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ABSTRACT. We consider a mode approximation model for the longitudinal dy-
namics of a multisection semiconductor laser which represents a slow-fast system
of ordinary differential equations for the electromagnetic field and the carrier den-
sities. Under the condition that the number of active sections g coincides with
the number of critical eigenvalues we introduce a normal form which admits to
establish the existence of invariant tori. The case ¢ = 2 is investigated in more
detail where we also derive conditions for the stability of the quasiperiodic regime.

1. INTRODUCTION

Semiconductor lasers play a crucial role in many areas of modern technology. Espe-
cially in photonic networks they are used for fast data regeneration. Typically, these
devices possess a non-stationary working regime, and their behavior is characterized
by a multi-scale dynamics and by occurring of instabilities of higher co-dimension.
The construction of semiconductor lasers with several sections allows to control these
nonlinear effects.

Under certain physical conditions, the longitudinal dynamics of edge emitting mul-
tisection semiconductor lasers can be characterized by the temporal behavior of the
electro-magnetic field £ and the effective carrier density N within the active zone
of the device. The corresponding mathematical model is referred to as traveling
wave model (see [5, 6] and references therein). In this model, the time evolution of
the state variables is described by the following differential system in some Banach
space

dE

=~ = H(N)E,
dt
(1) g |
S = (fi(N) — ETG(N)E?), =1,k

Here, E is a complex vector depending on time ¢ and on the one-dimensional space
variable z characterizing the longitudinal direction of the laser, E* represents the
complex conjugate of E, and N = (N, ..., N;)T is a real vector whose components
describe the spatially section-wise averaged carrier density in the k£ active sections.
Hence, the variables Ny, ..., Ny depend on time only. H(N) is a first order differential
operator with respect to z such that the first subsystem in (1.1) represents a linear
hyperbolic system of partial differential equations. ETg’(N)E* is a Hermitian form
implying the symmetry of (1.1) with respect to rotation of the complex variable E
(phase shift of the electromagnetic field). Thus, system (1.1) couples a linear system
of partial differential equations (PDEs) for £ with a system of ordinary differential
equations (ODEs) for N. The crucial fact that the variables £ and N act on different
time-scales is expressed by the presence of the small parameter £ which is the ratio
between the averaged lifetime of a photon and the averaged lifetime of a carrier (in
applications, € ~ 1072, or often smaller [2, 4, 5]).

The slow-fast structure of (1.1) permits to derive conditions ensuring the existence
of a finite-dimensional invariant manifold such that the PDE-ODE system (1.1) can



be reduced to an ODE model. For this purpose we need the following assumption
(see [8, 5]):

Assumption: there exist a negative number x and a simply connected compact set
K C R* such that for all N € K the spectrum of H(N) can be decomposed as

spec H(N) =0 .H(N)Uo,H(N),

where
Reo,H(N) =10, Reo,H(N) <&k <DO0.

According to this splitting, to any N in some small neighborhood of K there exist
spectral projections P.(IN) and P;(N). We assume that o.H (V) consists of a finite
number q of eigenvalues. Let the column vectors of the ¢ x g-matrix B(/N) form
a basis for the space ImP.(N), and let E. be the coordinates in this basis, i.e.
E = B(N)E, for E € ImP,(N). In [5] it has been proven that for sufficiently
small £ there exists a finite-dimensional, exponentially attracting smooth invariant
manifold with the representation E = ev(FE., N,¢), where v is a smooth bounded
function defined for N in some neighborhood of the set K.

On this invariant manifold, system (1.1) takes the form [4, 5, 8]

T = [HN) - a(N)F(E., N) + O(2)] B,
(1.2) iy
e eF(E.,N) + O(g?),

where E, € C?, N € R*, and

(1.3)

In what follows we use the ¢ x g-matrices G/(N), which are defined by
(1.4) G/(N) := B(N)'¢(N)B(N)*, j=1,..,q,

such that we can represent F'(E,, N) in the form

(15) F(E,N):= (f(N) - EIG'(N)E, .., fu(N) - EIGH(N)E;)" .

If we drop in (1.2) the O(e?)-terms in (1.2), then we get the system

e = [HN) — ca(N)F(B, N)] E.
(1.6) d]tv
S5 = eF(E.,N),

which is called mode approrimation model. That model is in some sense an implicit
system of ordinary differential equations because the functions H.(N) and a(N)
usually are known only implicitly via the solution of the characteristic equation for
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H. Mode approximations have been proven to be extremely useful for numerical
and analytical investigations of longitudinal effects in multi-section semiconductor
lasers since the dimension of system (1.6) is typically low (g is often either 1 or 2;
see, e.g.,[1, 7, 3, 4]). In fact, using specific information about the eigenvalues of
H.(N), it is often possible to make further significant simplification of system (1.2).

The goal of this note is to consider the case when for N € IC the q eigenvalues of
H.(N) are all different. Moreover, we assume that the number of active sections
is also ¢ (that is & = ¢) such that the set K is, typically, a single point in the N-
space. In that case we will transform system (1.2) into some normal form which, in
particular, permits to establish the existence of invariant tori for system (1.6). The
case ¢ = 2 will be studied in more detail.

We note that the normal forms we obtain can be viewed as small (of order O(4/¢))
perturbations of some conservative systems. In the case ¢ = 2, for example, the
conservative “nucleus” of the normal form (see equation (3.9)) can be written as a
Lagrangian system with two degrees of freedom, given by the Lagrangian

du
L_al(dt1> o) T e ¢ e thutbu

with certain constants aq, as, by, by. Clearly, the dynamics of small dissipative per-
turbations of such systems is not exhausted by invariant tori only. Therefore, further
analysis of our normal forms can provide more insight into the dynamics of multi-
section lasers.

(duz ) 2 duy dusy

2. TRANSFORMATION TO A NORMAL FORM
We consider system (1.2), where we drop the index ¢, under the following assump-

tions:

(Ay). There exists N € R?, ¢ > 2, such that the g x ¢ - matrix H(N?) has g different
eigenvalues on the imaginary axis.

(Az). There is a neighborhood N of N in R? such that the matrices H and G’ and
the functions f;, j = 1,2, ..., q, depend smoothly on N for N € NV.

We denote by A;j(N) = u;i(N) + iw;(N) the eigenvalues of H(N) for N € M. By
assumption (A;) we have

(2.1) u;(N°)=0 for j=1,...,q, wi(N®)#wn(N° for [#m.
We also assume
(Aj3). For any different pairs (I, s) and (7, p) of indices it holds
wi(N?) = wy(N?) # w;i(N?) — wy(N").
Using the eigenvectors of H (V) as column vectors forming the matrix B(IN) we have
the representation H.(N) = M(n) + iQ(n) with the diagonal matrices
M(n) =diag(ui(N), ..., ue(N)), Q(n)=diag(wi(N),...,w(N)).



Thus, system (1.2) can be rewritten in the form

dE
= [M(N) +iQ(N) — ea(N)F(E,N) + O(*)] E,
(2.2) ; Nt
W = €F(E,N) + 0(52),
where the complex vector £ has the components Ej, ..., E,. It can be shown (see

[8]) that every bounded orbit of system (2.2) must stay in a region of the phase
space, where the variable N is close to N°, i.e., where p;(N) is small for any j. For
the sequel, it turns out to be useful to scale the variable N as N = N°+,/en. Then,
system (2.2) takes the form

% = [M(N+ven) +iQ(N° + /en)

(2.3) —ea(N° ++/en)F(E, N° + \/en) +O(e?)] E,

d
T ER(B,N+ en) + O().

From the definition of a(N) and G’(N) in (1.3) and (1.4) respectively, it follows
that system (2.3) can be rewritten component-wise as

dE;
“ — N(N)E
dt ((N)Ey
—e Y ol (N) (fj(N) -y GZnS(N)EmE:> E,
1<p,j<q 1<m,s<gq
(2.4) LO(ER), 1=1,...q
dn; ) i
d—tj =+e (fj(N) - Z Gins(N)EmEs> +0(e¥?),
1<m,s<q
j=1,...,q.

where |F| denotes the Euclidean norm. The following transformation aims to elimi-
nate the terms related to the off-diagonal elements of GZ, (N° + 4/en) on the right-
hand side of dn;/dt. We apply the transformation

Glas(N)
2.5 nj =n; E.E; e :
( ) n] n]+\/gmz¢:s s)\m(N)+)\s*(N)
where N = N° + y/en. The relations GJ (N) = G _(N)* and w,,(N°) # w,(N?)
for m # s imply that this transformation is real and non-degenerate for sufficiently
small e. From (2.5) and (2.2), (2.4) we obtain

dii;  dn, dE,, . dE G (N) \
2y Zm px mEs ms 19) /2
= tVE g ),\m(N) e TOET)

m#s

=Ve(fiV) = Y GLN)ELE)

1<m,s<q
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> Am(ﬁf’“ —i(]i)*(m (An )+ A (N)) B} 40

V(- Y B

1<m,s<q

+VE Y GL(N)ELE; + O(e*?).

m#s
Thus, we have

(2.6) i = VE(5n) - X AWIEP) + 06,

1<s<q

We recall that N is defined by N = N° + \/en. It can be easily verified that the
right hand side of (2.6) keeps its form if we replace N by N° + (/e 7.

For the field E' the same relations hold as in (2.4), but if we replace N by N°+ /e,
then we have to consider the first term separately. For this purpose, we rewrite the
transformation (2.5) in the form

(2.7) nj = n;+ e hj(N° ++/en, E, E*),

where h; is defined by

G} (N)
hj(N° + ,E,E¥) E,, E G :

Let h(N°+4/e n, E, E*) be the column-vector with the components h;(N°++/e n, E, E*).
Then (2.5) can be represented in the form

n=1m—+e h(N°, E,E*) +O(e).
By means of that relation we get
AM(N) = N(N° 4 e n) = M(N° + e 7 — eh(N°, E, E*) + O(%/?)),
so that we have
M(N® + /en) = N(N® + /& 71) — e My(N°)R(N®, E, E*) + O(3/?),
where M;(N) is the row-vector defined by

ON(N)
ON

(2.8) My(N) + iWy(N) :=

Thus, in the new variables, system (2.4) takes the form
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dE,

i M(N® + e R)E; — eMi(N")h(N°, E, E*)E;

—e 3 W (HV) = Y GLNELE)E,

1<j,p<q 1<m,s<q

(2.9) +O(|E|€?), 1=1,...,q,

@zxf(fj(NUJrﬁn > Bl Gl N°+ﬁn))+0(63/z),

dt 1<m<q
l=1,...,q,7=1,...,q.

In the following step we eliminate the term

eMy(N)W(N°,E,E")Ey =€ B Y . MGl EnE;

Jj,m#s
in (2.9) by means of the transformation
- GI E.E
(2.10) By = E+ek Mj e
]%% (Am +A3)?

Differentiating (2.10) and taking into account (2.9) we get

dE, dEl o A+ A A,
" = E M]G] EmE* s
dt dt + € l]%;és 1 ~'ms s ()\m+)\:)2
=\NE —e B Y M{G EnE;—
Jym#s
—e 3 ML)~ Y Gh(N)E.LE)E,
1<5.,p<q 1<m,s<gq
i i Am + AL+ N
J * 7'M S 2
+ ¢ E .Z M/G? E, E? O O(|E|€?)
(2.11) i:m#s o
=NE +eE Y MG By,
j,m#s
—e Y (N ( - Y GLNME E;)Ep
1<j,p<q 1<m,s<q
+O(|Ele?),
=MEi—e 3 o (N)(H(N) = X Gh(NE.E)E,
1<5,p<q 1<m,s<gq

+O(|E|lEY, 1=1,...,q

By means of the next transformation we eliminate all terms on the right-hand side of
(2.11) which depend on the optical phase and are of order e. We apply the following
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transformation with respect to the E;,l=1,...,q,

E=E+e¢ Z Z a{s(NO)fj(NO)AS(No)E_S M (NO)

s#l j=1

(2.12)

E.E*E
_ NO G]

] Z; iy (V)G (V) R0 3 00) + 2 V) — M)
where the last sum is taken over all triples of the indices s, m and p, ranging from
1 to g, excluding those for which m = [ and s = p or p = and m = s. By (43),
the denominator A, (N?) + A*(N°) + A\, (N?) — \(N?) is non-zero for these indices.
Thus, the coordinate transformation (2.12) is well-defined. Differentiating (2.12) we
get

dE, dE, 0 0 E\(NY) = 3/2
—t_ § :E : (N°)f;(N E
&~ 0 2 2 VR oy gy P

i (o BB (V%) £ (V) + 4, (V)
e 3 O N i)

j=1sm,p

dE
If we substitute for d—tl the expression on the right hand side of (2.11), we get

dE j i
— = N(N)E — By Y af(N") (N +¢ Bi Y afy(N")Gi,(N°) B,
(2.13) . 7 ’*
+e E| Z ol (NOYGI (NO)|E,|* + O(|E|e¥?).

Jys#l

For the following we denote by R; and I; the real and the imaginary parts of the
factor of eE; in (2.13), respectively:

R(N°,E,E") +il(N°,E,E") Za” (N°Yf;(N°)

(2.14) —Za” (NG (N)|E,|? - Za,s (NG (N[E,|?
Jys#l
= Z&u(fj( ZGJ (NOE,) = BulEL P,
j=1 s#£1L

where we use the notation
~ ] 0
du; = ag(N°)

Brs = D251 [0 (NO)GLL(N®) + o (N°) G, (N°)].
From (2.13) and (2.9) we obtain the system
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dE — _ ., — _
22 N(NE — ¢ B, (R,(NO, E,E) +il;(N°,E,E )) +O(|E|e¥?),

dt
(215) i _ (fj(NO FVER) = 37 [Bnl* G (N + ﬁﬁ)) +O(2),

l=1,...,q,5=1,...,q.

Our next goal is to eliminate the term e E,R,(N°,E,E") on the right hand side of
dE;/dt. For this purpose we require:

(A4). The matrix M (N°) consisting of the row-vectors defined in (2.8) is invertible.

Under the assumption (A44) we can introduce the new coordinate 7 implicitly by the
system of equations (I =1,...,q):

(2.16) m(N° + Ve @) = w(N° 4+ Ve ) —eR(N°, E,E").

Let R be the column vector with the components Ry, ..., R, and u be the column
vector with the components py,..., 1, Under the assumption (A4) we get from
(2.16)

(2.17) A=+ e(M(N°) ™ (Myiiit — Mo — R+ O(vE)),

where My, is the bilinear form defined by

MyNN := @(NO)NN
IE '

Substituting (2.17) into Myn 7 we get
Myn @ — Mynn = O(Ve).
Thus, we have by (2.17)
n=n—eM(N°)"'R+ O(e),
or

q
ﬁj = ’FL]‘ — \/EZMﬂRl + O(E),
=1

where we denote by M the entries of the matrix M(N°)~!. Using the above
formulas, and taking into account (2.16) we obtain from (2.15)
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b _ (i (N? + VE ) 4 isn(N° 4+ VE 7+ eM(N) ' R) — i)

di
+0(e*|B)),
(2.18) % = VE(£HN 4 VEm) = 3 (Bl Glu(N + V2 )

1<m<q

q
o d
. M]l_R> 3/2
P 1 —I-O(E ),
=1
l=1,...,q,7=1,...,q.

Introducing the notation (see (2.14))
q B q
ayj = Imay; — Z WisRed;, Bis == ImfB, — Z WipsReBys,
s=1 p=1

Gim(N" + Ven) 1= G, (N" + Ven) — 2%jmptm(N° + v/20),

)

q q
Vim =) l M/'Re6?G?,,,(N°) + > M/'Ref,

p=1 LiI=1 I#m

where W, denotes the entries of the matrix W(N°)M(N°)~!, we may rewrite system
(2.18) as follows (note that the corrections 2v;,um to the coefficients G7 . are of
order /¢ because u(N°) = 0 by assumption):

%:El(ul(N°+\/Eﬁ)+i[wl(N°+\/Eﬁ)—\/E;au%ﬁj
. _st2 O3 E ,
219) sgm 2|) + o E))
dn; -
L= Ve(fi(N + Ve m) - K%;q B Cim(N + V2 1)) +O(¥?),

l=1,...,q,7=1,...,q.

Summarizing our investigations we have the result:

Theorem 1. Under the assumptions (A1) — (A4), to any compact region of the
phase space of system (2.4) there is a sufficiently small €y such that for 0 < e < g
system (2.4) is mapped into system (2.19) by a coordinate transformation, which is
O(4/e) close to identity in the given region.

Remark. System (2.19) is our wanted normal form.
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3. THE TRUNCATED SYSTEM

If we omit the O(3/2)- terms in (2.19) we get the truncated system

% = El(m(N“ ++/em) +i[wz(N° ++/e )
q B d ~ o
(31) — \/E;O{l]’%n]’ — _Eg/@ls|Es|2:|>a
% = Ve (fj(NO +vem) = Y [EPGL(N + e ﬁ)) :
1<s<q

The following theorem gives an answer to the question about the deviation of the
trajectories of system (2.19) from the trajectories of the truncated system (3.1).

Theorem 2. Let the hypotheses (A1) — (Ay4) to be valid. Then the trajectories of the
systems (2.19) and (3.1) starting at the same initial point are uniformly O(e)-close
on a time interval of order O(/1/¢).

Proof. We write system (3.1) and system (2.19) in the form

(3:2) L~ (), D =cwe) +OE)
respectively, where z,w € C?*. We denote by (-,-) the usual scalar product in C*
and introduce by ||v|| = y/(v,v) a norm in C??. Let C be some compact convex
region in C??. We denote by Z(z,¢) the derivative of ((z,) with respect to z and
by k(e) the maximal eigenvalue of 3(Z(z,¢) + Z(z, e)*") for z € C. In our case, the
relation k < kg4/€ can be easily verified.
Let z(t,e) and w(t, €) be the solutions of the corresponding systems in (3.2) satisfying
z(0) = w(0), and let 6(t) = z(¢t,e) — w(t,e). Under our assumptions we have
d 2(t,€),e) — (w(t, e),e) + O(e%?),6(t
Lise) < ((2(t,¢), ¢) (;5) ) +0(e77),8(t))
t 16(2)I]
(8(t), (2(t,e),€) — (w(t,e),€) + O(*?))
206
(Z+27)8(8),6(t)) 3/2
= + 0(3/?)
206
< woVell§(0)]l + O(e¥).
Taking into account §(0) = 0 we obtain from this inequality
18(t)]| < O(e)e™ve,

which implies the result claimed in the theorem. O

_|_

If we represent E;(t), [ =1, ...,q, in the form
(3.3) Ei(t) = v/Si(t)e®,
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then we get from (3.1) the system

d ~_d 2
L= (N V) = VEY ayn—e > A,
ji=1

dt oy
dSl 0 __
(3.4) o 2u(N° ++/em) Sy,
dn; 0 . - 0 _
Fr \/E<fj(N +/en) — Z:st(N + \@n)55>,
l=1,..,q.

Let S and f be the column-vectors with the components Si,...,.S, and fi, ..., fy,
respectively, let G' be the matrix with the entries Gj;,1 < 5,5 < q. Then the
amplitude system to (3.4) can be represented in the form

% = 2/1,1(N0 + \/Eﬁ)Sl,
(3.5) yd
o = VE(FINO + VER) - G(N + vEm)S).

Using the scaling 7 = /e t, fu = w/+/€, we get from (3.5)

ds,

—l: 2ﬂl(N0+\/gﬁ)Sla lzlaaq
(3.6) ddﬁT

o= f(N° + e m) — G(N° + /e m)S.

According to u(N°) = 0 we obtain i(N°++/en) = M(N°)n+O(y/€). Since M(N?)
is invertible by assumption (A4), we can implicitly introduce new variables ny, .., 7,
by m; = /(N + V& 7).
Taking into account m = M(N°)"'n+ O(y/) we get from (3.6) the system

ds; .

d—J: 27)j5j, jzla"'aQa
(3.7) T

M _ N0 4 yon) — GV 4 VEn)S + O

where f: M,y f, G = M,G.
For £ = 0 the amplitude system (3.7) has the form

dsS;
d—] = 2anj7 J = 17 »q
-
(3.8) dn
—L = F(N°) — G(N")S
L= F(N') = G(NY)



This system is conservative and reversible: setting S; = e we get from (3.8)

et
d*u A N
3.9 —— = F(N°) — G(N°
(3.9) = F(N") - G(N")

el

Thus, the amplitude system (3.7) belongs to the class of conservative systems with a
small (of order O(4/¢)) dissipation. In particular, if this system has an exponentially
stable equilibrium or a periodic orbit, its Lyapunov exponents must be of order
O(y/e) or less, i.e. the stability is rather weak.

4. EXISTENCE OF INVARIANT TORI

By Theorem 2, system (3.4) and therefore also system (3.7) provides a good de-
scription of the dynamics of the original system (2.2). For example, the equilibria
of (3.7) with non-negative S; correspond to invariant tori of system (3.1): the di-
mension of the torus equals ¢ minus the number of zero components of the vector S.
Periodic orbits of system (3.7) lying in the region where all S; are non-negative also
correspond to invariant tori of (3.1) with the dimension (¢ + 1) minus the number of
identically vanishing S;. By the O(e)-closeness of system (3.1) to the original system
(2.2) it follows that if the invariant torus is normally-hyperbolic with the transverse
Lyapunov exponent of order O(4/¢) at least (i.e. if the characteristic exponents of
the corresponding equilibrium or the periodic orbit of the amplitude system (3.7) lie
on a distance of order at least O(4/¢) from the imaginary axis), then this invariant
torus persists in the original system for all small €.

In what follows we investigate the case ¢ = 2 in more detail. The amplitude system
(3.7) is written here as

dSy
@1 _ g
dt o1,
ds
—2 = 277252)
()
% = Fi(N° +Ven) — Gu(N° + Ven) Sy — Gia(N° + en) Sy + O(e),
d
% = F5(N° +v/en) — Gar(N° + v/en) Sy — Gao(N° + v/en) Sy + O(e),

where we removed the "hat”-signs from F' and G. In the general case, for e = 0
system (4.1) has a unique equilibrium satisfying S; # 0, Sy # 0, namely

m="mn =0,
(4.2) Sy =87 = (F1(N°)Gaa(N°) — F(N°)G12(N®)) /A,
Sy = S5 = (Fa(N")Gu(N°) = Fi(N°)Gau(N"))/A,

where

A = G11(N°)Gas(N®) — G1a(N®)Gar (N?).
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Thus, system (4.2) has an equilibrium with positive S; and S; if and only if
(FL(N°)Ga2(N?) — F5(N°)G12(N®))A > 0,
(FQ(NO)GH(NO) — Fl(NO)Ggl(NO))A > 0.

Such equilibrium corresponds to a two-dimensional invariant torus of system (3.4),
or, in other words, to a family (parametrized by two initial phases) of two-frequency
solutions of (3.4) with frequencies close to wi(N?) and wy(N?).

(4.3)

From (1.5) it follows that the original system (2.2) has the following symmetry: if
(E(t),n(t)) is a solution of (2.2) than also (E(t)e?,n(t)) is a solution, where ¢ is
any real number. This symmetry implies that the phase-space can be factorized by
identifying all points (Fy, F») having the same values of |F;|?, |Ez|*> and Ey E;. The
truncated system (3.1) has the same symmetry. In order to prove that the torus,
which corresponds to equilibrium (4.2), persists also for small £, we note that the
quasiperiodic solutions which fill it are relative periodic, i.e., they become periodic
in the factorized state space.

Since systems (2.2) and (3.4) are close to each other (in the sense of Theorem 2), sys-
tem (2.2) will have a relative periodic solution close to the relative periodic solution
of (3.4), for all sufficiently small €, provided the latter has no zero multipliers. This
condition is equivalent to the requirement that the equilibrium of the amplitude
system (4.1) has no zero characteristic root.

The characteristic equation for the equilibrium (4.2) of system(4.1) can be written
as

At — Ve(pu + pgz))\3 + A2(2Sf911 + 255 go2)+
(4.4) + e(p11P22 — P21p12))+

+ \/5(2516@21?12 + g11p22) + 255 (g12P21 — 9221711)) A+4S1S5A 4+ O(e) =0,

where we use the notation g;; = Gi;(N°), pi; = O(F; — Gi1S; — Gi253)/ON;|n—no-
In case € = 0, where (4.4) can be reduced to the quadratic equation

(4.5) 0* — 2(Stgu + S5g22)0 + 457 S5A = 0

the condition S§S;A # 0 implies that no root of (4.5) vanishes, and, therefore, also
no root of (4.4) for sufficiently small e. Thus, we arrive at the following result.

Theorem 3. For sufficiently small €, system (2.2) with ¢ = 2 has a unique two-
dimensional invariant torus, that is a family of two-frequency solutions with frequen-
cies close to wi(N°) and wy(N°) if and only if the conditions (4.3) are fulfilled.

The corresponding invariant torus will be stable if all roots of the characteristic
equation (4.4) are located in the left half plane and have a distance of order larger
than O(e) to the imaginary axis. As we mentioned above, system (4.1) is O(+/¢)-
close to a conservative system. Therefore, in order to ensure stability, the real parts
of the characteristic roots (which tend to zero as ¢ — 0) must be of order at least

13



O(4/e) for non-zero €. So, we make an ansatz A\ = iv — y/e0 in the characteristic
equation (4.4), and get the following equation:

vt — 20%(St g1 + S3g20) + 45T S5 A+
+ivy/e[(p11 + P22 + 40)v? — 40(Sfgu + S5922)+
+(S7(g21p12 — g11pa2) + S5(g12p21 — go2p11))] + O(e) = 0.

In the limit € = 0, this yields
vt — 20%(Stgun + S5922) + 457 S5 A =0,

(p11 + P22 + 40)u2 = 40(S7g11 + S5922) + 257 (91122 — g21P12) + 255 (g22p11 — g12D21)-

Thus, the stability condition for small ¢ requires that all solutions v? and o of

these equations must be real and positive. A routine computation shows that this
requirement is equivalent to the following set of inequalities:

S1g11 + 83922 > 24/ ST S5A, P11+ p22 <0,
(4.6)  |ST(911P22 — go1p12) + S5(ge2p11 — GraP21) + P11 + Pa2|(STg11 + S3922)| <
< |pu +p22|\/(5f911 + S30922)% — 457 S5A.

Hence, we have the following result.

Theorem 4. The two-dimensional invariant torus established in Theorem 3 is
asymptotically stable for sufficiently small e provided the inequalities (4.6) hold.
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