Mutually catalytic branching in the plane: uniqueness

Donald A. Dawson, Klaus Fleischmann, Leonid Mytnik, Edwin A. Perkins, Jie Xiong

February 20, 2001

WIAS Preprint No. 641 ISSN 0946 – 8633

Abstract

We study a pair of populations in R^2 which undergo diffusion and branching. The system is interactive in that the branching rate of each type is proportional to the local density of the other type. Previous work had established the existence of such a process and derived some of its small scale and large scale properties. This paper is primarily focused on the proof of uniqueness of solutions to the martingale problem associated with the model. The self-duality property of solutions, which is crucial for proving uniqueness and was used in the previous work to derive many of the qualitative properties of the process, is also established.

February 20, 2001

AMS 1991 subject classifications. Primary 60K35. Secondary 60G57, 60J80.

Keywords and phrases. Catalytic super-Brownian motion, collision local time, martingale problem, duality, uniqueness, Markov property.

Dawson: Supported in part by an NSERC grant and a Max Planck Award. Fleischmann: Supported in part by the DFG Mytnik: Supported in part by the Fund for the Promotion of Research at the Technion and Steigman Research Fund. Perkins: Supported in part by an NSERC grant. Xiong: Supported in part by UT-ORNL Science Alliance.

Contents

1 Introduction and statement of results 3 1.1 Background, motivation and brief description of results . . . . . . . . . . . . . . . . . 3 1.2 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 1.3 Uniqueness theorems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 1.4 Duality relation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2 Proof of Proposition 1.12 12

3 Proof of Theorem 1.8 30

4 Continuity of the transition function with respect to initial conditions 33

5 Finite initial conditions 35 5.1 Existence of a process satisfying (IntC) and Proof of Theorem 1.9(a),(b) . . . . . . . 35 5.2 Existence of collision measure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41 5.3 Proof of Proposition 1.14 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43 5.4 Markov and Strong Markov Properties . . . . . . . . . . . . . . . . . . . . . . . . . . 44

Appendix 46

1 Introduction and statement of results

1.1 Background, motivation and brief description of results

Super-Brownian motion is a measure-valued process which arises as a limit of branching particle systems undergoing Brownian motion and critical (or asymptotically critical) branching. For example let us take large population of N particles in R^d with small masses of N^{−1} per particle and let them move as independent Brownian motions with diffusion rate σ^2. Suppose that each particle dies independently of the others with rate Nρ(x) at site x at time t and at the time of death each particle (independently of the others) is replaced by 2 particles or by nothing with probability 1/2 to each event. The replacement particles, if there are any, perform independent Brownian motions and the story of alternating branching and diffusions continues. If we define measure-valued process X^N by X^N_t (A) = {mass of the particles alive at time t in A}, ∀A ∈ B(R^d),

then as N goes to infinity the resulting X^N converges in an appropriate topology to the measurevalued process known as super-Brownian motion with diffusion rate σ^2 and branching rate ρ. In dimension d = 1 super-Brownian motion takes values in the space of measures which are absolutely continuous with respect to Lebesgue measure and its density satisfies the following stochastic partial differential equation (see [9], [15]): ∂X_t(x) ∂t = σ^2 2 ΔX_t(x) + √ ρ(x)X_t(x)Ẇ_t(x), (t, x) ∈ R_+ × R, (1.1)

where Δ is the one-dimensional Laplacian and Ẇ is standard time-space white noise on R_+ × R . In dimensions d ≥ 2 the super-Brownian motion takes values in the space of singular measures, therefore it can not be represented as a solution to the above SPDE (for discussion on parabolic SPDEs see e.g. [16]). It is characterized as a solution to an appropriate martingale problem (see e.g. Chapter 6 in [2]). One of the strongest tools available in the study of superprocesses is its Laplace transform. Write ⟨μ, φ⟩ or μ(φ) to denote the integral of φ with respect to a measure μ. Then for the super-Brownian motion X adapted to filtration F_t we have P [ e^{−⟨Xt, φ⟩}|F_0 ] = e^{−⟨X0, Vt(φ)⟩}, ∀φ ≥ 0, (1.2)

where V_t(φ) solves the following nonlinear partial differential equation: {_{∂vt(x)} ∂t =^{σ2}_2 Δv_t(x) −^{ρ(x)}_2 v_t(x)^2, v_0 = φ.

(1.3)

This formula for Laplace transform is the key for proving that super-Brownian motion is a unique solution to the martingale problem and so is strong Markov.

Recently there has been considerable interest in the area of the superprocesses with interactions. In [5] solutions to the following system of stochastic partial differential equations were studied: ∂X^i_t (x) ∂t = σ^2 2 ΔX^i_t (x) + √ γX^1_t (x)X^2_t (x)Ẇ^i_t (x), (t, x) ∈ R_+ × R , i = 1, 2,

(1.4)

where Ẇ^1, Ẇ^2 are independent space time white noises and γ > 0. In this model, called the mutually catalytic branching model, there are two types of particles each of which may branch only in the presence of the other type. More precisely the branching rate of each type at a site is proportional to the density of the other type present at that site.

A number of approaches are used to study uniqueness in law of interactive superprocesses (see e.g. the use of “historical calculus” in [13], [14], [8], or exchangeable particle representation in [6]). For the one-dimensional mutually catalytic branching model (1.4), uniqueness was resolved in [12], by deriving the so-called exponential self-duality formula. We will introduce this formula now. Here and elsewhere we identify non-negative functions X(x) which are integrable on compact sets with Radon measures X(x)dx ≡ X(dx). If (X^1, X^2) and ( ~X^1, ~X^2) are two independent solutions to (1.4) starting at (X^1_0 , X^2_0 ) and ( ~X^1_0 , ~X^2_0 ) respectively (suppose that the initial conditions are in the space of continuous functions) then the self-duality formula states that P [ exp { − ⟨ X^1_t + X^2_t , x̃^1_0 + x̃^2_0 ⟩ + i ⟨ X^1_t − X^2_t , X̃^1_0 − X̃^2_0 ⟩}]

= ~P [ exp { − ⟨ X^1_0 + X^2_0 , ~X^1_t + ~X^2_t ⟩ + i ⟨ X^1_0 − X^2_0 , ~X^1_t − ~X^2_t ⟩}] . In addition to proving the uniqueness result, the above self-duality formula is the key tool for deriving the long time behavior of the processes with infinite initial conditions through the long time behavior of the processes with finite initial conditions.

The question of extending the mutually catalytic branching model to dimensions greater than one was intriguing for a number of reasons. One’s intuition does not work very well in this case (see, for example,the intuitive “non-existence” argument in the introduction of [3]). Eventually the existence of the model in dimension d = 2 was proved in [3],[4], providing γ/σ^2 is small enough. More specifically, it was shown that a mutually catalytic process X = (X^1, X^2) makes sense in dimension d = 2 as a pair of measure-valued processes that solves the following martingale problem. For an appropriate class of test functions φ_i , i = 1, 2,

M^i_t (φ_i) = ⟨ X^i_t , φ_i ⟩ − ⟨ X^i_0, φ_i ⟩ − ∫_t 0 ⟨ X^i_s, σ^2Δφ_i 2 ⟩ ds, t ≥ 0, i = 1, 2, are orthogonal continuous L^2-martingales such that M^i_0(φ_i) = 0 and

⟨M^i(φ_i)⟩_t = γ ⟨ L_X (t), φ^2_i ⟩ , t ≥ 0, i = 1, 2. Here L_X is the collision local time of X^1 and X^2 loosely described by L_X (t, dx) ≡ ∫_t 0 δ_x(y)X^1_s (dx)X^2_s (dy) ds t ≥ 0, whereas the precise definition is given in Definition 1.1 below. [3] deals with the finite measures state space and [4] handles the infinite measures case. Several intriguing properties of mutually catalytic process were derived in these papers, such as absolute continuity at fixed times, segregation of types property, the extinction of one type as time goes to infinity and a number of others. The proof of some of these properties is based on self-duality formula which we are going to derive in this paper under additional integrability condition (IntC). The uniqueness for the mutually catalytic martingale problem, which is the major result of this work, follows from the self-duality formula. The derivation of self-duality formula in d = 2 is by no means simple generalization of d = 1 case. The main problem is unboundedness of the densities of the processes. To circumvent this problem, first, we introduce an additional integrability condition (IntC) and prove self-duality, and hence uniqueness, under this condition. Second, to show that our uniqueness result is not vacuous, we verify existence of the processes satisfying (IntC). Some moment calculations are required to show that the processes with finite initial conditions constructed in [3] satisfy (IntC), and hence are unique solutions to the corresponding martingale problem. Note that these moment calculations are based on moment duality introduced in [3]. Besides uniqueness, we prove the strong Markov property for the finite measure case–the requirement of a side condition like (IntC) means there is a bit to say here. Moreover, (IntC) also allows us to give a simple proof of absolute continuity of collision local time with respect to time, that is, the existence of a collision measure process K_X (t, ·) such that L_X (dt, ·) = K_X (t, ·)dt.

In the case of infinite measures initial conditions, the situation is more complicated. We were able to derive (IntC), and hence self-duality and uniqueness, only for initial conditions with bounded densities. As the problem of finding a proper state space for these infinite measure-valued processes remains unresolved, we do not have results on the Markov and strong Markov properties in this case.

1.2 Notation

We will try to use the same notation as in [3] and [4].

We use c to denote a positive (finite) constant which may vary from place to place. A c with some additional subscript or superscript usually denotes a specific constant. Write |·| for the Euclidean norm in R^d, d ≥ 1.

For λ ∈ R introduce the reference function ϕ_λ: ϕ_λ(x) ≡ e^{−λ|x|}, x ∈ R^d. For f : R^d → R put |f|_λ ≡ sup x∈R^d |f(x)| /ϕ_λ(x), λ ∈ R , and ‖f‖_∞ ≡ sup x∈R^d |f(x)| . For λ ∈ R , let B_λ = B_λ(R^2) denote the set of all measurable (real-valued) functions f such that |f|_λ is finite. Introduce the spaces

B_{tem} = B_{tem}(R^2) ≡ ⋂ λ>0 B_{−λ} , B_{exp} = B_{exp}(R^2) ≡ ⋃ λ>0 B_λ , B_{rap} = B_{rap}(R^2) ≡ ⋂ λ>0 B_λ of tempered, exponentially decreasing and rapidly decreasing functions respectively. Also let B = B(R^2) (resp. B_b = B_b(R^2), B_{b,com} = B_{b,com}(R^2) C = C(R^2), C_b = C_b(R^2), C_{com} = C_{com}(R^2)) be the set of all measurable (resp. bounded measurable, bounded measurable with compact support, continuous, bounded continuous, continuous with compact support) functions on R^2. Note that B will also serve as a notation for Borel sets in R^2.

Let C_λ refer to the set of continuous f in B_λ with the additional property that the f(x)/ϕ_λ(x) has a finite limit as |x| ↑ ∞. The definition of C_{tem}, C_{exp} and C_{rap} is analogous to that of B_{tem}, B_{exp} and B_{rap} . If F is any subset of continuous functions on R^d then F^{(m)} (resp. F^∞) is a subset of functions in F whose partial derivatives up to the order m (resp. of any order) belong to F . For example C^∞_{com} is the subspace of infinitely differentiable functions in C_{com}.

If F is a set of functions we will write F_+ or F^+ for non-negative functions in F . The topology on C_{tem} is induced by the metric

d_{tem}(f, g) ≡ ∞∑ n=1 2^{−n}(|f − g|_{−1/n} ∧ 1), f, g ∈ C_{tem}.

Let M be the set of all Radon measures on R^2. Then let M_{tem} = M_{tem}(R^2) denote the subset of all measures μ in M such that ⟨μ, ϕ_λ⟩ < ∞, for all λ > 0. We topologize the set of tempered measures M_{tem} by the metric

d_{tem}(μ, ν) ≡ d_0(μ, ν) + ∞∑ n=1 2^{−n}(|μ − ν|_{1/n} ∧ 1), μ, ν ∈ M_{tem} .

Here d_0 is a complete metric on the space of Radon measures on R^2 inducing the vague topology, and |μ − ν|_λ is abbreviation for |⟨μ, ϕ_λ⟩ − ⟨ν, ϕ_λ⟩|. Note that (M_{tem}, d_{tem}) is a Polish space and μ_n → μ in M_{tem} if and only if ⟨μ_n, φ⟩ → ⟨μ, φ⟩ for all φ ∈ C_{exp} . Let M_f = M_f (R^2) denote the space of finite measures on R^2 with the topology of weak convergence. Let M_{rap} be the space of rapidly decreasing measures μ on R^2 such that ⟨μ, φ⟩ < ∞ for any φ ∈ B_{tem}. We say that μ_n ⇒ μ in M_{rap} if μ_n ⇒ μ in M_f and sup_n ⟨μ_n, ϕ_λ⟩ < ∞ for any λ < 0.

For any metric space E let D(R_+, E) (resp. C(R_+, E)) be the space of cadlag (resp. continuous) E-valued functions with Skorohod topology. Let M_1(E) denote the set of probability measures on E and B(E) serve as a notation for Borel sets in E.

Let_ϵ p_t(x) ≡ ϵ^{−2}P (^ϵξ_t = x), t > 0, x ∈ ϵZ^2,

where^ϵξ_t is a continuous time simple random walk which jumps to a nearest neighbor in ϵZ^2 with rate 2ϵ^{−2}σ^2. Write (ξ, Π_x , x ∈ R^2) for the Brownian motion on R^2 with variance parameter σ^2, p_t(x, y) = (2πσ^2t)^{−1} exp {− |x − y|^2 /2tσ^2}, t > 0, x, y ∈ R^2, for its transition density, and {S_t : t ≥ 0} for the corresponding semigroup. With slight abuse of notation let p_t(x) ≡ p_t(x, 0). If μ ∈ M_{tem}, set S_tμ(x) ≡ ∫ p_t(x − y)μ(dy). For E a topological space let L(X) be the law on E of E-valued random variable X.

1.3 Uniqueness theorems

In this subsection we will state our main uniqueness theorems. We start with necessary definitions. Let X = (X^1, X^2) denote an M^2_{tem}-valued process, where M^2_{tem} = M_{tem} × M_{tem}. Define L^{∗,δ}_X (t, dx) ≡ 1 δ ∫_δ 0 ∫_t 0 S_rX^1_s (x)S_rX^2_s (x) ds dr dx, t ≥ 0, δ > 0, (1.5) L^δ_X (t, dx) ≡ ∫_t 0 S_δX^1_s (x)S_δX^2_s (x) ds dx, t ≥ 0, δ > 0. (1.6)

Definition 1.1 (Collision local time) Let X = (X^1, X^2) be an M^2_{tem}-valued continuous process. The collision local time of X (if it exists) is a continuous non-decreasing M_{tem}-valued stochastic process t → L_X (t) = L_X (t, ·) such that ⟨ L^{∗,δ}_X (t), φ ⟩ → ⟨L_X (t), φ⟩ as δ ↓ 0 in probability,

for all t > 0 and φ ∈ C_{com}.

The collision local time will be also considered as a locally finite measure L_X (ds, dx) on R_+ × R^2.

Now we are ready to introduce the martingale problem for the mutually catalytic model in d = 2. Note that all filtrations will be assumed to be right continuous and contain the null sets at time 0.

Definition 1.2 (Martingale problem (MP)^{σ,γ}_{X0} ) A continuous F_t-adapted M^2_{tem}-valued process X = (X^1, X^2) on some (Ω, F, F_t, P ) satisfies (MP)^{σ,γ}_{X0} if and only if ∀φ_i ∈ C^{(2)}_{exp} , i = 1, 2,

M^i_t (φ_i) = ⟨ X^i_t , φ_i ⟩ − ⟨ X^i_0, φ_i ⟩ − ∫_t 0 ⟨ X^i_s, σ^2Δφ_i 2 ⟩ ds, t ≥ 0, i = 1, 2, are orthogonal continuous L^2 F_t-martingales, such that M^i_0(φ_i) = 0 and

⟨M^i(φ_i)⟩_t = γ ⟨ L_X (t), φ^2_i ⟩ , t ≥ 0, i = 1, 2. Note that X_0 may be a random F_0-measurable initial condition.

To present the results dealing with solutions to the above martingale problem we need to define spaces of measures satisfying some regularity conditions.

Definition 1.3 Define

p̄_t(μ_1, μ_2)(x) ≡ S_tμ_1(x)S_tμ_2(x), t > 0,

ḡ_t(μ_1, μ_2)(x) ≡ ∫_t 0 S_sμ_1(x)S_sμ_2(x) ds = ∫_t 0 p̄_s(μ_1, μ_2)(x) ds, t > 0.

Definition 1.4 Write μ = (μ^1, μ^2) ∈ M_{f,e} and say that μ satisfies the energy condition if and only if μ ∈ M^2_f ≡ M_f × M_f and ∫ R^2 ḡ_t(μ_1, μ_2)(x) dx < ∞, ∀ 0 < t < ∞. Write μ = (μ^1, μ^2) ∈ M_{f,se} and say that μ satisfies the strong energy condition if and only if μ ∈ M^2_f and ∀p ∈ (0, 1] there exists c = c(p, μ) such that for all t > 0 max 1≤i,j≤2 ∫ R^2 p̄_t(μ_i, μ_j)(x) dx ≤ ct^{−p}. Remark 1.5 In view of Lemma 8(b) of [3] (see also (1.8) below) the strong energy condition need only be checked for 0 < t < 1 (as ct^{−1} ≤ ct^{−p} for t ≥ 1). As we only need to check t = 2^{−n} and p = p_n ↓ 0, (n ∈ N ), clearly M_{f,e} is a Borel subset of M^2_f .

Definition 1.6 Write μ = (μ^1, μ^2) ∈ M_{tem,e} and say that μ satisfies the energy condition if and only if μ ∈ M^2_{tem} and ∫ R^2 ḡ_t(μ_1, μ_2)(x)ϕ_λ(x) dx < ∞, ∀λ > 0, 0 < t < ∞. Write μ = (μ^1, μ^2) ∈ M_{tem,se} and say that μ satisfies the strong energy condition if and only if μ ∈ M^2_{tem} and for any p ∈ (0, 1) and λ > 0 there is c = c(p, λ, μ) such that for any t > 0 max 1≤i,j≤2 ∫ R^2 p̄_t(μ_i, μ_j )(x)ϕ_λ(x) dx < ct^{−p} . Definition 1.7 Write μ = (μ^1, μ^2) ∈ M_{rap,e} and say that μ satisfies the energy condition if and only if μ ∈ M^2_{rap} and ∫ R^2 ḡ_t(μ_1, μ_2)(x)ϕ_{−λ}(x) dx < ∞, ∀λ > 0, 0 < t < ∞.

In Theorem 11(a) of [3] solutions to (MP)^{σ,γ}_{X0} were constructed for X_0, a deterministic initial condition in M_{f,e}, providing

γ/σ^2 < (3 √ 6πc_{rw})^{−1},

(1.7)

where c_{rw} is a universal constant (independent of σ^2) defined in Lemma 8(b) of [3] by

c_{rw} ≡ sup x∈ϵZ^2,t≥0 ϵp_t(x)tσ^2. (1.8)

In Theorem 4 of [4] solutions to (MP)^{σ,γ}_{X0} were constructed for infinite initial conditions X_0 ∈ M^2_{tem} which have densities (x^1_0, x^2_0) in B^2_{tem}. Recall that we often use the same letter to denote a measure and its density.

In order to establish uniqueness in law of solutions to (MP)^{σ,γ}_{X0} , we need to assume additional integrability condition:

For any compact K ⊂ R^2 set

H_{ϵ,K}(X_s) = ∫ K ∫ K ( 1 + |x − y|^{−1} ) S_ϵX^1_s (x)S_ϵX^2_s (x)S_ϵX^1_s (y)S_ϵX^2_s (y) dx dy, ϵ > 0.

(IntC) For each 0 < δ < T < ∞, compact K ⊂ R^2, P [∫_T δ H_{ϵ,K}(X_s) ds|F_δ ] is bounded in probability as ϵ ↓ 0

ie. ∀η > 0 ∃M > 0 such that lim sup_{ϵ↓0} P ( P [∫_T δ H_{ϵ,K}(X_s) ds|F_δ ] > M ) < η. Note that (IntC) is implied by the simpler condition

(SIntC) ∀T > 0, compact K ⊂ R^2, lim sup_{ϵ↓0} P [∫_T 0 H_{ϵ,K}(X_s) ds ] < ∞.

We now introduce an integrability condition on possibly random initial condition X_0:

(EnC) P [∑_2 j=1 X^j_0 (ϕ_λ)^2 + ∫ R^2 ḡt(X 1 0 , X^2_0 )(x)ϕ_λ(x) dx ] < ∞, ∀t > 0, ∀λ > 0. Now we are ready to present our main result.

Theorem 1.8 (General Uniqueness Theorem) Assume γ/σ^2 < ( √ 6πc_{rw})^{−1} and let X_0 ∈ M_{tem,e} be a possibly random initial condition satisfying (EnC). Then there is at most one solution to (MP)^{σ,γ}_{X0} satisfying (IntC).

Notation Let Ω_0 ≡ C(R_+, M^2_f ), Ω_{rap} ≡ C(R_+, M^2_{rap}), Ω_{tem} ≡ C(R_+, M^2_{tem}) with the usual topology of uniform convergence on compact subsets of R_+.

It will be shown in Theorem 5.1 of Section 5.1 that the solutions constructed in [3] with X ∈ M_{f,e} satisfy (IntC). It was also shown in [3] that X_t ∈ M_{f,e} for all t > 0 a.s. and this allows us to show the strong Markov property for the processes starting from finite initial conditions and satisfying (IntC). Overall we have the following theorem.

Theorem 1.9 (Finite Measure Initial Conditions) Assume γ/σ^2 < (3 √ 6πc_{rw})^{−1} and X_0 ∈ M_{f,e}.

(a) There is a process X satisfying the martingale problem (MP)^{σ,γ}_{X0} and the integrability condition (IntC), and such that X_t ∈ M_{f,e} for any t ≥ 0 a.s.. If X_0 ∈ M_{f,se} then there is a solution to (MP)^{σ,γ}_{X0} satisfying (SIntC).

(b) The law P_{X0} on Ω_0 of the solution in (a) is unique.

(c) There is a time-homogeneous Borel Markov transition kernel P = {P_t(μ, dν) : t > 0, μ ∈ M_{f,e}} on M_{f,e} such that any process satisfying (MP)^{σ,γ}_{X0} and (IntC) on (Ω, F, F_t, P ) is (F_t)- strong Markov with transition kernel P.

The martingale problem (MP)^{σ,γ}_{X0} for finite initial conditions was defined in [3] with a larger set of test functions than in Definition 1.2. Clearly any solution to the martingale problem (MP)^{σ,γ}_{X0} in [3] is a solution to the (MP)^{σ,γ}_{X0} of Definition 1.2. Therefore the existence part of (a) follows from the proof of Theorem 11(a) in [3]. To complete the proof of (a) we need to verify integrability conditions (IntC) and (SIntC) for the constructed processes. This will be accomplished in Section 5.1. Then part (b) will follow from part (a) and Theorem 1.8. Part (c) will be proved in Section 5.4.

Remark 1.10 To ensure the existence of solutions to (MP)^{σ,γ}_{X0} satisfying (IntC) Condition 1.7 maybe weakened to γ/σ^2 < 1/ √ 6, although to ensure only existence (without (IntC)) it may be weakened to γ/σ^2 < 2/ √ 6 (see Remark 12(ii) of [3] and Theorem 5.1 of Section 5.1 deriving (IntC) below).

The uniqueness in law of the mutually catalytic branching process X with X_0 ∈ B^2_b, constructed in [4], is established in the following theorem.

Theorem 1.11 (Initial Conditions with Bounded Densities) Assume γ/σ^2 < ( √ 6πc_{rw})^{−1}

(1.9)

and X_0 ∈ (B^+_b )^2. Then

(a) There is a solution to (MP)^{σ,γ}_{X0} satisfying (SIntC).

(b) The law P_{X0} on Ω_{tem} of the solution in (a) is unique.

The existence of a solution to (MP)^{σ,γ}_{X0} follows from Theorem 4 and Remark 9(i) of [4]. To complete the proof of (a) we need to verify integrability condition (SIntC) for the processes constructed in [4]. This will be accomplished in Section 2 in Corollary 2.11 . Part (b) then follows immediately from part (a) and Theorem 1.8.

1.4 Duality relation

The key ingredient in the uniqueness argument is an exponential duality introduced in [12], [5] for solutions to the analogue of (MP)^{σ,γ}_{X0} on R^1 and on a lattice respectively. For our continuum setting the dual process will be a particular solution to (MP)^{σ,γ}_{X0} constructed in [3], [4] for particularly nice initial conditions, which we now describe. Let x̃^j_0(·) ∈ B^+_b and set ~X^j_0 (dx) = x̃^j_0(x) dx, j = 1, 2. For ϵ > 0 define ~X^{j,ϵ}_0 : Z^2 → [0, ∞) by

~X^{j,ϵ}_0 (ϵ^{−1}x) = ϵ^{−2} ∫ C_ϵ(x) x̃^j_0(y) dy, j = 1, 2, where C_ϵ(x) is the square of sidelength ϵ and southwest corner x ∈ ϵZ^2. Let {W^j_t (x) : x ∈ Z^2, j = 1, 2} be a collection of independent standard 1-dimensional Brownian motions on some filtered probability space and consider the unique (in law) solutions of ~X^{j,ϵ}_t (x) = ~X^{j,ϵ}_0 (x) + ∫_t 0 σ^2 2 1Δ ~X^{j,ϵ}_s (x) ds + ∫_t 0 √ γ ~X^{1,ϵ}_s (x) ~X^{2,ϵ}_s (x) dW^j_s (x), x ∈ Z^2, t ≥ 0, j = 1, 2, constructed in [5]. Here^1Δ is the usual discrete Laplacian on Z^2 (^1Δf(x) =

∑_2

i=1(f(x + e_i) + f(x − e_i) − 2f(x)), e_i is the i-th unit basis vector.). We then consider the rescaled process ϵ ~X^j_t (x) ≡ ~X^{j,ϵ}_{tϵ−2} (xϵ^{−1}), x ∈ ϵZ^2, t ≥ 0 and define its associated measure-valued process^ϵ~X_· = (^ϵ ~X^1_· ,^ϵ ~X^2_· ) by ⟨_ϵ ~X^j_t , φ ⟩ = ∑ x∈ϵZ^2 ϵ ~X^j_t (x)φ(x)ϵ^2

= ∫ R^2 ϵ ~X^j_t (x)φ(x)d^ϵx, t ≥ 0, j = 1, 2, where d^ϵx assigns mass ϵ^2 to each point in ϵZ^2. Let^ϵM_{tem} denote the subspace of M_{tem} of measures with densities with respect to d^ϵx. Then^ϵ~X_· is a^ϵM^2_{tem}-valued process. Clearly^ϵ~X_0 ⇒ ~X_0 in M^2_{tem}. Propositions 37, 38 and Remark 9(i) of [4] show that if γ/σ^2 < ( √ 6πc_{rw})^{−1}

(1.10)

then {^ϵ~X_· : ϵ > 0} are tight in C(R_+, M^2_{tem}) and any weak limit point ~X = ( ~X^1, ~X^2) (that is ϵ_n ~X ⇒ ~X, (1.11)

for some ϵ_n ↓ 0) satisfies (MP)^{σ,γ}_{~X0} . Using notation from [4], we set

ϵm^{1122}_t (⃗x) ≡^ϵm^{1122}_t (x_1, x_2, x_3, x_4) = P̃ (_ϵ ~X^1_t (x_1)^ϵ ~X^1_t (x_2)^ϵ ~X^2_t (x_3)^ϵ ~X^2_t (x_4) ) , (⃗x ∈ (ϵZ^2)^4).

Then Corollary 31 of [4] states that if γ/σ^2 < sin(π(1 − p)) √ 6πc_{rw} , (1.12)

for some p : 0 < p < 1, then there is c_t(γ, σ^2, p) > 0 which is increasing in t and satisfies

ϵm^{1122}_t (⃗x) ≤ c_t(γ, σ^2, p)( ‖ x̃^1_0 ‖ ∞ ∨ ‖ x̃^2_0 ‖ ∞)^4

(1.13) × ( 1 + ∫_t 0 s^{−p}(^ϵp_{2s}(x^1 − x^2) +^ϵp_{2s}(x^3 − x^4)) ds ) , ∀t ≥ 0, and sup_{t≤T} c_t(γ, σ^2, p) = c_T (γ, σ^2, p) < ∞, ∀T > 0. In particular, if p = 1/2, then

ϵm^{1122}_t (⃗x) ≤ c_t(γ, σ^2)( ‖ ‖x̃^1_0 ‖ ‖_∞ ∨ ‖ ‖x̃^2_0 ‖ ‖_∞)^4 (1.14) × ( 1 + ∫_t 0 s^{−1/2}(^ϵp_{2s}(x^1 − x^2) +^ϵp_{2s}(x^3 − x^4)) ds ) , ∀t ≥ 0. These moment properties of ~X play an important role in the proof of the dual propositions stated below.

Proposition 1.12 (Duality under (IntC)) Assume γ/σ^2 < ( √ 6πc_{rw})^{−1}. Let (x̃^1_0 , x̃^2_0) ∈ (C^+_{rap})^2 and ~X be the particular solution of (MP)^{σ,γ}_{~X0} given by (1.11) on some (Ω̃, F̃, F̃_t, ~P ). Let X be any

solution to (MP)^{σ,γ}_{X0} satisfying (IntC) on (Ω, F, F_t, P ) for some F_0 measurable initial condition X_0 satisfying (EnC). Then for any t ≥ 0 P [ exp { − ⟨ X^1_t + X^2_t , x̃^1_0 + x̃^2_0 ⟩ + i ⟨ X^1_t − X^2_t , x̃^1_0 − x̃^2_0 ⟩}] (D_1) = lim_{ϵ↓0} P × ~P [ exp { − ⟨ X^1_0 + X^2_0 , S_ϵ( ~X^1_t + ~X^2_t ) ⟩ + i ⟨ X^1_0 − X^2_0 , S_ϵ( ~X^1_t − ~X^2_t ) ⟩}] . In particular, if X^j_0 (dx) = x^j_0(x) dx for some (deterministic) x^j_0 ∈ C^+_{tem}, then

P [ exp { − ⟨ X^1_t + X^2_t , x̃^1_0 + x̃^2_0 ⟩ + i ⟨ X^1_t − X^2_t , x̃^1_0 − x̃^2_0 ⟩}] (D_2) = ~P [ exp { − ⟨ X^1_0 + X^2_0 , ~X^1_t + ~X^2_t ⟩ + i ⟨ X^1_0 − X^2_0 , ~X^1_t − ~X^2_t ⟩}] . Remark 1.13 (a) The restriction on γ/σ^2 is required for the existence of ~X and (1.14). This restriction maybe weakened to γσ^{−2} < 2/ √ 6 (see Remark 1.10).

(b) As ~X is a fixed particular solution, the right hand side of (D_1) depends only on L(X_0). This will allow us to to derive the Markov property of solutions with finite initial conditions — see the proof of Theorem 1.9 below.

Proof of (D_1) → (D_2) We will show that (D_2) is an easy consequence of (D_1). Note that

S_ϵx^j_0(x) → x^j_0(x), ∀x ∈ R^2,

as ϵ ↓ 0, and also by Lemma A.1 of the Appendix we have

sup_{ϵ≤1} S_ϵx^j_0(x) ≤ c_{A1}(1, λ) | |xj_0 | | −λ ϕ_{−λ}(x), j = 1, 2, for any λ > 0. ~P ⟨ ϕ_{−λ}, ~X^j_t ⟩ < ∞, j = 1, 2, therefore by Dominated Convergence ⟨ X^i_0, S_ϵ ~X^j_t ⟩ = ⟨ S_ϵx^i_0, ~X^j_t ⟩ → ⟨ x^i_0, ~X^j_t ⟩ , ~P − a.s., i, j = 1, 2. A second application of Dominated Convergence allows us to take the limit in (D_1) inside the P × ~P and derive (D_2).

We can get another version of Proposition 1.12 under finite initial conditions for larger class of test functions.

Proposition 1.14 (Duality under (IntC) for finite initial conditions) Assume γ/σ^2 < ( √ 6πc_{rw})^{−1}. Let (x̃^1_0, x̃^2_0) ∈ (C^+_b )^2 and ~X be the particular solution of (MP)^{σ,γ}_{~X0} given

by (1.11) on some (Ω̃, F̃, F̃_t, ~P ). Let X be any solution to (MP)^{σ,γ}_{X0} satisfying (IntC) on (Ω, F, F_t, P ) for some F_0 measurable initial condition X_0 ∈ M_{f,e} satisfying (EnC). Then for any t ≥ 0 (D_1) is satisfied, that is, P [ exp { − ⟨ X^1_t + X^2_t , x̃^1_0 + x̃^2_0 ⟩ + i ⟨ X^1_t − X^2_t , x̃^1_0 − x̃^2_0 ⟩}] = lim_{ϵ↓0} P × ~P [ exp { − ⟨ X^1_0 + X^2_0 , S_ϵ( ~X^1_t + ~X^2_t ) ⟩ + i ⟨ X^1_0 − X^2_0 , S_ϵ( ~X^1_t − ~X^2_t ) ⟩}] .

Organization of the paper Section 2 is devoted to the proof of basic duality Proposition 1.12. The proof of Theorem 1.11(a) is completed in Corollary 2.11 of Section 2. In Section 3 we prove uniqueness Theorem 1.8 for general initial conditions. Theorem 1.11(b) follows as a trivial corollary of Theorem 1.8 and Theorem 1.11(a). Section 4 is devoted to continuity of transition function of mutually catalytic process with respect to initial conditions. In Section 5 we prove Theorem 1.9, Proposition 1.14 and show existence of the collision measure for a process satisfying (IntC).

The last section is the Appendix where some auxiliary results are presented and proved. Note that all the results in the Appendix are labeled with capital letter “A” instead of a section number (for example Lemma A.1).

2 Proof of Proposition 1.12

We start with proving of Proposition 1.12 under the stronger (SIntC) instead of (IntC). That is we are going to prove

Proposition 2.1 (Duality under (SIntC)) Assume γ/σ^2 < ( √ 6πc_{rw})^{−1}. Let x̃^j_0 ∈ C^+_{rap} and ~X be the particular solution of (MP)^{σ,γ}_{~X0} constructed in Section 1.4 on some (Ω̃, F̃, F̃_t, ~P ). Let X be any solution to (MP)^{σ,γ}_{X0} satisfying (SIntC) on (Ω, F, F_t, P ) for some F_0 measurable initial condition X_0 satisfying (EnC). Then for any t ≥ 0 P [ exp { − ⟨ X^1_t + X^2_t , x̃^1_0 + x̃^2_0 ⟩ + i ⟨ X^1_t − X^2_t , x̃^1_0 − x̃^2_0 ⟩}] (D_1) = lim_{ϵ↓0} P × ~P [ exp { − ⟨ X^1_0 + X^2_0 , S_ϵ( ~X^1_t + ~X^2_t ) ⟩ + i ⟨ X^1_0 − X^2_0 , S_ϵ( ~X^1_t − ~X^2_t ) ⟩}] . We start with some first and second moment results for solutions of (MP)^{σ,γ}_{X0} satisfying (SIntC) and (EnC). Assume X is such a solution with X_0 possibly random. To simplify our notation in the following let L_t(dx) = L(t, dx) = L_X (t, dx), (2.1) L^{∗,ϵ}_t (dx) = L^{∗,ϵ}(t, dx) = L^{∗,ϵ}_X (t, dx) (2.2) L^ϵ_t(dx) = L^ϵ(t, dx) = L^ϵ_X (t, dx). (2.3)

The next lemma shows that (SIntC) (even without the |x − y| term) implies square integrability of L_t(φ) for any φ ∈ B_{b,com}.

Lemma 2.2 (a) For each T > 0, φ ∈ B_{b,com} there exists c_{T,φ} < ∞ such that

lim sup ϵ↓0 P [ L^{∗,ϵ}_t (φ)^2 + L^ϵ_t (φ)^2 ] ≤ c_{T,φ}t, ∀t ∈ [0, T ]. In particular P [ L_t(φ)^2 ] ≤ c_{T,ϕ}t, ∀t ∈ [0, T ], ∀φ ∈ B_{b,com} , and L^{∗,ϵ}_t (φ)^{L1}→ L_t(φ) as ϵ ↓ 0 for any φ ∈ C_{com}.

(b) If φ_1, φ_2 ∈ B_+ and T is a stopping time, then on {t ≥ T } P [ X^j_t (φ_j )|F_T ] = ⟨ X^j_T , S_{t−T} φ_j ⟩ , j = 1, 2, and P [ X^1_t (φ_1)X^2_t (φ_2)|F_T ] = ⟨ X^1_T , S_{t−T} φ_1 ⟩ ⟨ X^2_T , S_{t−T} φ_2 ⟩

(c) If φ_1, φ_2 ∈ B_+ then P [ X^j_t (φ_j ) ] = P [⟨ X^j_0 , S_tφ_j ⟩] , j = 1, 2, t > 0 and P [ X^1_t (φ_1)X^2_t (φ_2) ] = P [⟨ X^1_0 , S_tφ_1 ⟩ ⟨ X^2_0 , S_tφ_2 ⟩] , t > 0 where all these quantities are finite if S_tφ_j ∈ B_λ for some λ > 0.

(d) If φ : R^2 → [0, ∞] is Borel, then

P [L_t(φ)] = ∫_t 0 ∫ R^2 P [ S_sX^1_0 (x)S_sX^2_0 (x) ] φ(x) dx ds. Proof

(a) Fix arbitrary φ ∈ B_{b,com}. There is some compact set K ⊂ R^2 such that supp(φ) ⊂ K. If t ≤ T , then P [ L^{∗,ϵ}_t (φ)^2 ] = P [( 1 ϵ ∫_ϵ 0 ∫_t 0 ∫ R^2

S_uX^1_s (x)S_uX^2_s (x)φ(x) dx ds t du )_2] t^2 ≤ ‖φ‖^2_∞ 1 ϵ ∫_ϵ 0 du ∫_t 0 ds t P [∫ K S_uX^1_s (x)S_uX^2_s (x) dx^2 ] t^2 ≤ ‖φ‖^2_∞ 1 ϵ ∫_ϵ 0 du ∫_t 0 dsP [H_{u,K} (X_s)] t. An analogous bound holds for P [ L^ϵ_t(φ)^2 ] by an even simpler argument. (SIntC) now implies the first inequality in (a). Fatou’s lemma gives the second. The above L^2-boundedness shows that the convergence in probability in the definition of L_t(φ) may be strengthen to L^1 convergence.

(b) If t ≥ t_0 > 0 are fixed we may argue as in Corollary 43 of [4] to see that if φ ∈ C^∞_{com}, then

X^j_t (φ) = X^j_{t0} (S_{t−t0} φ) + ∫_t 0 ∫ R^2 1(r ≥ t_0)S_{t−r}φ(x) dM^{(j)}(r, x), j = 1, 2. (2.4)

(See Chapter 2 of [16] for the construction and properties of the stochastic integral with respect to the orthogonal martingale measure M^{(j)}.) Let t_0 be a stopping time taking on finitely many values {t_1, . . . , t_n} with {t_1, . . . , t_n} ∩ [0, t] = {t_1, . . . , t_k}. Then on {t_0 ≤ t}, ∫_t 0 ∫ R^2 1(r ≥ t_0)S_{t−r}φ(x) dM^{(j)}(r, x) = k∑ i=1 1(t_0 = t_i) ∫_t t_i ∫ R^2 S_{t−r}φ(x) dM^{(j)}(r, x) as one can easily check by noting that 1(r ≥ t_0)S_{t−r}φ(x) = 1(r ≥ t_i)S_{t−r}φ(x) on {t_0 = t_i} and then following the proof of the corresponding “localization” result for ordinary stochastic integrals (see Theorem 27 on p. 307 of Meyer [10]). It follows that (2.4) remains valid for the finite-valued stopping time t_0 on {t_0 ≤ t}. Let T be an (F_t)-stopping time and let T_n ↓ T be the standard set of finite-valued stopping times (we may allow T_n = ∞). Apply (2.4) with T_n in place of t_0 and let n → ∞ to see that on {T < t} ⊂ ⋃_∞ n=1{T_n ≤ t}, X^j_t (φ) = X^j_T (S_{t−T} φ) + ∫_t 0 ∫ R^2 1(r ≥ T )S_{t−r}φ(x) dM^{(j)}(r, x), j = 1, 2. (2.5)

This is of course trivial on {T = t} (again using the localization result) and by taking bounded pointwise limits we see (2.5) is valid on {T ≤ t} for φ ∈ B_{b,com}. We get by (a) and the definition of (MP)^{σ,γ}_{X0} that the stochastic integrals ∫_s 0 ∫ R^2 1(r ≥ T )St−rφ(x) dM (j)(r, x), s ≤ t, j = 1, 2, in (2.5) are orthogonal L^2 martingales and hence (b) follows for φ_j ∈ B_{b,com} , j = 1, 2. The boundedness and compact support conditions are readily dropped by Monotone Convergence.

(c) The equalities are immediate from (b) with T = 0. The finiteness follows from (EnC) condition on X_0.

(d) By Monotone Convergence to establish the equality in (d) it suffices to consider non-negative bounded φ with compact support. The L^1-convergence of L^{∗,ϵ}_t (φ) as ϵ ↓ 0 from (a), and the second moment result in (c) imply

P [L_t(φ)] = lim_{ϵ↓0} P [ L^{∗,ϵ}_t (φ) ]

= lim_{ϵ↓0} ∫_t 0 ∫_ϵ 0 ∫ R^2 P [ S_uX^1_s (x)S_uX^2_s (x) ] φ(x) dx du ϵ ds = lim_{ϵ↓0} ∫_t 0 ∫_ϵ 0 ∫ R^2 P [ S_{u+s}X^1_0 (x)S_{u+s}X^2_0 (x) ] φ(x) dx du ϵ ds = lim_{ϵ↓0} ∫_t 0 P [∫_ϵ 0 ∫ R^2

S_{u+s}X^1_0 (x)S_{u+s}X^2_0 (x)φ(x) dx du ϵ ] ds. (2.6)

Let G_ϵ(s) denotes the expression in square brackets. Then ∫_t 0 P [ G_ϵ(s)^2 ] ds ≤ ∫_t 0 ∫_ϵ 0 P [∫ R^2

S_{u+s}X^1_0 (x)S_{u+s}X^2_0 (x)φ(x) dx^2 ] du ϵ ds = ∫_t 0 ∫_ϵ 0 P [ P [∫ R^2

S_uX^1_s (x)S_uX^2_s (x)φ(x) dx|F_0

]_2] du ϵ ds (by (b) with T = 0) ≤ ∫_t 0 ∫_ϵ 0 P [∫ R^2

S_uX^1_s (x)S_uX^2_s (x)φ(x) dx^2 ] du ϵ ds (by Jensen inequality)

which is bounded uniformly in ϵ < ϵ_0 by (SIntC). This allows us to take the limit through the first two integrals in (2.6) and conclude

P [L_t(φ)] = ∫_t 0 P [ lim_{ϵ↓0} ∫_ϵ 0 ∫ R^2

S_{u+s}X^1_0 (x)S_{u+s}X^2_0 (x)φ(x) dx du ϵ ] ds (2.7) < ∞. We are implicitly assuming this limit exists. To this end we claim u → ∫ R^2

S_uX^1_0 (x)S_uX^2_0 (x)φ(x) dx

(2.8)

is continuous on (0, ∞).

Note first that u → S_uX^j_0 (x) is continuous on (0, ∞) by Corollary A.5. As φ has compact support and, by Corollary A.4, S_uX^j_0 (x) ≤ c_{A3}(T, λ)c_{A4}(ϵ)ϕ_{−λ}(x)X^j_0 (ϕ_λ) for ϵ ≤ u ≤ T , (2.8) follows from application of Dominated Convergence. (2.8) shows that the limit in (2.7) is ∫ R^2 SsX 1 0 (x)S_sX^2_0 (x)φ(x) dx for s > 0 and this gives the equality in (d).

In the following we assume that ~X_0 ∈ (C^+_{rap})^2 and ~X is a particular solution to (MP)^{σ,γ}_{~X0} constructed in Section 1.4, which is independent of X.

Denote by C^{(1,2)}_{T,rap} (resp. C^{(1,2)}_{T,tem}) the set of all real-valued functions ψ on [0, T ] × R^2 such that t → ψ(t, ·), t →^{∂ψ(t,·)}_{∂t} and t → Δψ(t, ·) are continuous C_{rap} (resp. C_{tem}) valued functions.

Lemma 2.3 (a)Let (μ_1, μ_2) ∈ M_{tem,e} and T > 0. Define μ = μ_1 + μ_2 + i(μ_2 − μ_1). Then e^−⟨^{~X1t , ST −t(μ)}⟩^−⟨^{~X2t , ST −t(μ)}⟩ = e^−⟨^{~X10 , ST (μ)}⟩^−⟨^{~X20 , ST (μ)}⟩ + 4γ ∫_t 0 e^−⟨^{~X1s , ST −s(μ)}⟩^−⟨^{~X2s , ST −s(μ)}⟩S_{T −s}(μ_1)(x)S_{T −s}(μ_2)(x) L_{~X} (ds, dx) − ∫_t 0 ∫ R^2 e^−⟨^{~X1s , ST −s(μ)}⟩^−⟨^{~X2s , ST −s(μ)}⟩ ( S_{T −s}(μ)(x)M̃^1(ds, dx) + S_{T −s}(μ)(x)M̃^2(ds, dx) ) , 0 ≤ t < T, where M̃^l(ds, dx) (l = 1, 2) are martingale measures.

(b) Let (μ_1, μ_2) ∈ M_{rap,e} and T > 0. Define μ = μ_1 + μ_2 + i(μ_2 − μ_1). Then e^−⟨^{X1t , ST −t(μ)}⟩^−⟨^{X2t , ST −t(μ)}⟩ = e^−⟨^{X10 , ST (μ)}⟩^−⟨^{X20 , ST (μ)}⟩ + 4γ ∫_t 0 e^−⟨^{X1s , ST −s(μ)}⟩^−⟨^{X2s , ST −s(μ)}⟩S_{T −s}(μ_1)(x)S_{T −s}(μ_2)(x) L_X (ds, dx) − ∫_t 0 ∫ R^2 e^−⟨^{X1s , ST −s(μ)}⟩^−⟨^{X2s , ST −s(μ)}⟩ ( S_{T −s}(μ)(x)M^1(ds, dx) + S_{T −s}(μ)(x)M^2(ds, dx) ) , 0 ≤ t < T, where M^l(ds, dx) (l = 1, 2) are martingale measures.

Proof Arguing as in Lemma 42 of [4] we get

X^j_t (ψ_t) ≡ X^j_0 (ψ_0) + ∫_t 0 X^j_s ( 1 2 Δψ_s + ∂ ∂s ψ_s ) ds (2.9) + ∫_t 0 ∫ R^2 ψ_s(x)M^j (ds, dx), 0 ≤ t < T, j = 1, 2, ψ ∈ C^{(1,2)}_{T,rap} , ~X^j_t (ψ_t) ≡ ~X^j_0 (ψ_0) + ∫_t 0 ~X^j_s ( 1 2 Δψ_s + ∂ ∂s ψ_s ) ds (2.10) + ∫_t 0 ∫ R^2 ψ_s(x)M̃^j (ds, dx), 0 ≤ t < T, j = 1, 2, ψ ∈ C^{(1,2)}_{T,tem} . (A little bit of care is needed to be able to take ψ ∈ C^{(1,2)}_{T,tem} in the second case–the proof uses Monotone Convergence and simple moment calculations.) By choosing functions ψ^1_t = S_{T −t}(μ), ψ^2_t = S_{T −t}(μ) in (a), (b), and then applying Itô’s formula on the interval [0, T ) one can readily complete the proof of the lemma.

Lemma 2.4 If ~X_0 ∈ (C^+_{rap})^2 and ~X is as above then ~X_· ∈ Ω_{rap} a.s..

Proof By Theorem 11(c) of [3] we get that ~X_· ∈ Ω_0. To complete the proof we have to show that P [ sup_{t≤T} ⟨ ~X^j_t , ϕ_λ ⟩ ] < ∞, j = 1, 2, ∀T > 0, λ < 0.

First, for any λ < 0, choose φ̃_λ ∈ C^{(2)}_{tem} such that φ̃_λ ≥ ϕ_λ. Then use (2.10) with ψ_t(·) = φ̃_λ(·) for all t ≥ 0. The result follows easily by moment calculations and by Doob’s inequality.

To simplify our notation (as in (2.1 — 2.3)) in the following let L̃_t(dx) = L̃(t, dx) = L_{~X} (t, dx), (2.11) L̃^{∗,ϵ}_t (dx) = L̃^{∗,ϵ}(t, dx) = L^{∗,ϵ}_{~X} (t, dx) (2.12) L̃^ϵ_t(dx) = L̃^ϵ(t, dx) = L^ϵ_{~X} (t, dx). (2.13)

Lemma 2.5 Let T be any bounded stopping time and φ be a random function such that φ ∈ L^1(R^2 × Ω, L_t(ω, dx)P (dω)), ∀t > 0 and φ is B × F_T -measurable. Then P [L(φ × [T, T + t])|F_T ] = ∫_{T +t} T ∫ R^2 S_{u−T} (X^1_T )(x)S_{u−T} (X^2_T )(x)φ(x) dx du, P − a.s.. (2.14)

Proof Take a non-random φ ∈ C_{com}. L_t is a continuous measure-valued process, therefore L_t(φ) is continuous. If T is a bounded stopping time, then by Dominated Convergence and Lemma 2.2 (a) lim_{δ↓0} P [L_{T +δ}(φ) − L_T (φ)|F_T ] = 0, P − a.s.. Hence, for any δ > 0, for P -a.e ω there exists δ^′(ω) > 0, δ^′ ∈ F_T such that P [ L(|φ| × [T, T + δ^{′′}])|F_T ] ≤ δ, ∀0 ≤ δ^{′′} ≤ δ^′. Arguing as in the proof of Lemma 2.2(b), that is by using approximation of the stopping time T with finite values stopping times and continuity of L_t we can show that P [L_{T +t}(φ) − L_{T +δ}′′ (φ)|F_T ] = P [ lim_{ϵ↓0} L^{∗,ϵ}_{T +t}(φ) − L^{∗,ϵ}_{T +δ′′} (φ)|F_T ]

By Lemma 2.2(a) L^{∗,ϵ} converges to L in L^1, therefore

P [L_{T +t}(φ) − L_{T +δ}′′ (φ)|F_T ] = lim_{ϵ↓0} P [ L^{∗,ϵ}_{T +t}(φ) − L^{∗,ϵ}_{T +δ′′} (φ)|F_T ]

= lim_{ϵ↓0} ∫_{T +t} T +δ^{′′} ∫ R^2 1 ϵ ∫_ϵ 0 P [ S_u(X^1_s )(x)S_u(X^2_s )(x)|F_T ] φ(x) du dx ds = lim_{ϵ↓0} ∫_{T +t} T +δ^{′′} ∫ R^2 1 ϵ ∫_ϵ 0 S_{u+s−T} (X^1_T )(x)S_{u+s−T} (X^2_T )(x)φ(x) du dx ds = ∫_{T +t} T +δ^{′′} ∫ R^2 S_{s−T} (X^1_T )(x)S_{s−T} (X^2_T )(x)φ(x) dx ds, ∀0 ≤ δ^{′′} ≤ δ^′, where the second equality is a consequence of Fubini’s theorem and the third equality follows by Lemma 2.2 (b). Hence, we get that | |P [L(φ × [T, T + t])|F_T ] − ∫_{T +t} T +δ^{′′} ∫ R^2 S_{u−T} (X^1_T )(x)S_{u−T} (X^2_T )(x)φ(x) dx du | | ≤ δ, ∀0 < δ^{′′} ≤ δ^′, P − a.s.. Letting δ^{′′} ↓ 0, (2.14) follows since δ was arbitrary and L_t is continuous.

The extension of (2.14) for any B × F_T -measurable φ ∈ L^1(R^2 × Ω, L_t(ω, dx)P (dω)), ∀t > 0, is trivial.

The next lemma does not give lim_{ϵ↓0} L^ϵ = L but it is nonetheless quite useful.

Lemma 2.6 Let g be Borel×optional-measurable function on R_+ × R^2 × Ω such that for P -a.e. ω the mapping s → g(s, ·, ω) is continuous from R_+ to C and for each compact set K ⊂ R^2 and t > 0, there exists a constant C_{K,t} such that ‖g‖_{t,K} ≡ sup 0≤s≤t,x∈K |g(s, x, ω)| ≤ C_{K,t}, P − a.s.. Assume also that sup 0<ϵ≤1 P [∫_t 0 ∫ R^2 |g(s, x, ·)| L^ϵ(ds, dx) ] + P [∫_t 0 ∫ R^2 |g(s, x, ·)| L(ds, dx) ] < ∞, lim_{k→∞} sup_{0<ϵ≤1} P [∫_t 0 ∫ |x|>k |g(s, x, ·)| L^ϵ(ds, dx) ] = 0.

Then

lim_{ϵ↓0} P [∫_t 0 ∫ R^2 g(s, x, ·)L^ϵ(ds, dx) ] = P [∫_t 0 ∫ R^2 g(s, x, ·)L(ds, dx) ] .

Proof For any δ^′ > 0 choose a compact set K_δ′ ⊂ R^2 such that sup 0<ϵ≤1 P [∫_t 0 ∫ K^c_{δ′} |g(s, x, ·)| L^ϵ(ds, dx) ] + P [∫_t 0 ∫ K^c_{δ′} |g(s, x, ·)| L(ds, dx) ] ≤ δ^′/3. (2.15)

By Lemma 2.5 for any t ≥ 0 and δ > 0 and any B × F_t-measurable, L_{t+δ} (ω, dx)P (dω)-integrable function φ(ω, x), we have P [ L(φ1_{Kδ′} × [t, t + δ])|F_t ] = ∫_{t+δ} t ∫ K_δ′ S_{u−t}(X^1_t )(x)S_{u−t}(X^2_t )(x)φ(x) dx du.

This means that for any optional step function f = ∑_n k=1 φ_k1([t_k, t_{k+1})), where φ_k is an B × F_{tk} - measurable L_t(ω, dx)P (dω)-integrable function, we have

lim_{ϵ↓0} P [∫_t 0 ∫ K_δ′ f(s, x, ·)L^ϵ(ds, dx) ]

= lim_{ϵ↓0} P [_n ∑ k=1 ∫_{tk+1∧t} t_k ∧t ∫ K_δ′ S_{ϵ+u−tk} (X^1_{tk} )(x) × S_{ϵ+u−tk} (X^2_{tk} )(x)φ_k (x) dx du ] (by Lemma 2.2(b)) = P [∫_t 0 ∫ K_δ′ f(s, x, ·)L(ds, dx) ] (by Lemma 2.5).

(2.16)

For arbitrary g (indicated in the assumptions of the theorem) the procedure is standard. Define:

t^k_0 = 0, t^k_{n+1} = t^k_n + 2^{−k}, g^k(t) = g(t^k_n), t^k_n ≤ t < t^k_{n+1}, A_{k,δ}′′ = { ω : sup 0≤s≤t,x∈K_δ′ | |g(s, x, ω) − g_k(s, x, ω) | | < δ_{′′} }

g(·, ·, ω) is continuous P -a.s. and so for each 0 < δ, δ^{′′} < 1 there exists K > 0 such that P ( A_{k,δ}′′ ) > 1 − δ, ∀k ≥ K. (2.17)

P [∫_t 0 ∫ K_δ′ g(s, x, ·)L^ϵ(ds, dx) ] = P [∫_t 0 ∫ K_δ′ g(s, x, ·) − g^k(s, x, ·)L^ϵ(ds, dx) ] (2.18)

+ P [∫_t 0 ∫ K_δ′ g^k(s, x, ·)L^ϵ(ds, dx) ] , ∀k ≥ 1. P [L^ϵ_t (K_δ′ )], P [ L^ϵ_t(K_δ′ )^2 ] , P [L_t(K_δ′ )], P [ L_t(K_δ′ )^2 ] are bounded by Lemma 2.2(a). Choose δ^{′′} such that δ^{′′} (P [L^ϵ_t (K_δ′ )] + P [L_t(K_δ′ )]) ≤ δ^′/3 and choose δ such that 2 ‖g‖_{t,Kδ′} (√ P [L^ϵ_t(K_δ′ )^2] δ + √ P [L_t(K_δ′ )^2] δ ) ≤ δ^′/3. Now take k such that (2.17) is satisfied. Then P [∫_t 0 ∫ K_δ′ | |g(s, x, ·) − g^k(s, x, ·) | | (L^ϵ(ds, dx) + L(ds, dx)) ] (2.19)

≤ P [ 1_{Ak,δ′′} (·) ∫_t 0 ∫ K_δ′ | |g(s, x, ·) − g^k(s, x, ·) | | (L^ϵ(ds, dx) + L(ds, dx)) ]

+ P [ 1_Ac_{k,δ′′} (·) ∫_t 0 ∫ K_δ′ | |g(s, x, ·) − g^k(s, x, ·) | | (L^ϵ(ds, dx) + L(ds, dx)) ]

≤ δ^{′′}P [ 1_{Ak,δ′′} (·) (L^ϵ_t (K_δ′ ) + L_t(K_δ′ )) ] + 2 ‖g‖_{t,Kδ′} P [ 1_Ac_{k,δ′′} (·) (L^ϵ_t (K_δ′ ) + L_t(K_δ′ )) ] ≤ δ^{′′} (P [L^ϵ_t(K_δ′ )] + P [L_t(K_δ′ )]) + 2 ‖g‖_{t,Kδ′} (√ P [L^ϵ_t (K_δ′ )^2] P ( A^c_{k,δ′′} ) + √ P [L_t(K_δ′ )^2] P ( A^c_{k,δ′′} ) )

≤ 2δ^′ 3 , ∀0 < ϵ ≤ 1. Letting ϵ ↓ 0 in (2.18) we get by (2.15), (2.16),(2.19) that

lim sup ϵ↓0 | |P [∫_t 0 ∫ R^2 g(s, x, ·)L^ϵ(ds, dx) ] − P [∫_t 0 ∫ R^2 g(s, x, ·)L(ds, dx) ]| | ≤ δ^′/3 + 2δ^′/3 = δ^′.

Since δ^′ was arbitrary we are done.

To simplify our notation in the following let

E (μ, μ̃) ≡ exp {− ⟨μ_1 + μ_2, μ̃_1 + μ̃_2⟩ + i ⟨μ_1 − μ_2, μ̃_1 − μ̃_2⟩} , for μ = (μ_1, μ_2) ∈ M × M, μ̃ = (μ̃_1, μ̃_2) ∈ B_+ × B_+ or μ = (μ_1, μ_2) ∈ B_+ × B_+, μ̃ = (μ̃_1, μ̃_2) ∈ M × M, L^t([0, s] × B) ≡ L([0, t] × B) − L([0, t − s] × B), 0 ≤ s ≤ t L^{t,ϵ}([0, s] × B) ≡ L^ϵ([0, t] × B) − L^ϵ([0, t − s] × B), 0 ≤ s ≤ t, and we set E (μ, μ̃) = 0 if ⟨μ_1 + μ_2, μ̃_1 + μ̃_2⟩ = ∞. For μ = (μ_1, μ_2) ∈ M × M we set S_tμ ≡ (S_tμ_1, S_tμ_2). Given the Polish space E and the space of Radon measures M(E) on E, let P be any probability measure on M(E). If the measure μ̂ ∈ M(E) defined by μ̂(A) = ∫ M(E) μ(A) P (dμ) has a density, this density, with a slight abuse of notation, will be denoted by P [μ(x)]. For example we will write ~P [∫_t 0 ∫ R^2 E ( X_{t−s}, S_ϵ( ~X_s) ) ψ(s, x)L̃(ds, dx) ]

= ∫_t 0 ∫ R^2 ~P [ E ( X_{t−s}, S_ϵ( ~X_s) ) ψ(s, x)L̃(s, x) ] ds dx,

P [∫_t 0 ∫ R^2 E ( X_s, S_ϵ( ~X_{t−s}) ) ψ(s, x) L(ds, dx) ]

= ∫_t 0 ∫ R^2 P [ E ( X_s, S_ϵ( ~X_{t−s}) ) ψ(s, x)L(s, x) ] ds dx, for any integrable function ψ on R_+ × R^2. Recall that the above measures are absolutely continuous (and therefore densities are well-defined) since ~P [ L̃(ds, dx) ] and P [L(ds, dx)] are absolutely

continuous by Lemma 2.2(d) (note that X̃ also satisfies the hypotheses of Lemma 2.2).

Lemma 2.7 For any t, ϵ > 0 P × ~P [ E ( X_t, S_ϵ( ~X_0) )] − P × ~P [ E ( X_0, S_ϵ( ~X_t) )]

= 4γP [∫_t 0 ∫ R^2 ~P [ E ( X_{t−s}, S_ϵ( ~X_s) ) (S_ϵ ~X^1_s )(x)(S_ϵ ~X^2_s )(x) ] L^t(ds, dx) − ∫_t 0 ∫ R^2 ~P [ E ( X_{t−s}, S_ϵ( ~X_s) ) L̃(s, x) ] L^{t,ϵ}(ds, dx) ] . Proof Fix any T > 0 and define three functions: h_1 , h_2, f by f(t, s) = P × ~P [ E ( X_t, S_{T −t−s}( ~X_s) )] , h_1(t, s) = ∫ R^2 4γ ~P × P [ E ( X_t, S_{T −t−s}( ~X_s) ) (S_{T −t−s} ~X^1_s )(x)(S_{T −t−s} ~X^2_s )(x)L(t, x) ] dx, h_2(t, s) = ∫ R^2 4γ ~P × P [ E ( X_t, S_{T −t−s}( ~X_s) ) (S_{T −t−s}X^1_t )(x)(S_{T −t−s}X^2_t )(x)L̃(s, x) ] dx for 0 ≤ s + t < T .

By Lemma 2.3 (it is easy to check that stochastic integrals with respect to martingale measures are in fact martingales due to L^2 boundedness) and Fubini’s theorem we have f(t, s) = f(0, s) + ∫_t 0 h_1(u, s) du, ∀t, s ≥ 0 : t + s < T, f(t, s) = f(t, 0) + ∫_s 0 h_2(t, u) du, ∀t, s ≥ 0 : t + s < T. From Lemma 4.4.10 of [7] (see e.g. Lemma 4.17 [11]) it follows that f(t, 0) − f(0, t) = ∫_t 0 h_1(t − s, s) − h_2(t − s, s) ds (2.20)

for almost every t, 0 ≤ t < T . To verify (2.20) for every 0 ≤ t < T it is enough to show the continuity of the right side of (2.20). Take an arbitrary t_n → t and check that ∫_T 0 1(s ≤ t_n)h_i(t_n − s, s) ds → ∫_T 0 1(s ≤ t)h_i(t − s, s) ds, i = 1, 2. (2.21)

Consider (2.21) for i = 1. To simplify the notation define

f̂(t_n, s) = E ( X_s, S_{T −tn} ( ~X_{tn −s}) ) . Then ∫_T 0 1(s ≤ t_n)h_1(t_n − s, s) ds = ∫_T 0 1(s ≤ t_n)h_1(s, t_n − s) ds = 4γ ~P × P [∫_T 0 ∫ R^2 1(s ≤ t_n)f̂(t_n, s) × (S_{T −tn} ~X^1_{tn−s})(x)(S_{T −tn} ~X^2_{tn−s})(x)L(ds, dx) ]

By Lemma 2.4 ~X^1_· , ~X^2_· are continuous in M_{rap}. This together with Corollaries A.4, A.5 and Dominated Convergence implies that 1(s ≤ t_n)f̂(t_n, s)(S_{T −tn} ~X^1_{tn −s})(x)(S_{T −tn} ~X^2_{tn −s})(x) (2.22) → f̂(t, s)(S_{T −t} ~X^1_{t−s})(x)(S_{T −t} ~X^2_{t−s})(x), as n → ∞, for every x ∈ R^2, s < t, P × ~P -a.s.. Note that lim_{tn→t} ~P × P [∫_T 0 ∫ R^2 1(s ≤ t_n)(S_{T −tn} ~X^1_{tn−s})(x)(S_{T −tn} ~X^2_{tn−s})(x)L(ds, dx) ] (2.23) = lim_{tn→t} ∫_{tn} 0 ∫ R^2 ~P × P [ (S_{T −s} ~X^1_0 )(x)(S_{T −s} ~X^2_0 )(x)(S_sX^1_0 )(x)(S_sX^2_0 )(x) ] dx ds = ∫_t 0 ∫ R^2 ~P × P [ (S_{T −s} ~X^1_0 )(x)(S_{T −s} ~X^2_0 )(x)(S_sX^1_0 )(x)(S_sX^2_0 )(x) ]

= ~P × P [∫_T 0 ∫ R^2 1(s ≤ t)(S_{T −t} ~X^1_{t−s})(x)(S_{T −t} ~X^2_{t−s})(x)L(ds, dx) ] . Define μ(ds, dx, dω̃, dω) ≡ L(ω, ds, dx) ~P (dω̃)P (dω). Then (2.22), (2.23) imply that convergence 1(s ≤ t_n)(S_{T −tn} ~X^1_{tn −s})(x)(S_{T −tn} ~X^2_{tn−s})(x) → 1(s ≤ t)(S_{T −t} ~X^1_{t−s})(x)(S_{T −t} ~X^2_{t−s})(x), as n → ∞, is in L^1(μ(ds, dx, dω̃, dω)). Since f̂(t_n, s) is uniformly bounded in n we get that 1(s ≤ t_n)f̂(t_n, s)(S_{T −tn} ~X^1_{tn −s})(x)(S_{T −tn} ~X^2_{tn −s})(x) → 1(s ≤ t)f̂(t, s)(S_{T −t} ~X^1_{t−s})(x)(S_{T −t} ~X^2_{t−s})(x) in L^1(μ(ds, dx, dω̃, dω)) and (2.21) follows for i = 1. By the same argument it is easy to show that (2.21) holds for i = 2 and the continuity of the right hand side of (2.20) follows. Hence (2.20) is satisfied for each 0 < t < T . Take T = t + ϵ and the proof is complete.

Fix t > 0. To simplify the notation denote

φ^ϵ_s ≡ E ( X_s, S_ϵ( ~X_{t−s}) ) , (2.24) f^{ϵ,ϵ′} (s, x) ≡ (S_ϵ ~X^1_{t−s}(x)S_ϵ ~X^2_{t−s}(x))(S_ϵ′ X^1_s (x)S_ϵ′ X^2_s (x)). Use Lemma 2.7 and the equality in (2.24) with s = t to see I_ϵ ≡ | |P × ~P [φ_{ϵt} − φ_{ϵ0}] | | = | |4γP [∫_t 0 ∫ R^2 ~P [ φ^ϵ_sS_ϵ ~X^1_{t−s}(x)S_ϵ ~X^2_{t−s}(x) ] L(ds, dx) − ∫_t 0 ∫ R^2 ~P [ φ^ϵ_{t−s}L̃(s, x)S_ϵX^1_{t−s}(x)S_ϵX^2_{t−s}(x) ] dx ds ]| | . (2.25)

Now apply Lemma 2.6 to see that the second term inside the P -expectation is ~P [∫_t 0 ∫ R^2 φ^ϵ_{t−s}S_ϵX^1_{t−s}(x)S_ϵX^2_{t−s}(x)L̃(ds, dx) ] = lim_{ϵ′↓0} ~P [∫_t 0 ∫ R^2 φ^ϵ_{t−s}f^{ϵ,ϵ′} (t − s, x) dx ds ]

Similarly by applying Lemma 2.6 to the first term in (2.25) we get

I_ϵ = 4γ | | |lim_{ϵ′↓0} P [∫_t 0 ∫ R^2 ~P [ φ^ϵ_sf^{ϵ,ϵ′} (s, x) ] dx ds ] − P [ lim_{ϵ′↓0} ~P [∫_t 0 ∫ R^2 φ^ϵ_sf^{ϵ′,ϵ}(s, x) dx ds ]]| | | (2.26)

To justify taking the limit outside the expectation in the second term, fix arbitrary λ > 0, ϵ > 0 and note that ~P [∫_t 0 ∫ R^2 |φ^ϵ_s| f^{ϵ′,ϵ}(s, x) dx ds ] ≤ ∫_t 0 ∫ R^2

S_ϵX^1_s (x)S_ϵX^2_s (x)S_ϵ′_{+t−s} ~X^1_0 (x)S_ϵ′_{+t−s} ~X^2_0 (x)dx ds ≤ ∫_t 0 ∫ R^2 ∫ R^2

p_ϵ(y_1 − x)p_ϵ(y_2 − x)(c_{A1}(t + 1), λ)^2 | | ~X_{10} | | λ | | ~X_{20} | | λ ϕ_{2λ}(x) dxX^1_s (dy_1)X^2_s (dy_2) ds ≤ c( ~X_0, λ)ϵ^{−1} ∫_t 0 X^1_s (ϕ_λ)X^2_s (ϕ_λ) ds,

where the first inequality follows from Lemma 2.2(c), the second one follows from Lemma A.1 and the third one from Lemma A.2. Note that c( ~X_0, λ) is finite since ~X_0 ∈ (C_{rap})^2.

By Lemma A.1 S_sϕ_λ ∈ C_λ for any s ≥ 0 and any λ ∈ R . Therefore Lemma 2.2(c) shows that ∫_t 0 X^1_s (ϕ_λ)X^2_s (ϕ_λ) ds is P -integrable and hence we may use Dominated Convergence to write (2.26) as I_ϵ = 4γ | |lim_{ϵ′↓0} P × ~P [∫_t 0 ∫ R^2 φ^ϵ_s(f^{ϵ,ϵ′} (s, x) − f^{ϵ′,ϵ}(s, x)) dx ds ]| | . (2.27)

Arguing as in the proof of Theorem 11(a) of [4] (this theorem establishes absolute continuity in the particular case of X^j_0 ≪ dx, j = 1, 2), we can check that the hypotheses of the general absolute continuity Theorem 57 of [3] are satisfied. Therefore, with probability 1, X^j_s and ~X^j_s have densities x^j_s(·) and x̃^j_s(·) respectively for j = 1, 2.

Fix 0 < s < t. Then S_ϵ ~X^j_{t−s}(x) → x̃^j_{t−s}(x), j = 1, 2, for Lebesgue a.a. x, ~P -a.s., by standard differentiation theory. Moreover,

P × ~P [⟨ X^j_s , S_ϵ ~X^j_{t−s} ⟩] = P [∫ R^2

S_s(X^j_0 )(x)S_{ϵ+t−s}( ~X^j_0 )(x) dx ] (by Lemma 2.2(c)) = P [∫ R^2 ∫ R^2

p_{ϵ+t}(y_1 − y_2) ~X^j_0 (dy_1)X^j_0 (dy_2) ]

→ P [∫ R^2 ∫ R^2

p_t(y_1 − y_2) ~X^j_0 (dy_1)X^j_0 (dy_2) ] , as ϵ ↓ 0, j = 1, 2, (2.28)

by Dominated Convergence, Lemma A.1 and P [ X^j_0 (ϕ_λ) ] < ∞. Use again Lemma 2.2(c) to show P × ~P [∫ R^2 x̃^j_{t−s}(x)X^j_s (dx) ] = ~P [∫ R^2 P [ S_s(X^j_0 )(x) ] x̃^j_{t−s}(x) dx ]

= ∫ R^2 P [ S_s(X^j_0 )(x) ] S_{t−s}( ~X^j_0 )(x) dx = P [∫ R^2

p_t(y_1 − y_2) ~X^j_0 (dy_1)X^j_0 (dy_2) ] , j = 1, 2. (2.29)

It follows from (2.28) and (2.29) that S_ϵ( ~X^j_{t−s})(x) → x̃^j_{t−s}(x) in L^1(P × ~P (X^j_s (dx))) as ϵ ↓ 0, j = 1, 2, and hence ⟨ X^j_s , S_ϵ( ~X^j_{t−s}) ⟩ → ⟨ X^j_s , x̃^j_{t−s} ⟩ in L^1(P × ~P ) as ϵ ↓ 0, j = 1, 2.

Therefore for each s in (0, t),

φ^ϵ_s → φ_s ≡ exp { − ⟨ X^1_s + X^2_s , x̃^1_{t−s} + x̃^2_{t−s} ⟩ + i ⟨ X^1_s − X^2_s , x̃^1_{t−s} − x̃^2_{t−s} ⟩} , (2.30)

boundedly and a.s. as ϵ ↓ 0. The right side is only defined up to a null set for each s, but clearly we may define a Borel map φ̂ : M^4_{tem} → {z ∈ C : |z| ≤ 1} such that

φ^ϵ_s → φ_s = φ̂(X_s, ~X_{t−s})

(2.31)

boundedly and a.s. as ϵ ↓ 0 for each s ∈ (0, t). Our immediate goal is to prove

lim_{ϵ↓0} I_ϵ = 0.

(2.32)

By (2.27) and an elementary argument it suffices to fix ϵ_n ↓ 0, ϵ^′_n ↓ 0 and show lim_{n→∞} P × ~P [∫_t 0 φ^{ϵn}_s ( ∫ R^2 f^{ϵn,ϵ′n} (s, x) − f^{ϵ′n,ϵn} (s, x) dx) ds ] = 0.

(2.33)

The key step in proving this is the following lemma:

Lemma 2.8 {∫ R^2 f^{ϵn,ϵ′n} (s, x) + f^{ϵ′n,ϵn} (s, x) dx : n ∈ N } (2.34)

is uniformly integrable on Ω × Ω̃ × [0, t] with respect to P × ~P × ds.

We first assume this and finish the proof of (2.33) and Proposition 2.1. If ψ : Ω × Ω̃ × (0, t) → C is bounded and F × F̃ × B(0, t)-measurable let J_n(ψ) = P × ~P [∫_t 0 ψ_s( ∫ R^2 f^{ϵn,ϵ′n} (s, x) − f^{ϵ′n,ϵn} (s, x) dx) ds ]

(Lemma 2.2(c) easily shows this integral is finite). The left side of (2.33) is bounded by

lim sup n→∞ P × ~P [∫_t 0 |φ^{ϵn}_s − φ_s| (∫ R^2 f^{ϵn,ϵ′n} (s, x) + f^{ϵ′n,ϵn} (s, x) dx ) ds ] + lim sup n→∞ J_n(φ), which by (2.34) and (2.31) is easily seen to equal lim sup_{n→∞} J_n(φ). Therefore (2.32) reduces to proving

lim sup n→∞ J_n(φ) = 0.

(2.35)

Let Ψ be the linear class of bounded measurable ψ : Ω×Ω̃×(0, t) → C satisfying lim sup_{n→∞} J_n(ψ) = 0. Assume ψ : Ω × Ω̃ × (0, t) → C is bounded measurable, {ψ_k} ⊂ Ψ, and ψ_k → ψ boundedly and in P × ~P × ds-measure. Then our uniform integrability assumption (2.34) implies

lim_{k→∞} sup_n |J_n(ψ_k) − J_n(ψ)| = 0

which in turn shows ψ ∈ Ψ. So we have shown Ψ is closed under bounded convergence in P × ~P ×ds measure. Hence in order to prove φ_s = φ̂(X_s, ~X_{t−s}) ∈ Ψ, we may assume φ̂ is bounded and continuous. Now we may approximate φ_s by the appropriate sequence of step functions and use the linearity of Ψ, to see that it suffices to prove (2.35) for

φ_s = φ̂(X_a, ~X_{t−a−δ3} )1(a + δ_1 ≤ s < a + δ_2) ≡ φ_a1_{[a+δ1 ,a+δ2)}(s),

where a < a + δ_1 < a + δ_2 < a + δ_3 ≤ t and φ̂ is bounded continuous. Fix such a φ and note by Fubini’s theorem (F^X_a = σ(X_s : s ≤ a+))

J_n(φ) = P × ~P [ φ_a ∫_{a+δ2} a+δ_1 ∫ R^2 ( P [ S_ϵ′_n (X^1_s )(x)S_ϵ′_n (X^2_s )(x)|F^X_a ]

× P [ S_{ϵn} ( ~X^1_{t−s})(x)S_{ϵn} ( ~X^2_{t−s})(x)|F^{~X}_{t−a−δ3} ] − P [ S_{ϵn} (X^1_s )(x)S_{ϵn} (X^2_s )(x)|F^X_a ] × P [ S_ϵ′_n ( ~X^1_{t−s})(x)S_ϵ′_n ( ~X^2_{t−s})(x)|F^{~X}_{t−a−δ3} ]) dx ds ]

= P × ~P [ φ_a ∫_{a+δ2} a+δ_1 ∫ R^2 ( S_ϵ′_{n+s−a}(X^1_a )(x)S_ϵ′_{n+s−a}(X^2_a )(x) × S_{ϵn+a+δ3−s}( ~X^1_{t−a−δ3} )(x)S_{ϵn+a+δ3−s}( ~X^2_{t−a−δ3} )(x) − S_{ϵn+s−a}(X^1_a )(x)S_{ϵn+s−a}(X^2_a )(x) × S_ϵ′_{n+a+δ3−s}( ~X^1_{t−a−δ3} )(x)S_ϵ′_{n+a+δ3−s}( ~X^2_{t−a−δ3} )(x) ) dx ds ] , where we have used Lemma 2.2(c) in the last line. Note that the integrand in brackets approaches 0 as n → ∞ (note s − a ≥ δ_1 > 0 and a − s + δ_3 ≥ δ_3 − δ_2 > 0). Fix λ_1 > λ_2 > 0 and use Corollary A.4 to bound the integrand by

c_{A3}(t + 1, λ_1)^2c_{A3}(t + 1, λ_2)^2c_{A4}(δ_1 ∧ (δ_3 − δ_2))^4X^1_a (ϕ_{λ2} )X^2_a (ϕ_{λ2} ) × ~X^1_{t−a−δ3} (ϕ_{−λ1} ) ~X^2_{t−a−δ3} (ϕ_{−λ1} )ϕ_{2(λ1 −λ2)}(x) (without loss of generality we assume that ϵ_n, ϵ^′_n < 1). By Lemma 2.2(c) and our assumptions on the initial conditions X_0 and ~X_0, this latter expression is integrable with respect to P × ~P × dx × ds and so by Dominated Convergence we have lim_{n→∞} J_n(φ) = 0. This completes the proof of (2.32).

It is now easy to use (2.32) to prove the Proposition. As ~X^j_0 has a bounded continuous density x̃^j_0(·), S_ϵ( ~X^j_0 )(x) → x̃^j_0 pointwise boundedly as ϵ ↓ 0 and so by Lemma A.1 and Dominated Convergence ⟨ X^j_s , S_ϵ ~X^j_0 ⟩ → ⟨ X^j_s , x̃^j_0 ⟩ . A second application of Dominated Convergence now shows (D_1) is immediate from (2.32).

It remains only to prove the uniform integrability condition (2.34). To this end we need the following moment condition on ~X which will be also used in the proof of Theorem 1.11(a)

Lemma 2.9 Let γ/σ^2 < ( √ 6πc_{rw})^{−1}, ~X_0 ∈ (B^+_b )^2 and ~X be the particular solution to (MP)^{σ,γ}_{~X0} constructed in Section 1.4. Define w^η_t (x, y) = ~P [ S_η( ~X^1_t )(x)S_η( ~X^2_t )(x)S_η( ~X^1_t )(y)S_η( ~X^2_t )(y) ] , (η, t > 0; x, y ∈ R^2). For any p : 0 < p ≤ 1/2 such that γ/σ^2 < sin(π(1 − p)) √ 6πc_{rw}

(2.36)

the following holds. For each T > 0, there is a c_T = c_T (γ, σ^2, p, ~X_0) > 0 such that w^η_t (x, y) ≤ c_T (1 + |x − y|^{−2p}), ∀η ∈ (0, 1], x, y ∈ R^2, 0 ≤ t ≤ T. Proof Recall that ~X = ( ~X^1, ~X^2) is a weak limit point in C(R_+, M^2_{tem}) of a sequence of rescaled lattice systems^{ϵn} ~X = (^{ϵn} ~X^1,^{ϵn} ~X^2). By taking subsequence if necessary we may assume that ~X is the limit in law of^{ϵn} ~X. Recall (see Section 1.4) that^ϵM_{tem} is the subspace of M_{tem} of measures with densities with respect to d^ϵx. Let w^{η,ϵ}_t (x, y) = ~P [_ϵ S_η(^ϵ ~X^1_t )(x)^ϵS_η(^ϵ ~X^2_t )(x)^ϵS_η(^ϵ ~X^1_t )(y)^ϵS_η(^ϵ ~X^2_t )(y) ] , x, y ∈ ϵZ^2, where ϵS_η(μ)(x) ≡ ∫ R^2 ϵp_η(x − y)μ(dy), ∀x ∈ ϵZ^2, ∀μ ∈^ϵM_{tem}, η > 0. A local central limit theorem (see Lemma 8(a)) of [3] implies d(ϵ, η) ≡ sup x∈ϵZ^2 |^ϵp_η(x) − p_η(x)| → 0, as ϵ ↓ 0 for each η > 0.

(2.37)

By Skorohod’s Theorem we may assume^{ϵn} ~X_t → ~X_t in M^2_{tem} a.s.. Fix arbitrary x ∈ R^2 and a sequence {x_n} such that x_n ∈ ϵ_nZ^2 , ∀n ≥ 1 and lim_{n→∞}x_n = x. Then, for any compact set K ⊂ R^2,

lim sup n→∞ | |_{ϵn}S_η(_{ϵn} ~Xj_t )(x_n) − S_η( ~Xj_t )(x) | | ≤ lim sup n→∞ ∫ K |^{ϵn}p_η(z − x_n) − p_η(z − x)|^{ϵn} ~X^j_t (dz) + lim sup n→∞ ∫ K^c |^{ϵn}p_η(z − x_n) − p_η(z − x)|^{ϵn} ~X^j_t (dz) + lim sup n→∞ | | ∫ R^2

p_η(z − x) (_{ϵn} ~X^j_t (dz) − ~X^j_t (dz) )| | = lim sup n→∞ ∫ K^c |^{ϵn}p_η(z − x_n) − p_η(z − x)|^{ϵn} ~X^j_t (dz) ≡ lim sup n→∞ I^n_K , j = 1, 2, (2.38)

by (2.37) and the above a.s. convergence^{ϵn} ~X_t → ~X_t in M^2_{tem}.

For any ϵ > 0, there exists a compact set K_ϵ ⊂ R^2 such that ~P [I^n_{Kϵ} ] = ∫ K^c_ϵ |^{ϵn}p_η(z − x_n) − p_η(z − x)| ~P [_{ϵn} ~X^j_t (dz) ]

≤ ‖ ‖ ~X^j_0 ‖ ‖_∞ ∫ K^c_ϵ |^{ϵn}p_η(z − x_n) − p_η(z − x)| d^{ϵn} z ≤ ϵ, uniformly in n. Since ϵ was arbitrary we get by (2.38) that^{ϵn}S_η(^{ϵn} ~X^j_t )(x_n) → S_η( ~X^j_t )(x) in probability, as n → ∞ for j = 1, 2.

Now Fatou’s Lemma shows that for arbitrary x, y ∈ R^2 w^η_t (x, y) ≤ lim inf_{n→∞} w^{η,ϵn}_t (x_n, y_n). (2.39)

where lim_{n→∞}x_n = x, lim_{n→∞}y_n = y and x_n , y_n ∈ ϵ_nZ^2 , ∀n ≥ 1.

For any ϵ > 0 let^ϵ⃗p_η(z_1, z_2, z_3, z_4) = Π^4_{i=1}^ϵp_η(z_i) be the transition function for the 8-dimensional continuous time simple symmetric random walk on ϵZ^8. Recall that

ϵm^{1122}_t (⃗z) = ~P (_ϵ ~X^1_t (z_1)^ϵ ~X^1_t (z_2)^ϵ ~X^2_t (z_3)^ϵ ~X^2_t (z_4) ] , and hence w^{η,ϵ}_t (x, y) = ∫ R^8 ϵ⃗p_η(⃗z − (x, y, x, y))^ϵm^{1122}_t (⃗z)d^ϵ⃗z where d^ϵ⃗z assigns mass ϵ^8 to each point in (ϵZ^2)^4. Apply (1.13) and Chapman-Kolmogorov to conclude that for 0 ≤ t ≤ T , w^{η,ϵ}_t (x, y) ≤ c_T (γ, σ^2, p, ~X_0) ( 1 + ∫_t 0 u^{−pϵ}p_{2(u+η)}(x − y) du ) . Now use (2.37), (2.39) and Dominated Convergence to conclude that for η ∈ (0, 1] and p as in (2.36),

w^η_t (x, y) ≤ c_T (γ, σ^2, p, ~X_0) ( 1 + ∫_t 0 u^{−p}p_{2(u+η)}(x − y) du )

≤ c_T (γ, σ^2, p, ~X_0) ( 1 + ∫_η 0 u^{−p} du2p_{4η}(x − y) + ∫_t η 2^p(u + η)^{−p}2p_{2(u+η)}(x − y) du )

≤ c_T (γ, σ^2, p, ~X_0) ( 1 + η^{−p} exp { − |x − y|^2 8η } + ∫_{t+1} 0 u^{−p}p_{2u}(x − y) du ) . ≤ c_T (γ, σ^2, p, ~X_0) ( 1 + |x − y|^{−2p} ) , ∀0 ≤ t ≤ T. In the last line we use η^{−p}e^{−Δ2/8η} ≤ sup_z z^{2p}e^{−z2/8}Δ^{−2p}

to bound the term preceding the integral and the substitution w = |x − y|^2 /8u to handle the integral. This gives the desired bound.

Corollary 2.10 Let γσ^{−2}, ~X_0 and ~X be as in Lemma 2.9. For each T > 0, there is a c_T = c_T (γ, σ^2, ~X_0) > 0 such that w^η_t (x, y) ≤ c_T (1 + |x − y|^{−1}), ∀η ∈ (0, 1], x, y ∈ R^2, t ∈ [0, T ]. Proof Immediately from the previous lemma with p = 1/2.

Corollary 2.11 Let γσ^{−2}, ~X_0 and ~X be as in Lemma 2.9. Then ~X satisfies (SIntC).

Proof Take p < 1/2 satisfying (2.36). Then, for any compact set K ⊂ R^2, we have for s ≤ T , P [ H_{ϵ,K}( ~X_s) ] = ∫ K ∫ K ( 1 + |x − y|^{−1} ) w^ϵ_s(x, y) dx dy ≤ ∫ K ∫ K ( 1 + |x − y|^{−1} ) c_T (1 + |x − y|^{−2p}) dx dy (by Lemma 2.9) < ∞ uniformly in 0 < ϵ < 1. This gives the desired result.

Remark 2.12 The proof of Theorem 1.11(a) is now finished since Corollary 2.11 implies that solutions constructed in [4] satisfy (SIntC).

Proof of Lemma 2.8 As ϵ_n, ϵ^′_n ↓ 0 are arbitrary we only need to show { ∫ R^2 f ϵ_n,ϵ^′_n (s, x) dx : n ∈ N } are uniformly integrable with respect to P × ~P × ds. As a first step we will show that for any compact set K ⊂ R^2, { ∫ K f^{ϵn,ϵ′n} (s, x) dx : n ∈ N } is uniformly integrable with respect to P × ~P × ds .

(2.40)

This would follow from (each of the above functions are integrable by Lemma 2.2(c)) sup_{n≥n0} P × ~P [∫_t 0 (∫ K f^{ϵn,ϵ′n} (s, x) dx )_2 ds ] < ∞, for some n_0 ∈ N .

(2.41)

For fixed n the above expectation is ∫_t 0 ∫ K ∫ K ~P [ S_{ϵn} ( ~X^1_{t−s})(x)S_{ϵn} ( ~X^2_{t−s})(x)S_{ϵn} ( ~X^1_{t−s})(y)S_{ϵn} ( ~X^2_{t−s})(y) ]

× P [ S_ϵ′_n (X^1_s )(x)S_ϵ′_n (X^2_s )(x)S_ϵ′_n (X^1_s )(y)S_ϵ′_n (X^2_s )(y) ] ≤ c_tP (∫ t 0 H_ϵ′_{n,K}(X_s) ds ) (by Corollary 2.10).

By (SIntC), there are constants n_0 ∈ N and c^′_{t,K} > 0 such that

sup_{n≥n0} c_t ∫_t 0 H_ϵ′_{n,K} (X_s) ds ≤ c^′_{t,K} . This gives (2.41) and so (2.40).

Fix arbitrary λ > 0 and assume without loss of generality that ϵ_n, ϵ^′_n < 1. Now by Lemma 2.2(c), Lemma A.1 and simple calculus we get ∫ R^2 ∫_t 0 ~P × P [ f^{ϵn,ϵ′n} (s, x) ] ds dx = ∫ R^2 ∫_t 0 ~P [ S_{t−s+ϵn} ( ~X^1_0 )(x)S_{t−s+ϵn} ( ~X^2_0 )(x) ] P [ S_{s+ϵ}′_n (X^1_0 )(x)S_{s+ϵ}′_n (X^2_0 )(x) ] ds dx ≤ (c_{A1}(t + 1), λ)^2 | | ~X^1_0 | |_λ | | ~X^2_0 | |_λ ∫ R^2 ∫_t 0 ϕ_{2λ}(x)P [ S_{s+ϵ}′_n (X^1_0 )(x)S_{s+ϵ}′_n (X^2_0 )(x) ] ds dx ≤ (c_{A1}(t + 1), λ)^2 | | ~X^1_0 | |_λ | | ~X^2_0 | |_λ ∫ R^2

∫_{t+1} 0 ϕ_{2λ}(x)P [ p̄_s(X^1_0 , X^2_0 )(x) ] ds dx = (c_{A1}(t + 1), λ)^2 | | ~X^1_0 | |_λ | | ~X^2_0 | |_λ ∫ R^2 ϕ_{2λ}(x)P [ ḡ_{t+1}(X^1_0 , X^2_0 )(x) ] dx, ∀n ≥ 1.

The last bound is finite by (EnC) condition and hence, by Fubini’s theorem, we get sup_n ~P × P [∫_t 0 ∫ R^2 f^{ϵn,ϵ′n} (s, x) dx ds ] < ∞. (2.42)

Moreover, for any n ≥ 1, ∫_t 0 ~P × P [ f^{ϵn,ϵ′n} (s, x) ] ds is dominated by integrable function

(c_{A1}(t + 1), λ)^2 | | ~X^1_0 | |_λ | | ~X^2_0 | |_λ ϕ2λ(x)P [ ḡ_{t+1}(X^1_0 , X^2_0 )(x) ] . Therefore for arbitrary δ > 0 we can fix a compact set K ⊂ R^2 such that ∫_t 0 ∫ K^c ~P × P [ f^{ϵn,ϵ′n} (s, x) ] dx ds ≤ δ/2, ∀n ≥ 1. It follows from (2.42) that {∫ R^2 f ϵ_n,ϵ^′_n (s, x) dx } is ~P × P × ds-tight, and so we can choose N such that ∫_t 0 ~P × P (∫ R^2 f^{ϵn,ϵ′n} (s, x) dx ≥ N ) ds ≤ δ^2/4c^′_{t,K} for all n sufficiently large. Therefore ~P × P [∫_t 0 (∫ R^2 f^{ϵn,ϵ′n} (s, x) dx ) 1 (∫ R^2 f^{ϵn,ϵ′n} (s, x) dx ≥ N ) ds ]

≤ ~P × P [∫_t 0 (∫ K f^{ϵn,ϵ′n} (s, x) dx ) 1 (∫ R^2 f^{ϵn,ϵ′n} (s, x) dx ≥ N ) ds ]

+ ~P × P [∫_t 0 (∫ K^c f^{ϵn,ϵ′n} (s, x) dx ) 1 (∫ R^2 f^{ϵn,ϵ′n} (s, x) dx ≥ N ) ds ]

≤ ∫^t 0 ~P × P [(∫ K f^{ϵn,ϵ′}n (s, x) dx )_2] ds √∫_t 0 ~P × P (∫ R^2 f^{ϵn,ϵ′}n (s, x) dx ≥ N ) ds + δ/2 ≤ δ. This gives (2.34) and so completes the proof of Proposition 2.1.

Proof of Proposition 1.12 Fix t > 0 and any δ ∈ (0, t). (IntC) implies that there exists a sequence F_1 ⊂ F_2 ⊂ . . . of events in F_δ such that F_l ↑ Ω, as l → ∞ and for each n ≥ 1:

lim sup ϵ↓0 P [∫_t δ H_{ϵ,K}(X_s) ds1_{Fn} ] < ∞, ∀ compact set K ⊂ R^2, ∀t ≥ δ. Define the process X̂^l_t = X_{δ+t}, filtration F^δ_t ≡ F_{δ+t} and

P_l(B) = P (1_{Fl} P (1_B |F_δ )) /P (F_l), B ∈ F.

Then X̂^l_t satisfies the (MP)^{σ,γ}_{X̂l0} on (Ω, F, F^δ_t , P_l) with

ν^l(·) = L(X̂^l_0) = P (X_δ ∈ ·|F_l).

Note that

lim sup ϵ↓0 P_l [∫_t 0 H_{ϵ,K}(X̂^l_0) ds ] = lim sup_{ϵ↓0} P [∫_{t+δ} δ H_{ϵ,K}(X_s) ds1_{Fl} ] /P (F_l) < ∞, for any compact set K ⊂ R^2. Therefore X̂^l satisfies (SIntC). (EnC) for X̂^l_0 also follows easily by Lemma 2.2. Therefore Proposition 2.1 shows that for any t ≥ 0, P_l [ E ( X̂^l_t, x̃_0 )] = lim_{ϵ↓0} P_l × ~P [ E ( X̂^l_0, S_ϵ( ~X_t) )] . Now let us take l → ∞. We immediately get that lim_{l→∞} P_l [ E ( X̂^l_t, x̃_0 )] = P [E (X_{t+δ}, x̃_0)] .

For the right hand side we have | | | lim_{l→∞} lim_{ϵ↓0} P^l × ~P [ E ( X̂^l_0, S_ϵ( ~X_t) )] − lim_{ϵ↓0} P × ~P [ E ( X_δ, S_ϵ( ~X_t) )]| | | = | | | lim_{l→∞} lim_{ϵ↓0} ∫ Ω ∫ Ω̃ E ( X_δ, S_ϵ( ~X_t) ) 1_{Fl} (ω)/P (F_l)P (dω) ~P (dω̃) − lim_{ϵ↓0} ∫ Ω ∫ Ω̃ E ( X_δ, S_ϵ( ~X_t) ) P (dω) ~P (dω̃) | | | ≤ lim_{l→∞} lim_{ϵ↓0} ∫ Ω ∫ Ω̃ E ( X_δ, S_ϵ( ~X_t) ) |1_{Fl} (ω)/P (F_l) − 1| P (dω) ~P (dω̃) ≤ lim_{l→∞} ∫ Ω |1_{Fl} (ω)/P (F_l) − 1| P (dω) = 0,

where the last limit follows by Bounded Convergence Theorem. Therefore we have

P [E (X_{t+δ}, x̃_0)] = lim_{ϵ↓0} P × ~P [ E ( X_δ, S_ϵ( ~X_t) )] , ∀t, δ > 0. (2.43)

Now we have to let δ ↓ 0. By continuity of X, the left hand converges to P [E (X_t, x̃_0)] and we have to handle interchange of limits on the right hand side. By Lemma 2.3(b), for any δ, ϵ > 0, we have P × ~P [ E ( X_δ, S_ϵ( ~X_t) )]

= P × ~P [ E ( X_0, S_{ϵ+δ}( ~X_t) )]

+ P × ~P [∫_δ 0 E ( X_s, S_{ϵ+δ−s}( ~X_t) ) 4γS_{ϵ+δ−s}( ~X^1_t )(x)S_{ϵ+δ−s}( ~X^2_t )(x)L(ds, dx) ]

≡ I^1_{ϵ,δ} + I^2_{ϵ,δ}. Trivially lim_{δ↓0} lim_{ϵ↓0} I^1_{ϵ,δ} = lim_{ϵ↓0} P × ~P [ E ( X_0, S_ϵ( ~X_t) )] . We will show that lim_{δ↓0} lim_{ϵ↓0} I^2_{ϵ,δ} = 0. Without loss of generality assume that ϵ + δ < 1. | |I^2_{ϵ,δ} | | ≤ 4γP × ~P [∫_δ 0 S_{ϵ+δ−s}( ~X^1_t )(x)S_{ϵ+δ−s}( ~X^2_t )(x)L(ds, dx) ]

≤ 4γ ∫_δ 0 S_{t+ϵ+δ−s}( ~X^1_0 )(x)S_{t+ϵ+δ−s}( ~X^2_0 )(x)P [ S_s(X^1_0 )(x)S_s(X^2_0 )(x) ] dx ds (by Lemma 2.2(c))

≤ 4γc_{A1}(t + 1, λ)^2 | x̃^1_0 | λ | x̃^2_0 | λ P [∫ R^2

ϕ_{2λ}(x) ∫_δ 0 S_s(X^1_0 )(x)S_s(X^2_0 )(x) ds dx ] (by Lemma A.1)

= 4γc_{A1}(t + 1, λ)^2 | |x̃^1_0 | |_λ | |x̃^2_0 | |_λ P [∫ R^2

ϕ_{2λ}(x)ḡ_δ (X^1_0 , X^2_0 )(x) dx ]

→ 0, as δ ↓ 0, uniformly in ϵ,

where the last convergence follows by (EnC) and Dominated Convergence. This gives the desired result.

3 Proof of Theorem 1.8

We start with the following lemma.

Lemma 3.1 (Uniqueness of one-dimensional distributions) Assume γ/σ^2 < ( √ 6πc_{rw})^{−1} and X_0 ∈ M_{tem,e}. Let X and Z be any two solutions to (MP)^{σ,γ}_{X0} satisfying (IntC) with initial conditions satisfying (EnC). Then X and Z have the same one-dimensional distributions, that is, for each t > 0 P (X_t ∈ Γ) = P (Z_t ∈ Γ), ∀Γ ∈ B(M_{tem}).

Proof A monotone class argument shows the bounded pointwise closure of the complex linear span of {E ( ·, ~X_0 ) : ~X_0 ∈ C_{rap}} is the set of all bounded complex-valued measurable maps in M_{tem} (e.g. see Lemma 6.2 of [5]). Therefore, the result is immediate from Proposition 1.12.

Before we give a proof of Theorem 1.8 let us prove two useful lemmas.

Lemma 3.2 Let X be a solution to (MP)^{σ,γ}_{X0} on (Ω, F, F_t, P ) satisfying (IntC) and (EnC). Then

(a) X_t ∈ M_{tem,e} for any t ≥ 0 P -a.s., and for any bounded stopping time τ P [∫ R^2

ḡ_δ(X^1_τ , X^2_τ )(x)ϕ_λ(x) dx ] < ∞, ∀δ > 0, ∀λ > 0. (3.1)

(b) For any bounded stopping time τ

P 2∑ j=1 X^j_τ (ϕ_λ)^2 < ∞, ∀λ > 0. (3.2)

Proof

(a) The proof essentially goes along the lines of the proof of Proposition 24 of [3] with changes necessitated by the infinite measure states. Define

g_α(μ_1, μ_2)(x) ≡ ∫_∞ 0 e^{−αu}S_uμ_1(x)S_uμ_2(x) du, ∀α > 0, x ∈ R^2, (μ_1, μ_2) ∈ M_{tem,e},

(3.3)

g_{α,ϵ}(μ_1, μ_2)(x) ≡ ∫_∞ ϵ e^{−αu}S_uμ_1(x)S_uμ_2(x) du, ∀α > 0, x ∈ R^2, (μ_1, μ_2) ∈ M_{tem,e}.

(3.4) Fix arbitrary λ > 0. For any t > 0, ḡ_t(μ_1, μ_2)(x) ≤ e^{αt}g_α(μ_1, μ_2)(x). Therefore it is enough to check that sup_{t≤T} ∫ R^2 g_α(X^1_t , X^2_t )(x)ϕ_λ(x) dx < ∞, P − a.s., ∀0 < T < ∞, (3.5) and P [∫ R^2

g_α(X^1_τ , X^2_τ )(x)ϕ_λ(x) dx ] < ∞ (3.6) for any bounded stopping time τ. It follows from Itô’s formula, just as in the derivation of (T_ϵ) in Section 5 of [1], that ∫ R^2

g_{α,ϵ}(X^1_t , X^2_t )(x)ϕ_λ(x) dx = ∫ R^2

g_{α,ϵ}(X^1_0 , X^2_0 )(x)ϕ_λ(x) dx − ∫_t 0 e^{−αϵ} ∫ R^2

p̄_ϵ(X^1_s , X^2_s )(x)ϕ_λ(x) dx ds + α ∫_t 0 ∫ R^2

g_{α,ϵ}(X^1_s , X^2_s )(x)ϕ_λ(x) dx ds + M^ϵ_t where M^ϵ_t is a local martingale. Then e^{−αt} ∫ R^2

g_{α,ϵ}(X^1_t , X^2_t )(x)ϕ_λ(x) dx = ∫ R^2

g_{α,ϵ}(X^1_0 , X^2_0 )(x)ϕ_λ(x) dx − ∫_t 0 e^{−α(s+ϵ)} ∫ R^2

p̄_ϵ(X^1_s , X^2_s )(x)ϕ_λ(x) dx ds + ∫_t 0 e^{−αs}dM^ϵ_s . This shows that e^{−αt} ∫ R^2 gα,ϵ(X 1 t , X^2_t )(x)ϕ_λ(x) dx is a positive supermartingale. Letting ϵ ↓ 0 we get by Fatou lemma that the limiting process e^{−αt} ∫ R^2 gα(X 1 t , X^2_t )(x)ϕ_λ(x) dx is also a positive supermartingale. This together with maximal inequality for positive supermartingales, Optional Stopping Theorem and (EnC) gives the desired result.

(b) Fix arbitrary λ > 0. We can choose ϕ̃ ≥ ϕ_λ such that ϕ̃ ∈ C^{(2)}_λ . Since τ is bounded, it is enough to check that P sup 0≤t≤T 2∑ j=1 X^j_t (ϕ̃)^2 < ∞, ∀T > 0. But this follows by a simple moment calculation combined with Doob’s maximal inequality. Lemma 3.3 Let X be a solution to (MP)^{σ,γ}_{X0} on (Ω, F, F_t, P ) satisfying (IntC) and (EnC). Let τ be any bounded stopping time. Fix arbitrary F ∈ F_τ with P (F ) > 0. Define P_1(B) = P (1_F P (1_B |F_τ ))/P (F ), B ∈ F, F^τ_t ≡ F_{τ +t}, and X̂_t ≡ X_{τ +t}. Then X̂ solves (MP)^{σ,γ}_{X̂0} on (Ω, F, F^τ_t , P_1) with L(X̂_0) = P (X_τ ∈ ·|F ) and satisfies (IntC) and (EnC).

Proof Since τ is bounded there exists M > 0 such that τ ≤ M, P -a.s. It is easy to check that X̂ solves (MP)^{σ,γ}_{X̂0} on (Ω, F, F^τ_t , P_1) with L(X̂_0) = P (X_τ ∈ ·|F ). Let us check that it satisfies (IntC) and (EnC). It is enough to check (IntC) and (EnC) for F = Ω. Fix arbitrary δ > 0. Take a sequence F_1 ⊂ F_2 ⊂ . . . of events in F_δ such that F_l ↑ Ω, as l → ∞ and for each n ≥ 1 and t > δ

lim sup ϵ↓0 P [∫_t δ H_{ϵ,K}(X_s) ds1_{Fn} ] < ∞, ∀ compact set K ⊂ R^2.

(3.7)

Then for each n ≥ 1, t > δ

lim sup ϵ↓0 P [∫_t δ H_{ϵ,K}(X̂_s) ds1_{Fn} ] = lim sup_{ϵ↓0} P [∫_{τ +t} τ +δ H_{ϵ,K}(X_s) ds1_{Fn} ]

≤ lim sup_{ϵ↓0} P [∫_{M+t} δ H_{ϵ,K}(X_s) ds1_{Fn} ]

< ∞, ∀compact set K ⊂ R^2,

by (3.7). Therefore X̂ also satisfies (IntC) (note that {X̂_t} is adapted to {F_{τ +t}}) and the result follows. Regarding (EnC) it follows from Lemma 3.2.

Proof of Theorem 1.8 We argue as in the proof of Theorem 4.4.2 [7]. Let X, Z be any two solutions to (MP)^{σ,γ}_{X0} satisfying (IntC). We want to show that

P [Π^m_{k=1}f_k(X_{tk} )] = P [Π^m_{k=1}f_k(Z_{tk} )]

(3.8)

for all choices of t_k ∈ [0, ∞) and bounded Borel measurable functions f_k on M^2_{tem}. It is sufficient to consider only f_k > 0. For m = 1 (3.8) follows from Lemma 3.1. Proceeding by induction, assume (3.8) holds for all m ≤ n. Fix 0 ≤ t_1 < t_2 . . . < t_n and bounded strictly positive Borel measurable functions f_1, . . . , f_n on M^2_{tem}. Define

P^1(B) =

P [1_B Π^n_{k=1}f_k(X_{tk} )] P [ Π^n_{k=1}f_k(X_{tk} )

] , B ∈ F^X , P^2(B) =

P [1_B Π^n_{k=1}f_k(Z_{tk} )] P [ Π^n_{k=1}f_k(Z_{tk} ) ] , B ∈ F^Z , (3.9)

and set X̂ = X_{tn+t}, Ẑ = Z_{tn+t}. Then Lemma 3.3 shows that X̂ and Ẑ solve (MP)^{σ,γ}_ν on (Ω, F, F^{tn}_t , P^1) and (Ω, F, F^{tn}_t , P^2), respectively, with the same initial distribution ν (the latter by the induction assumption). X̂ and Ẑ also satisfy (IntC) and (EnC) by Lemma 3.3, and therefore by Lemma 3.1 they have the same one dimensional-distributions. This implies that for any bounded Borel measurable function f on M^2_{tem} we have

P^1 [ f(X̂_t) ] = P^2 [ f(Ẑ_t) ] , ∀t ≥ 0. (3.10)

It follows from the definitions of P^1 and P^2 and the induction hypothesis that

P [f(X_{tn+t})Π^n_{k=1}f_k(X_{tk} )] = P [f(Z_{tn+t})Π^n_{k=1}f_k(Z_{tk} )] ,

(3.11)

and by setting t_{n+1} = t_n + t we get (3.8) for m = n + 1.

Proof of Theorem 1.11 As it has been mentioned already in Remark 2.12 the proof of Theorem 1.11(a) was completed by Corollary 2.11. Part (b) of Theorem 1.11 follows now from Theorem 1.8 and Theorem 1.11(a).

4 Continuity of the transition function with respect to initial conditions

For any λ, t > 0 let c_{A3}(t, λ), c_{A4}(t) be the constants defined in Lemma A.3. To simplify the notation define also the constants c_{4.1}(μ, λ, t, δ) ≡ 4γc_{A3}(t, λ)^2c_{A4}(t − δ)^2μ^1(ϕ_λ)μ^2(ϕ_λ), ∀μ = (μ^1, μ^2) ∈ M_{tem,e}, 0 < δ < t, λ > 0, c_{4.2}(μ, λ, t, δ) ≡ 4γc_{A3}(t, λ)^2c_{A4}(t − δ)^2μ^1(ϕ_{−λ})μ^2(ϕ_{−λ}), ∀μ = (μ^1, μ^2) ∈ M_{rap,e}, 0 < δ < t, λ > 0. Lemma 4.1 (a) Let μ = (μ^1, μ^2) ∈ M_{tem,e}, μ̃ = (μ̃^1, μ̃^2) ∈ M_{rap,e}. Let X solve the martingale problem (MP)^{σ,γ}_μ . Then for all 0 < δ < t, λ > 0 lim sup ϵ↓0 |P [E (S_ϵX_t, μ̃)] − P [E (S_δX_{t−δ} , μ̃)]| ≤ c_{4.1}(μ, λ, t, δ) ∫ R^2

ḡ_δ (μ̃^1, μ̃^2)(x)ϕ_{−2λ}(x) dx < ∞. (b) Let x_0 = (x^1_0, x^2_0) ∈ B^+_b × B^+_b , μ̃ = (μ̃^1, μ̃^2) ∈ M_{f,e}. Let X solve the martingale problem (MP)^{σ,γ}_{x0} . Then for all 0 < δ < t,

lim sup ϵ↓0 |P [E (S_ϵX_t, μ̃)] − P [E (S_δX_{t−δ}, μ̃)]| ≤ 4γ | |x^1_0 | |_∞ | |x^2_0 | |_∞ ∫ R^2

ḡ_δ(μ̃^1, μ̃^2)(x) dx < ∞. (c) Let μ = (μ^1, μ^2) ∈ M_{rap,e}, μ̃ = (μ̃^1, μ̃^2) ∈ M_{tem,e}. Let X solve the martingale problem (MP)^{σ,γ}_μ . Then for all 0 < δ < t, λ > 0 lim sup ϵ↓0 |P [E (S_ϵX_t, μ̃)] − P [E (S_δX_{t−δ}, μ̃)]| ≤ c_{4.2}(μ, λ, t, δ) ∫ R^2

ḡ_δ(μ̃^1, μ̃^2)(x)ϕ_{2λ}(x) dx < ∞. Proof (a) By Lemma 2.3(b) we get that for any ϵ > 0, |P [E (S_ϵX_t, μ̃)] − P [E (S_δX_{t−δ}, μ̃)]| ≤ | | |4γP [∫_t t−δ E (S_{ϵ+t−s}X_s, μ̃) ∫ R^2 S_{ϵ+t−s}μ̃^1(x)S_{ϵ+t−s}μ̃^2(x)L(ds, dx) ]| | | (4.1) + |P [E (S_{ϵ+δ}X_{t−δ} , μ̃)] − P [E (S_δX_{t−δ} , μ̃)]| . The first term in (4.1) is bounded by 4γP [∫_t t−δ ∫ R^2 S_{ϵ+t−s}μ̃^1(x)S_{ϵ+t−s}μ̃^2(x)L(ds, dx) ]

≤ 4γ ∫_t t−δ ∫ R^2 S_{ϵ+t−s}μ̃^1(x)S_{ϵ+t−s}μ̃^2(x)S_sμ^1(x)S_sμ^2(x) ds dx

≤ 4γ ∫_{ϵ+δ} 0 ∫ R^2

c_{A3}(t, λ)^2c_{A4}(t − δ)^2ϕ_{−2λ}(x)μ^1(ϕ_λ)μ^2(ϕ_λ)1(ϵ ≤ s ≤ ϵ + δ)S_sμ̃^1(x)S_sμ̃^2(x) ds dx = c_{4.1}(μ, λ, t, δ) ∫_{ϵ+δ} 0 ∫ R^2 1(ϵ ≤ s ≤ ϵ + δ)S_sμ̃^1(x)S_sμ̃^2(x)ϕ_{−2λ}(x) ds dx, where the second inequality follows from Corollary A.4. Now let ϵ ↓ 0. By Corollaries A.4, A.5 and Dominated Convergence we get that the second term in (4.1) converges to 0. Applying again Dominated Convergence we get

lim_{ϵ↓0} ∫_{ϵ+δ} 0 ∫ R^2

1(ϵ ≤ s ≤ ϵ + δ)S_sμ̃^1(x)S_sμ̃^2(x)ϕ_{−2λ}(x) ds dx = ∫ R^2

ḡ_δ(μ̃^1, μ̃^2)(x)ϕ_{−2λ}(x) dx < ∞, and the result follows.

The proof of (b), (c) is completely analogous and therefore is omitted.

Proposition 4.2 (Continuity of transition density with respect to initial conditions) Let μ_n → μ in M_{tem,e}, such that

lim_{δ↓0} sup_n ∫ R^2

ḡ_δ(μ^1_n, μ^2_n)(x)ϕ_λ(x) dx = 0, ∀λ > 0.

Assume that there exist solutions X^n, X to the martingale problems (MP)^{σ,γ}_{μn} and (MP)^{σ,γ}_μ respectively, satisfying (IntC), and let P_t(μ_n, ·) and P_t(μ, ·) be their one-dimensional distributions on M^2_{tem}. Then P_t(μ_n, ·) → P_t(μ, ·), ∀t ≥ 0. as n → ∞. Proof To prove the proposition we have to check weak convergence

X^n_t ⇒ X_t in M^2_{tem}, as n → ∞, ∀t > 0.

(4.2)

To this end it is enough to check that for arbitrary φ = (φ^1, φ^2) ∈ (C_{rap})^2 ( X^{1,n}_t (φ^1), X^{2,n}_t (φ^2) ) ⇒ ( X^1_t (φ^1), X^2_t (φ^2) ) , as n → ∞, ∀t > 0, (4.3) and sup_n P [ X^{j,n}_t (ϕ_λ) ] < ∞, j = 1, 2, ∀t > 0, ∀λ > 0. (4.4)

(4.4) follows immediately from Lemma 2.2(c), Lemma A.1 and our assumptions on the initial measures μ^1_n , μ^2_n .

To check (4.3), fix arbitrary φ = (φ^1, φ^2) ∈ (C^+_{rap})^2 and let ~X be a solution to the martingale problem (MP)^{σ,γ}_φ . Then

|P [E (X^n_t , φ)] − P [E (X_t, φ)]| = | | |lim_{ϵ↓0} ~P [ E ( μ_n, S_ϵ ~X_t )] − lim_{ϵ↓0} ~P [ E ( μ, S_ϵ ~X_t )]| | | , (by Proposition 1.12) ≤ | |lim_{ϵ↓0} ~P [ E ( μ_n, S_ϵ ~X_t )] − ~P [ E ( μ_n, S_δ ~X_{t−δ} )]| | + | | ~P [E (μ_n, S_δ ~X_{t−δ})] − ~P [E (μ, S_δ ~X_{t−δ})] | |

+ | | | ~P [ E ( μ, S_δ ~X_{t−δ} )] − lim_{ϵ↓0} ~P [ E ( μ, S_ϵ ~X_t )]| | | ≤ c_{4.2}(φ, λ, t, δ) ∫ R^2

(ḡ_δ (μ^1_n, μ^2_n)(x) + ḡ_δ(μ^1, μ^2)(x))ϕ_λ(x) dx (by Lemma 4.1(c)) + | | ~P [E (μ_n, S_δ ~X_{t−δ})] − ~P [E (μ, S_δ ~X_{t−δ})] | | , ∀t > 0, n ≥ 1. Let n → ∞. Then by Lemmas 2.4 and A.1, lim_{n→∞} | | ~P [E (μ_n, S_δ ~X_{t−δ})] − ~P [E (μ, S_δ ~X_{t−δ})] | | = 0. Therefore

lim sup n→∞ |P [E (X^n_t , φ)] − P [E (X_t, φ)]| ≤ sup_n c_{4.2}(φ, λ, t, δ) ∫ R^2 ( ḡ_δ (μ^1_n, μ^2_n)(x)

+ ḡ_δ(μ^1, μ^2)(x) ) ϕ_λ(x) dx for any δ > 0. Let δ ↓ 0. Then it follows from our assumptions on μ^1_n , μ^2_n that

lim sup n→∞ |P [E (X^n_t , φ)] − P [E (X_t, φ)]| = 0, ∀t ≥ 0.

By a standard argument, the last convergence implies (4.3) and we are done.

5 Finite initial conditions

5.1 Existence of a process satisfying (IntC) and Proof of Theorem 1.9(a),(b)

We recall some facts about the dual process (ϕ_t, I_t) introduced prior to Theorem 32 of [3]. This process takes values in S = M_f ((R^2)^4) × 2^{{1,...,4}} and points in S are denoted by (ϕ, I). For 1 ≤ j, j^′ ≤ 4 define maps π_{j,j}′ : (R^2)^4 → (R^2)^4 and f_{j,j}′ : C^+_b ((R^2)^4) → M_f ((R^2)^4) by (π_{j,j}′ x)_i = { x_i, if i ≠ j^′, x_j , if i = j^′, x = (x_1, x_2, x_3, x_4), f_{j,j}′ (ϕ)(A) = ∫ A ϕ(π_{j,j}′ x)δ_{xj −xj′} (x) dx_1 dx_2 dx_3 dx_4 . Let ⃗S_t be the 8-dimensional Brownian semigroup with variance σ^2. The dynamics of the dual process, (ϕ_·, I_·) ∈ D(R_+, S) are as follows:

(a) For each (j, j^′) ∈ I_t × I_t , j ≠ j^′, with rate γ/2, (ϕ_{t−}, I_{t−}) jumps to (f_{j,j}′ (ϕ_{t−}), I_{t−} − {j^′}), and for each (j, j^′) ∈ I^c_t × I^c_t , j ≠ j^′, with rate γ/2, (ϕ_{t−}, I_{t−}) jumps to (f_{j,j}′ (ϕ_{t−}), I_{t−} ∪ {j^′}). In either case we will say j^′ switches via j.

(b) Let 0 = T_0 < T_1 < T_2 . . . be the successive jump times. Then for T_n ≤ t < T_{n+1}, (ϕ_t , I_t) = (⃗S_{t−Tn} ϕ_{Tn} , I_{Tn} ). Let P̂_{ϕ0 ,I0} be the law of (ϕ_·, I_·) on D(R_+, S). Note again that we identify functions ϕ in C_b(R^8) ∩ L^1(dx) with ϕ(x) dx ∈ M_f (R^8). Let U_n = T_n − T_{n−1} , n ≥ 1. Then under P̂_{ϕ0 ,I0}

{U_n} are independent exponential random variables and

(5.1) if |I_0| = 2, U_{2n+1} has mean (2γ)^{−1} while U_{2n} has mean (3γ)^{−1}.

Assume that X_0 ∈ M_{f,e} and X satisfies martingale problem (MP)^{σ,γ}_{X0} . We introduce a fourth moment condition on X: for δ ≥ 0

(MB)_δ ∀ϕ_0 ∈ C^+_b (R^2)^4 , I_0 ⊂ {1, 2, 3, 4} and any Borel map ψ : M_f (R^2)^4 → R_+ , ∀t > δ,

P ∫ ϕ_0(x_1 , x_2 , x_3 , x_4) ∏ i∈I_0 X^1_t (dx_i) ∏ j∈I^c_0 X^2_t (dx_j )ψ(X_δ )

≤ P̂_{ϕ0 ,I0} × P ∫ ϕ_{t−δ} (x_1 , x_2 , x_3 , x_4) ∏ i∈I_{t−δ} X^1_δ (dx_i) ∏ j∈I^c_{t−δ} X^2_δ (dx_j )ψ(X_δ )

× exp { γ ∫_{t−δ} 0 ( |I_s| 2 ) + ( |I^c_s | 2 ) ds }] .

The existence of a solution satisfying (MB)_δ for any δ > 0 was established in Proposition 52 and Theorem 53 of [3] providing

γσ^{−2} < (3 √ 6πc_{rw})^{−1}.

(5.2)

In addition conditions were given under which the upper bound is finite (see Theorems 53, 54 of [3]).

The following theorem completes the proof of Theorem 1.9(a), by establishing existence of solution satisfying (IntC).

Theorem 5.1 Assume γσ^{−2} < 6^{−1/2}. (5.3)

(a) If (MB)_δ holds for all δ > 0, then X satisfies (IntC).

(b) If (MB)_0 holds and X_0 ∈ M_{f,se}, then X satisfies (SIntC).

The rest of this subsection is devoted to the proof of the above theorem and we will use the following notation.

c_0 = c_0(σ) = (2πσ^2)^{−1}, c_1 = c_1(σ) = 2c_0(σ) = (πσ^2)^{−1},

ρ_n = c_1(σ)^{n−1} n−1∏ k=1 (U_k + U_{k+1})^{−1}.

For the proof of Theorem 5.1 we will need the following lemma.

Lemma 5.2 Assume I_0 = {1, 3} and

0 ≤ ϕ_t(y_1, y_2, y_3, y_4) ≤ f(t)p_{a+bt}(y_1 − y_2)p_{c+dt}(y_3 − y_4), for 0 ≤ t < T_1,

(5.4)

for some a, c ≥ 0, b, d ≥ 1, and continuous function f : R_+ → R_+ which is bounded on compacts. Let ρ(t) = { f(t), if T_0 ≤ t ≤ T_1 , f(U_1) (∏_{n−1} k=1 c_1 (U_k+U_{k+1}) )_{c1} U_n+(t−T_n) , if Tn ≤ t < Tn+1 , n = 1, 2, . . . .

Then for all n ≥ 0 there are random variables V^i_n ≥ 0, b^i_n ≥ 1 (i = 1, 2) and random indices {i^n_1 , . . . , i^n_4 } = {1, . . . , 4} such that

(I)_n(a) ϕ_t(y) ≤ ρ(t)p_V 1_{2n+b}1_{2n(t−T2n )}(y_i2n_1 − y_i2n_2 ) × p_V 2_{2n+b}2_{n(t−T2n )}(y_i2n_3 − y_i2n_4 ), if T_{2n} < t < T_{2n+1}, I_t = {i^{2n}_1 , i^{2n}_3 } (I)_n(b) ϕ_t(y) ≤ 2ρ(t)p_V 1_{2n+1 +b}1_{2n+1(t−T2n+1 )}(y_i2n+1_1 − y_i2n+1_2 ) × p_{2(t−T2n+1 )}(y_i2n+1_3 − y_i2n+1_4 ), if T_{2n+1} < t < T_{2(n+1)}, I_t = {i^{2n+1}_3 } or {i^{2n+1}_3 }^c.

Proof We proceed by induction on n. Note that (I)_0(a) holds by assumption with V^1_0 = a, V^2_0 = c, b^1_0 = b, b^2_0 = d. Assume that (I)_{n−1}(a) holds for some n ≥ 1. Then, writing i_j for i^{2(n−1)}_j , we have ϕ_{T2n−1−}(y) ≤ f(U_1)ρ_{2n−1}p_V 1_{2(n−1)+b}1_{2(n−1) U2n−1} (y_{i1} − y_{i2} ) × p_V 2_{2(n−1)+b}2_{(n−1) U2n−1} (y_{i3} − y_{i4} ), and I_{T2n−1} = {i_1 , i_3 }.

By symmetry we may assume I_{T2n−1} = {i_1}, i.e. i_3 switches via i_1 at t = T_{2n−1}. This gives ϕ_{T2n−1} (y) ≤ f(U_1)ρ_{2n−1}p_V 1_{2(n−1)+b}1_{2(n−1) U2n−1} (y_{i1} − y_{i2} ) × p_V 2_{2(n−1)+b}2_{(n−1)U2n−1} (y_{i1} − y_{i4} )δ_{yi1 −yi3} (y).

Set W^i_{2(n−1)} = V^i_{2(n−1)} + b^i_{2(n−1)}U_{2n−1} and use the semigroup property of the Brownian densities to see that for T_{2n−1} < t < T_{2n},

ϕ_t(y) ≤ f(U_1)ρ_{2n−1} ∫ R^2

p_W 1_{2n−1+t−T2n−1} (z_{i1} − y_{i2} )

(5.5) × p_W 2_{2n−1+t−T2n−1} (z_{i1} − y_{i4} )p_{t−T2n−1} (z_{i1} − y_{i3} )p_{t−T2n−1} (z_{i1} − y_{i1} )dz_{i1} ≤ f(U_1)ρ_{2n−1} ∫ R^2 [ 1(|z_{i1} − y_{i2} | < |z_{i1} − y_{i4} |)p_W 1_{2n−1+t−T2n−1} (0)

(5.6) × p_W 2_{2n−1+t−T2n−1} ( y_{i2} − y_{i4} 2 ) + 1(|z_{i1} − y_{i2} | > |z_{i1} − y_{i4} |)p_W 2_{2n−1+t−T2n−1} (0) × p_W 1_{2n−1+t−T2n−1} ( y_{i2} − y_{i4} 2 ) ]

× p_{t−T2n−1} (z_{i1} − y_{i3} )p_{t−T2n−1} (z_{i1} − y_{i1} )dz_{i1} .

In the last line we use the fact that |z_{i1} − y_{i2} | < |z_{i1} − y_{i4} | implies |z_{i1} − y_{i4} | ≥ |y_{i2} − y_{i4} | /2 and also monotonicity in |z| of p_s(z). Now set W^m_{2n−1} = W^1_{2n−1} ∧ W^2_{2n−1} and W^M_{2n−1} = W^1_{2n−1} ∨ W^2_{2n−1}. Use the inequality p_{t2} (0)p_{t1} (x) ≤ p_{t1} (0)p_{t2} (x), if t_1 ≤ t_2,

(5.7) in (5.6) to conclude that for T_{2n−1} < t < T_{2n} ,

ϕ_t(y) ≤ f(U_1)ρ_{2n−1}p_W m_{2n−1+t−T2n−1} (0)p_W M_{2n−1 +t−T2n−1} ((y_{i2} − y_{i4} )/2) p_{2(t−T2n−1 )}(y_{i1} − y_{i3} ) ≤ f(U_1)ρ_{2n−1} 4c_0 W^m_{2n−1} + t − T_{2n−1} p_{4W} M_{2n−1+4(t−T2n−1 )} (y_{i2} − y_{i4} ) p_{2(t−T2n−1 )}(y_{i1} − y_{i3} ) ≤ 2ρ(t)p_{4W} M_{2n−1 +4(t−T2n−1 )} (y_{i2} − y_{i4} ) p_{2(t−T2n−1 )}(y_{i1} − y_{i3} ).

(5.8)

This implies (I)_{n−1}(b) for appropriately chosen V^1_{2n−1}, i^{2n−1}_j and b^1_{2n−1} = 4. Rather than using this to derive (I)_n(a), we can do a bit better with (5.5) which implies (set W^i_{2n} = W^i_{2n−1} + U_{2n} ≥ U_{2n−1} + U_{2n}) ϕ_{T2n −}(y) ≤ f(U_1)ρ_{2n−1} ∫ R^2

p_W 1_{2n} (z_{i1} − y_{i2} )p_W 2_{2n} (z_{i1} − y_{i4} )p_{U2n} (z_{i1} − y_{i3} )p_{U2n} (z_{i1} − y_{i1} ) dz_{i1} , I_{T2n−} = {i_1} . Note the roles of i_2 , i_4 and of i_1 , i_3 are symmetric in the above and so there are 3 cases to consider.

Case 1 i_4 switches via i_2 (i_2 switches via i_4 is similar). Then I_{T2n} = {i_1 , i_4} and ϕ_{T2n} (y) ≤ f(U_1)ρ_{2n−1} ∫ R^2

p_W 1_{2n} (z_{i1} − y_{i2} )p_W 2_{2n} (z_{i1} − y_{i2} )p_{U2n} (z_{i1} − y_{i3} )p_{U2n} (z_{i1} − y_{i1} ) dz_{i1} δ_{yi4 −yi2} (y) .

Case 2 i_4 switches via i_3 (i_2 switches via i_3 is similar). Then I_{T2n} = {i_1 , i_4} and ϕ_{T2n} (y) ≤ f(U_1)ρ_{2n−1} ∫ R^2

p_W 1_{2n} (z_{i1} − y_{i2} )p_W 2_{2n} (z_{i1} − y_{i3} )p_{U2n} (z_{i1} − y_{i3} )p_{U2n} (z_{i1} − y_{i1} ) dz_{i1} δ_{yi4 −yi3} (y) .

Case 3 i_3 switches via i_4 (i_3 switches via i_2 is similar). Then I_{T2n} = {i_1 , i_3} and ϕ_{T2n} (y) ≤ f(U_1)ρ_{2n−1} ∫ R^2

p_W 1_{2n} (z_{i1} − y_{i2} )p_W 2_{2n} (z_{i1} − y_{i4} )p_{U2n} (z_{i1} − y_{i4} )p_{U2n} (z_{i1} − y_{i1} ) dz_{i1} δ_{yi3 −yi4} (y) . Now we may define {i^{2n}_j } and Ṽ^i_{2n}(= W^1_{2n}, W^2_{2n} or U_{2n}) ≥ U_{2n}, and use W^i_{2n} ≥ U_{2n−1} + U_{2n} to combine these three cases into the simple bound (write i_j for i^{2n}_j now), ϕ_{T2n} (y) ≤ f(U_1)ρ_{2n−1}(c_0/(U_{2n−1} + U_{2n})) ∫ R^2

p_Ṽ 1_{2n} (z_{i1} − y_{i2} )p_Ṽ 2_{2n} (z_{i1} − y_{i4} )p_{U2n} (z_{i1} − y_{i1} ) dz_{i1} δ_{yi3 −yi4} (y) , I_{T2n} = {i_1 , i_3}.

Therefore if T_{2n} < t < T_{2n+1}, then I_t = {i_1 , i_3} and

ϕ_t(y) ≤ f(U_1)ρ_{2n−1}(c_0/(U_{2n−1} + U_{2n})) ∫ R^2 ∫ R^2

p_Ṽ 1_{2n+t−T2n} (z_{i1} − y_{i2} )p_Ṽ 2_{2n} (z_{i1} − z_{i4} )

(5.9) × p_{U2n+t−T2n} (z_{i1} − y_{i1} )p_{t−T2n} (y_{i3} − z_{i4} )p_{t−T2n} (y_{i4} − z_{i4} ) dz_{i1} dz_{i4} .

Use (5.7) and the fact that Ṽ^i_{2n} ≥ U_{2n} and argue again as in the derivation of (5.8) to see that ∫ R^2

p_Ṽ 1_{2n+t−T2n} (z_{i1} − y_{i2} )p_Ṽ 2_{2n} (z_{i1} − z_{i4} )p_{U2n+t−T2n} (z_{i1} − y_{i1} ) dz_{i1} ≤ ∫ R^2 [ 1(|z_{i1} − y_{i2} | < |z_{i1} − y_{i1} |)p_Ṽ 1_{2n+t−T2n} (0)p_{U2n +t−T2n} ((y_{i1} − y_{i2} )/2) +1(|z_{i1} − y_{i1} | < |z_{i1} − y_{i2} |)p_{U2n+t−T2n} (0)p_Ṽ 1_{2n +t−T2n} ((y_{i1} − y_{i2} )/2) ] p_Ṽ 2_{2n} (z_{i1} − z_{i4} ) dz_{i1} ≤ (c_0/(U_{2n} + t − T_{2n}))p_Ṽ 1_{2n+t−T2n} ((y_{i1} − y_{i2} )/2) = 4(c_0/(U_{2n} + t − T_{2n}))p_{4Ṽ} 1_{2n +4(t−T2n )}(y_{i1} − y_{i2} ).

Use this in (5.9) to conclude that for T_{2n} < t < T_{2n+1}, π_t = {i_1, i_3} and

ϕ_t(y) ≤ f(U_1)ρ_{2n−1} ( 2c_0 U_{2n−1} + U_{2n} ) ( 2c_0 U_{2n} + t − T_{2n} ) p_{4Ṽ} 1_{2n+4(t−T2n )}(y_{i1} − y_{i2} )p_{2(t−T2n )}(y_{i3} − y_{i4} )

= ρ(t)p_{4Ṽ} 1_{2n+4(t−T2n )}(y_{i1} − y_{i2} )p_{2(t−T2n )}(y_{i3} − y_{i4} ).

This gives (I)_n(a) and the induction is complete.

Now we are ready to complete the

Proof of Theorem 5.1 Fix 0 < δ < T < ∞. Let 0 < p < 1/2, N > 0 and define

ψ_N (X_δ) = 1( max_{1≤i,j≤2} sup_{0<s≤T} s^{p/2} ∫ ∫ p_s(x_1 − x_2)X^i_δ (dx_1)X^j_δ (dx_2) ≤ N) ≡ 1_{KN} (X_δ)

We claim first that it suffices to show:

sup_{ϵ>0} P [∫_T δ H_ϵ(X_s) dsψ_N (X_δ ) ] < ∞, (5.10)

where

H_ϵ(X_s) ≡ H_{ϵ,R}2 (X_s) = ∫ R^2 ∫ R^2 ( 1 + |x − y|^{−1} ) S_ϵX^1_s (x)S_ϵX^2_s (x)S_ϵX^1_s (y)S_ϵX^2_s (y) dx dy, ϵ > 0.

Assume (5.10) and recall that X_δ ∈ M_{f,se}, a.s., (by Proposition 24(a) of [3]). The latter implies that P (X_δ ∈ K_N ) ↑ 1 as N → ∞. Therefore P ( P [∫_T δ H_ϵ(X_s) ds|F_δ ] > M )

≤ P (X_δ ∈ K^c_N ) + P ( P [∫_T δ H_ϵ(X_s) dsψ_N (X_δ)|F_δ ] > M )

≤ P (X_δ ∈ K^c_N ) + M^{−1}P [∫_T δ H_ϵ(X_s) dsψ_N (X_δ) ]

If η > 0 we may first choose N > 0 such that the first term is at most η/2 and then choose M large enough so that the second term is at most η/2 for all ϵ > 0. This proves (IntC).

Turning to (5.10), a change of variables shows that ∫_1 0 u^{−1/2}(1 + p_u(x)) du ≥ c(σ)(|x|^{−1} + 1).

(5.11)

If ϵ > 0, u ∈ (0, 1], and

ϕ^{u,ϵ}_0 (y) = ϕ_0(y_1 , y_2 , y_3 , y_4) = ∫ ∫ (1 + p_u(x − y)) 2∏ i=1 p_ϵ(y_i − x) 4∏ j=3 p_ϵ(y_j − y) dx dy, then (5.10) is therefore equivalent to

sup_{ϵ>0}

∫_1 0 ∫_T δ P [∫ ϕ^{u,ϵ}_0 (y_1 , y_2 , y_3 , y_4)

(5.12)

X^1_t (dy_1)X^1_t (dy_3)X^2_t (dy_2)X^2_t (dy_4)ψ_N (X_δ) ] u^{−1/2} du dt < ∞

If (ϕ_t , I_t) is the dual process starting at (ϕ^{u,ϵ}_0 , {1, 3}), then for t < T_1,

ϕ_t(y) = p_{2(ϵ+t)}(y_1 − y_2)p_{2(ϵ+t)}(y_3 − y_4)

(5.13) + ∫ ∫ p_u(x − y) 2∏ i=1 p_{ϵ+t}(y_i − x) 4∏ j=3 p_{ϵ+t}(y_j − y) dx dy.

Use the fact that |x − y_1| < |x − y_2| implies |y_1 − y_2| /2 ≤ |x − y_2| to bound the second term by ∫ ∫ [1(|x − y_1| < |x − y_2|)p_{ϵ+t}(x − y_1)p_{ϵ+t}((y_1 − y_2)/2)

+1(|x − y_1| > |x − y_2|)p_{ϵ+t}(x − y_2)p_{ϵ+t}((y_1 − y_2)/2)] × p_u(x − y)p_{ϵ+t}(y_3 − y)p_{ϵ+t}(y_4 − y) dx dy

≤ p_{ϵ+t}((y_1 − y_2)/2) ∫ (p_{ϵ+t+u}(y − y_1) + p_{ϵ+t+u}(y − y_2)) p_{ϵ+t}(y_3 − y)p_{ϵ+t}(y_4 − y) dy ≤ 2c_0 ϵ + t + u 4p_{4(ϵ+t)}(y_1 − y_2)p_{2(ϵ+t)}(y_3 − y_4).

Put this into (5.13) to see that for 0 ≤ t < T_1, ϕ_t(y) ≤ ( 2 + 8c_0 ϵ + t + u ) p_{4(ϵ+t)}(y_1 − y_2)p_{2(ϵ+t)}(y_3 − y_4).

This shows the hypothesis (5.4) of Lemma 5.2 holds with f(t) = 2 +^{8c0}_{t+u} .

If ρ(t) is defined as in Lemma 5.2, then that result and (MB)_δ imply ∫_T δ P [∫ ϕ^{u,ϵ}_0 (y)X^1_t (dy_1)X^1_t (dy_3)X^2_t (dy_2)X^2_t (dy_4)ψ_N (X_δ) ] dt (5.14)

≤ ∫_T δ P̂_{ϕu,ϵ0 ,I0} × P ∫ ϕ_{t−δ}(y) ∏ i∈I_{t−δ} X^1_δ (dy_i) ∏ j∉I_{t−δ} X^2_δ (dy_j )ψ_N (X_δ) e^{3γT} dt

≤ ∫_T δ e^{3γT} ∞∑ n=0 P̂_{ϕu,ϵ0 ,I0} × P [1(T_n < t < T_{n+1})2ρ(t)(t − T_n)^{−p}] N^2 dt

≤ c(γ, T, N) ∫_T δ { P̂_{ϕu,ϵ0 ,I0} [1(t < T_1)(1 + (t + u)^{−1})t^{−p}] (5.15) + ∞∑ n=1 P̂_{ϕu,ϵ0 ,I0} [ 1(T_n < t < T_n + U_{n+1}) ( 1 + 1 u + U_1 )

× n−1∏ k=1 (U_k + U_{k+1})^{−1}(U_n + t − T_n)^{−1}(t − T_n)^{−p} ] c^n_1 } dt. Recall (5.1), write out the appropriate exponential densities, and set u_0 = u to bound (5.15) by (c(γ, T, n) may change from line to line) c(γ, T, N) {∫_T δ (1 + (t + u)^{−1})t^{−p} dt + ∞∑ n=1 6^{n/2}γ^nc^n_1 ∫_T δ ∫ R^n_+ 1 (_n ∑ i=1 u_i < t ) ( 1 + 1 u_0 + u_1 )_{n−1}∏ k=1 (u_k + u_{k+1})^{−1}

× ( u_n + t − n∑ i=1 u_i )_{−1} ( t − n∑ i=1 u_i )_{−p} du_1 . . . du_n dt

≤ c(γ, T, N) { 1 + ∫_T 0 (t + u)^{−1}t^{−p} dt + ∞∑ n=1 ( √ 6γc_1)^n ∫ R^{n+1}_+ 1 (_{n+1} ∑ i=1 u_i < T ) (5.16)

× (_n ∏ k=1 (u_k + u_{k+1})^{−1} + n∏ k=0 (u_k + u_{k+1})^{−1} ) u^{−p}_{n+1} du_1 . . . du_{n+1} } . If c(p) = π(sin((1 − p)π))^{−1} and

I_{n,p}(u_0) = ∫ R^n_+

(u_0 + u_1)^{−1} n−1∏ j=1 (u_j + u_{j+1})^{−1}u^{−p}_n du_1 . . . du_n ,

then (5.16) is at most c(γ, T, N) { 1 + I_{1,p}(u) + ∞∑ n=1 ( √ 6γc_1)^n (∫_T 0 I_{n,p}(u_1) du_1 + I_{n+1,p}(u) )}

= c(γ, T, N) { 1 + c(p)u^{−p} + ∞∑ n=1 ( √ 6γc_1c(p))^n (∫_T 0 u^{−p}_1 du_1 + c(p)u^{−p} )} , (by Lemma 60 of [3]) ≤ c(γ, T, N, p, σ) ( 1 + u^{−p} ) , where we used (a) in the last line and have chosen p < 1/2, sufficiently close to 1/2 so that √ 6c_1γc(p) < 1. Put the above upper bound for (5.14) into (5.12) (and recall (5.11) to conclude that

sup_{ϵ>0} P [∫_T δ H_ϵ(X_s) dsψ_N (X_δ) ] ≤ c(σ)^{−1}c(γ, T, N, p, σ) ∫_1 0 u^{−1/2}(1 + u^{−p}) du

(5.17) ≡ c(γ, T, N, p, σ) < ∞, since p < 1/2. This concludes the proof of (a).

(b) This is the minor modification of the above. We need the estimate (5.12) with δ = 0 and ψ_N = 1. The only change is in the derivation of (5.15) where instead of using ψ_N to get a factor of N^2 we simply use X_0 ∈ M_{f,se} to get a constant depending on X_0. The rest of the proof is the same.

5.2 Existence of collision measure Theorem 5.3 Let X_0 ∈ M_{f,e} and X be the unique in law solution of (MP)^{σ,γ}_{X0} satisfying (IntC) on (Ω, F, F_t, P ). There is a jointly measurable map K_X : R_+ × Ω → M_f (R^2) such that

L_X (t, ·) = ∫_t 0 K_X (s, ·) ds, ∀t ≥ 0, P − a.s.

Proof We work with (Ω̂, F̂, P̂ ) = (Ω × [0, 1], F × B, P × dx) on which we define M_f (R^2)-valued random vectors Z^δ (for δ > 0) by Z^δ(w, s) = L_X (s + δ) − L_X (s) δ . Let φ ∈ C^+_b . Then s → L_X (s)(φ) is a continuous non-decreasing process and so by standard differentiation theory ⟨ Z^δ, φ ⟩ → ⟨ L^′_X (s), φ ⟩ ≡ ⟨K_X (s), φ⟩ , P̂ − a.s., as δ ↓ 0. (5.18)

By Proposition 52 of [3] ⟨ L^{∗,η}_X (s), 1 ⟩ → ⟨L_X (s), 1⟩ in P -probability as η ↓ 0 for each s ≥ 0.

Now let us fix arbitrary u ∈ (0, 1). (IntC) implies that there exists a sequence F_1 ⊂ F_2 ⊂ . . . of events in F_u such that F_l ↑ Ω, as l → ∞ and for each n ≥ 1:

lim sup ϵ↓0 P [∫_t u H_ϵ(X_s) ds1_{Fn} ] < ∞, ∀t ≥ u. (5.19)

For each l ≥ 1 define the measure P_l on Ω by

P_l(B) = P (1_{Fl} 1_B ) , B ∈ F ,

and for each u ∈ (0, 1) define P̂_{l,u} on Ω × [0, 1] by P̂_{l,u}(B) = P̂ (1_{Fl×[u,1]}1_B ) , B ∈ F × B. In the following denote L_t ≡ L_X (t), K_t ≡ K_X (t).

Fix 1 > δ > 0. Then we may choose η_n ↓ 0 so that δ^{−1} ⟨ L^{∗,ηn}_{s+δ} (ω) − L^{∗,ηn}_s (ω), 1 ⟩ → ⟨ Z^δ(ω, s), 1 ⟩ , P̂ − a.s. as n → ∞. Fix some l ≥ 1 and u ∈ (0, 1). P̂_{l,u} is absolutely continuous with respect to P̂ , therefore δ^{−1} ⟨ L^{∗,ηn}_{s+δ} (ω) − L^{∗,ηn}_s (ω), 1 ⟩ → ⟨ Z^δ(ω, s), 1 ⟩ , P̂_{l,u} − a.s. as n → ∞. Therefore Fatou’s lemma and Jensen’s inequality imply P̂_{l,u} [⟨ Z^δ, φ ⟩_2] ≤ ‖φ‖^2_∞ lim inf_{n→∞} P̂_{l,u} [⟨ L^{∗,ηn}_{·+δ} (·) − L^{∗,ηn}_· (·), 1 ⟩_2] δ^{−2} = ‖φ‖^2_∞ lim inf_{n→∞} P_l [∫_1 u (∫_{s+δ} s ∫_{ηn} 0 ∫ R^2

S_rX^1_v (x)S_rX^2_v (x) dx dr η_n dv δ )_2 ds ]

≤ ‖φ‖^2_∞ lim inf_{n→∞} P_l [∫_1 u ∫_{s+δ} s ∫_{ηn} 0 (∫ R^2

S_rX^1_v (x)S_rX^2_v (x) dx

)_2 dr η_n dv δ ds ]

≤ ‖φ‖^2_∞ lim inf_{n→∞} ∫_{ηn} 0 P_l [∫_{1+δ} u (∫ R^2

S_rX^1_v (x)S_rX^2_v (x) dx

)_2 dv ] dr η_n ≤ ‖φ‖^2_∞ lim inf_{n→∞} ∫_{ηn} 0 P [∫_2 u H_r(X_v) dv1_{Fl} ] dr η_n ≤ ‖φ‖^2_∞ C, by (5.19) independent of δ. This together with (5.18) shows that ⟨ Z^δ, φ ⟩ → K_s(φ), in L^1(P̂_{l,u}) as δ ↓ 0.

(5.20)

Therefore P [∫_1 u K_s(φ) ds1_{Fl} ] = lim_{δ↓0} P̂_{l,u} [⟨ Z^δ, φ ⟩]

= lim_{δ↓0} P_l [∫_1 u ⟨L_{s+δ}, φ⟩ − ⟨L_s, φ⟩ ds ] δ^{−1} = lim_{δ↓0} P_l [∫_{1+δ} 1 ⟨L_{s+δ}, φ⟩ dsδ^{−1} − ∫_{u+δ} u ⟨L_s, φ⟩ dsδ^{−1} ]

= P [(⟨L_1, φ⟩ − ⟨L_u, φ⟩) 1_{Fl} ] (5.21)

where the last equality follows by continuity of ⟨L_1, φ⟩ and fact that ⟨L_t, φ⟩ is P -integrable. Now take l → ∞. Then by Monotone Convergence we get from (5.21) P [∫_1 u K_s(φ) ds ] = P [⟨L_1, φ⟩ − ⟨L_u, φ⟩] Now let u → 0, use Monotone Convergence on the left side again, and continuity of L_t and Dominated Convergence on the right side to get P [∫_1 0 K_s(φ) ds ] = P [⟨L_1, φ⟩] (5.22)

This equality implies that the singular part of s → L_s(φ) is P -a.s. 0 and so, ⟨L_t, φ⟩ = ∫_t 0 K_s(φ) ds, ∀t ∈ [0, 1] P − a.s. ∀φ ∈ C^+_b . (5.23)

It remains to choose a version of K(ω, s) which is a finite measure on R^2. First note that by the same arguments as in (5.21) we can see that

lim_{δn↓0} P̂ [⟨ Z^{δn} , φ ⟩] = P [⟨L_1, φ⟩] . (5.24)

Since P [L_1(dx)] is a finite measure on R^2 we can easily get that the sequence of measures {Z^{δn} } is tight in M_f , P̂ -a.s.. Let {φ_k} be a countable determining class in C^+_b . By considering an appropriate subsequence δ_n in (5.18) we may assume lim_{δn↓0} ⟨ Z^{δn} , φ_k ⟩ = K(φ_k), ∀k P̂ -a.s. It follows that there is a random measure K̃ ∈ M_f on (Ω̂, F̂) such that Z^{δn} → K̃ P̂ -a.s. and K(φ) = ⟨ K̃, φ ⟩ P̂ -a.s.

∀φ ∈ C_b. The required result is now clear from (5.23), at least for t ∈ [0, 1]. Simply repeat the above construction on [i, i + 1] ∀i ∈ N to complete the proof.

5.3 Proof of Proposition 1.14 Let X be any solution to (MP)^{σ,γ}_{X0} satisfying (IntC) on (Ω, F, F_t, P ) for some F_0 measurable initial condition X_0 ∈ M_{f,e} satisfying (EnC). Let ~X_0 = (x̃^1_0 dx, x̃^2_0 dx) where (x̃^1_0, x̃^2_0) ∈ (C^+_b )^2. Take φ^n = (φ^{1,n}, φ^{2,n}) ∈ (C^+_{com})^2, n ≥ 1 such that φ^{i,n} ↑ x̃^i_0 , i = 1, 2, pointwise. Let ~X and ~X^n be particular solutions of (MP)^{σ,γ}_{~X0} and (MP)^{σ,γ}_φn respectively, constructed in Section 1.4 on some

probability space (Ω̃, F̃, F̃_t, ~P ).

Then | | |P [ E ( X_t, ~X_0 )] − lim_{ϵ↓0} P × ~P [ E ( X_0, S_ϵ ~X_t )]| | | ≤ | |P [E (X_t, ~X_0)] − P [E (X_t, φ_n)] | | + | |lim_{ϵ↓0} P × ~P [ E ( X_0, S_ϵ ~X^n_t )] − P × ~P [ E ( X_0, S_δ ~X^n_{t−δ} )]| | + | |P × ~P [E (X_0, S_δ ~X_{nt−δ})] − P × ~P [E (X_0, S_δ ~X_{t−δ})] | | + | | |P × ~P [ E ( X_0, S_δ ~X_{t−δ} )] − lim_{ϵ↓0} P × ~P [ E ( X_0, S_ϵ ~X_t )]| | | (by Proposition 1.12) ≤ 4γ( | φ^{1,n} | ∞ | φ^{2,n} | ∞ + | x̃^1_0 | ∞ | x̃^2_0 | ∞)P [∫ R^2

ḡ_δ(X^1_0 , X^2_0 )(x) dx ] (by Lemma 4.1(b)) + | |P [ E ( X_t, ~X_0 )] − P [E (X_t, φ^n)] | | + | |P × ~P [ E ( X_0, S_δ ~X^n_{t−δ} )] − P × ~P [ E ( X_0, S_δ ~X_{t−δ} )]| | = I^{1,δ,n} + I^{2,δ,n} + I^{3,δ,n} for any 0 < δ < t and n ≥ 1. Now take n → ∞. Then by Proposition 4.2 we get that ~X^n_{t−δ} ⇒ ~X_{t−δ} in M^2_{tem}. Since S_δX^j_0 , j = 1, 2, is not necessarily in C_{exp}, we need to check that ~X^{j,n}_{t−δ} (S_δX^j_0 ) ⇒ ~X^j_{t−δ} (S_δX^j_0 ). But this follows easily by L2(P × ~P ) boundedness of ~X^{j,n}_{t−δ}(S_δX^j_0 ) uniformly in n and the fact that P × ~P [ ~X^{j,n}_{t−δ} (S_δX^j_0 ) ] = P [ ~X^{j,n}_0 (S_tX^j_0 ) ]

→ P [ ~X^j_0 (S_tX^j_0 ) ]

= P × ~P [ ~X^j_{t−δ} (S_δX^j_0 ) ] < ∞. These two facts together easily give that ~X^{j,n}_{t−δ} (S_δX^j_0 ) ⇒ ~X^j_{t−δ}(S_δX^j_0 ) (details are left for the reader). Therefore I^{3,n,δ} → 0 as n → ∞. Since φ^{n,j} → x̃^j_0 boundedly pointwise we get that I^{2,n,δ} → 0 as n → ∞. The first term I^{1,n,δ} is bounded by 4γ ( sup_n | φ^{1,n} | ∞ | φ^{2,n} | ∞ + | x̃^1_0 | ∞ | x̃^2_0 | ∞ ) P [∫ R^2

ḡ_δ(X^1_0 , X^2_0 )(x) dx ]

≤ 8γ | |x̃^1_0 | |_∞ | |x̃^2_0 | |_∞ P [∫ R^2

ḡ_δ (X^1_0 , X^2_0 )(x) dx ]

uniformly in n. Now by (EnC) and Dominated Convergence we get lim_{δ↓0} sup_n I^{1,n,δ} = 0 and so we are done.

5.4 Markov and Strong Markov Properties

Lemma 5.4 Let ~X_0 ∈ (C^+_{rap})^2 and ~X be the particular solution of (MP)^{σ,γ}_{~X0} constructed in Sec-

tion 1.4 on some (Ω̃, F̃, F̃_t, ~P ).

(a) There is a time-homogeneous Borel Markov transition kernel P = {P_t(μ, dν) : t > 0, μ ∈ M_{f,e}} on M_{f,e} such that ∫ M_{f,e} E ( ν, ~X_0 ) P_t(μ, dν) = lim_{ϵ↓0} ~P [ E ( μ, S_ϵ( ~X_t) )] .

(b) Let X satisfy (IntC) and (EnC) and solve (MP)^{σ,γ}_{X0} . Then for any bounded Borel measurable function h on M_{f,e} and any a.s. finite F_t-stopping time τ,

P [h(X_{τ +t}))|F_τ ] = ∫ M_{f,e} h (ν) P_t(X_τ , dν) a.s., (5.25)

i.e. X is a strong Markov process.

Proof

(a) Fix a (deterministic) X_0 ∈ M_{f,e}. By Theorem 1.9(a) for any X_0 ∈ M_{f,e} there exists a solution X to the martingale problem (MP)^{σ,γ}_{X0} satisfying (IntC) and by Proposition 1.12 P [ E ( X_t, ~X_0 )] = lim_{ϵ↓0} ~P [ E ( X_0, S_ϵ( ~X_t) )] . (5.26)

By Theorem 1.9(b) the solution X is unique. Let P_t(X_0, ·) be the unique law of X_t. Then (5.26) shows ∫ M_{f,e} E ( ν, ~X_0 ) P_t(X_0, dν) = lim_{ϵ↓0} ~P [ E ( X_0, S_ϵ( ~X_t) )] . (5.27)

The right side is Borel measurable in X_0 ∈ M_{f,e}. A monotone class argument shows the

bounded pointwise closure of the complex linear span of {E ( ·, ~X_0 ) : ~X_0 ∈ (C^+_{rap})^2} is the set of all bounded complex-valued measurable maps in M_{f,e} (e.g. see Lemma 6.2 of [5]). The Borel measurability of X_0 → P_t(X_0, ·) from M_{f,e} to M_1(M_{f,e}) follows.

(b) We now proceed by modifying the proof of Theorem 4.4.2 of [7] to accommodate the side conditions (IntC) and (EnC). Let X be the unique solution to (MP)^{σ,γ}_{X0} on (Ω, F, F_t, P ) satisfying (IntC) with X_0 (possibly random) satisfying (EnC). Let τ be any bounded stopping time and F ∈ F_τ with P (F ) > 0. Define

P_1(B) = P (1_F P (1_B |F_τ ))/P (F ), B ∈ F,

and Y_s = X_{τ +s}. Then by Lemma 3.3 Y, solves (MP)^{σ,γ}_{Y0} on (Ω, F, F^τ_t , P_1) with L(Y_0) = P (X_τ ∈ ·|F ) and satisfies (IntC) and (EnC). So by Proposition 1.12 if ~X_0 ∈ (C^+_{rap})^2 and ϱ = L(Y_0) then P [ E ( Y_t, ~X_0 )] = lim_{ϵ↓0} ∫ M_{f,e} ~P [ E ( μ, S_ϵ( ~X_t) )] ϱ(dμ) = ∫ M_{f,e} ∫ M_{f,e} E ( ν, ~X_0 ) P_t(μ, dν)ϱ(dμ) by (5.27) and Dominated Convergence. A monotone class argument again as in Lemma 6.2 of [5] shows that for any bounded Borel h : M_{f,e} → R

P_1 [h(Y_t)] = ∫ M_{f,e} ∫ M_{f,e} h(ν)P_t(μ, dν)ϱ(dμ) and so P (1_F P (h(X_{τ +t})|F_τ )) = P (1_F ∫ M_{f,e} h(ν)P_t(X_τ , dν)).

The required result follows for bounded stopping times, and the obvious truncation argument then gives the result for a.s. finite stopping times.

Remark 5.5 Lemma 5.4 completes the proof of Theorem 1.9(c).

Appendix

Lemma A.1 For any λ ∈ R and t > 0, set c_{A1}(t, λ) ≡ ∫ R^2 1 2πtσ^2 e −|y|^2/2tσ^2 e|λy| dy, Then, for any λ ∈ R and φ ∈ C_λ, we have S_tφ(x) ≤ c_{A1}(t, λ) |φ|_λ ϕ_λ(x), ∀x ∈ R^2, (A.1) and sup 0≤t≤T c_{A1}(t, λ) = c_{A1}(T, λ) < ∞, ∀T > 0. (A.2)

Proof (A.2) is obvious because e^{|λBt|} is a submartingale. We will prove (A.1) for λ ≥ 0. For a negative λ the proof is analogous. For λ ≥ 0, we have ∫ R^2 p_t(x − y)φ(y) dy = ∫ R^2 1 2πtσ^2 e −|x−y|^2/2tσ^2 φ(y) dy ≤ |φ|_λ ∫ R^2 1 2πtσ^2 e −|x−y|^2/2tσ^2 e−λ|y| dy = |φ|_λ e^{−λ|x|} ∫ R^2 1 2πtσ^2 e −|x−y|^2/2tσ^2 eλ|x|−λ|y| dy ≤ |φ|_λ ϕ_λ(x) ∫ R^2 1 2πtσ^2 e −|x−y|^2/2tσ^2 eλ|x−y| dy = |φ|_λ ϕ_λ(x) ∫ R^2 1 2πtσ^2 e −|y|^2/2tσ^2 eλ|y| dy,

and we are done by definition of c_{A1}(t, λ).

Lemma A.2 Assume φ ∈ C_λ for some λ ∈ R . Then, for any t > 0, there is a constant c_{A2}(t, λ) such that ∫ R^2

p_t(x − y_1)p_t(x − y_2)φ(x) dx ≤ c_{A2}(t, λ)t^{−1} |φ|_λ ϕ_{λ/2}(y_1)ϕ_{λ/2}(y_2), ∀y_1 , y_2 ∈ R^2.

Proof By the Holder inequality, we have ∫ R^2

p_t(x − y_1)p_t(x − y_2)φ(x) dx ≤ √∫ R^2

p_t(x − y_1)^2φ(x) dx √∫ R^2

p_t(x − y_2)^2φ(x) dx

= ct^{−1} √∫ R^2 p_{t/2}(x − y_1)φ(x) dx √∫ R^2 p_{t/2}(x − y_2)φ(x) dx ≤ c_{A2}(t, λ)t^{−1} |φ|_λ √ ϕ_λ(y_1)ϕ_λ(y_2)

where the last inequality follows by Lemma A.1.

Lemma A.3 For any λ, t > 0, set c_{A3}(t, λ) ≡ e^{2tσ2 λ2} , c_{A4}(t) = 1 2πtσ^2 . Then, for any μ ∈ M_{rap}, ∫ p_t(x − y)μ(dy) ≤ c_{A3}(t, λ)c_{A4}(t)ϕ_λ(x)μ(ϕ_{−λ}), ∀λ > 0, t > 0. (A.3)

If μ ∈ M_{tem} , then ∫ p_t(x − y)μ(dy) ≤ c_{A3}(t, λ)c_{A4}(t)ϕ_{−λ}(x)μ(ϕ_λ), ∀λ > 0, t > 0. (A.4)

Proof For any μ ∈ M_{rap} ∫ p_t(x − y)μ(dy) = 1 2πtσ^2 ∫ e^{− |x−y|} 2 2tσ2 μ(dy) = c_{A4}(t)ϕ_λ(x) ∫ e^{− |x−y|} 2−|x|λ2tσ2 2tσ2 μ(dy) ≤ c_{A4}(t)ϕ_λ(x) ∫ e^{λ2tσ} 2|y|+λ2(2tσ2)2 2tσ2 μ(dy) = c_{A3}(t, λ)c_{A4}(t)ϕ_λ(x) ∫ e^{λ|y|}μ(dy) where in the third line we used the trivial inequality a |x| − |x − y|^2 ≤ a |y| + a^2 for any a > 0. (A.3) follows and the proof of (A.4) goes along the same lines.

Corollary A.4 For any μ ∈ M_{rap}, λ > 0 and 0 < ϵ < T sup ϵ≤t≤T ∫ p_t(x − y)μ(dy) ≤ c_{A3}(T, λ)c_{A4}(ϵ)ϕ_λ(x)μ(ϕ_{−λ}). (A.5)

For any μ ∈ M_{tem}, λ > 0 and 0 < ϵ < T sup ϵ≤t≤T ∫ p_t(x − y)μ(dy) ≤ c_{A3}(T, λ)c_{A4}(ϵ)ϕ_{−λ}(x)μ(ϕ_λ). (A.6)

Proof Immediately from Lemma A.1.

Corollary A.5 For any ν ∈ M_{tem} and x ∈ R^2, t → S_tν(x) is continuous on (0, ∞). Proof By Corollary A.4 with μ(dy_1) = δ_y(dy_1), for any 0 < ϵ < T , λ > 0, sup ϵ≤t≤T p_t(x − y) ≤ c_{A3}(T, λ)c_{A4}(ϵ)ϕ_{−λ}(x)ϕ_λ(y) (A.7) = c_{A3}(T, λ)c_{A4}(ϵ)e^{λ|x|}e^{−λ|y|} and the result follows by Dominated Convergence since c_{A3}(T, λ)c_{A4}(ϵ)e^{λ|x|} ∫ R^2 e −λ|y|ν(dy) < ∞. References

[1] M. Barlow, S. Evans, and E. Perkins. Collision local times and measure-valued processes. Can.

J. Math., 43(5):897–938, 1991.

[2] D. Dawson. Measure-valued Processes. École d’été de Probabilités de Saint Flour, 1991. [3] D. Dawson, A. Etheridge, K. Fleischmann, L. Mytnik, E. Perkins, and J. Xiong. Mutually catalytic branching in the plane: finite measure states. Submitted, 2000.

[4] D. Dawson, A. Etheridge, K. Fleischmann, L. Mytnik, E. Perkins, and J. Xiong. Mutually catalytic branching in the plane: infinite measure states. Preprint., 2001.

[5] D. Dawson and E. Perkins. Long time behaviour and co-existence in a mutually catalytic branching model. The Annals of Probability, 26(3):1088–1138, 1998.

[6] P. Donnelly and T. Kurtz. Particle representations for measure-valued population models. The Annals of Probability, 27:166–205, 1999.

[7] S. N. Ethier and T. G. Kurtz. Markov Process: Characterization and Convergence. John Wiley and Sons, New York, 1986.

[8] S. Evans and E. Perkins. Collision local times, historical stochastic calculus, and competing superprocesses. Electronic Journal of Probability, 3:Paper no. 5, 1998.

[9] N. Konno and T. Shiga. Stochastic differential equations for some measure-valued diffusions.

Prob. Theory Rel. Fields, 79:201–225, 1988.

[10] P. Meyer. Un cours sur les intégrales stochastiques. In P. Meyer, editor, Séminaire de Probabilités, X, volume 511 of Lecture Notes in Mathematics, pages 245–400. Springer, Berlin, 1976.

[11] L. Mytnik. Superprocesses in random environments. The Annals of Probability, 24:1953–1978, 1996.

[12] L. Mytnik. Uniqueness for a mutually catalytic branching model. Probability Theory and Related Fields, 112(2):245–253, 1998.

[13] E. Perkins. Measure-valued branching diffusions with spatial interactions. Probability Theory and Related Fields, 94:189–245, 1992.

[14] E. Perkins. On the Martingale Problem for Interactive Measure-Valued Branching Diffusions.

Memoirs of the American Mathematical Society, 549, 1995.

[15] M. Reimers. One-dimensional stochastic partial differential equations and the branching measure diffusion. Prob. Theory Rel. Fields, 81:319–340, 1989.

[16] J. Walsh. An introduction to stochastic partial differential equations. Lecture Notes in Mathematics, 1180:265–439, 1986.

Donald A. Dawson School of Mathematics and Statistics, Carleton University, Ottawa, Canada K1S 5B6 E-mail address: ddawson@math.carleton.ca URL: http://www.fields.utoronto.ca/dawson.html

Klaus Fleischmann Weierstrass Institute for Applied Analysis and Stochastics, Mohrenstr. 39, D– 10117 Berlin, Germany E-mail address: fleischmann@wias-berlin.de URL: http://www.wias-berlin.de/~fleischm

Leonid Mytnik Faculty of Industrial Engineering and Management, Technion Israel Institute of Technology, Haifa 32000, Israel E-mail address: leonid@ie.technion.ac.il URL: http://ie.technion.ac.il/leonid.phtml

Ed Perkins The University of British Columbia, Department of Mathematics, 1984 Mathematics Road, Vancouver, B.C., Canada V6T 1Z2 E-mail address: perkins@math.ubc.ca URL: http://www.math.ubc.ca/~perkins/perkins.html

Jie Xiong University of Tennessee, Department of Mathematics, Knoxville, Tennessee 37996- 1300, USA E-mail address: jxiong@math.utk.edu URL: http://www.math.utk.edu/~jxiong/