ROTHE’S METHOD FOR EQUATIONS MODELLING TRANSPORT OF DOPANTS IN SEMICONDUCTORS

A. GLITZKY, K. GRÖGER, R. HÜNLICH

Abstract. This paper is devoted to the investigation of some nonlinear reaction– diffusion system modelling the transport of dopants in semiconductors and arising in semiconductor technology. Besides of results on existence and qualitative properties of the solution to the problem itself we are interested in the investigation of corresponding discrete–time problems. Using Rothe’s method in a fully implicite and a semi–implicite version, respectively, we get analogous results on existence and qualitative behaviour of solutions to the discrete–time equations. Moreover, convergence in some strong sense will be proved. Essential tools are estimates of the energy functional, L1–estimates obtained by De Giorgi’s method, L^q (S, W 1^{,p})–estimates for the continuous problem as well as a discrete version of Gronwall’s lemma.

Contents

1. Introduction 2 2. The reaction-diffusion system

2.1. Notation 3 2.2. Estimates by the energy functional 6 2.3. Further regularity results, existence and uniqueness 10 3. Discrete–time problems

3.1. Notation 11 3.2. Estimates by the energy functional 14 3.3. Further a-priori estimates 17 3.4. Existence 27 4. Convergence theorem 29 Appendix A. Equilibrium states 33 References 38

1. Introduction

In this paper we continue the mathematical analysis of a reaction–diffusion system modelling the transport of dopants in semiconductors, see [3]. There the physical background of the equations under consideration is described and results concerning the existence, uniqueness as well as the asymptotic behaviour of solutions are obtained. Here we are mainly interested in the investigation of corresponding discrete–time problems. Furthermore, different to [3] we use more general boundary conditions and more general assumptions on the coefficients of volume and boundary reactions.

The investigation of the reaction–diffusion system as well as its discrete–time versions starts with estimates of the free energy. Here the main tool is some relation between the free energy and the dissipation rate (see Lemma 2.1). Because of the stronger assumptions on the coefficients of the boundary reactions the proof of this relation in [3] has been nearly trivial. Now we are forced to apply ideas of [7], additionally taking into account the fact that at least one activity nonlinearly depends on the concentration. Thus we obtain the fundamental result that along any solution to the reaction–diffusion system and its discrete–time versions, respectively, the free energy decays monotonously and exponentially to its equilibrium value as time tends to infinity. Using this result first global a–priori estimates are derived.

For getting global upper bounds, we intend to apply De Giorgi’s method. Since the regularity results obtained by the energetic estimates are not sufficient to do so, firstly we have to improve these results. This will be done by multiplying the differential equations with suitable chosen test functions where we had to overcome the difficulty that in the boundary conditions some second order terms are present. Another delicacy which we have to manage in handling the discrete–time problems is that the test functions must be modified in such a way that a discrete version of Gronwall’s Lemma (cf. [12]) is applicable.

The paper is organized as follows. In Section 2 we investigate the reaction–diffusion system itself. The basic assumptions are summarized in Subsection 2.1. Results on energetic estimates as in [3] are stated in Subsection 2.2. Here only the relation between the free energy and the dissipation rate is proved in detail. Subsection 2.3 summarizes results on existence and uniqueness.

Section 3 is devoted to discrete–time problems. We use Rothe’s method (in other words, BDF of first degree) in two versions. The first one is a fully implicite scheme while the second one is a semi–implicite scheme in the sense that the diffusion coefficients (as far as they depend on the concentrations) are taken in the old time step. For both versions a–priori estimates are obtained in Subsection 3.2 and Subsection 3.3, existence results in Subsection 3.4. To prove existence we use some regularization technique as well as results on operators of variational type ([13]).

Our main result namely the convergence theorem is stated in Section 4. Besides of some additional regularity of the solution to the continuous problem (see [8]) once more the discrete version of Gronwall’s Lemma is applied to prove strong convergence for both discrete problems.

Finally, let us note that one of our basic assumptions requires the existence of a thermodynamic equilibrium with nonzero concentrations uniquely determined in some sense. A more detailed discussion of this asssumption is given in Appendix A.

2. The reaction-diffusion system

2.1. Notation.

Let Ω ⊂ R^2 be a bounded Lipschitz domain, Γ := ∂Ω and u = (u_0, u_1, u_2, u_3) : R_+ × Ω −→ R^4_+ the vector of concentrations. We consider the system of differential equations ∂u_0 ∂t = − div j_0 + R_1(u), ∂u_1 ∂t = − div j_1 − R_1(u), ∂u_2 ∂t = − div j_2 − R_2(u), ∂u_3 ∂t = − div j_3 − R_1(u) − R_2(u),

(2.1)

j_0 = −D_0 u_0∇ ln g(u_0), j_i = −D_i u_i∇ ln u_i, i = 1, 2, 3,

R_1(u) = k̃_1(u_1u_3 − k_1 g(u_0)), R_2(u) = k̃_2(u_2u_3 − k_2)

in R+ × Ω, complemented by the boundary conditions

j_{0,ν} = R_3(u) + R_4(u), j_{1,ν} = R_5(u), j_{2,ν} = R_6(u), j_{3,ν} = R_7(u) − R_4(u),

(2.2)

R_3(u) = k̃_3(g(u_0) − k_3), R_4(u) = k̃_4(g(u_0) − k_4u_3),

R_5(u) = k̃_5(u_1 − k_5), R_6(u) = k̃_6(u_2 − k_6), R_7(u) = k̃_7(u_3 − k_7)

on R+ × Γ as well as the initial condition

u(0, ·) = U (2.3)

on Ω.

Let us put together the assumptions concerning the data in the equations formulated above, which will be used during the following sections:

D_j ∈ L^∞_+ (Ω), D_j ≥ d_j > 0, j = 0, . . . , 3, k_1, . . . , k_7 = const > 0, k̃_1, k̃_2 ∈ L^∞_+ (Ω), k̃_j ∈ L^∞_+ (Γ), j = 3, . . . , 7, U ∈ L^∞_+ (Ω, R^4) ∩ W^{1,p}(Ω, R^4) for some p > 2;

(2.4)

g ∈ C^2(R_+), φ(y) := g^′(y) y g(y) , ψ(y) := g(y) y , σ(y) := g^{′′}(y) y √ g(y) , y > 0, are such that ψ(y) ≥ τ_1, |ψ(y_1) − ψ(y_2)| ≤ τ_2|y_1 − y_2|, y, y_1, y_2 > 0, τ_3 ≤ φ(y) ≤ τ_4, y > 0, |σ(y)| ≤ τ_5, y > 0; τ_i = const > 0, i = 1, ..., 5.

(2.5)

In order to formulate our last assumption we introduce the quantities k̄_i :=^1_{mes Ω} ∫ Ω k̃_idx, i = 1, 2, k̄_i :=^1_{mes Γ} ∫ Γ k̃_idΓ, i = 3, . . . , 7, Ū :=^1_{mes Ω} ∫ Ω Udx. (2.6)

and denote by S the stoichiometric subspace of R^4 belonging to the volume and surface reactions given in (2.1) and (2.2) S = span {ρ_1, ρ_2, ρ_3, ρ_4, ρ_5, ρ_6, ρ_7} where ρ_1 = k̄_1(−1, 1, 0, 1), ρ_2 = k̄_2(0, 0, 1, 1), ρ_3 = k̄_3(1, 0, 0, 0), ρ_4 = k̄_4(1, 0, 0, −1), ρ_5 = k̄_5(0, 1, 0, 0), ρ_6 = k̄_6(0, 0, 1, 0), ρ_7 = k̄_7(0, 0, 0, 1). Finally, let R := { u ∈ R^4_+ : Ri(u) = 0 a.e., i = 1, . . . , 7, u −^¯U ∈ S^} .

Now we assume that there exists a u^∗ ∈ R^4, u^∗ > 0 such that R = {u^∗} . (2.7) Remark 2.1.

i) (2.5) implies that φ, ψ, σ ∈ C ([0, +∞)) and the inequalities in (2.5) are satisfied for y = 0, too. We have g(0) = 0, ψ(0) = g^′(0) > 0, φ(0) = 1, σ(0) = 0.

ii) Further properties of the functions g, φ, ψ are summarized in [3].

iii) Because of g ∈ C^2, φ is locally Lipschitz continuous.

iv) For example, the function g(y) := a y ( y − y_0 + √ (y − y_0)^2 + y^2_1 ) , y ≥ 0; a, y_1 > 0, y_0 ∈ R satisfies (2.5). Its physical meaning is explained in [3].

v) Nessecary and sufficient conditions for (2.7), expressed in terms of k_i, k̄_i, i = 1, . . . , 7 and Ū are given in Appendix A.

We use the notation X := H^1(Ω, R^4), Y := L^2(Ω, R^4), Z := L^2(Γ, R^4). Additionally let V := { u ∈ L^2_{loc}(R_+, X) : u ∈ L^∞_{loc}(R_+, L^4(Ω, R^4)) } , W := { u ∈ L^2_{loc}(R_+, X) : u^′ ∈ L^2_{loc}(R_+, X^∗) } . We define A : X × X × X −→ X^∗, A : X −→ X^∗ for u, v, w, z ∈ X by ⟨A(w, v, u), z⟩ := ∫ Ω { D_0φ(w_0)∇u_0∇z_0 + 3∑ i=1 D_i∇u_i∇z_i + R_1(v)(z_1 + z_3 − z_0) + R_2(v)(z_2 + z_3) } dx + ∫ Γ { R_3(v) z_0 + R_4(v)(z_0 − z_3) + 3∑ i=1 R_{i+4}(v)z_i } dΓ, A(u) :=A(u, u, u).

(2.8)

where ⟨·, ·⟩ denotes the dual pairing of X and X^∗. The problem we shall be concerned with consists in finding a solution to

u^′(t) + A(u(t)) = 0 for a.e. t ∈ R_+, u(0) = U, u ∈ W ∩ V, u ≥ 0. (P) Here u^′ denotes the derivative of u with respect to time in the sense of X^∗-valued distributions and u ≥ 0 means that all components u_i ≥ 0. For any T ∈ R_+ we denote by S the finite time interval [0, T ] and

V_S := { u ∈ L^2(S, X) : u ∈ L^∞ ( S, L^4(Ω, R^4) )} , W_S := { u ∈ L^2(S, X) : u^′ ∈ L^2(S, X^∗) } . In the canonical way we extend the definition of the operator A to functions from V_S . For any finite time interval S the reaction-diffusion system leads to the problem

u^′ + A(u) = 0, u(0) = U, u ∈ W_S ∩ V_S , u ≥ 0. (P_S) Now we introduce several symbols and collect some basic results which we shall use in our considerations. Let be u ∈ R^4, δ ∈ R. By u + δ, √ u, ln u, |u|, u^+ and u^− we denote the vector whose i-th component is u_i + δ, √ u_i, ln u_i, |u_i|, sup(u_i, 0) and sup(−u_i, 0), respectively; u ≥ c means u_i ≥ c for i = 0, . . . , 3. If there is no danger of misunderstanding we shall write shortly L^p instead of L^p(Ω, R^k), k ∈ N, and H^1 instead of H^1(Ω). We apply the Sobolev imbedding theorems as well as the following form of the Gagliardo-Nirenberg inequality (cf. [9]): Let Ω ⊂ R^2, u ∈ H^1(Ω), then ‖u‖_Lr ≤ c_0 ‖u‖^θ_Lq ‖u‖^{1−θ}_H1 , where 1 ≤ q < r, θ = q r . (2.9) Additionally, for estimates of traces we use the inequality: Let Ω ⊂ R^2, u ∈ H^1(Ω), then ‖u‖^p_Lp_{(∂Ω)} ≤ c ‖u‖^{p−1}_{L2(p−1)} ‖u‖_H1 . (2.10) A direct consequence of the Gagliardo-Nirenberg inequality is the following interpolation result:

Let Ω ⊂ R^2, u ∈ L^∞ (R_+, L^q(Ω)) ∩ L^2 (R_+, H^1(Ω)) , q ≥ 1, then u ∈ L^p (R_+, L^r(Ω)) with p = 2/(1 − θ), r = q/θ, θ ∈ (0, 1) and ‖u‖^p_Lp_(R_{+,L}r_{(Ω))} ≤ c^p_0 ‖u‖^{pθ}_L∞_(R_{+,L}q_{(Ω))} ‖u‖^2_L2_(R_{+,H}1_{(Ω))} . (2.11) 2.2. Estimates by the energy functional.

Let {κ_j}_{j=1,...,l} be an orthogonal basis of S^⊥ in R^4 (if S = R^4 we set l = 0). We define the functions i_j : R^4 → R and the functionals I_j : Y → R by i_j(u) := (u, κ_j)R4, I_j(u) := ∫ Ω i_j(u(x)) dx, j = 1, . . . , l. (2.12) Obviously the functionals I_j are convex and continuous. For u ∈ W_{[0,t]} it holds I_j(u(t)) − I_j(u(0)) = ∫ t 0 ⟨ u^′(s), κ_j ⟩ ds. If u is a solution to (P) we thus obtain ∀t ∈ R_+

I_j(u(t)) − I_j(U) = ∫ t 0 { ∫ Ω 4∑ k=1 κ_{jk} 2∑ i=1 ρ_{ik}R_i(u)dx + ∫ Γ 4∑ k=1 κ_{jk} 7∑ i=3 ρ_{ik}R_i(u)dΓ } ds

= ∫ t 0 { ∫ Ω 2∑ i=1 (ρ_i, κ_j)R4R_i(u)dx + ∫ Γ 7∑ i=3 (ρ_i, κ_j )R4R_i(u)dΓ } ds = 0, j = 1, . . . , l. (2.13) Therefore I_j, j = 1, . . . , l are invariants of problem (P). Let I^0_j := I_j(U), j = 1, . . . , l. By assumption (2.7) there exists a u^∗ ∈ R^4 such that u^∗ > 0, R_k(u^∗) = 0 a.e., k = 1, . . . , 7, i_j(u^∗) = i_j(Ū), j = 1, . . . , l. By means of u^∗ we introduce the density of the free energy f : R^4 → [0, +∞],

f(u) := e_g(u_0, u^∗_0) +

∑_3

i=1 e(u_i, u^∗_i ) if u ≥ 0, +∞ otherwise, as well as the free energy F : Y → [0, +∞], F (u) := ∫ Ω f(u(x))dx, (2.14) where e(y, y^∗) := ∫ y y^∗ ln η y^∗ dη, e_g(y, y^∗) := ∫ y y^∗ ln g(η) g(y^∗) dη, y ≥ 0, y^∗ > 0. The functional F is proper, convex and lower semicontinuous (cf. [1]). For u ∈ W_{[t1,t2]}, u ≥ δ > 0, λ ∈ R it holds

e^{λ t2} F (u(t_2)) − e^{λ t1} F (u(t_1)) = ∫ t_2 t_1 e^{λ s} { λF (u(s)) + ⟨ u^′(s), ∇f (u(s)) ⟩} ds. (2.15)

If u is a solution to (P) with u ≥ δ > 0 then (2.15) implies

F (u(t_2)) − F (u(t_1)) = − ∫ t_2 t_1 D(u(s)) ds where D denotes the dissipation rate: D := D_{diff} + D_{reac} : {u ∈ X : u ≥ 0)} −→ [0, +∞],

D_{diff}(u) :=4 ∫ Ω { D_0 φ(u_0)^2 | |∇ √ u_0 | |^2 +^3∑ i=1 D_i | |∇ √ u_i | |^2 } dx, D_{reac}(u) := ∫ Ω { k̃_1(u_1 u_3 − k_1 g(u_0)) ln u^1 u^3 k_1 g(u_0)

+ k̃_2(u_2 u_3 − k_2) ln u_2 u_3 k_2 } dx + ∫ Γ { k̃_3(g(u_0) − k_3) ln g(u^0) k_3

+ k̃_4(g(u_0) − k_4 u_3) ln g(u_0) k_4u_3 + 3∑ i=1 k̃_{i+4}(u_i − k_{i+4}) ln u^i k_{i+4} } dΓ.

(2.16)

Theorem 2.1. There exists a constant c > 0 such that

i) F (u(t_2)) ≤ F (u(t_1)) for t_2 ≥ t_1 ≥ 0, ii) sup_{t∈} R+^{F (u(t)) ≤ F (U),}

iii) ‖u‖_L∞_(R_{+,L}1_{(Ω,}R4_{))} ≤ c, iv) ‖D(u)‖_L1_(R_{+)} ≤ c, v) ‖ ‖∇ √ u_i ‖ ‖ L^2(R+,L^2(Ω,R^2)) ≤ c, i = 0, . . . , 3

for any solution u to (P).

For the proof we refer to [3], Theorem 3.1. The additional boundary reaction R_3 does not produce new difficulties.

Lemma 2.1. For every R > 0 there exists a c_R > 0 such that F (u) ≤ c_R ( D(u) + l∑ j=1 ( I_j(u) − I^0_j

)_2 )

for u ∈ M_R := {u ∈ X : √ u ∈ X, F (u) ≤ R}.

Proof. i) In the following and later c denotes (possibly different) positive constants the values of which depend only on the data. Let u ∈ M_R, w_i := √ u_i u^∗_i − 1. Then (see [3]) c ‖w‖^2_Y ≤ F (u) ≤ c ( ‖w‖^2_Y + ‖w‖^3_L3 ) . (2.17) Furthermore we get D(u) ≥ c D̃(u), (2.18) D̃(u) = ∫ Ω {_3∑ i=0 | | | | |∇ √ u_i u^∗_i | | | | | 2 + k̃_1 √ u_1u_3 u^∗_1u^∗_3 − g(u_0) g(u^∗_0) 2 + k̃_2 (√ u_2u_3 u^∗_2u^∗_3 − 1 )_2 } dx

+ ∫ Γ { k̃_3 g(u_0) g(u^∗_0) − 1 2 + k̃_4 g(u_0) g(u^∗_0) − √ u_3 u^∗_3 2 + 3∑ i=1 k̃_{i+4} (√ u_i u^∗_i − 1 )_2 } dΓ. Let γ(ξ) := g(u^∗_0(1 + ξ)^2)

g(u^∗_0) , ξ ≥ −1. Then we have γ(0) = 1, γ^′(0) = φ(u^∗_0) and γ^{′′}(ξ) = u^∗_0 √ g(u^∗_0) ( 2 σ(u^∗_0(1 + ξ)^2) + φ(u^∗_0(1 + ξ)^2) σ_1(u^∗_0(1 + ξ)^2) )

where σ is defined in (2.5) and σ_1 is given by

σ_1(y) := g(y) − g^′(y) y y √ g(y) . Since |σ(y)| ≤ τ_5 and |σ_1(y)| ≤ |σ(θy)| ≤ τ_5, 0 < θ < 1, we find γ(ξ) = 1 + φ(u^∗_0) ξ + γ̄(ξ) ξ^2, |γ̄(ξ)| ≤ c ∀ ξ ≥ −1. Thus we obtain

D̃(u) +^l∑ j=1 ( I_j(u) − I^0_j

)_2 = 3∑ i=0 ‖∇w_i‖^2_L2 + Q(w), Q(w) = Q_1(w) + Q_2(w), (2.19)

Q_1(w) = 4 l∑ j=1 ( I^∗_j (w)

)_2 + ∫ Ω { k̃_1(w_1 + w_3 − φ(u^∗_0) w_0)^2 + k̃_2(w_2 + w_3)^2 } dx

+ ∫ Γ { k̃_3φ(u^∗_0)^2w^2_0 + k̃_4(φ(u^∗_0)w_0 − w_3)^2 +^3∑ i=1 k̃_{i+4}w^2_i } dΓ where I^∗_j (w) := ∫ Ω (κ_j, diag(u^∗_0, u^∗_1, u^∗_2, u^∗_3)w)R4dx and |Q_2(w)| ≤ c ( ‖w‖^3_L3_{(Ω)} + ‖w‖^4_L4_{(Ω)} + ‖w‖^3_L3_{(Γ)} + ‖w‖^4_L4_{(Γ)} ) ≤ c ( ‖w‖^3_H1 + ‖w‖^4_H1 ) .

Let be w = const ∈ R^4, w ≥ −1. If Q(w) = 0 then w = 0 by (2.7). If w = const ∈ R^4 and Q_1(w) = 0 then w = 0, too. Indeed, from Q_1(w) = 0 it follows that M_1w ∈ S, M_2w ∈ S^⊥, where M_1 := diag(u^∗_0, u^∗_1, u^∗_2, u^∗_3) and M_2 := diag(φ(u^∗_0), 1, 1, 1). Therefore (M_1M_2w, w)R4 = 0, and because M_1M_2 is positive definite, we conclude that w = 0.

Instead of the assertion of the lemma we shall prove the sharper inequality F (u) ≤ c̃_R ( D̃(u) +^l∑ j=1 ( I_j(u) − I^0_j

)_2 ) ∀u ∈ M_R, R > 0. (2.20) ii) Suppose that (2.20) is false. Then there exist R > 0 and sequences c_n ∈ R, u_n ∈ M_R such that c_n → ∞ and R ≥ F (u_n) = c_n ( D̃(u_n) +^l∑ j=1 ( I_j(u_n) − I^0_j

)_2 ) > 0.

Set λ_n := √ F (u_n) and w_{ni} := √ u_{ni} u^∗_i − 1. Then (cf. (2.19))

R ≥ λ_n^2 = c_n

(_3∑ i=0 ‖∇w_{ni}‖^2_L2 + Q(w_n) ) > 0. (2.21)

This implies ∇w_{ni} → 0 in L^2 and since ‖w_n‖^2_Y ≤ c λ_n^2 ≤ c R (cf. the left hand side of (2.17)) we may assume that w_n converges in H^1 to a constant vector w̄ ∈ R^4. Furthermore, 0 ≤ Q(w̄) ≤ lim inf_{n→∞} Q(w_n) = 0 such that w̄ = 0. Consequentely, λ_n → 0 (cf. the right hand side of (2.17)).

Now, set v_n := w_n λ_n . Dividing (2.21) by λ_n^2 we get 1 c_n = 3∑ i=0 ‖∇v_{ni}‖^2_L2 + Q_1(v_n) + 1 λ_n^2

Q_2(λ_n v_n). (2.22)

This implies ∇v_{ni} → 0 in L^2 and since ‖v_n‖^2_Y ≤ c (cf. (2.17)) we may assume that v_n converges in H^1 to a constant vector v̄ ∈ R^4. Since 1 λ_n^2 |Q_2(λ_n v_n)| ≤ c ( λ_n ‖v_n‖^3_H1 + λ_n^2 ‖v_n‖^4_H1 ) → 0 from (2.22) it follows that Q_1(v̄) = 0, v̄ = 0. On the other hand, because of (2.17) it holds 1 ≤ c ( ‖v_n‖^2_Y + λ_n ‖v_n‖^3_L3 ) → 0 which yields the contradiction.

Theorem 2.2. There exist positive constants c, λ such that i) F (u(t)) ≤ e^{−λt}F (U) ∀ t ≥ 0 ii) ‖u(t) − u^∗‖_L1_{(Ω,}R4_) ≤ c e^{−λt/2} ∀ t ≥ 0, iii) ‖u − u^∗‖_L1_(R_{+,L}1_{(Ω,}R4_{))} , ‖u − u^∗‖_L2_(R_{+,Y )} ≤ c for any solution u to (P).

The proof of Theorem 2.2 is the same as in [3], now using Lemma 2.1 and (2.13).

2.3. Further regularity results, existence and uniqueness.

Theorem 2.3. There exists a constant c > 0 such that

‖u‖_L∞_(R_{+,L}∞_{(Ω,}R4_{))} ≤ c

for any solution u to (P).

The proof of this result is devided into two steps. The first one is the iteration result

Lemma 2.2. Let j ∈ N, j ≥ 5. Then there exists a constant c > 0 such that ‖ ‖ ‖|u − u^∗|^{j8} ‖ ‖ ‖ L^2(R+,X) , ‖ ‖ ‖|u − u^∗|^{j8} ‖ ‖ ‖ L^∞(R+,Y ) ≤ c for any solution u to (P).

The proof of Lemma 2.2 uses simultaneously different powers of the components of u−u^∗ as test functions. This becomes nessecary because of the quadratic expressions in the boundary terms coming from the boundary reaction R_4. For the proof see [3, Theorem 4.1]. A similar proof, somewhat adapted to a discrete version of Gronwall’s Lemma, will be done for discrete–time problems corresponding to (P) in Section 3. Lemma 2.2 ensures the regularity of u−u^∗ which is used as starting point for the De Georgi method. Let k ≥ max{1, ‖U‖_L∞_{(Ω,}R4_) , ‖u^∗‖R4}. If m_{jk} denotes the Lebesgue measure of the set {x ∈ Ω : u_j > k} and

ϕ(k) := (∫_∞ 0 3∑ i=0 m^{6/5}_{ik} ds )_5/_{22}

one obtains from ‖ ‖ ‖(u − k)^+ ‖ ‖ ‖^2

L^∞(R+,Y ) + ‖ ‖ ‖(u − k)^+ ‖ ‖ ‖^2 L^2(R+,X) ≤ c ϕ(k) 11/5

the measure estimate (h − k)ϕ(h) ≤ c (ϕ(k))^{11/10} , which guarantees by [6, Lemma 5] the boundedness of u. For the exact estimates see [3, Theorem 4.2] or the proof of the corresponding Ł^∞–estimate for the discrete–time version (see Theorem 3.4 in Section 3).

Theorem 2.4. There exists a p_0 > 2 such that for every q ∈ [1, ∞) and every p ∈ [2, p_0] solutions u to (P_S) have the regularity property u ∈ L^q ( S, W^{1,p}(Ω, R^4) ) ∩ W^{1,q} ( S, W^{1,p′} (Ω, R^4)^∗ ) . Proof. For the proof see [3, Theorem 6.1]. The L^∞–estimates for u (Theorem 2.3) and the assumption U ∈ W^{1,p}(Ω, R^4) enable us to apply regularity results for parabolic equations of [8] with somewhat modified boundary conditions.

Theorem 2.5. There exists a solution to (P).

Proof. We only give the main ideas of the proof, for a more detailed one see [3]. It sufficies to prove existence on finite time intervals. Let T ∈ R_+ be arbitrarily fixed, M > 1 and

ρ(u) := ( max { 1, 3∑ i=0 |u_i|^2/M^2 })_{−1} . We define the regularized operators A_M :X × X × X −→ X^∗, A_M :X −→ X^∗ by ⟨A_M (w, v, u), z⟩ := ∫ Ω { D_0 φ(w^+_0 )∇u_0∇z_0 + 3∑ i=1 D_i∇u_i∇z_i + ρ(v) { R_1(v^+)(z_1 + z_3 − z_0) + R_2(v^+)(z_2 + z_3) } } dx + ∫ Γ ρ(v) { R_3(v^+)z_0 + R_4(v^+)(z_0 − z_3) + 3∑ i=1 R_{i+4}(v^+)z_i } dΓ, A_M (u) :=A_M (u, u, u) and consider the problem

u^′(t) + A_M (u(t)) = 0 for a.e. t ∈ S, u(0) = U, u ∈ W_S. (P_M)

If u is a solution to (P_M) then u ≥ 0 and u is bounded above by an L^∞–estimate not depending on M. To prove the existence of a solution to (P_M) we use freezing techniques and fixed point arguments. For arbitrarily fixed w ∈ W_S there exists exactly one solution to the problem

u^′(t) + A_M (u(t), w(t), u(t)) = 0 for a.e. t ∈ S, u(0) = U, u ∈ W_S. (P_w)

This follows from standard results on evolution equations (see [2]). The mapping W_S :→ W_S assigning w the solution u to (P_w) is completely continuous and maps W_S into a (bounded) ball in W_S . Thus by Schauder’s Fixed Point Theorem there is a solution to (P_M). Because of the a-priori estimates this is also a solution to (P) if we choose M sufficiently large.

Theorem 2.6. There is a unique solution to problem (P).

For the proof we refer to [3]. Here the main idea consists in using a L^q(S, L^p(Ω))– estimate for ∇u_0 to manage the problem that the diffusion coefficient for u_0 depends on u_0.

3. Discrete–time problems

3.1. Notation.

Our aim is to approximate problem (P) by discrete–time equations. We shall use the following notation, spaces and operators. We assume that we are given sequences of subdivisions {Z_n}_{n∈}N of R_+,

Z_n = { t^0_n, t^1_n, . . . , t^k_n, . . . } , t^0_n = 0, t^k_n ∈ R_+, t^{k−1}_n < t^k_n, k ∈ N, t^k_n → +∞ as k → ∞. Let h^k_n := t^k_n − t^{k−1}_n , S^k_n := (t^{k−1}_n , t^k_n], H^k_n := h^k_n h^{k−1}_n , G^k_n := h^{k−1}_n h^k_n , h̄_n := sup k∈N^{hkn, H̄n := sup}k∈N^{Hkn.} Definition 3.1. Let h, H > 0 be given. A subdivision Z_n of R_+ is called regular (with respect to h, H > 0) if h̄_n ≤ h and H̄_n ≤ H.

Definition 3.2. For a given regular subdivision Z_n of R_+ we define the mapping ϑ_n : R_+ → R by

ϑ_n(t) := t^{l−2}_n + G^l_n(t − t^{l−1}_n ) on S^l_n, l ≥ 2, −t^1_n + t on S^1_n.

Furthermore let

τ^a_n u(t) := u(ϑ_n(t)) if ϑ_n(t) ∈ R_+, a if ϑ_n(t) /∈ R_+ for u ∈ L^2_{loc}(R_+, X), a ∈ X.

In the remainder of the paper we fix some h, H and consider only subdivisions of

R+ being regular in the sense of Definition 3.1.

For a given subdivision of R_+ and a given Banach space E we introduce the space of piecewise constant functions

C_n(R_+, E) := { u : R+ −→ E : u(t) = u^k ∀t ∈ S^k_n, u^k ∈ E, k ∈ N^}. Obviously it holds C_n(R_+, E) ⊂ L^r_{loc}(R_+, E) for 1 ≤ r ≤ ∞. Analogously, for a finite subdivision of a finite interval S the space of piecewise constant functions is denoted by C_n(S, E); then C_n(S, E) ⊂ L^r (S, E) for 1 ≤ r ≤ ∞. Let U be the initial value of problem (P), we define the operators

Δ_n : C_n(R_+, X) −→ C_n(R_+, X^∗), K_n : C_n(R_+, X) −→ C(R_+, X) by (Δ_nv)^k := 1 h^k_n (v^k − v^{k−1}), (K_nv)(t) := 1 h^k_n {(t^k_n − t)v^{k−1} + (t − t^{k−1}_n )v^k} ∀t ∈ S^k_n, v^0 := U.

(3.1)

Obviously, (K_nv)^′ = Δ_nv. For the sake of simplicity we denote τ^a_n for a = U by τ_n. If v ∈ C_n(R_+, X) then (τ_nv)^k = v^{k−1}, k ≥ 2, (τ_nv)^1 = U.

We consider simultanously a fully implicite (FI) and a semi–implicite (SI) discrete– time problem corresponding to subdivision Z_n. We define

γ_n : C_n(R_+, X) −→ C_n(R_+, X), γ_{n0} : C_n(R_+, X) −→ C_n(R_+, H^1(Ω)),

A_n : C_n(R_+, X) −→ C_n(R_+, X^∗) by γ_nu := u for (FI) τ_nu for (SI),

γ_{n0}(u) := (γ_nu)_0 ,

(A_n(u))(t) := A ((γ_nu)(t), u(t), u(t)) ∀t ∈ R_+.

where A is given in (2.8) and investigate the problem

Δ_nu + A_n(u) = 0, u ∈ C_n(R_+, X), u ≥ 0. (P_n)

Now we collect some results which are essential tools in our further considerations:

Lemma 3.1.

i) Let Z_n be a regular subdivision of R_+ and u ∈ L^2_{loc}(R_+, X), a ∈ X. Then τ^a_n u ∈ L^2_{loc}(R_+, X) and

‖τ^a_n u‖_L2_{(S,X)} ≤ H̄^{12}n ‖u‖_L2_{(S,X)} + h̄^{12}n ‖a‖_X

for any finite interval S ⊂ R_+.

ii) Let {Z_n}_{n∈}N be a sequence of regular subdivisions of R_+ with h̄_n → 0 for n → ∞. Then ‖τ^a_n u − u‖_L2_{(S,X)} → 0 as n → ∞ for any u ∈ L^2_{loc}(R_+, X), a ∈ X and any finite interval S ⊂ R_+.

Proof. For a = 0 the proof of both assertions is similar to that of [2, Lemma IV.1.5]. Now, let be a ≠ 0 and S be any finite interval. Then ‖τ^a_n u‖_L2_{(S,X)} ≤ ‖ ‖ ‖τ^0_n u ‖ ‖ ‖ L^2(S,X) + ‖ ‖ ‖τ^a_n u − τ^0_nu ‖ ‖ ‖ L^2(S,X) ≤ H̄^12_n ‖u‖_{L2(S,X)} + h̄^12_n ‖a‖_X and ‖τ^a_n u − u‖_L2_{(S,X)} ≤ ‖ ‖ ‖τ^0_nu − u ‖ ‖ ‖ L^2(S,X) + ‖ ‖ ‖τ^a_n u − τ^0_nu ‖ ‖ ‖ L^2(S,X) ≤ ‖ ‖ ‖τ^0_nu − u ‖ ‖ ‖ L^2(S,X) + h̄^12_n ‖a‖_X −→ 0 as n −→ ∞. Lemma 3.2. Let S be any finite interval in R_+, {Z_n}_{n∈}N a sequence of finite subdivisions of S with h̄_n → 0 for n → ∞. Then for every u ∈ W_S such that u(0) = U there exists a sequence {w_n}_{n∈}N with the properties i) w_n ∈ C_n(S, X), K_nw_n(0) = U, ii) lim_{n→∞} { ‖w_n − u‖_L2_{(S,X)} + ‖K_nw_n − u‖_{C(S,Y )} + ‖Δ_nw_n − u^′‖_L2_{(S,X}∗_) } = 0.

Lemma 3.2 is an evident consequence of Lemma 1.2 in [4]. Another basic result which is used for the discrete–time problems is the following discrete analogue of Gronwall’s Lemma:

Lemma 3.3. Let {a_l}, {b_l}, l = 0, . . . , k be real valued sequences, let {b_l} be nonnegative and c ≥ 0 a constant. If a_l ≤ c + l−1∑ i=0 b_ia_i, l = 0, . . . , k, then a_l ≤ c + c l−1∑ i=0 b_i exp l−1∑ m=i+1 b_m, l = 0, . . . , k. This result follows easily from [12, Lemma 2]. 3.2. Estimates by the energy functional.

We modify the definition (2.16) of the dissipation rate as follows:

D(v, u) := D_{diff}(v, u) + D_{reac}(u), u ∈ {u ∈ X : u ≥ 0)}, v ∈ H^1(Ω), v ≥ 0, D_{diff}(v, u) := 4 ∫ Ω { D_0 φ(v)φ(u_0) | | |∇ √ u_0 | | |^2 + 3∑ i=1 D_i | | |∇ √ u_i | | |^2 } dx. If u is a solution to (P_n) we define D_n(u)(s) := D(γ_{n0} u(s), u(s)). Theorem 3.1. There exist constants c > 0 such that i) F (K_nu(t_2)) ≤ F (K_nu(t_1)) for t_2 ≥ t_1 ≥ 0, ii) sup_{t∈}R_+ F (K_nu(t)) ≤ F (U), iii) ‖D_n(u)‖_L1_(R_{+)} ≤ c, iv) ‖∇ √ u_i‖_{L2(}R_{+,L2(Ω,}R_{2))} ≤ c, i = 0, . . . , 3 for any regular subdivision Z_n of R_+ and any solution u to (P_n). Proof. Let u be a solution to (P_n), assume that 0 ≤ t_1 < t_2, 0 < δ ≤ 1 and D_{nδ}(u)(s) := D((γ_{n0}u)(s), u(s) + δ). We use the differential formula (2.15) for w = K_nu + δ, λ = 0. Taking into account that (K_nu)^′ = Δ_nu,

⟨(Δ_nu)(t), ∇f((K_nu)(t) + δ)⟩ ≤ ⟨(Δ_nu)(t), ∇f(u(t) + δ)⟩ ∀ t ∈ [0, t_2] (3.2) and replacing (Δ_nu)(s) by −(A_n(u))(s) we find

F ((K_nu)(t_2) + δ) − F ((K_nu)(t_1) + δ) + ∫ t_2 t_1 D_{nδ}(u)(s)ds ≤ ∫ t_2 0 { cδ ( 1 + | ln δ| + 3∑ i=0 ( ‖u_i + 1‖^2_L2 + ‖u_i + 1‖^2_L2_{(Γ)} ))} ds ≤ ∫ t_2 0 cδ ( 1 + | ln δ| + 3∑ i=0 ‖u_i + 1‖^2_H1 ) ds ≤ t_2cδ(1 + | ln δ|) + cδ 3∑ i=0 ‖u_i + 1‖^2_L2_{([0,t2],H}1_) .

Since u ∈ L^2_{loc}(R^+, X), the norms on the right hand side are finite. Letting δ ↓ 0 we get by Fatou’s Lemma F ((K_nu)(t_2)) + ∫ t_2 t_1

D_n(u(s)) ds ≤ F ((K_nu)(t_1)).

This proves i). By setting t_1 = 0, t_2 = t for t ∈ R_+ we get ii) and iii). By the definition of D_n(u), (2.4) and (2.5) the estimate iv) follows. Corollary 3.1. There exist constants c > 0 such that i) F (u^k) ≤ F (u^l) for k ≥ l ≥ 0, ii) sup_{k∈} N^{F (uk) ≤ F (U),} iii) ‖u‖_L∞_(R_{+,L}1_{(Ω,}R4_{))} ≤ c, iv) ‖u ln u‖_L∞_(R_{+,L}1_{(Ω,}R4_{))} ≤ c for any regular subdivision Z_n of R_+ and any solution u to (P_n). Proof. Setting t_1 = t^l_n, t_2 = t^k_n from Theorem 3.1 i) it follows i). From Theorem 3.1 ii) with t = t^k_n we obtain ii). Because of ‖u ln u‖_L1_{(Ω)} , ‖u‖_L1_{(Ω)} ≤ F (u) + c we get iii) and iv).

Theorem 3.2. There exist constants c, λ > 0 such that i) F (K_nu(t)) ≤ c e^{−λt}F (U) ∀ t ≥ 0, ii) F (u(t)) ≤ c e^{−λt}F (U) ∀ t ≥ 0, iii) ‖u(t) − u^∗‖_L1_{(Ω,}R4_) ≤ c e^{−λt/2} ∀ t ≥ 0 for any regular subdivision Z_n of R_+ and any solution u to (P_n). Proof. i) Let t > 0. Then t ∈ S^{k+1}_n for some k ∈ N ∪ {0}. For w = K_nu + δ ∈ W_{[0,t]}, w ≥ δ > 0 we use formula (2.15) and the inequality (3.2), λ will be specified during the proof. We replace (Δ_nu)(s) by −(A_n(u))(s) and use the following two estimates ⟨Δ_nu, f(u + δ)⟩ ≤ D_{nδ}(u) + cδ [ 1 + | ln δ| + ‖u + 1‖^2_X ] , F ((K_nu)(t_2) + δ) − F ((K_nu)(t_1) + δ) ≤ cδ [ (t_2 − t_1)(1 + | ln δ|) + ‖u + 1‖^2_L2_{([t1,t2],X)} ] . which had been of importance also in the proof of Theorem 3.1. For t_1 = t^{l−1}_n , t_2 = t ∈ S^l_n this implies

F ((K_nu)(t) + δ) ≤ F (u^{l−1} + δ) + cδ [ h(1 + | ln δ|) + ‖u + 1‖^2_L2_{([0,t],X)} ] . We define S^∗(δ, t) := cδ ∫ t 0 e^{λt} [ (1 + h)(1 + | ln δ| + ‖u + 1‖^2_L2_{([0,t],X)} + ‖u + 1‖^2_X ] ds.

Because of u ∈ L^2_{loc}(R_+, X) we have for all t ∈ R_+, S^∗(δ, t) → 0 for δ → 0. From e^{λt}F ((K_nu)(t) + δ) − F (U + δ) ≤ ∫ t 0 e^{λs} {λF (τ_nu + δ) − D_{nδ}(u)} ds + S^∗(δ, t) ≤ k∑ l=1 h^l_n { λe^{λtln} F (u^{l−1} + δ) − e^{λtl−1n} D_{nδ}(u^l) } + S^∗(δ, t) + (t − t^k_n) { λe^{λtk+1n} F (u^k + δ) − e^{λtkn}D_{nδ}(u^{k+1}) } ≤ hλe^{λh}F (U + δ) − (t − t^k_n)e^{λtkn}D_{nδ}(u^{k+1}) + S^∗(δ, t) + k∑ l=1 e^{λtl−1n} [ λh^{l+1}_n e^{2hλ}F (u^l + δ) − h^l_nD_{nδ}(u^l) ]

we obtain by letting δ → 0 e^{λt}F ((K_nu)(t)) − (1 + hλe^{λh})F (U) ≤ k∑ l=1 e^{λtl−1n} [ λh^{l+1}_n e^{2hλ}F (u^l) − h^l_nD_n(u^l) ] − (t − t^k_n)e^{λtkn} D_n(u^{k+1})

≤ k∑ l=1 e^{λtl−1n} [ λh^{l+1}_n e^{2hλ}F (u^l) − ĉh^l_nD̃(u^l) ]

where D̃ is defined in (2.18). Taking into account that invariants of problem (P) (cf. (2.13)) are also invariants of problem (P_n) and using (2.20) we choose λ > 0 such that λHe^{2λh} < ĉ/c̃_R which implies that the terms on the right hand side are nonpositive. Therefore it follows i): F ((K_nu)(t)) ≤ e^{−λt}(1 + hλe^{λh})F (U) ≤ ce^{−λt}F (U) ∀ t ∈ R_+. ii) Let t ∈ S^k_n. Then F (u(t)) = F (u^k) = F ((K_nu)(t^k_n)) ≤ c e^{−λtkn} F (U) ≤ c e^{−λt} F (U) which proves ii).

iii) By the inequality |y − y^∗| ≤ | | | √ y − √ y^∗ | | |^2 + 2 √ y^∗ | | | √ y − √ y^∗ | | | , (3.3)

(2.17) and by ii) we obtain assertion iii):

‖u(t) − u^∗‖_L1_{(Ω,}R4_) ≤ ‖ ‖√ u − √ u^∗ ‖ ‖^2 Y + c ‖ ‖√ u − √ u^∗ ‖ ‖ Y ≤ c ( F (U)e^{−λt} + √ F (U)e^{−λt/2} ) ≤ c e^{−λt/2}.

Corollary 3.2. There exist constants c, c(p) > 0 such that

i) ‖u − u^∗‖_L1_(R_{+,L}1_{(Ω,}R4_{))} , ‖u − u^∗‖_L2_(R_{+,L}2_{(Ω,}R4_{))} ≤ c, ii) ∫_∞ 0 ‖ ‖ ‖ √ u − √ u^∗ ‖ ‖ ‖ p Y ds ≤ c(p) where 0 < p < ∞, iii) ‖ ‖ ‖ √ u − √ u^∗ ‖ ‖ ‖ L^2(R+,X) , ‖ ‖ ‖ √ u − √ u^∗ ‖ ‖ ‖ L^∞(R+,Y ) ≤ c, iv) ‖u − u^∗‖_L 3_{2 (}R_{+,L3(Ω,}R_{4))} ≤ c

for any regular subdivision Z_n of R_+ and any solution u to (P_n).

Proof. Integrating the inequality in Theorem 3.2 iii) over R_+ we obtain u − u^∗ ∈

L^1 (R_+, L^1 (Ω, R^4)). Let w_i := √ u_i − √ u^∗_i . Because of (2.17), Theorem 3.2 ii) and

Theorem 3.1 iv) we conclude that w_i ∈ L^2 (R_+, H^1). Together with Theorem 3.1 ii)

this yields iii). By interpolation we get w_i ∈ L^4 (R_+, L^4), and therefore by (3.3)

‖u_i − u^∗_i ‖^2_L2_(R_{+,L}2_{(Ω))} ≤ ∫_∞ 0 ∫ Ω { |w_i|^4 + 4u^∗_i |w_i|^2 + 4 √ u^∗_i |w_i|^3 } dx ds ≤ c ( ‖w_i‖^4_L4_(R_{+,L}4_) + ‖w_i‖^2_L2_(R_{+,L}2_) ) ≤ c, i = 0, . . . , 3, which proves i). Assertion ii) is a direct consequence of (2.17) and Theorem 3.2 ii).

For i = 0, . . . , 3 we estimate by (3.3) and the Gagliardo–Nirenberg inequality (2.9)

‖u_i − u^∗_i ‖^{32}_L 3_{2 (}R_{+,L3(Ω))} ≤ c ∫_∞ 0 (∫ Ω ( |w_i|^2 + |w_i| )_3 dx ) 1_2 ds ≤ c ∫_∞ 0 ( ‖w_i‖^3_L6 + ‖w_i‖^{32}_L3 ) ds ≤ c ∫_∞ 0 ‖w_i‖_L2 ( ‖w_i‖^2_H1 + ‖w_i‖^{12}_H1 ) ds ≤ c ‖w_i‖_L∞_(R_{+,L}2_) ‖w_i‖^2_L2_(R_{+,H}1_) + c ∫_∞ 0 ‖w_i‖_L2 ds. Thus iv) follows by ii) and iii).

3.3. Further a-priori estimates.

We want to apply De Giorgi’s method in order to show that solutions to (P_n) are

globally bounded. But the regularity results coming from the energy estimates are

not good enough for starting the measure estimates. Therefore, at first we improve

the regularity results. Here as well as in following sections we use the notation

(cf.(2.4), (2.5))

d := min (τ_3d_0, d_1, d_2, d_3) . (3.4)

Lemma 3.4. There exists a constant K > 0 depending only on the data with the

following property: Let be j ∈ N, j ≥ 5. Then there exists a constant c > 0 such

that ‖ ‖ ‖ ‖ ‖ [ (u − K)^+ ] j_8 ‖ ‖ ‖ ‖ ‖ L^∞(R+,Y ) , ‖ ‖ ‖ ‖ ‖ [ (u − K)^+ ] j_8 ‖ ‖ ‖ ‖ ‖ L^2(R+,X) ≤ c for any regular subdivision Z_n of R_+ and any solution u to (P_n).

Proof. The proof works by induction. The assertion for j = 5 is proved by using

regularity results based on the energetic estimates (see Subsection 3.2). Here also

the constant K will be fixed (cf. (3.5), (3.9)). In the following steps (j > 5) we

apply additionally the estimates of Lemma 3.4 with j̃ < j. For j ∈ N, j ≥ 5 let

m := j − 1, r := m/4. For the sake of simplicity we shall handle the cases j = 5

(r = 1) and j > 5 (r > 1) simultaneously, as far as it is possible.

First, let

K ≥ k^∗ := max { 1, ‖U‖_{L∞(Ω,}R_{4)} , ‖u^∗‖R_4 } (3.5)

and z := (u − K)^+. We take formally^1 the test function ( z^r_0, z^r_1, z^r_2, z^{r−3/4}_3 )

and use the following estimates

g(u_0) ≤ c(u^2_0 + u_0),

|u_i| ≤ z_i + K, (3.6)

(u − K)^+ ≤^1_{ln K} |u ln u|. (3.7)

Because of ∫ tl_n 0 ⟨ (Δ_nu)_i, z^r_i ⟩ ds ≥^1_{r+1} ‖ ‖ ‖z^l_i ‖ ‖ ‖ r+1 L^{r+1} , i = 0, . . . , 3, (3.8)

we obtain for all t^l_n ∈ Z_n 2∑ i=0 [_1 r+1 ‖ ‖z^l_i ‖ ‖r^{+1} L^{r+1} + d ∫ tl_n 0 m (r+1)2 ‖ ‖ ‖ ‖z^{r+12}_i ‖ ‖ ‖ ‖ 2 H^1 ds ]

+^4_{m+1} ‖ ‖ ‖z^l_3 ‖ ‖ ‖ m+1 4 L^{m+1}4 + d ∫ tl_n 0 16(m−3)

(m+1)2 ‖ ‖ ‖ ‖z^{m+18}_3 ‖ ‖ ‖ ‖ 2 H^1 ds

≤ c ∫ tl_n 0 { ∫ Γ { z_3 z^r_0 + (z^2_0 + z_0)z^{m−34}_3 + c(K) { (1 + z_0)z^{m−34}_3 + z^r_0 + z^r_1 + z^r_2 } } dΓ

+ 2∑ i=0 ‖ ‖ ‖z^{r+12}_i ‖ ‖ ‖^2 L^2 + ‖ ‖ ‖z^{m+18}_3 ‖ ‖ ‖^2 L^2 + ∫ Ω { z_1z_3z^r_0 + z^2_0 z^r_1 + z^r_2 + z^2_0 z^{m−34}_3 + c(K) { (1 + z_1 + z_3)z^r_0 + (1 + z_0)z^r_1 + (1 + z_0)z^{m−34}_3 } } dx } ds

1More precisely the following estimates are obtained by test functions of this kind where z_i are

replaced by z^N_i := min{z_i, N }, i = 0, 1, 2, 3, N > 0. It is possible to get estimates which are

independent of N . Letting N −→ ∞ we shall obtain the inequalities derived below.

≤ ∫ tl_n 0 2∑ i=0 { ∫ Γ ( c [ z^2_i z^{m−34}_3 + z^r_i z_3 ] + c(K) [ z_iz^{m−34}_3 + z^r_i + z^{m−34}_3 ]) dΓ

+ ∫ Ω ( c [ z^{r+2}_i + z^{r+1}_i z_3 + z^2_i z^{m−34}_3 + z^{m+14}_3 ]

+ c(K) [ z^{r+1}_i + z_3z^r_i + z^r_i + z_iz^{m−34}_3 + z^{m−34}_3 ] ) dx } ds. ≤ ∫ tl_n 0 2∑ i=0 { ∫ Γ ( c [ z^2_i z^{m−34}_3 + z^r_i z_3 ] + c(K) [ z^{r+1}_i + z^r_i + z^{m+14}_3 + z^{m−34}_3 ]) dΓ + ∫ Ω ( c [ z^{r+2}_i + z^{r+1}_i z_3 + z^{m+54}_3 ] + c(K) [ z^r_i + z^{m−34}_3 ]) dx } ds.

To estimate these different terms under the time integral on principle we follow this

strategy: For boundary integrals at first the trace inequality (2.10) is applied. For

all terms the Gagliardo-Nirenberg inequality (2.9) and the Young Inequality are

used to obtain summands ‖ ‖ ‖ ‖z^{r+12}_i ‖ ‖ ‖ ‖ 2 H^1

, i = 0, 1, 2 and ‖ ‖ ‖ ‖z^{m+18}_3 ‖ ‖ ‖ ‖ 2 H^1

with small coefficients

and other expressions. To manage the other terms which arrise by this procedure

we take advantage of L^∞ (R_+, Y ) ∩ L^2 (R_+, X)–estimates for z^{j̃/8}, 5 ≤ j̃ ≤ m. If r

is small some special estimates have to be provided. Then results obtained by the

energetic estimates supply the desired estimates. Here are the exact evaluations: 1) ∫ Γ z^2_i z^{m−34}_3 dΓ, i = 0, 1, 2 : ∫ Γ z^2_i z^{m−34}_3 dΓ ≤ ‖ ‖ ‖z^2_i ‖ ‖ ‖ L^{m+1}4 (Γ) ‖ ‖ ‖ ‖z^{m−34}_3 ‖ ‖ ‖ ‖ L^{m+1m−3} (Γ) = ‖ ‖ ‖ ‖z^{r+12}_i ‖ ‖ ‖ ‖ 4 r+1 L^{m+1r+1} (Γ) ‖ ‖ ‖ ‖z^{m+18}_3 ‖ ‖ ‖ ‖ 2(m−3) m+1 L^2(Γ) ≤ c ‖ ‖ ‖ ‖z^{r+12}_i ‖ ‖ ‖ ‖ 4(β−1) (r+1)β L^{2(β−1)} ‖ ‖ ‖ ‖z^{r+12}_i ‖ ‖ ‖ ‖ 4 (r+1)β H^1 ‖ ‖ ‖ ‖z^{m+18}_3 ‖ ‖ ‖ ‖ 2(m−3) m+1 L^2(Γ) ≤ c ‖ ‖ ‖ ‖z^{r+12}_i ‖ ‖ ‖ ‖ 4 (r+1)β (1+(β−1)(1−θ))

H^1 ‖ ‖ ‖ ‖z^{m+18}_3 ‖ ‖ ‖ ‖ m−3 m+1 L^2 ‖ ‖ ‖ ‖z^{m+18}_3 ‖ ‖ ‖ ‖ m−3 m+1 H^1 ,

where β :=^{m+1}_{r+1} , θ :=^r_{(β−1)(r+1)}. Because the exponent of the H^1-norm of z^{r+12}_i is

smaller than two, we obtain from the Young inequality with p^′ :=^{(m+1)(r+1)}_{4r2−r−1} ∫ Γ z^2_i z^{m−34}_3 dΓ ≤ ε ‖ ‖ ‖z^{r+12}_i ‖ ‖ ‖ 2 H^1 + c ‖ ‖ ‖z^{m+18}_3 ‖ ‖ ‖ (m−3) p′ m+1 L^2 ‖ ‖ ‖z^{m+18}_3 ‖ ‖ ‖ (m−3)p′ m+1 H^1 ≤ ε ‖ ‖ ‖z^{r+12}_i ‖ ‖ ‖ 2 H^1 + c ‖ ‖ ‖z^{m+18}_3 ‖ ‖ ‖ (m−3) p′m (m+1)2 L^{2mm+1} ‖ ‖ ‖z^{m+18}_3 ‖ ‖ ‖ (m+2)(m−3)p′ (m+1)2

H^1 ≤ ε ‖ ‖ ‖z^{r+12}_i ‖ ‖ ‖ 2 H^1 + c ‖z_3‖ (m−3) r p′ 2(m+1) L^r ‖ ‖ ‖z^{m+18}_3 ‖ ‖ ‖ (m+2)(m−3)p′ (m+1)2

H^1 .

The exponent of the H^1-norm of z^{m+18}_3 is also smaller than two. We use Young’s

inequality again. With q^′ := (m + 1)(4r^2 − r − 1)(8r^3 − 6r^2 + 2)^{−1}, z_3 ∈ L^∞ (R_+, L^r) and the inequality (m − 3)(m + 1)^{−1} p^′ q^′ ≥ 2 we conclude ∫ Γ z^2_i z^{m−34}_3 dΓ ≤ ε (‖ ‖ ‖z^{r+12}_i ‖ ‖ ‖^2 H^1 + ‖ ‖ ‖z^{m+18}_3 ‖ ‖ ‖^2 H^1 ) + c ‖z_3‖ (m−3) r p′ q′ 2(m+1) L^r ≤ ε (‖ ‖ ‖ ‖z^{r+12}_i ‖ ‖ ‖ ‖ 2 H^1 + ‖ ‖ ‖ ‖z^{m+18}_3 ‖ ‖ ‖ ‖ 2 H^1 ) + c ‖z_3‖^r_Lr ≤ ε (‖ ‖ ‖ ‖z^{r+12}_i ‖ ‖ ‖ ‖ 2 H^1 + ‖ ‖ ‖ ‖z^{m+18}_3 ‖ ‖ ‖ ‖ 2 H^1 ) + c ‖ ‖ ‖ ‖z^{r2}_3 ‖ ‖ ‖ ‖ 2 L^2 . 2) ∫ Γ z_3z^r_i dΓ, i = 0, 1, 2 : ∫ Γ z_3z^r_i dΓ ≤ ‖ ‖ ‖z^{m+18}_3 ‖ ‖ ‖ 8 m+1 L^2(Γ) ‖ ‖ ‖z^{r+12}_i ‖ ‖ ‖ 2r r+1 L^{m+1m−3 2rr+1} (Γ) ≤ c ‖ ‖ ‖ ‖z^{r+12}_i ‖ ‖ ‖ ‖ 2r r+1 H^1 ‖ ‖ ‖ ‖z^{m+18}_3 ‖ ‖ ‖ ‖ 4 m+1 L^2 ‖ ‖ ‖ ‖z^{m+18}_3 ‖ ‖ ‖ ‖ 4 m+1 H^1 ≤ ε ‖ ‖ ‖ ‖z^{r+12}_i ‖ ‖ ‖ ‖ 2 H^1 + c ‖ ‖ ‖ ‖z^{m+18}_3 ‖ ‖ ‖ ‖ 4(r+1) m+1 L^2 ‖ ‖ ‖ ‖z^{m+18}_3 ‖ ‖ ‖ ‖ 4(r+1) m+1 H^1 ≤ ε ‖ ‖ ‖ ‖z^{r+12}_i ‖ ‖ ‖ ‖ 2 H^1 + c ‖ ‖ ‖ ‖z^{m+18}_3 ‖ ‖ ‖ ‖ 4(r+1)m

(m+1)2 L^{2mm+1} ‖ ‖ ‖ ‖z^{m+18}_3 ‖ ‖ ‖ ‖ 4(r+1)

m+1 (1+^1_{m+1} )

H^1 ≤ ε (‖ ‖ ‖ ‖z^{r+12}_i ‖ ‖ ‖ ‖ 2 H^1 + ‖ ‖ ‖ ‖z^{m+18}_3 ‖ ‖ ‖ ‖ 2 H^1 ) + c ‖ ‖ ‖ ‖z^{m+18}_3 ‖ ‖ ‖ ‖ 4(r+1)m 2mr−m−3 L^{2mm+1} ≤ ε (‖ ‖ ‖z^{r+12}_i ‖ ‖ ‖^2 H^1 + ‖ ‖ ‖z^{m+18}_3 ‖ ‖ ‖^2 H^1 ) + c ‖z_3‖ 2r(m+1)(r+1) 2mr−m−3 L^r ≤ ε (‖ ‖ ‖ ‖z^{r+12}_i ‖ ‖ ‖ ‖ 2 H^1 + ‖ ‖ ‖ ‖z^{m+18}_3 ‖ ‖ ‖ ‖ 2 H^1 ) + c ‖z_3‖^r_Lr . 3) ∫ Γ z^{r+1}_i dΓ, i = 0, 1, 2 : c(K) ∫ Γ z^{r+1}_i dΓ ≤ ε ‖ ‖ ‖ ‖z^{r+12}_i ‖ ‖ ‖ ‖ 2 H^1 + c(K) ‖ ‖ ‖ ‖z^{r+12}_i ‖ ‖ ‖ ‖ 2 L^2 ≤ ε ‖ ‖ ‖ ‖z^{r+12}_i ‖ ‖ ‖ ‖ 2 H^1 + ∫ Ω ( z^{r+2}_i + c(K) z^r_0 ) dx. Now we apply the estimates of step 7) and 10) derived below. 4) ∫ Γ z^r_i dΓ, i = 0, 1, 2 :

a) r = 1: ∫ t 0 ∫ Γ z_idΓds ≤ ∫ t 0 ‖u_i − u^∗_i ‖_L1_{(Γ)} ds ≤ c ∫ t 0 (‖ ‖ ‖ √ u_i − √ u^∗_i ‖ ‖ ‖ 2 L^2(Γ) + ‖ ‖ ‖ √ u_i − √ u^∗_i ‖ ‖ ‖ L^2(Γ) ) ds ≤ c ∫ t 0 (‖ ‖ ‖ ‖ √ u_i − √ u^∗_i ‖ ‖ ‖ ‖ 2 H^1 + ‖ ‖ ‖ ‖ √ u_i − √ u^∗_i ‖ ‖ ‖ ‖ 2 3 L^2 ) ds ≤ c because of Corollary 3.2 ii) and iii).

b) r > 1:

By assumption z^{r2}_i ∈ L^2 (R_+, H^1). Thus it follows z^{r2}_i ∈ L^2 (R_+, L^2(Γ)). 5) ∫ Γ z^{m+14}_3 dΓ :

c(K) ∫ Γ z^{m+14}_3 dΓ ≤ ε ‖ ‖ ‖ ‖z^{m+18}_3 ‖ ‖ ‖ ‖ 2 H^1 + c(K) ‖ ‖ ‖ ‖z^{m+18}_3 ‖ ‖ ‖ ‖ 2 L^2 ≤ ε ‖ ‖ ‖ ‖z^{m+18}_3 ‖ ‖ ‖ ‖ 2 H^1 + ∫ Ω ( z^{m+54}_3 + c(K) z^{m−34}_3 ) dx. Now we apply the estimates of step 9) and 11). 6) ∫ Γ z^{m−34}_3 dΓ:

a) r ≤^7_4 :

Let q :=^{m−3}_4 then by Corollary 3.2 ii) and iii) ∫ t 0 ∫ Γ z^q_3 dΓds ≤ c ∫ t 0 (‖ ‖ ‖ ‖ √ u_3 − √ u^∗_3 ‖ ‖ ‖ ‖ 2q L^2(Γ) + ‖ ‖ ‖ ‖ √ u_3 − √ u^∗_3 ‖ ‖ ‖ ‖ q L^2(Γ) ) ds

≤ c ∫ t 0 (‖ ‖ ‖ ‖ √ u_i − √ u^∗_i ‖ ‖ ‖ 2 H^1 + ‖ ‖ ‖ √ u_i − √ u^∗_i ‖ ‖ ‖ 2q 2−q L^2 + ‖ ‖ ‖ √ u_i − √ u^∗_i ‖ ‖ ‖ 2q 4−q L^2 ) ds ≤ c. b) r >^7_4 :

By assumption z^{m−38}_3 ∈ L^2 (R_+, H^1) which implies z^{m−38}_3 ∈ L^2 (R_+, L^2(Γ)). 7) ∫ Ω z^{r+2}_i dx, i = 0, 1, 2:

a) r = 1 :

Using inequality (3.7), Corollary 3.1 iv) and Corollary 3.2 iv) we estimate ∫ Ω z^3_i dx ≤ ε ‖z_i‖^2_H1 + c ‖z_i‖^4_L2 ≤ ε ‖z_i‖^2_H1 + c ‖z_i‖^{12}_L1 ‖z_i‖^{32}_L3 ‖z_i‖^2_L2

≤ ε ‖z_i‖^2_H1 + [ c ln K

‖u_i ln u_i‖_L∞_(R_{+,L}1_)

] 1_2

‖z_i‖^{32}_L3 ‖z_i‖^2_L2 .

b) r > 1 : ∫ Ω z^{r+2}_i dx ≤ ‖ ‖ ‖ ‖z^{r+12}_i ‖ ‖ ‖ ‖ 2r r+1 L^{2rr+1} ‖ ‖ ‖ ‖z^{r+12}_i ‖ ‖ ‖ ‖ 4 r+1 H^1 ≤ ε ‖ ‖ ‖ ‖z^{r+12}_i ‖ ‖ ‖ ‖ 2 H^1 + c ‖ ‖ ‖ ‖z^{r+12}_i ‖ ‖ ‖ ‖ 2r r−1 L^{2rr+1} ≤ ε ‖ ‖ ‖ ‖z^{r+12}_i ‖ ‖ ‖ ‖ 2 H^1 + c ‖z_i‖^r_Lr .

8) ∫ Ω z^{r+1}_i z_3 dx, i = 0, 1, 2 :

a) r = 1:

By (3.7), Corollary 3.1 iv) and Corollary 3.2 iv) we obtain ∫ Ω z^2_i z_3dx ≤ ‖z_i‖^2_L4 ‖z_3‖_L2 ≤ ‖z_i‖_L2 ‖z_i‖_H1 ‖z_3‖_L2

≤ ε ‖z_i‖^2_H1 + c ‖z_3‖^2_L2 ‖z_i‖^2_L2 ≤ ε ‖z_i‖^2_H1 + c ‖z_3‖^{12}_L1 ‖z_3‖^{32}_L3 ‖z_i‖^2_L2

≤ ε ‖z_i‖^2_H1 + [ c ln K

‖u_3 ln u_3‖_L∞_(R_{+,L}1_)

] 1_2

‖z_3‖^{32}_L3 ‖z_i‖^2_L2 .

b) r > 1:

Because of z_3 ∈ L^∞ (R_+, L^r) ∫ Ω z^{r+1}_i z_3 dx ≤ ‖ ‖ ‖z^{r+1}_i ‖ ‖ ‖ L^{rr−1} ‖z3‖L^r ≤ c ‖ ‖ ‖z^{r+12}_i ‖ ‖ ‖ 2 L^{2rr−1} ≤ c ‖ ‖ ‖z^{r+12}_i ‖ ‖ ‖ 2(r−1) r+1 L^{2rr+1} ‖ ‖ ‖z^{r+12}_i ‖ ‖ ‖ 4 r+1 H^1 ≤ ε ‖ ‖ ‖ ‖z^{r+12}_i ‖ ‖ ‖ ‖ 2 H^1 + c ‖ ‖ ‖ ‖z^{r+12}_i ‖ ‖ ‖ ‖ 2 L^{2rr+1} ≤ ε ‖ ‖ ‖ ‖z^{r+12}_i ‖ ‖ ‖ ‖ 2 H^1 + c ‖z_i‖^r_Lr . 9) ∫ Ω z^{m+54}_3 dx :

a) r = 1 : ∫ Ω z^{94}_3 dx ≤ ‖ ‖ ‖ ‖z^{58}_3 ‖ ‖ ‖ ‖ 8 5 L^85 ‖ ‖ ‖ ‖z^{58}_3 ‖ ‖ ‖ ‖ 2 H^1

= ‖z_3‖_{L1} ‖ ‖ ‖ ‖z^{58}_3 ‖ ‖ ‖ ‖ 2 H^1 ≤ 1 ln K

‖u_3 ln u_3‖_L∞_(R_{+,L}1_) ‖ ‖ ‖ ‖z^{58}_3 ‖ ‖ ‖ ‖ 2 H^1 . b) r > 1 : ∫ Ω z^{m+54}_3 dx ≤ ‖ ‖ ‖ ‖z^{m+18}_3 ‖ ‖ ‖ ‖ 2m m+1 L^{2mm+1} ‖ ‖ ‖ ‖z^{m+18}_3 ‖ ‖ ‖ ‖ 10 m+1 H^1 ≤ ε ‖ ‖ ‖ ‖z^{m+18}_3 ‖ ‖ ‖ ‖ 2 H^1 + c ‖ ‖ ‖ ‖z^{m+18}_3 ‖ ‖ ‖ ‖ 2r r−1 L^{2mm+1} ≤ ε ‖ ‖ ‖ ‖z^{m+18}_3 ‖ ‖ ‖ ‖ 2 H^1 + c ‖z_3‖^r_Lr . 10) ∫ Ω z^r_i dx, i = 0, 1, 2 :

For r = 1 we get by Corollary 3.2 i) z_i ∈ L^1 (R_+, L^1), if r > 1 by assumption

z_i ∈ L^r (R_+, L^r). 11) ∫ Ω z^{m−34}_3 dx :

a) r <^7_4 :

Let q :=^{m−3}_4 , we use Corollary 3.2 ii) ∫ t 0 ∫ Ω z^q_3dxds ≤ ∫ t 0 ‖u_3 − u^∗_3‖^q_Lq ds ≤ c ∫ t 0 (‖ ‖ ‖ ‖( √ u_3 − √ u^∗_3 ‖ ‖ ‖ ‖ 2q L^{2q} + ‖ ‖ ‖ ‖( √ u_3 − √ u^∗_3 ‖ ‖ ‖ ‖ q L^q ) ds ≤ c ∫ t 0 (‖ ‖ ‖ ‖( √ u_3 − √ u^∗_3 ‖ ‖ ‖ ‖ 2q L^2 + ‖ ‖ ‖ ‖( √ u_3 − √ u^∗_3 ‖ ‖ ‖ ‖ q L^2 ) ds ≤ c(q).

b) r ≥^7_4 :

By assumption z_3 ∈ L^{m−3}4 ( R+, L^{m−3}4^).

Using the above estimates 1) to 11) we continue as follows:

a) r = 1 :

Using Corollary 3.1 iv) we find ∀l ∈ N 2∑ i=0 (‖ ‖ ‖z^l_i ‖ ‖ ‖^2

L^2 + ∫ tl_n 0 ‖z_i‖^2_H1 ds ) + ‖ ‖ ‖z^l_3 ‖ ‖ ‖^5 /4 L^{5/4} + ∫ tl_n 0 ‖ ‖ ‖z^{5/8}_3 ‖ ‖ ‖^2

H^1 ds ≤ ∫ tl_n 0 { 1 4 (_2 ∑ i=0 ‖ ‖ ‖z^l_i ‖ ‖ ‖^2

H^1 + ‖ ‖ ‖z^{5/8}_3 ‖ ‖ ‖^2

H^1 ) + ĉ ln K

‖u_3 ln u_3‖_L∞_(R_{+,L}1_) ‖ ‖ ‖z^{5/8}_3 ‖ ‖ ‖^2

H^1 + 2∑ i=0 [ ĉ ln K

‖u_i ln u_i‖_L∞_(R_{+,L}1_)

]_1/_2

‖z_i‖^{3/2}_L3 ‖z_i‖^2_L2

+ [ ĉ ln K

‖u_3 ln u_3‖_L∞_(R_{+,L}1_)

]_1/_2

‖z_3‖^{3/2}_L3 2∑ i=0 ‖z_i‖^2_L2 } ds + c_1(K).

Now we fix K ≥ k^∗ such that ĉ ln K

‖u_3 ln u_3‖_L∞_(R_{+,L}1_) ≤ 1 4 , [ ĉ ln K

‖u_i ln u_i‖_L∞_(R_{+,L}1_)

]_1/_2

‖u_i − u^∗_i ‖^{3/2}_{L3/2(}R_{+,L3)} ≤ 1 4 , i = 0, 1, 2, 3. (3.9)

Thus the conditions for the choice of K (see (3.5), too) depend only on the data (cf.

Corollary 3.1 iv) and Corollary 3.2 iv)). Let

a_l := 2∑ i=0 (‖ ‖z^l_i ‖ ‖^2 L^2 + ∫ tl_n 0 ‖z_i‖^2_H1 ds ) + ‖ ‖z^l_3 ‖ ‖^5/^4

L^{5/4} + ∫ tl_n 0 ‖ ‖z^{5/8}_3 ‖ ‖^2 H^1 ds

then we obtain for this fixed K the estimate

a_l ≤ c_1 + c l−1∑ k=1 a_k b_k ∀l ∈ N,

where

b_k := h^j_n 3∑ i=0 ‖ ‖ ‖u^k_i − u^∗_i ‖ ‖ ‖^3 /2 L^3 .

According to Lemma 3.3 we conclude that ∀l ∈ N a_l ≤ c_1 + c_1 c l−1∑ k=1 b_k exp c l−1∑ m=k+1 b_m

≤ c_1 + c_1 c l−1∑ k=1 b_k exp { c ‖u − u^∗‖^{3/2}_{L3/2(}R_{+,L3(Ω,}R_{4))} }

≤ c_1 + c_1 c ‖u − u^∗‖^{3/2}_{L3/2(}R_{+,L3(Ω,}R_{4))} exp { c ‖u − u^∗‖^{3/2}_{L3/2(}R_{+,L3(Ω,}R_{4))} } ≤ c. By the definition of a_l it follows that

‖z_i‖_L∞_(R_{+,L}2_) , ‖ ‖z^{5/8}_3 ‖ ‖ L^∞(R+,L^2) , ‖zi‖L^2(R^+,H^1) , ‖ ‖z^{5/8}_3 ‖ ‖ L^2(R+,H^1) ≤ c, i = 0, 1, 2.

b) r > 1 :

We obtain from the above estimates with K fixed in the step for r = 1 2∑ i=0 [ ‖ ‖ ‖z^l_i ‖ ‖ ‖ r+1 L^{r+1} + ∫ tl_n 0 ‖ ‖ ‖z^{r+12}_i ‖ ‖ ‖^2 H^1 ds ] + ‖ ‖ ‖z^l_3 ‖ ‖ ‖ m+1 4 L^{m+1}4 + ∫ tl_n 0 ‖ ‖ ‖z^{m+18}_3 ‖ ‖ ‖^2 H^1 ds

≤ c +^1_2 ∫ tl_n 0 [_2∑ i=0 ‖ ‖ ‖z^{r+12}_i ‖ ‖ ‖ 2 H^1 + ‖ ‖ ‖z^{m+18}_3 ‖ ‖ ‖ 2 H^1 ] ds ∀l ∈ N. Thus ‖ ‖ ‖ ‖z^{r+12}_i ‖ ‖ ‖ ‖ L^∞(R+,L^2) , ‖ ‖ ‖ ‖z^{r+12}_i ‖ ‖ ‖ ‖ L^2(R+,H^1) , ‖ ‖ ‖ ‖z^{m+18}_3 ‖ ‖ ‖ ‖ L^∞(R+,L^2) , ‖ ‖ ‖ ‖z^{m+18}_3 ‖ ‖ ‖ ‖ L^2(R+,H^1) ≤ c. Therefore ‖ ‖ ‖z^{m+18}_i ‖ ‖ ‖ L^∞(R+,L^2)

≤ c, i = 0, 1, 2. To show a L^2 (R_+, H^1)–estimate for z^{m+18}_i

we take the test function z^{m−34}_i for i = 0, 1 or 2 and use (3.6):

‖z_i(t)‖^{m+14}_L m+1_4 + ∫ t 0 ‖ ‖ ‖ ‖z^{m+18}_i ‖ ‖ ‖ ‖ 2 H^1 ds ≤ c ∫ t 0 {_2∑ k=0 ∫ Ω { u_3u_k + u^2_k + u_k + 1 } z^{m−34}_i dx + ∫ Γ (u_3 + 1)z^{m−34}_i dΓ } ds

≤ c ∫ t 0 {_2∑ k=0 ∫ Ω { z_3z_k + z^2_k + z_3 + z_k + 1 } z^{m−34}_i dx

+ ∫ Γ (z_3 + 1) z^{m−34}_i dΓ } ds

≤ ∫ t 0 { c [^3∑ k=0 ( ‖z_k(t)‖^{m+54}_L m+5_4 + ‖z_k(t)‖^{m+14}_L m+1_4 ) + ∫ Ω z^{m−34}_i dx + ‖ ‖ ‖z_3(t)^{m+18} ‖ ‖ ‖^2

L^2(Γ) + ∫ Γ z^{m−34}_i dΓ ] +^1_2 ‖ ‖ ‖z_i(t)^{m+18} ‖ ‖ ‖^2

H^1 } ds ∀t ∈ R_+. From z^{m+18}_3 , z^{r+12}_i ∈ L^∞ (R_+, L^2) ∩ L^2 (R_+, H^1), i = 0, 1, 2, and results obtained du-

ring the energy estimates we thus conclude that ‖ ‖ ‖z^{m+18}_i ‖ ‖ ‖ L^2(R+,H^1) ≤ c, i = 0, 1, 2.

Theorem 3.3. For given r ∈ N, r ≥ 2 there exist a constant c > 0 such that ‖ ‖ ‖|u − u^∗|^{r+12} ‖ ‖ ‖ L^∞(R+,Y ) , ‖ ‖ ‖|u − u^∗|^{r+12} ‖ ‖ ‖ L^2(R+,X) < c

for any regular subdivision Z_n of R_+ and any solution u to (P_n).

Proof. Let u be a solution to (P_n), w := u − u^∗, v := |w|. By |(u_i − K)^+| ≤ |u_i − u^∗_i |

and Lemma 3.4 we find that for p ∈ R, p ≥ 1, there exists a constant c(p) > 0 such

that ‖ ‖v^{p2} ‖ ‖ L^∞(R+,Y ) ≤ ‖ ‖ ‖ ‖ [ (u − K)^+ ] p_2 ‖ ‖ ‖ L^∞(R+,Y ) + c ≤ c(p) with K defined in (3.5), (3.9). By Corollary 3.2 i) we have v ∈ L^1 (R_+, L^1 (Ω, R^4)).

We show: For every r ∈ N, r ≥ 2 from v^r2 ∈ L^2 (R_+, Y ) it follows v^{r+1}2 ∈ L^2 (R_+, X) .

Let r ∈ N be given. Using the test function v^rsgn(u − u^∗) and the following repre-

sentation of the reaction and boundary terms

R_1(u) = k̃_1 (w_1w_3 + u^∗_1w_3 + u^∗_3w_1 − k_1 (g(u_0) − g(u^∗_0))) ,

R_2(u) = k̃_2 (w_2w_3 + u^∗_2w_3 + u^∗_3w_2) ,

R_4(u) = k̃_4 (g(u_0) − g(u^∗_0) − k_4w_3) , |g(u_0) − g(u^∗_0)| ≤ c ( |u_0 − u^∗_0|^2 + |u_0 − u^∗_0| ) (3.10)

we obtain for all t^k_n ∈ Z_n 3∑ i=0 (‖ ‖ ‖v_i(t^k_n) ‖ ‖ ‖ r+1 L^{r+1} + ∫ tk_n 0 ‖ ‖ ‖v^{r+12}_i ‖ ‖ ‖^2 H^1 ds )

≤ c + c 3∑ i=0 ∫ tk_n 0 { ‖v_i‖^{r+2}_Lr+2 + ‖v_i‖^{r+1}_Lr+1 + ‖v_i‖^{r+2}_Lr+2_{(Γ)} + ‖v_i‖^{r+1}_Lr+1_{(Γ)} } ds

≤ c + ∫ tk_n 0 3∑ i=0 {_1 2 ‖ ‖ ‖ ‖v^{r+12}_i ‖ ‖ ‖ ‖ 2 H^1 + c ‖ ‖ ‖ ‖v^{r2}_i ‖ ‖ ‖ ‖ 2 L^2 } ds which really proves the theorem but we want to explain in more detail how the last

line in this estimate follows from the last but one: ∫ Γ v^{r+2}_i dΓ = ‖ ‖ ‖ ‖v^{r+12}_i ‖ ‖ ‖ ‖ 2(r+2) r+1 L^{2(r+2)r+1} (Γ) ≤ c ‖ ‖ ‖ ‖v^{r+12}_i ‖ ‖ ‖ ‖ r+3 r+1 L^{2(r+3)r+1} ‖ ‖ ‖ ‖v^{r+12}_i ‖ ‖ ‖ ‖ H^1 ≤ ε ‖ ‖ ‖ ‖v^{r+12}_i ‖ ‖ ‖ ‖ 2 H^1 + c ‖ ‖ ‖ ‖v^{r+12}_i ‖ ‖ ‖ ‖ 2(r+3) r+1 L^{2(r+3)r+1} ≤ ε ‖ ‖ ‖ ‖v^{r+12}_i ‖ ‖ ‖ ‖ 2 H^1 + c ‖ ‖ ‖ ‖v^{r+12}_i ‖ ‖ ‖ ‖ 2(r+3) r+4 L^{2(r+3)r+1} ≤ ε ‖ ‖ ‖ ‖v^{r+12}_i ‖ ‖ ‖ ‖ 2 H^1 + c ‖ ‖ ‖ ‖v^{r+12}_i ‖ ‖ ‖ ‖ 2r r+4 L^{2rr+1} ‖ ‖ ‖ ‖v^{r+12}_i ‖ ‖ ‖ ‖ 6 r+4 H^1 ≤ ε̃ ‖ ‖ ‖ ‖v^{r+12}_i ‖ ‖ ‖ ‖ 2 H^1 + c ‖ ‖ ‖ ‖v^{r2}_i ‖ ‖ ‖ ‖ 2 L^2 ,

∫ Γ v^{r+1}_i dΓ ≤ c ‖ ‖ ‖ ‖v^{r+12}_i ‖ ‖ ‖ ‖ L^2 ‖ ‖ ‖ ‖v^{r+12}_i ‖ ‖ ‖ ‖ H^1 ≤ c ‖ ‖ ‖ ‖v^{r+12}_i ‖ ‖ ‖ ‖ r r+1 L^{2rr+1} ‖ ‖ ‖ ‖v^{r+12}_i ‖ ‖ ‖ ‖ r+2 r+1 H^1 ≤ ε ‖ ‖ ‖ ‖v^{r+12}_i ‖ ‖ ‖ ‖ 2 H^1 + c ‖ ‖ ‖ ‖v^{r+12}_i ‖ ‖ ‖ ‖ 2 L^{2rr+1} ≤ ε ‖ ‖ ‖ ‖v^{r+12}_i ‖ ‖ ‖ ‖ 2 H^1 + c ‖ ‖ ‖ ‖v^{r2}_i ‖ ‖ ‖ ‖ 2 L^2 ,

∫ Ω v^{r+2}_i dx ≤ c ‖ ‖ ‖ ‖v^{r+12}_i ‖ ‖ ‖ ‖ 2r r+1 L^{2rr+1} ‖ ‖ ‖ ‖v^{r+12}_i ‖ ‖ ‖ ‖ 4 r+1 H^1 ≤ ε ‖ ‖ ‖ ‖v^{r+12}_i ‖ ‖ ‖ ‖ 2 H^1 + c ‖ ‖ ‖ ‖v^{r+12}_i ‖ ‖ ‖ ‖ 2r r−1 L^{2rr+1} ≤ ε ‖ ‖ ‖ ‖v^{r+12}_i ‖ ‖ ‖ ‖ 2 H^1 + c ‖ ‖ ‖ ‖v^{r2}_i ‖ ‖ ‖ ‖ 2(r+1) r−1 L^2 ≤ ε ‖ ‖ ‖ ‖v^{r+12}_i ‖ ‖ ‖ ‖ 2 H^1 + c ‖ ‖ ‖ ‖v^{r2}_i ‖ ‖ ‖ ‖ 2 L^2 ,

∫ Ω v^{r+1}_i dx ≤ c ‖ ‖ ‖v^{r+12}_i ‖ ‖ ‖ 2r r+1 L^{2rr+1} ‖ ‖ ‖v^{r+12}_i ‖ ‖ ‖ 2 r+1 H^1 ≤ ε ‖ ‖ ‖v^{r+12}_i ‖ ‖ ‖^2 H^1 + c ‖ ‖ ‖v^{r+12}_i ‖ ‖ ‖^2 L^{2rr+1} ≤ ε ‖ ‖ ‖ ‖v^{r+12}_i ‖ ‖ ‖ ‖ 2 H^1 + c ‖ ‖ ‖ ‖v^{r2}_i ‖ ‖ ‖ ‖ 2(r+1) r L^2 ≤ ε ‖ ‖ ‖ ‖v^{r+12}_i ‖ ‖ ‖ ‖ 2 H^1 + c ‖ ‖ ‖ ‖v^{r2}_i ‖ ‖ ‖ ‖ 2 L^2 .

Theorem 3.4. There exists a constant c > 0 such that

‖u‖_L∞_(R_{+,L}∞_{(Ω,}R4_{))} ≤ c

for any regular subdivision Z_n of R_+ and any solution u to (P_n).

Proof. i) Let u be a solution to (P_n), v := |u − u^∗|. Because of Theorem 3.3,

imbedding and trace theorems and (2.11) it is easy to check that there exists an

element b ∈ L^4 ( R+, (W^{1,5/4}(Ω))^{∗)} such that ⟨b, v̄⟩ := ∫_∞ 0 3∑ j=0 [∫ Ω (v^2_j + v_j)v̄ dx + ∫ Γ (v^2_j + v_j)v̄ dΓ ] ds ∀ v̄ ∈ L^{4/3} ( R+, W^{1,5/4}(Ω)^) .

ii) Let k ≥ K with K defined in (3.5), (3.9). We test by z := (u − k)^+ and denote

by m_{jk} the Lebesgue measure of the set {x ∈ Ω : u_j > k}. Because of (3.8) and

(3.10) we find ∀ t^l_n ∈ Z_n 3∑ i=0 [ ‖ ‖ ‖z_i(t^l_n) ‖ ‖ ‖^2

L^2 + 2 d ∫ tl_n 0 ‖z_i‖^2_H1 ds ]

≤ c ∫ tl_n 0 3∑ i=0 ‖b‖_{(W} 1,5/4_)∗ ‖z_i‖_W 1,5/4 ds ≤ c ∫ tl_n 0 3∑ i=0 ‖b‖_{(W} 1,5/4_)∗ ‖z_i‖_H1 m^{3/10}_{ik} ds ≤ ∫ tl_n 0 3∑ i=0 ( d ‖z_i‖^2_{H1} + c ‖b‖^2_{(W} 1,5/4_{)∗} m^{3/5}_{ik} ) ds.

Thus we obtain the inequality 3∑ i=0 [ ‖z_i(t)‖^2_L2 + d ∫ t 0 ‖z_i‖^2_H1 ds ]

≤ c 3∑ i=0 ‖b‖^2_L4(R_{+,(W} 1,5/4_)∗) ‖m_{ik}‖^{3/5}_{L6/5(}R_{+)} ≤ c 3∑ i=0 ‖m_{ik}‖^{3/5}_{L6/5(}R_{+)} ∀t ∈ R_+.

(3.11)

iii) Let ϕ(k) := (∫_∞ 0 ∑_3

i=0 m^{6/5}_{ik} ds

)_5/_{22}

. Then we obtain for h > k by the Gagliardo- Nirenberg inequality (2.9) and (3.11) the estimate

(h − k)ϕ(h) = (∫_∞ 0 3∑ i=0 [ (h − k)^{11/3}m_{ih} ]_6/_5 ds )_5/_{22} ≤ (∫_∞ 0 3∑ i=0 ‖z_i‖^{22/5}_{L11/3} ds

)_5/_{22}

≤ ( c ∫_∞ 0 3∑ i=0 ‖z_i‖^{12/5}_L2 ‖z_i‖^2_H1 ds

)_5/_{22}

≤ c (_3 ∑ i=0 ‖z_i‖^{12/5}_L∞_(R_{+,L}2_) ‖z_i‖^2_L2_(R_{+,H}1_)

)_5/_{22}

≤ c (_3 ∑ i=0 ‖m_{ik}‖^{3/5}_{L6/5(}R_{+)}

)_{(5}/_{22)·(11}/_{5)} = c (_3 ∑ i=0 ∫_∞ 0 m^{6/5}_{ik} ds )_{(5}/_{22)·(11}/_{10)}

≤ cϕ(k)^{11/10}. By [6, Lemma 5] we conclude that there is a k̃ such that ϕ(k) = 0 for all k ≥ k̃. Therefore by the definition of ϕ it follows u ∈ L^∞ (R_+, L^∞(Ω, R^4)).

Remark 3.1. Theorem 3.4 implies that ‖u|_Γ‖_L∞_(R_{+,L}∞_{(Γ,}R4_{))} ≤ c.

3.4. Existence.

Let Z_n be any regular subdivision of R_+. To show the solvability of (P_n) it suffices to prove existence on any finite interval S := [ 0, t^k_n ] , k ∈ N. That means, we have to solve the problem

u^l + h^l_nA ( (γ_nu)^l, u^l, u^l ) = u^{l−1}, u^0 = U, u^l ∈ X, u^l ≥ 0, l = 1, . . . , k. We consider the corresponding regularized problem

u^l + h^l_nA_M ( (γ_nu)^l, u^l, u^l ) = u^{l−1}, u^0 = U, u^l ∈ X, l = 1, . . . , k. (P_{Mn})

Lemma 3.5. If u is a solution to (P_{Mn}) then u ≥ 0 and

‖u‖_L∞_{(S,L}∞_{(Ω,}R4_{))} , ‖u|_Γ‖_L∞_{(S,L}∞_{(Γ,}R4_{))} ≤ c(S)

where c is independent of M.

Proof. i) By the testfunction −u^− ∈ L^2 (S, X) it follows from (P_{Mn}) that for l = 1, . . . , k l∑ m=1 (‖ ‖(u^m)^− ‖ ‖^2 L^2 + ∫ Ω (u^m)^− u^{m−1}dx + h^m_n d ‖ ‖∇ (u^m)^− ‖ ‖^2 L^2 ) ≤ 0. For l = 1 we obtain from u^0 ≥ 0 that u^1 ≥ 0 which implies (for l = 2) that u^2 ≥ 0

and so on.

ii) Applying the procedure of the proof of Theorem 3.1 to (P_{Mn}) we get ‖u‖_L∞_{(S,L}1_{(Ω,}R4_{))} ≤ c, ‖∇ √ u_i‖_{L2(S,L2(Ω,}R_{2))} ≤ c, i = 0, . . . , 3, independently of M. Therefore, because S is a finite time interval we obtain

‖u − u^∗‖_L1_{(S,L}1_{(Ω,}R4_{))} , ‖ ‖ ‖ √ u ‖ ‖ ‖ L^2(S,X) , ‖ ‖ ‖ √ u ‖ ‖ ‖ L^4(S,L^4(Ω,R^4)) , ‖u − u ∗‖_L2_{(S,Y )} ≤ c(S), ∫ S ‖ ‖ ‖ √ u − √ u^∗ ‖ ‖ ‖ p L^2 ds ≤ c(p, S) for 0 < p < ∞, ‖ ‖ ‖ √ u − √ u^∗ ‖ ‖ ‖ L^2(S,X) , ‖ ‖ ‖ √ u − √ u^∗ ‖ ‖ ‖ L^∞(S,Y ) ≤ c(S). These estimates correspond to the assertions of Corollary 3.2 formulated on the

finite time interval S, they guarantee that Theorem 3.3 and Theorem 3.4 are true

also for solutions to (P_{Mn}).

Lemma 3.6. There exist solutions to (P_{Mn}).

Proof. To demonstrate the existence of solutions to (P_{Mn}), we show: For given

u^{l−1} ∈ X, h^l_n ∈ R_+ there exist solutions u^l ∈ X of

u^l + h^l_nA_M ( (γ_nu)^l, u^l, u^l ) = u^{l−1} (3.12)

such that solutions to (P_{Mn}) can be obtained step by step. For fixed u^{l−1}, h^l_n let

B : X → X^∗ be defined by

B(u^l) := u^l + h^l_nA_M ( (γ_nu)^l, u^l, u^l ) . Then B is an operator of variational type (cf. [13], we use for (FI) the decomposition

B(v) = B(v, v) with ⟨B(v, w), z⟩ := ∫ Ω {_3∑ i=0 w_iz_i + h^l_n [ D_0φ(v_0)∇w_0∇z_0 + 3∑ i=1 D_i∇w_i∇z_i

+ ρ(v) (R_1(v)(z_1 + z_3 − z_0) + R_2(v)(z_2 + z_3)) ]} dx

+ h^l_n ∫ Γ ρ(v) ( R_3(v)z_0 + R_4(v)(z_0 − z_3) + 3∑ i=1 R_{i+4}(v)z_i ) dΓ for all v, w, z ∈ X. For (SI) the argument of φ has to be replaced by the given

(u^{l−1})_0.) By [13, Corollaire 2.1] the problem (3.12) has at least one solution.

Thus the L^∞–estimates for the solutions to (P_n) and (P_{Mn}) lead to the following

existence result:

Theorem 3.5. For every regular subdivision Z_n of R_+ there exists at least one solution to (P_n).

4. Convergence theorem Here we state and prove our main result.

Theorem 4.1. Let {Z_n}_{n∈}N be a sequence of regular subdivisions of R_+ with h̄_n → 0 for n → ∞. Let, for n ∈ N, the function u_n be a solution to (P_n) and let u be the solution to (P). If S := [0, T ] is any finite time interval, then i) u_n −→ u in L^2 (S, X) and u_n −→ u in L^∞(S, Y ) as n −→ ∞. ii) K_nu_n −→ u in W_S and K_nu_n −→ u in C(S, Y ) as n −→ ∞. Proof. Because T is not nessesarily a nodal point of the subdivisions Z_n we apply the following construction: For every n ∈ N let k_n denote that index k such that t^{k−1}_n ≤ T < t^k_n, let T̃ := max_{n∈} N^{tknn , S̃ := [0, T̃ ], Z̃n :=} { t^j_n : t^j_n ≤ T̃ } ∪ {T̃ }. 1. From the definition of Δ_n and K_n it follows easily ∫ t 0 ⟨Δ_nv − Δ_nw, v − w − K_nv + K_nw⟩ds ≥ 0 ∀t ∈ [0, t^{kn}_n ], ∀v, w ∈ C_n([0, t^{kn}_n ], X). (4.1)

2. By Lemma 3.2 we find for the solution u to (P) a sequence {w_n}_{n∈}N ⊂ C_n(S̃, X), K_nw_n(0) = U with lim_{n→∞} { ‖w_n − u‖_{L2}(_{S̃,X}) + ‖ ‖K̃_nw_n − u ‖ ‖ C(S̃,Y ) + ‖ ‖Δ̃_nw_n − u^′ ‖ ‖ L^2(S̃,X^∗) } = 0 where K̃_n, Δ̃_n are the operators corresponding to the subdivision Z̃_n. For s ∈ [0, t^{kn}_n ], w_n ∈ C_n(S̃, X) we have Δ̃_nw_n(s) = Δ_nw_n(s), K̃_nw_n(s) = K_nw_n(s).

Using (4.1) we obtain for every t ∈ [0, t^{kn}_n ] 1 2 ‖(K_nu_n − K_nw_n)(t)‖^2_Y + ∫ t 0 ⟨A_n(u_n) − A(u), u_n − u⟩ds ≤ ∫ t 0 { ⟨Δ_nu_n − Δ_nw_n, u_n − w_n⟩ + ⟨A_n(u_n) − A(u), u_n − w_n + w_n − u⟩ } ds = ∫ t 0 { ⟨u^′ − Δ_nw_n, u_n − w_n⟩ + ⟨A_n(u_n) − A(u), w_n − u⟩ } ds ≤ c ( ‖ ‖ ‖u^′ − Δ̃_nw_n ‖ ‖ ‖ L^2(S̃,X^∗) + ‖wn − u‖L^2(S̃,X) ) (4.2)

since A_n(u_n) is uniformly bounded in L^2 ( S̃, X^∗ ) , u_n and w_n are uniformly bounded in L^2 ( S̃, X ) .

3. Because of the L^∞– estimates for the solutions u_n and u and the local Lipschitz

continuity of φ we get with that p occuring in the L^q(S̃, W^{1,p})–estimates for u (cf.

Theorem 2.4) and q = 2p/(p − 2) ∫ tk_n 0 ⟨A_n(u_n) − A(u), u_n − u⟩ds ≥ ∫ tk_n 0 { d ‖u_n − u‖^2_X − c ( ‖u_n − u‖^2_Y + ‖u_n − u‖^2_Z )

− c ∫ Ω |φ(γ_{n0}u_n) − φ(u_0)||∇u_0| |∇(u_{n0} − u_0)|dx } ds ≥ ∫ tk_n 0 { d ‖u_n − u‖^2_X − c ( ‖u_n − u‖^2_Y + ‖u_n − u‖^2_Z )

− c ‖γ_{n0}u_n − u_0‖_Lq ‖∇u_0‖_Lp ‖∇(u_{n0} − u_0)‖_L2 } ds ≥ ∫ tk_n 0 {_3 d 4 ‖u_n − u‖^2_X − c ‖u_n − u‖^2_Y − c ‖γ_{n0}u_n − u_0‖^2_Lq ‖∇u_0‖^2_Lp } ds.

4. Taking into account the L^∞–bounds for u and u_n the term ‖γ_{n0}u_n − u_0‖^2_Lq will

be estimated by

‖γ_{n0}u_n − u_0‖^2_Lq ≤ c { ‖u_{n0} − (τ_nu_n)_0‖^{4q}_L2 + ‖(τ_nu_n)_0 − (τ_nu)_0‖^2_{Lq} + ‖(τ_nu)_0 − u_0‖^{4q}_L2 } .

Since A_n(u_n) is uniformly bounded in L^2 ( S̃, X ∗ ) , u_n and τ_nu_n are uniformly boun-

ded in L^2 ( S̃, X ) we conclude by (P_n) that

‖u_n − τ_nu_n‖^2_L2(_{[0,t}kn_{n ],Y} ) = kn∑ l=1 h^l_n⟨u^l_n − u^{l−1}_n , u^l_n − u^{l−1}_n ⟩

≤ h̄_n ∫_~T 0 |⟨A_n(u_n), u_n − τ_nu_n⟩| ds ≤ c h̄_n. (4.3)

Furthermore, on S^k_n, k = 1, . . . , k_n we have

‖(u_n − u)(t)‖_Y ≤ ‖ ‖ ‖u^k_n − w^k_n ‖ ‖ ‖ Y + ‖ ‖ ‖K̃_nw_n − u ‖ ‖ ‖ C(S̃,Y ) + sup r,s∈S̃, |r−s|≤h̄n ‖u(s) − u(r)‖_Y . (4.4)

5. Using the inequalities of step 4, L^r ( S̃, Lp ) –estimates for ∇u_0, r ∈ [1, ∞) and

the boundedness of {H^l_n}_{l,n∈}N we obtain for k = 1, . . . , k_n k∑ l=1 ∫ tl_n t^{l−1}_n ‖γ_{n0}u_n − u_0‖^2_Lq ‖∇u_0‖^2_Lp ds

≤ c { ∫ t^k_n 0 ( ‖(u_{n0} − (τ_nu_n)_0) (s)‖^{4q}_L2 + ‖(u_0 − (τ_nu)_0) (s)‖^{4q}_L2 ) ‖∇u_0‖^2_Lp ds

+ k∑ l=2 ∫ tl_n t^{l−1}_n ‖ ‖ ‖u^{l−1}_{n0} − (τ_nu)_0 (s) ‖ ‖ ‖^2 L^q ‖∇u0‖ 2 L^p ds }

≤ c {( h̄^{2q}_n + ‖u − τ_nu‖^{4q}_{L2} (^~S,Y ) ) ‖∇u_0‖^2_Lp(_{S̃,L}p)

+ k∑ l=2 H^l_n ∫ tl−1_n t^{l−2}_n ‖ ‖u^{l−1}_{n0} − u_0(t̃) ‖ ‖ 4 q L^2 ‖ ‖u^{l−1}_{n0} − u_0(t̃) ‖ ‖ 2(q−2) q H^1 ‖ ‖∇u_0 ( ϑ^{−1}_n (t̃) )‖ ‖^2

L^p d t̃ }

≤ c { h̄^{2q}_n + ‖u − τ_nu‖^{4q}_{L2}

(^~S,Y ) }

+ k−1∑ l=1 ∫ tl_n t^{l−1}_n ( ε ‖ ‖u^l_{n0} − u_0(t̃) ‖ ‖^2 H^1 + c H l+1 n ‖ ‖u^l_{n0} − u_0(t̃) ‖ ‖^2 L^2 ‖ ‖∇u_0 ( ϑ^{−1}_n (t̃) )‖ ‖ q L^p ) dt̃

≤ c { h̄^{2q}_n + ‖u − τ_nu‖^{4q}_{L2}

(^~S,Y ) }

+ k−1∑ l=1 ∫ tl_n t^{l−1}_n ( ε ‖ ‖ ‖u^l_{n0} − u_0(t̃) ‖ ‖ ‖^2

H^1 + c H l+1 n ( sup r,s∈S̃, |r−s|≤h̄n ‖u(s) − u(r)‖^2_Y

+ ‖ ‖ ‖u^l_n − w^l_n ‖ ‖ ‖^2 Y + ‖ ‖ ‖K̃_nw_n − u ‖ ‖ ‖^2 C(S̃,Y ) ) ‖ ‖ ‖∇u_0 ( ϑ^{−1}_n (t̃) )‖ ‖ q L^p ) dt̃ ≤ c { sup r,s∈S̃, |r−s|≤h̄n ‖u(s) − u(r)‖^2_Y

+ h̄^{2q}n + ‖u − τ_nu‖^{4q}_{L2}(_{S̃,Y} ) + ‖ ‖ ‖K̃_nw_n − u ‖ ‖ ‖^2 C(S̃,Y ) }

+ k−1∑ l=1 ( ∫ tl_n t^{l−1}_n ε ‖ ‖ ‖u^l_{n0} − u_0(t̃) ‖ ‖ ‖^2

H^1 + c H l+1 n ‖ ‖ ‖u^l_n − w^l_n ‖ ‖ ‖^2 Y ‖ ‖ ‖∇u_0 ( ϑ^{−1}_n (t̃) )‖ ‖ q L^p ) dt̃.

6. Combining estimate (4.2) and steps 3 and 5 we get for k = 1, . . . , k_n ‖ ‖ ‖u^k_n − w^k_n ‖ ‖ ‖^2 Y + ∫ tk_n 0 ‖u_n − u‖^2_X ds ≤ĉ k−1∑ l=1 ‖ ‖ ‖u^l_n − w^l_n ‖ ‖ ‖^2 Y ∫ tl+1_n t^l_n ‖∇u_0(s)‖^q_Lp ds

+ ĉ k∑ l=1 h^l_n ‖ ‖u^l_n − w^l_n ‖ ‖^2 Y + c̃(n), where

c̃(n) := c { ‖w_n − u‖_L2(_{S̃,X}) + ‖ ‖ ‖u − K̃_nw_n ‖ ‖ ‖^2 C(S̃,Y ) + ‖ ‖ ‖u^′ − Δ̃_nw_n ‖ ‖ ‖ L^2(S̃,X^∗) + h̄ 2 q n + ‖u − τ_nu‖ 4 q L^2(S̃,Y ) + sup r,s∈S̃, |r−s|≤h̄n ‖u(s) − u(r)‖^2_Y } . With

a^k_n := ‖ ‖u^k_n − w^k_n ‖ ‖^2 Y + ∫ tk_n 0 ‖u_n − u‖^2_X ds we obtain for k = 1, . . . , k_n a^k_n ≤ ĉ k∑ l=1 a^l_nh^l_n + ĉ k−1∑ l=1 a^l_n ‖∇u_0‖^q_{Lq}(_{Sl+1n ,Lp}) + c̃(n). For sufficiently large n we have ĉh̄_n <^1_2 and therefore for k = 1, . . . , k_n a^k_n ≤ 2ĉ k−1∑ l=1 ( h^l_n + ‖∇u_0‖^q_{Lq}(_{Sl+1n ,Lp}) ) a^l_n + 2c̃(n).

By Lemma 3.3 we conclude that

a^k_n ≤ 2c̃(n) + 4c̃(n)ĉ ( T̃ + ‖∇u_0‖^q_{Lq} (^~S,L^p) ) exp { 2ĉ ( T̃ + ‖∇u_0‖^q_{Lq} (^~S,L^p) )}

≤ c̃(n) const(T̃ )

for k = 1, . . . , k_n and sufficiently large n. From Lemma 3.2, Lemma 3.1 ii) and u ∈ C(S̃, Y ) we obtain that c̃(n) → 0 for n → ∞. By the definition of a^k_n and by S ⊂ [0, t^{kn}_n ], n ∈ N it follows u_n → u in L^2 (S, X) and u_n − w_n → 0 in L^∞ (S, Y ). Because of (4.4) we find u_n → u in L^∞ (S, Y ) which finally proves i).

7. Let

I_n := (∫ T 0 ∫ Ω |φ(u_0) − φ(u_{n0})|^2 |∇u_0|^2 dxds

)_1/_2 . Because of the L^∞–estimates for u and u_n we estimate for ū := u_n − u and v ∈ L^2 (S, X) | | | | ∫ T 0 ⟨A_n(u_n) − A(u), v⟩ ds | | | | ≤ c ∫ T 0 {_3∑ i=0 ‖∇ū_i‖_L2 ‖∇v_i‖_L2 + ‖ū‖_Y ‖v‖_Y + ‖ū‖_Z ‖v‖_Z } ds + I_n ‖v‖_L2_{(S,X)} ≤ c ‖v‖_L2_{(S,X)} { ‖ū‖_L2_{(S,X)} + I_n } . From u_n → u in L^2 (S, Y ) and the properties of superposition operators it follows I_n → 0 for n → ∞. Therefore for all ε > 0 there is a n_0(ε) such that ∀ n ≥ n_0 ‖ū‖_L2_{(S,X)} + I_n ≤ ε, | | | | ∫ T 0 ⟨A_n(u_n) − A(u), v⟩ ds | | | | ≤ cε ‖v‖_L2_{(S,X)} ∀ v ∈ L^2 (S, X) . Thus A_n(u_n) → A(u) in L^2 (S, X^∗) which proves Δ_nu_n = (K_nu_n)^′ → u^′ in L^2 (S, X^∗).

8. By (4.3) we find ∫ T 0 ‖K_nu_n − u_n‖^2_X ds ≤ kn∑ l=1 ( h^l_n )_{−2} ∫ t^l_n t^{l−1}_n (t − t^l_n)^2 ‖ ‖ ‖u^l_n − u^{l−1}_n ‖ ‖ ‖^2 X dt ≤ 1 3 ‖u_n − τ_nu_n‖^2_L2(_{S̃,X}) −→ 0 for n −→ ∞

which together with Theorem 4.1 i) yields K_nu_n → u in L^2 (S, X). Combined with the result of step 7 we conclude that K_nu_n → u in W_S . Thus K_nu_n → u in C(S, Y ), too.

Appendix A. Equilibrium states

The assumption (2.7) is essential for deriving energetic estimates as well as results on the asymptotic behaviour of solutions to the initial boundary value problem and its time discrete versions. The properties of the set

R := { u ∈ R^4_+ : Ri(u) = 0 a.e., i = 1, . . . , 7, u −^¯U ∈ S^}

depend on the data k_i, k̄_i, i = 1, . . . , 7 and Ū such that necessary and sufficient conditions for the validity of (2.7) should be expressed in terms of this data. This could be done as in [5], [7], [10], [11]. Here we emphasize only some important cases; a complete survey is given in Table 1–4.

Remember, that we have assumed k_i > 0, k̄_i ≥ 0, i = 1, . . . , 7 and Ū ≥ 0 (see (2.6), (2.4)).

1) k̄_i = 0, i = 1, . . . , 7 (neither volume nor boundary reactions, No. 1 in Table 1): Then S = {0}, S^⊥ = R^4 and R = { Ū } . Assumption (2.7) now means Ū_i > 0, i = 0, . . . , 3, and no conditions on the k_i’s.

2) k̄_i > 0, i = 1, . . . , 7 (all volume and boundary reactions, No. 128 in Table 4): We obtain S = R^4, thus (2.7) does not contain any condition on Ū . The relations

k_3 = k_4k_7, k_2 = k_6k_7, k_5 = k_1k_4 (A.1)

ensure that R ≠ ∅. From R_i(u) = 0, i = 3, 5, 6, 7, and the strong monotonicity of g we get u_0 = g^{−1}(k_3) > 0, u_i = k_{i+4} > 0, i = 1, 2, 3. Because of (A.1) R_i(u) = 0, i = 1, 2, 4, too. Thus R consists of only one element, it is positive and (2.7) is equivalent to (A.1).

3) k̄_1, k̄_2 > 0, k̄_i = 0, i = 3, . . . , 7 (only volume reactions, No. 9 in Table 1): Because of S = span {(−1, 1, 0, 1), (0, 0, 1, 1)} we can choose κ_1 := (1, 1, 0, 0), κ_2 := (1, 0, −1, 1) to describe the invariants I_j(u), j = 1, 2, to problem (P). For u ∈ R we have

u_1u_3 = k_1g(u_0), (A.2) u_2u_3 = k_2, (A.3) u_0 + u_1 = Ū_0 + Ū_1, (A.4) u_0 − u_2 + u_3 = Ū_0 − Ū_2 + Ū_3. (A.5)

By (A.3) u_2, u_3 > 0. By (A.4) Ū_0 + Ū_1 > 0 is a necessary condition for u > 0. Let Ū_0 + Ū_1 > 0 then at least one of u_0 or u_1 is positive. a) u_1 > 0: Replacing u_2, u_3 in (A.5) by

u_2 = k_2 u_3

, u_3 = k_1g(u_0) Ū_0 + Ū_1 − u_0 (cf. (A.2), (A.4)) we get

u_0 − k_2(Ū_0 + Ū_1 − u_0) k_1g(u_0) + k_1g(u_0) Ū_0 + Ū_1 − u_0 =

Ū_0 − Ū_2 + Ū_3. (A.6)

No. k̄_1 k̄_2 k̄_3 k̄_4 k̄_5 k̄_6 k̄_7 Conditions on k_i Conditions on Ū_i

1 Ū_0, Ū_1, Ū_2, Ū_3 > 0 2 ∗ Ū_2, Ū_0 + Ū_1, Ū_0 + Ū_3 > 0 3 ∗ Ū_0, Ū_1 > 0 4 ∗ Ū_1, Ū_2, Ū_3 > 0 5 ∗ Ū_1, Ū_2, Ū_0 + Ū_3 > 0 6 ∗ Ū_0, Ū_2, Ū_3 > 0 7 ∗ Ū_0, Ū_1, Ū_3 > 0 8 ∗ Ū_0, Ū_1, Ū_2 > 0 9 ∗ ∗ Ū_0 + Ū_1 > 0 10 ∗ ∗ Ū_2 > 0 11 ∗ ∗ Ū_2, Ū_0 + Ū_3 > 0 12 ∗ ∗ Ū_2, Ū_0 + Ū_3 > 0 13 ∗ ∗ Ū_0 + Ū_1, Ū_0 + Ū_3 > 0 14 ∗ ∗ Ū_2, Ū_0 + Ū_1 > 0 15 ∗ ∗ Ū_1 > 0 16 ∗ ∗ Ū_1 > 0 17 ∗ ∗ Ū_0 > 0 18 ∗ ∗ Ū_0, Ū_1 > 0 19 ∗ ∗ Ū_0, Ū_1 > 0 20 ∗ ∗ Ū_1, Ū_2 > 0 21 ∗ ∗ Ū_2, Ū_3 > 0 22 ∗ ∗ Ū_1, Ū_3 > 0 23 ∗ ∗ Ū_1, Ū_2 > 0 24 ∗ ∗ Ū_2, Ū_0 + Ū_3 > 0 25 ∗ ∗ Ū_1, Ū_0 + Ū_3 > 0 26 ∗ ∗ Ū_1, Ū_2 > 0 27 ∗ ∗ Ū_0, Ū_3 > 0 28 ∗ ∗ Ū_0, Ū_2 > 0 29 ∗ ∗ Ū_0, Ū_1 > 0

Table 1. Necessary and sufficient conditions for the validity of assumption (2.7) if no, one or two reactions (indicated by ∗) are present.

No. k̄_1 k̄_2 k̄_3 k̄_4 k̄_5 k̄_6 k̄_7 Conditions on k_i Conditions on Ū_i 30 ∗ ∗ ∗ 31 ∗ ∗ ∗ 32 ∗ ∗ ∗ Ū_0 + Ū_1 > 0 33 ∗ ∗ ∗ 34 ∗ ∗ ∗ Ū_0 + Ū_1 > 0 35 ∗ ∗ ∗ Ū_2 > 0 36 ∗ ∗ ∗ Ū_2 > 0 37 ∗ ∗ ∗ 38 ∗ ∗ ∗ Ū_2 > 0 39 ∗ ∗ ∗ k_5 = k_1k_4 Ū_2, Ū_0 + Ū_3 > 0 40 ∗ ∗ ∗ Ū_0 + Ū_3 > 0 41 ∗ ∗ ∗ Ū_2 > 0 42 ∗ ∗ ∗ Ū_0 + Ū_3 > 0 43 ∗ ∗ ∗ Ū_2 > 0 44 ∗ ∗ ∗ Ū_0 + Ū_1 > 0 45 ∗ ∗ ∗ Ū_1 > 0 46 ∗ ∗ ∗ 47 ∗ ∗ ∗ Ū_1 > 0 48 ∗ ∗ ∗ Ū_1 > 0 49 ∗ ∗ ∗ 50 ∗ ∗ ∗ Ū_1 > 0 51 ∗ ∗ ∗ Ū_1 > 0 52 ∗ ∗ ∗ Ū_0 > 0 53 ∗ ∗ ∗ Ū_0 > 0 54 ∗ ∗ ∗ k_2 = k_6k_7 Ū_0, Ū_1 > 0 55 ∗ ∗ ∗ Ū_2 > 0 56 ∗ ∗ ∗ Ū_1 > 0 57 ∗ ∗ ∗ k_3 = k_4k_7 Ū_1, Ū_2 > 0 58 ∗ ∗ ∗ Ū_3 > 0 59 ∗ ∗ ∗ Ū_2 > 0 60 ∗ ∗ ∗ Ū_1 > 0 61 ∗ ∗ ∗ Ū_0 + Ū_3 > 0 62 ∗ ∗ ∗ Ū_2 > 0 63 ∗ ∗ ∗ Ū_1 > 0 64 ∗ ∗ ∗ Ū_0 > 0 Table 2. Necessary and sufficient conditions for the validity of assumption (2.7) if three reactions (indicated by ∗) are present.

No. k̄_1 k̄_2 k̄_3 k̄_4 k̄_5 k̄_6 k̄_7 Conditions on k_i Conditions on Ū_i 65 ∗ ∗ ∗ ∗ 66 ∗ ∗ ∗ ∗ 67 ∗ ∗ ∗ ∗ 68 ∗ ∗ ∗ ∗ 69 ∗ ∗ ∗ ∗ k_5 = k_1k_4 70 ∗ ∗ ∗ ∗ 71 ∗ ∗ ∗ ∗ 72 ∗ ∗ ∗ ∗ 73 ∗ ∗ ∗ ∗ 74 ∗ ∗ ∗ ∗ k_2 = k_6k_7 Ū_0 + Ū_1 > 0 75 ∗ ∗ ∗ ∗ k_5 = k_1k_4 Ū_2 > 0 76 ∗ ∗ ∗ ∗ 77 ∗ ∗ ∗ ∗ k_3 = k_4k_7 Ū_2 > 0 78 ∗ ∗ ∗ ∗ 79 ∗ ∗ ∗ ∗ k_1k_3 = k_5k_7 Ū_2 > 0 80 ∗ ∗ ∗ ∗ 81 ∗ ∗ ∗ ∗ k_5 = k_1k_4 Ū_0 + Ū_3 > 0 82 ∗ ∗ ∗ ∗ k_5 = k_1k_4 Ū_2 > 0 83 ∗ ∗ ∗ ∗ 84 ∗ ∗ ∗ ∗ 85 ∗ ∗ ∗ ∗ 86 ∗ ∗ ∗ ∗ k_2k_4 = k_3k_6 Ū_1 > 0 87 ∗ ∗ ∗ ∗ k_3 = k_4k_7 Ū_1 > 0 88 ∗ ∗ ∗ ∗ 89 ∗ ∗ ∗ ∗ 90 ∗ ∗ ∗ ∗ k_2 = k_6k_7 Ū_1 > 0 91 ∗ ∗ ∗ ∗ 92 ∗ ∗ ∗ ∗ 93 ∗ ∗ ∗ ∗ k_2 = k_6k_7 Ū_1 > 0 94 ∗ ∗ ∗ ∗ k_2 = k_6k_7 Ū_0 > 0 95 ∗ ∗ ∗ ∗ 96 ∗ ∗ ∗ ∗ k_3 = k_4k_7 Ū_2 > 0 97 ∗ ∗ ∗ ∗ k_3 = k_4k_7 Ū_1 > 0 98 ∗ ∗ ∗ ∗ 99 ∗ ∗ ∗ ∗ Table 3. Necessary and sufficient conditions for the validity of assumption (2.7) if four reactions (indicated by ∗) are present.

No. k̄_1 k̄_2 k̄_3 k̄_4 k̄_5 k̄_6 k̄_7 Conditions on k_i Conditions on Ū_i

100 ∗ ∗ ∗ ∗ ∗ k_5 = k_1k_4 101 ∗ ∗ ∗ ∗ ∗ k_2k_4 = k_3k_6 102 ∗ ∗ ∗ ∗ ∗ k_3 = k_4k_7 103 ∗ ∗ ∗ ∗ ∗ k_2k_5 = k_1k_3k_6 104 ∗ ∗ ∗ ∗ ∗ k_1k_3 = k_5k_7 105 ∗ ∗ ∗ ∗ ∗ k_2 = k_6k_7 106 ∗ ∗ ∗ ∗ ∗ k_5 = k_1k_4 107 ∗ ∗ ∗ ∗ ∗ k_5 = k_1k_4 108 ∗ ∗ ∗ ∗ ∗ k_2 = k_6k_7 109 ∗ ∗ ∗ ∗ ∗ k_2 = k_6k_7 110 ∗ ∗ ∗ ∗ ∗ k_5 = k_1k_4 111 ∗ ∗ ∗ ∗ ∗ k_3 = k_4k_7, k_1k_3 = k_5k_7 Ū_2 > 0 112 ∗ ∗ ∗ ∗ ∗ k_3 = k_4k_7 113 ∗ ∗ ∗ ∗ ∗ k_1k_3 = k_5k_7 114 ∗ ∗ ∗ ∗ ∗ k_5 = k_1k_4 115 ∗ ∗ ∗ ∗ ∗ k_2k_4 = k_3k_6 116 ∗ ∗ ∗ ∗ ∗ k_3 = k_4k_7 117 ∗ ∗ ∗ ∗ ∗ k_2 = k_6k_7, k_3 = k_4k_7 Ū_1 > 0 118 ∗ ∗ ∗ ∗ ∗ k_2 = k_6k_7 119 ∗ ∗ ∗ ∗ ∗ k_2 = k_6k_7 120 ∗ ∗ ∗ ∗ ∗ k_3 = k_4k_7 121 ∗ ∗ ∗ ∗ ∗ ∗ k_5 = k_1k_4, k_2k_4 = k_3k_6 122 ∗ ∗ ∗ ∗ ∗ ∗ k_3 = k_4k_7, k_5 = k_1k_4 123 ∗ ∗ ∗ ∗ ∗ ∗ k_3 = k_4k_7, k_2 = k_6k_7 124 ∗ ∗ ∗ ∗ ∗ ∗ k_2 = k_6k_7, k_1k_3 = k_5k_7 125 ∗ ∗ ∗ ∗ ∗ ∗ k_2 = k_6k_7, k_5 = k_1k_4 126 ∗ ∗ ∗ ∗ ∗ ∗ k_3 = k_4k_7, k_1k_3 = k_5k_7 127 ∗ ∗ ∗ ∗ ∗ ∗ k_3 = k_4k_7, k_2 = k_6k_7 128 ∗ ∗ ∗ ∗ ∗ ∗ ∗ k_3 = k_4k_7, k_2 = k_6k_7, k_5 = k_1k_4

Table 4. Necessary and sufficient conditions for the validity of assumption (2.7) if five, six or all reactions (indicated by ∗) are present.

Because f : (0, r) → (−∞, +∞) defined by f(y) := y − c r − y g(y) + d g(y) r − y , r > 0 is bijective, (A.6) has for every right hand side Ū_0 − Ū_2 + Ū_3 exactly one solution u_0, and u_0 > 0. Then u_i, i = 1, 2, 3, are uniquely determined and positive. b) u_0 > 0: Then g(u_0) > 0 and by (A.2) u_1 > 0, too. Now we can conclude like in case a).

Thus (2.7) is equivalent to Ū_0 + Ū_1 > 0.

References

1. I. Ekeland and R. Temam, Convex analysis and variational problems, Studies in Math. and its Appl., vol. 1, North–Holland, Amsterdam, 1976.

2. H. Gajewski, K. Gröger, and K. Zacharias, Nichtlineare Operatorgleichungen und Operatordifferentialgleichungen, Akademie–Verlag, Berlin, 1974.

3. A. Glitzky, K. Gröger, and R. Hünlich, Existence and uniqueness results for equations modelling transport of dopants in semiconductors, Preprint 29, Institut für Angewandte Analysis und Stochastik im Forschungsverbund Berlin e.V., Berlin, 1993.

4. K. Gröger, Discrete–time Galerkin methods for nonlinear evolution equations, Math. Nachr.

84 (1978), 247–275.

5. , Asymptotic behavior of solutions to a class of diffusion–reaction equations, Math.

Nachr. 112 (1983), 19–33.

6. , Initial boundary value problems for semiconductor device theory, Z. Angew. Math.

Mech. 67 (1987), no. 8, 345–355.

7. , Free energy estimates and asymptotic behaviour of reaction–diffusion processes, Preprint 20, Institut für Angewandte Analysis und Stochastik im Forschungsverbund Berlin e.V., Berlin, 1992.

8. K. Gröger and J. Rehberg, On the regularity of solutions to parabolic equations in case of mixed boundary conditions, to appear.

9. D. Henry, Geometric theory of semilinear parabolic equations, Lect. Notes in Math., no. 840, Springer, Berlin–Heidelberg–New York, 1981.

10. F. Horn, Necessary and sufficient conditions for complex balancing in chemical kinetics, Arch.

Rational Mech. Anal. 49 (1972), 172–186.

11. F. Horn and R. Jackson, General mass action kinetics, Arch. Rational Mech. Anal. 47 (1972), 81–116.

12. G. S. Jones, Fundamental inequalities for discrete and discontinuous functional equations, J.

Soc. Indust. Appl. Math. 12 (1964), 43–57.

13. J. L. Lions, Quelques méthodes de résolution des problèmes aux limites non linéaires, Dunod Gauthier–Villars, Paris, 1969.