Weierstraß–Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

The moment Lyapunov exponent for conservative systems with small periodic and random perturbations

P. Imkeller^1 G.N. Milstein^2

submitted: 9th March 2001

1 Institute for Mathematics Humboldt University Unter den Linden 2 D-10099 Berlin, Germany E-mail: imkeller@mathematik.hu-berlin.de

2 Weierstrass Institute for Applied Analysis and Stochastics Mohrenstr. 39 D-10117 Berlin, Germany E-Mail: milstein@wias-berlin.de and Ural State University Lenin Street 51 620083 Ekaterinburg Russia

Preprint No. 647

Berlin 2001

WIAS

2000 Mathematics Subject Classification. 60H10, 93E15.

Key words and phrases. Linear stochastic systems with periodic coefficients, stochastic stability, moment Lyapunov exponent, stability index, Hill and Mathieu equations with random excitations.

Edited by Weierstraß–Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 D — 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail (X.400): c=de;a=d400-gw;p=WIAS-BERLIN;s=preprint E-Mail (Internet): preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract. Much effort has been devoted to the stability analysis of stationary points for linear autonomous systems of stochastic differential equations. Here we introduce the notions of Lyapunov exponent, moment Lyapunov exponent, and stability index for linear nonautonomous systems with periodic coefficients. Most extensively we study these problems for second order conservative systems with small random and periodic escitations. With respect to relations between the intrinsic period of the system and the period of perturbations we consider the incommensurable and commensurable cases. In the first case we obtain an asymptotic expansion of the moment Lyapunov exponent. In the second case we obtain a finite expansion except in situations of resonance. As an application we consider the Hill and Mathieu equations with random excitations.

1. Introduction

Since the development of the tools of stochastic analysis the research of asymptotic properties of random dynamical systems generated by autonomous stochastic differential equations has been very active. Following the pioneering results of Khasminskii [17], [18], a refined theory of stability focused on pathwise and moment Lyapunov exponent (see [1], [5]) has been developed (Arnold [2]). A more sophisticated notion has been investigated under the names large deviations (Baxendale [10]) and stability index (Arnold, Khasminskii [4]).

For linear stochastic systems with periodic coefficients not much is known to date. In Section 2 we give an outline of a general theory for such systems using results from [21], [22]. Though there exist some essential differences between systems with constant and periodic coefficients, the main results concerning Lyapunov exponents, moment Lyapunov exponents, and stability indices for stationary points carry over to the periodic case.

In this paper we consider second order conservative systems with small random and periodic excitations, of the following form (1.1) dX^ε = ωJX^εdt + εA(t)X^εdt + √ ε q∑ r=1 A_r(t)X^ε ∘ dw_r(t), where ω is a positive number, J is the matrix of rotation by −π/2, and A(t), A_r(t), 1 ≤ r ≤ q, are l-periodic 2 × 2-matrices, where l > 0.

We recall that in the case of linear autonomous second-order systems there are exact formulas for Lyapunov exponents [18], [15], [16]. But the formulas are mostly rather complicated and systems with small noise are of special interest. This is why many works are devoted to the asymptotics of Lyapunov exponents (see [8], [6], [25], [24], [3], [9], and references therein). In particular in [8], a general expansion has been obtained with evaluation of the n-th remainder term for Lyapunov exponents in the conservative case.

For the moment Lyapunov exponents much less is known (for a general linear autonomous theory see [5]). In [20] deterministic methods for the evaluation of moment Lyapunov exponents for second-order systems are derived. In the case of small noise intensity and small moments some asymptotic expansions have been obtained in [12]. [19] presents asymptotic series expansions of the moment Lyapunov exponents of any order and the stability index in the case of two-dimensional conservative system perturbed by small noise with time independent intensity. These results are applied to the investigation of the stability of orbits in the plane under small diffusion in [22].

In our analysis of (1.1), the main steps are as in [19]. However the periodic case is essentially more complicated in comparison with the autonomous one. First, we have to consider an enlarged homogeneous two-dimensional state-process (Φ^ε, ϑ) defined on a torus, where Φ^ε is the angular part of X^ε on the unit circle, and ϑ uniform motion on the interval [0, l) made into a circle by identifying boundaries. In particular due to this fact, we need to solve in every step of the asymptotic expansion procedure a partial differential equation instead of an ordinary one in the autonomous case. Second, for ε = 0 the considered process on the torus is not always ergodic. It is not ergodic if the intrinsic period 2π/ω of the unperturbed system and the period l of the perturbation matrices are commensurable, i.e., if there exist integer m and k such that kωl = mπ. In the incommensurable case, it is possible to obtain an asymptotic expansion of the moment Lyapunov exponent of any order. In the commensurable case, i.e. if ω ≠ πm kl , k = 1, 2, ..., 2n, m = 1, 2, ..., for a fixed integer n, one can obtain a finite expansion with a remainder term of the form O(ε^{n+1}). So, if ω ≠ πm 2l , m = 1, 2, ..., our approach gives at least the principal term of an expansion with exactness O(ε^2). The set of excluded frequencies contains the well known ones of the theory of parametric resonance. Both the investigation of resonance cases and a more precise definition of finite expansions are most likely difficult problems which are at present far from being solved.

In Section 2, we briefly recall classical results about moment Lyapunov exponents and stability indices, both for linear and nonlinear systems and give an outline of a general theory for linear stochastic systems with coefficients periodic in t. Section 3 is devoted to establish the setting of the asymptotic analysis for our two-dimensional systems. Sections 4 - 6 are devoted to the incommensurable case. In Section 4 we set up the expansion algorithm for moment Lyapunov exponents of systems including small periodic perturbations. Each step of the algorithm involves in particular the solution of a system of ordinary differential equation for the variable of uniform motion on [0, l). In Section 5 we present the theorem of asymptotic expansion of the moment Lyapunov exponent. The application of the preceding to the asymptotic expansion of stability indices is given in Section 6. In Section 7 we consider the commensurable case. In the final Section 8 some aspects of the Hill and Mathieu oscillators with random excitations are discussed.

2. Moment Lyapunov exponent and stability index for stochastic systems with periodic coefficients. Main theorems

Consider a linear system of stochastic differential equations (SDEs) in the sense of Stratonovich

(2.1) dX = A_0(t)Xdt + q∑ r=1 A_r(t)X ∘ dw_r(t).

Here X takes its values in R^d, A_r(t), r = 0, 1, ..., q, are d × d matrices with bounded measurable l-periodic coefficients, w_r(t), r = 1, ..., q, are independent standard Wiener processes on a probability space (Ω, F, P).

Introduce the cyclic variable ϑ on the circle S of radius r = l/2π, the measure μ(dϑ) = dϑ/l so that μ(S) = 1, and the following autonomous version of (2.1) on an enlarged state space

(2.2) dX = A_0(ϑ)Xdt + q∑ r=1 A_r(ϑ)X ∘ dw_r(t), dϑ = dt, which is solved by a homogeneous Markov process (X, ϑ) there.

Let X(0) = x ≠ 0. Introduce Λ = X\|X| and consider the process (ϑ, Λ) which is defined on D = S × S^{d−1} where S^{d−1} is the unit sphere in R^d. This process satisfies the Khasminskii type system of SDEs

(2.3) dΛ = a_0(ϑ, Λ)dt + q∑ r=1 a_r(ϑ, Λ) ∘ dw_r(t), dϑ = dt, where the d-dimensional vector fields a_r, r = 0, 1, ..., q, are defined by a_r(θ, λ) = A_r(θ)λ − (A_r(θ)λ, λ)λ, (θ, λ) ∈ D. For |X(t)|^p, −∞ < p < ∞, we have the following linear equation (2.4) d|X|^p = p(A_0(ϑ)Λ, Λ) · |X|^pdt + p q∑ r=1 (A_r(ϑ)Λ, Λ)|X|^p ∘ dw_r(t). Let X(0) = λ ∈ S^{d−1}, ϑ(0) = θ. The following formula defines a strongly continuous semigroup T_t(p) of positive operators on C(D) (note that here and in the sequel subscripts to processes indicate the initial state): (2.5) T_t(p)f(θ, λ) = Ef(ϑ_θ(t), Λ_{θ,λ}(t))|X_{θ,λ}(t)|^p, (θ, λ) ∈ D, f ∈ C(D). This fact can be proved by direct checking the definition of a strongly continuous semigroup.

Assume for a moment that X is an autonomous system. Then the following semigroup of positive operators T_t(p) is defined on C(S^{d−1}):

(2.6) T_t(p)f(λ) = Ef(Λ_λ(t))|X_λ(t)|^p, λ ∈ S^{d−1}, f ∈ C(S^{d−1}).

It is well known [17], [5], that under some nondegeneracy conditions the process Λ is ergodic and for any t > 0, −∞ < p < ∞, the operator T_t(p) is compact and irreducible, even strongly positive. We recall that a positive operator Q on C(K) (K is a compact set) is called irreducible if {0} and C(K) are the only Q-invariant closed ideals, and Q is called strongly positive if Qf(x) > 0, x ∈ K, for any nontrivial f ≥ 0. The generalized Perron-Frobenius theorem ensures that for each p ∈ R the operator T_t(p) and consequently its generator L(p) has a strictly positive eigenfunction corresponding to the principal eigenvalue g(p), which is real, simple, and strictly dominates the real part of any other point of the spectrum of L(p).

Our next goal is to formulate some basic results concerning stability properties of the system (2.1).

It should be noted that due to the cyclicity of ϑ none of the operators T_t(p) in (2.5), t > 0, −∞ < p < ∞, is compact. To show this let us consider the set F of all uniformly bounded functions f depending on the variable θ only. Clearly, T_tF consists of functions of the form f(t + θ)E|X_{θ,λ}(t)|^p, f ∈ F, and this set is evidently not compact. Moreover, not every operator T_t(p) in (2.5), t > 0, is irreducible in contrast to the operator (2.6). Indeed for θ_0 fixed, let us consider the set F of all functions f such that f(θ_0, λ) = 0 for all λ ∈ S^{d−1}. Clearly, this set is a T_l(p)-invariant closed ideal.

But the whole semigroup (2.5) can be irreducible. We recall that a positive semigroup T_t(p) in C(D) is called irreducible if the operators T_t(p), t > 0, have no common invariant closed ideal other than {0} and C(D). A simple sufficient condition of semigroup irreducibility consists in the existence of a set S_0 of Lebesgue measure 0 such that (2.7) dim L(a_1(θ, λ), ..., a_q(θ, λ)) = d − 1, (θ, λ) ∈ (S\S_0)×S^{d−1}, where L denotes the linear hull spanned by the given vector fields. It follows from [13], [11] (see also [23]) that the spectrum σ(L(p)) of the generator L(p) of the positive semigroup (2.5) is not empty and for s(L(p)) := sup{Reμ : μ ∈ σ(L(p))} = max{μ ∈ R : μ ∈ σ(L(p))} we have −∞ < s(L(p)) < ∞. Moreover the resolvent R(μ, L(p)) is strongly positive for μ > s(L(p)) because T_t(p) is irreducible, and (2.8) R(μ, L(p))f(θ, λ) = ∫_∞ 0 e^{−μt}T_t(p)f(θ, λ)dt. It is possible to justify analogously to [21] that the condition (2.7) ensures the compactness of the resolvent for μ > s(L(p)) as well. We note that the properties of irreducibility of the semigroup T_t(p) and of compactness of its resolvent can be fulfilled under some weaker conditions than (2.7). In Section 3 we shall give an alternative condition. For the completeness of the presentation we prove the following statement (see also [21]).

Theorem 2.1. Let the following hypothesis be fulfilled:

(2.9) T_t(p) is irreducible and R(μ, L(p)) is compact for μ > s(L(p)).

Then there exists a strictly positive eigenfunction h_p of the generator L(p) corresponding to an eigenvalue g(p) :

(2.10) L(p)h_p = g(p)h_p, h_p > 0.

The eigenvalue is real and simple, g(p) is bigger or equal to the real part of any other point of the spectrum of L(p). All the points in σ(L(p)) with real part g(p) are given by g(p) + iαk, k = 0, ±1, ..., for some α ≥ 0, and they are all simple isolated eigenvalues of L(p). Proof. Let μ > s(L(p)). The relation σ(R(μ, L(p))) = (μ − σ(L(p)))^{−1} implies (μ − s(L(p)))^{−1} ∈ σ(R(μ, L(p))) because s(L(p)) ∈ σ(L(p)). Since R(μ, L(p)) is strongly positive and compact, (μ−s(L(p)))^{−1} is a simple isolated eigenvalue of R(μ, L(p)) which exceeds the absolute value of any other eigenvalue of R(μ, L(p)). Moreover there exists a unique h_p ∈ C(D) with h_p > 0, ||h_p|| = 1, and a unique positive measure ν_p on D with ||ν_p|| = 1 which are respectively an eigenfunction of the operator R(μ, L(p)) and an eigendistribution of the adjoint operator R^∗(μ, L(p)). Denoting s(L(p)) by g(p) we get (2.10) and the conjugate equation

(2.11) L^∗(p)ν_p = g(p)ν_p.

Further, as (μ − s(L(p)))^{−1} is a pole of the resolvent of the operator R(μ, L(p)), the number s(L(p)) = g(p) is a pole of R(μ, L(p)) (see [13]). In such a case the generalized Perron-Frobenius theorem [13] (see also [11]) states besides (2.10) and (2.11) that all the points from σ(L(p)) with real part g(p) are described by g(p) + iαk, k = 0, ±1, ..., for some α ≥ 0, and they are all simple isolated eigenvalues of L(p). Theorem 2.1 is proved.

As already mentioned, in contrast to (2.6) none of the operators T_t(p) in (2.5), t > 0, −∞ < p < ∞, is compact, and not each one among them is irreducible. We add that the real part of any point of the spectrum of L(p) different from g(p) is not always strictly less than g(p). However these and some other differences to [5] do not prohibit to carry over the theory of moment Lyapunov exponents to the system (2.1). The basic theorems relating to stability properties of the system (2.1) are analogous to the corresponding ones from [17], [5], and [10] and their proofs will not be included here.

In Theorems 2.2-2.4 X_{t0,x0} (t), t ≥ t_0, is the solution of the system (2.6) with X(t_0) = x_0, x_0 ≠ 0. The following theorem is an analogue of the Khasminskii theorem (see also [21], [22]).

Theorem 2.2. Let the hypothesis (2.9) be fulfilled. Then the process (ϑ, Λ) on D = S × S^{d−1} is ergodic, there exists an invariant measure μ|D and the following P -a.s. limit λ^∗ exists and does not depend on (t_0, x_0), x_0 ≠ 0:

(2.12) λ^∗ = lim_{t→∞} 1 t ln |X_{t0,x0} (t)| = lim_{t→∞} 1 t E ln |X_{t0,x0} (t)| = ∫ D Q(θ, λ)dμ(θ, λ), where

(2.13) Q(θ, λ) = (A_0(θ)λ, λ) + 1 2 q∑ r=1 ((A_r(θ) + A^∗_r(θ))λ, A_r(θ)λ) − q∑ r=1 (A_r(θ)λ, λ)^2.

The limit λ^∗ is called Lyapunov exponent of the system (2.1).

The following theorem is an analogue of the Arnold-Oeljeklaus-Pardoux theorem from [5] (see also [21], [22]).

Theorem 2.3. Let the hypothesis (2.9) be fulfilled. Then the limit (which is called the p-th moment Lyapunov exponent for (2.1))

(2.14) lim_{t→∞} 1 t ln E|X_{t0,x0} (t)|^p = g(p) exists for any p ∈ R and is independent of t_0, x_0, x_0 ≠ 0. The limit g(p) coincides with the eigenvalue g(p) given by Theorem 2.1 and consequently it satisfies the properties stated there. g(p) is a convex analytic function of p ∈ R, g(0) = 0, g(p)/p is increasing, and g^′(0) = λ^∗.

If, for example, λ^∗ < 0 and g(p) → ∞ as p → ∞ then the equation

(2.15) g(p) = 0

has a unique positive root γ^∗. It is clear that the trivial solution of (2.1) is p-stable for 0 < p < γ^∗ and p-unstable for p > γ^∗. The root γ^∗ of (2.15) is related to the asymptotic behavior of the probability P {sup_{t≥t0} |X_{t0,x0} (t)| > δ}, |x_0|/δ → 0, if γ^∗ > 0 and of the probability P {inf_{t≥t0} |X_{t0,x0} (t)| < δ}, |x_0|/δ → ∞, if γ^∗ < 0. The following theorem is an analogue of the Baxendale theorem from [10] (see also [21], [22]).

Theorem 2.4. Let the hypothesis (2.9) be fulfilled. If λ^∗ < 0 and the equation (2.15) has a positive root γ^∗ > 0, then there exists K ≥ 1 such that for all δ > 0 and for all x_0 with |x_0| < δ (2.16) 1 K (|x_0|/δ)^{γ∗} ≤ P {sup_{t≥t0} |X_{t0,x0} (t)| > δ} ≤ K(|x_0|/δ)^{γ∗} .

If λ^∗ > 0 and the equation (2.15) has a negative root γ^∗ < 0, then there exists K ≥ 1 such that for all δ > 0 and for all x_0 with |x_0| > δ

(2.17) 1 K (|x_0|/δ)^{γ∗} ≤ P {inf_{t≥t0} |X_{t0,x0} (t)| < δ} ≤ K(|x_0|/δ)^{γ∗} . This theorem states that the probability with which a solution of the linear system (2.1) exceeds a threshold is controlled by the number γ^∗. Arnold and Khasminskii call this number stability index. Their main result of [4] consists in proving that the estimates (2.16)–(2.17) remain true for a nonlinear system as well.

This result can be carried over to nonlinear nonautonomous systems of the form

(2.18) dY = a_0(t, Y )dt + q∑ r=1 a_r(t, Y ) ∘ dw_r(t).

In system (2.18) the coefficients a_r = (a^1_r , ..., a^d_r )^⊤, r = 0, 1, ..., q, are l-periodic in t and are equal to zero at y = 0 : a_r(t, 0) = 0, r = 0, 1, ..., q. The variational system for (2.18) has the form (2.1), where

A_r(t) = { ∂a^i_r(t, 0) ∂y^j } , i, j = 1, ..., d; r = 0, 1, ..., q. The following theorem is an analogue of the Arnold-Khasminskii theorem (see also [21], [22]).

Theorem 2.5. Assume that the linearization (2.1) of the system (2.18) satisfies hypothesis (2.9). Let λ^∗ and γ^∗ be the Lyapunov exponent and the stability index for (2.1). Then in case λ^∗ < 0, γ^∗ > 0 there exists a sufficiently small δ > 0 and positive constants c_1, c_2 such that for all |y_0| < δ the solution Y_{t0,y0} (t) of (2.18) satisfies the inequalities (2.19) c_1(|y_0|/δ)^{γ∗} ≤ P {sup_{t≥t0} |Y_{t0,y0} (t)| > δ} ≤ c_2(|y_0|/δ)^{γ∗} , in case λ^∗ > 0, γ^∗ < 0 there exists a sufficiently small r > 0, positive constants c_3, c_4, and a constant 0 < α < 1 such that for any δ ∈ (0, αr) and all δ < |y_0| < αr the solution Y_{t0,y0} (t) of (2.18) satisfies the inequalities (2.20) c_3(|y_0|/δ)^{γ∗} ≤ P { inf_{t0≤t<τ} |X_{t0,x0} (t)| < δ} ≤ c_4(|y_0|/δ)^{γ∗} . Here τ := inf{t : |Y_{t0,y0} (t)| > δ}.

3. Perturbed oscillators

Consider the following two-dimensional system (3.1) dX^ε = ωJX^εdt + εA(t)X^εdt + √ ε q∑ r=1 A_r(t)X^ε ∘ dw_r(t),

where ω > 0, J = [ 0 1 −1 0 ] , A(t), A_r(t), r = 1, ..., q, are 2 × 2-matrices with l-periodic elements, ε is a small parameter. The system (3.1) describes a simple harmonic oscillator perturbed by small fluctuations both deterministic periodic and random diffusive.

Its angular component can be represented in the Khasminskii type form (see [18])

(3.2) dΦ^ε = −ωdt − εΛ̄^⊤(Φ^ε)A(ϑ)Λ(Φ^ε)dt − √ ε q∑ r=1 β_r(ϑ, Φ^ε) ∘ dw_r(t), dϑ = dt, where Λ(φ) = [ cos φ sin φ ] , Λ̄(φ) = [ sin φ − cos φ ] , β_r(θ, φ) = Λ̄^⊤(φ)A_r(θ)Λ(φ).

For the p-th power of the radial part |X^ε|^p, −∞ < p < ∞, we get the following linear equation

(3.3) d|X^ε|^p = εpΛ^⊤(Φ^ε)A(ϑ)Λ(Φ^ε)|X^ε|^pdt + √ εp q∑ r=1 α_r(ϑ, Φ^ε)|X^ε|^p ∘ dw_r(t), where α_r(θ, φ) = Λ^⊤(φ)A_r(θ)Λ(φ).

Let us write the equations (3.1)-(3.3) in the Ito form. This gives (3.4) dX^ε = ωJX^εdt + εA(t)X^εdt + 1 2 ε q∑ r=1 A^2_r(t)X^εdt + √ ε q∑ r=1 A_r(t)X^εdw_r(t),

(3.5) dΦ^ε = −ωdt − εΛ̄^⊤(Φ^ε)A(ϑ)Λ(Φ^ε)dt + 1 2 ε q∑ r=1 ∂β_r ∂φ (ϑ, Φ^ε)β_r(ϑ, Φ^ε)dt

− √ ε q∑ r=1 β_r(ϑ, Φ^ε)dw_r(t), dϑ = dt, (3.6) d|X^ε|^p = √ εp q∑ r=1 α_r(ϑ, Φ^ε)|X^ε|^pdw_r(t)

+εp[Λ^⊤(Φ^ε)A(ϑ)Λ(Φ^ε) − 1 2 q∑ r=1 ∂α_r ∂φ (ϑ, Φ^ε)β_r(ϑ, Φ^ε) + 1 2 p q∑ r=1 α^2_r (ϑ, Φ^ε)]|X^ε|^pdt. The corresponding semigroup is defined by the formula (3.7) T^ε_t (p)f(θ, φ) = Ef(ϑ_θ(t), Φ^ε_{θ,φ}(t))|X^ε_{θ,λ}(t)|^p, (θ, φ) ∈ D, f ∈ C(D), where D is the torus {(θ, φ) : 0 ≤ θ < l, 0 ≤ φ < π} and λ = [ cos φ sin φ ] . The infinitesimal generator L^ε(p) of the semigroup is given by (3.8) L^ε(p) = L_1 + εL_2(p), where

(3.9) L_1 = −ω ∂ ∂φ + ∂ ∂θ ,

(3.10) L_2(p) = 1 2 q∑ r=1 β^2_r

∂^2 ∂φ^2 + (−Λ̄^⊤AΛ + 1 2 q∑ r=1 β_r ∂β_r ∂φ − p q∑ r=1 α_rβ_r) ∂ ∂φ +p(Λ^⊤AΛ − 1 2 q∑ r=1 β_r ∂α_r ∂φ ) + 1 2 p^2 q∑ r=1 α^2_r.

The eigenvalue problem (2.10) takes the form (3.11) L^ε(p)f^ε(θ, φ; p) = g^ε(p)f^ε(θ, φ; p), (θ, φ) ∈ D, f^ε(0, φ; p) = f^ε(l, φ; p), ∂f^ε(0, φ; p) ∂θ = ∂f^ε(l, φ; p) ∂θ , f^ε(θ, 0; p) = f^ε(θ, π; p), ∂f^ε(θ, 0; p) ∂φ = ∂f^ε(θ, π; p) ∂φ , f^ε(0, 0; p) = f^ε(l, 0; p) = f^ε(0, π; p) = f^ε(l, π; p) = 1, f^ε(θ, φ; p) > 0.

In this section and in Sections 4-6 we shall work under the following incommensurability condition:

(3.12) π ω and l are incommensurable, i.e. ωl π is irrational.

This condition ensures the ergodicity of the process (ϑ, Φ^ε) even if ε = 0.

For two-dimensional systems (d = 2) the nondegeneracy condition (2.7) means that for any (θ, λ), θ outside the exceptional set S_0, not all the vectors a_1(θ, λ), ..., a_q(θ, λ) vanish. Since if λ = [ cos φ sin φ ] , β_r(θ, φ) and a_r(θ, λ), are simultaneously equal or nonequal to zero, condition (2.7) is equivalent to

(3.13) q∑ r=1 β^2_r (θ, φ) ≠ 0, if θ /∈ S_0,

with a set S_0 of Lebesgue measure zero. Let us consider the weaker condition

(3.14) q∑ r=1 β^2_r(θ, φ) ≠ 0, if θ /∈ S_0 or φ /∈ F_0,

with a finite set F_0 = {φ_1, ..., φ_k} ⊂ [0, π). Condition (3.14) allows the vector fields in (2.7) to vanish for finitely many values of φ.

Let us sketch a proof of the fact that condition (3.14) implies hypothesis (2.9). For convenience of notation, let us omit the parameter ε.

Let P (t, (θ, φ), (dθ̃, dφ̃)) be the transition probability function of the Markov process (ϑ, Φ) generated by system (3.5). Since by assumption the diffusion in the first equation of (3.5) vanishes only for finitely many, hence discrete values of φ, or during a time set of measure zero, the transition probability is positive if t + θ ∈ dθ̃. Moreover, regularity of the span of the vector fields in φ implies that it has the form P (t, (θ, φ), (dθ̃, dφ̃)) = δ(t + θ, dθ̃)p(t, (θ, φ), φ̃)dφ̃, where p is a density in φ̃, which is continuous and positive for all φ̃ if t > 0, and δ(t + θ, dθ̃) = { 1, t + θ ∈ dθ̃, 0, t + θ /∈ dθ̃. For the semigroup we have (3.15) T_t(p)f(θ, φ) = E[f(ϑ_θ(t), Φ_{θ,φ}(t))E(|X_{θ,λ}(t)|^p/Φ_{θ,φ}(t))] = E[f(ϑ_θ(t), Φ_{θ,φ}(t))g(t, θ, φ, Φ_{θ,φ}(t))] = ∫_π 0 f(t + θ, φ̃)g(t, θ, φ, φ̃)p(t, (θ, φ), φ̃)dφ̃. In (3.15) g(t, θ, φ, Φ_{θ,φ}(t)) := E(|X_{θ,λ}(t)|^p/Φ_{θ,φ}(t)). Due to (2.8), we obtain the representation (3.16) R(μ, L(p))f(θ, φ) = ∫_∞ 0 ∫_π 0 e^{−μt}f(t + θ, φ̃)g(t, θ, φ, φ̃)p(t, (θ, φ), φ̃)dφ̃dt. From this representation it follows that the resolvent R(μ, L(p)) is strongly positive and consequently irreducible. Therefore (see [14], [11]) the semigroup T_t(p) is irreducible as well. Moreover, it is not difficult to prove directly that for sufficiently large μ > 0 the representation (3.16) implies the compactness of the operator R(μ, L(p)). Due to Hilbert’s resolvent equality the resolvent R(μ, L(p)) is compact for any μ ∈ ρ(L(p)), where ρ(L(p)) is the resolvent set of L(p). So, we have justified that condition (3.14) implies hypothesis (2.9). In theorems dealing with the two-dimensional system (3.1) condition (3.14) will therefore be used instead of (2.9).

4. The procedure of asymptotic expansion Recalling the eigenvalue problem (3.11), let us suppose that g^ε(p) and f^ε(θ, φ; p) allow asymptotic expansions g^ε(p) = g_0(p) + εg_1(p) + ... + ε^ng_n(p) + ... f^ε(θ, φ; p) = f_0(θ, φ; p) + εf_1(θ, φ; p) + ... + ε^nf_n(θ, φ; p) + ... f_0(0, 0; p) = f_0(l, 0; p) = f_0(0, π; p) = f_0(l, π; p) = 1, f_0(θ, φ; p) > 0, f_n(0, 0; p) = f_n(l, 0; p) = f_n(0, π; p) = f_n(l, π; p) = 0, n = 1, 2, ... .

Inserting these expressions into (3.11) and equating coefficients of equal power of ε leads to the following set of equations in which we write L_2 instead of L_2(p) (see [19]) (4.1) L_1f_0 = g_0f_0, L_1f_1 + L_2f_0 = g_0f_1 + g_1f_0, L_1f_2 + L_2f_1 = g_0f_2 + g_1f_1 + g_2f_0, . . . . . . . . . . . . . . . . . . . . . . L_1f_n + L_2f_{n−1} = g_0f_n + g_1f_{n−1} + ... + g_nf_0.

Each function f_j is periodic in θ and φ. Consider the first equation of (4.1):

(4.2) −ω ∂f_0 ∂φ + ∂f_0 ∂θ = g_0f_0.

Integrating (4.2) in θ from 0 to l and in φ from 0 to π, and using periodicity and positivity of f_0, we find that g_0(p) = 0. Therefore f_0(θ, φ; p) = F (ωθ + φ; p), (θ, φ) ∈ D,where F is some function of one variable. Again by periodicity, and since the condition of incommensurability (3.12) is fulfilled, we conclude that f_0(θ, φ; p) = 1. Consequently the second equation of (4.1) has the form:

(4.3) L_1f_1 + c = g_1, where c denotes the function periodic in θ and φ given by

c(θ, φ; p) = L_2f_0 = p(Λ^⊤AΛ − 1 2 q∑ r=1 β_r ∂α_r ∂φ ) + 1 2 p^2 q∑ r=1 α^2_r.

Due to periodicity of f_1 in θ and φ, we get ∫_l 0 ∫_π 0 L_1f_1dφdθ = ∫_l 0 ∫_π 0 (−ω ∂f_1 ∂φ + ∂f_1 ∂θ )dφdθ = 0. Hence (4.4) g_1(p) = 1 lπ ∫_l 0 ∫_π 0 c(θ, φ; p)dφdθ. The function c(θ, φ; p) can be written as a partial sum of a Fourier series in φ with coefficients depending on θ c(θ, φ; p) = 1 2 a^0_1(θ; p) + a^1(θ; p) cos 2φ + b^1(θ; p) sin 2φ

+a^2_1(θ; p) cos 4φ + b^2_1(θ; p) sin 4φ. Clearly

(4.5) ∫_l 0 (g_1(p) − 1 2 a^0_1(θ; p))dθ = 0.

The function f_1(θ, φ; p) has to be determined as periodic in θ and φ with the boundary condition f_1(0, 0; p) = 0, and also of the form of a partial sum of a Fourier series in φ

(4.6) f_1(θ, φ; p) = 1 2 A^0_1(θ; p) + A^1(θ; p) cos 2φ + B^1 (θ; p) sin 2φ

+A^2_1(θ; p) cos 4φ + B^2_1 (θ; p) sin 4φ.

Substituting (4.6) in (4.3), we obtain the system of linear differential equations with constant parameters with respect to the unknown coefficients A^0_1, A^1, B^1 , A^2_1, B^2_1 , the dot denoting differentiation with respect to θ: (4.7) 1 2 Ȧ^0_1 = g_1 − 1 2 a^0_1,

(4.8) Ȧ^1 − 2ωB^1 = −a^1 Ḃ^1 + 2ωA^1 = −b^1,

(4.9) Ȧ^2_1 − 4ωB^2_1 = −a^2_1 Ḃ^2_1 + 4ωA^2_1 = −b^2_1.

This system consists of three subsystems (4.7), (4.8), and (4.9). Our aim is to find lperiodic solutions for these systems. Due to (4.5) the periodic solution of (4.7) has the form

(4.10) A^0_1(θ; p) = A^0_1(0; p) + ∫_θ 0 (2g_1(p) − a^0_1(ϑ; p))dϑ,

where the constant A^0_1(0; p) will be determined below.

All the solutions of the homogeneous part of (4.8) are π/ω-periodic. But due to the condition of incommensurability, this part has no l-periodic solution. The same statement holds for the homogeneous part of (4.9) with ω replaced by 2ω. Since the right hand sides of the systems are given by l-periodic functions, both (4.8) and (4.9) have unique l-periodic solutions. We do not need the explicit description of these solutions, which are obtained via integrations. Let us finally determine A^0_1(0; p). Using the condition f_1(0, 0; p) = 0 and (4.6), we get

(4.11) 1 2 A^0_1(0; p) + A^1(0; p) + A^2_1(0; p) = 0.

Because A^1(0; p) and A^2_1(0; p) are already known, we can solve for A^0_1(0; p). Therefore both g_1(p) and f_1(θ, φ; p) are determined.

In the next step we find g_2 and f_2 from the equations (4.12) L_1f_2 = g_2 + g_1f_1 − L_2f_1, f_2(0, 0; p) = 0.

Again periodicity in θ and φ lead to

(4.13) g_2(p) = 1 lπ ∫_l 0 ∫_π 0 (L_2f_1 − g_1f_1)dφdθ.

From the preceding step and the definition of L_2 it is easy to see that the function g_1f_1 − L_2f_1 can be represented in the form

(4.14) g_1f_1 − L_2f_1 = 1 2 a^0_2(θ; p) + 4∑ k=1 (a^k_2 (θ; p) cos 2kφ + b^k_2 (θ; p) sin 2kφ)

with known coefficients a^0_2, a^k_2 , b^k_2 , k = 1, ..., 4. An analogous ansatz as before leads us to

(4.15) f_2(θ, φ; p) = 1 2 A^0_2(θ; p) + 4∑ k=1 (A^k_2 (θ; p) cos 2kφ + B^k_2 (θ; p) sin 2kφ)

and the subsequent calculation of the coefficients A^0_2, A^k_2 , B^k_2 , 1 ≤ k ≤ 4. Using the additional boundary condition caused by periodicity 1 2 A^0_2(0; p) + 4∑ k=1 A^k_2 (0; p) = 0,

the function f_2 is uniquely determined.

The recursive step of order n starts with the averaging condition which leads to

(4.16) g_n(p) = 1 lπ ∫_l 0 ∫_π 0 (L_2f_{n−1} − g_1f_{n−1} − ... − g_{n−1}f_1)dφdθ, continues with the observation that L_2f_{n−1} −g_1f_{n−1}−...−g_{n−1}f_1 possesses a representation as a trigonometrical polynomial in φ of order 4n and consequently motivates the ansatz

(4.17) f_n(θ, φ; p) = 1 2 A^0_n(θ; p) + 2n∑ k=1 (A^k_n(θ; p) cos 2kφ + B^k_n(θ; p) sin 2kφ).

Starting with (4.17) we determine A^0_n(θ; p) from a one-dimensional linear differential equation, and every pair A^k_n(θ; p), B^k_n(θ; p), k = 1, ..., 2n, via integration from a twodimensional system of linear differential equations. Analogously to (4.11) the following condition has to be used

(4.18) 1 2 A^0_n(0; p) + 2n∑ k=1 (A^k_n(0; p) = 0.

Thus, the procedure (4.1) is justified and the following theorem holds true.

Theorem 4.1. Let the condition of incommensurability (3.12) be fulfilled. Then the procedure (4.1) can be realized in the form (4.16)-(4.17). We have g_0 = 0, f_0 = 1. The coefficients A^0_n(θ; p), A^k_n(θ; p), B^k_n(θ; p), k = 1, ..., 2n, n ∈ N, are uniquely determined, and can be explicitly given by integrations.

5. Theorem on asymptotic expansion of moment Lyapunov exponent Theorem 5.1. Assume (3.14) and the condition of incommensurability (3.12) are fulfilled. Let g_1(p), ... , g_n(p) and f_0(θ, φ; p), f_1(θ, φ; p), ..., f_n(θ, φ; p) be the functions obtained from the algorithm (4.16)-(4.17) described in Theorem 4.1. Then for any n ∈ N we have (5.1) g^ε(p) = εg_1(p) + ... + ε^ng_n(p) + O(ε^{n+1}) (ε → 0), where O(ε^{n+1}) is bounded uniformly in p restricted to compacts of R. Proof. Fix n ∈ N and introduce (5.2) g^ε_n(p) = g_0(p) + εg_1(p) + ... + ε^ng_n(p), (5.3) f^ε_n(θ, φ; p) = f_0(θ, φ; p) + εf_1(θ, φ; p) + ... + ε^nf_n(θ, φ; p). The algorithm of Theorem 4.1 immediately gives (5.4) L^ε(p)f^ε_n = g^ε_n(p)f^ε_n + O(ε^{n+1}), where O(ε^{n+1}) is uniformly bounded in p restricted to compacts in R. By means of Ito’s formula, (5.4) guarantees that (5.5) df^ε_n(ϑ_θ(t), Φ_{θ,φ}(t); p)|X^ε_{θ,λ}(t)|^p = g^ε_n(p)f^ε_n(ϑ_θ(t), Φ_{θ,φ}(t); p)|X^ε_{θ,λ}(t)|^pdt +O(ε^{n+1})|X^ε_{θ,λ}(t)|^pdt + dM_t, where M_t denotes a martingale part which is not explicited further, and O(ε^{n+1}) is again uniformly bounded in p restricted to compacts in R. Omitting the subscripts θ, φ, λ, we conclude, taking expectations (5.6) d dt Ef^ε_n|X^ε|^p = g^ε_n(p)Ef^ε_n|X^ε|^p + E[O(ε^{n+1})|X^ε|^p].

As f_0 = 1, (5.3) implies that for any compact K ⊂ R there exists ε_0 > 0 such that for ε ≤ ε_0 (5.7) 1 2 ≤ f^ε_n(θ, φ; p) ≤ 3 2 , (θ, φ) ∈ D, p ∈ K. It is not difficult to deduce from (5.6) and (5.7) that there exist positive constants K and C such that the following inequalities true for (θ, φ) ∈ D, p ∈ K (5.8) (g^ε_n(p) − Kε^{n+1})Ef^ε_n|X^ε|^p ≤ d dt Ef^ε_n|X^ε|^p ≤ (g^ε_n(p) + Kε^{n+1})Ef^ε_n|X^ε|^p, (5.9) C exp(g^ε_n(p) − Kε^{n+1})t ≤ Ef^ε_n|X^ε|^p ≤ C exp(g^ε_n(p) + Kε^{n+1})t. Taking the logarithmic time average of (5.9) yields (5.10) g^ε_n(p) − Kε^{n+1} ≤ ln Ef^ε_n|X^ε|^p t − ln C t ≤ g^ε_n(p) + Kε^{n+1}.

Due to (5.7), the following limits exist

(5.11) lim_{t→∞} ln Ef^ε_n|X^ε|^p t = lim_{t→∞} ln E|X^ε|^p t = g^ε(p), and therefore (5.10) implies g^ε_n(p) − Kε^{n+1} ≤ g^ε(p) ≤ g^ε_n(p) + Kε^{n+1}.

This completes the proof of Theorem 5.1.

6. Asymptotic expansion of the stability index The stability index γ^ε is defined as the nonzero root of the equation (6.1) g^ε(γ^ε) = 0. An asymptotic expansion for the stability index (6.2) γ^ε = γ_0 + γ_1ε + ... + γ_nε^n + ... is obtained without any essential modification of the arguments given in [19]. Let us insert the expansion into the formal equation g_1(γ^ε) + εg_2(γ^ε) + ... + ε^{n−1}g_n(γ^ε) + ... = 0.

Equating coefficients of equal power of ε leads to a hierarchy of equations the first four of which are given by (6.3) g_1(γ_0) = 0, ġ_1(γ_0)γ_1 + g_2(γ_0) = 0, ġ_1(γ_0)γ_2 + 1 2 g̈_1(γ_0)γ^2_1 + ġ_2(γ_0)γ_1 + g_3(γ_0) = 0,

ġ_1(γ_0)γ_3 + 1 6 g̈_1(γ_0)γ^3_1 + g̈_1(γ_0)γ_1γ_2 + 1 2 g̈_2(γ_0)γ^2_1 + ġ_2(γ_0)γ_2 + ġ_3(γ_0)γ_1 + g_4(γ_0) = 0.

Here the dot denotes differentiation with respect to p. In the algorithm of Theorem 4.1, every function g_k(p) is a polynomial in p. If the first equation in (6.3) possesses a root γ_0 ≠ 0 and ġ_1(γ_0) ≠ 0, then the system (6.3) can be solved.

The function g_1(p) is given by formula (4.4), which states that g_1(p) is a quadratic function of the form g_1(p) = c_0p^2 + c_1p, where

(6.4) c_0 = 1 2lπ ∫_l 0 ∫_π 0 q∑ r=1 α^2_rdφdθ, c_1 = 1 lπ ∫_l 0 ∫_π 0 q∑ r=1 (Λ^⊤AΛ − 1 2 q∑ r=1 β_r ∂α_r ∂φ )dφdθ. If c_0 ≠ 0, c_1 ≠ 0, then γ_0 = − c_1 c_0

≠ 0, ġ_1(γ_0) = 2c_0γ_0 + c_1 = −c_1 ≠ 0.

To be more precise, assume that −c_1 > 0. Consider the interval I = [−

3c_1 4c_0 , − 5c_1 4c_0

]. The

function g_1(p) takes the values −

3c^2_1 16c_0 and 5c^2_1 16c_0 at the boundaries of this interval. On I the function g^ε(p) has form g^ε(p) = εg_1(p) + O(ε^2), where |O(ε^2)| ≤ Kε^2 and K is independent of p ∈ I. Therefore, just as g_1(p), the function g^ε(p) for sufficiently small ε has different signs at the boundaries of I. Since g^ε(p) is convex, its unique root on I is given by γ^ε on this interval. Furthermore, we may write with some ξ ∈ I 0 = g^ε(γ^ε) = εg_1(γ^ε) + O(ε^2) = εg_1(γ_0) + εġ_1(ξ)(γ^ε − γ_0) + O(ε^2).

Since g_1(γ_0) = 0 and ġ_1 ≥ −c_1/2 on I, we get the asymptotic relation γ^ε − γ_0 = O(ε).

Now consider the function g^ε_n(p) := εg_1(p) + ... + ε^ng_n(p).

For sufficiently small ε this function has different signs at the boundaries of I and its first derivative on I is bounded below by −c_1ε/4. Hence similar arguments as above yield the following estimate for the unique root γ^ε_n of the function g^ε_n(p) : γ^ε − γ^ε_n = O(ε^n).

On the other hand, it is not difficult to show that γ_0 + γ_1ε + ... + γ_{n−1}ε^{n−1} − γ^ε_n = O(ε^n).

Consequently the following theorem is proved (see [19]).

Theorem 6.1. Let the conditions of Theorem 5.1 be fulfilled. Assume c_0 ≠ 0, c_1 ≠ 0. Then the stability index of the system (3.1) has the following asymptotic expansion: γ^ε = γ_0 + γ_1ε + ... + γ_nε^n + O(ε^{n+1}), where γ_0, γ_1, ..., γ_n can be found recursively from (6.3).

Remark 6.1 Let us add a few remarks concerning the case c_0 = 0. In this case ∫_l 0 ∫_π 0 q∑ r=1 α^2_r dφdθ = 0. This implies that there are smooth functions ν_i, 1 ≤ i ≤ r on [0, l) such that for almost all θ ∈ [0, l), 1 ≤ r ≤ q we have A_r = ν_r J and consequently α_r = 0, β_r = ν_r, 1 ≤ r ≤ q. If we denote with a_{ij}, i, j = 1, 2, the coefficients of the matrix A and ν^2 = ∑_q r=1 ν^2_r we may describe the operator L_2(p) by

L_2(p) = 1 2 ν^2

∂^2 ∂φ^2 − 1 2 [a_{12} − a_{21} − (a_{12} + a_{21}) cos 2φ + (a_{11} − a_{22}) sin 2φ] ∂ ∂φ

+ p 2 [a_{11} + a_{22} + (a_{11} − a_{22}) cos 2φ + (a_{12} + a_{21}) sin 2φ].

Setting c = p 2 [a_{11} + a_{22} + (a_{11} − a_{22}) cos 2φ + (a_{12} + a_{21}) sin 2φ],

r = |X^ε|, and writing f = 1 l ∫_l 0 f(θ)dθ for measurable functions f on [0, l), we obtain

c_1 = p 2 [a_{11} + a_{22}], dr = ε c dt.

Now we have to distinguish three possibilities.

(i) In case (a_{11} − a_{22})^2 + (a_{12} + a_{21})^2 = 0, the differential equation for r is deterministic and we have g(p) = ε^p_2 (a_{11} + a_{22}).

(ii) Next assume (a_{11} − a_{22})^2 + (a_{12} + a_{21})^2 ≠ 0 and a_{11} + a_{22} ≠ 0. Then g_1(p) =^p_2 (a_{11} + a_{22}), obviously. To compute g_2(p), note that from the equations (4.6) - (4.9) we have

f_1(θ, φ; p) = 1 2 A^0_1(θ; p) + A^1(θ; p) cos 2φ + B^1 (θ; p) sin 2φ

with 1 2 Ȧ^0_1 = p 2 [a_{11} + a_{22} − (a_{11} + a_{22})],

Ȧ^1 − 2aB^1 = −p 2 (a_{11} − a_{22}),

(6.5)

Ḃ^1 + 2aA^1 = −p 2 (a_{12} + a_{21}).

(6.6)

Multiplying (6.5) with A^1, (6.6) with B^1 and taking averages immediately yields (a_{11} − a_{22})A^1 = −(a_{12} + a_{21})B^1 , whence we easily obtain from the formulas for L_2(p) and f_1 the equation g_2(p) = 0. To compute g_3(p), note that by induction

f_2 = 1 2 A^0_2 + A^1_2 cos 2φ + B^1_2 sin 2φ + A^2 cos 4φ + B^2 sin 4φ.

Hence g_3(p) = 1 l 1 π ∫_l 0 ∫_π 0 (L_2(p) f_2 − g_2 f_2)dφdθ = ( 1 2 + p 4 )A^1_2(a_{11} − a_{22}) + ( 1 2 + p 4 )B^1_2 (a_{12} + a_{21}) + p 4 [A^0_2(a_{11} + a_{22}) − A^0_2 (a_{11} + a_{22})], with A^0_2, A^1_2, B^1_2 determined by 1 2 Ȧ^0_2 = (1 2 + p 4 ) [A^1(a_{11} − a_{22}) + B^1 (a_{12} + a_{21})],

Ȧ^1_2 − 2aB^1_2 = −2ν^2A^1 − B^1 (a_{12} − a_{21}) + p 2 A^1(a_{11} + a_{22}) + p 4 A^0_1(a_{11} − a_{22}),

Ḃ^1_2 + 2aA^1_2 = −2ν^2B^1 − A^1(a_{12} − a_{21}) + p 2 B^1 (a_{11} + a_{22}) + p 4 A^0_1(a_{12} + a_{21}).

As in [19], the asymptotic expansion of the stability index therefore takes the form γ^ε = γ_{−2}ε^{−2} + γ_{−1}ε^{−1} + γ_0 + γ_1ε + . . .

with coefficients recursively determined from the expansion of g^ε(p).

(iii) Finally, in case (a_{11} − a_{22})^2 + (a_{12} + a_{21})^2 ≠ 0 and a_{11} + a_{22} = 0 the analysis of (ii) gives in addition g_1(p) = 0 = g_2(p).

7. The finite expansion of the moment Lyapunov exponent in the commensurable case

In Section 4, it was shown that the algorithm of Theorem 4.1 produces unique solutions. In the commensurable case the property of uniqueness is violated from the very beginning. Let us show this fact. Consider equation (4.2). Again g_0 = 0 since we look for periodic and positive f_0. The equation

(7.1) −ω ∂f_0 ∂φ + ∂f_0 ∂θ = 0 has besides f_0 = 1 many other solutions. Indeed, let ωl/π = m/k and F be an arbitrary differentiable π/k-periodic positive function. Then f_0(θ, φ) = F (ωθ + φ) is a solution of (7.1) which is positive, l-periodic in θ, and π-periodic in φ.

Among the solutions of (7.1) we choose f_0 = 1 in the following, as in the incommensurable case.

Let us analyze the existence of an expansion. Supposing that g_0 = 0, f_0 = 1, g_1, f_1, ..., g_{n−1}, f_{n−1} are found (maybe they are not unique), let us return to the n-th step of the algorithm of Theorem 4.1. The coefficient g_n(p) is found via (4.16). The function f_n(θ, φ; p) is determined by A^0_n, A^k_n, B^k_n, k = 1, ..., 2n. For A^0_n we obtain a one-dimensional linear differential equation which does not cause any difficulties. For every pair A^k_n, B^k_n we obtain a two-dimensional system of linear differential equations of the form (7.2) Ȧ^k_n − 2kωB^k_n = −a^k_n Ḃ^k_n + 2kωA^k_n = −b^k_n, where a^k_n, b^k_n are some l-periodic functions in θ which depend also on the parameter p. In general the functions a^k_n, b^k_n as l-periodic ones have frequencies ω_m = 2πm/l, m = 1, 2, ... . If all these frequencies are present, the necessary and sufficient condition for the existence of an l-periodic solution of (7.2) consists in

(7.3) 2πm l ≠ 2kω, m = 1, 2, ... . Moreover, under (7.3) system (7.2) has only one l-periodic solution. So, if (7.4) ω ≠ πm kl , k = 1, ..., 2n, m = 1, 2, ..., then all the systems (7.2), k = 1, ..., 2n, have a unique l-periodic solution.

Consider now the case when one of the frequencies ω_m = 2πm/l coincides with 2kω and the right-hand side of (7.2) possesses a harmonic of this frequency, then the system has no l-periodic solution. In this case the n-th step of the algorithm considered is impossible. However if the right-hand side of (7.2) does not possess any nontrivial harmonic of the frequency 2kω, this system does have an l-periodic solution and even an infinite set such solutions. So, even if the condition (7.4) is violated, for a fixed n there is a possibility that each of the systems of (7.2), k = 1, ..., 2n, has an l-periodic solution, and the n-th step of the algorithm of Theorem 4.1 is feasible. In case of solvability we find g_0 = 0, f_0 = 1, g_1(p), f_1(θ, φ; p), ..., g_n(p), f_n(θ, φ; p), maybe not uniquely. As earlier we can introduce g^ε_n, f^ε_n in accordance with (5.2), (5.3) and obtain equation (5.4). All the arguments in the proof of Theorem 5.1 remain true in the considered situation as well, and consequently we obtain the finite expansion (5.1). As a result the following theorem is obtained.

Theorem 7.1. Let g_0 = 0, f_0 = 1, suppose the algorithm of Theorem 4.1 is solvable to the ( n − 1)-st step, and gives g_1(p), f_1(θ, φ; p), ..., g_{n−1}(p), f_{n−1}(θ, φ; p), g_n(p). Assume that each of the systems (7.2), k = 1, ..., 2n, possesses an l-periodic solution. Then the following finite expansion holds

g^ε(p) = εg_1(p) + ... + ε^ng_n(p) + O(ε^{n+1}) (ε → 0),

where O(ε^{n+1}) is bounded uniformly in p restricted to compacts of R. A sufficient condition of solvability for the systems (7.2) is given by (7.4). In particular, if

(7.5) ω ≠ πm 2l , m = 1, 2, ..., or if systems (4.8), (4.9) are solvable, then

(7.6) g^ε(p) = εg_1(p) + O(ε^2).

Remark 7.1. Clearly g_1(p), ..., g_n(p) are obtained uniquely in spite of the fact that the functions f_1, ..., f_n may not be unique.

Remark 7.2. Let g_1(p) = c_0p^2 + c_1p where c_0 ≠ 0, c_1 ≠ 0. Assume the algorithm of Theorem 4.1 is solvable to the n-th step. Then the stability index of system (3.1) has the finite expansion γ^ε = γ_0 + γ_1ε + ... + γ_{n−1}ε^{n−1} + O(ε^n), where γ_0, γ_1, ..., γ_{n−1} can be found recursively from (6.3). In particular, if (7.5) is fulfilled or if system (4.8), (4.9) is solvable, then

(7.7) γ^ε = γ_0 + O(ε) = − c_1 c_0 + O(ε).

Remark 7.3. If in the commensurable case 2πm/l coincides with 2kω, resonance occurs and the system (7.2) may possess no l-periodic solution. However in the incommensurable case, a similar situation arises. Indeed if ωl/π is close to some rational number m/k, we encounter difficulties which are close to resonance problems, because the periodic solution obtained has a very large amplitude.

Remark 7.4. If the systems (4.8), (4.9) are solvable, and g_1 and f_1 are found, then along with (7.6) it is possible to get a bound for ε such that the sign of g^ε(p) is conserved. Knowing g_1 and f_1 actually provides (7.8) L^ε(p)f^ε_1 (θ, φ; p) = εg_1f^ε_1 + ε^2(L_2f_1 − g_1f_1) = εg_1(p) + ε^2L_2f_1(θ, φ; p).

Let, for instance, g_1(p) < 0 for some fixed p. Clearly for all sufficiently small ε the system (3.1) is p-stable. Let us find an upper bound for ε such that the system remains p-stable. For p-stability it is sufficient that f^ε_1 > 0 and L^ε(p)f^ε_1 < 0, more precisely (7.9) 1 + εf_1(θ, φ; p) > 0, g_1(p) + εL_2f_1(θ, φ; p) < 0, for all (θ, φ) ∈ D.

Introduce m(p) := min_{θ,φ} f_1(θ, φ; p), M(p) := max_{θ,φ} L_2f_1(θ, φ; p). If m(p) ≥ 0, then the first part of condition (7.9) is fulfilled for all ε; if M(p) ≤ 0, then the second part of condition (7.9) is fulfilled for all ε. In these cases the system of two inequalities reduces to a single one. Consider the more complicated case m(p) < 0 and M(p) > 0. In this case for all ε satisfying the inequality 0 < ε < min{− 1 m(p) , − g_1(p) M(p) } p-stability of (3.1) is ensured.

8. The Hill and Mathieu oscillators with small damping and noise

Let us start by giving a more constructive general formula for g_1(p). Using the expressions for α_r and β_r from Section 3, and denoting the coefficients of A_r by a^{ij}_r , r = 1, ..., q, i, j = 1, 2, one can use (4.4) to evaluate

(8.1) g_1(p) = c_0p^2 + c_1p = 1 8l p^2 q∑ r=1 ∫_l 0 ( 3 2 (a^{11}_r )^2 + 3 2 (a^{22}_r )^2 + a^{11}_r a^{22}_r + 1 2 (a^{12}_r + a^{21}_r )^2)dθ

+ 1 2l p ∫_l 0 (a_{11} + a_{22})dθ + 1 8l p q∑ r=1 ∫_l 0 ((a^{12}_r + a^{21}_r )^2 + (a^{11}_r − a^{22}_r )^2)dθ.

So, if system (4.8), (4.9) is solvable, then due to Theorem 7.1 g^ε(p) = εg_1(p) + O(ε^2). Let us consider the Stratonovich form of the Hill equation with small friction and small noise (8.2) Ẍ = −ω^2(1 + εa(t))X − εαẊ + √ εβX ∘ ẇ_1 + √ εγẊ ∘ ẇ_2, where a, α, β, γ are 2π-periodic functions in t, i.e., l = 2π. If a(t) = cos t the Hill equation is known as the Mathieu equation. Introduce X_1 = 1 ω X, X_2 = 1 ω^2

Ẋ. Then equation (8.2) takes the form of system (3.1): (8.3) dX_1 = ωX_2dt, dX_2 = −ω(1 + εa(t))X_1dt − εαX_2dt + √ ε β ω X_1 ∘ dw_1 + √ εγX_2 ∘ dw_2.

Our next aim is to get systems (4.7)-(4.9) for (8.3). For the convenience of the reader we give some formulae of routine calculations which are necessary for determining f_1 and L_2f_1.

We have Λ = [cos φ sin φ]^⊤, Λ̄ = [sin φ − cos φ]^⊤, A(θ) = [ 0 0 −ωa(θ) −α ] , A_1(θ) = [ 0 0 β/ω 0 ] , A_2(θ) = [ 0 0 0 γ ] , α_0 := Λ^⊤AΛ = − 1 2 ωa(θ) sin 2φ − α sin^2 φ, β_0 := Λ̄^⊤AΛ = ωa(θ) cos^2 φ + α 2 sin 2φ,

α_1 = Λ^⊤A_1Λ = β 2ω sin 2φ, β_1 = Λ̄^⊤A_1Λ = − β ω cos^2 φ,

α_2 = Λ^⊤A_2Λ = γ sin^2 φ, β_2 = Λ̄^⊤A_2Λ = − γ 2 sin 2φ.

Further, 2∑ r=1 α^2_r = β^2 4ω^2 sin^2 2φ + γ^2 sin^4 φ, 2∑ r=1 α_rβ_r = − β^2 2ω^2 sin 2φ cos^2 φ − γ^2 2 sin^2 φ sin 2φ, 2∑ r=1 β^2_r = β^2 ω^2 cos^4 φ + γ^2 4 sin^2 2φ, 2∑ r=1 β_r ∂α_r ∂φ = − β^2 ω^2 cos^2 φ cos 2φ − γ^2 2 sin^2 2φ, 2∑ r=1 β_r ∂β_r ∂φ = − β^2 ω^2 cos^2 φ sin 2φ + γ^2 4 sin 4φ.

Therefore

(8.4) c(θ, φ; p) = p(α_0 − 1 2 2∑ r=1 β_r ∂α_r ∂φ ) + 1 2 p^2 2∑ r=1 α^2_r

= 1 2 a^0_1(θ; p) + a^1(θ; p) cos 2φ + b^1(θ; p) sin 2φ + a^2_1(θ; p) cos 4φ + b^2_1(θ; p) sin 4φ, where

(8.5) 1 2 a^0_1 = p(− α 2 + β^2 8ω^2 + γ^2 8 ) + p^2 16 ( β^2 ω^2

+ 3γ^2), a^1 = p( α 2 + β^2 4ω^2 ) − p^2γ^2 4 , b^1 = − 1 2 pωa(θ), a^2_1 = p( β^2 8ω^2 − γ^2 8 ) − p^2 16 ( β^2 ω^2

− γ^2), b^2_1 = 0. So, (8.6) c = 1 2 a^0_1 + a^1 cos 2φ − 1 2 pωa sin 2φ + a^2_1 cos 4φ,

where a^0_1, a^1, a^2_1 are given by (8.5). Now systems (4.8)-(4.9) acquire the form

(8.7) Ȧ^1 − 2ωB^1 = −a^1, Ḃ^1 + 2ωA^1 = 1 2 pωa,

(8.8) Ȧ^2_1 − 4ωB^2_1 = −a^2_1, Ḃ^2_1 + 4ωA^2_1 = 0.

Clearly, if 4ω ≠ 1, 2, ..., the systems (8.7), (8.8) possess 2π-periodic solutions and consequently (see Theorem 7.1 and condition (7.5) with l = 2π) formula (7.6) holds. Consider the case of constant β and γ, i.e. the case of constant intensities for random excitations in the Hill equation. Then a^2_1 is a constant, system (8.8) has a 2π-periodic solution, and the condition 2ω ≠ 1, 2, ... ensures (7.6). So, we get

Proposition 8.1. For the Hill equation with general random excitations, if 4ω ≠ 1, 2, ..., then (8.9) g^ε(p) = εg_1(p) + O(ε^2).

For the Hill equation with random excitations of constant intensities, formula (8.9) holds if 2ω ≠ 1, 2, ... . Consider now the Mathieu equation with random excitations of constant intensities and with constant friction, i.e. with constant α, β, and γ. Then in (8.7)-(8.8) a^1 and a^2_1 are constants and we recall that a(θ) = cos θ. Clearly the following statement is true.

Proposition 8.2. For the Mathieu equation with random excitations of constant intensities and with constant damping, the condition ω ≠ 1 2 implies (8.9) with

g_1(p) = p(− α 2 + β^2 8ω^2 + γ^2 8 ) + p^2 16 ( β^2 ω^2

+ 3γ^2).

Let us note that the value ω = 1/2 corresponds to the strongest parametric resonance (see, e.g., [7]).

For Mathieu’s equation with constant α, β, γ, and ω ≠ 1/2, it is not difficult to find a function f_1(θ, φ; p) periodic in θ and φ with f_1(0, 0; p) = 0 from (4.6)-(4.9). One should take into account (8.7)-(8.8) with a(θ) = cos θ and the equation Ȧ^0_1 = 0 as g_1 = 1 2 a^0_1 in this case. If ω ≠ 1/2, the system (8.7)-(8.8) always has a 2π-periodic solution which is not unique for some ω. Let us take the following solution (8.10)

f_1(θ, φ; p) = pω^2 4ω^2 − 1

(−1 + cos θ cos 2φ) + ( −pω 2(4ω^2 − 1) sin θ + a^1 2ω ) sin 2φ + a^2_1 4ω sin 4φ.

We continue the consideration of the Mathieu equation under (8.11) ω = 1, β^2 = γ^2 = α.

We have (8.12) g_1(p) = αp 4 (p − 1). Due to (7.7), the stability index satisfies γ^ε = 1 + O(ε), and if 0 < p < 1, then for all sufficiently small ε the considered system is p-stable. Let us apply Remark 7.4 in case (8.11) with α = 1. In this case

a^1 = p 4 (3 − p), a^2_1 = 0,

f_1(θ, φ; p) = p 3 (−1 + cos θ cos 2φ) + (− p 6 sin θ + p 8 (3 − p)) sin 2φ,

L_2 = 1 2 cos^2 φ

∂^2 ∂φ^2 + (− cos θ cos^2 φ − 3 4 sin 2φ + p 2 sin 2φ) ∂ ∂φ +(− p 4 + 3p 4 cos 2φ + p^2 2 sin^2 φ − p 2 cos θ sin 2φ).

The following rough bounds for f_1 and L_2f_1 under, for example p = 1/2, are evident: max_{θ,φ} |f_1| < 0.6, max_{θ,φ} | ∂f_1 ∂φ | < 0.9, max_{θ,φ} | ∂^2f_1 ∂φ^2 | < 1.7, max_{θ,φ} |L_2f_1| < 2.8. Using these calculations and Remark 7.4, we obtain that the considered equation is 1/2- stable if 0 < ε < 0.02.

For the convenience of the reader consider also the Ito equation (8.13) dX^ε = ωJX^εdt + εA(t)X^εdt + √ ε q∑ r=1 A_r(t)X^εdw_r(t). The formula for g^{Ito}_1 (p) has the form

(8.14) g^{Ito}_1 (p) = 1 8l p^2 q∑ r=1 ∫_l 0 ( 3 2 (a^{11}_r )^2 + 3 2 (a^{22}_r )^2 + a^{11}_r a^{22}_r + 1 2 (a^{12}_r + a^{21}_r )^2)dθ

+ 1 2l p ∫_l 0 (a_{11} + a_{22})dθ + 1 8l p q∑ r=1 ∫_l 0 ((a^{12}_r − a^{21}_r )^2 − (a^{11}_r + a^{22}_r )^2)dθ.

The conditions on ω in Propositions 8.1 and 8.2 ensuring the expansions of the moment Lyapunov exponent with exactness O(ε^2) remain true for the Hill and Mathieu equations in the Ito form as well. For the Mathieu equation in the Ito form Ẍ = −ω^2(1 + εa cos t)X − εαẊ + √εβXẇ_1 + √εγẊẇ_2, with constant coefficients α, β, and γ we get g^{Ito}_1 (p) = p(− α 2 + β^2 8ω^2 − γ^2 8 ) + p^2 16 ( β^2 ω^2

+ 3γ^2).

For example, under (8.11) we obtain g^{Ito}_1 (p) = pα 4 (p − 2) instead of (8.12).

References

[1] L. Arnold. A formula connecting sample and moment stability of linear stochastic systems. SIAM J. Appl. Math. 44(1984), pp. 793-802.

[2] L. Arnold. Random Dynamical Systems. Springer: Berlin 1998.

[3] L. Arnold, P. Imkeller, S. N. Namachchivaya. The Asymptotic Stability of Weakly Perturbed Two Dimensional Hamiltonian Systems. Preprint, HU Berlin, 2000.

[4] L. Arnold and R.Z. Khasminskii. Stability index for nonlinear stochastic differential equations. Proc. of Symposia in Pure Math. 57(1995), pp. 543-551.

[5] L. Arnold, E. Oeljeklaus, and E. Pardoux. Almost sure and moment stability for linear Ito equations. Lyapunov exponents (L. Arnold and V. Wihstutz, eds.), Lecture Notes in Math., vol. 1186, Springer, Berlin, 1986, pp. 129-159.

[6] L. Arnold, E. Papanicolaou, and V. Wihstutz. Asymptotic analysis of the Lyapunov exponent and rotation of the random oscillator and applications. SIAM. J. Appl. Math., 46 (1986), pp. 427-450.

[7] V.I. Arnold. Mathematical Methods of Classical Mechanics. Springer: Berlin 1978.

[8] E.I. Auslender and G.N. Milstein. Asymptotic expansions of the Lyapunov index for linear stochastic systems with small noise. J. Appl. Math. Mech., 1983, pp. 277-283.

[9] P. Baxendale, L. Goukasian. Lyapunov exponents for small perturbations of Hamiltonian systems. Preprint, UCLA, 2000.

[10] P. Baxendale. Moment stability and large deviations for linear stochastic differential

equations. Proc. Taniguchi Symp. on Probab. Meth. in Math. Physics, Katata and Kyoto 1985 (N. Ikeda, ed.), Kinokuniya, Tokyo, 1987, pp. 31-54.

[11] Ph. Clément, H.J.A.M. Heijmans, et al. One-Parameter Semigroups. North-Holland,

Amsterdam, 1987.

[12] M. Doyle, N.Sri. Namachivaya, and L. Arnold. Small noise expansion of moment Lya-

punov exponents for two-dimensional systems. Dynam. Stability Systems, 12(1997), pp. 187-211.

[13] G. Greiner. Zur Perron-Frobenius-Theorie stark stetiger Halbgruppen. Math. Z.,

177(1981), pp. 401-423.

[14] G. Greiner, J. Voigt, M. Wolff. On the spectral bound of the generators of semigroups

of positive operators. J. Operator Theory, 5(1981), pp. 245-256.

[15] P. Imkeller, C. Lederer. An explicit description of the Lyapunov exponents of the

noisy damped harmonic oscillator. Dynamics and Stability of Systems 14 (1999), pp. 385-405.

[16] P. Imkeller, C. Lederer. Some formulas for Lyapunov exponents and rotation num-

bers in two dimensions and the stability of the harmonic oscillator and the inverted pendulum. To appear in Dynamical Systems (2001).

[17] R.Z. Khasminskii. Necessary and sufficient conditions for the asymptotic stability of

linear stochastic systems. Theory Probab. Appl., 12(1967), pp. 144-147.

[18] R.Z. Khasminskii. Stochastic stability of differential equations. Nauka, Moscow, 1969;

Engl. transl., Sijthoff and Noordhoff, Alphen, 1980.

[19] R. Khasminskii and N. Moshchuk. Moment Lyapunov exponent and stability index

for linear conservative system with small random perturbation. SIAM. J. Appl. Math., 58 (1998), pp. 245-256.

[20] G.N. Milstein. Evaluation of moment Lyapunov exponents for second order stochastic

systems. Random & Comput. Dynam., 4(4), 1996, pp. 301-315.

[21] G.N. Milstein. Stability index for invariant manifolds of stochastic systems. Random

& Comput. Dynam., 5(4), 1997, pp. 177-211.

[22] G.N. Milstein. Orbital stability index for stochastic systems. Stochastic Analysis and

Applications, 18(2000), no. 5, pp. 777-809.

[23] R. Nagel (ed.). One-parameter semigroups of positive operators. Lecture Notes in

Math., vol. 1184, Springer, Berlin, 1986.

[24] E. Pardoux and V. Wihstutz. Lyapunov exponent and rotation number of two-

dimensional linear stochastic systems with small diffusion. SIAM. J. Appl. Math., 48 (1988), pp. 442-457.

[25] M.A. Pinsky. Instability of the harmonic oscillator with small noise. SIAM J. Appl.

Math., 46 (1986), pp. 451-463.