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ABSTRACT. We provide a detailed analysis of Derrida’s Generalised Random Energy
Model (GREM). In particular, we describe its limiting Gibbs measure in terms Ruelle’s
Poisson cascades. Next we introduce and analyse a more general class of Continuous
Random Energy Models (CREMs) which differs from the well-known class of Sherrington-
Kirkpatrick models only in the choice of distance on the space of spin configurations :
the Hamming distance defines the later class while the ultrametric distance corresponds
to the former one. We express explicitly the geometry of its limiting Gibbs measure in
terms of genealogies of Neveu’s Continuous State branching Process via an appropriate
time change. We also identify the distances between replicas under the limiting CREM’s
Gibbs measure with those between integers of Bolthausen-Sznitman coalescent under the
same time change.

1. INTRODUCTION

Through the remarkable progress achieved recently through the work of Guerra [G], Aizen-
man, Sims, and Starr [ASS], and Talagrand [T5, T6] (see also this volume) towards a rig-
orous justification of the Parisi solution in the Sherrington-Kirkpatrick models, we have
now a clear understanding of how Parisi’s replica symmetry breaking solution for the free
energy emerges. With the exception of a regime in the p-spin SK models where one-step
replica symmetry breaking occurs [T2, T4], however, these result only justify the formula
for the free energy. The question of how the asymptotics of the Gibbs measure is described
in general, and whether it conforms to the picture suggested by the replica theory remains
open.

In this situation it may still be instructive to see how a picture like the one predicted
by replica theory emerges in another class of spin glass models, the Generalised Random
Energy models of B. Derrida and Gardner [D3, DG1, DG2]. This is reinforced by the fact
that these structures play a crucial role in the Parisi solution. In this article we give a
concise review of a detailed rigorous analysis of the asymptotics of the Gibbs measures in
this class of models that we carried out recently [BK1, BK2, BK3].

The class of models we consider here can be described as follows. Consider the N dimen-
sional hypercube ¥ = {—1,1}" endowed with the (normalized) ultrametric distance

dy(o,7) =1 — N Y(min{i : 0y # ;} — 1). (L.1)
Define a centered normal Gaussian process X on Yy with covariance given by
EX,X; =A(1 —dn(o,7)) (1.2)

for some non-decreasing right-continuous function A : [0,1] — [0, 1].

The principal objects of interest are the Gibbs measures on Xy

eBVNX,
upN(0) = ——, oEXy, (1.3)
8,N
where the partition function, Zg y, is
Zg.N = Z VX (1.4)
oEX N

This class of models differs from the Sherrington-Kirkpatrick (SK) models only in the
choice of the distance (1.1). In fact, the SK models are defined in th same way, but
instead of the ultrametric distance dy one uses the Hamming distance,

d(o,7) = N 1#{i: o; #7;}.

Then the Hamiltonian of the class of SK models has a covariance structure E X,X, =
A(d% (o,7)) with any function A such that the matrix of A(d¥ (o, 7)) is positively defined.



91 o 01

J102 (6] (6] [0}
Xol o2 g

AN AN A

FIGURE 1. Structure of the Hamiltonian of the GREM.
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Since N=13".oy; = 1 — 2d% (o, 7), the choice of A(z) = (1 — 2z)? corresponds to the
original SK model [SK].

1.1. History of the models. In 1980 B. Derrida proposed the simplest spin-glass model
where the standard Gaussian random variables X, are independent [D1, D2]. It was called
the Random Energy Model (REM). Note that this is a particular case of the model (1.2)
with A(z) = 1{1:1}-

B. Derrida also introduced later [D3] the Generalized Random Energy Model (GREM)
in view of keeping dependence while simplifying it to a hierarchical structure in or-
der to obtain a more tractable model. The Hamiltonian of the GREM can be con-
structed explicitly in terms of i.i.d. Gaussian random variables. Namely, chose the
parameters n > 1 (number of hierarchies), ai,as2,...,a, € [0,1] with Y 7" ;a; = 1,
and oq,a2,...,0, € [1,2] with [ ; a; = 2. Let us represent the hypercube Xy as a
product ¥y =[], YNa;/ln2 and write ¢ = o1...0, where 0; € Xyna;/m2- Let
Xo1s Xoroas -+ Xoyoeo, e +alVad +...+al ... alf independent standard Gaussian
random variables. Then the Hamiltonian of the GREM is given by:

Xo = Va1 Xe, + Va2 Xoi0o -+ Vo Xey o, fo=o01...00. (1.5)

To get some intuition in (1.5), one could imagine a tree illustrated on Figure 1 : o

branches of the first level are indexed by o1. Each of these branches supports aév branches
of the second level indexed by o109 : thus on the second level there are (alaz)N branches
etc. Each configuration ¢ = o0y ... 0, is represented uniquely as a path on this tree going
from the top to the bottom through the branches o1, 0109, ..., 01...0,. If, moreover,
we associate to each of branches oy...0; a random variable X, ,,, then X, is the
linear combination of these random variables taken along the path associated with o and
multiplied by coefficients /a1,..., /an.

As can be verified by computing the covariance of X,, this model is a special case of the
models (1.2), where A(z) is a step function given as

k
A(z) =) ag, forz e [In(ap---ax)/In2,In(ag - agy1)/1n2), (1.6)

i=0
kE = 0,1,...,n, where a9 = 0, oy = 1; see Figure 2. The GREM was analyzed by
Derrida and Gardner [D3, DG1, DG2, DG3]. A rigorous computation of the free energy,

N-lln}>,_ eBVNXo in full generality was later given [CCP]. Derrida and Gardner also
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FIGURE 2. The function A(z) of the GREM

considered limits of their results as the number of steps tended to infinity, and interpreted
these results as corresponding to continuous functions A [DG1].

While there were very few further rigorous results on these models (but see [Ei, GMP)),
Ruelle in a seminal paper of 1988 [Ru] introduced a new class of models based on Poisson
cascades (to which we will henceforth refer to as “Ruelle’s REM and GREM”), which
he understood to be the appropriate models to describe the limiting Gibbs measures of
Derrida’s GREMs. Ruelle noted a number of remarkable features of these models, and in
particular observed that it was possible to construct limits as the number of steps went to
infinity in terms of projective limits.

Shortly after that, Neveu [Ne| observed a connection between Ruelle’s models and contin-
uous state branching processes. Unfortunately, this remark appeared only in a preliminary
internal report that was never published. Later, Bolthausen and Sznitman in [BS] inter-
preted the results of the replica theory of spin glasses in terms of a coalescent process,
now known as the Bolthausen-Sznitman coalescent. Following this paper, Bertoin and Le
Gall [BLG] gave a precise and complete form of the relation between Neveu’s continuous
state branching processes, Ruelle’s GREM, and the Bolthausen-Sznitman coalescent.

Around the time when these fascinating results appeared, we began to investigate more
closely the link to the original spin glass models with Ruelle’s models. In the REM, this
connection was made in a paper with M. Lowe [BKL]| (see also [Bo] and [BS2, T3, T4)).
These results were extended to the GREMs in [BK1], using essentially elementary methods.
We observed, however, that the use of the so-called Ghirlanda-Guerra identities [GG]
allowed for a different approach that circumvents parts of these explicit computations
(this fact was first observed in the REM by Talagrand [T3], who also exploited these
identities heavily in his work on the p-spin SK models [T1, T2, T3, T4]). It allowed us
in [BK2] to extend our convergence results to the general class of models defined above
with general right-continuous non-decreasing functions A(z) : [0,1] — [0,1]. We called
this class Continuous Random Energy Models (CREM). Finally, combining the results of
[BK2] and those of J. Bertoin and J.F. Le Gall [BLG], we concluded our investigation in
[BK3] by linking our results to the continuous state branching process of Neveu. More
precisely, we identified the geometry of the limiting Gibbs measure proven to exist in [BK2]
explicitly in terms of the genealogy of Neveu’s branching process, which were defined in
[BLG]. The role played by these random genealogies in the Parisi solution can be most
clearly seen in the paper by Aizenman, Sims, and Starr [ASS] (see also this volume).
We hope that these examples help to explain to a mathematical audience what physicist
describe when they talk about “continuous replica symmetry breaking”.



1.2. Geometry of Gibbs measures. The central problem one is faced with when ana-
lyzing mean field spin glasses is to describe the geometric structure of a random probability
measure (1.3) on a set Xy as N — oo. Two scenarios can be expected:

(i) at high temperatures (small §) this measure will be spread over over an expo-
nentially large set of configurations that is distributed rather uniformly over the
hypercube;

(ii) at low temperatures (large 3) this measure will concentrate on a very small sub-
set of configurations o, with a rather complicated structure, corresponding to the
largest values of X,, while the mass of the enormous amount of all other configu-
rations o will be negligible.

These statements are easily proven in the REM, using the classical theory of extremes of
i.i.d. random variables [LLR]. Let us briefly recall these results. To be able to embed all
hypercubes X, N € N, in the same compact space, it is convenient to map them to the
unit interval via the canonical maps ry : ¥y — [0, 1]:

N
rn(o) =1-Y 27" (1+0y). (1.7)
=1

For finite N, the Gibbs measure is then mapped to a discrete measure on [0, 1] concentrated
on 2V points:

hg.N = Z 18N (0)0r (o) (1.8)
O'EEN
with distribution function .
Og’N(.'L'):/ dﬁﬁ’N. (1.9)
0

It was proved in [Bo| that

y=ux if 6<v2In2

D
oﬂ,N — Sﬁ/\/Zan(x) lfﬁ > \/m (110)
Sﬁ’/\/?ln?(l)

This means that fig y converges to the Lebesgue measure on [0, 1] at high temperatures,
confirming scenario (i). The random function S / /2mz() is a stable subordinator with

the index 3/v/21In2, i.e. a step function that jumps at random points, t;, i = 1,2,...,
which are distributed uniformly on [0, 1]. The values of jumps w; are also random and can
be expressed as

e(ﬁ/\/?an)xi
; = (1.11)
Wi 3. o(B/V2In2)z;
J
where 1 > x9 > --- are the atoms of the Poisson point process P on R with intensity

measure e~ *dz. This confirms scenario (ii): at low temperatures the limiting Gibbs mea-
sure concentrates on a countable number of randomly chosen configurations corresponding
to points ¢; € [0, 1].

This description of the limiting Gibbs measure does not give any information about its
geometry. But to define the geometry of a measure on the infinite dimensional hypercube,
it is necessary, first of all, to specify a topology. The conventional choice of the product
topology is not suitable to capture the fact that these measure tend to concentrate on
individual random configurations. To resolve this problem we introduce the following
construction. Let

me(t) = pgn(T: dy(o,7) <1 —1t) (1.12)
be the picture of the landscape of the Gibbs measure taken from a given configuration o.
The function 1 — m4(t) is a random distribution function on [0, 1]. In this way we get 2V



different pictures of the landscape of the Gibbs measure taken from different configurations
o. It seems reasonable to subject the importance of each of these pictures to the Gibbs
mass, pg n(0), of its starting point, o. In this way we construct the random probability
measure

Kon= > wan(@)0m, () (1.13)

ocEX N

on these distribution functions m,(t) that attributes to each function m,(t) the weight
pa.n (o). We call g n the empirical distance distribution function. It has a very appealing
physical interpretation: it tells, for a fixed realization of the disorder, with which prob-
ability an observer, that is himself distributed with the Gibbs measure, will see a given
distribution of mass around himself. Convergence results for the Gibbs measures will be
formulated in term of convergence of the law, under the Gaussian process X,, of Kgny. A
key object is the first moment of Kg n:

/ Ko w(dm)m() = u&2 (0,7 : dw(o,7) €, (1.14)

which is the probability that two configurations, o, 7, drawn independently from the Gibbs
sample satisfy dy(o,0’) € -.

In the case of the REM, the limit of Kg x is a rather simple object :

o | 90 B<V2In2
Kow =0 Y wibu,s0)+(-w)sy B> V2In2. (1.15)

It will manifest much more rich and interesting structure in the case of the GREM and
CREM, as we will see.

1.3. Point process of extremes. To describe efficiently the behavior of the limiting
Gibbs measure according to scenario (ii), it is necessary to know the maximal values of
the Gaussian process X,. In the case of independent variables the corresponding result is
well known. First of all maxgcyx, X,N"12 5 {/2In2 a.s. from where for any € >0

PVo: X, <VN(V2In2+¢)) =1, PVo: X, <VN(H2In2—¢)) — 0.

To get the limiting value here between 0 and 1, one should take e = ey — 0 as N — oo.
It turns out that the right function depending on the parameter x € R is

InN +1Inl +In4
o (e) = VEN TG+ e = = e (1.16)

with a =2 as
PVo: X, <upan(z)) —e® , N—oo.

Thus, we come to the classical result on the convergence of extreme value statistics in
the case where X, are 2"V independent Gaussian random variables. It says that the point
process

D Bt ) Bp (1.17)

cEX N
converges weakly to the Poisson point process P on R with the intensity measure e *dz,
see e.g. [LLR]. This result is the crucial ingredient in the proof of (1.10) and clarifies the
meaning of (1.11).

To start the analysis of the GREM, we need an analogous result in the case of correlated
Gaussian random variables. Results of this kind in the correlated case are much more
scarce. Most of them establish conditions under which the same limiting point process
arises as for the independent random variables. We will see that this is in general not the
case for the random variables (1.5) correlated as in the Hamiltonian of the GREM.



1.4. Organization of the paper. The remainder of the paper is organized as follows.
Section 2 is devoted to convergent point processes associated with the Hamiltonian of the
GREM. Namely, we find the point process of extreme value statistics of its Hamiltonian.
These results can be viewed as those on convergence of extreme value statistics for corre-
lated Gaussian random variables independently of the context of spin glasses. In Section
3 we study the GREM (1.5) with finitely many hierarchies. In particular we identify the
limit of Kg y for this model with Ruelle’s probability cascades. In Section 4 we analyze
the general case of CREM’s (1.1), (1.2) with a “continuum of hierarchies”. We prove the
existence of the limit of g ; by the so-called “Ghirlanda-Guerra” identities, i.e. identi-
fying limits of all its moments. In Section 5 we describe explicitly the limit of Kg n in
terms of the genealogical structure of Neveu’s continuous state branching process modulo
an appropriate time change depending only on 8 and on the concave hull of A.

Notations. When A is a step-function as on Figure 2, we will denote by A(z) its linear
interpolation. Its graph consists of the segments [Py, P1|, [P, Ps],..., [Pn-1, Pn] where
P, = (Z?:o ak, In(ap---ag)/In2) for k =0,...,n, withay = 0, ap = 1 so that Py = (0,0)
and P, = (1,1), see Figure 2.

We will denote by A(z) the concave hull of the function A(z) and by A'(z) the right
derivative of the concave hull of A, see Figure 5.

2. CONVERGENT POINT PROCESSES ASSOCIATED TO THE GREM.

In Theorem 2.1 below we give a necessary and sufficient condition on the parameters a;, o;
which assure that point process of extreme value statistics of GREM’s Hamiltonian (1.5)
is the same as in the case of independent random variables (1.17). This condition is the
convexity of the linear interpolation A(z). In other words, the concave hull of A(z) should
be the straight line y = z. It is illustrated on Figure 3(a). This condition is strictly weaker
than the sufficient condition implied by Slepian’s Lemma on the comparison of Gaussians.
(Theorem 4.2.1 in [LLR]). We use the notation (1.16).

Theorem 2.1. BK1] Let n € N, n > 1, 0 < a; < 1 with >} ja, =1, o5 > 1, 7 =
1,2,...,n. The point process
Z 5u1‘,}2,N(\/an1+\/@X0102+---+\/EX0102...M)
oc=Xn
converges weakly to the Poisson point process P on R with the intensity measure Ke *dz,
K € R, iff the linear interpolation A(z) is convez, that is
a;+ai41+ - +a, > In(oairr - an)/Ina foralli=2,3,...,n, (2.1)

see Figure 3(a). If all inequalities in (2.1) are strict, then K = 1. If some of the relations
are equalities, the 0 < K < 11,

The next lemma gives a sufficient condition for the convergence of the multidimensional
point process to the point process of Poisson cascades defined by Ruelle in [Ru]. This is
a generalization of Theorem 3 of [GMP]: we do not specify the law of the vectors Yy, o,
neither assume their independence.

Lemma 2.1. [BK1] Let a; > 1, i =1,2,...,k, @ = [[*_, ci. Let Yo,,Yoron,-- s Yor..on
be o + .-+ + (a1 --- o)V identically distributed random variables. Assume that 1 +
a{v + .-+ (a]_ et ak_l)N vectors (YUI)UIE{fl,l}Nlnal/lna7 (Y010-2)0'2€{71,1}Nlna2/1n& V0-]_ S
{_1, 1}N1na1/1n6¢7

. (Ya—lo—z___o—k)o_ke{ilyl}Nlnak/ln& Voi...op1 € {1, 1}N1“(°‘1"'ak*1)/1“5‘ are independent.

IExplicit expressions for K are given in [BK1].
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Let vy (x),...,vnk(x) be functions on R such that the following point processes

S Gy van) B p

o1
D
Z(SUN52(Y"'1‘72) — P2 V0'1
o2

(2.2)
ZéUNk(Y ) 2) Pk VO’l...O’k,]_
k\loyog..0p,
Ok
converge weakly to the Poisson point processes Pi,...,Pr on R with the intensity mea-
sures Kie ®dz,...,Kre ®dr with some constants K1, ..., Ky > 0 respectively. Then the

following point process on RF

(k) _ k
PN = Z 5’”N,1(Y01) Z (SUN,Z(YGIGZ) T Z (S'UN,k(Yala'Z...ak) - P( )
o1 o2 Ok

converges weakly to a point process, P& called a k-level Poisson cascade, on R¥.

Structure of P*¥). The Poisson cascades P*¥) can be characterized in terms of their Laplace
transfroms, see [BK1]. Informally, they are best described as follows [Ru]: If £ = 1, it is a
ordinary Poisson point process on R with intensity measure K;e *dz. To construct P? on
R? | we place the process P! for k = 1 on the axis of the first coordinate and through each
of its points draw a straight line parallel to the axis of the second coordinate. Then we
put on each of these lines independently a Poisson point process with intensity Koe™*dz.
These points on R? form the process P2. This procedure is now simply iterated k times.

Theorem 2.1 and Lemma, 2.1 combined give a first important result, that establishes which
convergent point processes may be constructed in the GREM: one can group together the
hierarchies between the levels Jy, J1, .. ., Jn,, if condition (2.5) is verified. This condition is
illustrated in Figure 3(b): it means the convexity of the function A(z) between the levels
Jo, 1,y I

Theorem 2.2. [BK1] Leta; >1,0<a;<1,i=1,2,...,n, [[[L;s =2, )" ;ai =1
Let Ji,Js,...,Jm € N be the indices 0 = Jop < J1 < Jo < -+ < J, = n. We denote
by a; = ;'ILJ171+1 a;, o = H‘i]l:szlJrl a;, | = 1,2,...,m, and introduce the standard



Gaussian random variables

S501...07, _
X0'1171+110'1J171+2---0'Jl = (\/aJl,1+1X0'1...0"]1710']171_4_1 + vV aJ171+2X0'1...0"]1710']!714_10']!71_’_2
+ ot + vV aJlXol...O'Jl_la'Jl_1+1...0'Jl)/\/d_l- (23)
Assume that a partition Ji,Js, ..., satisfies the following condition : for all | =

1,2,...,m and all k such that Ji_1 +2 < k < J;
(ak +ags1---+tag-1+ aJl)/c_ll > ln(akak_H e al]lflal]l)/ ln(@l). (2.4)
If A7 (z) is the linear interpolation of the points (0,0), Py, , Py,,...,P;. = (1,1), condition

(2.4) is equivalent to
A(x) < A'(z) vz eo,1], (25

(see Figure 3(b)), then the point process
(Xal...aJl ) e Z 5 1 XJI"IG‘]mfl

= ) E d _
Z “1na1 ~v(Xoy.. o) Ty 41O T

1
uln&Z,N
g1.. 0']1 0']1+1...0'J2 O'Jm71+1...0']m

(2.6)
converges weakly in distribution to the point process P(™ on R™, defined in Lemma 2.1,
with constants Ky, ..., Kp. Moreover, K; =1, if all J; — J;_1 — 1 inequalities in (2.4) for
k=J_1+2,...,J; are strict. Otherwise, 0 < K; < 1.

It is clear that the point process of extreme values of the Hamiltonian can be constructed
from one of the partitions of Theorem 2.2. This is the one that allows to group together
the maximal number of hierarchies: among all series of indices Ji, ..., J, satisfying (2.4)
one should choose the one with the largest differences J; — Jy, ..., Jm — Jm—1. To define
it, we set Jp = 0 and

Z?:j a;
—
2In(T[;_; o)
The sequence Ji, ..., Jn, defined by (2.7), verifies (2.4), for all k, such that J; 1 +2 < k <
Jyand alll = 1,2,...,m. This choice of the partition Jy, Jo, ..., J, (2.7) has a beautiful

geometric interpretation: the linear interpolation A”(z) of (0,0), Py,,..., Py, = (1,1) is
the concave hull of the function A(z), see Figure 4.

J = min{J >Jpq: AJI_1+1,J > AJ+]_’]9 Vk > J+ 1} where Aj,k: = (27)

We set
Ji Ji = ny;
_ _ _[a A Pr)
a) = Z a;, o= H Q;y, Y1 = 21n@l_ 21n 2 s l—1,2,...,m,
i=J;j_1+1 i=J;j_1+1

(2.8)
see Figure 4. Next, let us define the function U; y as

Usn(z Z(m N2y (n(N (@) +Indr)/2) + N Ve (2.9)

=1
and the point process

En = Z 5U;,}V(\/EX01+---+mxal...gn)'
oe{-1,1}V

(2.10)

Theorem 2.3. [BK1] (i) The point process Exy converges weakly, as N 1 0o, to the point
process on R

E= | P™(day,...,dzm)osr (2.11)
- "

2Explicit expressions for K are given in [BK1].

uln&m,N( Ufmfl"rl"'a\]m)
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where P™) is g Poisson cascade (introduced in Lemma 2.1) with constants K1, ..., Ky, as
defined in Theorem 2.2 according to the partition Jy,...,Jy, of (2.7) and the parameters
Yiy--+>Ym defined by (2.8).

(ii) The inequalities y1 > - -+ > 7y imply the existence of £.
(113) We have maxc,(Xo/\/N) = vai2lna+ - +vVam2In @, a.s. and also E(max, XJ/\/N) —
v2aiInay + -+ V20, Inay,.

3. GREM: DETAILED ANALYSIS

3.1. Fluctuations of the partition function. For any sequence of indices 0 < J; <
-++ < Jm = n, the partition function (1.4) of the GREM can be written as:

S (BN \/2a;In &, B, [In(N In &;)+1n 47]/2)

78N
1 S -1 R . |
% j : eﬁ’ylulnél,N(Xal"""Jl) . 2 : eﬁ’ymulr‘&maN(XGJmfl"'lma‘]meg_]_)
0'1...0']1 G']m_1+]_...0'Jm
P Jy e Jy — /= = _

where a@; = Zi:Jl_1+1 aj, a = Hi:Jl—1+1 o, 1 = Va/vV2lna, | = 1,2,...,m, and
. S501...07, .

the random variables X, Ny +’1__1_0 s are defined in (2.3). For any sequence Ji,...,Jm,

satisfying conditions (2.4), the point process (2.6) in the exponent of (3.1) converges to
the corresponding Poisson cascade by Theorem 2.2. The sequence constructed according
to (2.7) gives the correct scale of fluctuations of Zg y via (3.1). Nevertheless it should be
cut at a certain level Jygy that depends on the temperature: using the sequence y; > vz >
s+ > 7y, defined in (2.8), we set

() =max{l >1: [y >1} (3.2)
and [(B) =0 if By; < 1. This definition (3.2) has a simple geometric interpretation:

o) |y

l(ﬁ)zmax{lZl:ﬁ 512



In [CCP], the limit of the free energy has been computed in terms of (2.8) and (3.2):
n
]\;LIHOO N 'ln ZNg = ,3( 2a1Ina; +---+ 20 lndl(ﬁ))) + Z (,Bzai/2 +Inaj), as.
1=Jyg)+1

(3.3)
We see that the domain {8 : I(8) = 0} = {8 : B < 1/v1} is the high temperature
region, where limy_, o, = % ElnZg y = limy o0 % InE Zg n. The next theorem gives the
fluctuations of the partition function.

Theorem 3.1. [BK1] Let o; > 1,0<a; <1,i=1,2,...,n, [[" ;s =2, > ;a; = 1.
Let Jy,Ja,...,Jm € N be the sequence of indices defined by (2.7), the parameters a;, &;,
vi be defined by (2.8) and I(B) be defined by (3.2).

Z
If1(B) =0, then zNeg’zlszz — C(PB).

Ifl1(B) > 1, then
ezg(f{ (-BN/28; I a;+Bv;[In(N In &) +ln dx]/2) - N ST gy gy 1 (82i /2410 0y)

Z3,N
2) C(,B) / eﬂ’hm+ﬁ’72z2+-..+ﬁ’n(5)z,(5)P(l(ﬁ))(dxl o dml(ﬂ))- (3.4)
RUB)

This integral is computed over the Poisson cascades PUP)) on RHP) | defined in Lemma 2.1,
with the constants K; of Theorem 2.2. The constant

cB) =1, if Byp+ <1, (3.5)
and 0 < C(B) < 1, if if Byygy+1 = 1°.

3.2. Gibbs measure: approach via Ruelle’s probability cascades. We consider
everywhere below a;, @;, v; defined by (2.8) according to (2.7) and I(3) defined by (3.2).

Let us denote the jump points of the derivative of the concave hull A (z) by
!

Ina,
qlEZ o L=12m, (3.6)

n=1
with the convention gy = 0. They are illustrated on Figure 4. Let B;(o) be the ball in ¥
with center o and radius 1 —q :

Bi(o)={o' €y :dn(0,0') <1—q}={0c':01...05, =01...05}, 1=12,...,1(B).

(3.7)
Let us define the point process Wgz\; on (0,1]™ as
(m) _ _ mpn(o)
Wi N = 20: J(HB’N(Bl(a')),...,yg’N(Bm(J)))uﬁ,N (Bm()) (3.8)
and its projection on the last coordinate
(m) _ pp,n (o)
R =N"§ oy —P 3.9
v = 20 Bl i () -

It is easy to see that Wém]\; satisfy the following relation:

1
m m Wm
W[(M\),(dwb...,dwm):/o Wi (dwy, . .., dwm, dwm 1) w“

m

where the integral is taken over the last coordinate wy, ;. The next theorem gives the
limits of these point processes for all m < ().

3Explicit formulae for C(B) are given in [BK1].
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Theorem 3.2. [BK1] Let I(8) > 1 i.e. 8> 4/2In 2/(//1\)’(0) If m <1(B), then the point

process Wg’n]& on (0,1]™ converges weakly, as N — oo, to the point process W(?), whose

atoms w(i) are expressed through the points (z1(i),...,2zm(3)) of the Poisson cascade P™
of Lemma 2.1, with constants K; of Theorem 2.2, as follows:
(w1(2), ..., wn(i)) (3.10)
(L0801 )T PO 1)l = @) 7
- [ P(m)(dy)efOrv) A [ Pm)(dy)ePrv) '

The vector ¥ = (Y1,...,Ym) s defined by (2.8) according to (2.7). The process R(ﬁmj\),
(m)

converges to the process Rﬁ
(3.10).

, where the atoms are the last components of the atoms of

The balls Bl(ﬁ)(a) are the smallest ones that have positive mass, pgn, as N — oo:
For m > I(B), pp,n(Bm(c)) — 0 for any 0 € Xn. Iff Jyg) = n, ie. B> 1/ym =

21n2/limg_,1(A) (z), these balls consist of a single configuration, o. In this case the
mass of the Gibbs measure is concentrated on certain randomly chosen individual config-
urations. Otherwise, these balls consist of all configurations having the same spins as o
starting from the first sit up to the Jjg)th site.

Definition 3.1. [Ru] The process ng) defined in Theorem 3.2 is called the process of
probability cascades on [0,1]™ with m levels and parameters Byy > -+ > Bym > 1. I

The most complete object of Theorem 3.2 is of course the process Wél(]e)). Thus, Theorem

3.2 asserts the convergence of the point process wl ( ) of Derrida’s model with parameters
n > 1, a;, a; to the point process of probability cascades of Ruelle’s model with parameters
1(B) and B1, -5 Bv(p) defined by (2.8) and (3.2). Let us also emphasize the fact that
the parameters of the hmltlng process of probability cascades depend only on the concave
hull A(z) and on 8.

3.3. Distribution of the overlaps. One of the most important physical objects is the
distribution of the overlap

N
o-0" _ )i10i0;

= == ! 3.11

I N (3.11)
of two spin configurations under the Gibbs measure:
!
ry _ g2 ((0-0)

fon(q) = uﬁ,N( N S q). (3.12)

In the context of the GREM it appears more natural to consider the ultrametric distance

fan(q) = MﬁN(dN(U o')>1-gq). (3.13)

The next theorem asserts the remarkable fact that the laws of these two objects coincides
in the thermodynamic limit.

Theorem 3.3. [BK1| The distribution functions fg n et fN,g,N converge in law to the same
distribution function fg as N — oo. Moreover E fg y — E fg and E fg,n — E fg where

. (.1 | 2In2 B /2R ifgelg1,q5),7 <1(B)
E = gl —=,1 { a i-1:93) 3.14
fola) = min { (A)(q) =11 if 4> qip). 14

11



The function fg is a step function that jumps at points {0,q1,...,qp)}. For any q €
9i-1, i)

/W (dwy, ..., dwyg))wyp) (1 —w;), i=1,...,1(B); (3.15)
falq )—1f07”q>Qz(

Rather then just considering the distribution of the total overlap, we can give a more
precise description of the Gibbs measure by considering the vector of overlaps within each
hierarchy. Let

Ay = [-Ina/In2,lng;/In2], forl=1,2,...,1(03) (3.16)
A1 = [— ln(ajl(5)+1 )/ 1n 2, ln(aJl(B)_H )/ 1n 2.

It is clear that (6;-5;)/N € A, l=1,...,1(8) +1. We introduce the measure fgbi\(,ﬁ)ﬂ on
Ay X Ag X -+ X Aypgy41 induced by o7 - & on all levels of limiting probability cascades: for
any I; € Ay, 1 =1,...,1(8) + 1, we put

1(B)+1 ’
Eg.o Hl(f:L) L, 7)/Nel BV N (Xo+X,1)

P NI X x Tgy ) 7

Hg N( H Tz,.51) /Nell) (3.17)

Theorem 3.4. [BK1]| The measure f?é\(,ﬂ) i

A1XA2X---XAl(ﬁ)+1

converges in law to the following measure on

1(B)
l
f[?,]\(;ﬁ)ﬂ — Qod(0,0,...,0) Z Qj0(n a1 /1n2,...lna,/1n2,0,...,0) N — oo.
j=1
The random variables Q1, ..., Q) are defined as

(B) = /W[(-}lré‘ﬁ))(dwla s dwygy)wygy (wi — wit1T<py-1y), 7=1,...,1(0).

3.4. Ghirlanda-Guerra identities. The process W%ﬁ ) has been constructed explicitly
in Theorem 3.2 in terms of Ruelle’s probability cascades. This allows to compute all its

1(9)

characteristics. Now we present a different approach that determines Wﬂ;f completely,
without the use of Ruelle’s probability cascades. This amounts to the computation of all
(18

moments of W,.""/ by recursion, starting from the second one. This approach will bear
its full fruits in the analysis of the CREM.

Lemma 3.1. [BK1] Assume that the parameters o; and a; are such that the inequalities
(2.4) are strict. Then for any bounded function h : ¥% — R and for anyi=1,...,n

LT (He 0 g o)

[ ..0'2- =0,

lim
N*too

1 gn -
- Eu?’N(h(al, el ,o'n)(z ]Ilfll--ﬁi:"’f---"f + EN?’%V(]I ol=0?..0? ))‘ =(3.18)
14k

The proof of this lemma is based on the integration by parts of Gaussian random variables
coupled with a concentration of measure argument. This lemma determines the so-called
Ghirlanda-Guerra identities for the GREM: it allows to compute the expected distance
distribution function between n replicas under the Gibbs measure by the recurrence pro-
cedure (3.18) for n = 3,4... subsequently starting from n = 2. To see this, it suffices to

12



put the function h equal to the indicator function of distances between n + 1 replicas and
to note that by (3.18) the term with n + 1 replicas is completely determined by the terms
with n replicas and by the one with two replicas,

. 2 i -
},lgo E/‘ﬁ,N(]Io}...oll:of...of) =1- Efﬁ(zllna]/ln2),
=

that has been already computed in (3.14). In fact, let J = (Jy,...,J ) be a set of
subsets of 1,...,n + 1 that determines the distances between n + 1 replicas: each element
J, = (Jri1,...,Jr ) is a collection of subsets of 1,...,n + 1 that reassembles the numbers
of configurations for which the first r coordinated of the spin variables are equal. Then,
for any J,;, there exists J,_; g, such that J,; C J._1%. Assume that J,; is the set of

numbers {j{’i, . ,]‘7}’”'} We can then define the function:
N jr
I , i . . 3.19
i H H it g NI A (8.19)
r=1i=1 {o}! ot =w=0y O 0op U}

The length of J is || J|| = n+1. Let us construct a set J' of length n by erasing everywhere
in J the integer n + 1. Indeed, there exists € {1,..., N}, such that there exists [ €
{1,...,n}, such that n + 1 and [ belong to the same subset, Jyri, of J, ie. their first
r coordinates coincide. If we choose the maximal » with this property, this determines
uniquely the participation of n + 1 everywhere in J: for any p=1,2,...,r — 1 it belongs
to the same subset Jp,; as [. In other words, once the ultrametric distances between n
replicas are fixed, it suffices to specify the distance of the (n + 1)th replica to the closest
to it, in order to determine completely its distance to all other replicas. This implies

.Ai - Al’ I[O'l ’{LJrl. n+1. (320)

L.ol=c .oy

Hence, substituting h = Ay in Lemma 3.1, we can compute limy EM?T}V(AJ) subse-
quently for n = 3,4, ..., starting from n = 2, given by (3.14).

From the other hand, in [BK1], we expressed all moments of W[gm) in terms of A;:

/)/\/[(373\),(dw)w’i1 ...w;" Cowhm

®(ir+-+im)( o T oooois ot o

Hp,n {ol=mgt Trrrtimy oo Byttt ...0;1+'"+Z’*1+ =gt hTIm gt timy

R ST ) 3.21
0';1+ +im—1+ ...0_:r1£+ +im—1+ :"':0';1+ +2m."0_:%+ +2m} ( )

where i, > 1, otherwise this expression is infinite. This implies the following theorem.

Theorem 3.5. [BK1] The process Wé?) is completely determined by the relations (3.18)
up to the mean value of the two-replica distance distribution function given by (3.14).

Theorem 3.5 in the case of the REM has been first proven by M. Talagrand. Lemma 3.1
implies also the following result, that has been remarked by Ruelle in [Ru].

(m)

Corollary 3.1. The l-th marginal of Ruelle’s process of probability cascades VVL,A7 with m

levels and parameters Byy > --- > Bym > 1 has the same distribution as Ruelle’s process
of one level with parameter By, l =1,...,m

To see this, we need to control all moments of this marginal that can be expressed via
the quantities uﬁN(]I{U1 P — r}) which in turn satisfy the identities (3.18) for

r = 3,..., while for 7 = 2 they are deﬁned by fa(q)) = (Bv)~'. But these identities are
the same for the GREM with one hierarchy (i.e. the REM), with the same two replica

13



@) ! 0 X 7

FIGURE 5. (a) Concave hull of A(z), (b) The function (4.5).

distance distribution. Consequently, the [-th marginal of Wéml\),, in the limit N — oo
behaves as ), d,, (s of the REM at temperature B =ByV2In2.

H3,N

3.5. Empirical distance distribution function Kg. The process Wp(il(ze)) is a point

process on [0, 1]™. Tts points (ug,n(B1(0)),- - -, 4p n(Byg)(0))) can be considered as values
of the ultrametric distance distribution function around o

me(z) = ppn(dn(o,0') <1 —1z) (3.22)

at points = = qo, ..., qyg)- The limit of this distribution function is a step-function that
jumps precisely at these points. We could then consider Wg(]e)) as a point process of these
distribution functions : Wé{%i)) = 6 0m, ()

This object is, however, not properly adapted to the CREM. In the analysis of the CREM
it is essentially imperative to replace it by the probability measure on these distribution
functions:

Konv =Y 1p.N(0)m, (), (3.23)

that we have introduced and discussed in the introduction. To conclude the analysis of
the GREM, we give its asymptotic behavior in the following theorem.

Theorem 3.6. [BK4| The process Kg n converges weakly to the point process Kg
l
Ko = | Wr ) (@0)0(5)on (3.24)

where the measures m(w) are defined by the formulas :

m(w) = (1-w(1))d1 + (w(l) —w(2))d1-1nar/m2 + -+ wW(B))1-1n(ar-ay5y)/ m2- (3-25)

4. CREM: IMPLICIT APPROACH

We start now the analysis of the CREM with covariances (1.2) where A(z) : [0,1] — [0, 1]
is a right-continuous distribution function with the concave hull A(z) whose right right

derivative we denote by (A)'(z); see Figure 5(a). We assume that A is non-critical in the

sense that it is equal to its concave hull A only on the set of extremal points of the convex
hull.

14



4.1. Maximum of the Hamiltonian. Limit of the free energy.

Theorem 4.1. [BK2] Let {X,} be a family of 2V standard Gaussian random variables

with covariances (1.2). Then
1
V212 / \/ (A) (z)dz. (4.1)
0

Theorem 4.2. [BK2| Let {X,} be a family of 2V Gaussian random variables with co-
variances (1.2). Let

lim E max

Xo
N —o0 o \/N

~ 2In2
Then
lim N 'ElnZgy =2 anB/ \/ (AY(z)dz + %(1 — Azg)) +In2(1 — z5).  (4.3)
—00
0
Consequently the critical temperature of the CREM defined as
— R -1 . E -1
Bo = sup{B: A}gnooN ElnZgn = A}gnooN InE Zg n}
equals :
2In2
Bo=]|—————. (4.4)

limg o (A) (z)

The proofs of these theorems rely heavily on results already obtained for the GREM.
Namely, we approximate A(x) from above and below by step-functions for which corre-
sponding results have been already established in Theorem 2.3 (ii) and (3.3) in the study
of the GREM. Then the results announced in Theorems 4.1 and 4.2 follow from theorems
about the comparison of the mean values of convex or concave functions of Gaussian pro-
cesses implied by the comparison of the covariances of these processes (see Theorem 3.1
in [LT](Kahane’s Theorem)).

We are not able to evaluate the fluctuations of the partition function of the CREM. We
anticipate that they depend not only on 21\(9:) in view of the analysis of the maximum of
branching Brownian motion by Bramson [Br|. But (4.3) suffices to deduce the following
very important result which is in the basis of the description of the CREM’s Gibbs measure.

4.2. Two-replicas ultrametric distance distribution function.

Theorem 4.3. [BK2| Let {X,} be a family of 2V Gaussian random variables with co-
variances (1.2). Let xg be defined by (4.2). Then

Jim Eug(dn(0,0') > 1~ @) =E fo(e) = D@ 15T @)

1 ifz > xp

The function E fg(z) is illustrated on Figure 5(b). Let us sketch the main points of the
proof. The result of Theorem 4.2 allows to compute the limit of the free energy

lim N"'ElnZ} y = Fj

N BTN = Fp

for the CREM where the function A(z) is slightly perturbed by a small parameter u > 0
in a neighborhood of the point . Next, using the integration by parts of Gaussian random
variables, we show that the desired quantity limy_,o E u?%v(dN(a, o') > 1—z) is equal to

15



limy 00 &N "11n 7Y n
to (4.5).

. that can be computed as %Fg . by convexity and leads
u=

u=

4.3. Ghirlanda-Guerra identities. The next lemma is a generalization of Lemma 3.1:
it proves Ghirlanda-Guerra identities in the case of the CREM.

Lemma 4.1. [BK2] For any n € N, any bounded function h(z) and x € [0,1] \ zg

: n+1 1
};Trgo ‘ E/‘?,N+ (h(a yee ,J")]IdN(,,kJn+1)>$)

1 n n -
- ~Eugy’ (Aot 0™ (3 Tay (ot atyse + E G (Liy (1 02)55)) ) ‘ — 0,(4.6)
£k

One of the pillars of the proof of this lemma is the representation X, = X, (1) where X (¢)
is the family of standard Gaussian processes on [0, 1] with covariances: cov (X (t), Xy (s)) =
A(t AN s ANdy(o,0")). Two other pillars are the same as in the case of the GREM : the in-
tegration by parts of Gaussians and a concentration of measure argument.

This lemma implies the following important Theorem 4.4, that determines implicitly the
empirical distance distribution function Kg . Let us define a family of measures Q% on
[0’ 1]n(n—1)/2

O\ (dy € €) = Euly(dy €C) (4.7)
where dy is the vector of distances between n replicas with components d’;\}l =dy(ot, "),

1 <1<k <n,andC is a Borel subset of [0,1]*("~1)/2. We denote by By the sigma-field
generated by the first k(k — 1)/2 coordinates.

Theorem 4.4. [BK2] For any n € N, the family of measures angv converges, as N 1 0o,

to the limiting measure Q(ﬁn). All these measures are uniquely determined by (4.5). They
satisfy the identities:

n n 1 I &
Q@ e C|B,) = EQ(;)(C) DY oV (d* € C|By) (4.8)
1=1,14k
or any Borel subset C' C |0,1]. Consequently Kg n defined by (3. an . converges
fi Borel subset C C [0,1]. C ly Koy defined by (3.23) and (3.22

in law to the limit Kg with generalized moments determined by an).

The recurrent formulas (4.8) come from (4.6) if we put h equal to the indicator function of
any desired event of B,,. Let us remark also that, due to the ultrametric structure, once the
distances between n replicas are prescribed, it suffices to fix the distance from the (n + 1)-
th replica up to the closest to it among the n replicas {1,2,...,n}, in order to determine
its distance up to all other n — 1 replicas. This fact is already formally explained in (3.19).

Then the formulas (4.8) determine completely the measures limy_, Q(ﬁnj)v = Qg") up to

the measure Q(;) already computed in (4.5). The moments ICg x can be expressed in terms
of the measures Qg";v This implies the convergence of g x to a limiting object g with

moments expressed in terms of Q(ﬁn).

4.4. Marginals of Kj in terms of Ruelle’s probability cascades. In this subsection
we give an explicit form of all marginals of g . Let 0 <t <ty <--- <1, < 1 be points
of increase of the function (4.5), g = 0. We can define then the marginal process:

Ko n(tosts, - tm) = Y 18, (0)m, (t0) 1me (t1) 10 (t2) 0t (bm)- (4.9)
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Theorem 4.5. [BK2] Let t) =0 < t; <t < ... <ty < 1=1tns1 be points of increase
of the function (4.5). Consider the GREM of m + 1 hierarchies, with parameters o; such
that Ino;/In2 =t; —t; 1,1 =1,...,m+ 1, a; with Z";{l a; = 1 at temperature B such

(2

that B~*\/2Inc;/a; = ﬁ_l\/2ln2/(zzl\)’(ti,1), i=1,...,m+1. Then

lim Kgn(to,te, ... b)) = KD 4.10
Ngnoo ﬁ,N( 0y 01, ) ) 3 ) ( )

where K™Y s the empirical distance distribution function of the GREM computed in

Theorem 3.6 in terms of Ruelle’s probability cascades.

The second moments of limy_, Kg n(to,t1, .- -,tm) and of K%m) for the GREM in question
are the same due to the choice of the parameters of the GREM. Then all their moments
coincide by the Ghirlanda-Guerra identities. The parameters a; and 3 explicitly are equal

to:

A\'(ti_l)lnai -~ _1/2 el A\,(ti—l)lnai -1 .
ai:K/T, IBZK /8) K:(;T) , 1,:1,...,’m+1.

5. GENEALOGIES AND NEVEU’S BRANCHING PROCESS.

5.1. Problems with the explicit description of limiting Gibbs measures. We
obtained an implicit description of the limiting Gibbs measure of the CREM via recursive
computation of all moments of Kg. Nevertheless, we would like to identify explicitly a
limiting measure to which our Gibbs measures converge and that encodes the full geometric
information contained in Kg. This is not immediately possible for the following reason.
In [Bo] one of us proposed to describe the infinite volume limit of the Gibbs measure for the
REM by considering the image of the hypercube Xy on [0, 1] through the map ry : ¥y —
(0,1] (1.7). However, the definition of Kg x involves masses of sets {0’ : dy(0,0") < 1—t}.
If we map such sets on the unit interval via ry, we obtain intervals (rjy; — 2~ [tN ],r[ ne)l

of length 27N1. So, when N = oo, these sets map to intervals of length 27%°. We can
not analyze the structure of the measure by looking at intervals of the size 27,

What will however be possible, is the following. We will introduce the notion of a flow
of compatible probability measures on [0, 1] indexed by pairs of parameters s < ¢t € I
and with distribution functions satisfying the compatibility assumption (5.1). Next, we
will associate to each of such flows a certain genealogical structure on [0, 1] described by
a genealogical map, Kr € M;(M;([0,1])), which is an empirical distribution of family
sizes of all individuals as functions of degree of relatedness. Then we will provide a
flow of compatible probability measures for each finite NV with the genealogy describing
efficiently the geometry of the Gibbs measure of the CREM: its genealogical map, Kg’N,
will equal the empirical distance distribution function g x. Finally, we will show that
this flow of probability measures converges as N — oo to the flow of compatible random
probability measures with distribution functions that are normalized stable subordinators
associated to Neveu’s continuous state branching process via an appropriate deterministic
time change. This convergence of flows is understood in the sense that their genealogical
maps, Kg ny = Kg’N, converge. Thus, the limiting geometry of the Gibbs measure of the
CREM will be expressed in terms of the genealogy of Neveu’s continuous state branching
process modulo a time change determined only by E fg(x) of (4.5).

5.2. Genealogical map of a flow of probability measures.
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e

FIGURE 6. Genealogical structure induced by a flow S(:%).

Definition 5.1. A two-parameter family of measures with probability distribution func-
tions S on [0,1], s <t, s,t € I CR, is called a flow of compatible probability measures
on I, if and only if for any collection t1 <ts <---<t, C1

S(titn) — Gltn-15tn) 5 Gltn-2:tn-1) o g(t2,83) 5 g(t1,t2) (5.1)
holds.

Let us admit the following terminology. We say that each point a € [0,1] is an individual
in generation s and its image S(**)(a) € [0,1] is its offspring in generation ¢. Let us define
for any distribution function ©(z) its inverse function

0~ Y(z) = inf{a | ©(a) > z}. (5.2)

Then each individual z € [0,1] in generation ¢ has an ancestor a in generation s which is
a = (S®*)~1(z). Given an individual z € [0, 1] in generation #, let us look for individuals
z’ having the same ancestor as z in generation s:

ma(s,t) = {z' : (SO)71 () = (sC) ()} (5.3)

If SG*) is continuous at a = (S(**)~!(z), then any individual 2’ # z has a different
ancestor from the one of z. If S(*) makes a jump at a = (S¢*)~(z), then the family
(5.3) of the individual z having the same ancestor as z in generation s is the following
interval :
ma(s,t) = lim (59 ((59) (@) ) , &9 0 (5¢9) " (@)]
n

In Figure 5.2 the individual z in generation ¢ has a family of “cousins” m(s,t) having
the same “grand-father” in generation s, while the individual y is the unique “grand-
child” of his ancestor in generation s. We are mainly interested in a nontrivial case when
functions S(**) make jumps. The next lemma justifies this terminology. It says that any
individual having an ancestor in common with z in generation s has necessarily an ancestor
in common with z in any generation s’ < s. In other words, if we partition the interval
[0,1] into families m;(s’,t) having the same ancestor in generation s, then the partition
into families m,(s,¢) having the same ancestor in generation s > s’ is a refinement of the
previous one.
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Lemma 5.1. Let S©*) be distribution functions of a flow of measures according to Defi-
nition 5.1. Then for all z € [0, 1]

mg(s,t) Cmg(s',t) Vs <s<tel (5.4)

Whenever ¢ = T is fixed, the function |mg(-,T")| is the family size of the individual z in
generation T' as a function of the degree of relatedness. By Lemma 5.1, it is a decreasing
function on I. Finally, we define the associated empirical distribution of the functions
Ima (-, T)|
1
KT = /d:l,‘(;mz(’T) (5.5)
0

This construction allows to associate to any flow of probability measures, in the sense of
Definition 5.1, an empirical distribution Kp. If we assume, in addition, that [0,7] C I and
|my (-, T)| are right-continuous, then 1 — |m,(-,T")| are probability distribution functions.
Then we will think of K7 as a map from flows of probability measures into M7 (M ([0, 1]))
which we call the genealogical map.

5.3. Coalescent associated with a flow of probability measures. Now, let us define
the exact degree of relatedness between two individuals z,y € [0, 1] with respect to a flow
of measures (5.1) as

yr(z,y) =sup(s € I : y € my(s,T)). (5.6)

Lemma 5.2. T — v defines an ultrametric distance on the unit interval.

We will be interested in cases where the flow S(**) of Definition 5.1 is random. We will
now define the coalescent process on integers that completely characterizes a random
genealogical map K7 in this case.

Having defined a distance T'—~r on [0, 1], we can define in a very natural way the analogous
distance on the integers. To do this, consider a family of i.i.d. random variables, {U; };c,
distributed according to the uniform law on [0,1]. Given such a family, we set

pr(1,5) = pr(Us, Uj). (5.7)

Due to the ultrametric property of the pr and the independence of the U;, for fixed T', the
sets B;(s) ={j : pr(i,j) < T — s} form an exchangeable random partition of the integers.
Moreover, the family of these partitions as a function of 7' — s is a stochastic process on
the space of integer partitions with the property that for any s > s’, the partition B;(s’)
is a coarsening of the partition B;(s). Such a process is called a coalescent process.

The key observation is the following lemma.

Lemma 5.3. The genealogical map Kp of a flow S5 is completely determined by its
moments; they can be expressed through the probabilities

of the corresponding coalescent, where m(i,j) € {1,...,p}, 0<t; <---<t, <T,1>2.

To illustrate this lemma, let us note that

1
E/m(t)KT(dm) - E/o ma (T, )dz = P(pr(1,2) < T — 1), (5.9)
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5.4. Finite N setting for the CREM.. We will now show that for finite N we can use
the general construction from Subsections 5.2, 5.3 to relate the geometric description of
the Gibbs measure on ¥ to the genealogical description of a family of embedded measures
on [0, 1].
Recall that we have already introduced the image measure fig x (1.8) of the Gibbs measure
on the unit interval via the map 7y (1.7). Let 3 y be the probability distribution function
of ﬁg’ N:

Op,n(2) = Bg,n (0 : 7 (0) < ). (5.10)
Let us take a parameter s € [0,1] and consider the map 7y : ¥y — [0,1]. Clearly, its
image consists of 2(*N] points, and for any o,0’ with dy(o,0’) > s we have rsny(0) =
T(s N](a’ ). Now we define a family of compatible distribution functions in the sense of
Definition 5.1:

Z“ﬁ v (@) Lo (rsvy(o))<a} (5.11)
as states Lemma 5.4. To better understand the construction of (5.11), let us take configu-
rations, o1,0?, ... ,aZ[SN], differing in the first [sN] coordinates, i.e. with dy(o?, 07) > 1—s,

and arrange them in order such that 0 < r,n)(0!) < rn(0%) < -+ < Ty (02[8N]) =1.
Let
25— . d A o . [sN] _
i=pgn(o tdy(o',0") <1—s), i=1,...,2%" x5 =0.
Define .
yi=ai i+ 2 =0(rn(et), i=0,1,...,26N

Then we may write the representation

sN]
Z Yi Waclys e, )} (5.12)

Lemma 5.4. The functions, Sﬂs}f,, defined in (5.11) satisfy the assumptions of Definition
5.1 with I =10,1].

It follows from this observation that we are entitled to apply the construction of the

(s:2)

previous section to S ’ If, Their genealogy is

my(s,t) = (yi_1,y;] with [mg(s,t)| = [z3], if z € (yi_1, 9], 1 =1,...,
We may associate with this genealogy the genealogical map, K7, and the coalescent process
on the integers. The next lemma expresses the geometry of the Gibbs measure of the
CREM contained in the empirical distance distribution function Kg n, defined in (1.13),
in terms of the genealogy induced by the functions defined in (5.11).

olsN]

Lemma 5.5. We have

Kon =KD,
where the empirical distance distribution function Kg n is defined in (1.13) and Klﬁ’N s
the genealogical map defined in (5.5), with T = 1, of the flow of probability distribution
functions (5.11).

5.5. Genealogy of a continuous state branching process. Another example of flows
of probability measures satisfying Definition 5.1 arises in the context of continuous state
branching process [BLG|. The basic object here is a continuous state branching process
X (t) on R* characterized by its Laplace exponent us()\). The process started in a > 0
will be denoted by X(:,a). This can be extended to a genuine two parameter process
(X(t,a),t,a > 0) using the fundamental branching property that states that, if X'(-, b) and
X (+,a) are independent copies, then X (-,a+ b) has the same law as X'(-,b) + X (:,a). The
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process X (t,a) is characterized by the property that, for any a,b > 0, X(-,a+b) — X(-,a)
is independent of the processes X (-,c), for all ¢ < a, and its law is the same as that of
X(-,b). The right continuous version of X (¢,-) is a subordinator. Bertoin and Le Gall
[BLG] prove the following proposition, based on the Markov property of this process.

Proposition 5.1. On some probability space there exists a process (§(S’t)(a),0 <s <
t,a > 0), such that

(i) For any 0 < s <t, S©1) s ¢ subordinator with Laplace ezponent us_s()).

(it) For any integer p > 3 and 0 < t; <ty < --- < tp, the subordinators g(tl’tz), g(t2’t3), ... ,§(t1’*1’tp)
are independent, and
§(t17tp)(a) — g(tl’*l’tp) le) §(tp*17tp) O+++0 g(tz’tf}) le) g(t]-’tz)(a), VG Z 0’ a.s. (5‘13)

(iii) The processes SO (a) and X (t,a) have the same finite dimensional marginals.

The process S allows to construct a flow of probability distribution functions by setting

s 1
S0 = X

For I taken as any countable subset of R, they satisfy the assumptions of Definition 5.1
a.s.

SEN(X(s,1)z), 0<s<t<1. (5.14)

We are interested in a particular case of Neveu’s continuous state branching process X;
with »
E(e™™ | Xg=a)=e N y,(A) = A, (5.15)

In this case S(®!) are stable subordinators with index e*~t. Then the normalized stable

subordinators (%) of (5.14) is a family of random probability distribution functions sat-
isfying Definition 5.1. Thus, the genealogical construction of Subsections 5.2, 5.3 applies
to them.

Finally, note that if we take an increasing function t(y) > 0 for y € [0,1], then we
may consider the time-changed flow §®2) = S(W)H2) 0 < y < 2z, satisfying again
Definition 5.1 and therefore allowing the genealogical construction of Subsections 4.2, 4.3.

Bertoin and Le Gall [BLG]| showed that the coalescent process on the integers induced by
S0 of (5.14) associated to Neveu’s process (5.15) coincides with the coalescent process
constructed by Bolthausen and Sznitman [BS]. They also proved the following remarkable
result connecting the collection of subordinators to Ruelle’s Generalized Random Energy
Model: Take the parameters 0 < z; < --- <z, <land 0 <t; < --- <, linked by the
identities

tyk =Inzg 1 —Inxz (5.16)
fork=0,...,p—1,and {, = —Inz;. Then the law of the family of jumps of the normalized
subordinators S(tt) for k = 0,...,p — 1, is the same as the law of Ruelle’s probability
cascades WP with parameters z;, i = 1,...,p, see Definition 3.1.

Now consider a GREM with finitely many hierarchies and parameters such that the points
yo=0and 0 <y; <... <y, <1 are the extremal points of the concave hull of A. Recall
that limy_,0 E f3,5(y) = E fg(y) can be computed by (4.5) for any y € [0, 1]. Now set

Efﬂ(yifl):xi; 1= ]-)"')p) (517)
where all of the z; < 1. In Theorem 3.2 we proved that the point process WI(\I;)ﬂ in
[0,1]” converge to Ruelle’s probability cascades with parameters z;, i = 1,...,p. (The

(p)

convergence of the marginals of the process Wy 3 for the GREM under the assumption
that for any given hierarchy ¢ = 1,...,p and N > 0 the number of configurations {o’ :
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dn(o,0') < 1—y;} is the same for all o € Xy, has been also established in Proposition 9.6
of [BS2].) Combining these two results yields

Lemma 5.6. Let ug n be the Gibbs measure associated to a GREM with finitely many
hierarchies satisfying (5.17) at the extremal points y;, i = 1,...,p of the concave hull of
the function A. Then the family of distribution functions Sgﬁ“\,’y"), k=1,2,...,p defined
according to (5.11) converges in law, and the limit has the same distribution as the family
of normalized stable subordinators (5.14) Stets) | =0,1,...,p— 1 in the sense that the

joint distribution of their jumps has the same law, provided tp are chosen according to
(5.16), (5.17).

5.6. Main result. From the preceding proposition we expect that Neveu’s process will
provide the universal limit for all of our CREMs. The dependence on the particular model
(i.e. the function A) and on the temperature must come from a rescaling of time. Set

vV2In2

, ify<
z(y) =Ef(y) = { B/ A'(y) v (5.18)
1, if y >yg
where yg = sup(y : ﬁ\/%?’l(?) < 1) (here E f3(y) is defined by the function A through (4.5)).
Set also !
T =—Inz(0), t(y) =T+ Inz(y). (5.19)
Define the flow of probability distribution functions

S’(y,z) (.',U) = S(t(y)at(z))(x) (520)

where S(*) is the flow of functions (5.14) associated to Neveu’s process (5.15). Let K'r}(y)
be the genealogical map (5.5) associated to this flow.

Theorem 5.1. Consider Continuous Random Energy Model with general function A such
that A does not touch its concave hull A in the interior of any interval where A is linear.
Then

Kgn = KPN B g, (5.21)

Here KCg n is the empirical distance distribution function (1.13), K lﬁ "V is the genealogical
map (5.5) of the flow of probability distribution functions (5.11) and the equality g y =

Kf N holds by Lemma 5.5. Theorem 5.1 is the main result of this paper. It expresses
the geometry of the limiting Gibbs measure contained in K x in terms of the genealogy
of Neveu’s branching process via the deterministic time change (5.19). We prove this
theorem in the next subsection.

5.7. Coalescence and Ghirlanda-Guerra identities. As it was remarked in Subsec-
tion 5.3, K associated with a flow of measures is completely determined by its moments,
and these can be expressed via genealogical distance distributions of the corresponding co-
alescent (5.8). So, we will prove that the moments of g x, which are the n-replica distance
distributions in our spin glass model, converge to the genealogical distance distributions
on the integers (5.8) constructed from the flow of compatible measures with distribution
functions $2) (5.20). But the flow S®?) is the time changed flow (5.14) of Neveu’s
branching process (5.15) that by [BLG] corresponds to the coalescent of Bolthausen-
Sznitman. Therefore, its genealogical distance distributions on the integers are those
of Bolthausen-Sznitman coalescent under this time change (5.19). Then the proof of The-
orem 5.1 is reduced to the following Theorem 5.2 that gives in addition the connection
between the n-replica distance distribution function of the CREM with the genealogical
distance distribution function of the Bolthausen-Sznitman coalescent.
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Theorem 5.2. Under the same assumptions as in Theorem 5.1, for any n € N,

]{II&EN (dN(a o ) >1- Yisy--- adN(an_laan) >1- yn(n—l)/Z) (522)

where t(y) is defined in (5.19) via (5.18).

The distance pr is the distance on integers for the Bolthausen-Sznitman coalescent, in-
duced through (5.7) by the genealogical distance vz of the flow of measures S(**) (5.14)
of Neveu’s branching process (5.15). The fact that in Bolthausen-Sznitman coalescent
P(pr(1,2) > T —t) = €T and the convergence (4.5) imply the statement of the theorem
for n = 2:

Eu?’%v(dN(a, o) >1—y) = a(y) = T =p(pr(1,2) > T — t(y)).

The proof of the theorem for n > 2, and in fact the entire identification of the limiting pro-
cesses with objects constructed from Neveu’s branching process, relies on the Ghirlanda-
Guerra identities [GG] that were derived in Theorem 4.4 for the left-hand side of (5.22).
Thus we must show that the right-hand side of (5.22) satisfies the same identities, that is
fort <T:

Plor(L,n+1)>T —t|B,) = tT+ Zp (Lk)>T—t|B,) (5.23)

that can be equivalently written as
e {l,...,n}:pr(kd) <T —t|—e T
n

P(pr(k,n+1)<T —t|B,) = (5.24)

There are two ways to verify that (5.23) holds for the Bolthausen-Sznitman coalescent.

The first one is to observe that relation (5.23) involves only the marginals of the coalescent
at a finite set of times. By Theorem 5 of Bertoin-Le Gall [BLG], these can be expressed
in terms of Ruelle’s probability cascades modulo the appropriate time change. Thus,
by Theorem 3.2 these probabilities can be expressed as limits of a suitably constructed
GREM (with finitely many hierarchies) for which the Ghirlanda-Guerra relations do hold
by Lemma 3.1. Thus (5.23) is satisfied.

The second way is to verify directly that Ghirlanda-Guerra relations (5.24) hold for the
Bolthausen-Sznitman coalescent.

This can be done by identifying its partitions with exchangeable random partitions called
“Chinese restaurant process”.

For that purpose, let us first give the following definition. Given the sequence of normalized
jumps of the stable subordinator (A;/7T") with index z and given Uy, Us, ... independent
uniform random variables on [0, 1], the partition of positive integers II distributed as a
partition of blocks of indices of U; belonging to the same intervals A;/T € [0, 1] is called
(z,0)-partition, see [Pi].

Let us introduce an operation of coagulation on partitions, see [Pil]: for a partition
m = (A, Ag, .. ,) and Il = (B, Bs,...), the II-coagulation of 7 consists of blocks of the

form {J;cp5, A

By [BS] the Markov kernels (e~%,0)-coagulation, t > 0, on partitions of N' form a semi-
group. The Markov process

P™(I(t+) € -) = ("7, 0) — coagulation of m (5.25)

is distributed as the Bolthausen-Sznitman coalescent. 1t starts from a partition of singletons
at time T and finishes by a partition of one block N at time —oo. (The semi-group
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property can be also seen from the fact that the limiting frequencies of (e*, 0)-partitions
are distributed as normalized jumps of stable subordinators and from their matching
condition (5.1).)

Next, consider exchangeable random partitions I on N, introduced by J. Pitman under the
name of Chinese restaurant processes. For each parameter 0 < z < 1 the partition called
“Chinese restaurant process” can be constructed as follows. Let II,, denote the restriction
of II to the first n positive integers. Then, conditionally given II,, = {A4y,..., A} for
any particular partition of {1,2,...,n} into k subsets (tables) A; of sizes n;, i = 1,...,k,
the partition I, is an extension of II,, such that the number n + 1 (new customer) is
attached to the class (table) A; with probability (n; — z)/n, and forms a new class (sits
at a new table) with probability kz/n. Let us denote by p(ni,...,ni) the probability of
partitions II with II,, a particular partition of k£ classes of sizes ni,...,n; respectively.

Then
ny —x

p(n1+1;n2;"';nk) = p(nla"';nk) (526)
The crucial fact is that the partition I1 of the Chinese restaurant process with parameter
z is a (z,0)— partition. This fact, noticed in [Pi], follows from the combination of the
results of [Pil] and [PPY] : On the one hand, in [Pil] it is proven that the limiting relative
frequencies, in order of appearance, F;, in the Chinese restaurant process have the same
distribution as the product (1 —W7)(1 —W3)--- (1 — W;_1)W;, with W; independent beta
random variables with parameters (1 — z,iz). On the other hand, in [PPY] the following
was proven: let A(;) /T denote the reordering to the intervals A;/T" in order of appearance
of the U, i.e. define A;) such that Uy € A(yy/T, Umin{j:U;¢84)/T} € A(2)/T etc.. Then
|A(,-)/T| has the same distribution as products, (1 — Wy)... (1 — W;_1)W;, where W; are
the independent beta random variables appearing above. Thus, the sequences |A; /7|
and P; have the same distribution.

Therefore, by (5.25), the marginals of Bolthausen-Sznitman coalescent II(¢) at times 0 =
to <ty <--- <tp_1 <tp, =T can be constructed as the following sequence of Chinese
restaurant processes: let z; = eli-17% 0 < ) < 9 < --- < z, < 1. Then H(tp_l—l-) is
distributed as a (zp,0)— partition, i.e. as the Chinese restaurant process with parameter
zp. Next, we define the partition II(¢,_2+) as the Chinese restaurant process on the classes
of partition II(¢,_1+) with parameter z,_1/z, = e'»=2"%-1; this means that, given the
classes AP™1, ... ,AZ_I obtained from Af,..., A?, where Af_l consists of I; blocks of II?,
i=1,...,k I+ -+1; = I, the block A? , joins A? ' with probability (! " — =z, _1/z)/I
and forms a new class with probability kz,_1/(z,l). One iterates this procedure with
parameters Z,_2/Tp_1,...,&1/T2 to construct the partitions II(t,—3+),...,II(¢p+). By
the semi-group property of (e t,0)— coagulations, II(t;+) is distributed as a Chinese
restaurant process with parameter z; 1 = eti % foralli = 0,1,...,p— 1, satisfying (5.26).
Now (5.24) is immediate from the Chinese restaurant property (5.26).
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