Weierstraß–Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

On a class of singularly perturbed partly dissipative reaction-diffusion systems

Valentin F. Butuzov^1, Nikolai N. Nefedov^1, Klaus R. Schneider^2

submitted: 8th March 2001

1 Moscow State University

Department of Physics Vorob’ovi Gori 119899 Moscow Russia E-Mail: butuzov@mt384.phys.msu.su E-Mail: nefedov@mt384.phys.msu.su

2 Weierstrass Institute for Applied Analysis and Stochastics Mohrenstraße 39 D – 10117 Berlin Germany E-Mail: schneider@wias-berlin.de

Preprint No. 646

Berlin 2001

WIAS

2000 Mathematics Subject Classification. 35B25, 35K57.

Key words and phrases. Initial boundary value problem, singularly perturbed partly dissipative reaction-diffusion system, exchange of stabilities, asymptotic lower and upper solutions.

The authors were supported by a RFFI-DFG grant.

Edited by Weierstraß–Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 D — 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail (X.400): c=de;a=d400-gw;p=WIAS-BERLIN;s=preprint E-Mail (Internet): preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

We consider the singularly perturbed partly dissipative reaction-diffusion system ε^2 (_{∂u} ∂t −^{∂2u}_{∂x2} ) = g(u, v, x, t, ε),^{∂v}_{∂t} = f(u, v, x, t, ε) under the condi- tion that the degenerate equation g(u, v, t, 0) = 0 has two solutions u = φ_i(v, x, t), i = 1, 2, that intersect (exchange of stabilities) and that v is a vector. Our main result concerns existence and asymptotic behavior in ε of the solution of the initial boundary value problem under consideration. The proof is based on the method of asymptotic lower and upper solutions.

1 Introduction.

We consider the singularly perturbed partly dissipative reaction-diffusion system

ε^2 ( ∂u ∂t − ∂^2u ∂x^2 ) = g(u, v, x, t, ε), ∂v ∂t = f(u, v, x, t, ε), (1.1)

where u is a scalar and v is a vector, ε is a small positive parameter. Partly dissipative systems are often used to model reaction-diffusion processes in different fields (chemical kinetics, biology, astrophysics) when the effect of diffusion of some species is negligible (see, for example, [11, 12, 7, 8, 6, 13, 5]). If the degenerate equation g(u, v, x, t, 0) = 0 has an isolated solution with respect to u then the standard theory (see [15]) can be applied to derive asymptotic properties for the solution of initial boundary value problems to system (1.1).

In what follows we consider system (1.1) under the assumption that the degenerate equation has two intersecting solutions. This assumption implies an exchange of stabilities for families of equilibria of the associated differential equation to (1.1). The present paper continues the investigations of the authors in [3] where the case has been treated that v is a scalar. The main results of the present paper concern existence and asymptotic behavior in ε of the solution of some initial boundary value problem related to system (1.1). The proof of our results is based on the method of asymptotic lower and upper solutions.

The paper is organized as follows: In section 2 we formulate the problem and the corresponding assumptions. We also describe the method of asymptotic lower and upper solutions. Section 3 contains the mains results: existence of a unique solution and it asymptotic behavior. In section 4 we illustrate our approach by considering an example.

2 Formulation of the problem. Assumptions.

We study the singularly perturbed nonlinear initial boundary value problem

ε^2 ( ∂u ∂t − ∂^2u ∂x^2 ) = g(u, v, x, t, ε), ∂v ∂t = f(u, v, x, t, ε), (x, t) ∈ Q := {(x, t) ∈ R^2 : 0 < x < 1, 0 < t ≤ T }, ε ∈ I_{ε0} := {ε ∈ R : 0 < ε ≤ ε_0 ≪ 1}, ∂u ∂x (0, t, ε) = ∂u ∂x (1, t, ε) = 0 for 0 < t ≤ T,

u(x, 0, ε) = u^0(x), v(x, 0, ε) = v^0(x) for 0 ≤ x ≤ 1,

(2.1)

where u is a scalar, and, in order to simplify the representation, v is a two-dimensional vector. Let v = (y, z), f = (f_1, f_2).

We consider (2.1) under the following assumptions:

(A_0). g ∈ C^2(D, R), f ∈ C^2(D, R^2) where D := R × R^2 × [0, 1] × [0, T ] × I_{ε0} , u^0 ∈ C^2([0, 1], R), v^0 ∈ C^2([0, 1], R^2).

If we set ε = 0 in (2.1) then we get the degenerate system 0 = g(u, v, x, t, 0), dv dt = f(u, v, x, t, 0). (2.2)

Concerning the solution set of the equation g(u, v, x, t, 0) = 0 (2.3) we assume

(A_1). Equation (2.3) has exactly two solutions u = φ_1(v, x, t) and u = φ_2(v, x, t) defined for (v, x, t) ∈ G_v × Q, where G_v is some bounded open region in R^2, and where φ_1 and φ_2 have the same smoothness properties as g.

Throughout the following w will be a placeholder for the components y and z of v. From assumption (A_1) we obtain for (v, x, t) ∈ G_v × Q, and for i = 1, 2 : g(φ_i(v, x, t), v, x, t, 0) ≡ 0, g_u(φ_i(v, x, t), v, x, t, 0) ∂φ_i ∂w (v, x, t) + g_w(φ_i(v, x, t), v, x, t, 0) ≡ 0. (2.4)

Different from the classical theory (see [14],[15]), assumption (A_1) does not require that the solutions φ_1 and φ_2 are isolated. In what follows we assume that the surfaces u = φ_1(y, z, x, t) and u = φ_2(y, z, x, t) intersect in a smooth surface whose projection into the (y, z, x, t)-space can be described by y = s(z, x, t).

(A_2). There exist an interval I_z and a smooth function s : I_z × Q → R such that for all (z, x, t) ∈ I_z × Q φ_1(y, z, x, t) = φ_2(y, z, x, t) for y = s(z, x, t), φ_1(y, z, x, t) > φ_2(y, z, x, t) for y < s(z, x, t), φ_1(y, z, x, t) < φ_2(y, z, x, t) for y > s(z, x, t). The differential equation du dτ = g(u, v, x, t, 0), (2.5) where v, x, t are considered as parameters, is said to be the associated equation to (2.1). It follows from hypothesis (A_1) that u = φ_i(v, x, t), i = 1, 2, are families of equilibria of (2.5). The families φ_i are stable (unstable) if g_u(φ_i, v, x, t, 0) is negative (positive). Concerning the stability of these families we assume

(A_3). For (z, x, t) ∈ I_z × Q it holds g_u(φ_1(y, z, x, t), y, z, x, t, 0) < 0, g_u(φ_2(y, z, x, t), y, z, x, t, 0) > 0 for y < s(z, x, t), g_u(φ_1(y, z, x, t), y, z, x, t, 0) > 0, g_u(φ_2(y, z, x, t), y, z, x, t, 0) < 0 for y > s(z, x, t). From assumption (A_3) we get that g_u(u, y, z, t, 0) changes its sign on the surface y = s(z, x, t) where u = φ_1(y, z, x, t) and u = φ_2(y, z, x, t) intersect. This sign change of g_u expresses an exchange of stabilities of the families of equilibria to the associated equation (2.5).

From (A_3) we get for (x, t) ∈ Q and for i = 1, 2 g_u(φ_i(s(z, x, t), z, x, t), s(z, x, t), z, x, t, 0) ≡ 0. In what follows we will construct the so-called composed stable solution to the degenerate system (2.2). To this purpose we assume y^0(x) ≠ s(z^0(x), x, 0) for all x ∈ [0, 1]. First we consider the case

y^0(x) < s(z^0(x), x, 0) for 0 ≤ x ≤ 1. (2.6)

(A_4). For x ∈ [0, 1], the initial value problem dv dt = f(φ_1(v, x, t), v, x, t, 0), v(x, 0) = v^0(x)

(2.7)

where v^0(x) satisfies (2.6) has a unique solution v = v_1 = (y_1(x, t), z_1(x, t)) defined on Q such that z_1(x, t) ∈ I_z for (x, t) ∈ Q where I_z is the interval introduced in hypothesis (A_2). There exists a smooth curve C defined by C := {(x, t) ∈ Q : t = t_c(x), 0 ≤ x ≤ 1} where t_c ∈ C^2[0, 1] and such that

0 < t_c(x) < T for 0 ≤ x ≤ 1, y_1(x, t) < s(z_1(x, t), x, t) for 0 ≤ t < t_c(x), 0 ≤ x ≤ 1, y_1(x, t) = s(z_1(x, t), x, t) for t = t_c(x), 0 ≤ x ≤ 1, y_1(x, t) > s(z_1(x, t), x, t) for t_c(x) < t ≤ T, 0 ≤ x ≤ 1. (2.8)

Assumption (A_4) says that the surfaces y = y_1(x, t) and y = s(z_1(x, t), x, t) intersect in a curve whose projection into Q can be described by t = t_c(x). We denote by Q_1 and Q_2 all points (x, t) of Q satisfying t < t_c(x) and t > t_c(x) respectively (see Fig 1.).

Fig. 1: Decomposition of Q into Q_1 and Q_2 by the curve C.

(A_5). For x ∈ [0, 1], the initial value problem dv dt = f(φ_2(v, x, t), v, x, t, 0), y(x, t_c(x)) = s(z_1(x, t_c(x)), x, t_c(x)), z(x, t_c(x)) = z_1(x, t_c(x))

(2.9) has a unique solution v = v_2(x, t) = (y_2(x, t), z_2(x, t)) defined on Q such that z_2(x, t) ∈ I_z for (x, t) ∈ Q, y_2(x, t) > s(z_2(x, t), x, t) for (x, t) ∈ Q_2, y_2(x, t) < s(z_2(x, t), x, t) for (x, t) ∈ Q_1. (2.10)

Let ψ_1(x, t) := φ_1(v_1(x, t), x, t) for (x, t) ∈ Q, ψ_2(x, t) := φ_2(v_2(x, t), x, t) for (x, t) ∈ Q.

(2.11)

From assumption (A_2) and from (2.11) we obtain

ψ_1(x, t) ≡ ψ_2(x, t) on C. (2.12)

Now, we introduce the functions û(x, t) and v̂(x, t) by

û(x, t) := { ψ_1(x, t) for (x, t) ∈ Q_1, ψ_2(x, t) for (x, t) ∈ Q_2, v̂(x, t) := { v_1(x, t) for (x, t) ∈ Q_1, v_2(x, t) for (x, t) ∈ Q_2.

(2.13)

We suppose that v̂(x, t) ∈ G_v for (x, t) ∈ Q where G_v is the region introduced in hypothesis (A_1).

The vector-function (û(x, t), v̂(x, t)) is referred to as the composed stable solution of the degenerate system (2.2).

The function v̂(x, t) is obviously continuously differentiable for (x, t) ∈ Q, but û(x, t) is in general not smooth on the curve C.

For the sequel it is convenient to introduce the following notation: the symbol “ ^” over g and f or some derivative of g and f denotes that we have to consider the arguments (u, v, ε) at (û(x, t), v̂(x, t), 0). It follows from assumption (A_1) that ĝ(x, t) := g(û(x, t), v̂(x, t), x, t, 0) ≡ 0 in Q, (2.14) by assumption (A_3) we have

ĝ_u(x, t) < 0 in Q\C, (2.15)

ĝ_u(x, t) ≡ 0 on C. (2.16)

Remark 2.1 The case y^0(x) > s(z^0(x), x, 0) can be treated analogously. In that case we have to use the function φ_2(v, x, t) to construct v_1(x, t) (see assumption (A_4)) and the function φ_1(v, x, t) to construct v_2(x, t) (see assumption (A_5)). The case when y^0(x) = s(z^0(x), x, 0) for some x requires a special treatment.

In what follows we prove that under the hypotheses (A_1) − (A_5) and under some additional assumptions (see (A_6) − (A_8) below) problem (2.1) has a solution (u(x, t, ε), v(x, t, ε)) satisfying lim_{ε→0} u(x, t, ε) = û(x, t) in Q\{t = 0, 0 ≤ x ≤ 1}, lim_{ε→0} v(x, t, ε) = v̂(x, t) in Q. (2.17)

Concerning the initial condition u^0(x) for u(x, t, ε) we assume

(A_6). For x ∈ [0, 1], u^0(x) lies in the basin of attraction of the equilibrium point φ_1(v^0(x), x, 0) of the associated equation (2.5) for v = v^0(x), t = 0.

Assumption (A_6) implies that for v = v^0(x), t = 0 equation (2.5) with the initial condition u(x, 0) = u^0(x)

has a unique solution u = u(x, τ) defined for τ ≥ 0, and such that lim_{τ →∞} u(x, τ) = φ_1(v^0(x), x, 0). Finally, we assume (A_7). ĝ_{uu}(x, t) := g_{uu}(û(x, t), v̂(x, t), x, t, 0) < 0 on C. (A_8). ĝ_ε(x, t) > 0 on C.

Concerning assumption (A_8) we would like to mention that the sign of ĝ_ε(x, t) on C plays an important role (see [1] - [4]).

Our approach to prove the asymptotic behavior of the solution of problem (2.1) is based on the concept of ordered lower and upper solutions. Let us recall its definition [11].

Definition 2.1 Let the vector-functions α(.) := α(x, t, ε) = (α^u(.), α^v(.)) := (α^u(.), α^y(.), α^z(.)) and β(.) := (β^u(.), β^v(.)) be defined for (x, t, ε) ∈ Q × I_{ε1} , ε_1 ≤ ε_0, and satisfy the smoothness conditions α^u, β^u ∈ C^{2,1,0}_{x,t,ε} (Q × I_{ε1} ) ∩ C^{1,0,0}_{x,t,ε} (Q × I_{ε1} ), α^y, α^z, β^y, β^z ∈ C^{0,1,0}_{x,t,ε} (Q × I_{ε1} ) ∩ C^{0,0,0}_{x,t,ε} (Q × I_{ε1} ). Furthermore, we assume α^u(.) ≤ β^u(.), α^v(.) ≤ β^v(.) for (x, t, ε) ∈ Q × I_{ε1} (where the last inequality has to be understood componentwise).

Let the operators L, M, N be defined by (Lw)(x, t, ε) := ε^2 ( ∂w ∂t − ∂^2w ∂x^2 ) − g(w, y, z, x, t, ε), (2.18)

(Mw)(x, t, ε) := ∂w ∂t − f_1(u, w, z, x, t, ε), (2.19)

(Nw)(x, t, ε) := ∂w ∂t − f_2(u, y, w, x, t, ε). (2.20) Then, α(x, t, ε) and β(x, t, ε) are called ordered lower and upper solutions of problem (2.1) respectively, if they satisfy the following inequalities

(Lα^u)(.) ≤ 0 ≤ (Lβ^u)(.) for (x, t, ε) ∈ Q × I_{ε1} , α^v ≤ v ≤ β^v, (2.21)

(Mα^y)(.) ≤ 0 ≤ (Mβ^y)(.) for (x, t, ε) ∈ Q × I_{ε1} , α^u ≤ u ≤ β^u, α^z ≤ z ≤ β^z, (2.22)

(Nα^z)(.) ≤ 0 ≤ (Nβ^z)(.) for (x, t, ε) ∈ Q × I_{ε1} , α^u ≤ u ≤ β^u, α^y ≤ y ≤ β^y, (2.23)

∂α^u ∂x (0, t, ε) ≥ 0 ≥ ∂β^u ∂x (0, t, ε), ∂α^u ∂x (1, t, ε) ≤ 0 ≤ ∂β^u ∂x (1, t, ε) for (t, ε) ∈ [0, T ] × I_{ε1} ,

(2.24)

α^u(x, 0, ε) ≤ u^0(x) ≤ β^u(x, 0, ε), α^v(x, 0, ε) ≤ v^0(x) ≤ β^v(x, 0, ε), for (x, ε) ∈ [0, 1] × I_{ε1} . (2.25)

This definition can be obviously adapted to any subdomain of Q.

Remark 2.2 It is known (see, for example, [11]) that the existence of ordered lower and upper solutions of (2.1) implies the existence of a unique solution (u(x, t, ε), v(x, t, ε)) of (2.1) satisfying for (x, t, ε) ∈ Q × I_{ε1} α^u(x, t, ε) ≤ u(x, t, ε) ≤ β^u(x, t, ε), α^y(x, t, ε) ≤ y(x, t, ε) ≤ β^y(x, t, ε), α^z(x, t, ε) ≤ z(x, t, ε) ≤ β^z(x, t, ε). The goal of the following investigations is to characterize the asymptotic behavior of the solution of the initial boundary value problem (2.1), in particular, we prove the limit behavior (2.17) by constructing appropriate lower and upper solutions.

3 Existence and asymptotic behavior of the solution.

In this section we will prove that problem (2.1) has a unique solution. Taking into account an initial layer correction we can show that for small ε the solution of (2.1) is close to the composed stable solution (û(x, t), v̂(x, t)).

Fig. 2: Decomposition of Q.

In order to be able to formulate our main result we decompose the domain Q into two disjoint sub-domains Q_c and Q\Q_c and introduce a function which represents an approximation of the initial layer correction.

First we decompose Q. Let t_{min} be the minimum of the function t_c(x) in [0,1], let ν be any small positive number such that t_1 := t_{min} − ν is positive. Let Q_c be the domain defined by Q_c := {(x, t) ∈ R^2 : 0 < x < 1, t_1 < t ≤ T }, (see Fig. 2).

Next we introduce an initial layer correction. According to [15] we define the zeroth order initial layer function Π_0(x, τ) (τ = t/ε^2) as the solution of the initial value problem (x ∈ [0, 1] has to be considered as a parameter)

dΠ_0 dτ = g(ψ_1(x, 0) + Π_0, v^0(x), x, 0, 0), τ > 0,

Π_0(x, 0) = u^0(x) − ψ_1(x, 0).

(3.1)

By (2.11) we have ψ_1(x, 0) = φ_1(v^0(x), x, 0). Thus, from assumptions (A_3) and (A_6) it follows that the initial value problem (3.1) has a solution which satisfies the estimate |Π_0(x, τ)| < c exp(−κτ) for τ ≥ 0 where c and κ are some positive constants.

Theorem 3.1 Assume hypotheses (A_0)–(A_8) to be valid. Then, for sufficiently small ε, the initial boundary value problem (2.1) has a unique solution (u(x, t, ε), v(x, t, ε)) satisfying

u(x, t, ε) = { û(x, t) + Π_0(x, τ) + O(ε) for (x, t) ∈ Q\Q_c, û(x, t) + O( √ ε) for (x, t) ∈ Q_c, (3.2)

v(x, t, ε) = { v̂(x, t) + O(ε) for (x, t) ∈ Q\Q_c, v̂(x, t) + O( √ ε) for (x, t) ∈ Q_c. (3.3)

Corollary 3.1 From (3.2), (3.3) it is obvious that the relations (2.17) hold.

Proof. The proof Theorem 3.1 consists of two steps. In the first step we consider the initial boundary value problem (2.1) in the sub-domain Q \ Q_c. From our assumptions it follows that the exchange of stabilities takes place in Q_c. Therefore, we can apply the standard theory [15] to solve the initial boundary value problem in Q \ Q_c. We get the following result.

Lemma 3.1 Assume hypotheses (A_0) – (A_4), (A_6) to be valid. Then, for sufficiently small ε, the initial boundary value problem (2.1) has a unique solution (u(x, t, ε), v(x, t, ε)) in Q \ Q_c satisfying u(x, t, ε) = û(x, t) + Π_0(x, τ) + O(ε), v(x, t, ε) = v̂(x, t) + O(ε). (3.4)

Let u^1(x, ε) := u(x, t_1, ε), v^1(x, ε) := v(x, t_1, ε). Now we consider the initial boundary value problem (2.1) in Q_c with the initial conditions u(x, t_1, ε) = u^1(x, ε), v(x, t_1, ε) = v^1(x, ε) for 0 ≤ x ≤ 1.

Our approach to study this problem is based on the method of ordered lower and upper solutions. We construct these solutions for (2.1) by means of the composed stable solution (û(x, t), v̂(x, t)) .

As we noticed above, û(x, t) in general is not smooth on the curve C. In order to be able to use û(x, t) for the construction of lower and upper solutions we have to smooth û(x, t) in some neighbourhood Q_ν of C. Let Q_ν be defined by Q_ν := {(x, t) ∈ Q : |t − t_c(x)| < ν, 0 ≤ x ≤ 1}, where ν is any sufficiently small positive number such that Q_ν has no common point with t = T (see Fig. 2).

Using the function

ω(ξ) := 1 √ π ∫_ξ −∞ exp(−s^2)ds, where ξ := (t − t_c(x))/ε^a, a ∈ (1/2, 1) we introduce the function ũ by ũ(x, t, ε) := ψ_1(x, t)ω(−ξ) + ψ_2(x, t)ω(ξ). (3.5) It is easy to show that ũ is smooth and satisfies ũ(x, t, ε) = û(x, t) + η(x, t, ε), (3.6) where

η(x, t, ε) = { O(ε^a) for (x, t) ∈ Q_ν , O(exp −(ν/ε)) for (x, t) ∈ Q \ Q_ν (3.7) (see [1]).

Now we construct lower and upper solutions for (2.1) in Q_c by using the smooth function ũ as follows β^u(x, t, ε) := ũ(x, t, ε) + √ εγh(x, t) + ε^az(x, ε), α^u(x, t, ε) := ũ(x, t, ε) − √ εσh(x, t) − ε^az(x, ε), β^w(x, t, ε) := ŵ(x, t) + √ εσ^2h(x, t), α^w(x, t, ε) := ŵ(x, t) − √ εσ^2h(x, t), (3.8)

where w is a placeholder for y and z, h(x, t) := exp(λ(t − t_c(x))), z(x, ε) := exp(−kx/ε^a) + exp(−k(1 − x)/ε^a) (3.9)

are positive functions in Q × I_{ε1} , γ, σ, λ, k are positive numbers. We will determine these numbers in such a way that α and β will be ordered lower and upper solutions, i.e. they will satisfy all conditions of Definition 2.1 in Q_c. It is obvious that for any positive γ, σ, λ and k we have α^u(x, t, ε) ≤ β^u(x, t, ε), α^w(x, t, ε) ≤ β^w(x, t, ε) in Q_c, hence, if α(x, t, ε) and β(x, t, ε) are lower and upper solutions for (2.1) then they are ordered.

Taking into account the exponential decay of Π_0(x, τ) we get from (3.8), (3.4) for sufficiently small ε α^u(x, t_1, ε) ≤ u(x, t_1, ε) = u^1(x, ε) ≤ β^u(x, t_1, ε), α^v(x, t_1, ε) ≤ v(x, t_1, ε) = v^1(x, ε) ≤ β^v(x, t_1, ε). Consequently, the inequalities (2.25) for the initial data hold. From (2.11) and (2.12) we obtain ψ_2(x, t) − ψ_1(x, t) = O(|t − t_c(x)|).

Using this relation it can be shown (see [1, 4]) that

ε^2 ( ∂ũ ∂t − ∂^2ũ ∂x^2 ) = { O(ε^{2−a})) in Q_ν , O(ε^2) in Q_c\Q_ν . (3.10)

From (3.9) we get

ε^2ε^{1/2} ( ∂h ∂t − ∂^2h ∂x^2 ) = O(ε^{5/2}) in Q_c,

ε^2ε^a ( ∂z ∂t − ∂^2z ∂x^2 ) = O(ε^{2−a}) in Q_c.

(3.11)

Thus, because of 1/2 < a < 1, we obtain from (3.8) - (3.11)

ε^2 ( ∂β^u ∂t − ∂^2β^u ∂x^2 ) = O(ε^{2−a}) = o(ε) in Q_c, (3.12)

ε^2 ( ∂α^u ∂t − ∂^2α^u ∂x^2 ) = O(ε^{2−a}) = o(ε) in Q_c. (3.13)

Now we check that α^u(x, t, ε) and β^u(x, t, ε) satisfy the inequalities (2.21) in Q_ν for sufficiently small ε.

To treat the expression g(β^u(x, t, ε), v, x, t, ε) in Lβ^u we use the relations ũ(x, t, ε) = û(x, t) + O(ε^a) which follows from (3.6) and (3.7) and ε^az(x, ε) = O(ε^a) in Q_ν due to (3.9). Moreover, we note that the set of all w satisfying α^w(x, t, ε) ≤ w ≤ β^w(x, t, ε) can be represented in the form (see (3.8)) y = ŷ(x, t) + √ εσ^2h(x, t)θ_1 for − 1 ≤ θ_1 ≤ 1, z = ẑ(x, t) + √ εσ^2h(x, t)θ_2 for − 1 ≤ θ_2 ≤ 1.

Thus, we have g(β^u(x, t, ε), y, z, x, t, ε) = g(û + √ εγh(x, t) + O(ε^a), ŷ + √ εσ^2h(x, t)θ_1, ẑ + √ εσ^2h(x, t)θ_2, x, t, ε) = ĝ(x, t) + √ ε [ ĝ_u(x, t) ( γ + O(ε^{a−1/2}) ) + (ĝ_y(x, t)θ_1 + ĝ_z(x, t)θ_2)σ^2 ] h(x, t) + + 1 2 ε [ ĝ_{uu}(x, t)γ^2 + 2(ĝ_{uy}(x, t)θ_1 + ĝ_{uz}(x, t)θ_2)γσ^2 + (3.14)

(2ĝ_{yz}(x, t)θ^2_1 + ĝ_{yy}(x, t)θ_1θ_2 + ĝ_{zz}(x, t)θ^2 )σ^4 ] h^2(x, t) + εĝ_ε(x, t) + o(ε). Our goal is to prove g(β^u(x, t, ε), v, x, t, ε) = −cε + o(ε) for (x, t) ∈ Q_ν and some positive constant c. From (2.4) we get ĝ_w(x, t) = −ĝ_u(x, t)φ̂_w(x, t), (3.15) where φ̂_w(x, t) = { φ_{1w}(v_1(x, t), x, t) in Q_1, φ_{2w}(v_2(x, t), x, t) in Q_2.

Since φ̂_w(x, t) is uniformly bounded in Q, |θ_i| ≤ 1, i = 1, 2, we have by (3.15) and (2.15), (2.16) for any fixed σ and for sufficiently large γ

ĝ_u(x, t)(γ + O(ε^{a−1/2})) + (ĝ_y(x, t)θ_1 + ĝ_z(x, t)θ_2)σ^2 = = ĝ_u(x, t)[γ + O(ε^{a−1/2}) − (φ̂_y(x, t)θ_1 + φ̂_z(x, t)θ_2)σ^2] ≤ 0.

(3.16)

According to assumption (A_7) there is a positive constant c_ν such that for sufficiently small ν ĝ_{uu}(x, t) ≤ −c_ν < 0 in Q_ν . (3.17) Hence, for sufficiently large γ, we have for (x, t) ∈ Q_ν γ[ĝ_{uu}(x, t)γ + (ĝ_{uy}(x, t)θ_1 + ĝ_{uz}(x, t)θ_2)2σ^2 + (3.18) γ^{−1}(ĝ_{yy}(x, t)θ^2_1 + 2ĝ_{yz}(x, t)θ_1θ_2 + ĝ_{zz}(x, t)θ^2)σ^4] < −2γc, where c is some positive constant. Now we set λ = 1/ν. Then, by (3.9), it holds e^{−1} ≤ h(x, t) ≤ e for (x, t) ∈ Q_ν . (3.19) Under our smoothness assumption there is a positive constant c_g such that |ĝ_ε(x, t)| ≤ c_g for (x, t) ∈ Q_ν . (3.20) By (2.14), (3.15) - (3.20) we get from (3.14) g(β^u(x, t, ε), v, x, t, ε) < −(γce^{−2} − c_g)ε + o(ε). (3.21) Taking into account (3.12) and (3.21) we have for sufficiently small ν and ε and for sufficiently large γ (Lβ^u)(x, t, ε) ≡ ε^2 ( ∂β^u ∂t − ∂^2β^u ∂x^2 ) − g(β^u(x, t, ε), v, x, t, ε) > (γce^{−2} − c_g)ε + o(ε) ≥ 0, i.e. the inequality (2.21) holds for β^u in Q_ν .

Now we verify the inequality (2.21) for α^u in Q_ν . Using (3.8), (3.13), and a representation for g(α^u(x, t, ε), v, x, t, ε) similar to (3.14) we get

Lα^u(x, t, ε) ≡ ε^2 ( ∂α^u ∂t − ∂^2α^u ∂x^2 ) − g(α^u(x, t, ε), v, x, t, ε) = √ εĝ_u(x, t) [ σ + O(ε^{a−1/2}) + (φ̂_y(x, t)θ_1 + φ̂_z(x, t)θ_2)σ^2 ] h(x, t) − 1 2 σ^2ε [ ĝ_{uu}(x, t) − 2(ĝ_{uy}(x, t)θ_1 + ĝ_{uz}(x, t)θ_2)σ + (ĝ_{yy}(x, t)θ^2_1 + 2ĝ_{yz}(x, t)θ_1θ_2 + ĝ_{zz}(x, t)θ^2 )σ^2 ] h^2(x, t) − εĝ_ε(x, t) + o(ε).

(3.22)

There is a sufficiently small σ_0 such that for 0 < σ ≤ σ_0

1 + σ(φ̂_y(x, t)θ_1 + φ̂_z(x, t)θ_2) ≥ 1/2 for (x, t) ∈ Q_ν , |θ_i| ≤ 1, i = 1, 2.

Thus, because of a − 1/2 > 0 and taking into account (2.15), (2.16) and (3.9), we have for sufficiently small ε ĝ_u(x, t) [ σ + O(ε^{a−1/2}) + (φ̂_y(x, t) + φ̂_z(x, t))σ^2θ ] h(x, t) ≤ 0. (3.23)

By assumption (A_8) there is a positive constant k_g such that for sufficiently small ν −ĝ_ε(x, t) ≤ −k_g < 0 for (x, t) ∈ Q_ν . Now we choose σ_0 so small that for 0 < σ ≤ σ_0 and for (x, t) ∈ Q_ν 1 2 σ^2 | |ĝ_{uu}(x, t) − 2(ĝ_{uy}(x, t)θ_1 + ĝ_{uz}(x, t)θ_2)σ) + (ĝ_{yy}(x, t)θ^2_1 + 2ĝ_{yz}(x, t)θ_1θ_2 + ĝ_{zz}(x, t)θ^2 )σ^2 | |h^2(x, t) ≤ k_g/2 for (x, t) ∈ Q_ν . (3.24)

Therefore, for 0 < σ ≤ σ_0, and for sufficiently small ε we get from (3.22), (3.23), and (3.24) (Lα^u)(x, t, ε) ≤ 0, i.e. inequality (2.21) is satisfied for α^u in Q_ν .

Now we will prove that α^u and β^u will satisfy the inequalities (2.21), (2.22) in Q_c\Q_ν . From (3.14) we get g(β^u(.), v, x, t, ε) = √ ε [ ĝ_u(x, t)γ + (ĝ_y(x, t)θ_1 + ĝ_z(x, t)θ_2)σ^2 ] h(x, t) + o( √ ε).(3.25) It follows from (2.15) that there is a positive constant c_1 such that for sufficiently large γ

ĝ_u(x, t)γ + (ĝ_y(x, t)θ_1 + ĝ_z(x, t)θ_2)σ^2 ≤ −c_1 in Q_c\Q_ν . (3.26) Therefore, by (2.18), (3.12), (3.25), and (3.26) we have for γ sufficiently large and ε sufficiently small (Lβ^u)(x, t, ε) ≥ 0 in Q_c\Q_ν .

Analogously, we get from (3.22) for (x, t) ∈ Q_c\Q_ν and for σ and ε sufficiently small (Lα^u)(x, t, ε) = √ εĝ_u(x, t)(σ + (φ̂_y(x, t)θ_1 + φ̂_z(x, t)θ_2)σ^2)h(x, t) + o( √ ε) ≤ 0. Thus, the inequalities (2.21) for α^u, β^u hold in Q_c\Q_ν .

Now we verify the inequality (2.22) in Q_c. For u and z we use the representations u = û(x, t) + √ εh(x, t)κ + O(ε^a) for − σ ≤ κ ≤ γ, u = ẑ(x, t) + √ εσ^2h(x, t)θ_2 for − 1 ≤ θ_2 ≤ 1.

By (2.19) and (3.8) we have

(Mβ^y)(.) ≡ ∂β^y ∂t − f_1(u, β^y(x, t, ε), z, x, t, ε) = ∂ŷ ∂t + √ ε σ^2 ν h(x, t) − f_1(û(x, t) + √ εh(x, t)κ + O(ε^a), ŷ + √ εσ^2h(x, t), ẑ + √ εσ^2h(x, t)θ_2, x, t, ε). (3.27)

Using the representation

f_1(û(x, t) + √ εh(x, t)κ + O(ε^a), ŷ + √ εσ^2h(x, t), ẑ + √ εσ^2h(x, t)θ_2, x, t, ε) = f̂_1(x, t) + √ε [ f̂_{1u}(x, t)κ + (f̂_{1y}(x, t) + f̂_{1z}(x, t)θ_2)σ^2 ] h(x, t) + o( √ ε) and taking into account ∂ŷ ∂t − f̂_1(x, t) ≡ 0 we get from (3.27)

(Mβ^y)(.) = √ ε [ σ^2 ν − f̂_{1u}(x, t)κ − (f̂_{1y}(x, t) + f̂_{1z}(x, t)θ_2)σ^2 ] h(x, t) + o( √ ε).(3.28)

To given σ > 0 we choose ν so small such that [ σ^2 ν − f̂_{1u}(x, t)κ − (f̂_{1y}(x, t) + f̂_{1z}(x, t)θ_2)σ^2 ] h(x, t) ≥ c_2 for (x, t) ∈ Q_c, where c_2 is some positive number. Thus, for sufficiently small ε, we have (Mβ^y)(x, t, ε) ≥ 0 for (x, t) ∈ Q_c. Similarly we can verify the inequality (2.22) for α^y.

The verification of the inequalities (2.23) for the operator N follows exactly the same line as before.

Finally, we verify the inequalities (2.24). If we differentiate β^u with respect to x at x = 0 and x = 1 respectively, we get from (3.8) ∂β^u ∂x (0, t, ε) = ∂ũ ∂x (0, t, ε) − k + O( √ ε), ∂β^u ∂x (1, t, ε) = ∂ũ ∂x (1, t, ε) + k + O( √ ε).

Using (3.5) and (3.6) it can be shown that there exists a positive constant c_3 such that | | | ∂ũ ∂x (x, t, ε) | | | ≤ c_3 for (x, t) ∈ Q. Consequently, the inequalities (2.24) for β^u from Definition 2.1 are satisfied if k is chosen sufficiently large and ε is sufficiently small. The inequalities (2.24) for α^u can be verified in a similar way.

From our considerations above it follows that the functions α(x, t, ε), β(x, t, ε) fulfil all conditions of Definition 2.1 , and we can conclude that for sufficiently small ε there exists a unique solution (u(x, t, ε), v(x, t, ε)) of problem (2.1) satisfying for (x, t) ∈ Q_c α^u(x, t, ε) ≤ u(x, t, ε) ≤ β^u(x, t, ε), α^v(x, t, ε) ≤ v(x, t, ε) ≤ β^v(x, t, ε). From these inequalities and from (3.8) it follows that the representations (3.2) and (3.3) for u(x, t, ε) and v(x, t, ε) in Q_c are valid. This completes the proof of Theorem 3.1.

4 Example.

Consider the initial boundary value problem

ε^2 ( ∂u ∂t − ∂^2u ∂x^2 ) = g(u, v, x, t, ε) ≡ −u(u − y + x + t + 2) + εI(x, t), ∂y ∂t = f_1(u, v, x, t, ε) ≡ u + 2, ∂z ∂t = f_2(u, v, x, t, ε) ≡ y, (4.1) (x, t) ∈ Q := {(x, t) ∈ R^2 : 0 < x < 1, 0 < t ≤ T }, T > 2, ∂u ∂x (0, t, ε) = ∂u ∂x (1, t, ε) = 0 for 0 < t ≤ T,

u(x, 0, ε) = u^0(x) > 0, y(x, 0, ε) = y^0(x) ≡ 1, z(x, 0, ε) = z^0(x) ≡ 0 for 0 ≤ x ≤ 1,

where I : Q → R is smooth and positive, u^0 is a smooth function on 0 ≤ x ≤ 1. The degenerate equation

−u(u − y + x + t + 2) = 0

has two solutions u = φ_1(y, z, x, t) ≡ 0 and u = φ_2(y, z, x, t) ≡ y − x − t − 2 (4.2) intersecting in a smooth surface with the representation y = s(z, x, t) ≡ x + t + 2. The inequality φ_1(y, z, x, t) > (<) φ_2(y, z, x, t) holds for y < (>) s(z, x, t), (x, t) ∈ Q, i.e. the assumptions (A_1) and (A_2) are fulfilled. From (4.1) and (4.2) we get g_u(φ_1(y, z, x, t), x, t, 0) ≡ y − x − t − 2 ≡ −g_u(φ_2(y, z, x, t), x, t, 0). Obviously we have for (x, t) ∈ Q g_u(φ_1(v, x, t), x, t, 0) < 0, g_u(φ_2(v, x, t), x, t, 0) > 0 for y < s(z, x, t), g_u(φ_1(v, x, t), x, t, 0) > 0, g_u(φ_2(v, x, t), x, t, 0) < 0 for y > s(z, x, t), i.e. assumption (A_3) holds.

Note that 1 ≡ y^0(x) < s(z, x, 0) = x + 2 for x ∈ [0, 1], f_1(φ_1(v, x, t), v, x, t, 0) ≡ 2, f_2(φ_1(v, x, t), v, x, t, 0) ≡ y. Therefore, the initial value problem for y_1(x, t), z_1(x, t) reads dy_1 dt = 2, dz_1 dt = y_1, 0 < t ≤ T ; y_1(x, 0) = 1, z_1(x, 0) = 0.

It has the solution y_1(x, t) = 2t + 1, z_1(x, t) = t^2 + t.

The equation y_1(x, t) = s(z_1(x, t), x, t), i.e. 2t + 1 = x + t + 2 defines the curve C : t = t_c(x) = x + 1.

It is obvious that y_1(x, t) < s(z_1(x, t), x, t) for 0 ≤ t < t_c(x) and y_1(x, t) > s(z_1(x, t), x, t) for t_c(x) < t ≤ T, i.e. assumption (A_4) is fulfilled. From f_1(φ_2(v, x, t), v, x, t, 0) ≡ y − x − t, f_2(φ_2(v, x, t), v, x, t, 0) ≡ y and y_1(x, t_c(x)) ≡ 2x + 3, z_1(x, t_c(x)) ≡ (x + 1)(x + 2) it follows that the initial value problem for y_2(x, t), z_2(x, t) reads dy_2 dt = y_2 − x − t, dz_2 dt = y_2, y_2(x, t_c(x)) = 2x + 3, z_2(x, t_c(x)) = (x + 1)(x + 2).

Its solution is

y_2(x, t) = exp(t − x − 1) + x + t + 1, z_2(x, t) = exp(t − x − 1) + z̃_2(x, t), where z̃_2(x, t) =^1_2 t^2 + t(x + 1) −^1_2 (x^2 + 1). It is easy to check that y_2(x, t) > s(z_2(x, t), x, t) for t_c(x) < t ≤ T ( i.e. in Q_2), and s_2(x, t) < s(z_2(x, t), x, t) for 0 ≤ t < t_c(x) ( i.e. in Q_1).

Therefore, assumption (A_5) holds.

In our example the composed stable solution has the form û(x, t) = { ψ_1(x, t) ≡ 0 in Q_1, ψ_2(x, t) ≡ exp(t − x − 1) − 1 in Q_2,

(4.3) ŷ(x, t) = { y_1(x, t) ≡ 2t + 1 in Q_1, y_2(x, t) ≡ exp(t − x − 1) + x + t + 1 in Q_2, (4.4) ẑ(x, t) = { z_1(x, t) ≡ t^2 + t in Q_1, z_2(x, t) ≡ exp(t − x − 1) + z̃_2(x, t) in Q_2.

(4.5)

Now we verify the hypotheses (A_6) - (A_8). The associated equation (2.5) for y = y^0(x) ≡ 1, z = z^0(x) ≡ 0, t = 0 reads du dτ = −u(u + x + 1), τ > 0. It is easy to see that the solution u(x, τ) of this equation with the initial condition u(x, 0) = u^0(x) > 0 exists for τ > 0 and tends to φ_1(v^0(x), x, 0) = 0 as τ → ∞. Hence, assumption (A_6) is fulfilled.

Moreover, the solution Π_0(x, τ) of problem (3.1) which reads in our case dΠ_0 dτ = −Π_0(Π_0 + x + 1), τ > 0; Π_0(x, 0) = u^0(x) can be found in the explicit form Π_0(x, τ) = u^0(x)(x + 1) [ u^0(x)(1 − exp(−(x + 1))τ) + x + 1 ]_{−1} exp(−(x + 1)τ). (4.6) Assumptions (A_7) and (A_8) are obviously satisfied since g_{uu} ≡ −2 < 0 in Q and g_ε ≡ I(x, t) > 0 in Q.

Thus, all assumptions (A_0)-(A_8) of Theorem 3.1 are fulfilled. Therefore, the initial boundary value problem (2.1) for our example has a unique solution (u(x, t, ε), v(x, t, ε)) satisfying (3.2), (3.3) where û(x, t), v̂(x, t), and Π_0(x, τ) are defined in (4.3) - (4.6).

5 Acknowledgment

The authors acknowledge the financial support by a RFFI–DFG grant.

References

[1] V.F. Butuzov and N.N. Nefedov, Singularly perturbed boundary value problems for a second order equation in case of exchange of stability (in Russian), Mat. Zamet, 63 (1998), pp. 354-362.

[2] V.F. Butuzov, N.N. Nefedov and K. R. Schneider, Singularly perturbed boundary value problems in case of exchange of stabilities, J. Math. Anal. Appl., 229 (1999), pp. 543-562.

[3] V.F. Butuzov, N.N. Nefedov and K. R. Schneider, Singularly perturbed partly dissipative reaction-diffusion systems in case of exchange of stabilities, WIAS-Preprint No. 572, Berlin, 2000.

[4] V.F. Butuzov and I. Smurov, Initial boundary value problem for singularly perturbed parabolic equation in case of exchange of stability, J. Math. Anal. Appl., 234 (1999), pp. 183-192.

[5] P. Fabrie, C. Galusinski, Exponential attractors for a partially dissipative reaction system, Asymptotic Anal., 12 (1996), pp. 329-354.

[6] S.L. Hollis, J.J. Morgan, Partly dissipative reaction-diffusion systems and a model of phosphorus diffusion in silicon, Nonlinear Anal. Theory Methods Appl., 19 (1992), pp. 427-440.

[7] M. Marion, Inertial manifolds associated to partly dissipative reactiondiffusion systems, J. Math. Anal. Appl., 143 (1989), pp. 295-326.

[8] M. Marion, Finite-dimensional attractors associated with partly dissipative reaction-diffusion systems, SIAM J. Math. Anal., 20 (1989), pp. 816-844.

[9] N.N. Nefedov, K.R. Schneider, Immediate exchange of stabilities in singularly perturbed systems, Differential and Integral Equations, 12 (1999), pp 583-599.

[10] N.N. Nefedov, K.R. Schneider, A. Schuppert, Jumping behavior in singularly perturbed systems modelling bimolecular reactions, Weierstraß–Institut für Angewandte Analysis und Stochastik Berlin, Preprint No. 137, Berlin 1994.

[11] C.V. Pao, Nonlinear Parabolic and Elliptic Equations, Plenum Press, New York and London, 1992.

[12] K.R. Schneider, On the existence of wave trains in partly dissipative systems, Proc. Int. Conf. Differential Equations. Ed. by C. Perello, C. Simo, J. Sola- Morales. World Scientific Publ. Singapore 1993, vol. 2, pp. 893-898.

[13] Z. Shao, Existence of inertial manifolds for partly dissipative reaction diffusion systems in higher space dimensions, J. Differ. Equations, 144 (1998), pp. 1-43.

[14] A.N. Tikhonov, Systems of differential equations containing small parameters (in Russian), Mat. Sb., 73 (1952), 575-586.

[15] A.B. Vasil’eva, V.F. Butuzov and L.V. Kalachev, The boundary function method for singular perturbation problems, SIAM, Philadelphia, 1995.