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Abstract

We consider the singularly perturbed partly dissipative reaction-diffusion

system &2 (% — %) = g(u,v,z,t,¢), % = f(u,v,z,t,e) under the condi-
tion that the degenerate equation g(u,v,t,0) = 0 has two solutions u =

vi(v,z,t),i = 1,2, that intersect (exchange of stabilities) and that v is a
vector. Our main result concerns existence and asymptotic behavior in & of
the solution of the initial boundary value problem under consideration. The
proof is based on the method of asymptotic lower and upper solutions.

1 Introduction.

We consider the singularly perturbed partly dissipative reaction-diffusion system

o [Ou  O%u
o a2 = g(u,v,z,t €),

. (1.1)
E = f(u,v,x,t,s),

where u is a scalar and v is a vector, ¢ is a small positive parameter. Partly dissipa-
tive systems are often used to model reaction-diffusion processes in different fields
(chemical kinetics, biology, astrophysics) when the effect of diffusion of some species
is negligible (see, for example, [11, 12, 7, 8, 6, 13, 5]).
If the degenerate equation

g(u,v,z,t,0) =0

has an isolated solution with respect to u then the standard theory (see [15]) can
be applied to derive asymptotic properties for the solution of initial boundary value
problems to system (1.1).

In what follows we consider system (1.1) under the assumption that the degenerate
equation has two intersecting solutions. This assumption implies an exchange of
stabilities for families of equilibria of the associated differential equation to (1.1).
The present paper continues the investigations of the authors in [3| where the case
has been treated that v is a scalar. The main results of the present paper concern
existence and asymptotic behavior in € of the solution of some initial boundary value
problem related to system (1.1). The proof of our results is based on the method of
asymptotic lower and upper solutions.

The paper is organized as follows: In section 2 we formulate the problem and the



corresponding assumptions. We also describe the method of asymptotic lower and
upper solutions. Section 3 contains the mains results: existence of a unique solution
and it asymptotic behavior. In section 4 we illustrate our approach by considering
an example.

2 Formulation of the problem. Assumptions.

We study the singularly perturbed nonlinear initial boundary value problem

g2 bu Oy _ (u,v,z,t,€)
6t 6$2 - g ) Yy My )
0
5 = fwovate),
(r,t) €Q = {(z,t) eR*:0<z<1, 0<t<T}, (2.1)
ec€l, = {e€R:0<e<¢g K1}, '
0 0
a—Z(O,t,s) — 8—2(1,@5):0 for 0<t<T,
u(z,0,6) = u’(z), v(z,0,6) =2°(z) for 0<z <1,

where u is a scalar, and, in order to simplify the representation, v is a two-dimensional

vector. Let v = (yaz)’ f = (flaf?)'
We consider (2.1) under the following assumptions:

(Ag). g € C*(D,R), f € C*(D,R?) where D := R x R? x [0,1] x [0,T] x T
u® € C*([0,1], R), v° € C?([0, 1], R?).

€09

If we set e = 0 in (2.1) then we get the degenerate system

0 = g(u,v’x’t’o)’

d 2.2
d_: = f(u,v,z,t0). (22)

Concerning the solution set of the equation
9(u,v,z,t,0) = 0 (2.3)

we assume

(A1). Equation (2.3) has ezactly two solutions u = @1(v,z,t) and u = @a(v,z,t)
defined for (v,z,t) € G, x Q, where G, is some bounded open region in RZ,
and where @1 and @y have the same smoothness properties as g.
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Throughout the following w will be a placeholder for the components y and z of v.
From assumption (A;) we obtain for (v,z,t) € G, x Q, and fori =1,2:

g(QDi(’U,.'L',t),'U,.’E,t,O) 0)
dpi (2.4)

gu(@i(v, z, t)a v,T, ta 0) %(’U, z, t) + gw(@i(v, z, t)a v,T, ta 0) 0.

Different from the classical theory (see [14],[15]), assumption (A;) does not require
that the solutions ¢; and ¢, are isolated. In what follows we assume that the
surfaces u = ¢1(y, 2, z,t) and u = ps(y, 2, z,t) intersect in a smooth surface whose
projection into the (y, z, z,t)-space can be described by y = s(z, z, t).

(As). There exist an interval I, and a smooth function s : I, x Q — R such that for
all (z,z,t) € I, x Q

Qol(y, Z,.’L',t) = @2(3/;2,33;t) for y= S(Z,.’E,t),
Qol(ya Z,.’E,t) > QOg(y,Z,$,t) for y< S(Z,$,t),
o1(y,z,z,t) < @a(y,z,2,t) for y> s(zx,t).

The differential equation
du = g(u,v,z,t,0), (2.5)
dr
where v, z,t are considered as parameters, is said to be the associated equation to
(2.1). It follows from hypothesis (A;) that u = ¢;(v,z,t),i = 1,2, are families of
equilibria of (2.5). The families ¢; are stable (unstable) if g,(p;, v, z,t, 0) is negative
(positive). Concerning the stability of these families we assume

(A3). For (z,z,t) € I, x Q it holds
gu(gol( 7Z)x7t))y) Z,.’L',t, 0) <0
gu(@?(?ﬁz)x;t))y) Z,.’L',t, 0) >0 for y< S(z,x,t)’
gu(gol(yJZ):E;t))y) Z,.’L',t, 0) >0
gu(@?(?ﬁz)x;t))y) Z,.’L',t, 0) <0 for = S(z,x,t).

From assumption (A3) we get that g,(u,y, 2,t,0) changes its sign on the surface
y = s(z,z,t) where u = @(y,2,z,t) and u = @s(y, z,z,t) intersect. This sign
change of g, expresses an exchange of stabilities of the families of equilibria to the
associated equation (2.5).

From (A3) we get for (z,t) € Q and for i = 1,2

gu(gol(s(z’ '/'E’ t)’ 'Z’ x, t)’ S(z’ '/'E’ t)’ 'Z’ x’ t’ 0) = 0'

In what follows we will construct the so-called composed stable solution to the
degenerate system (2.2). To this purpose we assume y°(z) # s(2%(z),z,0) for all
z € [0, 1]. First we consider the case

y’(z) < 5(2°(z),2,0) for 0<z<1. (2.6)



(A4). Forz € [0, 1], the initial value problem

dv
W 'U,.’E,t,’l),.’L',t,O,
7 f(e1(v,z,t) ) @7

v(z,0) = v°(z)

where v°(z) satisfies (2.6) has a unique solution v = v; = (y1(z,t), 21(x, t))
defined on Q such that z(z,t) € I, for (z,t) € Q where I, is the interval
introduced in hypothesis (As). There ezists a smooth curve C defined by C :=
{(z,t) € Q: t =t.(z), 0 <z <1} wheret, € C?[0,1] and such that

0<t(z)<T for 0<z<I,
n(z,t) < s(z(z,t),z,t) for 0<t<t(z), 0<z<I,
yi(z,t) = s(z1(z, t), z,t) for t=t(z), 0 <z <1,
y1(z,t) > s(z1(z,t),z,t) for te(z) <t<T,0<z<L1.

Assumption (A,) says that the surfaces y = y;(z,t) and y = s(z1(z, t), z, t) intersect
in a curve whose projection into @ can be described by ¢ = t.(z). We denote by
Q1 and @, all points (z,t) of Q satisfying t < t.(z) and ¢t > t.(z) respectively (see
Fig 1.).

¢ A

T

Fig. 1: Decomposition of Q into @, and @ by the curve C.

(As). For z €10,1], the initial value problem

% = f(QOZ(/Uw’E)t);'U)x;t)O);

y(z,t(z)) = s(a(z,t(z)), z t(z)), (2.9)
2z, t.(2)) = z(z,t(z))



has a unique solution v = vo(x,t) = (yo(x,t), 20(x, 1)) defined on Q such that

w(z,t)el,  for (z,t)eQq,
Y2(z,t) > s(22(z,t),z,t) for  (z,1) € Qy, (2.10)
yo(z,1t) < s(2a(z,t), z,1) for (z,t) € Q.

Let
Vi(z,t) = pi(vi(z,t),z,t) for (z,t) €Q, (2.11)
Uo(z,t) = @a(va(z,t),z,t) for (z,t) € Q. .
From assumption (Ay) and from (2.11) we obtain
Pi(z,t) = o(x,t) on C. (2.12)
Now, we introduce the functions @(z,t) and 9(z,t) by
¢1(-’L', t) for ($, t) S @1)
i 1) = { Yoz, t)  for (z,t) € Q,,
(2.13)

. o vi(z,t) for (z,t) € Qq,
o(z,1) { (2,8) for (z,t) € Q.

We suppose that 9(z,t) € G, for (z,t) € Q where G, is the region introduced in
hypothesis (A;).

The vector-function (u(z,t), 9(z,t)) is referred to as the composed stable solution
of the degenerate system (2.2).

The function 9(z, t) is obviously continuously differentiable for (z,t) € Q, but 4(z, t)
is in general not smooth on the curve C.

[SRaib]

For the sequel it is convenient to introduce the following notation: the symbol
over g and f or some derivative of g and f denotes that we have to consider the
arguments (u,v,¢) at (4(z,t),0(z,t),0).

It follows from assumption (A;) that

g(z,t) .= g(a(z,t),0(z,t),z,t,00 =0 in Q, (2.14)

by assumption (A3) we have

gu(z,t) <0 in Q\C, (2.15)

gu(z,t) =0 onC. (2.16)



Remark 2.1 The case y°(z) > s(2°(z),z,0) can be treated analogously. In that
case we have to use the function po(v,z,t) to construct vi(z,t) (see assumption
(Ay)) and the function pq(v,z,t) to construct ve(z,t) (see assumption (As)). The
case when y°(z) = s(2°(z), z,0) for some = requires a special treatment.

In what follows we prove that under the hypotheses (A;) — (As) and under some ad-
ditional assumptions (see (Ag) — (As) below) problem (2.1) has a solution (u(z,t,¢),
v(z,t,€)) satisfying

limu(z,t,e) = a(z,t) in Q\{t=0,0<z <1},
0 _ (2.17)
limv(z,t,e) = o(z,t) in Q.

e—0

Concerning the initial condition u°(z) for u(z,t,€) we assume

(Ag). For z € [0,1], u’(z) lies in the basin of attraction of the equilibrium point
©1(v°(z), x,0) of the associated equation (2.5) for v =v°(z), t=0.

Assumption (Ag) implies that for v = v%(z), ¢ = 0 equation (2.5) with the initial

condition
u(z,0) = u’(z)

has a unique solution u = u(z, 7) defined for 7 > 0, and such that lim, . @(z,7) =
©1(v%(z), ,0). Finally, we assume

(A7). Guu(z,t) = guu(t(z,t),0(z,t),z,¢,0) <0 onC.

(Ag). ge(z,t) >0 onC.

Concerning assumption (Ag) we would like to mention that the sign of g.(z,t) on C
plays an important role (see [1] - [4]).

Our approach to prove the asymptotic behavior of the solution of problem (2.1) is
based on the concept of ordered lower and upper solutions. Let us recall its definition
[11].

Definition 2.1 Let the vector-functions a(.) := a(z,t,e) = (a*(.), a¥(.)) := (a*(.),

a?(.),0*(.)) and B(.) := (6(.),8°(.)) be defined for (z,t,e) € Q x I, &1 < &,

and satisfy the smoothness conditions a*, 3" € C’f:tl,’eo(Q x I.,) N C’;?EO(Q x I,),
Yo%, BY, 37 € Coi2(Q x I.,) N Cond(Q x I.,). Furthermore, we assume o(.) <

BU(.),a(.) < B°(.) for (z,t,e) € Q X I, (where the last inequality has to be under-

stood componentwise).

Let the operators L, M, N be defined by

ow  O*w

(L’U))(.’L',t, 5) = 82 <§ - @) - Q(U),Z/, z,,t, 8)7 (218)



ow

(M’U))($,t,€) = E_fl(uawazaxatas)a (219)
(Nw)($,t,€) = aa—qf_fZ(uayawaxatag)' (220)

Then, a(z,t,e) and B(z,t,€) are called ordered lower and upper solutions of problem
(2.1) respectively, if they satisfy the following inequalities

(La*)(.) <0< (LBY)(.) for (z,t,e) € Q x I, <wv < B (2.21)

(Ma¥)(.) <0< (MBY)(.) for (z,t,e) € Q X I,

(2.22)
a* <u<f%a" <z< B
(Na®)() <0< (NB*)(.) for (z,t,e) € Q X I, (2.23)
o' <u<ph ¥ <y< By '
da* 86" O 08"
9z (0,2,e) >0 > %(O;t,f), 97 (1,t,e) <0< 97 (1,t,¢) (2.24)
for (t,e) € [0,T] x I,,
a¥(z,0,e) < u’(z) < B%(z,0,¢),
o*(z,0,6) <v(z) < B(3,0,¢),  Jo7 (@) €01 Ly (2.25)

This definition can be obviously adapted to any subdomain of Q.

Remark 2.2 It is known (see, for example, [11]) that the existence of ordered lower
and upper solutions of (2.1) implies the existence of a unique solution (u(z,t,€),

v(z,t,€)) of (2.1) satisfying for (z,t,€) € Q x I,

at(z,t,e) < wu(z,te) < Bz, te),
ad(z,te) < y(z,te) <pY=z,te),
a®(z,te) < z(z,te) < B*(z,t,e).

The goal of the following investigations is to characterize the asymptotic behavior
of the solution of the initial boundary value problem (2.1), in particular, we prove
the limit behavior (2.17) by constructing appropriate lower and upper solutions.



3 Existence and asymptotic behavior of the solu-
tion.

In this section we will prove that problem (2.1) has a unique solution. Taking into
account an initial layer correction we can show that for small € the solution of (2.1)
is close to the composed stable solution (u(z,t),v(z,t)).

tmin
tl = tmin— v > =
0 Q\Qc
0 T

Fig. 2: Decomposition of Q.

In order to be able to formulate our main result we decompose the domain @ into
two disjoint sub-domains @, and Q\Q. and introduce a function which represents
an approximation of the initial layer correction.

First we decompose Q. Let t,,;, be the minimum of the function ¢.(z) in [0,1], let
v be any small positive number such that ¢; := t,,;,, — v is positive. Let Q. be the
domain defined by Q. :={(z,t) e R?: 0 <z < 1, t; <t < T}, (see Fig. 2).

Next we introduce an initial layer correction. According to [15] we define the zeroth
order initial layer function Ily(z,7) (7 = t/€?) as the solution of the initial value
problem (z € [0, 1] has to be considered as a parameter)

dlly
— = z,0) + g, v°(z),z,0,0), 7>0,
= 9(i(,0) + To,0%(2),2,0,0) o

Ho(x,o) = uo(x)—¢1(x,0).

By (2.11) we have ¥(x,0) = ¢1(v°(z),z,0). Thus, from assumptions (Az) and
(Ag) it follows that the initial value problem (3.1) has a solution which satisfies
the estimate |IIo(z,7)| < cexp(—k7) for 7 > 0 where ¢ and k are some positive
constants.



Theorem 3.1 Assume hypotheses (Ag)—(As) to be valid. Then, for sufficiently small
g, the initial boundary value problem (2.1) has a unique solution (u(z,t,¢€),v(z,t,¢))
satisfying

B i(x,t) + o(z,7) + O(e)  for (z,t) € Q\Q.,
u(z,te) = { i(z, 1) + O(y/E) for (z,8) € Q,, (3.2)
_ Ji(z,t)+0()  for (z,t) € Q\Q.,
v(@,te) = { (2, 8) + O(yE) for (z.t)€q.. (3.3)

Corollary 3.1 From (3.2), (3.3) it is obvious that the relations (2.17) hold.

Proof. The proof Theorem 3.1 consists of two steps. In the first step we consider
the initial boundary value problem (2.1) in the sub-domain @ \ Q.. From our
assumptions it follows that the exchange of stabilities takes place in .. Therefore,
we can apply the standard theory [15] to solve the initial boundary value problem
in Q\ Q.. We get the following result.

Lemma 3.1 Assume hypotheses (Ag) — (A4), (Ag) to be valid. Then, for suf-
ficiently small €, the initial boundary value problem (2.1) has a unique solution

(u(z,t,¢),v(z, t,¢)) in Q\ Q. satisfying

u(z,t,e) = u(z,t) + Uz, 7) + O(e), (3.4)
v(z,t,e) = o(z,t)+ O(e). '
Let ul(z,¢e) := u(z, t1,€), v (z,€) := v(zx, t1,€). Now we consider the initial boundary
value problem (2.1) in @, with the initial conditions u(z,t;,e) = u'(z,¢),
v(z,t1,e) = vl(z,e) for0 <z < 1.
Our approach to study this problem is based on the method of ordered lower and
upper solutions. We construct these solutions for (2.1) by means of the composed
stable solution (u(z,t), 0(z,t)) .
As we noticed above, u(z,t) in general is not smooth on the curve C. In order to
be able to use @(z,t) for the construction of lower and upper solutions we have to
smooth @(z, t) in some neighbourhood @, of C. Let @, be defined by Q,, := {(z,t) €
Q: |t —t(z)] < v,0 <z <1}, where v is any sufficiently small positive number
such that @), has no common point with ¢ =T (see Fig. 2).

Using the function
1 3
w(€) = = | exp(-s%)ds,

where

€:=(t —t.(x))/e*, a€(1/2,1)

9



we introduce the function @ by

u(z,t,¢) = iz, (=€) + o (@, )w (§). (3.5)
It is easy to show that 4 is smooth and satisfies
i(z,t,e) = a(z,t) + n(z, t,e), (3.6)
where
100 = | O e T (en <@ (8.)
(see [1]).

Now we construct lower and upper solutions for (2.1) in @, by using the smooth
function @ as follows

Bz, t,e) = izt )+ eyh(z,t) + E“z( £),
a'(z,t,e) = a(z,t,e) — eoh(z,t) —e*2(z,¢), (3.8)
B (z,t,e) = w(z,t) +eo’h(z,t), '
o (z,t,e) = w(z,t) —+ea’h(z,t),
where w is a placeholder for y and z,
Mzt = exp(M(t —t(x))) 59

2(z,e) = exp(—kz/e?) +exp(—k(1 —z)/e?)

are positive functions in Q x I, 7,0, A, k are positive numbers. We will determine
these numbers in such a way that a and § will be ordered lower and upper solutions,
i.e. they will satisfy all conditions of Definition 2.1 in Q..

It is obvious that for any positive v, 0, A and k£ we have

at(z,t,e) < f*(z,t,e), o”(z,te)<pB%(z,t,e) in Q,,

hence, if a(z,t,¢) and B(z,t,e) are lower and upper solutions for (2.1) then they
are ordered.
Taking into account the exponential decay of Ily(z,7) we get from (3.8), (3.4) for
sufficiently small €

a'(z,ty,¢€) u(z, ty,€) = u'(z,e) < B*(x,t1,¢),

a’(z,ty,¢) v(z,t1,€) = vi(z,e) < B(z,t1,¢).

Consequently, the inequalities (2.25) for the initial data hold.
From (2.11) and (2.12) we obtain

ba(2,t) = (1) = O(|t — te()]).

10

<
<



Using this relation it can be shown (see [1, 4]) that

9i 0%\ [ O(*%)) in Q,
i (E - @)_{O@z) in Q\Q.. (3-10)

From (3.9) we get

2
et (ﬁ‘—g 2) = 0P in Q.
T

ot
e o o (3.11)
g€ (a — w) = O(E ) mn Qc-

Thus, because of 1/2 < a < 1, we obtain from (3.8) - (3.11)
82 6,8” B 62,8u
ot Oz?

9 (8a” 82a“>
c _
ot Oz?

Now we check that a*(z,t,¢) and B%(z,t, ) satisfy the inequalities (2.21) in @, for
sufficiently small €.
To treat the expression g¢(8%(z,t,e),v,z,t,e) in LB* we use the relations
u(z,t,e) = u(z,t) + O(e*) which follows from (3.6) and (3.7) and e%z(z,e) = O(e?)
in @, due to (3.9). Moreover, we note that the set of all w satisfying a*(z,t,¢) <
w < B%(z,t,€) can be represented in the form (see (3.8))

0> ") =o(e) in Q. (3.12)

O(e*™) =o(e) in Q.. (3.13)

= g(z,t) +Vea’h(z,t)0; for —1<0;, <1,
z = 3(z,t) ++eo?h(x,t)0y for —1<0,<1.

Thus, we have

g(/Bu(x, t’ E)) y) z) x’ t7 6) =
g(a+ Vevh(z,t) + O(e), § + Vea’h(z, )01, 2 + Veo h(z, t)02, 2, t, ) =
3@, 1) + Ve [gulz,t) (v + O(* ) + (9y(w, )01 + g (2, £)02)0® | h(x, 1) +

+ =€ [ Guu (2, )7 + 2(Guy (2, £)01 + Gus(x,1)02)y0” + (3.14)

N | —

(29y=(z, )07 + Gyy(z,)0105 + §..(z, t)9§)a4]h2(:1:, t) +ege(z,t) + o(e).

Our goal is to prove g(8%(z,t,€),v,z,t,e) = —ce + o(e) for (z,t) € @, and some
positive constant c.
From (2.4) we get

~

gw(.’L',t) = —gu(x,t)gbw(x,t), (3'15)

11



where

. _ | pw(o(z,t),2,t) in o Qu,
gow(.’L',t) - { @;w(vl(xat)axat) in Q;

Since @y, (z,t) is uniformly bounded in @, |6;| <1, i = 1,2, we have by (3.15) and
(2.15), (2.16) for any fixed o and for sufficiently large

Gulz, O)(y + O(e" %)) + (g, (2, 1)01 + 3., t)02)0” =

= gu(@, )]y + O(e* M?) — (¢y(z, )01 + ¢.(z,t)0)0%] < 0. (3.16)

According to assumption (A7) there is a positive constant ¢, such that for sufficiently
small v
Guu(z,t) < —¢, <0 in Q,. (3.17)

Hence, for sufficiently large 7, we have for (z,t) € Q,

VG (T, £)Y + (Guy (2, 1)01 + Guz(z,)02)20% + (3.18)
771(%1](*’”’ t)@f + 2gy2(x’ t)9192 + gzz(xa t)9§)04] < —27e,

where € is some positive constant.
Now we set A = 1/v. Then, by (3.9), it holds

et <h(z,t)<e for (z,t)€Q,. (3.19)
Under our smoothness assumption there is a positive constant ¢, such that
|9e(z,t)| < ¢, for (z,t) €Q,. (3.20)
By (2.14), (3.15) - (3.20) we get from (3.14)
9(B8%(z,t,€),v,2,t,e) < —(yee 2 — ¢cy)e + o(e). (3.21)

Taking into account (3.12) and (3.21) we have for sufficiently small v and & and for
sufficiently large ~y

o3¢ 82 u
(Lﬂu)(.’lﬁ,t,é‘) = 82(5 - 61/_62 ) —g(ﬁ”(:l:,t,s),v,x,t,e)

> (yee™® —c,)e +o(g) > 0,

i.e. the inequality (2.21) holds for 5% in Q,.

Now we verify the inequality (2.21) for o* in Q,. Using (3.8), (3.13), and a repre-
sentation for g(a*(z,t,€),v, z,t,£) similar to (3.14) we get
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oot 82au .
ot B Oz? _g(a (x)t7€)7v)x7t;5):

Vegu(z, )0+ 0(e*™2) + (¢ (x, )01 + @2 (x,1)02)0%] h(z, 1)
1 . . A
- 50-28 [guu(xa t) - 2(guy(xa t)91 + guz(xa t)92)0' +

(9yy (z,8)0F + 20, (2, )0102 + §..(, t)93)02]h2(x, t) — ege(z,t) + o(e).

La*(z,t,e) = € <

(3.22)

There is a sufficiently small oy such that for 0 < o < o

1+ 0(,(z,8)0, + ¢ (z,0)05) > 1/2 for (z,t) € Q,, |0 <1, i=1,2.

Thus, because of a — 1/2 > 0 and taking into account (2.15), (2.16) and (3.9), we
have for sufficiently small ¢

u(@, )|+ O %) + (¢ (x, 1) + ¢:(,1))0?0] h(z,t) < 0. (3.23)

By assumption (Ag) there is a positive constant &, such that for sufficiently small v
—ge(z,t) < —k, <0 for (z,t) € Q,.

Now we choose o so small that for 0 < o < 0y and for (z,t) € Q,

1
2

guu(xat) - 2(guy(xat)91 +guz(x;t)92)a—) + ( )

3.24
(Guy (2, )07 + 29y (2, £)010> + §2(w, 1)03) 0> PP (2, 8) < ko /2 for (z,1) € Q.
Therefore, for 0 < o < 0y, and for sufficiently small ¢ we get from (3.22), (3.23),

and (3.24
o (La*)(z,t,¢) <0,

i.e. inequality (2.21) is satisfied for a* in Q,.

Now we will prove that o* and B* will satisfy the inequalities (2.21), (2.22) in Q.\ Q.-
From (3.14) we get

9(8"(),v,2,t,€) = Ve gu(@, )y + (9 (2, 1)01 + g:(x, 1)02)0° | h(z, ) + 0(v/2)(3.25)

It follows from (2.15) that there is a positive constant ¢; such that for sufficiently
large

Gu(z, )y + (9y(z, )01 + 9.(2,t)02)0 < —c; in Q. \Q,. (3.26)

Therefore, by (2.18), (3.12), (3.25), and (3.26) we have for ~ sufficiently large and ¢
sufficiently small

(Lﬁu)(xatas) >0 in Qc\Qu-
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Analogously, we get from (3.22) for (z,t¢) € Q.\Q, and for o and ¢ sufficiently small

(La*)(z,t,€) = Vegu(z, t) (o + (@y(z,1)01 + @.(2,)02)0%)h(z, t) + o(+/€) < 0.
Thus, the inequalities (2.21) for a*, 8* hold in Q.\Q,.

Now we verify the inequality (2.22) in Q.. For u and z we use the representations
= a(z,t) +Veh(z, t)k + O(e®) for —o<kKk<9,
= 2(z,t) + Vea’h(z,t)0, for —1<6, <1,

By (2.19) and (3.8) we have
_ op¥

oy o?
(MBY)(.) = e filu, BY(z,t,e), 2, 3,t,€) = 5 + \/Ejh(x,t) —

3.27
fi(a(z,t) + Veh(z, t)k + O(%), § + Veoh(z, t), 2 + vea h(z, )0, z, t, €). 20

Using the representation
fi(a(z,t) +Veh(z,t)k + O(e%),§ + Vea?h(z, t), 2 + /eo?h(z, )0, z,t,€) =
Fu(@,t) + Ve fru(@, )k + (fiy(@,t) + fiz(@, )02)0°| (2, 1) + 0(/2)

and taking into account

we get from (3.27)

(MBY)(.) = e [(’7 — fuu(@, )5 = (fiy(@,t) + frz(z, £)02)0° | A, t) + o(v/2).(3.28)

To given o > 0 we choose v so small such that

2

o ~ ~ ~
[7 — fuu(@, )5 = (fiy (@, 8) + frz(2,0)02)0°| (2, t) > o for (a,1) € Qe
where cs is some positive number. Thus, for sufficiently small €, we have
(MpBY)(z,t,e) >0 for (z,t) € Q..

Similarly we can verify the inequality (2.22) for aV.
The verification of the inequalities (2.23) for the operator N follows exactly the same
line as before.

Finally, we verify the inequalities (2.24). If we differentiate 8* with respect to z at
z =0 and z = 1 respectively, we get from (3.8)

o6 _ oa
5y 0te) = 5-(0,t,e) =k +O(Ve),
96" !
5y (Lte) = S-(Lte) +k+O0(Ve).
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Using (3.5) and (3.6) it can be shown that there exists a positive constant c3 such
that 54
U _

—(z,t,e)| <c3 for (z,t) €Q.

o (@he)|<e for (z,6)€Q
Consequently, the inequalities (2.24) for 8* from Definition 2.1 are satisfied if & is
chosen sufficiently large and e is sufficiently small. The inequalities (2.24) for o*
can be verified in a similar way.

From our considerations above it follows that the functions a(z,t,¢), 8(z, t, <) fulfil
all conditions of Definition 2.1 , and we can conclude that for sufficiently small
there exists a unique solution (u(z,t,¢),v(z,t,€)) of problem (2.1) satisfying for

(z,1) € Qe

a'(z,t,¢€)

VANRVAN

a’(z,t€)

From these inequalities and from (3.8) it follows that the representations (3.2) and
(3.3) for u(z,t,¢) and v(z,t,¢€) in Q, are valid. This completes the proof of Theorem
3.1.

4 Example.
Consider the initial boundary value problem
0 02
g2 (6—? — 6—;;> = g(u,v,z,t,e) = —ulu—y+z+t+2)+el(z,t),
% _ fH(u,v,z,te) =u+2
Bt - 1\Uy Uy dy by — )
0z
a = fz(u,’U,fE,t, 6) =Y, (41)
(z,) €Q = {(z,t) ER*:0<x<1,0<t<T}, T>2,
0 0
8—Z(o,t,s) — 8—5(1,@5) —0 for 0<t<T,

u(z,0,6) = u’(z) > 0, y(z,0,e) =9°(z) =1,2(x,0,6) =2°(z) =0 for0 <z < 1,

where I : @ — R is smooth and positive, u° is a smooth function on 0 < z < 1.

The degenerate equation
—u(lu—y+z+t+2)=0
has two solutions

u=pi(y,2,2,t) =0 and u=ps(y,z,x,t) =y—xz—1t—2 (4.2)

15



intersecting in a smooth surface with the representation
y=s(z,z,t) =z +t+2.
The inequality ¢1(y, z,,t) > (<) p2(y, 2,2,t) holds for y < (>) s(z,z,1), (z,t) €
@, i.e. the assumptions (A;) and (As) are fulfilled.
From (4.1) and (4.2) we get

gu(gol(y)z)x)t))x)ta 0) = y—or— t— 2= _gu(SDZ(y) Z,:E,t),:lt,t, 0)
Obviously we have for (z,t) € Q

gu(p1(v,z,t),2,t,0) < 0, gu(pa(v,z,t),z,t,0) > 0 for y < s(z,z,t),
gu(p1(v,z,t),2,t,0) > 0, gu(p2(v,z,t),2,t(,0) <0 for y > s(z,z,t),

i.e. assumption (A3) holds.

Note that 1 = y°(z) < s(z,2,0) =z + 2 for z € [0,1], fi(o1(v,z,t),v,2,t,0) = 2,
falp1(v,z,t),v,2,t,0) = y. Therefore, the initial value problem for y;(z,t), 21 (z, )

reads
W _ o 2

P T
It has the solution

0<t<T; yi(z,0) =1, z(z,0)=0.

yi(z,t) =2t + 1, z(z,t) = > +¢.
The equation
yi(z,t) = s(z1(z,t), z,t), ie. 20+ 1=z +t+2

defines the curve C :
t=t(z)=z+1.

It is obvious that
yi(z,t) < s(z1(z,t),z,t) for 0 <t <t.(z)

and
y1(z,t) > s(z1(z,t),z,t) for t.(z) <t <T,

i.e. assumption (Ay) is fulfilled.
From fl(QDZ(U,.’E,t),U,$,t,0) = Yy - - ta fg(@g(v,$,t),v,$,t,0) =Y and

vz, t(z)) = 2z + 3, 21(z,t(z)) = (z + 1)(z + 2) it follows that the initial value
problem for yy(z,t), 2o(z, t) reads

d d
% =Y — T — 1, a2 _ Y2, Ya(z,t(x)) = 22 + 3, 22(z, te(2)) = (x + 1)(z + 2).

dt
Its solution is
yo(z,t) =exp(t —z — 1)+ z +t+ 1, zo(z,t) =exp(t —z — 1) + Z5(z, t),
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where Zy(z,t) = 3> + t(z + 1) — 3(z® + 1).
It is easy to check that

ya(z,t) > s(za(z,t), z,t) for t.(z) <t <T (ie. in Qs),

and
sa(z,t) < s(za(z,t),z,t) for 0 <t <t (z) (ie inQq).
Therefore, assumption (As) holds.

In our example the composed stable solution has the form

~ . ¢ (.’E,t) =0 in@’

Wmt) = { balont) = exp(t—2—1)—1 in Gy, 9
A _ J e = 2+1 inQ,

b 1) = {Z/;(x,t) = exp(t—x—l)l—l-x—l-t—l-l in Q,, (44)
. B zi(z,t) = 2+t in Q,

Hot) = { z;(:z:,t) = exp(t—z— 1)1+52(%t) in Q,. (45)

Now we verify the hypotheses (Ag) - (Ag). The associated equation (2.5) for y =
y(z) = 1,2 = 2%x) =0, t = 0 reads

du _
dr

It is easy to see that the solution @(z, 7) of this equation with the initial condition

—u(u+z+1), 7>0.

a(z,0) = u’(z) > 0

exists for 7 > 0 and tends to ¢;(v°(z),z,0) = 0 as T — oo. Hence, assumption (Ag)
is fulfilled.

Moreover, the solution ITy(z, 7) of problem (3.1) which reads in our case

dIl
d—° = —Iy(y + 2 + 1), 7> 0; Iy(z,0) = u’(z)
=

can be found in the explicit form
o (z,7) = u’(z)(z+ 1) [u’()(1 — exp(—(z + 1))7) + = + 1]‘1 exp(—(z +1)7). (4.6)
Assumptions (A7) and (Ag) are obviously satisfied since
guw=-2<0in Q and g.=I(z,t) >0 in Q.

Thus, all assumptions (Ag)-(Ag) of Theorem 3.1 are fulfilled. Therefore, the initial
boundary value problem (2.1) for our example has a unique solution (u(z,t,¢),
v(z,t,€)) satisfying (3.2), (3.3) where 4(z,t),9(z,t), and Iy(z,7) are defined in
(4.3) - (4.6).
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