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Abstract: The randomized k-number partitioning problem is the task to distribute N i.i.d.
random variables into k groups in such a way that the sums of the variables in each group
are as similar as possible. The restricted k-partitioning problem refers to the case where the
number of elements in each group is fixed to N/k. In the case k = 2 it has been shown that
the properly rescaled differences of the two sums in the close to optimal partitions converge
to a Poisson point process, as if they were independent random variables. We generalize this
result to the case k > 2 in the restricted problem and show that the vector of differences

between the k£ sums converges to a k — 1-dimensional Poisson point process.

1. Introduction.

The number partitioning problem is a classical problem from combinatorial optimization.
One considers N numbers zi,...,zy and one seeks to partition the set {1,..., N} into
k disjoint subsets Iy,..., I, such that the sums Kg = Kg([1,...,I;) = Zn615 T, are as
similar to each other as possible. This problem can be cast into the language of mean field
spin systems [Merl,Mer2, BFM] by realizing that the set of partitions is equivalent to the set
of Potts spin variables o : {1,...,N} — {1,...,k}". We then define the variables

N
Kg(0) =D anlly =g, B=1,... k. (1.1)
n=1
One may introduce a “Hamiltonian” as [Merl,BFM]
k—1
Hy(o) =) |Kp(0) — Kpr1(0)] (1.2)
B=1

and study the minimization problem of this Hamiltonian. In particular, if the numbers z;
are considered as random variables, the problem transforms into the study of a random mean

field spin model. For a detailed discussion we refer to the recent paper [BFM].

Mertens [Mer1l,Mer2] has argued that the problem is close to the so-called Random En-
ergy Model (REM), i.e. that the random variables Kg(o) can effectively be considered as
independent random variables for different realizations of o, at least as far as their extremal
properties are concerned. This claim was proven rigorously in a paper by Borgs et al.[BCP]
in the case k = 2 (see also [BCMP]).

In this paper we extend this result to the case of arbitrary k£ and under the additional
constraint that the cardinalities of the sets I; are all equal. We formulate this result in the

language of multi-dimensional extremal process.
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2 Section 1

Let Xi,...,Xny be independent uniformly distributed on [0,1] random variables. (We
assume that N is always a multiple of k.) Consider the state space of configurations o of
N spins, where each spin takes k possible values o = (01,... ,0n) € {1,... ,k}N. We will
restrict ourselves to configurations such that the number of spins taking each value equals
N/k,ie. #{n:0, =0} = N/kforall 3 =1,... k. Finally, we must take equivalence classes
of these configurations: each class includes k! configurations obtained by a permutation of
the values of spins 1,... ,k. We denote by Xy the state space of these equivalence classes.
Then

Syl = (N]\/rk) (N“]V/,:/k)) (2]]\;[//:)%!)_1 ~ kN (2 N) TR (k)1 = S(k, N). (1.3)
Each configuration o € Yy corresponds to a partition of Xy,..., Xy into k& subsets of
N/k random variables, each subset being {X,, : 0, = 8}, 8 = 1,... ,k. Then the vector
Y (o) = {Yﬂ(o)}g;} with the coordinates

N
YP(0) = Kg(0) = Kp11(0) = Y Xu(Uiorpy — Nop—prny), B=1,...,k—1, (1.4)

n=1
measures the differences of the sums over the subsets. Our objective is to minimize its norm

as most as possible. Our main result is the following theorem.

Theorem 1.1: Let
VA(0) = k¥ (20N) k72 () =12V6 YR (o), B=1,... kL (1.5)

. E—1
Then the point process on R

Z Svi(e),.. VF-1(a))

cEXN

converges weakly to the Poisson point process on Rﬁ:l with intensity measure given by the

Lebesgue measure.

Clearly, from this result we can deduce extremal properties of Hy (o) = Zg;i YB(a)|

straightforwardly.

Remark: Integer partitioning problem. It is very easy to derive also from our Theo-
rem 1.1 the analogous result for the integer partitioning problem. Let Sy,... , Sy be discrete
random variables uniformly distributed on {1,2,... ,M(N)} where M(N) > 1 is an integer

number depending on N. Let us define
N

DP(0) = Su(llig,=p) — Wjop=pi1})-

n=1
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Theorem 1.2: Assume that M(N) — 0o as N — oo such that limy _ o0 (M (N)) = EN/(k=1) —
0. Let

WA(o) = M(N)~ k¥ (27 N) "k z=2 (k1) 7=12V6|DP (o), B=1,...,k—1.  (L6)

. E—1
Then the point process on R

D S Wi (o) WE1(0))
ocEXN
converges weakly to the Poisson point process on R’f,fl with the intensity measure which is

the Lebesgue measure.

Proof. 1t follows from Theorem 1.1 by the same coupling argument as in the proof of Theo-

rem 6.4 of [BCP].

The difficulty one is confronted with when proving Theorem 1.1 is that the standard
criteria for convergence for extremal processes to Poisson processes that go beyond the i.i.d.
case either assume independence, stationarity, and some mixing conditions (see [LLR]), or
exchangeability and a very strong form of asymptotic independence of the finite dimensional
marginals [Gal,BM]. In the situation at hand, we certainly do not have independence, or
stationarity, nor do we have exchangeability. Worse, also the asymptotic factorization of

marginals does not hold uniformly in the form required e.g. in [BM].

What saves the day is, however, that the asymptotic factorization conditions hold on
average on Y, and that one can prove a general criterion for Poisson convergence that

requires just that.

Thus the proof of Theorem 1.1 involves two steps. In Section 2 we prove an abstract
theorem that gives a criteria for the convergence of an extremal process to a Poisson process,

and in Sections 3,4 we show that these are satisfied in the problem at hand.

Unfortunately, and this makes the proof seriously tedious, for certain vectors o, o', there
appear very strong correlations between Y (¢) and Y (o) that have to be dealt with. Such a
problem did already appear in a milder form in the work of Borgs et al [BCP] for £ = 2, but

in the general case k > 2 the associated linear algebra problems get much more difficult.

Remark: The unrestricted problem. These linear algebra problems prevented us to
complete the study of the unrestricted problem (that is when the sets Iy,..., I are not

necessarily of size N/k) in the case k > 2. In Section 5 we give a conjecture for the result
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similar to Theorem 1.1 in this case and explain the drawback in the proof that remains to
be filled in.

Remark: Dynamical search algorithms. It would be interesting to investigate rigorously
the properties of dynamical search algorithms, resp. Glauber dynamics associated to this
model. This problem has been studied mainly numerically in a recent paper by Junier and
Kurchan [JK]. They argued that the dynamics for long times should be described by an
effective trap model, just as in the case of the Random Energy Model. This is clearly going
to be the case if the particular updating rules used in [BBG1], [BBG2| for the REM will
be employed, namely if the transition probability p(o,c’) depends only on the energy of the
initial configuration. In the REM this choice could be partly justified by the observation
that the deep traps had energies of the order —N, while all of their neighbors, typically,
would have energies of the order of 1, give or take v/In N. Thus, whatever the choice of the

dynamics, the main obstacle to motion will always be the first step away from a deep well.

In the number partitioning problem, the situation is quite different. Let us only consider

the case k = 2. If o is one of the very deep wells, then
N
Hy(o) =) zioi| ~2 NVN. (1.7)
i=1

If 07 denotes the configuration obtained from ¢ by inverting one spin, then
Hy(07) ~ 2|z;). (1.8)

For a typical sample of z;’s, these values range from O(1/N) to 1 — O(1/N). Thus, if we
use e.g. the Metropolis updating rule, then the probability of a step from o to o7 will be
~ exp(—20|z;|). It is by no means clear how high the saddle point between two deep wells
will be, and whether they will all be of the same order. This implies that the actual time
scale for transition times between deep wells is not obvious, nor it is clear what the trap

model describing the long term dynamics would have to be.

Of course, changing the Hamiltonian from H(c) to In H(o), as was proposed in [JK],
changes the foregoing discussion completely and brings us back to the more REM-like situa-

tion.

Acknowledgements: We thank Stephan Mertens for introducing us to the number parti-

tioning problem and for valuable discussions.
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2. A general extreme value theorem.

Consider series of M random vectors V'i,M = (V-%M, Vi) ERLi=1,. M.

K3

Notation. We write Za(l) when the sum is taken over all possible ordered sequences of
different indices {i1,... 4} C {1,...,M}. We also write > ) ) () when the sum

is taken over all possible ordered sequences of disjoint ordered subsets a(r1) = (i1,... ,4,,),

Oé(’l‘g) = (iT1+1, e ,iT2), ey Oé(’I‘R) = (ir1+---+rR,1+1; S aiT1+---+TR) of {1, e ,M}

Theorem 2.1: Assume that for all finite | = 1,2,... and all set of constants cjﬂ- > 0,
j=1,...,1, 8=1,... ,p we have

D IP’(VZ-[;,M<C?V]':1,...,l,ﬁzl,...,p)—> I[[ & Moo (21)

a(l)=(i1,... i) J= 1
Then the point process

M
RO DL IR (22)
i=1

on RY converges weakly as M — oo to the Poisson point process PP on RY, with the intensity

measure which is the Lebesque measure.
Proof. Denote by IT%;(A) the number of points of the process IT%, in a subset A C Rf. .

The proof of this theorem follows from Kallenberg theorem [Kal] on the week convergence
of a point process IT;, to the Poisson process II1?. Applying his theorem in our situation weak

convergence holds whenever
(i) For all cubes A = []5_,[a”, ")

EIT%, (A) - |Al, M — . (2.3)

(ii) For all finite union A = UzL:1 gzl[alﬂ, blﬂ) of disjoint cubes

P(I2,(4) = 0) = ¢ 141 M — oo (2.4)

Our main tool of checking (i) and (ii) is the inclusion-exclusion principle which can be

summarized as follows: for any [ = 1,2,... and any events Oq,...,0O;
1 k
IP( N 0,-) = 3 (-1)’*1@( O,-].) (2.5)
i=1,...,1 k=0 Ap=(i1. vig) {1, 1} j=1

iy <ig<ee<ig
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where O;, are complementary events to O;,. We use (2.5) to “invert” the inequalities of
type {VzﬁM > aP}, i.e. to represent their probability as the sum of probabilities of opposite
events, that can be estimated by (2.1). The power of the inclusion-exclusion principle comes
from the fact that the partial sums of the right-hand side provide upper and lower bounds

(Bonferroni inequalities, see [Fe]), i.e. for any n < [l/2]:

2n k 2n+1 k
% cor(No)sE( N 0):S ¥ cue(fe)
k=0 Ap=C(i1,...,ig) j=1 i=1,...,l k=0 Ap=C(i1,..-,ig) j=1
c{1,....1} c{1,....1}
i <ip<--<ip i1 <ig<---<ip

(2.6)
They imply that it will be enough to compute the limits as N 1 oo of terms for any fixed

value of I. Using (2.5), we derive from the assumption of the theorem the following more

general statement: Let Aq,... , A; € RE be any subsets of volumes |A,],... ,|4;| that can be
represented as unions of disjoint cubes. Then for any mq,... ,my
!
> P(Vin € Aj Vi € a(m,),Vr=1,...,1) = [] 14" (2.7)
a(m1)7a(m2)7"' 5a(m1) =

Let us first concentrate on the proof of this statement. We first show it in the case of one
subset, [ = 1, which is a cube A = ngl[aﬂ, b?). Let m = 1. We denote by Yo Ac{i,. py the
sum over all 2P possible ordered subsets of coordinates : A denotes the subset of coordinates
B such that the inequalities VlﬂM < a? are excluded leaving thus VfM < b?. Then by (2.5)
applied to gzl{ViﬁM > af}

M M
Y P(Vin € A) =) Pa® <V, <t v8=1,... ,p)
=1 =1

M= 1>

( DAPVE, < a®lgga + VP lgea,VB=1,...,p) (2.8)

i

1 Ac{1,...

M
o (=MD PVE < aPlgga+ 6P lgea,VB=1,... ,p).
1,.

i=1

The interior sum in (2.8) ZZ 1 P(+) converges to ngl(aﬂ Tgga+b°Tge 4) by the assumption
(2.1). Thus

M V4 p

A
Jim 3PV ed) = Y (DM [[ (P lgga + 6 Ugea) = [T = |4l
i=1 Ac{lyyp} B=1 B=1
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Now let m > 1. Denote by >, 4, . 4 the sum over all 2™ ordered sequences of all 27
unordered subsets A C {1,... ,p}. Here A, is the subset of coordinates corresponding to the
jth index in the row a(m) = (i1,... ,%,). Then by (2.5)

ZIP’(Y_/;MEAViGa(m)): ZP(aﬁSVfM<bﬁ Vi€ a(m),VB=1,... ,p)

a(m) a(m)
a(m) A1y, Am

= Y ()N PV, < aPlgga; + P Tpea, Vi=i; € a(m),¥j =1,... ,m,Vp).
Ai,o s Am
(2.10)

By (2.1) applied to the interior sum of (2.10) >_,,,,) P(-) we get:

m p
lim P(Vim € AViea(m) = Y ()T T (% Mgga, +b°Tpea,) = |A™.

M — oo

("(m) Al:"'aAm j=1 B=1
Assume now that I > 1 and A, = []j_ aB, b8, r=1,... 1. Then
Z IP)(V;-,MEAJ- ViEa(mT),Vrzl,...,l)
a(ml)!a(mZ)a"'ya(ml)
1 1

- > > ()AETARIR(VE, < lgga; + 6 Tpen

a(my),a(ms),... ,a(m;) Ai,...,A}n

Al Al

Vi=1i; € a(m,),Vji=1,...,m,,Vr=1,...,1,Y8)

- Z (71)\A}|+---+|A1m1\ e Z (,1)\A’1|+---+|Alm,| Z

Ai""’Alm,l All"""Ainl a(ml)s("(m2)""aa(ml)
P (VfM < P Uggar + VP lgear Vi = ij € a(m,), Vi = 1,... ,m,,Vr = 1,... ,l,Vﬁ) :
(2.11)

Due to (2.1) applied once more to the interior sum yP(), (2.11) converges

a(my),... ,a(m;
to
I m, p
.A.l .A,l Al R Al
Z (_1)| e+l AL Z (_1)| 1l | m"HHH(aﬂHﬂQA;‘i‘bﬁ]IﬂeA;)
Ai,...,A}nl All,...,Alml r=1j5=1p=1
Al 4| AL ‘Al SRS ‘HAinl |
— Z (=1l Amy Z (=1) -1
Ai""’Alml Allil""’Ai':llfl

I-1m, p
ITII IT(e tsgar + b Tpear)|A™
r=15=18=1
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= Ay Ag[ A (2.12)
Let finally A7 = U;L; A1k,.--, 4 = Up—; Aix be unions of sq,...,s disjoint cubes
respectively. Then we may write:
Z IP’(V;-,MEAj Vi € a(m,),Vr=1,...,1)
a(ml)aa(m2)7'--aa(ml)
- > X > (2.13)
my 1, my gq 20 ™y s my 20 a(myg),...,a(my s,)
my1tetmy g =my

mptotmy g =my o a(myg).salmy )

P (XZ,M € ApaVi € almu ) Vr=1,... LYk =1,... ,sT)

and apply to the interior sum }_ ., ) (me..) E(+) the statement (2.7) about cubes just
1,1 )50 5, X\, 5
proven by (2.12). Then (2.13) converges to

> a > Iﬁ:fiAmk"”* = fI > fi|Aka”*

3
my 1, amy gy 20 mp 1My g 20 r=1k=1 r=1 mp1,.. M5, 20 k=1
m1,1+"'+m1’51:m1 ml,l+"'+ml,sl:ml mp1+tme s, =mp

1
= [T 14x™.
r=1

(2.14)
This finishes the proof of the statement (2.7).

Now we are ready to turn to the proof of the theorem. The condition (i) has been already

shown by (2.9). To verify (ii), let us construct a cube B = [[5_,[0, max;—1,... 1 bf) of volume
|B|, then clearly A C B. For any R > 0 we may write the following decomposition

P(ITar (A Z . Z (XZ,M € B\ AVi€ca(r), Viy ¢ BVi ¢ a(r))

(2.15)
+HD(HM(A) = O,HM(B) > R) = Il(R, M) + IQ(R, M)

Applying the inclusion-exclusion (2.6) principle to M — r events {T_/; ¢ B} for i ¢ a(r), we
may bound I1 (R, M) for all n < [(M — r)/2] by

R 2n
1 k . )
Z_l k' Z HD(W,MEB\AVZ.EQ(T)’ W,MEBV’LEQ(IC))ZIl(R,M)
r=0 T k=0 Q(T),(x(k)
R 1 2n+1 )k . .
ZTZ:OF — k_ ab;q(k)P(Vi,M EB\AVlEa(r), Vi,M EBVlEa(k))_

(2.16)
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Then for any fixed n > 1, the statement (2.7) applied to the subsets A/B and B imply:

R r 2n R r 2n+1 k k
B\ A (—=D*BI* _ B\ A (=1)"B|
DX ZMm hRM)> ) ) g (217)
r=0 k=0 r=0 k=0
Since n can be fixed arbitrarily large, it follows that
R T
- _ sy 1BAAl
Jim I(R,M) =e Z@ e (2.18)

The statement (2.7) also gives

1 . |B‘R
. . 1 T . . o
II_I)I(I)OIQ(R, M) < h_r)r(l)oIP’(HM(B) > R) = 11_I>I(1>o 7 E(R)IP’(V,,M € BVie a(R)) = R
(2.19)

By choosing R large enough, the limit (2.19) can be done as small as desired and the sum
(2.18) can be done as close to the exponent elB\AI=IB| a5 wanted. Hence, limps_, o P(IT},(A)) =

e |4l This concludes the proof of the theorem. <

3. Application to number partitioning

We will now prove Theorem 1.1. In fact, the proof will follow directly from Theorem 2.1

and the following proposition:

Proposition 3.1: Let
k
2

S(k,N) = kN (27 N) T k¥ (k1) (3.1)

be borrowed from (1.3). We denote by Zal,...,glez,\,(') the sum over all possible ordered
sequences of different elements of Y. Then for any | = 1,2,..., any constants c? > 0,

j=1,...,1, 8=1,... ,k — 1 we have:

YA(o)| o )
2(N/k)var X  S(k,N)#=

3 P(Vﬁzl,...,k—l,wzl,...,l

ol,...,0l€Tn

= I (@n) 7). (3.2)

Informal arguments. Before proceeding with the rigorous proof, let us give intuitive ar-

guments supporting this lemma.
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5
The random variables ———2)__ are the sums of independent identically distributed
V2(N/k)var X
random variables with the expectations EY #(¢7) = 0 and the covariance matrix By(o!,... ,o?)

with the elements

. N
ypr _ v (VP(0'), Y(0") _ 2n=1(Mpot=py — Mor=pr1) Moy =9y — Wos 1)) (3.3)
2(N/k)var X 2(N/k) C

In particular:
bl =1, o) =—1/2, B =0fory£B,8+1, Vi=1,... k1. (3.4)

Moreover, the property that biﬂ,’; = o(1) as N — oo for all i # j, B, v, holds for a number
R(N,1) of sets o',... 0! € X&' which is R(N,1) = |Enx[*(1 + o(1)) = S(k, N)'(1 + o(1))

with o(1) exponentially small as N — oco. For all such sets o!,... o, by the Central Lim-
5
it Theorem, the random variables — Y (@) __ should behave asymptotically as centered
V2(N/k)var X

Gaussian random variables with covariances bﬁ;y = 1gizjp=yt + (=1/2)1fi=j y=p+1} + 0o(1).
The determinant of this covariance matrix is 1 + o(1). Hence, the probability IP(-) defined in
(3.2) that these Gaussians belong to the exponentially small segments

[—cfS(k, N)~Y/ (=1 f5(k, N)~1/(==D]is of the order 11 (2(2m) Y20 S (k, N) =1/ (k= 1)y,

J ,
B=1,... ,k—1

Multiplying this probability by the number of terms R(N, ) we get the result claimed in (3.2).

Let us turn to the remaining tiny part of Z%l where o!,... 0! are such that b?”j'y 40
for some i # j as N — oco. Here two possibilities should be considered differently. The first
YA (a?)

VRN ovaT X

invoking again the Central Limit Theorem, the probability P(-) in this case is of the order

one is when the covariance matrix By(o!,... ,0') of is non-degenerate. Then

(detBy(a',...,0") 2 [ (22m) /2] S(k, N)"1/E7),

But from the definition of biﬂ,’j7 (detBn(o,...,0%))" /2 may grow at most polynomially.
Thus the probability P(-) is about S(k, N)~! up to a polynomial term while the number of
sets o!,... ,o! in this part is exponentially smaller than S(k, N)!. Hence, the contribution

of all such '!,... o' in (3.2) is exponentially small.

The case of o!,... ,o! with B(c!,... ,0') degenerate is more delicate. Although the num-
ber of such o!,... , o' is exponentially smaller than S(k, N)!, the probability PP(-) is exponen-
tially bigger than S(k, N)~! since the system of [(k — 1) random variables {Yﬂ(oi)}gzzll”'.‘.‘.”lk_l
is linearly dependent! First of all, it may happen that there exist 1 <i; < iy < -+ <, <1
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such that the basis of this system consists of (kK — 1)p elements {Yﬂ(aii)}gill’,'_'_'_’i_l. Then
the assumption that the elements o',... o' of ¥ 5 must be different, plays a crucial role:
due to it the number of such sets ¢',... , o’ in this sum remains small enough compare to

the probability P(-), consequently their total contribution to (3.2) vanishes.

Finally, for some sets o', ... , o', there is no such p < [: for any basis, there exists a number
j € {1,...,1} such that the random variables Y”(07) are included in the basis for some non-
empty subset of coordinates 8 and are not included there for the complementary non-empty
subset of 3. This last part is clearly absent in the case k& = 2. It turns out that its analysis
is quite tedious. We manage to complete it only in the case of the constrained problem by
evaluating the number of such sets o!,... o' where each of spins’ values {1,... ,k} figures
out exactly N/k times and by showing that the corresponding probabilities P(-) are negligible
compare to this number. The only drawback that remains in the study of the unconstrained

problem is precisely the analysis of this part.

Proof of Proposition 3.1. In the course of the proof we will rely on four lemmata that will be

stated here but proven separately in Section 4. Let

({553 = Eexp (- Z tﬂ,jyﬂ(aj)) (3.5)

V2 N/k: varX

be the characteristic function of the random vector (2(N/k)var X)) '/2{YB(c7)} -1, e

B=1,... ,k—1

Here t = {tg ;}s=1,...x 1, is the vector with (k — 1)l coordinates. Then
G=1,....,1
VB (gi &
P(Vﬁzl,...,k—l,‘v’jzl,...,l Y7l i ) (3.6)
2(N/k)var X S(k,N)&T
1 eitﬁ’]’(:]. S(’s‘,N) = _ e*ltg,j(:]. S(k,N)k 1
li ({t dig. ;.
(271') ( _ Dl—I)noo / fN { ﬂ:J})] H l Ztﬂ,_] B.J

[-D,D]1(k—1) ’

It will be convenient to have in mind the following representation throughout the proof. Any

configuration o gives rise to k — 1 configurations o(",... ,c(*~1 ¢ {-1,0,1}" such that
0'7(1’6) = ]I{ﬂ'n=,@} - ]I{0n=,3+1}1 n = 1, e ,N. (37)
We now define the N x (k — 1) matrix C(o) composed of columns ("), ... ,c(*=1), Then it is

composed of types of k rows of length £ — 1: Oy = (1,0,...,0), Oy = (~1,1,0...,0), O3 =
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(0,—-1,1,0,...,0),... , 0 o =(0,...,0,—1,1), Ox 1 = (0,... ,0,—1). They correspond to
spin values 1,2,... , k respectively: if o, = B, then the nth row of C(o) is Og_1.! Each of
these k rows is repeated N/k times in the construction of C(o). Then

N
Plo) = ZXnagﬁ).
n=1

Let C(o',...,c') be the N x (k — 1)] matrix composed by the columns
ot gt () | gl(k=1) 2.1 gh(=1) Then it is easy to see that the function

f;,l"" ’al({tﬁ,j}) is the product of N functions

{t,g,J} H Eexp ( x X {C(o']" ... ,o’l)t_}n)

N/k)var X

ﬁ P (\/2(N/k varX{ ")t} ) (3.8)
L4 i(/2(N/k)var X)=1{C(o oaid, '
where {C(c?, ... ,a')t}, is the nth coordinate of the product of the vector £ = {tg ;} s=1,. . & 1,

=1,...,1
with the matrix C(c?, ... ,o!).

We will split the sum of (3.2) into two terms

Y. P()= > P() + > P(-) (3.9)

ol,...,0leXyn ol olesy ol,.. olesy
rankc(al,... yoly=(k—1)1 rankc(al,... oy <(k—1)1
and show that the first term converges to the right-hand side of (3.2) while the second term

converges to zero.

We start with the second term in (3.9) that we split into two parts

> P() = Jk + JZ. (3.10)

ol,...,olesy
rank c(o1,... ,oly<(k=1)1
In the first part Jj the sum is taken over ordered sets o, ... , o' of different elements of ¥
with the following property: the rank r of C(o,... ,¢!) is a multiple of (k—1) and, moreover,
there exist configurations o'*,... ,o%/(:=1 such that all of (1)1 g(2)hir glk=1sir/-1)
constitute the basis of the columns of the matrix C(c?, ... ,o'), i.e. the rank of C (o, ... , o'/~ 1)

!The case k = 2 is particular, since here C(o) is the vector with elements +1; i.e. in this case this
reparametrisation just corresponds to passing from values {1,2} to {—1,+1}.
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equals r. Consequently, for any j € {1,...,1} \ {i1,... ,é 1)} all of M7, ... olk=1)3
are linear combinations of the columns of the matrix C(¢?!,... ,o%/-1). In the remaining
part, J%, the sum is taken over configurations o',02,... o' satisfying the complementary
property: for any basis of the columns of C(c?,... ,c!) there exist at least one configuration
o such that some of the configurations o():#, ... o(*=1):% are included in this basis and some

others are not?.

The following Lemma 3.2 shows that the sum J} is taken over sets of different ¢',... , o
such that the matrix of the basis C(o™, ... , % /(-1) contains at most (k"/(¥~1) —1) different
rOws.

Lemma 3.2: Assume that the matriz C(c',... ,0') contains all k' different rows. Assume
that a configuration & is such that each &), ... 6*=1) is g linear combination of the columns
of the matriz C(o*,... ,0'). Then the configuration & is obtained by a permutation of spin
values in one of the configurations o',... o', i.e. & coincides with one of o',... ,c' as an

element of ¥ .

Remark: In the case £k = 2, Lemma 3.2 has been an important ingredient in the analysis of

the Hopfield model. It possibly appeared first in a paper by Koch and Piasko [KP].

In fact, if in JA the matrix C(o™,... ,o'/(*-1) contained all k"/(¥=1) different rows, then
by Lemma 3.2 the remaining configurations o? with j € {1,... ,I}\ {iy,... yir/(k—1)} would
be equal to one of ¢, ..., o' /(*-1) as elements of ¥, which is impossible since the sum in
(3.10) is taken over different elements of ¥.n. Thus there can be at most O((k"/(F=1) — 1)N)
possibilities to construct C(o',... ,o*/*-1) in the sum J%. Furthermore, there is only a

N-independent number of possibilities to complete it by linear configurations of its columns

up to C(c,...,0'). To see this, assume that there are v < k"/(¥=1) different rows in the
matrix C(c®!,... ,o%/(-1) and consider its restriction to these rows which is the v x r matrix
C(o',... oir/-n). Then C(c™,... ,o%/(-1) has the same rank r as C(c™1, ... ,gir/(-1),

Now there are not more than 3(*((*=1)=7)) ways to complete the matrix C toawvx l(k—1)
matrix with elements 1, —1,0 such that all added columns of length v are linear combinations
of those of C. But each such choice determines uniquely the coefficients in these linear
combinations, and hence the completion of the full N x r matrix C(¢*,... ,a*/-D) up to

the N x [(k — 1) matrix C(o!,... ,0') is already fully determined. Thus the number of terms

2In the case k = 2 the term ‘]IZV can obviously not exist. This leads to considerable simplifications.
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in the sum representing J3, is smaller than

pr/ (k=1 _q
Z Y N3 Uk=1)=r) = o((gr/(k=1) 1)N)_ (3.11)

v=r

The next proposition gives an a priori estimate for each of these terms.

Lemma 3.3: There erists a constant K(k,1) > 0 such that for any different o*,... ;o' €
YN, any r =rank C(o',...0') < (k — 1)l and all N > 1

B3 X
‘Y (UJ)| CJ . ) <KS(k,N)_T/(k_1)N3T/2.

P(Vﬁzl,...,k—l,wzl,...,l <
2(N/k)var X  S(k,N)77

(3.12)
Hence, by Lemma 3.3 each term in J} is smaller than KS(k, N)~"/(:*=1)N3"/2 with the
leading exponential term k~N"/(k=1)_ Tt follows that Jx = O([(k"/(*=Y) —1)k~7/(k=DN) — ¢

as N — oo.

Let us now turn to J% in (3.10). The next proposition allows to evaluate the number of

terms in this sum.

Lemma 3.4: Let Dy be any N X q matriz of rank r < q. Assume that for any N > 1
it is composed only of R different rows taken from a finite set D of cardinality R > k.
Let Qn(R,t) be the number of configurations o such that the matriz Dy completed by the
columns oW, ... c*= has rank r +t where 1 < t < k — 2. Then there ezists a constant

K(R,t,k) > 0, depending only on R,t,k, such that

(N(t+1)/k)!

Qn(R,t) < K(R,t, k)W (3.13)

Now, to treat J%, consider o!,... ¢! such that (k — 1)m +¢; +t5 + -+ +t, = r columns

of C(o',... ,o!) form a basis for the span of all column vectors of this matrix. Then there
exist o?',... o' such that all of 6(*)%» are included in the basis for all v = 1,... ,k — 1,
p=1,...,m, and there exist 07',... 0 such that among o(?):Ja tqy > 1 configurations are
included in the basis and other ¥ —1 — ¢, > 1 are not, ¢ = 1,...,s. By Lemma 3.4 the

number of possibilities to construct such a matrix C(o!,... ,o') is

(kmN H N/k f +1 ) ~ ENm H N(t +1)/k
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up to leading exponential order. The probability in (3.9) is already estimated in Lemma 3.3:
it is
O(N3/25(k, N) ™/ (k=1 o = Nr/(k=1) _ p=N(m(k—1)+bittattts) (k1)

Thus, to conclude that J3 — 0 exponentially fast, it suffices to show that for any k = 3,4, ...
and any ¢t = 1,2,... .k — 2 we have (t + 1)¢+D/k=t/(k=1) < 1 which is reduced to the

inequality
kE—1

k
= 1 1) ———1 .
o(k,t) n(t+1) T nk <0

It is elementary to check that w <Oforallk>¢+1andt > 1. Then, given ¢, it suffices

to check this inequality for the smallest value of & which is k& = t 4 2, that is that
Y(k) = (k —1)*In(k — 1) — k(k — 2)Ink < 0.

This is easy as ¢’(k) < 0 for all £ > 3 and %(3) < 0. Hence, J% — 0 as N — oo. Thus the

proof of the convergence to zero of the second term of (3.9) is complete.

We now concentrate on the convergence of the first term of (3.9). Let us fix any a € (0,1/2)

and introduce a subset Rj*y C E}‘f’,l:

lojN:{O'l,...,0'lEZNZVlS’i<TSl,1S,3,’)’,T]Sk,IB7é’Y

N

Y (i) — Lgmg) L=y | < N2}, (3.14)
n=1

This subset can be constructed as follows. Take o! where each of k possible values of spins
is present N/k times. Divide each set Ag = {i € {1,...,N} : 0} = 8}, 8 € {1,...,k},
into N/k 4+ O(N®+1/2) pieces Ag_,, of length N/k? + O(N®+1/2). Then the spins of o2 have
the same value on the subsets of indices which are composed by k such pieces Ag  taken
from different Ag, 3 = 1,... ,k. Next, divide k* subsets Ag., into k pieces Ag 5. The
spins of o® have the same values on the subsets composed by k? such pieces Ag - s of length
N/k3 + O(N®*1/2) taken from different Ag -, etc. It is an easy combinatorial computation
to check that with some constant A > 0

1SS\ Ry | < kN exp(—hN?*) (3.15)

from where by (1.3)
R n| = S(k,N)'(1+0(1)), N— oo. (3.16)
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It is also not difficult to see that for any o!,... ol € Rin the rank of C(ot,...,d') equals

(k — 1)I. Note that the covariance matrix By (see (3.3)) can be expressed as

_CT(",...,d")C(a",... ,d)

Bn(d',...,0") = 3.17
N(U 3 70-) 2(N/k)varX ( )
Thus by definition of RY, ;, its elements satisfy
B,y _ a—1/2 . .
bi,j - O(N / ) V/Ba’)/al 7é Js (318)
uniformly for Vol,... ol € R ;- Therefore, for any ol,..., 0l e Rins detBy(cl,... ,0!) =
1+ o(1) and consequently the rank of C(c!,... ,0') equals (k — 1)L.
By Lemma 3.3 and the estimate (3.16)
3 P(-) < kNle MV K N3E-DY285(k NYE 5 0. (3.19)

ql,...,ﬂlgR;’N

rankc(al,... yol)y=(k—1)1
To complete the study of the first term of (3.9), let us show that

oo PC) oo T 2d) (3.20)

1 1 a j=1,...,1
ol,...,0l€R I=1
a0 ERE N = i

with P(-) defined by (3.6). Using the representation (3.6), will divide the normalized proba-
bility IP(-) of (3.6) into five parts

5
S(k,N)l( H (265)71)111’(-) :ZI;.V(UI;--- ) (3.21)
Tt i=1
where:
Iy = (2m 70 / e NN T g, (3.22)
| <ent/e R
IIQV = (271')4(’“71) / (f;;l"”’”l({tﬁ,j}) _ eft_.BN(al,...,rrl)f/Q) H dig;,  (3.23)
|| <eN1/6 B:jl:,.l.’.-ifcill,
1 )
IIEV = (27T)_l(k—1) / i peees ({t,@,j}) H dtlg,j, (324)
eNV/e<|E|<dVN rSaarie
1 1
=m0 [ e )
If] <6vN
itg,jcfs(k,N)fl/(kfl) B *itg,,-cfS(k,N)*l/(’“*l)
% [ H : . 3 ° & — 1:| H dtﬁ,j
L 2it; ge; S(k, N)~1/ (=D prl i,
j=1,... I
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and

D—oc
[-D,D]Hk=Dn||#]|>6VN

itg, e S(k,N) /"D e—itﬁ,jcfs(k,zv)*l/““*”

1§ =)0 tim / R ({tas)

(3.26)

x [ ¢

- dts. ;.
st 2ity ;¢ S(k, N)=1/(k=1)

for values §,e > 0 to be chosen appropriately later. We will show that there is a choice such
that 1%, (o!,... ,0!) = 0 for i = 2,3,4,5 and Iy (0t,... ,0!) — (2m) =~ (k=12 yniformly for
ol,... ol € Ri*y as N — oo. These facts combined with (3.16) imply the assertion (3.20)
and complete the proof of the proposition. The following lemma gives control over some of

the terms appearing above.

Lemma 3.5: There exist constants C > 0, € > 0, 6 > 0, and { > 0, such that for all

ol,...,ole Rin, the following estimates hold:
(1)
15 () it < O it i iy ) < e
2J — \/N ’
(3.27)
(1)
ST ({tp )| < en B MRCHENTE o gt 1] < VN, (3.28)
and
(iii)
175 ({ta )| < eI for all 7] < 6VN. (3.29)

We can now estimate the terms I%. First, by a standard estimate on Gaussian integrals,

ING, ... ob) = ((2r)*DdetBy (o, ... ,0")) /% 4+ o(1)

(3.30)
= (2m)"=DY2 L 5(1), N — oo,

where o(1) is uniform for o',... ¢! € Ri'n by (3.18) and (3.4). Thus I} gives the desired

main contribution.

The second part I%(o',...,0') = O(N~/2), uniformly for o',... o' € Ri'n by the
estimates (3.27) and (3.18), (3.4). The third part I3 (o',...,0') is exponentially small by
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(3.29). To treat Ix(ol,...,o'), we note that for any € > 0 one can find Ny such that for
all N > Ny and all £ with ||#]] < 6+/N the quantity in square brackets is smaller than € in

absolute value, and apply again (3.29). Finally, we estimate

ol ...,rrl
Rt <@ [ el T das G
18] >8v/N PR
For any ¢',... ,0! € Rin the matrix C(ot,...,d') contains all k! possible different rows and

1

by (3.8) fx ’""”l({tﬁ,j}) is the product of k! different characteristic functions, where each
is taken to the power N/k!(1 + o(1)). Let us fix from a set of k! rows of C(o,... ,o!) any
(k — 1)l linearly independent and denote by C' the matrix composed by them. There exists
n(é) > 0 such that \/FC’TC_'f/(Q(l/k)varX) > p for all £ with ||#]] > . Changing variables
§=1CT/\/2(N/k)varX one gets the bound

113:(ct, ..., 0®)| <(2r) HEF=D(2(N/k)var X )k =1)/2(det C) 1

et$8.i — 1 | Nk7'(1+0(1))
X _— dsg.;
/ :IHH i85,5 | o
[81>n = =10
_ 1585 — 112
< ONM=1D/2(1 _ p(p))VE " (Ho(1) -2 / er-2 ‘ dsgs.
< (1 h(m)) RO e K
151>n = 52100

(3.32)
where h(n) > 0 is chosen such that |(e* —1)/s| < 1 — h(n) for all s with |s| > n/((k — 1)I)
and C is a constant independent of the set o!,... ;0! and N. Thus I} (o!,...,0!) — 0,
uniformly for o!,... o' € Ry and exponentially fast as N — co. This concludes the proof

of (3.20) and of Proposition 3.1. {

4. Proofs of Lemmas 3.2, 3.3, 3.4, 3.5.

Proof of Lemma 3.2. Let first [ = 1. Without loss of generality we may assume that the first
k rows of C(o') are different. Then for alli = 1,... ,k — 1, the following system of equations

has a solution:
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—a =50 (4.1)

Then necessarily 22:1 &7(:') =0foralli =1,2,... ,k—1, since the sum of the left-hand sides
of these equations equals 0. But for at least one j € {1,... ;k}andi=1,... k1, oj(-i) # 0,
for otherwise )\gi) =0foralls=1,...,ki=1,... ,k— 1 and consequently C(&) is composed
only of zeros, which is impossible. Without loss of generality (by definition of X we may

always permute spin values) we may assume that &J(-l) £ 0.

We will use the following crucial property of the configurations (1), ...  &*—1).
0 =1 =0+ =0,60*? =o0,... 60V =0. (4.2)
) = 1 =50t =1,60*» =0,... .60V =0. (4.3)
It follows that, for a certain number ¢; > 1 of pairs of indices n},n?, ... ,ntl1 , nfl e{l,... ,k},
we must have that &Sl) =1 and &SZ) =—1,u=1,...,t;. We say that these 2¢; indices are

“occupied” from the step j = 1 on, since, by (4.2) and (4.3), we know all values &%) =0 for

n’lL

all j=2,3,...,k—1,6% =1,and 6% =0forall j=3,... ,k—1,u=1,2,... ,t;. We
say that the other k — 2¢; indices are “free” at step j = 1. Then we must attribute to at

least t; of k — 2t; spins 67(12) with “free” indices the value 67(12) =

—1 in order to ensure that
Zﬁzl &ﬁf) = 0. We could also attribute to a certain number 5 > 0 of pairs of the remaining
k — 3t, spins with “free” indices the values 5% = +1. Thus by (4.2), (4.3) for j = 2 we know

the values of &ﬁﬂ" for 7 = 2,3,... ,k — 1 for at least 3t; 4+ 2¢5 indices n. We say that they

are “occupied” from j = 2 on. Among them &S’) = 1 for the number of indices t; + t; and
&S) = 0 for the others 2¢; +t5. Then we should assign to the number £, 4 {5 of the remaining
k — 3t; — 2ty spins &S) with “free” indices the value &S) = —1 to make Zizl ag) = 0.
We could also attribute to a certain number t3 > 0 of pairs of the remaining k — 4¢; — 3t5
spins the values +1. Hence, after the third step, 4t; 4+ 3ts + 2t5 indices are “occupied” etc.
Finally, after (j — 1)th step, jt; + (j — 1)t2 + ... + 2t;_; indices are “occupied”, &éj) =1 for
t1 +---+t;_1 among these indices, and at the jth step we must put &ﬁj) = —1 for the same
number ¢ +to + ... +¢;_1 of “free” indices to ensure that Zizl &,(lj) =0. But, if ¢y > 1 or

ty = 1 but £; > 0 for some 2 < i < k — 1, then, for some j < k — 1, we have
k—jtl—(j—l)tg—---—th,1<t1+t2+"'+tj,1.

(In fact, for j = k— 1, if, £; > 1, then obviously k — (k — 1)¢; < t1, and if ¢; = 1 but ¢; > 0 we
have k— (k—1) —2 < 1). This means that at the jth step there are not enough “free” indices
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among the remaining k —jt; — (j —1)t2 —...—2¢t;_1 ones such that we could assign 9 = -1
~(4)

to ensure Zﬁzl o’ = 0. Hence, the only possibility ist; =1 and to =t3 =--- =1;_1 = 0.

So, at the first step 2 indices get “occupied” and at each step one more index is “occupied”.

Thus there exists a sequence of k different indices ny,na,... ,n; € {1,... ,k} such that
aﬁf} =1, aﬁf}H = —1, as) =0 for n # n;,nip1, t = ,k — 1. Solving the system (4.1),
we see that AL} = )‘Sz-)+1 == Apyio1 = 1, )\() =0 for n # n;,... ,niy1 — 1. Hence,

the configuration & is a permutation of the configuration o' such that &, = i, iff 0,1“ =1,

i=1,...,k

Let us now turn to the case [ > 1. We use induction. Consider k'~! possible columns. We

denote linear combinations of them by Ag), a=1,... k1. Thenforanyi=1,... k—1,

the following system should have a solution
A9+ — 5t
AD A ) = o)
AD A0 A 500

' (4.4)
A XL+ 0 =5,
A )\52 ~’(€i)
It follows that ) ) ) )
U )
ESNONT SRS O :&(121 _ &(izw
2 3 2, 3, (4.5)
AP, ) =60 el
Given 0'( ) &éle, ce ,&,(:ll o f&,(:)a, this system (4.5) of k— 1 equations has a unique solution,
which does not depend on a = 1,... k'~ '. Then &ii) ~é L, . ,&,(:ll’a — &,E) should not
depend on « neither. We denote by (5( D= "( ) ~§-+)'1 o
Let us consider two cases. In the first case we assume that, for some ¢ = k—1
and for some j = k—1, (5() # 0. Then it may take values +1, +2. Knowmg each
of these values, we can reconstruct in a unique way a( i) O'J( D and ~J(_+)_1 o = &J(-_R_l, which
do not depend on a. (If 5() =1, then O'J() =1 and 0'( )1 =0, if 5() = 1 then &(i) =0
and &J@l = —1 etc.). Then we can reconstruct the values af,()! = Z ) for

t=1,...,5 — 1, & = &J(-i) — Zt L6 for ¢ = j+1,...,k, which consequently do not

t,a m=j " j



Number partitioning 21

depend on a. Since the sum of all k! left-hand sides of equations (4.4) equals zero, it follows

that > ZJ Ny ~() = 0. But since 0() = &J(-i), it follows that Zle &J(-i) = 0. Thus,

Ag)_zzjzl _kZJ 10 ) = 0 for all a.
()

The sequence o, /... ( ) being not constant and Z

J1,72, O J(l) =1 and &J(.z) = —1. Using (4.2) and (4.3), we see that a(1+1) =0 and a(1+1) =1.

Therefore, for some j =1,... ,k—1 6J(.i+1) # 0, so that we may apply the previous reasoning

~( ) — 0, it follows that for some

to the configuration a(’+1). We get that the values &J(-f:—l) do not depend on « and that

AGHD 0, for all a. Applying the analogues of (4.2) and (4.3) backwards, namely

0 = 1 = 50U = 0,602 =0,... 60 =0, (4.6)
&(J) = 1 — &(Jil) - _1,&'&7’72) = 05 .- 7&7(11) = 07 (47)

we find that a(z Y= land a(z D=, Thus, forsome j =1,... ,k—1, 5(1'71) # 0 and so we

(

may apply the previous reasoning to the configuration &(:~1). Hence, o, 1 does not depend

(i—1)

on a and Ay = 0 for all a. Continuing this reasoning subsequently for gG+2) . &)

2) ()

and backwards for 60~ ,6(1). we derive that none of the values & 0, o depends on a and

that ASI) =0 for all @ and all s =1,... ,k. But the system A&) =0 for alls=1,... ,k—1
and @ = 1,...,k'"! has only the trivial solution. Hence the system (4.4) becomes the
system (4.1). Invoking the reasoning for [ = 1, we derive that & is a permutation of the last

configuration o',

Let us now turn to the second case, that is assume that for all i, j 5J(-i) = 0. Then the

unique solution of (4.5) is )\gi) == )\,(21 = 0. Then &gfl = &éle =... = &,(:,)a = 6% for
ala=1,... k" Yandalli=1,... ,k— 1. The system (4.4) is reduced to a smaller system
Afj) = &,(j) corresponding to the matrix C(o!,... ,o!"!) with all k!~ ! different columns. The

statement of the lemma holds for it by induction. Thus in this case & is a permutation of

one of ol,... ,o!71. &

Proof of Lemma 3.3. Let us remove from the matrix C(o!,... ,o') linearly dependent columns
and leave only r columns of the basis. They correspond to a certain subset of r configurations
ot j e A, c{1,...,1} x{1,... ,k — 1}, |A,| = r. We denote by C"(c",... ,5') the
N x r matrix composed by them. Then the probability in the right-hand side of (3.12) is
not greater than the probability of the same events for 7, 3 € A, only. Let f;,l ’”l({tﬂ,j}),
4,8 € A,, be the characteristic function of the vector (2(N/k)var X)~'/2{Y?(09)}; sea, -

Then _ 5
VA (o) )
2(N/k)var X S(k,N)ﬁ

P@ﬁ:L”wkaW:lw.J
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—1
itg ;e S(k,N)F=T _ o ite.ic] 85k, N)F=T

e
< li ({t dt ;.
<gdm [ R 11 — ”
[ D D]'r J.BEA,
(4.8)
To bound the integrand in (4.8) we use that
=1 =1
eitﬁ’jc?S(k,N)k*1 _ efitg’jc?S(k,N)’“*l ‘ 5 = »
, \ < min (2c- S(k, N)=",2(ts.;) ) (4.9)
Ztlg’j J ’
Next, let us choose in the matrix C"(c!,... ,o') any r linearly independent rows and construct

of them a r x r matrix C™*". Then
1X,,
2(N/k)var X

<H ‘Eexp (\/% _TXTf}S)‘ (4.10)

<Hm1n (1 21/2(N/k)var X ({C™*"t},)~ )

R (Btpa Y| = ﬁ Bexp ( (0", ..., oY),

where £ = {tg ;}; e, . Hence, the absolute value of the integral (4.8) is bounded by the sum

of two terms

S(N, k)= [] y T(2cj) rxr
(271_)6 €A B / Hmln (1 2¢/2(N/k)var X ({C"*"t},)~ )dtﬁ,j

1< S(k,N)FT

1

+ 5 / H 2(tp,5)” Hmln (1 2¢/2(N/k)var X ({C"*"t},)~ )dtﬂ,j.
( 7'(')7‘ 1 B,jEA,

18>8 (k, N) ==

(4.11)

The change of variables 7 = C™*"{ in the first term shows that the integral over ||£]| < S(k, N) =
is at most O(N"/2(InS(k, N)¥1)"), where InS(k, N)¥1 = O(N) as N — oo. Thus
the first term of (4.11) is bounded by K;(C™*", k,1)N3"/2S(k, N)*1 with some constan-

t Ki(C"™ ", k,I) > 0 independent of N. Using the change of variables 7 = S(k,N)%f
in the second term of (4.11), one finds that the integral over ||]| > S(k,N)ﬁ is at most
O(S(k, N)*1). Thus (4.11) is not greater than Ko(C"™*", k,1)N3"/28(k, N)*1 with some
positive constant K5(C™*", k,1) independent of N.

To conclude the proof, let us recall the fact that there is a finite, i.e. N-independent,

number of possibilities to construct the matrix C"*" starting from C(c?,... ,o') since each
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of its elements may take only three values +1,0. Thus there exists less than 37" different
constants Ko(C"*", k,1) corresponding to different matrices C"*". It remains to take the

maximal one over them to get (3.12). ¢

Proof of Lemma 3./4. Throughout the proof we denote by DyUC (o) the matrix Dy completed

by the rows o), ... o*k=1).

Let us denote by c!,...,c? the system of columns of the matrix Dy. Then we can
find the indices 47 < 49 < ... < ix_s 1 < k — 1 such that ¢(=) is a linear combination of
e, .. ,ct 00 gl2) . gla=Dforalls =1,...,k—t—1. Then there exist linear coefficients
a1(8),... ,a;.—1(s) such that

a1(s)ct - Fag(s)c?4agy1(s)oM 4+ 4a; 1 (s)ol="V =0l s =1, k—t-1. (4.12)

(If » < g these coefficients may be not unique, but this is not relevant for the proof.) Since
t > 1, without loss of generality (otherwise just make a permutation of spin values {1, ... ,k}

in o) we may assume that i; > 1.

Initially each of K —¢ — 1 systems (4.12) consists of N linear equations. But the number
of different rows of Dy being a fixed number R, each of these k — ¢t — 1 systems (4.12) has
only a finite number of different equations. Thus, (4.12) are equivalent to k — ¢ — 1 finite (i.e.

N-independent) systems of different equations of the form:

ai(s)di + -+ + ag(s)dq = ag1(s)d1 + -+ +ai,—1(s)di, -1 + bi, (4.13)
where d = (ds,. .. ,d,) is one of the R distinct rows of the matrix Dy and 6; = 0,1, —1.
Note that there exist at most R x 3* of such equations (4.13) for any s = 1,... ;k — ¢t — 1.

Consequently, for the given matrix Dy, there exists a finite (i.e. N-independent) number of
such sets of k —t — 1 finite systems of distinct equations (4.13). We will denote by A the set
of such sets of k — t — 1 finite systems of distinct equations (4.13) which do arise from some
choice of a spin configuration o with rank [Dy U C(0)] = r + t, after the reduction of (4.12)
(i.e. after eliminating the same equations among all N in each of k — ¢ — 1 systems (4.12)).
For o € ¥, we denote by a(c) € A the set of k — ¢ — 1 finite systems of distinct equations
(4.13) obtained from (4.12) in this way.

We will prove that for any given element o € A we have the estimate:

(N(t+1)/k)!

#{o:rank[Dy UC(0)] =r+t, aloc)=a} <C (N/k))t+1

(4.14)
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where C is a constant that depends only on R,t,k. Since the cardinality of A is finite and

depends only on R, t, and k, this will prove the lemma.

Consider some aq € A. Since by definition of A there exists oy with the property rank[D yU
C(og)] =r +t and a(og) = ag, then there exists a solution of all these ¥ —¢ — 1 systems of

equations ayp. Let a;(s) be any such solution. For any row d = (d1,... ,d,) of Dy, set
A(s,d) = a1(s)d1 + az(s)d2 + - - a,(s)d,. (4.15)

Then to any row d of Dy there corresponds the vector of linear combinations A(d) =
(A(1,d),A(2,d),... ,A(k — 1 —t,d)). Next, let us divide the set D of the R different rows
of the matrix Dy into m disjoint non-empty subsets D1, Ds, ... ,D,, such that two rows d, d

are in the same subset, if and only if A(d) = A(d).
Lemma 4.1: The partition D; defined above satisfies the following properties:
(i) m>k—t

(ii) For any pair d € D;, d € D;, with i # j, and for any o, such that rank[Dy UC(0)] = r 4t
and a(o) = ay, the rows d and d can not be continued by the same row O of the matriz C(o)
in Dy UC(0).

Proof. Let us first show that D can be divided into three non-empty subsets Dy, D1, D5, such
that A(1,d) # —1,0 for all d € Dy, A(1,d) = —1 for d € Dq, A(1,d) = 0 for d € Dy. First
of all, since oy € A, then there exists at least one oy such that rank[Dy U C(0g)] =7 + ¢
and a(og) = ag. Let d°...,d* ! denote k rows (not necessarily different) of Dy that
are continued by the rows Oy,... ,Of_1 of the matrix C(oy) (recall the definition given in
the paragraph following (3.7)) respectively in Dy U C(0y). Now consider a row di' that is
continued by the row O;,. The corresponding equation (4.12) with s = 1 then reads

A(1,d") = —1.

This shows that the set D; # 0. Similarly, for a row d’ continued by the row O; with j > iy,

the corresponding equation yields

A(1,d?) = 0.

Thus Dy # (. Finally, consider the rows of the matrix Dy continued by Oq,... ,0;, _1. The
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corresponding i; equations (4.12) with s = 1 then read :
A(dna 1) = —Gg+1
A(d',1) = Gg+1 — Gg+2

A(d®1) = Qg+2 — Gg43 (4.16)

A(dilil, 1) =0g4iy—1 + 1.

The sum of the right-hand sides of these equations equals 1. Thus the left-hand side of at

least one equation must be positive. Hence, there exists d’ with j € {1,... ,4; — 1} such that
A(d?,1) # —1,0.

Thus also Dy # 0, and so all three sets defined above are non-empty. Moreover, Dy includes

all rows d that are continued by the rows O; with j > i1 of C(oy).

Now, let us divide D, into two non-empty subsets D, 1, D 2 according to the value taken
by A(2,d). We define Dy; = {d € Dy : A(2,d) # 0}, and D35 = {d € Dy : A(2,d) = 0}.
Note that the row d’2 is an element of Dy by the observation made above, while using (4.12)
with s = 2, we get, as before that A(2,d*?) = —1, and for all j > is, A(2,d?) = 0. Thus Dy
and D o are non-empty. In addition to that, for any row d continued by O; with j > i, we
have again by (4.12) with s =2 A(2,d’) = 0. Hence, Dy ; and D, 5 are non-empty, and D 5

contains all rows d continued by O; with j > iy of C(0y).

Using (4.12) for s = 3 we can again split Dy 5 into two non-empty subsets Dj 51 with
A(d,3) # 0 and Dy with A(d,3) = 0. Furthermore, D52 contains all rows that are
continued by O; with j > i3 of C(0y), etc. The same procedure can be repeated up to the
step s = k—1—t—1. In this way we have subdivided D5 into k£ — 1 —¢ — 1 disjoint non-empty
subsets. Together with Dy and D, these constitute £k — ¢ disjoint subsets D;. This proves

the assertion (i).

Let us now take any o such that rank [Dy U C(o)] = r + t and with a(o) = ag. Assume
that d and d are continued by the same row O, of C(0) in Dy U C(0). Since d and d belong
to different subsets D;, for some u € {1,... ,k —t — 1}, A(d,u) # A(ci,u). Then, writing
(4.12) with s = u along the row d continued by O, and along the row d continued by 0; we
would get either the system

A(d,u)

A(d, u)

0
0
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if § > iy, or

if j = 4y, or
A(d,u) —agyj(u) =1
A(d,u) — agyj(u) =1
if j =4, — 1, or finally
A(d,u) — agyj(u) + agejrr(u) =0
A(J: u) — ag+j(u) + agyjr1(u) =0,

if j < i, —1. But no one of these four systems has a solution if A(d, u) # A(d, u). This proves
(ii). ¢

By (ii) of Lemma 4.1, for any o such that rank [DyUC(0)] = r+t and a(o) = ag the set of
rows of the matrix Dy is divided into m > k — t non-empty disjoint subsets Dy, ... ,D,, and
the set of k rows of the matrix C(o) is divided into m non-empty disjoint subsets Cy,...,Cy,
of cardinalities s1,... , s, > 1, respectively, such that the rows in C; continue the rows of D;
only. But s; rows of the matrix C (o) must be present Ns;/k times. Thus, first of all, in the
matrix Dy, these r; rows must be present Ns;/k times as well, for all j = 1,... ,m. Thus,

the number of configurations o with rank [Dy U C(c)] = r + ¢ such that a(o) = ay does not
exceed [[7_, (N];}ék) (N(SI{,;,:)/k) e (%;Z) = ((N/k))™* T~ (Ns;/k)! which is bounded by
((N/E)) "R ((N(k —m+1)/E))((N/k))™~! for any s1,... ,8m, > 1 with 87 + -+ + 5., = k.

By (i) of Lemma 4.1 we have k —t < m < k, so that

(N(k —m+ 1)/RN((N/RH™ " (N(k —m+ 1)/k> (N(Ic - m)/k) N (N/Ic)
(N/k))E N/k N/k N/k

< (zvu;/;)/k) (z]vvt//:) (%:) _ W |

Hence, for any matrix Dy composed of R different columns

#{o:rank [DyUC(0)] =7r+1t, a(c) = ap}

k

(% =2 0 ) (W) = v

ri4+-+rm=R si+--+sm=k

(4.17)
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Proof of Lemma 3.5 The statement (3.29) is an immediate consequence of (3.28) and (3.18),
(3.4) if § > 0 is small enough.

The proof of (3.27) and (3.28) mimics the standard proof of the Berry-Essen inequality.

1
O1,:000 50

Namely, we use the representation (3.8) of f5"*7 ({t}) as a product of N characteristic

functions where at most k' of them are different. Each of them by standard Taylor expansion

2
( Z (]I{ﬂf.,zi} - 1{a£:i+1})tﬂ,j)

i=1 k—1

PR

1 4 i=1,...,1
T ({tg ) =1 — X
N,n ({ ﬁ,J}) 4(N//c)varX var

z( > (H{az;.:z-}_l{az;.:m})tﬂ’j)s

i=1,...,k—1

g, E(X —EX)*=1-r, 4.18

6((2N/k)var X )3/2 ( ) " (4.18)
with |6, < 1. Tt follows that |r,| < Cy1||t]2N~" + Cy||t]>*N—3/2, for some C;,Cy > 0, all
o',... 0!, and all n. Then |r,| < 1/2 and |r,|?> < Cs|/t]|>N~3/2, for some C3 > 0 and all

t satisfying ||f]] < dv/N, with § enough small. Thus, lnf;t;;"’”l({tﬁ,j}) = —rp + 0,72/2
(using the expansion In(1 + z) = z + 022/2 for ||z|| < 1/2 with ||@]| < 1) , with some |, | < 1
for all *,... o, all n, and all ¢ satisfying [[f]| < 6v/N. Tt follows that £ " ({ts,;}) =
exp(— SN e + N 6,72/2). Here — SN, = #Bn(o',...,0")E/2+ 2 p, where
pal < CallFIPN-*2. Then

T ({tg 1) = e~ TBN (o0 )i/2 30 (Pt 0ur’/2) (4.19)

~ N 1
where ||+ (0,72 /2| < (Ca+Cs/2) {3 N=3/2. Hence [e2on=1 P Hnm2/2) _1| < ¢, ||i|3N-1/2,
for all £ satisfying ||#]] < eN'/® with € > 0 small enough. Moreover, | Zle(pn +0,72/2)| <
Cs|t]|>N~1/2, which implies (3.28). This concludes the proof of Lemma 3.5 <

5. The unrestricted partioning problem.

In the previous section we considered the state space of spin configurations where the
number of spins taking each of k values is exactly N/k. Here we want to discuss what happens
if all partitions are permitted. Naturally, we divide again the space of all configurations
{1,...,k}" into equivalence classes obtained by permutations of spins. Thus our state space
>n has kN (k!)~! elements. Let us define the random variables Y?(o) as in the previous

section, see (1.4). Then we may state the following conjecture analogous to Theorem 1.1.
Conjecture 5.1: Let

VP(o) = kN -O N1 212 ()~ (k=D =1/2 /31y B(5)], B=1,...,k— 1.  (5.1)
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. k—1
Then the point process on Ry

D Aoy 7o)
ocEX N

converges to the Poisson point process on Rﬁ:l with the intensity measure which is the

Lebesgue measure.

Using Theorem 2.1, the assertion of the conjecture would be an immediate consequence of

the following conjecture, that is the analogue of Proposition 3.1.

Conjecture 5.2: Denote by Y _, (-) the sum over all possible ordered sequences of

- 0lEX N
different elements of Xn. Then for any l = 1,2,..., any constants c? >0,7=1,...,1,

B=1,...,k—1 we have:

; B8
_ - [YP(o?)] ¢j
3 P(Vﬂf Lo k=1Yj=1,... 1 T < (k!)—l/(k—l)kzv/(k—l))

ol,...,0l€Tn

20[-3\/varX
Lo Bt
o V/2mE(X32)

(5.2)

Remark: One can notice the difference between the right-hand sides of (3.2) and (5.2).
In spite of this difference, the proof of this statement proceeds along the same lines as
that of Proposition 3.1. The only point that we were not able to complete is that the
sum analogous to J% in (3.10) (recall that it is a sum over sets o',... o' such that the

system {Y#(07)} =1, . is linearly dependent and, moreover, for any basis of this system
B=1,.. . k—1

there exists a number j € {1,...,1} such that for some non-empty subset of coordinates
B € {1,... ,k — 1} the random variables Y#(a7) are included in this basis and for some
non-empty subset of coordinates 8 € {1,... ,k — 1} they are not included there) converges

to 0 as N — oo. Therefore the whole statement remains a conjecture.

Remark: The case k = 2. In the case kK = 2 the sum J% is absent. Hence, in this case
we can provide an entire proof of (5.2) and therefore prove our conjecture. The result in the
case k = 2 is not new: it has been already established by Ch. Borgs, J. Chayes and B. Pittel
in [BCP], Theorem 2.8. Our Theorem 2.1 gives an alternative proof for it via (5.2).

Finally we sketch the arguments that should lead to (5.2) and explain the differences with
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(3.2). To start with, similarly to (3.9), we split

> P()+ ) P(). (53)

ol . oleSy ol . oleSy
rankc(al veol)y=(k—1)1 rankC(al,... oly<(k—1)1

We are able to prove that the first part of (5.3) converges to the left-hand side of (5.2). For

that purpose, we introduce again “the main part” of the state space with a € (0,1/2):

~;’jN:{al,...,olEEN:V1§jgl,V1§i<r§l,1gﬁ,v,ngk,ﬂ#fy

N
> (o =y~ Loy =) Loy | < NVN}  (54)

n=1

N
‘ S, N/k‘ < N°VN,
n=1

where

IR NIl > &N (1 — exp(—hN?*)) (k)™ (5.5)

and split the first term of (5.3) into two terms

oo o)+ > P(-). (5.6)
01,...,al€7§,ﬁN crl,...,crlg’faﬁN

rankC(nl yeeyal)y=(k—1)1

The second term of (5.6) converges to zero exponentially fast: the number of configurations
in it is at most O(exp(—hN2*)kN!) by (5.5), while the probability P(-) = O(N'k~N!) by the

analogue of Lemma 3.3.

To treat the first term of (5.3), let us stress that an important difference compared to
the previous sections is the fact that the variables Y (o) are now not necessarily centered.

Namely,

N
EYﬂ(o') = (]EX) Z(H{Un:ﬁ} — ]I{a,,,:ﬂ—f-l}) =EX [#{n PO, = /B} — #{n o, =0+ 1}]
= (5.7)
as it may happen that #{n: o0, = 8} # #{n: 0, = 8+ 1}.

Taking this observation into account and proceeding similarly to the analysis of (3.21), we

can show that, uniformly for all o!,... 0! € 7@;’:]\,,
k= NYENTT, p(2¢] EY’ p'  EY/
P() = ( )kH1J’lﬂg ]) exp ( - J = ) +o(k~M)  (5.8)
(2m) (k=1 V2(N/k)varX 2 2(N/k)varX
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where the matrix B consists of [ diagonal blocks (k—1) x (k — 1), each block having 1 on the
diagonal, —1/2 on the line under the diagonal and 0 everywhere else. Thus the first term of
(5.6) by (5.8) and (5.5) equals
—N1 ! B 3 - vas
Z k=N (kDT 5(2¢5) ( EY, B! EY; )

(2m) (k172 - \/2(N//i)varX 2 2(N/k)varX o(h)

1 lcRo
ol,...,ocleR
0 ERY N

B WEal,...,gl exp (

EY? B-1 EY?

J

_,/z(N/zi)varX 2 2(N/k)varX)+
(5.9)

By the Central Limit Theorem the vector ZTJ:I:I(]I{GJ- —y ~Lpi_pi1y)/V2N/k on > con-

verges to a Gaussian vector ZJ[-; with zero mean and covariance matrix B as N — oco. Hence,

o(1).

(5.9) converges to

(5.10)

B - B
Tg0) o ( BX gt BX o 3Vt
(2) (k= 1)1/ VvarX 7 2 7 y/varX i V2my/(EX)? + var X

which is the right-hand side of (5.2). This finishes the analysis of the first term of (5.3).

To treat the second term, we split it into two parts Jj and J% analogously to (3.10).
The analysis of J} is exactly the same as in the proof of Proposition 3.1 and relies on

Lemmatas 3.3 and 3.2.

However, the problem with the sum J% persists. First of all, this sum contains much
more terms than in the case of the previous section as it consists essentially of configurations
ol,...,o! where some of the values of spins 8 among {1,... ,k} figure out more often than
others, i.e. #{n:0, = B} > #{n:0, = 4+ 1}. Lemma 3.4 is not valid anymore. Second,
for all such configurations o, the random variables Y? (o) are not centered and consequently
the estimate of the probability P(-) suggested by Lemma 3.3 is too rough. We did not manage

to complete the details of this analysis.
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