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ABSTRACT In this paper we analyse a fully practical piecewise linear finite
element approximation; involving numerical integratiomn, bacngrd Euler time
discretisation and possibly regularization and relaxation; of the following
degenerate parabolic equation arising in a model of reactive solute transport
in porous media: Find u(x,t) such that
atu + at[tp(u)] -Au=f in Qx (0,T]
u=0 on 3802 x (0,T] u(+,0) = g{*) inQ

for known data Q c [Rd, 1 = d s 3, f, g and a monotonically increasing
¢ € C°(R)nC (-»,0]u(0,w) satisfying ¢(0) = 0, which is only locally Holder
continuous, with exponent p € (0,1), at the origin; e.g. ¢(s) = [s]’:. This
lack of Lipschitz continuity at the origin 1limits the regularity of the
unique solution 'u and leads to difficulties in the finite element error

analysis.



1. INTRODUCTION
This is the second of two papers, in which we study finite element
appr'oximations of degenerate parabolic éystems and equations, as they arise
in the modelling of reactive solute transpof‘t in porous media. Here we
concentrate on a quasistationarily described equilibrium adsorption reaction,

leading to

6t(®u) + patv - V.(eQVu-gqu) = £ in QT (1.12)
v = ¢o(u) in Q. (1.1b)
supplemented by initial and boundafy conditions for the unknown function u,

the dissolved concentration. Here Q is a bounded domain in le, 1= d = 3,

[0,T] a fixed time interval and Q'c Q x (0,t], for" t € (0,T]. For more
remarks on the model we refer to the introduction of part 1 and for a
complete account to the literature cited there. The parameter functions @, g,
D, p are given and fulfill:
8t®+v.g=0 ,  8(x,t) 2@0> 0, plx) zp, > 0 inQT (1.2)
and further conditions such that the linear part of (1.1) define;s a uniformly
parabolic operator. The nonlinearity go— - the adsorption isotherm - is
monotone non-decreasing, but there are typical examples, which are not
Lipschitz continuous at u = 0 such as is the Freundlich isotherm
¢(u) = au® for u = 0, where « € R® and p € (0,1). (1.3)
Thus in general equation (1.1) is degenerate, exhibiting a finite speed of
propagation property, such that a front given by the boundary of the support
of u, is preserved. In fact, there is a close relation between equation (1.1)
and the well-investigated (generalised) "porous medium equation" (see e.g.

Aronson (1986)) which reads

at[¢(u)] - Au=f in QT (1. 4a)

with ¢(u) sgn(u)lu\vm for some m > 1; i.e. (a model problem of) (1.1) is

of the form (1.4a), and (1.1) and (1.4a) are equivalent if we assume that for



some o > 0

¢'(u) 2z a for allueR, u=o0. (1.4b)
A sufficient condition for the finite speed of 'pr‘opagation property is

1/¢ € L1(0,8) for some & > O, (1.5)
see Watanabe (1888), which has also been proven to be necessary in the
one-dimensional case, see Peletier (1974). This condition is satisfied by
(1.3), sée also section 2. A common desription of chemical non-equlibrium has
the form of relaxation kinetics, i.e.

atv = k(p(u)-v) | (1.8)
with a rate parameter k > 0. Equations (1.1a), (1.8) in general form a
degenerate system with the aforementioned property. In part 1 we gave a
fairly complete order of convergence analysis in energy norms for Galerkin
finite element approximations of the system (1.1a), (1.6); based on a
technique which is at least applicable for time independent and smooth 8, g,
Q. However, the fact that we analysed the Galerkin procedure assumes in
addition that the system is not convection-dominated, where we would
encounter all the well-known difficulties. This analysis has Seen presented
for a model problem, to which we will restrict ourselves later on.

One may expect that for k - (Pk)

m

(1.1a), (1.8) approximates
(P) = (1.1). This may be called a kinetic approximation and will be made
rigorous in section 2. The aim of this paper is to exploit the kinetic
approximation as a proof technique device (and possibly also as an
algorithmic device) to study order of convergence estimates for problem (P)
on the basis of the results of part 1 for the relaxed problem (Pk). There it
turned out to be advantageous to introduce a regularized system (Pk,e)
-obtained by substituting ¢ by a Lipschitz continuous P differing only near
u = 0. The relaxation and regularization is a proof device insofar as the

order of con‘)er'gence estimates, established for the finite element

approximation of (l"k 8) for appropriate k = O(h-"), e = 0(h"), where h is the



mesh parameter, then cé.rry over to the corresponding finite element
approximations of (Pe)’ the regularized version of (P), and (P). The
situation is different, if we improve on the estimates by taking a
non-degeneracy condition into account. Then we cannot dispense with the
regularization. The non-degeneracy condition describes the minimal gfowth of
u away from the front. In the one-dimensional case the following result has
been estéblished by Aronson et al. (1983). We will assume later on, that ¢ is
Hélder continuous near u = 0 with exponent p € (0,1]. If in addition the

exponent is sharp, i.e.

p(u) =z al® for u e [0,60] énd for some «, 50 >0 (1.7)
then:
(N.D.) Ae(t) = Ceg, (1.8a)
where
t
Ae(t) = i‘ m(Qe(s)) ds, | (1.8b)
Qe(t) ={xeQ: ulxt)e (0,81/(1-p)) }, (1.8c)

and m is the Lebesgue measure.

For ease of exposition we will develop our results for the following
model pr‘dblem, which keeps the specific difficulty of the non-Lipschitz
nonlinearity, but reduces the handling of standard terms:

(P) Find u(x,t) such that
atu + 8t[qp(u)] -Au=f in QT
u=0 on 80 x (0,T] u(-,0) =g(+) inQ,
where we make the following assumptions on the given data:

Assumptions (D1): @ < R% 1 = d = 3, with either Q convex polyhedral

or8Q e C'Y, £ e L(Q), g« Lm(Q)r\H:)(Q) and ¢ € C2(R) is such that

i

(1) ¢(0) =0, o(s) >0V s > 0 and ¢ is monotonically increasing (1.8a)

(ii) ¢ € C'(~%,0]u(0, ®) (1.9b)



(iii) there exist L € R" and e, P € (0,1] such that

le(a)-p(b) | = Lla-blp for all a,b € [O,E:o]. (1.9¢)

The layout of this paper is as follows. In the next section we establish
the existence and uniqueness of a solution to (P) by firstly establishling
these results for a regularised ‘r‘elaxed version (Pk,e)' In section 3 we
consider a continuous in time continuous pilecewise 1linear finite element
approximation in space to (P). In section 4 we consider a more practical
approximation employing numerical integration on the nonlinear term. Finally
in section 5 we consider a fully ©practical approximation involving
discretisation in time using the backward Euler method.

The most complete order of convergence analysis until now for the finite
element approximation of the porous medium equation, involving time
discretisation and numerical integration has been given by Nochetto & Verdi
(1988). Contrary to our approach they consider this approximation directly,
taking regularization but not relaxation of the problem into account. A
proviso in the comparison lies in the fact that in some places'we require the
mesh to be (weakly) acute, whereas they do not. In theif main error bound,
(3.4), the term e-ah‘*/‘r appears, where T 1is the time step size. This gives
the unnatural feature of an error bound deteriorating for fixed h (and e) as
T - 0. Our approach, firstly leads to their' resulting error bounds with a
less severe time step constraint; that is, T = Ch as opposed to their

restrictions t = Ch'*®? and t = ch*/*®

on not assuming and assuming (N.D.),
respectively. Furthermore, under some additional assumptions we can improve
on their error bounds 1;1 some cases. More details about these comparisons are
given at the end of. section 5.

Finally, we note that one could employ alternative forms of relaxation,

not considered here. The description of a physically caused non-equilibrium

may lead to



8,v = klu-g" (V). | (1.10)
For a nonlinearity of the type (1.3}, tp-l is Lipschitz continuous, i.e.
(1.12), (1.10) is a regular system. This type of relaxation was used by Verdi
& Visintin (1988) for the Stefan problem.

Throughout the paper we adopt the standard notation for Sobolev spaces.

We note that the seminorm

Hl(Q) and norm II-IIH1(Q)

The standard I_2 inner product over  is denoted by (¢,¢). Throughout C

are equivalent on Hé(Q).

denotes a generic positive constant independent of € the regularisation

par‘améter', k the relaxation parameter and h the mesh spacing.



2. THE CONTINUQUS PROBLEM

In this section we establish existence and uniqueness of a solution to
(P). In doing so we will develop various bounds that will be wuseful in
analysing the error in the finite element approximation of (P). Firstly we
introduce a regularized version of (Pe):
(Pe) Find ue(x,t) such that

atue + Bt[fpe(ue)] - Aue =f in Q‘r

u€=0 on 389 x (0,T] ue(',OJ = g(+) 1in Q,

where ¢_ € C’, (R) is such that

(1) ¢ (s) = ¢(s) for s ¢ (0, ") (2. 1a)
(ii) <p€(s) is strictly monotonically increasing on [O,ell(l-p)] (2.1b)
(1ii) for m € N there exists a M(m) € R":

goe(b)—goe(a] = M(m)e }(b-a) for -msa=s>b=smn (2.1c)

Note that M can be chosen independently of m, if ¢’ is bounded in R\(0,8) for

some 8 > 0. In addition we set

s

J goe(cr) do . (2.2)
o

® (s)
€

It is a simple matter to deduce from the conditions (2.1) that for all |a],
] = v v
[M(m)1 e p_(a)-g_(0) | = [g_(2)-¢_(b)1(a-b) = M(m)e™ |a-b|® , (2.3a)
and
908(81/(1.1))) = o)) g PP, (2.3b)

with L as in (1.8c). The simplest choice for Pe is the linear regularization

-1/(1-p) _, 1/(1-p) 1/(1-p)
Plole P Py,

JqJe(s) E € Js for s e (0,¢ (2.4)

In addition it is useful to consider the following problem in which the
reaction process is relaxed in time with k > O being the given relaxation

parameter.



E:(x.t),vk c(x,t)} such that

» ’

(Pk’ e) Find {uk

3 u +3v - Au =f inQ u =0 on 48N
X, € t

The above problem has been studied in part 1. We adopt the notion of

weak solﬁtion defined there and below we recall some of the results.

Theorem 2.1
Let the Assumptions (D1) hold. Then for all € € (0,80] and k > O there

exists a unique weak solution ‘{ul'c e Vi 8} to (Pk ) such that

})

<l ®

usu =u and v =v =

e ‘e in Q_ ‘ (2.52)

2 2 Y-

VY, eli2q) * 180 eli2q, * 18, el = €K (2.5b)
T T T ‘

where u, u, v, v € C(Q) are all independent of € and k. Furthermore, if g and

f = 0 one can take u = v = 0.

Proof: This result with uy, u, v, v € Cl0,T], all independent of £ and
uniformly bounded in k, 1is proved in Theorem 2.1 of part 1 in the case
v;’e(uo) =g(+) e L%(Q) for all k > O and € € (0,80]. That proof is easily
adapted to the pr‘eéent case. Furthermore, noting Remark 2.1 of part 1 yields
the above choice of u, u, v, V. We note for later purposes that u and u

depend only on Q, |f| « and |g| o

e .
L (QT) L (D)

Lemma 2.1

Under Assumptions (D1) we have for all € € (0,80], Kk >0and t € (0,T]

that
. 2 2
e]V<p€(uk’€)|L2(QT) ¥ “’e(“k,e(_"t”'“ * kl(pe(uk,e) Vk,e‘l_z(ol_)
0|2 - 2, =¢C 2.8
v el 2 vk Iatvk,elLZ(QT) ' (2.8)



Proof: This result is proved in Lemma 2.2 of part 1 in the case
v 8(-'0) = g(+) € L”(Q) for all k > 0 and € € (O,z:0 I. That proof is easily

adapted to the present case. (]

For k € IR: = R" U {w} and for sufficiently smooth w we set

2 2 -1 2
Iwll = + .
‘ El(k,t) Iw'LZ(Qt) R ; |W( » t) |L2(Q)
and
2 ' 2 t 2 1 2
1T wil = + . + k- )
Wie (k,t) "w"E (k,t) XIVIW( ’S)dS|L2(Q) k |Vw|1.2(o )
2 1 o t
Lemma 2.2

Let the Assumptions (D1) hold. For 0 < k2 < k1 and for all e € (O,eo]

let {uk,vk} be the unique weak solution to (Pk ), i = 1, 2. Then for all

11 €
t € (0,T] we have that
2 2 2
flu  -u + g|p_(u )-¢_(u ) |2 +ellv. -v 1
Kk E (k_,t
Ky € k€ E (k,t) € k,e T k,€ 'L(Q) ko€ Tk, & E (k,t)
-2 2 -1
< = Ck_". .7
Ck_ |8, v, ,€|Lz(0) Ck, (2.7)
2 T
Proof: Let e = u -u and e’ = v -V . Then subtracting the
k, € k€ k€ Kk, € k€ k€

first equation in (l”k e) from that in (Pk

t
e ), multiplying by J e:
2 8

8(°,0‘)d0‘, '

» ’

1

integrating over Qt’ where s is the integration variable in time, and
performing integration by parts yields that

t t
u 2 u 2 _ _ v . u .
|ek,€|L2(Qt) + x]vgek °,s)ds|L2 i(ek’s( .s)),ek e( ,S))ds. (2.8)

,e( o ,

t
Repeating the above, but multiplying by e: 8(',s) in place of J"e: E:(~,0')d<:r
s

yields that

%|e’ %
X

LoD * |Ve

t
u 2 v
,s(.’t)l .2 - -g(asek

u
k, €L7(Q)) e('.S)),ek E:(°,s))c1s, (2.9)

? ’

Combining (2.8) and (2.9), and noting (2.3a) yields that

10



+ [M(m)]-lel‘P;(u )"Pg(uk e) |l2.2(0 )‘
1’ 2’ t

t
u 2 u
= "ek,suE (k_,t) * J‘(qpe(uk ,s( ’,S))—q)e(uk ,e("S))'ek,s(“’S))ds
271 o} 1
1 -1, ¢ 2
= (k1 -k2 ) g(asvkz’c(- ,S), e (- s))ds = Ck | N ka a‘l. (0) (2.10)

where [inf u ,sup u] & [-m,m], see Theorem 2.1.

Finally, subtracting the second equation  in (Pk ) from that in
2)
(F’k e)’ multiplying by e: e and integrating over Qt yields that
1’ ’
v 2
k,€ E_(k_,t)
11

le = o (u  _(+,8))=p_(u  _(+,5)),e! (+,5))ds +
o]

1’ 21 ’
t
-1 . v
+ (1-k k) Jle (u ,e("S))—Vu ,e(nS),ek‘e(',s))dS
0 2 2
2

t ks elL(Q) (2.11)

= ceTk o,V

Combining (2.10) and (2.11) yields the first inequality in (2.7). The second

inequality then follows from the bound (2.6). o

Assumptions (D2): In addition to the Assumptions (D1) we assume that

f e H'(0,T;L%(Q)), g € HA(Q) and that k = k.-

Lemma 2.3

Under Assumptions (D2) we have for all € € (0,80] and t € (0,T] that

2 2
quk' 22 lL 493 * Iatuk,SILz(QT) * elatvk,e|i_2(o ) * elat[qae(u )] IL (o )
-1 2 2
7 lom, (0 B, + elay, 0 g, ¢ 198, ew,_zwr)] :

(2.12)
Proof: The result (2.12) is proved in Lemma 2.3 in part 1. al

We will prove existence of solutions of problems (P::) or (P) in the

following sense.

11



Definition: u, is a weak solution to (Pe) if u_ € LZ(O,T;H;(Q)) is such
that ¢ _(u) e LZ(QT) and for all test functions 7 e L2(O,T;H;(Q))n
H'(0,T;1L%(Q)) with 7(+,T) = 0 in Q

é‘{ - [ua + <pe(u8)]6t~n + Vue.V-n - fn } dxdt - ([g(:) + <p€(g('))],n(',0)) =
T

A similar definition holds for (P) with U and qoe(uc) replace by u and ¢(u).

Remark 2.1

For problem (Pc) we will also use the stronger notion defined in part 1:
u_ € L%(0, T;H (2))nH' (0, T;L%(R)) is such that ¢ (u) e H(0,T;L%(Q)) and for
all n e L%(0, T3 H (Q))

J{ at[ue + goe(ue)]n + Vue.Vn - fn } dxdt = 0, ue(',O) = g(+) on Q.

O

Lemma 2.4
Let the Assumptions (D1) hold. Then for all € € (0,80] if there exists a

weak solution U, of (Pe), then it is unique. Furthermore, if it is a solution

in the sense of Remark 2.1, then

|vu_|%2 = cl|f|%

(2.13)
el

+ |g|% *+ e ()|

L (Q ) L () L (Q)

Proof: Let e = u;-uz, where u::, uz are two weak solutions of (PC). Then
T
subtracting the two defining equations and choosing 7n(+,t) = fe(+,s)ds yields
. t

X|V,I‘e( ,s)ds|L @ <0

|e‘ia(o )
T

and hence uniqueness.
If u8 is a solution in the sense of Remark 2.1, then we can choose 7 =

ue in Remark 2.1 and obtain

L2 + gfue.

$lu (T [% o+ [Tu |2 o+ ga lo_(u)lu, = %|g|%
T T

€'L (QT)

12



Noting that

.fat[qoe(ue)]ue = [(goe(uc(-,T)),ue(-,T)) - (goe(g),g)] -

O

_ . _ 2 2
(@ _(u (-, T)) - @ _(g(+)),1) = -% [](pe(g)ILz(Q) + IgILz(Q)],
since 0 = @e(s) = :pe(s)s for all s € R; the desired result (2.13) then

follows from a Gronwall inequality. [w]

Theorem 2.2
Let the Assumptions (D1) hold. Then for all £ € (0,80] there exists a

unique weak solution u_ to (Ps) and for all k > 0 and t € (0,T] we have that

2 2 2
lha uk,ellsz(w’t) + elgoc(ue) goe(uk’s)h_z(ot) + elgoe(uc) vk’€|L2(Qt)
-2 2 -1
= Ck | tvk,e|L2(QT) < Ck . (2.14a)
In addition
|\7u€|[_2(Q ) = C (2.14b)
T
and
< U 3 »
us=u =u inQ, (2.14c)

where u, u € c®(Q) are independent of . Moreover, if g and f = 0 then u, = 0

in Q‘r'

Proof: Firstly, we establish the existence of a weak solution to (Pe)' Let

k 2w as n » o and let {u 'V } be the unique weak solution to (P ).
n k ,& k ,€ , kL€

’ ?

n n

2 2
e Vi ,s} is Cauchy in L (QT) x L (QT), and

n

It follows from (2.7) that {uk

,

: 2 2
therefore {ukn’e,vkn,a} > {us,ve) in L (QT) x L (Q'r) as n » «. In particular

the bounds (2.5a) hold true for the limit.
We next restrict ourselves to Assumptions (D2) and show the existence of

a solution in the sense of Remark 2.1. Due to Lemma 2.3 {uk e} is bounded in
n’

LZ(O,T;H;(Q)V) and in H'(0,T;L%(Q))n{n:n(+,0)=g(+)} and {v. .} 1is bounded in
n’

13



Hl(O,T;LZ(Q))n{n:n(-,0)=q)e(g('))}. Therefore <[uk eV 8} converges weakly
n’ n'

in the corresponding spaces to (ue,ve}. Thus we have shown all the properties

in Remark 2.1, if we can verify that v, goe(ue). .Because of (2.1c) and
2.5a) it foll 2 [

(2.5a) ollows from ukn’e > u in L (QT) that qpe(ukn,e) > <p8(u€) in
2

L (QT). Furthermore, (Btvkn’s)/kn = q>e(ukn’e)-vkn’e and the left hand side

converges to zero in LZ(QT) due to (2.6). Hence passing to the limit yields

v E tpe(us). Therefore under Asssumptions (D2) there exists a solution u, to

(Pe)’ in the sense of Remark 2.1, satisfying (2.14c). Uniqueness follows from
Lemma 2.4. (2.14b) follows from (2.13) and (2.14a) follows dif‘ectly from
(2.7) by letting k = o
We now weaken the assumptions to (D1) and approximate the data with
gj € H3(Q) and f! e H1(O,T;L2(Q)) such that gj and £} are uniformly bounded
independently of j and ’ |
gj > g, q)e(gj) > qae(g) in L2(Q) and f'5f in LZ(QT). (2.15)

Then there exist corresponding solutions u’ of problem (Pe)’ in the sense of

J

€

Remark 2.1. Let e" = ui—u; and e' = vé-v;. Subtracting the corresponding
T

solutions and using the test function n(-,t) = Je¥(e,s)ds and performing

t

integration by parts yields

T
uie u. 2 Iy 1,2
|e LZ(QT) * %IV;Fe ( ’t)dtle(Q) * elcpe(ue) ws(ue)‘l.z(or)
J Iy — 1ot 1yq2 _o1y2
= Cllg™e (g)] - lg+p (g)]]| 2 + Clf-f '“2‘%" (2.18)

where we have noted (2.3a). Therefore {ué} is Cauchy in Lz(QT) and {ué} >
{ue} in Lz(Q_r). Next we note that .the bounds (2.5a) hold for {u;‘:} with u and
u independent of Jj (and €), see (2.15) and the proof of Theorem 2.1.
Therefore we conclude, as above, that qpc(ui) > q)e(ue) in LZ(QT). In addition,
it follows from (2.13) that {ué} is bounded in LZ(O,T;H;(Q)) and therefore
weakly convergent in this space. This enables us to pass to the limit J » =

in the defining equation for a weak solution and I}ence conclude the existence

14



proof and that (2.14b) holds. Uniqueness and the bound (2.14c) follow as
above.

Finally, we need to prove the bound (2.14a). Firstly, we approximate the

data as in (2.15) for problem (F’k €) and establish (2.14a) for {ue,u }

v
k,£' 'k, €

replaced by {uj,uJ v},

e Y e Vi e With a similar proof as for (2.16) we conclude

the analogous stability result for (Pk e)' Furthermore, noting that (2.8)

holds independently of (D2), we can pass to the limit j - o in (2.14a) and

hence obtain the desired resuit. [u]

Lemma 2.5
Under Assumptions (D2) we have for all € € (0,80] that

2
lu —u |l

€ k€ E(@,t) * 8I¢e(ue)—¢e(uk,s)l * e|q>e(ue)-v

% | 2
L7, k,e'L7(Q)

= ce k2. (2.17)

Proof: The result follows from the first inequality in (2.14a) and from

(2.12). u|

Theorem 2.3
Let the Assumptions (D1) hold. Then there exists a unique weak solution
u to (P) and for all € € (0,80] and t € (0,T] we have that

(14p)/(1-p)

2 2
Iu-u_i , +eleti=g tu) |2 S CA(L) e (2.18)

©,t
€ E2( » t)

" In addition, the bounds (2.14c) hold for u and if g and f 2 O then u = 0 in
QT-
Proof: To prove existence of a weak solution to (P) we let € » O in (Pe)' Due
to (2.14a) the unique weak sélution u_ to (Pe) is such that {ue,goe(ue)} is

o s : R d
the 1limit of a sequence ‘{ukn,e’we(ukn,e)} with respect to | “Ez(m,t) an
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for kn - o, where uo is the unique weak solution to (Pk s:)' We

n’ n'

’ lx_z(ot)

apply Lemma 2.1 of part 1 to uoootu o and let kn - o to conclude for
n i n J

€ agjzei>0that

2 (14p)/(1-p)
flu_-u i [(p (u ) ¢ (u, )| =< Ce .
e € Ez(w,t) e e, L) 3

Thus {ue} is Cauchy in L2 (QT), i.e. u, > u in L° (QT). The bounds (2.14c)
\ .

also hold true for the limit and due to .(2,14b) we have also weak convergence
in Lz(O,T;H;(Q)). Therefore to pass to the limit in the weak formulation we

only have to show that ¢ (ue) > ¢(u) in L2(QT). This is done as in the
11

proof of Theorem 2.2 of part 1: We have from (1.9), (2.1) and (2.3b) that

fotu)-¢_ (u_ )[ = |o(u) —plu_ )| + Jolu, )(p (u )|
&

L(Q) L(Q) L(Q)

e L (Q )

and hence the desired result. Uniqueness follows as for (Ps)’ see Lemma 2.4,

with P replaced by ¢.

Finally to show (2.18), for convenience we repeat a simplified version
of the proof of Lemma 2.1 of part 1: Let €' = u-u_ and e = qo(u)—qoe(us).

Using once again the primitive of e” as a test function yields that

t
Ileulli o) = -J(e'(+,s),e"(+,s))ds
2 0

and therefore

e + [M(m) ] e fplu)-p_(u )|
2

(o0,t) L (Q )

t
= f((p(u(',s))-soe(ue(°,s)), (Z-u)(-,s))ds;
0

where ¢ = <p;1(<p(u)) if e(u) e (0,<p(ep/(1-p))) and ¢ = u otherwise, and
[inf u, sup ul] € [-m,m)]. Hence the desired result (2.18) follows from

noting (1.8) and (2.3). o
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Lemma 2.6

Under Assumptions (D2) we have for all t € (0,T] that the unique weak

solutions u and u . of (P) and (Pk e) are such that

1)

(i) On choosing € = ck '™ < £,

fu-u I < cx (P72

k,€ E,(,t) , lp(u)-p (u )|

-p
e Y e s Ck ". (2.19a)

2
L (Ot)
T b ‘

he above also holds trjue with uk’s and goe(uk’C) replaced by u and go(uk),

respectively; where u is the unique weak solution of (Pk).

-2(1-p)/(3-p}

(ii) On assuming (N.D.) and choosing € = Ck s e

0

lu-u I < ck ¥ P = CK

-(1+p)/(3-p)
k,€ E_(®@,t) ! ’

|<p(u)-qp8(uk’€)|

2

L (Qt)
(2.19Db)

Proof: The desired results follow immediately from (2.17), (2.18) and Theorem

2.2 of part 1. u}

Problem (P) is strongly related to a degenerate problem, whiéh has been
investigated 1intensively, the (generalised) porous medium equation
aw - AlB(WI] =f inQ, (2.20)
where B: R > R 1is continuous and strictly increasing, and without loss of
generality B(0) = 0. The (classical) porous medium equation is given by
B(w) = sgn(w)|w|™ for some m > 1. A change of variables yields (1.4a) with
¢ = B!, Obviously (P) is of the form (1.4a). On the other hand, (1.4a) can
be written in the form of (P), if we assume that ¢ satisfies (1.9) and, as
Nochetto & Verdi (1988), for some o > O
¢’(s) z a« for all s € R, (2.21)
where we allow for ¢’(0) = o; as we can substitute 3t1~1 by ocatu in the
_definition of (P), which amounts to substituting ¢ by ¢/« and scaling t by
1/a. Actually, we can even cast problem (1.4a) in the form of (P) if we only

assume for every m > O

¢'(s) z a(m) > 0 for all s € [-m,m]. (2.22)

17



This condition is satisfied, if e.g. B € CI(R) and B‘(s) > O for s # 0. The
above statement can be seen as follows . As already noted, we can substitute

8,u by @d u in the definition of problems (Pk e)’ (Pe) and (P) without

affecting the developed theory. In particular the bounds u, u for the

u-component are independent of o and ¢. Choose m = max {llgIILco(m, IIGIle(Q)}

and a = «a(m) according to (2.23). This o we take in the definition of (P) and’

¢ = go(u) defined by

¢(s) -as |s| = m. K (2.23)
$(m) - am s =z nm

(0 ¢{(-m) + am s = -m
¢ (s) =

Then <p(a) satisfies (1.9), if ¢ does so, and as the solution of (P) fulfills

llulcho = m, we have that au + (p(m(u) = ¢(u), i.e. the solution of (1.4a)

(QT)
is the solution (P).

The existence result for (P) in Theorem 2.3 is not new. It 1is quite
comparable to the basic results for the generalised porous medium equation,

(compare e.g. Sacks (1983)). What is of importance for the following, is the

precise information about its approximation by (Pk e)’

18



3. A CONTINUOUS IN TIME FINITE ELEMENT APPROXIMATION

We now consider the continuous piecewise linear finite element
- approximation to (Pk,e)' We make the following assumptions on the data and
triangulation:
Assumptions (D3): '~ In addition to the assumptions (D2) we assume that the
constant M in (2.1c) can be chosen uniformly for all s € R. (In view of the
bounds (2.14c) for u, see Theorem 2.3, this is always achievable by changing
p(s) for |s| =z m = max{-u,u}) Let Q" be a polyhedral approximation to &

defined by Q° = u K with dist(8Q,8Q") = Ch® where T is a partitioning

KkeT

consisting of regular simplices k with hoc = diam(k) and h = max h . For ease
' keT

of exposition we assume that Qh < Q.

We introduce

n
1}

{ x e c@ : le is linear for all k € T" }

h

. { xes": x=0 onaa".

and S

L}

In the analysis that follows we extend x € Sh from f-lh to ﬁh\ﬁ by zero. Let
LA c®(@) -» S denote the interpolation operator such that for any
we C), mwe S satisfies
(nhw)(xi) = w(xl) for all nodes x of the partition .
Let Pi . 1%(2) > S® denote the L2 projection such that for any w e L°(Q),
Pﬁw € Sh satisfies
(w—Pﬁw,x) =0 Vye st

Let P; :.H;(Q) - SZ denote the H' semi-norm projection such that for any

1 1 h o
weH(Q), Pwe S satisfies

0 h 0 v

(V(w-P'w),Tx) =0 V x e s

We recall the standard approximation results, for all k € Th

= Ch®™w| 2,q  for m=0 and 1 and
K W

lw_"h“'ﬂ""quc «(K)

)
Vgell,w ifd=2andV qe (3/2,w] if d =3 (3.1a)

19



(¢} m .
|w Phw 2 = Ch lenm(Q) form=0, 1 and 2 (3.1b)

and

1 1 .
|w—Phw|L2(Q) + h|w—Phw| = Chm]wlﬂm(m for m =1 and 2; . (3.1c)

H (D
where in (3.1a) we note the imbedding Wwik) ¢ c°Kx) in the case d = 2, see

for example p300 in Kufner et al. (1977).

Another result that will be useful later is that

| (T-m e () | = h|Vr [p (x)]] Ve Sg . (3.2)

L2 Rto)
This result is proved in Elliott (1987), p68, with h replaced by Ch on the

righthand side of (3.2). However, it is easy to see from this proof that C

can be taken as 1.

The approximation to (P’k e) we wish to consider first is:

’

(F" ) Find "
k,E k, €

r 14

€ H1(O,T;Sg) and v: . € H'(0,T;S") such that

)

h h h - h
(Btuk’e + atvk,s,x) + (Vuk’e,Vx) (f,x) Vxe S0
h _ h ,_.h h
(atvk’e,x) = k((pe(uk’e) vk’e,x) VxeS
h S h . . .
uk’e(',o) = Phg( ) Vk,e( ,0) Ph[we(g( N1

Theorem 3.1
Let the Assumptions (D3) hold. Then for all € € (0,80] and h > 0 there

. . h h h
exists a unique solution {uk’e,vk,e} to (Pk’ ) and

h h ‘ )

"uk,E:“Lm(Q ) Ilvk’elll_c:o(0 y = C(k,h). (3.3)
T T
Proof: See the proof of Theorem 3.1 in part 1. o

Firstly, we have the following analogue of Lemma 2.3.
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Lemma 3.1

Under Assumptions (D3) we have for all € € (0,80], h >0 and t € (0,T]

that
h h 2 h 2
|Vuk,€ ' t) IL @ * | tuk,e|L2<oT) * elatvk,lez(QT) * e!at[‘oe(u )] |L (@) *

-1 h 2_ - h 2 2
k [1atuk’€( %2 * elagt G0 ¢ [VEE S)ILZ“’T’]

= C(1+ke %nY). (3.4)

Proof: See the proof of Lemma 3.1 in part 1. u]

In order to analyse the approximation (P: e) it is convenient to

introduce the associated lineaf problem :

(P ") Find W™ e H‘(o,'r;sh) and v*’" e H'(0,T;S™) such that
k,& k,E 4

(3 TR I

’ — h
e tk.x)+(Vu "V = (£, %) Vxes,

)

&
(3tvk’€,x) = k(g (uk e)—vh’ X)) Y x € s"

uy(+,0) = Pg(s) vy (,0) = Pl (g(+))].

The existence and wuniqueness of (uk e’ ’e} solving (P:’;) for all

€ € (O:eo] and h > 0 is easily established and we have the following result.

Lemma 3.2

Under Assumptions (D3) we have for all € € (0,80], h >0 and t € (0,T]

that

h
k,€

h,* h 2
itu -u
k,€ k,& Ea(k,t)

+ k_28|V(u2’ - t)|

L (Q)

+elp (u )- ¢(u )|2 + eliv® =yt 2
€' k,E kel !z k,€ 'k, € E (kt)
t

_h’lz
k,€ k,&' 2
’ L(Q)

s ce'u (3.5)

Proof: See the proof of Lemma 3.2 in part 1. o
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Lemma 3.3

Under Assumptions (D3) we have for all € € (O,eO], h > 0 and t € (0,T]

that
t
h,* 2 2 et 2
uk,s uk,e L2(Qt) *h Iv‘g(uk,e uk,S)( ,s)dlea(m
< cpt 2 2 -1, 4
Ch Iuk,e‘Lz(O,t;Hz(Q)) * lglﬂz(ﬂ) =Ce'h (3.6a)
and
viu ~u™ (0%
Kk, k,€ ’ L7
< cn? 2 2 -1,.2
Ch luk,elﬁl(o,t;ﬂi(ﬂ)) * luk,ele(O,t;Hz(Q)) = Ce kh~ (3.6D)

Proof: The first set of inequalities in (3.6a&b) are proved in Lemma 3.3 of
part 1. The second inequalities in (3.6a8&b)} follow from noting (2.12) and

under the stated assumptions on Q that for r € [1, ]

|uk,€ILr(0,T;H2(Q))

= c[[a u 8 |£]

el miZan 18k el o, e L (0, T;L (Q))] :

and hence from (2.12) that

2

lu |2 2 2
k,€'L7(0, T;H ()

1200, T;H2(2)

1

=Ce and |u | = Ce k. (3.7)

One could approximate directly the problem (Pe) without relaxing the
reaction process by introducing
(P)) Find u} € H'(0,T;S]) such that

(0,07 + 8,lp (D1, 1) + (WL, = (£,2) V x e

h = 1 .
u e( ,0) Phg( )
In addition one could approximate (P) without relaxing the reaction process
or regularizing by introducing the problem (P"), the same as (P:) with ¢_

replaced by ¢. We have the following result.
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Theorem 3.2

Let the Assumptions (D3) hold. Then for all € € (0,80] and h > O there

exist unique solutions uz to (PZ) and u" to (P"). In addition for all

t € (0,T] we have that

h h 2 h h 2 hy _h (2
ha - 1l + - -
Ye %, e E_(®,t) el(‘oe(ue) (pe(uk,e)‘Lz(Qt) ¥ c[we(ug) vk,s'LZ(Qt)
< ok 2l B |2 < el 2 -2 4
Ck |¢3t k,€|L2(QT) Ce k “(1+ke “h’) (3.82)
and
h h,2 h hy 2 (1+p)/(1-p)
- + -
lu ue"sz(oo,t) glpu) qoe(ue) |L2(°t) = Ce . (3.8Db)

Proof: Existence and uniqueness of solutions to (PZ) and (Ph) follow from
discrete analogues of Theorems 2.2 and 2.3. The first inequality in (3.8a)
and (3.8b) are discrete analogues of the first inequality in (2.14a) and
(2.18), respectively, and are proved in similar ways. The second inequality

in (3.8a) follows from (3.4). u]

Theorem 3.3

Under Assumptions (D3) we have for 'all € € (O,eo], h >0 and t € (0,T]

that
\u—u::’lez(Qt) + e|qp(u)—go€(u:’£) |iz(ot)
s Cla_(t) M7 4 Py ) (3.92)
elgo(u)-vt'elizmt)
= Cla_(6) TP 4 P 4 ek 4 7L (3.9b)

Proof: The result (3.9a) follows directly from (2.18), (2.17), (3.8) and

(3.5). The result (3.9b) follows directly from (3.9a) and (3.8a). a)
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Corollary 3.3

Let the Assumptions (D3) hold, then for all h > 0 and t € (0,T]:

(1) Under no assumptions on non-degeneracy, we have ~on choosing
e = cpi(1PI/(3-P) _ e, and k = Ch™¥ 3P that

| _“2,e|L2(oT) = cp2 PSP (3.10a)

lg(u—u:’e)(',s)ds|n1(g) s cp!t*P/E P (3.10b)
and

Iw(u)—%(u:’e)le(QT) + l‘p(“)"’:,elf(oT) = ch‘p"s"”. (3. 10c)
(ii) Assuming (N.D.) and choosing € = chZ1-p)/(2-p) = g and
k = ch'P®/ P e have that

|u—u:’€|L2(QT) < ch?/% P (3.11a)

l.z‘(u—u:’e)(',s)ds W = chl/ (2P (3.11b)
and

""(“)‘*”e(“:,e’lLZ(oT) + pw)-v, |2, = CalVPIERY (3.11c)

L
(Q,r)

Proof: Noting the non-degeneracy condition (N.D.)=(1.8a) in the case of
(3.11); (3.10a8&c) and (3.11a&c) follow directly from (3.9a&b). (3.10b) and

(3.11b) follow from (2.18), (2.17), (3.6) and (3.5). n]

Theorem 3.4
Let the Assumptions (D3) hold. Then for all h > O and t e (0,T] the
unique solutions u:: to (PZ) and " to (PM) satisfy the following error bounds

(1) (3.10) for {u"

\'2
k,c’

h h h h h
k,S’(pe(uk,s)} replaced by (a) {ue,we(ue),we(ue)}

4(1-p)/(3-p) < 80 and (b) {uh,qo(uh),q)(uh)}.

with € = Ch

h h h
and (ii) (3.11),\ assuming (N.D.) holds, for {uk’e,vk,e,goe(uk'e)} replaced by

h ‘h h 2(1-p)/(2-p)
= =
{ue,(pe(ue),goe(ue)} with € = Ch €

- 24



Proof: The above error bounds follow by combining (3.8) with (3.10) and

(3.11). o

Remark 3.1

If we know that u satisfies the non-degeneracy condition (N.D.), then
from the error estimates above it is better to approximate (P) by (Pz), with

the appropriate choice of €, rather than (P"). o
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4. A MORE PRACTICAL CONTINUOUS IN TIME FINITE ELEMENT APPROXIMATION

The standard Galerkin approximation analysed a_tbove is not practical as
it requires the term (qpe(uz E:),x) to be integrated exactly. This is obviously
difficult in practice and it is computationally more convenient to consider a
scheme where numerical integration 1is applied to all the terms and the
initial data 1is interpolated as opposed to being projected. Below we
introduce and analyse such a schenme.

0,=h
For all W, W € C(Q) we set
h =
(w1’w2) B J~h T[h("ﬂwz)
Q

as an approximation to (wl,wz). On setting

[(w,w)h]x for w e Co(ﬁh),

vl

we recall the well-known results
h
|x|L2(Qh) = lx[h s C1|x|L2(Qh) VxyeS, (4.12)
and form =0 or 1
h 1+m h
léh XXy = ()| S Ch il oh il lmeon Y ox,, %, € S (4.1b)
We make the following assumptions on the data.

Assumptions (D4): In addition to the Assumptions (D3) we assume that

£ e H'(0,T;C°(Q))nL%(0, T; HA(Q)).

A more practical approximation to (F‘k 8) than (P: e) is then :

»

(" ) Find & e B'(0,T:S") and v e H'(0,T;S") such that
k,€ k,€ 0 k, €

"h “h h “h _ h h
(atuk’c + atvk’e,x) + (Vuk,s.vx) (f,2)° Vx eS|
h

h h
k’e,x) Vxes

~ N ~n -
(6tvk,e,x) = k(we(uk,e)-v

Ah —1 ° Ah L] - °

u 8(-,0) = nhg( ) v e( ,0) nhlwe(g( DR

» »

We have the fo'llowing analogues of Theorem 3.1 and Lemmas 3.1.
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Theorem 4.1

Let the Assumptions (D4) hold. Then for all &£ € (O,CO], h > 0 there

exists a unique solution {u’ ,v" } to (P ) and 1® Il w ., Iv" Il »
k,€ k,&€ k, € k,€ L (QT) k,€ L (QT)

= C(k,h).
Proof: See the proof of Theorem 4.1 in part 1. [s]

Lemma 4.1

Under Assumptions (D4) we have for all € € (0,80], h >0 and t € (0,T]

that
, |v§2'€(-,t) IEZ(Q) * lata:,eliZ(O )
te at;:,s:‘iz(e ) * e|6t1th[;p€(u )] ‘L (0 )
['at K, e t)IL §9)] * elat k, e t)lL @ " |V(at k, e)lfz(or)] = C.

(4.2)
Proof': SeeAthe proof of Lemma 4.1 in part 1. 8]

Assumptions (DS): In addition to the Assumptions (D4) we assume that

The triangulation T" is such that (i) for d = 2 it is weakly acute; that
;s, for any pair of adjacent triangles the sum of opposite angles relative to
the common side does not exceed w; and (ii) for d = 3 the angle between the
vectors normal to any two faces of the same tetrahedron must not exceed /2,
see Kerkhoven & Jerome (1990).

From the above it 1is easy to deduce that the stiffness matrix
v{(Vxl,ij)}i’Fl; where (xl}i=1 are the iInternal nodes of the partitioning
and X € Sg is such that xj(xi) = 61)’ i,j =1 - I; is an M-matrix. From this

property one ca.nA deduce that-

M E:IVTI Lo (x)1| = (VVn Lo (1)) V¥ x e s;‘,v (4.3)

L (D
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see §2.4.2 of Nochetto (1891).

Corollary 4.1

Let the Assumptions (DS) hold. Then the unique solution (u: s’;: 8} to

(P: e)’ € € (0,50] and h > 0, satisfies the bounds (2.5a). In particular, if

~

“h h
=
g and O then uk’e, vk,e z 0 in QT.

Proof: See the proof of Corollary 4.1 in part 1. o
We now have the analogue of Lemma 2.1.

Lemma 4.2

Under Assumptions (D5) we have for all € € (O,eo], h >0 and t € (0,T]

that
“h 2 “h h “h “h 2
eIVnh[coe(uk,e)]le(QT) + (Qe(uk,e( ,8)), 1)+ klnh[%(uk’e)] vk’ele(QT)
“h . 2 -1 ~h 2 <
+ |vk’€( ,t)]Lz(Q)+ k latvk,ele(QT) s C. (4.4)
Proof: See the proof of Lemma 4.2 in part 1.
We now prove the analogue of Lemma 4.2 for the solution {u: e,v: s} of
h
(Pk,e)'
Lemma 4.3

Under Assumptions (D5) we have for all € € (0,80], and for all h > O,

provided Me 'kh® = 1, and t € (0,T] that
: h 2 h h y_ h |2
s]V[nhwe(uk,e)]le(QT) + (<l>€(uk'€( yt)),1) + klwe(uk,e) k,ell_z(or)

+ |vh

s C. (4.5)
Kk, €

(,t)])%2  + k

_11
L ()

h 2
2
atvk, € |L (QT)
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Proof: See the proof of Lemma 4.3 in part 1. a

Lemma 4.4

Under Assumptions (D5) we have for all € € (0,80], and for all h > O,

provided e 'h® = C, and t e (0,T] that

h “h 2 h “h 2 h “h 2
1RV -u + € u - u + glly -V Il
k,E k,& Ez(k,t) lq)e:( k,e) qoe( k,e)‘ 2 €

L (Q ) k,€ k,€ E (k,t)

=< C[e°1+|lith¢8(g)||§1 1h% + Clh*|(I-n e (g)IL !

= Ce n2, (4.8)

Proof: The first inequality in (4.6) is proved in Lemma 4.4 of part 1. From
(3.2), (3.12) and (2.1c) we have that

| (I-m ) (g)lL @ = = 2l(I-m)e (m g) |L @ b olegle)-e (n g)lL !

2h*|vin o _( g)]| + Ce™%n* = ceT'n?, (4.7a)

IA

L ()
since from (4.3) it follows using a Young’s inequality that

M e|V[n e (m g)]l (V(nhg),v[nh<p€(1;hg)])

L ()

- (Ag.nhtpe(nhg)) - (V(g-nhg),V[nh¢>e(rrhg)])

C(1+¢ h%). (4.7b)

1A

Noting these bounds yields the second inequality in (4.8). o

We now improve on the bound (4.6) in the physically interesting case of
given data g and f =z 0 yielding u, :1:’8 z 0 in Q‘r'
Assumptions (DB): In addition to the Assumptions (D5) we assume that
(1) c R, d=1or 2 and T" is a quasi-uniform partition if d =2; (ii) g
and £ = 0 and (iii) ¢ € c%(0,w) such that ¢’’(s) = 0 for all s > 0 and there
exist an s such that ¢(s) = s¢’(s) for all s € (O,So).

We set ’(pe to be the following quadratic regularization of ¢
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p(s) for s z &

goc(s) ={as® +bs forse [0,8] ; (4.8)
bs for s = 0
where a = 8 '/ (8) - 5 9(8), b = - ¢'(8) + 28 '9(8) and & = 7' 5o that

¢, € cl(R).

As (ii) 2 u =z 0 in QT, see Theorem 2.3, we can choose ¢(s) for s < 0 as
we please. As (iii) holds it follows for € sufficiently small that
0<bs= Cis:-1 and —Cée(p—m/“-p) < a =<0, see (2.3b), and hence ¢, satisfies
the conditions (2.1b&c). Extending ¢ so that ¢(s) = tpe(s) for s = 0, we have
that (1.9) holds and e satisfies (2.1a). Therefore all the results proved so

far in this paper hold under the Assumptions (D). We note for example that

e(s) sP? for s =z 0 with p € (0,1) satisfies (1.9) and (iii) above.
From (i) we have the discrete Sobolev imbedding result

h
YV x e So’

%], »q, = ClIn(1/0)17|x| 1 o = ClIn(1/h)] Tlvx| 2

(§9)) L (D)

where r = 0 if d = 1 and r = ¥ if d = 2; see for example p67 in Thomée
(1984). As noted in part 1, the quasi-uniformity restriction is not really

restrictive in practice.

Lemma 4.5
Under Assumptions (DB) there exists an Eo s g, such that we have for all

€ € (O,EO] and for all h, provided Me 'kh® = 1, and t € (0,T] that

h “h 2 h “h
"uk,e uk,e“!—: (k,t) * €|Tth[<p€(uk’€) goe(u )] l1. (Q )
2r 4 -2/(1-p) h 4
CklIn(1/h)17e 2h [u l k,E L (o t; HZ(Q))+8 |V( k, 8 k e) |1_4(0 t;Lz(Q))] *

- 2r
+ Ckle +Il1th¢>e(g)lIH1(m]h + ClIn(1/n)] I(I—n (g)lL ™
s Ck[In(1/h) 1% n* {1+ 42 O Phenf 146 %k0%)) (4.9a)

and
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h “h 2
ellv -V Il
k,€ k,€ El(k,t)

IA

f:[th‘rs|1rh[<p€(u',:’e)-svs(:l iz ek | (Imm Do () | %2

L (Q ) L (Q)
-1, 2 h “h 2 -
= C[k 'h +e]nh[qpe(uk,8) “’e(“k,e)]lnz(ot)]' (4.9Db)

wherer =0 if d=1andr =% if d = 2.

Proof: The first inequalities in (4.%a) and (4.8b) are proved in Lemma 4.5 in

part 1. We note, in a similar manner to (4.25) in part 1, that

(e (8 |1 g, = = 20| (T-m e (m@) |10 + [0 (@)-0 (m@) |1 0]
2
< Ch LZ h|go€(1thg) Iwz’l('c)] + Cen’
€T
< Cent[ 1+ 8-2/(1-p)h4], (4.10a)
(p-2)/(1-p)

since from (4.8) we have that -qp;’(°) = Ce and hence from (2.1c)

and (3.1a) it follows using a Young’'s inequality that

o196
KET

m &) 21, = |(o. (n g)Vin g),V(mg))| = [(Vip (m g)],V(n g))]

€ K)

A

|Co (m g),0g) | + |So.(m g)Vg.n| + [(p.’ (m g)V(m g),V(g-m g)) |

a0

< ce! s CS(p-Z)/(l—p)hZ’ (4.10b)

where n is the outward unit normal to 48Q. From (3.1c), (3.7), (3.5) and

(3.6a) and an inverse inequality we have that

h 2 pl 2 h 2
lv(uk,e—uk,e) lr_?'(or) 2l |V(u k,€ huk e) le(oT) IV(Ph k,€ uk,e) ILZ(QT)]
h 2
s Cen’ + o IPn K, € uk,elLZ(QT)
G2 h,* h 2
= Ce”'n® + on” [luk e Y, el T Ty e k,e‘Lz(QT)]
s Ce 2h2 (4.11a)
and from (3.5) and (3.8b)
h 2
IV(uk,S uk,e) le(O,t;Lz(Q))
o 2
=2l IV(ux,e— )|L (0,t;L (Q)) |V(uk € )le(O,t;LZ(Q))]
= Ce 'kh®[1+e %kh?]. (4.11b)
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Hence it follows that

h
IV(uk,C—uk,S)l

4

-3, .4 -2 .2
Lo, 6502 = Ce "kh'[1+e "kh7]. (4.12)

The second inequality in (4.8a) then follows from the bounds (4.10a), (4.12),

(4.7b) and (3.7). The second inequality in (4.8b) follows from (4.7a). o

One can also consider the corresponding direct approximations without
relaxing‘the reaction:
(13‘;) Find G‘; € H'(0,T;5;) such that
(8,0 + 8, lp (W1, 0" + (VLU0 = (£,0" VxS
Wh(+,0) = mgl+).

and (f-’h), the same as (132) with e replaced by ¢. We have the following

results.

Theorem 4.2

Let the‘Assumptions (D4) hold. Then for all £ € (O,CO] and h > O there

h

exist unique solutions uz to (132) and u® to (P"). Moreover, for all t € (0,T]

we have that

“h "h 2 “h “h 2 “h “h 2
llue uk,s”l-:z(m,t) * E‘“h[q’e(ue)_q’s(uk,e)] le(Qt) * elnh[‘oe(ue)] vk,ele(Qt)
-2,, ~h 2 -1, -2
=< , =< 4,.13a
Ck '8tvk,e|L2(oT) Ce 'k (4.13a)
and
“h “h,2 “h “h 2 (1+p)/(1-p)
- + - = . 4.13b
flu uellEz(m’t) _ elnh[go(u ) we(ue)]le(Qt) Ce ( )

In addition under the Assumptions (DS) u: and u" satisfy the first bound

in (2.5a). In particular, if g and £ = O then uz and u" = 0 in QT.
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Proof: Existence and uniqueness of solutions to (f’Z) and (I;h) follow ffom
discrete analogues of Theorems 2.2 and 2.3. The f‘irst inequality in (4.13a)
and (4.13b) are discrete analogues of the first inequalif,y in (2; 14a) and
(2.18), respectively, and are proved in similar ways. The second inequality
in (4.13a) follows from (4.2). The first bound in (2.5a) follows from (4.13),

the equivalence of norms on s® and Corollary 4.1. o

Theorem 4.3

Under Assumptions (D5) we have for all £ € (0,80] and for all h > 0,

provided e =cC, and t € (0,T] that

“~h 2 “h 2 “h 2
lu—uk,8|L2(Qt) + e|<p(u)-<p8(uk,€)|L2(Qt) + g|p(u) Vk,8|L2(Qt)
= ClA_(t) AR S I P (4.14)

Under Assumptions (D6) there exists an Eo =€ such that we have for all

€ e (O,EO], and for all h, provided Me 'kh® = 1, and t € (0,T] that

~

_“h (14p)/C1-p) | -1 -2, |
| uk.C'Lz(Qt) = ClA(t) e ve kil
+ Ck[In(1/h) 1% 3nt (14”472 (Pl f 1 146 %n?)) (4.152)
and
“h 2 “h 2
8|¢(u)_vk,8|L2(Qt) +elelu)-m lo (u, )] Iz.z(ot)
= ClA_(t) g PP 2 2 s n2) o+
+ Ck[1n(1/h)1%e3nt {1+ 4P/ P pt 1 1467%k0%)), (4.15b)

where r =0 if d=1and r = ¥ if d = 2.
Proof: The results (4.14) and (4.15a) follow immediately from combining (3.9)

with (4.6) and (4.9a), respectively. (4.15b) follows similarly from (3.9) and

(4.8) after noting (3.2), (4.5) and (4.13a). o
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Corollary 4.3a
Let Assumptions (D5) hold, then for all h > 0 and t € (0, T]:

(1) Under no assumptions on non-degeneracy and on choosing € = chl™® = € and

0
k = Ch™, we have that
t " ) .
—u® —uh . (1+p)/2
‘u uk,ClLZ(QT) + I‘(J;(u uk,c)( ,S)dSlHI(Q) = Ch (4163.)
and
lp(w-n [p_ (0" )12+ |plw~" |2 = cnP (4.16b)
hvel Tk, el Il k,eL7(Q) ) ’
(i1) On assuming (N.D.) and choosing e = Ch2!™P/3P)g g, and k = Ch™l we
have that
~ t ~
_’h _’h . 2/(3-p)
|u uk’ele(QT) + [i(u uk,e)( ,s)ds| 1 o = Ch (4.17a)
and
_ ~h _°h (1+p)/(3-p)
|@(u) nh[qae(uk,e)]ll‘z(or) + |p(u) vk’€|L2(QT) < Ch . (4.17b)

Proof: The results follow directly from (4. 14). (4.8), (2.18), (2.17), (3.8),

(3.5), (3.2) and (4.4). ©O

Corollary 4.3b

Under Assumptions (D8) we have for all t € (0,T]

(1) Under no assumptions on non-degeneracy and on choosing
e = C{h®[1n(1/h) ]} P/(5-2R) g, and k = C{h%[1n(1/h) 1"} ¥ 2
have for all p € (%,1] and h = ho
' _h 2 r, (14p)/(8~2p)

|u uk’e|L2(QT) = C{h"[In(1/h) 1} , (4.18a)

t

b . 2 ry3/[2(5-2p)]

|£(u U )l ,8)ds| 1 o s C{h"[In(1/h)17) (4.18b)
and

“h “h 2 ry q/(5-2p)
- - =
|@(u) nh[<p€(uk’€)]|L2(QT) + |o(u) vk’8|L2(QT) C{h“[1n(1/n)1"} ,

(4.18c)

where q = min{2p, 3/2}.
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(ii) Assuming (N.D.) and on choosing & = C{h®[In(1/h)]}*(}P/(13-7) _ <

0
and k = c{h2[1n(1/h)]‘”)'2(3"’)/“3'7"), we have for all p e (1/3,1] and
h=h
0
|u—u: ele(Q , = C{hzlln(l/h)]r}uusqp) : (4.18a)
! T
t -~
[Fu-w? ) (e,s)ds| 1 = C{h®[In(1/h)]7}33P/12013-7p)] (4.19b)
o k,€ H ()
and
' B “h 2 r, q/(13-7p)
l@(u) nh[lpe(u e )]IL (@ |¢p(u) vk CIL () = C{h°[1n(1/R) ]} ,
(4.18c)

where q = min{2(p+1),3(3-p)/2}.

Proof: The results follow directly from (4.15), (4.8), (2.18), (2.17), (3.86)

and (3.5). u}

We note that (4.18a&c) improve on (4.16a&b), and (4.19a8&c:) improve on

(4.1728&b).

Theorem 4.4
Let the Assumptions (D5) hold. Then for all h > 0 and t € (0,T] the
unique solutions uz to (lgh) and u" to (P") satisfy the following error bounds

(i) (4.18) for {uke ks,«)e(u )} replaced by (a) {u8 nh[we(ue)] e (u )}

with ¢ = Ch'™® = ¢_and (b) {a .nhtgo(ﬁ“)l,gocﬁ*‘)}.

v » P (u )} replaced by

(ii) (4.17), assuming (N.D.) holds, for {u Y e, e Pell ¢

k,E

2(1-p)/(3-p)

“h “h “h _
{uc,ﬂh[soe(ue)],wc(ue)} with € = Ch s e

Finally, under Assumptions (D6) for all h = ho the following error
bounds hold:

(1) (4.18) with p e (%1] for {uke ke,cpe(u )} replaced by (a)

2(1-p)/(5-2p)

= ¢ and (b)

(W o (W19 (W)} with e = C{h’[In(1/h)]"} 3

(o o], p(aM)}.
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‘s . “h  *h “h
(ii) (4.19), assuming (N.D.) holds, with p € (1/3,1] for {uk’e,vk,e,we(uk’s)}

4(1-p)/(13-7p)

"h “h "h _ 2 r
replaced by {ue,nh[soe(us)],soc(us)} with e = C{h“[1In(1/h)]}

< e

o

Proof: The above error bounds follow by combining (4.13) with (4.16)-(4.19).
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S. A FULLY DISCRETE AND PRACTICAL FINITE ELEMENT APPROXIMATION

In this section we analyse the following fully discrete . practical
approximation to (Pk e) with timestep t = T/N :
(P%) Forn=15N find ™" € S® and V'™ e S such that
X, / k,€ o K, »
-1, "h,n _ "h,n-1 “hyn  “h,n-1 h “h,n _ (pR _yh h
T ((uk’C e ) + ( re ~ Ve Y.} o+ (Vuk.e,Vx) = (f,x) Yx € S0
-1."h,n  "h,n-1 h _ “h,ny _ Th,n _,h h
T (vk'e - vk,e y ) =k (we(uk’e) vk,e,x) VyesS
“h,0 _ . “h, WY = .
uk,e( ) = nhg( ) Vk,e( ) n[¢eg( )1,
where £7(+) = f£(+,nt).
Let ka . € L“(O,T;s‘;) and \"/k . € L®(0,T;S") be such that for n =1 5 N
~ - h,n . o . _ “h, n . _ .
Uk,e( ,t) = uk,c( ) and Vk,S( ,t) = Vk,e( ) if t € ((n-1)T,nt];
and DLk . € CO([O,T];SZ) and \7’; . € c®(10,T1;S™) be such that forn =1 5 N
0 (+,t) = [(t=(a-D)DU"P(+) + (ne-t)u™ ™ ()l/x  if t e [(n-1)7,nT]
X, € Kk, € k,E

and ‘
Pr-lelyl sz if t e [(n-1)T,nTl.

V) [(t—(n—1)z)§:'g(-) + (nr-t)Gk .

Then (13::’1:) can be restated: for almost every t € (0,T]
- » h - _ (= h h
(atut,e + 3tvt,e’x’ + (W0, V0 = (£, V€S
- “yh _ - o3 h h
(atv’;,e,x) =k (p (0, ) -V, 0" Vxes
U, (.0 =mg(s) V. (+,0) = ulpgl+)],
where £(+,t) = £(+) = £(+,nt) if t € ((n-1)t,nT], n

=1->N

Theorem 5.1
Let the Assumptions (D4) hold. Then for ¢ € (0,e°], h and T > O there

exists a unique solution {ka ,{/k s} to (1;:'2)‘ Moreover, if the Assumptions

~ - ~ -—
k)€ k)c T

where U, fJ, V and V eR are independent of h, T, € and k. In particular, if g

and f =z 0 then one can take U =V = 0.
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Proof: See the proof of Theorem 5.1 in part 1. o

Lemma 5.1

Under the Assumptions (D4) we have for all £ € (0,80], h, T > 0 and

m=0 - N that

“h A 2 ~h a 2 “h & 2
la™ -U I + - + -
k,€ k,€ E_(k,nT) e]nhwe(uk,s) ‘oe(uk,e)ll 2 ellvk’e vk,euz (k,mT)
2 L7Q ) 1
mT
2 “h 2 -1,-1 ~h 2
= Ct d u + (T+
{ I t k,elx_z(o ) (T+k ) Iv(atuk,e) |L2(Q )
T T
~h 2 “h 2 2
+|8 + + .
] R I T O A A b O S N S 2 b J }
T T T
Proof: See the proof of Lemma 5.1 in part 1. n}

Corollary 5.1

Under the Assumptions (D4) we have for all ¢ € (0,60]. h, T > 0 and

m =0 - N that

-~

~ 2

~h “h - 2 h &2
"uk,e_Uk,e"E (k,mT) slnh[gos(uk’s)wpe(uk’e)][ 2 * envk,e-vk,e"t: (k,mT)
2 L (Q ) 1
mT
= Cle +(T+k ) k1<% (5.2)

Proof: The result (5.2) follows immediately from Lemma 5.1 and the bound

(4.2). 1

Below we will present an alternative bound to (5.2). Firstly, we prove

appropriate analogues of Lemmas 4.1 and 4.2.
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Lemma 5.2

Under Assumptions (D4) we have for all € € (0,e], h, T > 0 and
t € (0,T] that

- 2 L2 SL2
VU o +
| k,€( ’t)le(Q) |at k,Sle(QT) ¥ Slatvk,leZ(QT) *
‘ s ~L ~L 2
-+ J . - * -
€ Tnalnh[‘pe(uk,s( ,nT)) <p€(Uk’e( , (n 1)1))]/1:|L2

* k’1[|at0t,£(-,t)|fz

- -1
ot elat , e t)|L (Q)] = C[t+(kT) 1.

(5.3)

Proof: We adapt the proof given for Lemma 2.3 in part 1. We adopt the

difference notation DU™® = (uh"n+1 "/, DU = (W™ P-u P ne Y/t and
t K,€ K,E k € t k,€E K, € k,E:

82 |

= D'D” and note that
t t t

% [(aM% - (a9% + T (@™a"h%1. (5.4)

¥ [(a™-a""h)a")

n=1

1]

n=1
Subtracting successive equations in (P T ) yields for n = 1 > N-1
2, "h,n

3 _ (h
(<3t[uk’8 + v ],x) + (VD u ,Vx) = (th ,x)

V x € SE (5.5a)
(ai 2 “,x) =k (0 Lo, (uh 2) - VRt

Vyes” (5.5b)
and hence

2°h, n +:"h,n “h,n +“h,n “h, n+1
(k Stuk’e + Dt[uk'e + we(uk’e)],x) + (k- VDtuk = ¥ Vuk,e V)
= (£™1 4 k’ln:f“,x)“ V oy e sg. (5.86)
Choosing x = D:u:’: in (5.8) and summing from n =

= 1 2> m and noting (5.4)
yields for m = 1 5 N-1 that

+“h, m 2°h,n 2 +"h,0,2
%k [lDt k, Slh 2 Iat k, e|n - |Dtuk €|h] *

+ x [iV h m+1|2

+ h n h 1,2
k, € LZ(Q ¥ (T+2k )T 21|V(Dt k, 8) |].. () ‘V k, €|L2(Q)
n=
+ T 2 (o] [uh "4 (uk Lo = 1 2 (£ + k7DlF", 00y : ok
n=1 *, ’ n=1 )

and hence
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~ m PN m .
-1+ h,m 2 +"h,n 2 “h,m+1,2 + “h +"h,nyh
k Dtuk,clh + ~cr£;0]1)tuk,€|h |vu - |2 * 27 2 (Dt[soe(u "1, Dy’ o)
-1 +"h,0,2 +"h,0,h
= (T+k )|Dtuk’ ] + 27(D" [go ( )] D,u - e) +
“h,1,2 - n+1 -1 + n 2
+ |vu . elizg t Inalf + £, (5.7)

Next we note from the first eduations in (13:';) and the initial conditions

’

that
+"h, 0 h _ + “h, 0 h h
(1+k1:)(D k’e,x) = kt(Dt[fpe(uk’e)],xl Vxes (5.8a)
and hence
(Dpu 2, 0" + [ke/(1+k) 10} Lo (™ )1, 0™ + (v Ly = (510" v y e S
t k,€ k,E k,€E 0
(5.8b)
In addition it follows from (2.3a) that for n = 0 » N-1
-1 + “h,n “h,n +"h,n,h
M e]Dt[tpe(uk’s)H (D [y )1, Dpu’ )7 (5.9)
Choosing x = D:ut’g in (5.8b) and noting (5.9) and (3.1a) yields that
+"h,0,2 + “h, 0 +"h, 0 “h,1,2
"a:lDtuk’slh + 21[kr/(1+k'r)](Dt[goe(uk,c)],Dtuk’e + |Vu . 8|L2(Q)
“h,0,2 1,2
= Vo) olizg, + TIE] s C (5.10)
From (5.7), (5.89), (5. 10) and the assumptions on f it follows that
m
-1 ~+"h,m 2 +"h,n 2 “h,m+1 2 + “h,n 2
k IDtuk,elh T Z lDt K, Clh |vu k,€ |L2(Q) toeT Z |Dt[<p€(uk,8)] lh
= Cl1+(kt) ™ + z FE I I Cl1+ (k) . (5.11)
n=1
Choosing x = D:v:’z in (5.5b) a.nd summing from n = 1 -5 m and noting
(5.4) yields for m = 1 » N-1 that
m
-1, +"h,m 2 +hn2 +”h,0,2 + “h,n
k IDth elh g |D Vi €|h <k |Dt %) lh 'rngllDt[{P (u )ll
Hence noting (5.8a) we obtain for m = 1 » N-1 that
- m
-1,+"h,m,2 +"h,n, 2 + “h, n 2
] ' ’ : 5.12
k |Dt'vk)€|h + T Z |Dt ‘. €|h < Tngo‘Dt.[‘pe(uk,e)]lh ( )

Combining (5.11) and (5.12) and noting (4.1a) yields the desired result

(5.3). o
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Lemma 5.3
Under the Assumptions (DS5) we have for all € € (O,eO], h, Tt > 0 and for

m =0 - N that

*“h =~ 2 ~h ~ 2 “h g 2
™ -U I + - -
k,€ k,€ E_(k,mT) C‘Hh[q’e(uk,s) ‘oe(Uk,e)]l 2 * cllvk’e Vk,e E (k,mT)
2 L (Q ) 1
mT
= Cle MtP4e i ek, (5.13)

Proof: Let E = u" -U , EE=u -0F , E =v" v , EE =¢ ¥ and
u kK, k,€ u k,€ k,E v k,€ k,E v kK,€ k,€

Er = f-f. Firstly, we note that

OL . 2

_ 2
l k, € k,€ I1.2(0_1_)

'€|’“2‘°T" (5.14a)

N nT
2, 0L (2 2,, oL
=Y J (ne-t)®|a 00 |® at = %8, U
n=1(n-1)T t ke Lk

and the equivalent result with U replaced by V. Hence it follows from (5.3)

that

( 0 2 oL 9 2 2 .-

l k,€ k,SILZ(OT) * elvk.e—vk,ele(oT) = Clt™+k "l. (5.14b)
Similarly, we have that |E % = ct°

'L (QT)
~h “h,T L L
It follows from (P. ) and (P ' ) that E(+,0) = 0, E(-,0) =0 and for
k,€ k,€ u v

almost every t € (0,T]

L L _\h _ h h
(atEu + atEv,x) + (VEu,Vx) = (Ef,x) V x € SO (5. 15a)
L _h _ “h " _ h h
(atEv.x) —t k ([qoe(uk’e) wc(Uk’e)] Evtx) VYV xeS. (5.15b)
Choosing x = J'Eu(~,0')do- in (5.15a), integrating over (0,t) in time,
. s

vhere s is the integration variable in time yields that

t
2

t
2 -
:{)‘|Eu(',s)|h ds + X|V£Eu(-,s)ds|L2(Q) =
t =3
o oa L N
.cl)‘([U;e—Uk’e—Ev](-,s) + i‘Er(-,O’)dO',Eu(',s)) ds. (5.16)

Similarly choosing x = Eu in (5.15a) yields that

t
L 2 2
}$|Eu(°,t)}h + £|VEU(',S)|L2(Q)ds =
t
e - L h L h
i[([Uk’e—U;’S](-,s),asEu(°,s)) + ([E-8 E1(+,5),E (+,5))"Ids. (5.17)

From (5.16), (5.17), (5.15b), (4.2), (5.3) and (5.14b) it follows that
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t t t
. 2 . 2 -1 L . 2 . 2
i’]Eu( ;S| ds + x|v.£‘r:u( ,s)ds |2 o+ KTIA[E (-, 1) + i‘]VEu( ,8)| 2 ds]
t ~ ~
+ é‘(@e(u::’e(',S))-we(Uk,eb.SJ),EU(',S))hdS

=7 mﬁt -0 R ({f:,e-{/k,s)](',s),Eu(-,s))h ds +

+ kN q e—ﬁt e](',s),asEt(-,s))h ds +

t s
+ (k’lEf(o,s) + IE{_(-,O')da,Eu(',s))hdS
0 0

= Cle (k) M2k M) = cle  tP+e ik ek D). (5.18)
The desired result for u in (5.13) then follows from (5.18), (4.1a) and

(2.3a).
Similarly choosing x = ‘E.V in (5.15b) yields that

t
AKTECL 8|2+ FIE (+,9)]2 as =
o]
t

“h - h
.g(soe(u.k €(°'S))—we(uk,e(.’s))'Ev(.'s)) ds +

t
-1 -~ -~ L h
+k g([vk’e Vt,e]( ,$),8 E_(+,s))" ds.  (5.19)
The desired result for v in (5.13) then follows from (5.18), the result for u

in (5.13), (5.14b), (5.3), (4.2) and (4.1a). o

Theorem 5.2
(a) Let the Assumptions (D5) hold. Then for the stated choices of e and

k, we have that the error bounds (4.16) and (4.17) hold for t = mt, m = 0 >

“h “h - A . 1
’s.vk’e.wc(uk,c)} replaced by {Uk,e,vk’e,we(uk’e)} with T = Ck = =

N, with {a
k
Ch.

{(b) Let Assumptions (D6) hold. Then for the stated choices of & and k,

we have that the error bounds (4.18) with T = ck s C{hz[ln(l/h)]r}zl(s—zm

1 2(3-p)/(13-7p) and

and p € (% 1] and (4.19) with T = Ck' = C{h*[In(1/h)]"}

A

pP € (1/3,1] hold for h = ho and t = mt, m = 0 > N, with {ﬁt ,Vh

“h
,€ k,s’ws(u )}

Kk, E

replaced by {Uk,e’vk,e’(ps(uk,e)}'
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Proof: These results follow from balancing the terms (5.13), (4.14), (4.15a),
(4.8a), (4.8), (3.5), (3.86a), (2.17) and (2.18). We note that using (5.2) in

place of (5.13) leads to a more restrictive bound on <. o

Finally we extend the above results to the problems:

(PZ’T) Forn=1 > N find uZ'“ evsg such that

hnl (hnl

-1, "
T ((uh,n

e )+[qo(u D

10"+ (W = ()
Ah'o . - Y
u () = m gle).

and (P™7), the same as problem (f’:;’r) with R replaced by .

Theorem 5.3

Let the Assumptions (D4) hold. Then for all £ € (0,80], h and T > O
there exist unique solutions Oe to (152’1) and U to (P™T). Moreover, for m =

0 -» N we have that

~ ~ 2 ~ ~ -~ ~ 2
"UC-Uk,e“EQ(m,mT) * elnh[q)e(Ue)—qoe(U k,€ )] IL (0 * e»lnh[goe(us)] Vk,elLZ(Qm‘E)
-2 2 -1
= Ck | N k,CILZ(QT) = Ce 'k 2[1+(kT) '] (5.20a)
and
aoA D ~ ~ 2 (1+p)/(1-p)
- - - s . 5.20b
I Ueuzzm’m + e[nh[qp(U) goe(Uc)] |L2(er) Ce ( )

Moreover, under the Assumptions (D5) we have (i) the first bound in

~

(5.1) holds true for Ue and U. In particular, if g and f = O then EJC and U =
0 in QT; (ii) on choosing Tt = Ch, the following error bounds hold for t =
m = 0 5 N, and the stated choices of ¢ (a) (4.16) and (4.17) with

“h  “h “h - - -
{uke Ve Ye (u X, e )} replaced by {Ue,nh[qpe(Ue)],we(Ue)} and (b) (4.16) with

A

N et e’
(0} Vp o 0g(U) D) replaced by (D,m Lo(D)), p(D).
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In addition, under the Assumptions (D8) we have that the following error

bounds hold for t

1]

mt, m =0 - N, and the stated choices of € (i) (4.18) for

2/(5-2p) “h  ."h “h
with {uk A e,cpe(uk s)} replaced

’ » ’

c{n%[1n(1/n)1"}

1A

pe€ (%1] and =T
by (a) {U,mlp (U)],0 (U} and (b) {O,m [p(D)],0(}; (11) (4.19) for
pe (1/3,11, 1 = C{p[ln(1/n))7p203 P/ 4 h = h with

h “h “h
{u ,v ,¢>(uk

ve' Vi, Ye e)} replaced by {Ue,nhlwe(Ue)],sve(Ue)}.

Proof: Existence and uniqueness of solutions to (132’1) and U to (P™T) follow
as in the proof of Theorem 5.1 of part 1. The first inequality in (5.20a) and
(5.20b) are discrete analogues of the first inequality in (2.142) and (2.18),
respectively, and are proved in similar ways. The second inequality in
(5.20a) follows from (5.3). The first bound in (5.1) follows from (5.20) and
the equivaLlence of norms on S'. The above error bounds follow by combining

(5.20) with Theorenm 5.2. u}

As stated in sections 1 and 2, problem (P) is equivalent to the
generalised porous medium equation, whose finite element approximation by
(}32’1) is analysed in Nochetto & Verdi (1988). There the error bounds (4.16a)

and (4.17a) for {1: e replaced by ﬁe are proved under the same choices of ¢,

but with T = Ch'*? and T = ChU(a'p ), respectively. Therefore ‘Theorem 5.3

above improves on these results as we require only Tt < Ch. As stated
previously we have assumed that the mesh is (weakly) acute, whereas they do
not. Furthermore, under additional assumptions we have the improved error

bounds (4.18) and (4.18).
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