Weierstraß-Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

On estimation and detection of smooth high-dimensional function

Yuri Ingster,^1 Irina Suslina^2

submitted: August 23, 2004

1 St.Petersburg State Electrotechnical University (LETI), Dep. of Mathematics II, Prof. Popov str. 5, 197376, St.Petersburg, Russia E-mail: ingster@pdmi.ras.ru

2 St.Petersburg State University of Information Technologies, Mechanics and Optics, Dep. of Mathematics, Sablinskaya str. 14, 197101, St.Petersburg, Russia E-mail: isuslina@mail.ru

No. 960 Berlin 2004

W I A S

1991 Mathematics Subject Classification. 62G10; Secondary 62G20.

Key words and phrases. high-dimensional estimation, high-dimensional signal detection, minimax hypothesis testing, separation rates, Sobolev norms, lattice problem.

Research was partially supported by RFBI Grant 02-01-00262, by RFBI - DFG Grant 02-01- 04001 and by Grant NSh 2258.2003.1.

The work was finished during the stay of Yu. Ingster at WIAS.

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

We observe an unknown n-variables function f(t), t ∈ [0, 1]^n in the white Gaussian noise of a level ε > 0. We suppose that there exist 1-periodical (in each variable) σ-smooth extensions of functions f(t) on IR^n and f belongs to a Sobolev ball, i.e., ‖f‖_{σ,2} ≤ 1, where ‖ · ‖_{σ,2} is a Sobolev norm (we consider two variants of one). We consider two problems: to estimate f and to test of the null hypothesis H_0 : f = 0 against alternatives ‖f‖_2 ≥ r_ε.

We study the asymptotics (as ε → 0, n → ∞) of the minimax risk for square losses in the estimation problem, and of minimax error probabilities and of minimax separation rates in the detection problem. We show that if n → ∞, then there exist “sharp separation rates” in the detection problem. The asymptotics of minimax risks of estimation and of separation rates of testing are of different type for n ≪ log ε^{−1} and for n ≫ log ε^{−1}.

The problems under consideration are related with some version of “lattice problem” in the numerical theory.

1 Statement of the problem

In this paper we consider ”observations” of the form

X = f + εẆ , f = f(t), t = (t_1, . . . , t_n) ∈ [0, 1]^n, f ∈ L^2_n = L_2([0, 1]^n), (1)

where Ẇ is n-dimensional Gaussian white noise. According to the theory of generalized random fields, it means that, for any real-valued function ϕ ∈ L^2_n, we can observe the random variable ξ = X(ϕ) ∼ N (a, σ^2), where a = (f, ϕ) = ∫ [0,1]^n

f(t)ϕ(t)dt, σ^2 = ε^2‖ϕ‖^2 = ε^2 ∫ [0,1]^n ϕ^2(t)dt, and for any ξ_1 = X(ϕ_1), ξ_2 = X(ϕ_2) we have

Cov(ξ_1, ξ_2) = ε^2(ϕ_1, ϕ_2) = ε^2 ∫ [0,1]^n ϕ_1(t)ϕ_2(t)dt. The observation (1) determines the Gaussian measure P_{ε,f} on the Hilbert space L^2_n with the mean function f and covariation operator ε^2I (see, for example, [11]). We assume below that underlying function admits 1-periodical extension in each argument to IR^n and this is σ-smooth, i.e., ‖f‖_{σ,2} ≤ C.

Here ‖ · ‖_{σ,2} is a Sobolev semi-norm (see below for definitions). To simplify, we assume C = 1 below. We denote F_n = F_n(σ) the set of functions f ∈ L^2_n under these constraints.

In estimation problem, we study the asymptotics, as ε → 0, of minimax square risk of estimation and in structure of asymptotically minimax estimators. Namely, for an estimator f̂_ε (it is a measurable function of observation X_ε taken values in L^2_n), its minimax square risk is R^2_{ε,n}(f̂_ε, F_n) = sup_{f∈Fn} E_{ε,f} ‖f − f̂_ε‖^2, where E_{ε,f} stands for expectation over the measure P_{ε,f} , which corresponds to observation (1). The minimax square risk of estimation is defined by R^2_{ε,n} = R^2_{ε,n}(F_n) = inf_{f̂ε} R^2_{ε,n}(f̂_ε, F_n), (2)

where the infimum is taken over all possible estimators f̂_ε. A family of estimators f^∗_ε is called asymptotically minimax, if R^2_{ε,n}(f^∗_ε , F_n) ∼ R^2_{ε,n}. Here and below limits are assumed as ε → 0.

In detection problem, we test the null hypothesis H_0 : f = 0 against alternatives H_1 : f ∈ F_{ε,n} where the sets F_{ε,n} consist of functions f ∈ F_n that are bounded away from zero function. More precisely, taken a positive family r_ε → 0, we set F_{ε,n} = {f ∈ L^2_n : ‖f‖_{σ,2} ≤ 1, ‖f‖_2 ≥ r_ε}. (3) We are interesting in asymptotics of “minimax error probabilities” γ_ε(F_{ε,n}) and in the structure of “asymptotically minimax tests” in the problem. Namely for a test ψ_ε (it is a measurable function of observation X_ε taken values in the interval [0, 1]) we set

α_ε(ψ_ε) = E_{ε,0}ψ_ε, β_ε(ψ_ε, f) = E_{ε,f} (1 − ψ_ε), γ_ε(ψ_ε, f) = α_ε(ψ_ε) + β_ε(ψ_ε, f). The minimax error probability defined by γ_ε(ψ_ε, F_{ε,n}) = sup_{f∈Fε,n} γ_ε(ψ_ε, f), γ_ε = γ_ε(F_{ε,n}) = inf_{ψε} γ_ε(ψ_ε, F_{ε,n}). We call a family of tests ψ^∗_ε asymptotically minimax, if γ_ε(ψ^∗_ε , F_{ε,n}) = γ_ε + o(1), as ε → 0.

Also we are interesting in “separation rates” in the problem.

Namely, we call separation rates for alternative (3) a family r^∗_ε such that γ_ε(F_{ε,n}) → 0, if r_ε ≫ r^∗_ε , γ_ε(F_{ε,n}) → 1, if r_ε ≪ r^∗_ε . It means that for small ε, one can detect all functions f ∈ F_{ε,n}, if the ratio r_ε/r^∗_ε is large, whenever if this ratio is small, then it is impossible to distinguish between the null-hypothesis and alternative F_{ε,n} with small minimax error probabilities. For the case n = 1 and σ > 0 is an integer, the Sobolev semi-norm if defined by ‖f‖_{σ,2} = ‖f^{(σ)}‖_2, where f^{(σ)} is σ-derivative of f. For general case under the periodical constraints, this can be defined in terms of Fourier coefficients θ_l = (f, ϕ_l) with respect to the standard Fourier basis in L^2_1 = L_2([0, 1]). We present this basis in the form {ϕ_l, l ∈ ZZ} where

ϕ_0(t) = 1, ϕ_l(t) = √ 2 cos(2πlt), ϕ_{−l}(t) = √ 2 sin(2πlt) for l > 0.

We have ‖f‖^2_{σ,2} = ∑ l∈ZZ (2π|l|)^{2σ}θ^2_l . Thus in the sequence space of Fourier coefficients θ_l = (f, ϕ_l), l ∈ ZZ, the set F_1(σ) corresponds to the ellipsoid Θ(σ) = {θ : ∑ l∈ZZ θ^2_l c^2_l ≤ 1}

of semi-axes c^{−1}_l = (2π|l|)^{−σ}.

In estimation problem for the Sobolev ball (just without periodical constraint), the rate asymptotics of the minimax square risk were obtained in [4], R_{ε,1} = R_{ε,1}(σ) ≍ ε^{2σ/(2σ+1)}.

The relation R_{ε,1}(f̂_ε, F_1(σ)) ≍ R_{ε,1}(σ) is provides by estimators f̂_ε of kernel or of projection types.

These results are extended to n > 1 (see [12] for regression model), R_{ε,n} = R_{ε,n}(σ) ≍ ε^{2σ/(2σ+n)} ≍ R_{ε,1}(σ̃), σ̃ = σ/n, (4) i.e., n-dimensional case corresponds to 1-dimensional case with changed σ̃ = σ/n. The sharp asymptotics of the minimax square risk for n = 1 were obtained in [10] under periodical constraint. It was shown in [10] that

R_{ε,1} ∼ c(σ)ε^{2σ/(2σ+1)}, c^2(σ) = (σ/π(σ + 1))^{2σ/(1+2σ)}(1 + 2σ)^{1/(1+2σ)}

The asymptotically minimax estimators are of linear type^1 f^∗_ε = ∑ l∈ZZ α^∗_{ε,l}X(ϕ_l), α^∗_{ε,l} = (1 − (2π|l|)^σ/T )_+ , where the quantities T = T_ε are of the rate T^2 ∼ (2σ + 1)/R^2_{ε,1}. In detection problem for the Sobolev ball (without periodical constraint), the separation rates r^∗_ε = r^∗_{ε,1}(σ) were obtained in [5],

r^∗_{ε,1}(σ) = ε^{4σ/(4σ+1)}. (5) Thus if r_ε/r^∗_ε → 0, then it is impossible to distinguish between the null-hypothesis, whenever if r_ε/r^∗_ε → ∞, then there exist test a family ψ_ε = 1I_{{tε >Tε}} that provides distinguishability. These tests are based on statistics t_ε of χ^2-type. These results are extended to the case n > 1 in [6]. For any fixed n > 1 the separation rates are of the form r^∗_{ε,n}(σ) = ε^{4σ/(4σ+n)} = ε^{4σ̃/(4σ̃+1)} = r^∗_{ε,1}(σ̃), σ̃ = σ/n. (6)

Sharp asymptotics were obtained in [1] for n = 1 under the periodical constraint. It was shown in [1] that γ_ε(F_{ε,1}) = 2Φ(−u_ε/2) + o(1), (7) where Φ is the distribution function of the standard Gaussian variable. The quantities u_ε are of asymptotics

u_ε ∼ d(σ)r^{2+1/2σ}_ε ε^{−2}, d^2(σ) = π(1 + 2σ)(1 + 4σ)^{−1−1/2σ} . (8) The quantities u_ε characterize distinguishability in hypothesis testing problem for nonparametric alternative F_{ε,1}. These are analogous to “signal-to-noise ratio” for known signal detection problem.

Asymptotically minimax tests are of the form ψ_ε = 1I_{tε>uε/2} and are based on statistics

t_ε = w^{−1}_ε ∑ l∈ZZ w_{ε,l}(X^2_{ε,l} − 1), w_{ε,l} = ((1 − |2πl/m|^{2σ})_+)^2, w^2_ε = 1 2 ∑ l∈ZZ w^2_{ε,l}, where X_{ε,l} = ε^{−1}X(ϕ_l) and m = m_ε ≍ r^{−1/σ}_ε .

The aim of the paper to study the asymptotics of minimax square risks and minimax error probabilities for the case n > 1 and as n → ∞. A smoothness parameter σ > 0 is assumed to be fixed. The paper is structured as follows.

1Here and below t_+ stands for the positive part of t ∈ IR, i.e., t_+ = t for t > 0 and t_+ = 0 for t ≤ 0.

The main results are presented in Section 2. The results for estimation and detection problems are determined by similar extreme problems and these are formulated in parallel. In particular, we show that, as n → ∞, there are different types of asymptotics for n ≪ log ε^{−1} and for n ≫ log ε^{−1}.

The proofs are given in Sections 3–5. These are based on the study of the extreme problems noted above. For the case n ≪ log ε^{−1}, the proofs are based on analytical methods: we study an accuracy of evaluations of the sums by integrals. For the case n ≫ log ε^{−1}, we use probabilistic tools based on larger deviation machinery.

2 Main results

2.1 Sobolev semi-norms

Let n > 1. To specify a Sobolev semi-norm for an integer σ > 0, we consider two variants of one. The first one is ‖f‖^2_{σ,2} = n∑ k=1 ‖ ‖ ‖ ‖ ‖ ∂^σ f ∂t^σ_k ‖ ‖ ‖ ‖ ‖ 2

2 . (9)

The second one is ‖f‖^2_{σ,2} = ∑ ‖ ‖ ‖ ‖ ∂^σf ∂t^{k1}_1 . . . ∂t^{kn}_n ‖ ‖ ‖ ‖ 2

2 , (10)

where the sum is taken over all integer k_1 ≥ 0, . . . , k_n ≥ 0 such that k_1+. . .+k_n = σ.

For general case σ > 0, we determine semi- norms in terms of Fourier coefficients

θ_l = (f, ϕ_l), l = (l_1, . . . , l_n) ∈ ZZ^n

with respect to the Fourier basis in L^2_n,

ϕ_l(t) = n∏ k=1 ϕ_{lk} (t_k). Clearly, ‖f‖^2 = ∑ l∈ZZ^n θ^2_l ,

and (9) corresponds to ‖f‖^2_{σ,2} = ∑ l∈ZZ^n θ^2_l c^2_l , c^2_l = n∑ k=1 |2πl_k|^{2σ}, (11)

whenever (10) corresponds to ‖f‖^2_{σ,2} = ∑ l∈ZZ^n θ^2_l c^2_l , c^2_l = (_n ∑ k=1 (2πl_k)^2 )_σ . (12)

In the sequence space of Fourier coefficients indexed by l ∈ ZZ^n, the set F_n corresponds to ellipsoid of semi-axes c^{−1}_l determined by (11) or (12).

2.2 Extreme problems

There are similar extreme problems that determines the sharp asymptotics of minimax square risks in estimation problem and of minimax error probabilities in detection problem.

In estimation problem, this were formulated in [10]. Using the results [10] we obtain Theorem 1 Let F_n be the set determined by the norm ‖f‖_{σ,2} of the form (11), (12). Let E^2_{ε,n} is the value of the extreme problem on the set of real-valued two-side sequences {v_l, l ∈ ZZ^n}: E^2_{ε,n} = ε^2 sup ∑ l∈ZZ^n v^2_l v^2_l + 1 subject to ∑ l∈ZZ^n c^2_l v^2_l ≤ ε^{−2}. (13) Then for any n = n_ε ∈ N , one has R^2_{ε,n} ∼ E^2_{ε,n}. The extreme sequence {v̄^2_l }, l ∈ ZZ^n in (13) is of the form v̄^2_l = (T/c_l − 1)_+ (14) (we formally set v̄^2_l = ∞, if c_l = 0), where the quantities T = T_ε > 0 are taking in such way that ∑ c_l<T c^2_l v̄^2_l = T^2 ∑ c_l<T (c_l/T − (c_l/T ))^2 = ε^{−2}, T_ε → ∞, (15)

and the value of the problem is E^2_{ε,n} = ε^2 ∑ c_l<T (1 − c_l/T ). (16)

The asymptotically minimax estimators are of linear type, f^∗_ε = ∑ c_l<T α^∗_{ε,l}X(ϕ_l), α^∗_{ε,l} = 1 − c_l/T.

Proof. Theorem 1 follows directly from [10], where minimax estimation problem for ellipsoids of general type were studied. Our case corresponds to σ_l = ε, a_l = c^2_l , P = 1 in [10] (certainly there is nonessential difference l ∈ ZZ in [10] and l ∈ ZZ^n in our case). The assumption (19) in [10] corresponds to N_n(t) = #{l ∈ ZZ^n : c_l ≤ t} < ∞, ∀ t > 0, (17) and fulfilled for the norms under consideration. Applying Lemma 1 in [10] and setting T = μ^{−1/2}, v_l = θ_l/ε, we go to extreme problem (13). The extreme sequence is of the form (14), (15). It suffices to verify the assumption (25) in [10]. In our case, this is of the form ε^{−2}E^2_{ε,n} → ∞, and it follows from I_n(T ) = ∑ c_l<T (1 − c_l/T ) → ∞. The last relation follows from N_n(t) → ∞, as t → ∞ (18) for our cases and, for any δ ∈ (0, 1), I_n(T ) ≥ (1 − δ)N_n(δT ) → ∞. Thus the theorem follows from Theorem 1 in [10]. □ Let us go to detection problem. In the sequence space indexed by l ∈ ZZ^n, the alternatives determined by (3) and (11) or (12) correspond to ellipsoids of semiaxes c^{−1}_l with a ball removed.

Let us start with general theorem based on methods and results [1], [8]. Theorem 2 Let F_{ε,n} be the alternative determined by (3) and the norm ‖f‖_{σ,2} of the form (11), (12). Let u^2_{ε,n} = u^2_n(ε, r_ε) be the value of the problem u^2_n(ε, r_ε) = inf 1 2 ∑ l∈ZZ^n v^4_l subject to (19) ∑ l∈ZZ^n v^2_l ≥ (r_ε/ε)^2, ∑ l∈ZZ^n v^2_l c^2_l ≤ ε^{−2}, For any n = n_ε ∈ N , γ_ε(F_{ε,n}) → 1, as u^2_{ε,n} → 0. (20) Moreover let r_ε → 0. Then for any n = n_ε ∈ N , one has γ_ε(F_{ε,n}) = 2Φ(−u_{ε,n}/2) + o(1). (21) The extreme sequence is of the form v̄^2_l = u^2_0(1 − (c_l/T )^2)_+, (22) where the quantities u_0 > 0, T > 0 are determined by the equation ∑ l∈ZZ^n v̄^2_l = u^2_0 ∑ c_l<T (1 − (c_l/T )^2) = (r_ε/ε)^2, (23) ∑ l∈ZZ^n c^2_l v̄^2_l = u^2_0 ∑ c_l<T c^2_l (1 − (c_l/T )^2) = (1/ε)^2, (24)

T ≥ r^{−1}_ε → ∞, (25) whenever the value of the problem is

u^2_{ε,n} = 1 2 ∑ l∈ZZ^n v̄^4_l = 1 2 u^4_0 ∑ c_l<T (1 − (c_l/T )^2)^2. (26)

Asymptotically minimax tests are of the form ψ_{ε,n} = 1I_{tε,n>uε,n/2} and are based on statistics t_{ε,n} = w^{−1}_ε ∑ l∈ZZ^n w_{ε,l}(X^2_{ε,l} − 1), w_{ε,l} = ( (1 − (c_l/T )^2)_+

)_2

, w^2_ε = 1 2 ∑ l∈ZZ^n w^2_{ε,l}, where X_{ε,l} = ε^{−1}X(ϕ_l).

Proof. Setting v_l = ε^{−1}(f, ψ_l), l ∈ ZZ^n, we pass to the sequence space of normalized Fourier coefficients. In this space the set F_{ε,n} corresponds to the ellipsoid with the semi-axes (εc_l)^{−1}, minus its intersection with the ball of the radius r_ε/ε. The hypothesis testing problem for alternative of this type were studied in [7] and in [8]. The relation (20) follows from these results (compare with [8], Proposition 3.6). If r_ε → 0, then analogously to [8], Chapter 4 we see that there exists the unique extreme sequence v̄^2_l , l ∈ ZZ^n in the extreme problem (19). Using the Lagrange multipliers rule we see that the extreme sequence is of the form (22), (23), (24). Using (23), (24) we get the inequality

(1/ε)^2 = u^2_0 ∑ c_l<T c^2_l (1 − (c_l/T )^2) ≤ T^2u^2_0 ∑ c_l<T (1 − (c_l/T )^2) = T^2(r_ε/ε)^2.

By r_ε → 0 this yields (25).

In order to obtain (21) it suffices to verify that the extreme sequence satisfy ω^2_ε = sup_{l∈ZZn} v̄^4_l / ∑ l∈ZZ^n v̄^4_l = sup_{l∈ZZn} v̄^4_l /2u^2_{ε,n} = o(1), (27)

compare with [8], Proposition 4.5. Set I(T ) = ∑ l∈N_n(T ) (1 − (c_l/T )^2)^2.

For any δ ∈ (0, 1), we have I(T ) ≥ (1 − δ^2)^2N_n(δT ) → ∞, where N_n(t) is defined by (17) and (18) holds. By (22), ω^2_ε ≤ 1/I(T ), and we get (27). Theorem 2 follows. □

2.3 Sharp asymptotics for fixed n

Using results of Section 2.2 we obtain the the sharp asymptotics of minimax square risks and minimax error probabilities for any fixed n. Namely, for estimation problem we have Theorem 3 Assume n ∈ N , σ > 0 be fixed. For the norms (11), (12), the quantities E_{ε,n} are of asymptotics E_{ε,n} ∼ c(σ, n)ε^{2σ/(2σ+n)}, T^2 ∼ E^{−2}_{ε,n}(2σ + n)/n. (28) For (11), the function c(σ, n) is of the form

c^2(σ, n) = ( (1 + 2σ/n)^{n/2σ} σΓ^n(1 + 1/2σ) π^n(σ + n)Γ(1 + n/2σ) )_{2σ/(n+2σ)} , (29) for (12) one has

c^2(σ, n) = ( (1 + 2σ/n)^{n/2σ} σΓ^n(3/2) π^n(σ + n)Γ(1 + n/2 )_{2σ/(n+2σ)} . (30)

Proof of Theorem 3 is given in Section 3. For any fixed n, the rates (4) follows from Theorem 3. Let us go to detection problem. We obtain Theorem 4 Assume n ∈ N , σ > 0 be fixed. For the norms (11), (12), the quantities u_{ε,n} are of asymptotics u_{ε,n} ∼ d(σ, n)r^{2+n/2σ}_ε ε^{−2}, T^2 = r^{−2}_ε (4σ + n)/n. (31) For (11), the function d(σ, n) is of the form

d^2(σ, n) = π^n(1 + 2σ/n)(1 + 4σ/n)^{−n/2σ−1}(Γ((2σ)^{−1} + 1))^{−n}Γ((n/2σ) + 1), for (12) one has

d^2(σ, n) = π^n(1 + 2σ/n)(1 + 4σ/n)^{−n/2σ−1}(Γ(2^{−1} + 1))^{−n}Γ(n/2 + 1). Proof of Theorem 4 is given in Section 3. For any fixed n, the rates (6) follows from Theorem 4.

2.4 Sharp asymptotics for n → ∞

2.4.1 Estimation problem For n = n_ε → ∞ using Simpson’s formula for Γ(x), x → ∞, we can slightly modify the quantities c_n(σ, n). For (11) we have, c^2(σ, n) ∼ ( Γ(1/2σ) 2πσ )_{2σ} 2σe n , (32) whenever for (12), c^2(σ, n) ∼ (e/2πn)^σ. (33) Theorem 5 Let n = n_ε → ∞, n = o(log ε^{−1}). Then the relation (28) holds true with c_n defined by (32), (33).

Proof of Theorem 5 is given in Section 4.

However if n ≫ log ε^{−1}, then we have asymptotics of different type. Theorem 6 (1) Let n = n_ε → ∞, n/ log ε^{−1} → ∞, log n = o(log ε^{−1}). Then for the norm (11), E^2_{ε,n} ∼ log n − log log ε^{−1} 2(2π)^{2σ} log ε^{−1}

, (34) whenever for the norm (12), E^2_{ε,n} ∼ ( log n − log log ε^{−1} 8π^2 log ε^{−1} )_σ . (35)

(2) Let lim inf log n/ log ε^{−1} > 0. Then lim inf R^2_{ε,n} > 0. It means that there do not exist consistent estimators in this case. Proof of Theorem 6 is given in Section 5. 2.4.2 Detection problem We can modify the quantities d_n(σ, n) for n → ∞. For (11) we get d^2(σ, n) ∼ e^{−2}π^n(Γ((2σ)^{−1} + 1))^{−n}Γ((n/2σ) + 1) ∼ π^n(πn/σ)^{1/2}(n/2σe)^{n/2σ} e^2Γ^n(1 + 1/2σ)

, (36) whenever for (12),

d^2(σ, n) ∼ e^{−2}π^n(Γ(3/2))^{−n}Γ(n/2 + 1) ∼ (2πn/e)^{n/2}e^{−2} √ πn. (37)

Moreover, we can establish “sharp separation rates”, as n → ∞. Namely in hypothesis testing problem (3), we call sharp separation rates a family r^∗_ε such that γ_ε(F_{ε,n}) → 0, as lim inf r_ε/r^∗_ε > 1 and γ_ε(F_{ε,n}) → 1, as lim sup r_ε/r^∗_ε < 1.

Note that sharp separation rates do not exist for the case of fixed or bounded n in hypothesis testing problems under consideration here. For hypothesis testing problems that were studied in [8], sharp separation rates exist for the problems of “degenerate type” and for “adaptive problems” (see [8]). Sharp separation rates were established in [9] for one-dimensional signal detection problems analogous to (3), where the removed L_2-ball is replaced be removed L_∞-ball.

Theorem 7 Let n = n_ε → ∞, r_ε = o(1). (1) Let log u_ε = o(n). For the norms (11), let

lim sup n log log ε^{−1} log ε^{−1} < 4, if σ ≥ 1/2,

lim sup n log log ε^{−1}

log ε^{−1} < 8σ, if σ ∈ (0, 1/2). For the norms (12), let lim sup n log log ε^{−1} log ε^{−1} < 4. Then the relation (31) holds true with the functions d(σ, n) defined by (36), (37). (2) Let n = o(log ε^{−1}). Then for the problem with the norm (11), the sharp separation rates are of the form r^∗_ε = ε^{4σ/(4σ+n)}(2σe/n)^{1/2}(Γ(1/2σ)/2πσ)^σ. (38) For the problem with the norm (12), the sharp separation rates are of the form r^∗_ε = ε^{4σ/(4σ+n)}(e/2πn)^{σ/2}. (39)

Proof of Theorem 7 is given in Section 4.

The assumption n = o(log ε^{−1}) is essential in Theorem 7 (2): if n ≫ log ε^{−1}, we have sharp separation rates of different type. Namely

Theorem 8 (1) Let n = n_ε → ∞, n/ log ε^{−1} → ∞, log n = o(log ε^{−1}). Then for the norm (11), the sharp separation rates are of the form

r^∗_ε = 1 2(2π)^σ √ log n − log log ε^{−1}

log ε^{−1}

, (40) whenever for the norm (12), the sharp separation rates are

r^∗_ε = ( log n − log log ε^{−1} 16π^2 log ε^{−1} )_{σ/2} . (41)

(2) Let lim inf log n/ log ε^{−1} > b > 0. Then there exists r_0 = r_0(b) > 0 such that if lim sup r_ε < r_0, then γ_ε(F_{ε,n}) → 1. It means that there do not exist separation rates r^∗_ε → 0.

Proof of Theorem 8 is given in Section 5.

Let us compare the rates of E_{ε,n} in estimation problem and separation rates r^∗_ε in detection problem. It follows from Theorems 5–8 that if n = o(log ε^{−1}), then r^∗_ε = o(E_{ε,n}). This relation is well-known for fixed n.

However if n/ log ε^{−1} → ∞, then for the norm (11) we have r^∗_ε ∼ 2^{−1/2}E_{ε,n}, and for the norm (12), r^∗_ε ∼ 2^{−σ/2}E_{ε,n}. Remark 2.1 Note that for the norm (12), the asymptotics of the minimax square risk sharp separation rates are closely related with the following version of the lattice problem: what are the asymptotics of numbers of lattice points in n-dimensional Euclidean ball of radius m, as n → ∞, m → ∞ ?

If n is fixed, then, roughly, this number is close to the volume of the ball (see the paper [3] and references in this paper for details). However if n → ∞, m → ∞, then this holds for n = o(m^2), whenever if n ≫ m^2, then the asymptotics are of different type.

Analogously, the case of the norms (11) is related with the number of lattice points in n-dimensional ball in l_η-norm, η = 2σ, of radius m → ∞ and we have analogous effects in this problem.

See Remarks 3.1–5.1 in the proofs of Theorems.

3 Proof of Theorems 3, 4

3.1 Proof of Theorems 4

In order to prove Theorem 4, we need to study the equations (23), (24), (26) assuming T → ∞ by (25). Set I_1 = ∑ c_l<T (1 − (c_l/T )^2), (42)

I_2 = ∑ c_l<T (c_l/T )^2(1 − (c_l/T )^2), (43) I_0 = ∑ c_l<T (1 − (c_l/T )^2)^2 = I_1 − I_2. (44) It follows from (23), (24), (26) that T^2 = r^{−2}_ε I_1/I_2, (45) u^2_ε = 1 2 (r_ε/ε)^4I_0/I^2_1 . (46) Let us study the asymptotics of the quantities I_k, k = 0, 1, 2 as T → ∞ assuming n be fixed.

3.1.1 Norms (11) Set η = 2σ, T = (2πm)^σ, x_{li} = l_i/m, δx_{li} = 1/m, δx_l = δx_{l1} . . . δx_{ln} = m^{−n}, (47) and denote |x|_η = ( n∑ i=1 |x_i|^η)^{1/η} , x ∈ IR^n. If η ≥ 1, then |x|_η is l_η-norm in IR^n, if η ∈ (0, 1), then it is quasi-norm. We get (c_l/T )^2 = n∑ i=1 |x_{li}|^η = |x_l|^η, and by replacing the integral sums by the integrals (this is possible for any fixed n since m → ∞), we have I_1 = m^n ∑ c_l<T (1 − |x_l|^η)δx_l ∼ m^nJ_1, (48) I_2 = m^n ∑ c_l<T |x_l|^η(1 − |x_l|^η)δx_l ∼ m^nJ_2, (49) I_0 = m^n ∑ c_l<T (1 − |x_l|^η)^2δx_l ∼ m^nJ_0, (50) where J_1 = ∫ D^n_η (1) (1 − |x|^η)dx_1 . . . dx_n, (51) J_2 = ∫ D^n_η (1) |x|^η(1 − |x|^η)dx_1 . . . dx_n, (52) J_0 = ∫ D^n_η (1)

(1 − |x|^η)^2dx_1 . . . dx_n = J_1 − J_2, (53) and D^n_η (1) = {x ∈ IR^n : |x|_η ≤ 1} is the unit l_η-ball. We can rewrite (45), (46) in the form (2πm)^{2σ} ∼ r^{−2}_ε J_1/J_2, (54) u^2_ε ∼ 1 2 (r_ε/ε)^4m^{−n}J_0/J^2_1 . (55)

The integrals J_0 – J_2 are reduced to integrals of the form J_n(τ, η) = ∫ D^n_η (1) ( n∑ i=1 |x_i|^η)^τ dx_1 . . . dx_n = σ^{−n} ∫ Δ_n ( n∑ i=1 y_i)^τ y^{1/η−1}_1 dy_1 . . . y^{1/η−1}_n dy_n, where Δ_n = {y ∈ IR^n : y_i ≥ 0, n∑ i=1 y_i ≤ 1} is the standard simplex in IR^n, η > 0, τ ≥ 0. Using the Liouville formula (see [2], Section XVIII, n.14) ∫ Δ_n ϕ( n∑ i=1 y_i)y^{p−1}_1 dy_1 . . . y^{p−1}_n dy_n =

Γ^n(p) Γ(np) ∫_1 0 ϕ(u)u^{np−1}du, p > 0, we get J_n(τ, η) = n2^nΓ^n(1 + 1/η) (ητ + n)Γ(1 + n/η) . (56) This yields

J_1 = J_n(0, 2σ) − J_n(1, 2σ) = σ2^{n+1}Γ^n(1 + 1/2σ) (2σ + n)Γ(1 + n/2σ)

, (57) J_2 = J_n(1, 2σ) − J_n(2, 2σ) = nσ2^{n+1}Γ^n(1 + 1/2σ) (2σ + n)(4σ + n)Γ(1 + n/2σ)

, (58) J_0 = J_n(0, 2σ) − 2J_n(1, 2σ) + J_n(2, 2σ) = σ^22^{n+3}Γ^n(1 + 1/2σ) (2σ + n)(4σ + n)Γ(1 + n/2σ)

. (59) Using this relations jointed with (54), (55) we obtain the statements of Theorem 4 for the norm (11).

3.1.2 Norms (12) Using (47) we have (c_l/T )^2 = ( n∑ i=1 x^2_{li})^σ = |x_l|^{2σ}, x_l ∈ IR^n, where |x| = |x|_2 is the Euclidean norm. Analogously, I_1 = m^n ∑ c_l<T (1 − |x_l|^{2σ})δx_l ∼ m^nJ_1, (60) I_2 = m^n ∑ c_l<T |x_l|^{2σ}(1 − |x_l|^{2σ})δx_l ∼ m^nJ_2, (61) I_0 = m^n ∑ c_l<T (1 − |x_l|^{2σ})^2δx_l ∼ m^nJ_0, (62) where

J_1 = ∫ D^n_2 (1)

(1 − |x|^{2σ})dx_1 . . . dx_n = J_n(0, 2) − J_n(σ, 2), J_2 = ∫ D^n_2 (1) |x|^{2σ}(1 − |x|^{2σ})dx_1 . . . dx_n = J_n(σ, 2) − J_n(2σ, 2), J_0 = ∫ D^n_2 (1)

(1 − |x|^{2σ})^2dx_1 . . . dx_n = J_n(0, 2) − 2J_n(σ, 2) + J_n(2σ, 2), the region D^n_2 (1) is the unit Euclidean ball in IR^n. Using (56) ones again we get J_1 = σ2^{n+1}Γ^n(3/2) (2σ + n)Γ(1 + n/2)

, (63) J_2 = nσ2^{n+1}Γ^n(3/2) (2σ + n)(4σ + n)Γ(1 + n/2)

, (64) J_0 = σ^22^{n+3}Γ^n(3/2) (2σ + n)(4σ + n)Γ(1 + n/2)

. (65) Using this relations jointed with (45), (46) we obtain the statements of Theorem 4 for the norm (12). □

3.2 Proof of Theorems 3

In order to prove Theorem 4, we need to study the equations (15), (16) assuming T → ∞. Set, analogously to (42), I_1 = ∑ c_l<T (1 − c_l/T ), (66) I_2 = ∑ c_l<T (c_l/T )(1 − (c_l/T )). (67) We have T^2 = (2πm)^{2σ} = 1/(ε^2I_2), E^2_{ε,n} = ε^2I_1. (68) The study of the sums (66), (67) is the same as in Section 3.1. We have I_1 ∼ m^nJ_1, I_2 ∼ m^nJ_2, (69) where, for the norm (11),

J_1 = J_n(0, 2σ) − J_n(1/2, 2σ), J_2 = J_n(1/2, 2σ) − J_n(1, 2σ), whenever for the norm (12), J_1 = J_n(0, 2) − J_n(σ/2, 2), J_2 = J_n(σ/2, 2) − J_n(σ, 2), and J_n(τ, η) are defined by (56). Thus, for the norm (11),

J_1 = σ2^nΓ^n(1 + 1/2σ) (σ + n)Γ(1 + n/2σ)

, J_2 = nσ2^nΓ^n(1 + 1/2σ) (σ + n)(2σ + n)Γ(1 + n/2σ)

, (70) whenever for the norm (12),

J_1 = σ2^nΓ^n(3/2) (σ + n)Γ(1 + n/2)

, J_2 = nσ2^nΓ^n(3/2) (σ + n)(2σ + n)Γ(1 + n/2)

; (71) Γ^n(3/2) = π^{n/2}2^{−n}.

It follows from (68), (69) that m ∼ ( ε^2J_2(2π)^{2σ} )_{−1/(2σ+n)} , E^2_{ε,n} ∼ ε^2m^nJ_1 ∼ ε^{4σ/(2σ+n)}(J_1/J_2)J^{2σ/(2σ+n)}_2 (2π)^{−2nσ/(2σ+n)}. (72) Combine (70), (71), (72) we obtain (28), (29), (30). □ Remark 3.1 The sums I_k, k = 0, 1, 2 are related with the numbers of lattice points N_n(T ) in the η-ball in IR^n (see (17)). If n is fixed, then for the norm (11) analogously to (57)–(59), N_n(T ) ∼ m^nV_n(η), where V_n(η) = J_n(0, η) is the Euclidean volume of the unit ball D^n_η (1), V_n(η) =

2^nΓ^n(1 + 1/η) Γ(1 + n/η) , here we used the equality Γ(1 + x) = xΓ(x).

Note that the relations (57)–(59) could be rewritten in the form

J_1 = 2σV_n(2σ) n + 2σ , J_2 = 2nσV_n(2σ) (n + 2σ)(n + 4σ)

, J_0 =

8σ^2V_n(2σ) (n + 2σ)(n + 4σ) . Analogously for the norm (12), N_n(T ) ∼ m^nV_n(2), V_n(2) = π^{n/2}/Γ(1 + n/2), and the relations (63)–(65) are the same form with the change V_n(2σ) by V_n(2).

4 Proof of Theorems 7, 5

4.1 Proof of Theorems 7

To study the case n → ∞ we need to evaluate the accuracy of of replacing the integral sums by integrals in the evaluations in Section 3.

4.1.1 Norms (11) Because of |x|_η is not a norm for η ∈ (0, 1), we need the following statement. Lemma 4.1 Let x ∈ IR^n, δ ∈ IR^n, max_{1≤i≤n} |δ_i| ≤ 1/2. Then |x|_η − n^{1/η} /2 ≤ |x + δ|_η ≤ |x|_η + n^{1/η}/2, for η ≥ 1, (73) |x|^η − n2^{−η} ≤ |x + δ|^η ≤ |x|^η + n2^{−η}, for η ∈ (0, 1). (74) Proof of Lemma 4.1. The inequality (73) follows directly from the triangle inequality since |δ|_η ≤ n^{1/η} /2. The inequality (74) follows the inequality |x + y|^η ≤ |x|^η + |y|^η, η ∈ (0, 1), (75) since |δ|^η ≤ n2^{−η}. Let us prove (75). It is of the form n∑ i=1 |x_i + y_i|^η ≤ n∑ i=1 (|x_i|^η + |y_i|^η), and it suffices to consider the case n = 1. Let |x| ≥ |y|, x, y ∈ IR. Then using the inequality (1 + z)^η ≤ 1 + ηz, z > −1 (this follows from concavity of the function (1 + z)^η in z > −1 for η ∈ (0, 1)), we have |x + y|^η = |x|^η(1 + |y|/|x|)^η ≤ |x|^η(1 + η|y|/|x|) ≤ |x|^η + |y|/|x|^{1−η} ≤ |x|^η + |y|^η. □ Let Δ_l = {x ∈ IR^n : x_i − 1/2 ≤ l_i < x_i + 1/2} be the cube with the centre l ∈ ZZ^n of the size 1. For m > 0 let D^n_η (m) = {x ∈ IR^n : |x|_η ≤ m} be the l_η-ball of radius m in IR^n and L^n_η (m) = {l ∈ ZZ^n : |l|_η ≤ m} = D^n_η (m) ∩ ZZ^n.

Set also D̃^n_η (m) = ⋃ l∈L^n_η Δ_l.

Set, for any b > 0,

δ_n = { n^{1/η}/2m, η ≥ 1, n/(2m)^η, η ∈ (0, 1), C^±_{n,b} = { 1 ± n^{1/η} /2bm, η ≥ 1, (1 ± n/(2bm)^η)^{1/η} , η ∈ (0, 1), and put C_{n,b} = C^+_{n,b}, c_{n,b} = C^−_{n,b}. Using Lemma 4.1 we have the embedding, D̃^n_η (bm) ⊂ D^n_η (C_{n,b}bm) (76) and, for c_{n,b} > 0, D^n_η (c_{n,b}bm) ⊂ D̃^n_η (bm). (77) In fact, let x ∈ Δ_l, |l|_η ≤ bm, ζ = l − x, |ζ|_η ≤ n^{1/η} /2. If η ≥ 1, then |x|_η ≤ |l|_η + |ζ|_η ≤ bm + n^{1/η} /2 = bmC_{n,b}. If η ∈ (0, 1), then |x|^η ≤ |l|^η + |ζ|^η ≤ b^ηm^η + n/2^η = b^η m^ηC^η_{n,b}. These yield (76). Let us verify (77). For |x|_η ≤ c_{n,b}bm, let us take l = (l_1, ..., l_n) ∈ ZZ^n such that |x_i − l_i| ≤ 1/2, i = 1, ..., n, i.e., x ∈ Δ_l. Setting ζ = l − x, |ζ|_η ≤ n^{1/η} /2, analogously to above we have, for η ≥ 1, |l|_η ≤ |x|_η + |ζ|_η ≤ bm, and for η ∈ (0, 1), |l|^η ≤ |x|^η + |ζ|^η ≤ b^ηm^η. These yield (77).

Analogously, if c_{n,b} > 0, then the evaluations above yield the inequalities c_{n,b}|l|_η ≤ |x|_η ≤ C_{n,b}|l|_η, ∀ l ∈ ZZ^n, |l|_η ≥ bm, x ∈ Δ_l. (78)

Our aim is to evaluate the sums in (48)–(50) I_k = I_{k,Z} = ∑ l∈L^n_η (m) f_k(l), k = 0, 1, 2, where f_1(x) = 1 − (|x|_η/m)^η, f_2(x) = (|x|_η/m)^ηf_1(x), f_0(x) = f^2_1 (x) = f_1(x) − f_2(x). Set f̃_k(x) = f_k(l), for x ∈ Δ_l, l ∈ L^n_η (m); f̃_k(x) = 0, for x ∈ IR^n \ D̃^n_η (m).

Note that I_{k,Z} = ∫ IR^n f̃_k(x)dx, k = 0, 1, 2. Fix any b ∈ (0, 1). Introduce the functions

f^+_1 (x) = (1 − (|x|_η/C_{n,b}m)^η)_+, f^−_1 (x) = (1 − (|x|_η/c_{n,b}m)^η )_+, f^+_2 (x) = (|x|_η/c_{n,b}m)^ηf^+_1 (x), f^−_2 (x) = (|x|_η/C_{n,b}m)^η f^−_1 (x), f^±_0 (x) = (f^±_1 (x))^2.

In view of inequalities (73) we have

f^−_k (x) ≤ f̃_k(x) ≤ f^+_k (x), k = 0, 1, 2, ∀x ∈ IR^n \ D̃^n_η (bm). (79) Consider the integrals I^±_{k,R} = ∫ IR^n f^±_k (x)dx, k = 0, 1, 2. By making change of variables y = x/C_{n,b} or y = x/c_{n,b} we get

I^+_{k,R} = (C_{n,b}m)^nJ_k, I^−_{k,R} = (c_{n,b}m)^nJ_k, k = 0, 1 (80) I^+_{2,R} = (C_{n,b}/c_{n,b})^η(C_{n,b}m)^nJ_2, I^−_{2,R} = (c_{n,b}m/C_{n,b})^η(c_{n,b}m)^nJ_2, (81) where the integrals J_k, k = 0, 1, 2 are of the form (51)–(53) and these were calculated in (57)–(59). Recall that by Remark 3.1 we have J_k ≍ V_n(η)/n, k = 1, 2, J_0 ≍ V_n(η)/n^2. (82) Introduce the assumptions: A1. δ_n → 0 as n → ∞. A2. nδ_n → 0 as n → ∞.

Assume A1. For any b > 0, we have, for some a_n ≍ A_n ≍ 1, C_{n,b} = 1 + A_nδ_n ∼ 1, c_{n,b} = 1 − a_nδ_n ∼ 1.

Taking b ∈ (0, 1), denote I_{k,1,Z} = ∑ l∈L^n_η (bm) f_k(l) = ∫ D̃n_η (bm) f̃_k(x)dx, I_{k,2,Z} = ∑ l∈L^n_η (m)\L^n_η (bm) f_k(l) = ∫ IR^n\D̃^n_η (bm) f̃_k(x)dx = I_{k,Z} − I_{k,1,Z} , I^−_{k,1,R} = ∫ D^n_η (C_{n,b} bm) f^−_k (x)dx, I^−_{k,2,R} = ∫ IR^n\D^n_η (C_{n,b}bm) f^−_k (x)dx, I^+_{k,1,R} = ∫ D^n_η (c_{n,b}bm) f^+_k (x)dx, I^+_{k,2,R} = ∫ IR^n\D^n_η (c_{n,b}bm) f^+_k (x)dx, I^±_{k,2,R} = I^±_{k,R} − I^±_{k,1,R}, k = 0, 1, 2. By the embeddings (76), (77) and inequalities (79), we have I^−_{k,2,R} ≤ I_{k,2,Z} ≤ I^+_{k,2,R}, k = 0, 1, 2. (83) For a set D ⊂ IR^n, let V_n(D) be its volume in IR^n. Note that, for any b > 0, V_n(D^n_η (bm)) = (bm)^nV_n(D^n_η (1)) = (bm)^nV_n(η).

It follows from (76), I^±_{k,1,R} ≤ (C_{n,b}bm)^nV_n(η), k = 0, 1, I^±_{2,1,R} ≤ b^η(C_{n,b}bm)^nV_n(η), (84) I_{k,1,Z} ≤ (C_{n,b}bm)^nV_n(η), k = 0, 1, 2. (85) By (82)–(85) we have, for some a_n ≍ A_n ≍ 1, m^nJ_k(1 − a_nδ_n)^n ≤ I_{k,Z} ≤ m^nJ_k(1 + A_nδ_n)^n, k = 0, 1, 2. (86) We can rewrite (86) in the form I_{k,Z} = m^nJ_k exp(nζ_n)), ζ_n = O(δ_n). k = 0, 1, 2. (87) Let us evaluate the ratio R_n = I_{1,Z} /I_{2,Z} . Clearly, R_n ≥ 1 because of f_2(l) ≤ f_1(l) for l ∈ L^n_η (m). On the other hand for any b ∈ (0, 1) in view of (85), (87) we have I_{1,Z} ∼ I_{1,2,Z} . However if l ∈ L^n_η (m)\L^n_η (bm), then f_2(l) ≥ b^ηf_1(l), which yields R_n ≤ ∑ l∈L^n_η (m)\L^n_η (bm) f1(l) ∑ l∈L^n_η (m)\L^n_η (bm) f2(l) (1 + o(1)) ≤ b^{−η}(1 + o(1)).

Since we can take b ∈ (0, 1) arbitrarily close to 1, this yields R_n ≤ 1 + o(1). Thus I_{1,Z} ∼ I_{2,Z} . (88) In view of (87), (88), (47) under A1, we can rewrite (45), (46), 2πm ∼ r^{−1/σ}_ε , (89) u^2_ε ∼ 1 2 (r_ε/ε)^4m^{−n}J_0/J^2_1 exp(nτ_n), τ_n = o(1).

By Remark 3.1 this yields u^2_ε = r^{4+n/σ}_ε ε^{−4}(2π)^n(V_n(2σ))^{−1}e^{nτn} , τ_n = o(1). (90) If log u_ε = o(n), then, as n → ∞, r_ε = (u_εε^2)^{2σ/(4σ+n)}((2π)^{−n}V_n(2σ))^{σ/(4σ+n)}e^{τnnσ/(4σ+n)} ∼ ε^{4σ/(4σ+n)}(Γ(1/2σ)/2πσ)^σ(2σe/n)^{1/2} = r^∗_ε , where the rates r^∗_ε are defined by (38). For any C > 1, one can see that if r_ε > Cr^∗_ε , then u_ε → ∞, and if r_ε < r^∗_ε /C, then u_ε → 0. Let us verify the assumption A1. This is of the form n ≪ m^{2σ} ≍ r^{−2}_ε , and for r_ε ≍ r^∗_ε this is equivalent to n^{1/2}r^∗_ε ≍ ε^{4σ/(4σ+n)} → 0, 4σ log ε^{−1} 4σ + n → ∞, or n = o(log ε^{−1}).

This yields the statement of Theorem 7 (2) for the norm (11). Assume A2. Then (87) yields I_{k,Z} ∼ m^nJ_k, k = 0, 1, 2. (91) This yields the relations (54), (55), (36), and the asymptotics of u_ε in the theorem. In fact, using (51), we get I_{1,Z} I_{2,Z} = 1 + I_{0,Z} I_{2,Z} = 1 +

J_0 J_2

(1 + o(1)) = 1 +

4σ + o(1) n , I_{0,Z} I^2_{1,Z} ∼ J_0 m^nJ^2_1 ∼ 4σ^{n+1}Γ(2 + n/2σ) m^n(4σ + n)Γ^n(1/2σ) .

In view of (45), (46), (47) this yields

m = (2πr^{1/σ}_ε )^{−1} ( 1 + 4σ + o(1) n )_{1/2σ} , m^n ∼ (2π)^{−n}r^{−n/σ}_ε e^2, u^2_ε ∼ r^{4+n/σ}_ε ε^{−4} π^nΓ(1 + n/2σ) e^2Γ^n(1 + 1/2σ) . Let us verify the assumption A2. It suffices to consider the case r_ε ≍ r^∗_ε . In view of (89) for η ≥ 1, the assumption A2 is of the form n^{−σ−1/2} ≫ r^∗_ε and it is equivalent to n = o(ε^{−4/(4σ+n)}) or (4 log ε^{−1})/(4σ + n) − log n → ∞.

It suffices lim sup n log n/ log ε^{−1} < 4.

The last relation holds for n ≤ C log ε^{−1}/ log log ε^{−1}, C < 4. (92) For η ∈ (0, 1), the assumption A2 is of the form n^{−1} ≫ r^∗_ε and it is equivalent to n = o(ε^{−8σ/(4σ+n)}) or (8σ log ε^{−1})/(4σ + n) − log n → ∞. (93) The relation (93) follows from lim sup n log n/ log ε^{−1} < 8σ.

The last relation holds for n ≤ C log ε^{−1}/ log log ε^{−1}, C < 8σ.

This yields the statement of Theorem 7 (1) for the norm (11).

4.1.2 Norms (12) The proof follows to the scheme of Section 4.1.1 and we note the differences only. We set δ_n = n^{1/2}/2m, C_{n,b} = 1 + δ_n/b, c_{n,b} = 1 − δ_n/b, ∀ η > 0. We change the balls D^n_η (m) by the Euclidean balls D^n_2 (m), and the sets L^n_η (m) by L^n_2 (m). The embedding (76)–(77) and relations (78) hold true as well. We consider the functions f_1(x) = 1 − |x/m|^η_2, f_2(x) = |x/m|^η_2f_1(x), f_0(x) = f^2_1 (x) = f_1(x) − f_2(x), and functions f̃_k, f^±_k of analogous structure such that (79) hold true. Next evaluations are the same. These yield the relation (87) with J_k determined by (63)–(65). The relation (88) holds true as well. These lead to sharp rates (39) under A1, and the sharp asymptotics (31), (37), under A2.

Let us verify the assumptions A1, A2. It suffices assume r_ε ≍ r^∗_ε . In view of (89) and (39), the assumption A2 is of the form n^{3/2} ≪ m ≍ r^{−1/σ}_ε ≍ n^{1/2}ε^{−4/(4σ+n)}, This is equivalent to n = o(ε^{−4/(4σ+n)}) and is fulfilled under (92). Analogously, the assumption A1 is of the form n^{1/2} ≪ m ≍ n^{1/2}ε^{−4/(4σ+n)}, and it is equivalent to n = o(log ε^{−1}). □

4.2 Proof of Theorems 5

The proof is based on the considerations of Section 4.1 under assumption A1. We study the sums I_k = I_{k,Z} defined by (66), (67) and show that I_{1,Z} ∼ I_{2,Z} , I_{k,Z} = m^nJ_ke^{nτn} , τ_n = o(1), k = 1, 2, where J_k were calculated in (70), (71). By (68) we have, E^2_{ε,n} = ε^2I_1 = T^{−2}I_1/I_2 ∼ T^{−2} = (2πm)^{−2σ}. (94) On the other hand,

m^{2σ} = ( ε^2J_2(2π)^{2σ}e^{nτn} )_{−2σ/(2σ+n)} = ( ε^2J_2(2π)^{2σ} )_{−2σ/(2σ+n)} e^{2σnτn /(2σ+n)} ∼ ( ε^2J_2(2π)^{2σ} )_{−2σ/(2σ+n)} . (95) Combining (94), (95), (70), (71), we obtain the asymptotics of Theorem. As above, the assumption A1 corresponds to n = o(log ε^{−1}). □

Remark 4.1 The quantities N_n(T ) (see (17)) correspond to the sums I_{k,Z} for function f_k(x) = 1. Therefore as n → ∞, T^2 = (2πm)^η → ∞, η = 2σ, under assumption A2, the considerations above yield the relation N_n(T ) ∼ m^nV_n(η), which are analogous to (91). Under assumption A1, we obtain somewhat rough relation, log N_n(T ) = log(m^nV_n(η)) + o(n), which are analogous to (87). These extend the asymptotics in Remark 3.1.

5 Proof of Theorems 8, 6

We use a different way for estimations of quantities I_0–I_2 in (42)–(44) and in (66)– (67). This is based on probabilistic machinery.

5.1 Proof of Theorems 8

5.1.1 Norm (11) We start with the case log n = o(log ε^{−1}). Set^2 H = m^{2σ} = T^2/(2π)^{2σ}, L = [H^{1/2σ}] and supposes H → ∞. (96) Let X = X(l) be integer-valued random variable defined on the set Ω = {l = 0, ±1, . . . , ±L}, X(l) = l, P_0(X = l) = 1/(2L + 1), l ∈ Ω, (97) and Y = Y (X) = |X|^{2σ}. Note that

E_0(Y ) = L^{2σ} 2 2L + 1 L∑ l=1 (l/L)^{2σ} ∼ L^{2σ} ∫_1 0 x^{2σ} dx = L^{2σ} 2σ + 1 ∼ H 2σ + 1 . Let X, X_1, . . . , X_n be i.i.d., Y_i = Y (X_i) and let

S_n = n∑ i=1 Y_i, 2Here and below [t] stands for the integer part of t ∈ IR, i.e., t = [t] + δ, δ ∈ [0, 1).

be defined on the set Ω^n. For l ∈ Ω^n in the relations (42)–(44), we have (c_l/T )^2 = S_n(l)/H, i.e., we consider quantities c^2_l as realisations of random variable S_nT^2/H. The constraint c_l < T corresponds to S_n < H. The quantities I_k, k = 0, 1, 2 can be presented in the form I_1 = (2L + 1)^nE_1, E_1 = E_{0,n}(1 − S_n/H)1I_{Sn<H} , I_2 = (2L + 1)^nE_2, E_2 = E_{0,n}(S_n/H)(1 − S_n/H)1I_{Sn<H} , I_0 = (2L + 1)^nE_0, E_0 = E_{0,n}(1 − S_n/H)^21I_{Sn<H} , where E_{0,n} is the expectation with respect to P^n_0 -probability.

For the study of expectations E_k, k = 0, 1, 2 we use large deviation methods. Let us pass to measure P_h such that dP_h/dP_0 = e^{−hY} /Ψ(h), Ψ(h) = E_0e^{−hY} , i.e., P_h(Y = |l|^{2σ}) = Z^{−1}_h exp(−h|l|^{2σ} ), Z_h = (2L + 1)Ψ(h).

The quantity h = h_ε is taking such that E_hY = H/n, i.e. E_{h,n}S_n = H. This choice is possible because of the function E_hY = −d log Ψ(h)/dh decreases in h and takes all values in (0, E_0(Y )) for h ∈ (0, ∞). We consider the case H/n → 0 because of the case H/n → ∞ corresponds to Theorem 7 (2). Note that if h ≍ 1, then

Z_h = ∑ |l|≤L exp(−h|l|^{2σ}) ≍ 2 ∫_∞ 0 e^{−hx2σ} dx = = 1 h^{1/2σ} σ ∫_∞ 0 y^{1/2σ−1} exp(−y)dy = Γ(1/2σ) σh^{1/2σ} , E_hY = 1 Z_h ∑ |l|≤L |l|^{2σ} exp(−h|l|^{2σ}) ≍ 2 Z_h ∫_∞ 0 x^{2σ} exp(−x^{2σ} )dx = 1 σh^{1+1/2σ} Z_h ∫_∞ 0 y^{1/2σ} exp(−y)dy = Γ(1 + 1/2σ) h^{1+1/2σ} σZ_h ≍ 1 2σh ≍ 1. Therefore the case E_h(Y ) = H/n → 0 corresponds to h → ∞. Set σ^2_h = Var_hY, σ^2_{h,n} = nσ^2_h = Var_{h,n}S_n, ξ_n = (S_n − H)/σ_{h,n}, i.e., E_{h,n}ξ_n = 0, Var_{h,n}ξ_n = 1. Then the expectations are of the form E_1 = Ψ^n(h)e^{hH} K_1, K_1 = E_{h,n}f_1(ξ_n)e^{hσh,nξn} 1I_{ξn<0}, (98) E_2 = Ψ^n(h)e^{hH} K_2, K_2 = E_{h,n}f_2(ξ_n)e^{hσh,nξn} 1I_{ξn<0}, (99) E_0 = Ψ^n(h)e^{hH} K_0, K_0 = E_{h,n}f_0(ξ_n)e^{hσh,nξn} 1I_{ξn<0}, (100) where f_1(ξ_n) = −σ_{h,n}ξ_n/H, (101) f_2(ξ_n) = (1 + σ_{h,n}ξ_n/H)f_1(ξ_n), (102) f_0(ξ_n) = f^2_1 (ξ_n) = f_1(ξ_n) − f_2(ξ_n). (103) We rewrite (45), (46) in the form H ∼ (2π)^{−2σ}r^{−2}_ε K_1/K_2, (104) u^2_ε = 1 2 (r_ε/ε)^4Z^{−n}_h e^{−hH} K_0/K^2_2 . (105) Thus, we need to evaluate quantities h, Z_h and K_k, k = 0, 1, 2, as h → ∞. Setting p = 2e^{−h} → 0, η = 2σ, we have Z_h = ∑ |l|≤L exp(−h|l|^η) = 1 + 2e^{−h} + exp(−2^ηh)f(h), where f(h) = ∑ 2≤|l|≤L exp(−h(|l|^η − 2^η)). Clearly, f(h) decreases in h and for h > 1, f(h) ≤ f(1) ≤ exp(−2^η)Z(1) ≍ 1.

This yields Z_h = 1 + 2e^{−h} + O(exp(−2^ηh)) ∼ 1 + p. (106) Analogously,

E_h(Y ) = 1 Z_h ∑ |l|≤L |l|^η exp(−h|l|^η) = 2e^{−h} + O(exp(−2^ηh)) 1 + 2e^{−h} + O(exp(−2^ηh))

∼ p. (107)

The relations (106), (107) yield p ∼ H/n, h ∼ log p^{−1}. Analogously to (106), (107), we have

E_hY^2 = 1 Z_h ∑ |l|≤L |l|^{2η} exp(−h|l|^η) = 2e^{−h} + O(exp(−2^ηh)) 1 + 2e^{−h} + O(exp(−2^η h)) ∼ p, which yields σ^2_h ∼ p, σ^2_{h,n} ∼ np ∼ H → ∞, σ_{h,n}/H ∼ H^{−1/2} → 0, hσ_{h,n} ∼ H^{1/2} log p^{−1}, (108) e^{hH} = (2n/H)^H e^{o(H)}, Z^n_h = exp(H(1 + o(1))). (109) Analogous calculations yield E_hY^3 ∼ p. Therefore E_h|Y − E_hY |^3 ≤ Bp, and the Lyapunov ratio is controlled by E_h|Y − E_hY |^3 n^{1/2}σ^3_h ≤ BH^{−1/2} → 0. This yields the Central Limit Theorem for S_n under P_{h,n}-probability, sup_{t∈IR} |P_{h,n}(ξ_n < t) − Φ(t)| → 0, as n → ∞. Let us evaluate the quantities K_k, k = 0, 1, 2. Clearly, K_k ≤ 1. On the other hand, for any δ ∈ (0, 1], let K̃_k be analogous quantities with the change 1I_{ξn<0} by 1I_{ξn∈[−2δ,−δ]} and note that by the Central Limit Theorem, P_h(ξ_n ∈ [−2δ, −δ]) ≥ Bδ. We have K_k ≥ K̃_k ≥ Bδ^2H^{−1} exp(−2hσ_{n,h}δ)P_h(ξ_n ∈ [−2δ, −δ]) ≥ BH^{−1}δ^3 exp(− √ H log p^{−1}(2δ + o(1))).

This yields K_k = (H/n)^{τk,n√H} , τ_{k,n} → 0, k = 0, 1, 2. (110) Let us evaluate the ratio K_1/K_2. Clearly, K_1/K_2 ≥ 1.

On the other hand, for any C > 0 let K^{(1)}_k (C) and K^{(2)}_k (C) be the quantities analogous to K_k with the change 1I_{ξn<0} by 1I_{ξn<−C} and by 1I_{ξn∈[−C,0)} respectively, K^{(1)}_k (C) + K^{(2)}_k (C) = K_k.

We have

K^{(1)}_2 (C) ≤ exp(−Chσ_{n,h}) < exp(−C √ H log p^{−1}(1 + o(1))) < (H/n)^{C√H/2}.

Taking into account (110) and since 1 ≥ 1 + σ_{h,n}ξ_n/H ≥ 1 + o(1), for ξ_n ∈ (−C, 0], we get

K^{(1)}_2 (C) = o(K_2), K_1/K_2 ≤ K^{(2)}_1 (C)/K^{(2)}_2 (C)(1 + o(1)) ≤ 1 + o(1), which yields K_1/K_2 ∼ 1.

The evaluations above yield I_1 ∼ I_2, I_k = Z^n_h e^{hH} K_k = (2en/H)^{H+o(H)}. (111) Using (111) we can rewrite (104), (105) in the form r_ε ∼ (2π)^{−σ}H^{−1/2}, (112) u^2_ε = ε^{−4}H^{−2}(H/2en)^{H(1+o(1))} = ε^{−4}(H/n)^{H(1+o(1))}. (113) Let log u_ε = o(H). (114) The relation (113), (114) implies 4 log ε^{−1} ∼ H(log n − log H). (115) Setting D_ε = n/4 log ε^{−1} → ∞, Y_ε = n/H, (116) we rewrite (115) Y_ε/ log Y_ε ∼ D_ε (117) The equation (117) yields the asymptotics Y_ε ∼ D_ε log D_ε, which yields H ∼ 4 log ε^{−1} log D_ε ∼ 4 log ε^{−1} log n − log log ε^{−1}

. (118) Note that Y_ε → ∞, which yields h ∼ log Y_ε → ∞, which corresponds to the original assumption.

Taking into account the relation (112) and (118), we obtain the rates (40) r_ε ∼ 1 2(2π)^σ √ log n − log log ε^{−1} log ε^{−1}

= r^∗_ε .

The assumption log n = o(log ε^{−1}) corresponds to r_ε = o(1). In view of (25) this yields (96).

Using (112), (113) one can easily verify for any C > 1, that, if r_ε > Cr^∗_ε , then u_ε → ∞, and if r_ε < r^∗_ε /C, then u_ε → 0, i.e., these are the sharp separation rates. The statement (1) follows. □ Let us go to the statement (2). Let lim inf log n/ log ε^{−1} > b > 0. (119) By Theorem 2 (see (20)) it suffices to show that the value u^2_{ε,n} of the extreme problem (19) tends to 0. First note the inequality: u^2_{ε,n} ≤ (2T^4ε^4N_n(T ))^{−1}, T = r^{−1}_ε . (120) the quantities N_n(T ) are defined by (17). In fact, consider the sequence v_l = u1I_{{cl≤T }}, l ∈ ZZ^n, u^2 = r^2_ε /ε^2N_n(T ).

The constraints of the extreme problem (19) are fulfilled and u^2_{ε,n} ≤ 1 2 ∑ l∈ZZ^n v^4_l = (2T^4ε^4N_n(T ))^{−1}.

Let T^2 = (2π)^{2σ}H, H ∈ IN, H < n. Then N_n(T ) ≥ 2^H C^H_n . (121) In fact, it suffice to consider the the set C_{n,H} that consists of collections l = (l_1, . . . , l_n), l_i ∈ {0, ±1}, n∑ i=1 |l_i| = H. If l ∈ C_{n,H} , then c^2_l = ∑_n i=1(2π|l_i|)^{2σ} = T^2 and #(C_{n,H} ) = 2^H C^H_n .

Under assumption (119) take H ∈ IN, H > 4/b. Then n^H ε^4 → ∞, 2^H C^H_n ∼ (2n)^H /H! (122) It follows from (120), (121), (122) that if r_ε ≤ r_0 = T^{−1} = (2π)^{−σ}H^{−1/2}, then u^2_{ε,n} → 0. □ 5.1.2 Norm (12) First, let log n = o(log ε^{−1}). Set H = m^2 = T^{2/σ}/(2π)^2 → ∞, L = [H^{1/2}].

Assuming H → ∞, we consider the random variable Y = X^2 and the sum S_n = ∑_n i=1 Y_i. We have, in the relations (42)–(44), (c_l/T )^2 = (S_n(l)/H)^σ.

Next considerations repeat ones for the norm (11) with the change of the functions (101)–(103) by f_1(ξ_n) = 1 − (1 + σ_{h,n}ξ_n/H)^σ, (123) f_2(ξ_n) = (1 + σ_{h,n}ξ_n/H)^σf_1(ξ_n), (124) f_0(ξ_n) = f^2_1 (ξ_n). (125) This change is not essential for the results. In view of (45), the relation (104) is changed by (2π)^{2σ}H^σ ∼ r^{−2}_ε K_1/K_2.

Next, we obtain the relation (113), whenever (112) is replaced by r_ε ∼ ((2π)^2H)^{−σ/2}.

This leads to the sharp separation rates

r^∗_ε = ( log n − log log ε^{−1} 16π^2 log ε^{−1} )_{σ/2} . The statement (1) follows. □ Next, assume (119). Analogously to (121) we show that if T^2 = (2π)^{2σ}H^σ, H ∈ IN, H < n, then N_n(T ) ≥ 2^H C^H_n .

Taking H ∈ IN, H > 4/b and using (120) we see that if r_ε < r_0 = T^{−1}, then u_{ε,n} → 0. By (20) the statement (2) follows. □

5.2 Proof of Theorem 6

The proof of Theorem 6 (1) is analogous to the proof of Theorem 8 (1). The study of the sums (66), (67) follows to Section 5.1. As above, for the norm (11) we set T = H^{1/2}(2π)^σ, (126) whenever the norm (12), T = H^{σ/2}(2π)^σ. (127) We repeat the considerations above with the change σ by 1/2 for the norm (11), and by σ/2 for the norm (12), in (123)–(125). These yield the relations (111). Applying these to (68) we get

H(1 + o(1)) log(2en/H) + 2 log T = 2 log ε^{−1}, E^2_{ε,n} ∼ T^{−2}, (128)

By (116), (126), (127), the first equation (128) yields (compare with (118)) H ∼ 2 log ε^{−1} log n − log log ε^{−1} . By the second equation (128) for the norm (11), we have (34), and for the norm (12), we have (35).

Theorem 6 (2) follows from Theorem 8 (2). In fact, if there exist a family of estimators f̂_ε such that d^2_ε = R^2_{ε,n}(f̂_ε, F_n) → 0, then by taken plug-in tests ψ_ε = 1I_{{‖f−f̂ε‖2>rε/2}}, we have γ_ε(ψ_ε, F_{ε,n}) → 0, for any family r_ε/d_ε → ∞ (see [8], Proposition 2.17). In particular, we can take r_ε = d^{1/2}_ε → 0. This contradicts to Theorem 8 (2). □ Remark 5.1 The quantities N_n(T ) (see (17)) are of the form N_n(T ) = (2L + 1)^nP^n_0 (S_n < T ) and can be studied by the same way. Analogously to (98)–(100) we have P^n_0 (S_n < T ) = Φ^n(h)e^{hH} K, where the expectations K is analogous to K_k for function f(ξ_n) = 1. Let n → ∞, T^2 = (2πm)^η → ∞, and for the norm (11), T^2 = H(2π)^η = o(n), whenever for the norm (12), T^{2/σ} = (2π)^2H = o(n). The considerations above yield the relation log N_n(T ) ∼ H log(2en/H), which are analogous to the second relation (111). This yields the asymptotics of differ type than the asymptotics in Remark 4.1.

References

[1] Ermakov, M.S. (1990). Minimax detection of a signal in a Gaussian white noise. Theory Probab. Appl., 35, 667–679.

[2] Fichtengoltz, G.M. (1977). Differential- und Integralrechnung, III. VEB Deutscher Verlag der Wissenschaften. Berlin.

[3] Götze, F. (1998). Lattice point problem and the Central Limit Theorem in Euclidean Spaces. in: Documenta Mathematica. Extra Volume ICM, III, 245– 255.

[4] Ibragimov, I.A. and Khasminskii, R.Z. (1977). One problem of statistical estimation in a white Gaussian noise. Soviet Math. Dokl., 236, 4, 333–337.

[5] Ingster, Yu.I. (1982). Minimax nonparametric detection of signals in white Gaussian noise. Problems Inform. Transmission, v. 18, 130–140.

[6] Ingster, Yu.I. (1987). Asymptotically minimax testing of nonparametric hypotheses, In: Proc. 4th Vilnius Conference on Probab. Theory and Math. Stat., VNU Science Press, 1, 553–573.

[7] Ingster, Yu.I. (1993). Asymptotically minimax hypothesis testing for nonparametric alternatives. I, II, III. Math. Methods Statist., 2 85–114, 171–189, 249– 268.

[8] Ingster, Yu. I., Suslina I.A. (2002). Nonparametric Goodness-of-Fit Testing under Gaussian Model. Lectures Notes in Statistics. v. 169, Springer-Verlag, New York.

[9] Lepski, O.V. and Tsybakov, A.B. (2000). Asymptotically exact nonparametric hypothesis testing in sup-norm and at a fixed point. Probab. Theory Related Fields, 117 , 1, 17–48.

[10] Pinsker, M.S. (1980). Optimal filtration of square-integrable signals in Gaussian noise. Problems Inform. Transmission, 16, 2, 120–133.

[11] Skorohod, A.V. (1974). Integration in Hilbert Spaces. Berlin, New York:

Springer-Verlag.

[12] Stone Ch. (1985). Additive regression and other nonparametric models. Ann.

Stat., v. 13, No 2, 689–705.