
thermal stress, 5, 6
thermomechanical process, 10
third kind boundary condition, see condition,
boundary, of third kind
time, 10, 11, 21, 22, 32, 33, 36-38, 40, 54, 56,
62, 67, 97, 103, 105, 112, 123
discrete, 56, 67, 103, 123, 143
final, 53

INDEX

initial, 23, 53, 58, 143

time step, 38, 103, 105, 106, 149

time-dependent, see transient

time-space domain, see domain, time-space

topological space, 232, 233

topology, 232, 233

relative, 63-65, 74, 75, 77, 88, 106, 232

total force density, see gas phase, force density

total heat flux, see gas phase, heat flux

total internal energy, see gas phase, internal en-
ergy

total mass density, see gas phase, mass density

total pressure, see gas phase, pressure

total radiation, see gas phase, radiation

total space domain, see domain, space, total

total stress tensor, see gas phase, stress tensor

total variation function, see variation function,
total

trace, 59

transient heat equation, see heat equation, tran-
sient

transient model, see model, transient

transient numerical simulation, see numerical
simulation, transient

transient partial differential equation, see par-
tial differential equation, transient

transmittive band, see wavelength, transmit-
tive band

Triangle, 197

uniqueness of discrete solutions, see evolution
equation complex, finite volume dis-
cretization, solution, uniqueness
uniqueness of fixed points, see fixed point, unique-
ness
unit matrix, see matrix, unit
universal gas constant, see constant, universal
gas
unknown function, 46, 48, 53, 58, 60, 62, 99,
111, 121, 127, 130, 138, 147, 163, 166,
176, 178
range, 53, 58, 64, 110, 144
regularity, 54
upper bound, 105, 109, 115, 116
boundary terms, 129
interface terms, 132
upwind function, 114, 116
symmetry condition, 114

variables
new, 87, 89, 91, 94, 95
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old, 87, 89
variation, 156
bounded, 242
variation function
negative, 242
positive, 242
total, 242
vector, 222, 223
vector field, 230
vector space
finite dimensional real, 222
vectorial quantities, 11
velocity
diffusion, see gas phase, constituent, diffu-
sion velocity
local mean
gas phase, see gas phase, local mean ve-
locity
partial, 11
vertex
of graph, see graph, vertex, see graph, ver-
tex
of simplex, see simplex, vertex
view factor, 25, 26
viscosity of gas constituent, see gas phase, con-
stituent, viscosity
visibility factor, 25, 26
voltage
along path, 36
growth apparatus, 36
induction heating, see induction heating,
voltage
sinusoidal, 41
volume integral, 72, 91
Voronoi box, 239
Voronoi discretization, 239
discretization point, 239

wavelength, 23, 29, 30
reflective band, 28, 136, 220
transmittive band, 28, 136
weak solution, 74
WIAS-HiTNIHS, 197

X-Windows, 198

zero flux condition, see condition, boundary,
zero flux



