STRONG CLUMPING OF SUPER-BROWNIAN MOTION
IN A STABLE CATALYTIC MEDIUM

By DONALD A. Dawson', KLAus FLEISCHMANN! AND PETER MORTERS®

Carleton University, Weierstrass Institute, and Universitat Kaiserslautern.

A typical feature of the long time behaviour of continuous super-Brownian motion in a stable
catalytic medium is the development of large mass clumps or clusters at spatially rare sites.
We describe this phenomenon by means of a functional limit law under renormalisation. The
limiting process is a Poisson point field of mass clumps with no spatial motion component
and with infinite variance. The mass of each cluster evolves independently according to a
continuous process trapped at mass zero, which we describe explicitly by means of a Brownian
snake construction in a random medium. We also determine the survival probability and
asymptotic size of the clumps.
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1. INTRODUCTION

1.1. Motivation. Models of particle movement and branching in random media have been
widely studied in the last twenty years. A class which received particular interest are models
of measure-valued processes where, heuristically speaking, the individual branching rates of the
moving particles depend on the amount of contact between the particle, called the reactant, and
a singular random medium, called the catalyst. In dimension one even very thin catalysts, for
example point catalysts, can be considered. A particularly natural choice of a catalytic medium
are stable random measures I' on R of index 0 < v < 1, which are the prototypes of a singular
catalyst with infinite asymptotic density, see formula (3) below, and [6, Subsections 1.3-1.4]
for further motivation for this choice of catalytic medium. A rather general one-dimensional
model combining super-stable motions of the reactant particles with possibly moving random
catalysts, covering the case of the stable medium I' was developed in [6, 7]. For an up-to-date
introduction to catalytic super-Brownian motion, we refer to [9].

Recent research on super-Brownian motion with a stable catalytic medium lead to several in-
teresting results; we restrict our attention to the case of a Brownian moving reactant, which
branches with finite variance in the presence of a non-moving stable catalyst in R. In this case,
starting from a finite initial mass, the compact support property was shown in [11], and finite
time extinction in [10], see [16] for a quick route. Already in [6], in the case of an infinite initial
measure, the long-term clumping behaviour of the reactant was exposed in a mass-time-space
rescaling limit theorem. It states that at a fixed macroscopic time ¢ the suitably mass-space-
rescaled clumps form a random measure with independent increments, see [6, Theorem 1.9.4].
But it could not be settled, see [6, p.251], whether or not the clumps are macroscopically spa-
tially isolated, that is whether the limiting measure is carried by a Poisson point field on R as
known in the constant medium case [5].

The main motivation for the present paper was to attack this problem. We show that in fact
the clumps are isolated, that is, the limiting measure is a homogeneous Poisson point field of
mass clumps, Theorem 1 (ii) below. This is achieved by a refinement of a method of good and
bad historical reactant paths, which was developed in [10] and goes back to [12, 15, 22].

Beyond this problem, we describe the mass of the rescaled clumps as a process in macroscopic
time. For this purpose we provide a functional limit approach, Theorem 1 (i) below, which shows
convergence of the rescaled processes on a path space of continuous measure-valued processes.
The time evolution of these masses is described in terms of exit measures of a Brownian snake in
a random medium with a motion process featuring the inverse of the collision local times of the
reactant paths with the medium, see Theorem 5 (ii) below. Whereas the clumps of the original
process have finite variance given the medium, this property is lost in the limit, a remarkable
property conjectured in [6, p.253]. In fact, the clump sizes of the limit have probability tails of
index 1 4+ v < 2, see Theorem 10 (iii) below. This is in contrast to the constant medium case
studied in [5] and due to the fact that the stable catalyst does not have locally finite expectations,
so that the atomic catalyst sizes are highly fluctuating. We also determine the (macroscopic)
survival probability of clumps, see Theorem 10 (ii).

A main tool for the functional limit theorem is the representation of both the catalytic super-
Brownian motion and the limit process in terms of exit measures of a Brownian snake in the
stable medium I'. The use of exit measures and subordination for the historical particles to
describe general branching mechanisms goes back to [1], though the present paper seems to be
the first instance where this approach is used to deal with the case of catalytic, space-dependent,
branching.



Revealing the even macroscopically isolated nature of the clumps embeds the present investiga-
tion in the realm of the concept of intermitiency. Roughly speaking, intermittency means in our
context that in the long time the catalytic superprocess exhibits a spatially extremely irregular
structure consisting of islands of high mass peaks, which are located at great distance from each
other. See for instance [17, 18] or [21] for other work in this direction.

1.2. Statement of the main results.

1.2.1. Super-Brownian motion in a stable catalytic medium: preliminaries. Let M(R) denote
the space of all locally finite measures on R, equipped with the vague topology generated by
the mappings ¢ — (u, ), for all ¢ : R — [0,00) continuous with compact support. Here and
throughout the paper we use both notations (u, p) and fR pdu to denote integrals. There is a
sequence {¢,: n € N} of such functions such that

(1) dlu,v) == 327" (s pn) = (v 0n)| A1), for v € M(R),
n=1

defines a metric, which makes M(R) Polish.

Define @ to be the set of all continuous functions ¢ : R — [0, c0) such that there are constants
a,b > 0 with o(z) < aexp(—bz?) for all z € R. For all measure-valued processes in this paper
we choose the state space to be the space of tempered measures

(2) Miem = Miem(R) = {u e M(R) : (u,p) < oo forall g € <I>}.

Note that in particular the Lebesgue measure £ belongs to Miem, . We let Myer € M(R) inherit
the vague topology of M(R).

Suppose that I' is a stable random measure on R of index 0 < v < 1, i.e. for every measurable
¢ : R —[0,00) we have

(3) E{exp(T', —¢)} = exp( - /Rt,o(a:)'y dw).

Almost surely, [ belongs to Men, . This follows from the fact that the integral on the right hand
side of (3) is always finite for ¢ € ®. Moreover, I' is almost surely a purely atomic measure with
atoms densely located in R.

The measure-valued processes under consideration may be considered as random variables with
values in the space C((0,00), Mtem) of continuous functions v : (0,00) — Mjiem, where for
topological reasons it is sometimes convenient to exclude the time ¢t = 0. We endow this space
with the topology of uniform convergence on compact intervals, which is induced by the metric

(4) d(p,v) = 22*” y sup  d(u(t),v(t), for p,v € C((0,00), Miem),
n—1 n<t<n

and is easily seen to be Polish.

Let X := X[I'] := {X; : ¢ > 0} denote the continuous super-Brownian motion in R in the cat-
alytic random medium I'. Throughout the paper we refer to probabilities and expectations with
respect to the random medium I' with letters P and E and to the probabilities and expectations
of the process with given medium T' by P'' and EI', sometimes with a subscript indicating the
starting measure. With this convention, for given I', the process X = X[I'| is the continuous,
time-homogeneous Markov process with Laplace transition functionals

(5) E {exp(Xy, —¢) | Xs = n} = exp(p, VL o), fort>s>0,



where yt € Miem, ¢ € @, and V' = {V'p(z):¢t>0, z € R} is the unique nonnegative
solution of the equation

t
6)  View) = Sw(y) - 2/0 ds /Rps(w —y) VLo (@)]” D(dz), fort>0,y R

Here p denotes the standard heat kernel in R, and S = {S; : ¢ > 0} the heat flow semigroup
defined by Sy (y) = [z pt(z — y)o(z) dz. The nonlinear semigroup VI = {V;' : ¢ > 0} operates
in ®. The interpretation of the process X as a process whose reactant particles branch at site
x € R with rate 2T'(dz) corresponds to the fact that, loosely speaking, given T', the function
v = V¢ solves the symbolic partial differential equation
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7 Lo=22
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Existence and uniqueness of nonnegative solutions V' of (6) were established in [7], X was
constructed as a Markov process in [6, Section 2], and its continuity follows from [8, Corollary 2
(p.257), Proposition 12 (p.230), and Theorem 1(b) (p.235)], even in a stronger topology. Note

also that in the case of a finite starting measure the total mass process | X|| := {[|Xy||: t >0}
is a continuous martingale [8, Proposition 3, p.236].

v —2Iv?, with initial condition U‘tzo = .

We stress the fact that we always use a quenched approach in dealing with the model X = X[I']
in the random medium I': First the catalyst I' is sampled, and then the reactant process X |I']
is run, given the catalyst I'. In particular, the law P! of the reactant is random, and the
randomness is inherited from the law P of T'.

1.2.2. Strong clumping of catalytic super-Brownian motion. Define the scaling indez

(8) n=(y+1)/(2vy)

and observe that this number is larger than 1. For every k£ > 0 we introduce the renormalised
measure-valued process X* = X*[] = {X} : t > 0} by

(9) XF(B) := k"X (k"B), for B C R Borel, t> 0.
The next theorem summarises the main results obtained before the present paper.

Theorem 0 (Results of [6, Theorem 1.9.4]).

(i) Convergence. Starting X = X|[I'] in the Lebesque measure Xog = £, for every fixed t there is
a random variable X{° defined on some probability space (Q, A, Py), which is independent
of the medium I', such that, in P—probability, the following weak convergence of probability
measures on Miem holds:

(10) lim P (XF € 0} =P (XP° c o).
ii) Characterization of the limit. For every bounded, measurable function ¢ : R — [0, 00) let
12
(11) Ulp={Uy ¢ (x): r>0, 2 € R}
be the nonnegative solution of the equation
! 2
(12 Uo) =Sew =2 [ ds [ =y U7 o @) o), forr >0,y ek

which is constructed in [7, Theorem 2.14]. Then the Laplace functional of X° satisfies
(13) E/{exp(— 0X{°(A))} = exp(— £(A) EU}6(0)), for A CR Borel, § > 0.



(iii) Properties of the limit. Py—almost surely, X;° is non-degenerate and has independent,
stationary increments. The scaling procedure is persistent in the sense that Ey X° = 4.

The important feature of this result is that the non-degenerate limit is obtained by a different,
stronger scaling as in the classical case of a constant medium [5], hence the qualitative nature
of the clumping behaviour is different.

Crucial questions about the spatial structure of the limit measures X/° were left open in [6]. A
question of particular interest in this realm was posed in [6, p.251]: the problem is whether or
not the X° are compound Poisson point fields on R, i.e. whether on the macroscopic level the
clumps are spatially separated. Our first main result answers this question in the affirmative.
Our second aim in this paper is to give a full description of the spatial and temporal evolution
of the field of clumps at a macroscopic level. This requires, as a first step, a functional limit
theorem. This question was not investigated in [6] and is particularly interesting, as the limit
process turns out to be non-Markovian and continuous. Here is the precise statement:

Theorem 1 (Main result). Let X be the continuous super-Brownian motion in the stable ran-
dom medium T started with Xy = £, and X¥ = XF[[] = {X}F : t > 0}, for k > 0, the
renormalised processes defined in (9).

(i) Functional limit theorem. In P-probability, the random laws of the renormalised processes
XFK[T) converge weakly on the function space C((0,00), Miem) as k 1 0o to the law of a
limit process X*° = {X° : t > 0} defined on some probability space (Q, A, Py), which is
independent of the sampled medium I, and is started in X§° = /.

(i) Compound Poisson structure. Let X be the limit process of part (i). Then, for each time
t > 0, the state X{° of the limit process is a compound Poisson point field, i.e. a random
discrete measure on R with atoms located in the points of a Poisson point field and with
independent identically distributed atomic weights. The temporal development of X°° is
as follows: Almost surely, the atoms do not move in space, no new atoms are born, but
each atom dies in finite time.

Remark 2 (The role of t =0). If Z = {Z; : ¢t > 0} is a random variable in C((0,00), Miem),
and Zj a random variable in Mgy, , we say that Z is started in Zy, provided that Z; converges
to Zy in law, as ¢ | 0. In the functional limit theorem we get convergence of the processes X*
started in X} = ¢ (to X* started in X$° = £). This requirement can be relaxed slightly but not
completely omitted (see Remark 15 below). Nevertheless it is possible to construct the process
X canonically for any starting measure X§° = 1 € Miem , see Theorem 5 or Corollary 9 below,
leaving open the question of sample path continuity of X°° at time ¢ = 0. Moreover, part (ii) of
the theorem holds for the process X°° started in any measure X§° = 1 € Myep, . &

Remark 3 (Continuous limit process). Note that convergence in our functional limit theorem
holds in the strong sense of convergence of laws on the space C ((0, oo),./\/ltem) of continuous
Miem (R)-valued paths. In particular, the limit process X is continuous on (0,00) as well. <&

1.2.3. The crossing property. An interesting path property of the unscaled process X, which
enters in the proof of the functional limit theorem and may be of independent interest, is the
following crossing property, which is reminiscent of the compact support property investigated
in [11]. For the precise formulation, denote by £ for a,b € R U {—o0,00} the restriction
of Lebesgue measure £ on R to the open interval (a,b). We show that for the catalytic super-
Brownian motion X started with £ ) the amount of total mass at a time which has travelled
across the origin to the nonpositive halfline is bounded in time.



Theorem 4 (Crossing property). Suppose that {X; : t > 0} is the catalytic super-Brownian
motion in the stable medium I' and Xo = £y ). Then, for P-almost every I,

(14) sup X; ((—00,0]) < oo, P'-almost surely.
>0

1.2.4. Snake representations of X and X*°. As a further major tool in the proof of Theorem 1
we construct representations of both the original process X and the limiting process X in
terms of exit measures of a Brownian snake in the stable medium I'. This makes the limit
process explicit and permits a comparison of the two processes X and X°°. As this is also of
independent interest, we present the results here.

The idea of using the path-valued process or Brownian snake to represent classical super-
Brownian motion is due to Le Gall and has since been generalised to various other types of
superprocesses. Bertoin, Le Gall and Le Jan have extended this technique to represent super-
processes with more general, but not space-dependent, branching mechanisms. Roughly speak-
ing, they use individual time-changes for each particle, which allow to pass from one branching
mechanism to a different one by subordination on the particle level. References are [19, 20] for
the first explicit snake construction and [1] for the extension.

In the present paper we extend this idea to our particular case of a space-dependent branching
mechanism — recall that in rough terms the branching rate at site z is given by 2T'(dz). To
formulate the result we briefly introduce the basic notation of the Brownian snake w = w[I'] in
our random medium case, and its excursion measures NL | both in the quenched situation of a
fixed sample I' of the random medium. More details can be found in Subsection 2.1 below.

To describe our approach, let us first look at a generic reactant particle, which moves along a
Brownian path W = {W(t) > 0} in R until its death. Of course, the motion process could
as well be described by the two-dimensional Markov process t — (t, W(t)) with phase space
D :=[0,00) x R. The branching of the reactant particle, however, is governed by its collision
local time Lp ) with the medium I', defined by

(15) Lip (1) = /RF(dy)Ly(r), for r > 0,

where r — LY(r) is the continuous local time of W at level y € R. L yy) is an nondecreasing
continuous additive functional of Brownian motion W. As the positions of the atoms of I" are
dense in R, it is easy to see that Ly is (strictly) increasing.

We use the continuous inverse function L[}IW
reactant particle on which its collision local time grows linearly. More precisely, instead of
t— (t, W(t)), we define a time-homogeneous continuous Markov process & := {{, : 7 > 0} with

values in D = [0,00) x R by

| of Ly to introduce a new time scale for the

(16) &r = (LEW](T), W o LEW} (r)), for r>0,

where W is a Brownian motion started in z. The first component of this process can be
interpreted as the new individual clock of the Brownian reactant particle, travelling in the
medium I', and the second component as its position along the new time scale. For all ¢ > 0,
define the first exit time

(17) mi=n(&) ==inf {r >0: & &[0,t) x R}



of the path ¢ from the domain D! := [0,#) x R. At time 7, the process £ is in the state (t, W(t)),
and the reactant particle has accumulated the collision local time

(18) Lpwi(t) =

and is placed in W (t). Less formally, a single generic reactant particle of X; may be represented
by a path ¢ stopped at the random time 7.

The Brownian snake can be interpreted as a natural parametrisation of the collection of all
reactant particles in the range of X, where each particle is represented by a stopped path. For
this purpose, define the set of stopped paths by

(19) P = {f € C([0,00), D) : there exists ¢ > 0 with f(r) = f(¢) for all r > g}.

With every f € P we can associate the lifetime ¢ = ((f), which is the minimal { > 0 such that
the path f is constant on [, 00). We equip ‘B with the following metric: for f, f' € P let (, ¢’
the associated lifetimes and

4

CAC
(20) o(f, f) :=\f(())—f’(())\+|§—<’|+/0 ( up \f(m)—f'(m)\m) du.

s
z€[0,u]
The Brownian snake w with start in (0,2) € D and motion process £ is a certain continuous
strong Markov process w : [0,00) — P whose state space is the set of all stopped paths f € B
with f(0) = (0,z). Brownian snakes with general Markov processes as motion process were
constructed in [1].

With every PB-valued Markov process we can associate the lifetime process ¢ : [0,00) — [0, 00)
defined by (s := ((ws). For the Brownian snake w, the lifetime process ( is by definition
a reflected Brownian motion. Moreover, given (, two paths ws, and wg,, s1 < s2, agree
up to time m := miny, ¢, and the two continuations {ws, (m +7r): 0 <r < (5, —m} and
{ws,(m+71):0<r <, —m} with fixed starting point ws, (m) = ws,(m) are independent
(see also Figure 1 below). Heuristically, if m = 0 the particles represented by ws, and wy,
belong to different families, whereas if m > 0 and s € [s1, so] satisfies (; = m, the path wy
represents the last common ancestor of wy, and ws, .

The constant path f € P given by f(r) = (0,z) for all » > 0 is a regular recurrent point for the
Markov process w. Indeed, this follows immediately from the fact that the lifetime process is
a reflected Brownian motion. Hence we can define N to be the suitably normalised ezcursion
measure of the Brownian snake w from the constant path f = (0,z); see e.g. [3] for the excursion
theory of Markov processes. Every sample of such an excursion from (0, x) is a continuous path-
valued function w : [0,0] — B for some finite 0 = o(w) > 0, the length of the excursion, such
that wy = w, is the constant path remaining in (0, ), and w; is not constant for all s € (0, 0).
Then N is a o-finite measure on the set

(21) 200 := {w € C([0,0],) : for some o > 0}

of path-valued functions. Although it is stretching the usual terminology a bit, we use the words
sample and process also in the case of the underlying non-probability measure NL .

With each excursion w : [0, 0] — P we can again associate the lifetime process ( : [0,0] — [0, 00)
by letting ¢, := ((ws), which under N. is a Brownian excursion from 0. Heuristically, an
excursion w represents the whole family tree of an reactant particle, which at time 0 is located
at .



Following [1] or [14], we can define, for every ¢t > 0, the exit local time at level t of an excursion
w € 20 as the process L'[w] := L' :={L! : s € [0,0]} such that
S

1
t._ gt 1
(22) Ls = Ls[w] = lalﬁ)lg 0 ]‘{Tt(wu)<cu <Tt(’u}u)+€} du’

for every s, NL —almost surely, where 7; is defined as in (17). The total exit local time at level t > 0
of an excursion w is L’ [w] := Lff[w} [w]. Note that the measure associated with the monotone

function s — L'[w] is supported by those s where 7;(ws) = (s and recall that exactly those
paths wy represent particles of X;. The exit measure at level t > 0 is the measure Z':= Z'[w]
on OD' := {t} x R defined by

(23) (Z'w], ) == /Oggo(ws(cs)) Lt (ds), for ¢ : D' — [0, 00) measurable,

where the integral is a Stieltjes integral with respect to the nondecreasing function s — Li[w].
Slightly abusing notation, for fixed ¢ > 0, we can identify D! with R, that is, we can consider
Z'w] and ¢ as a measure respectively function on R. Such identifications will often be used in the
following. The measure Z'[w] can be interpreted as the spatial distribution of the descendants
at time t of a reactant particle, which at time 0 is located as x. The quantity L [w] describes
the mass of the totally produced reactant progeny of this particle at time ¢.

We now have the means to describe both X and X in terms of the excursion measures N .
In the case of a measure p € Myey different from Lebesgue measure, (27) below should be
understood as the natural definition of X* with X§° = p.

Theorem 5 (Snake representations). Let p € Miem be an arbitrary starting measure.

(i) Representation of X. Given I', let II = II[I'] be a Poisson point field on the space 20 x R
with intensity measure © = w[['] defined by

(24) 7(dw dz) = /R N, (dw) ® 6, (dz) p(dy).

Then, for P—almost all T, the superprocess X = X[I'] with Xo = p can be represented as

(25) (i) = [ (2wl o) ldw x B)
WxR
for allt >0 and ¢ : R — [0,00) measurable.
(ii) Representation of X°°. Let TI*° be a Poisson point field on 20 x R with intensity measure

(26) 7 (dw d) = /M Ny (dw) P(dY)) @ ju(d).

tem

Then the limit process X with X§° = p has the representation
27) () = [ Ltfwlpla) I (dwdo),
W xR

for allt >0 and ¢ : R — [0,00) measurable.

Remark 6 (Only dependence on the marginal measure). Note that only the marginal mea-
sures II(dw x R) enter in the representation (25). We have included the space coordinate into
the definition of the Poisson point field II in order to simplify a comparison of the intensity
measures (24) and (26). O



Remark 7 (Continuous versions of Z[w] and L,|[w]). As the process X has a continuous ver-
sion, there is a continuous version of the process Zw| = {Zt[w] > 0} of exit measures as
well. We may henceforth assume that Z[w] under N} is this continuous version. Similarly, from
the continuity of the total mass process || X|| in the case of a finite starting measure, we can see
that also the process L,[w] = {L%[w]: t > 0} has a continuous version, which we henceforth
use. <

Remark 8 (A finiteness property). From the representation (27) it can be seen easily, that X >°
has the compound Poisson structure stated in Theorem 1 (ii) if and only if the intensity measure
7 in (26) satisfies

(28) / Ny {w: Li[w] > 0} P(dY) < 0o, for ¢ > 0.
Mem

This finiteness property of w°° implies that after an arbitrarily small, positive amount ¢ of
macroscopic time, locally only finitely many macroscopic clumps exist. Moreover, together with
the continuity of L,[w] this also implies the continuity of X in the representation (27). &

The snake representations enable us to make a comparison of X and X°°, and, moreover, draw a
revealing heuristic picture of the limit process X°°. For both processes, mass is initially spread
on R according to p. In the case of the original process X, starting from each infinitesimal small
mass point p(dx) a potential family of reactant particle is evolving, whereas in the case of the
limit process X at each infinitesimal small mass point p(dz) a potential macroscopic clump
can be created. After an arbitrarily small, positive amount of time locally only finitely many
families of X survive and, similarly, after an arbitrarily small, positive amount of macroscopic
time locally only finitely macroscopic clumps survive in X°°. The further development of the
total mass of the offspring progeny of any reactant particle in X or of any macroscopic clump
in X is in both cases governed by the laws of ¢ — L! [w] under the excursion measure N} in
the random medium I'.

There are however a number of significant differences:

e In X each particle family uses the excursion measures N for the same sample I' (though
around different places z). The clumps of X however are based on the samples w of
the measure ENJ (dw) which is independent of the position z of the clump and of the
medium sample I'. For each individual clump the sample w is in fact the result of a two
stage experiment: First T is sampled with the law P of the stable medium, and then w is
sampled according to the law NJ (dw).

e Whereas the reactant particle families of X have a spatial spread and their motion com-
ponent is visible, this is not the case with the clumps of X°°. Macroscopic clumps are
mass points, which remain at their original spatial position, only their mass is variable.
Indeed, whereas the full measure Z'[w] enters into (25), only L![w] enters into formula
(27) and the spatial structure of Z![w] is suppressed. This in particular leads to the loss of
the Markov property in the limit process X*°. Heuristically speaking, the clumps have a
hidden micro-life, governing the branching behaviour, but invisible from the outside, since
the excursion measure Ni in the random medium Y is used in the annealed sense ENY
only.

From the representation (27) of the limit process X*°, we easily get the Laplace functionals of
its finite dimensional marginals — note that the result is consistent with the representation of
the one-dimensional marginals mentioned already in (13).



Corollary 9 (Finite dimensional distributions). The finite dimensional marginals of the limit
process X with starting measure X§° = u, defined on a probability space (2, A, P,), are deter-
mined by

20 Bufex( - 20w} = e~ [ B0 e o) 0 pan),
=1

for 0 <t < ... <t, and measurable p1,...,p, : R — [0,00) for n > 1. Here Ug[al] =
U} ay is taken from (12) with constant function ¢ = ay >0, and U}, [a1,...,a,] is defined
inductively: for n > 2,

(30) UtIl‘:---ytn [al’ Tt ’an] = UtIi |:0,1 - UtI;*tly...,tnftl [a’Qa s aa'n] )

forall 0<t; <...<t, and ay,...,a, > 0.

1.2.5. Further properties of the limit process X°°. To round out the picture of the limit model
we describe the major indices related to the survival probability and the tail behaviour of the
mass clumps on the macroscopic level. Recall the index vy € (0,1) of our stable medium T", and
the scaling index 7 introduced in (8).

Theorem 10 (Properties of the limit process X°). Let X be the limit process started in £.
(i) Self-similarity. X satisfies, for every k > 0,
X7°(B) = k7"XZ (K"B) in distribution, for t >0 and B C R Borel.

(ii) Survival probability. The ratio of the intensities A(t) and \(s) of the Poisson point fields
carrying the clumps at various macroscopic times t > s > 0, respectively, satisfies

A(s)/A®) = (t/5)".

Hence, denoting by 1s(t) the mass at the macroscopic time t of a clump at time s, the
survival probability of 1s(t) is given by

Py {Js(t) > 0} = (s/t)", forall t>s>0.

Moreover, we have, for all t > s > 0,

Ji(t) = (E)njs(s) in distribution.

S

(iii) Clump size tails. The tail behaviour of the clump size 1(t) is governed by
P {Ji(t) > a} ~ 104D =771 45 a1 oo.

Here =~ means that the ratio of the quantities involved is bounded away from zero and
infinity as a1 oo by constants independent of t > 0.

Remark 11 (Infinite variance). It is quite remarkable, that the clump size is heavy-tailed, in
particular it has infinite variance. The latter fact was conjectured in [6, Subsection 1.14]. <

Remark 12 (Open problem). Note that the intensity A(¢) of the carrying Poisson point field
at time ¢ > 0 occurring in (ii) is positive, but it is open to determine its exact value. &
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1.3. Outline of the paper. Here we indicate the further structure of the paper, give a guideline
to where various parts of the proofs can be found, and briefly review the main methods of proof.

Section 2 is devoted to those aspects of the paper related to the Brownian snake construction
in a random medium. In Subsection 2.1 we establish the Brownian snake representation of
super-Brownian motion X in the catalytic medium I" [Theorem 5 (i)]. Subsection 2.2 contains
the proofs of the Laplace functionals in Corollary 9 and the description of X in Theorem 1 (ii),
which both rely on the definition of X in terms of its snake representation [Theorem 5 (ii)].
Both snake representations are used in Subsection 2.3, together with Birkhoff’s individual ergodic
theorem, to prove the functional limit theorem. The proof also relies on two further steps of
independent interest, whose proofs are deferred to Section 3: the finiteness property (28) of the
intensity measure 7°°, and the crossing property, Theorem 4.

Section 3 concerns the aspects of proof related to the method of good and bad paths. In
Subsections 3.1 and 3.2 we formulate a quantitative extension of this method. The key step is
to give an upper bound on the survival probability of the catalytic super-Brownian motion with
a finite starting mass in terms of a quantitative characteristic of the random medium I'. This is
then applied in Subsection 3.3 to prove the crossing property and in 3.4 to verify the finiteness
statement (28) and thus derive the compound Poisson structure of the limit process X*°. We
also like to point out that our approach to the method of good and bad paths (other than the
approach of [10]) does not rely on the compact support property of catalytic super-Brownian
motion established in [11], and conversely seems to be a good starting point for an independent,
new probabilistic proof of the compact support property.

Section 4 deals with the more analytical proof techniques. We first investigate the time evolution
of the mass of the clumps in our limit model. The calculations of the Poisson intensities and
survival probabilities stated in Theorem 10 exploit the natural scaling invariance of the limit
process together with the Poisson carrier structure, see Subsection 4.1. The calculation of the
tail behaviour in Theorem 10 is based on a Feynman-Kac representation of the solutions of
the log-Laplace equation (6), provided in Subsection 4.2 and a simple version of the Tauberian
Theorem of Bingham and Doney [2, Theorem 8.16].

2. THE BROWNIAN SNAKE APPROACH IN THE CASE OF A CATALYTIC MEDIUM

In this section we prove the snake representations, Theorem 5, and the functional limit theorem,
Theorem 1 (i).

2.1. The Brownian snake representation of catalytic super-Brownian motion. We
now formalize the construction of the Brownian snake and verify the snake representation of X,
Theorem 5 (i).

As announced, we first take a fixed sample of the catalytic medium I'. Recall that L[}IW] denotes

the inverse function of the collision local time Lip i of a Brownian path W with T, which was
introduced in (15).

The continuous time-homogeneous Markov process £ = {&. : 7 > 0} on D = [0,00) x R with
start in (a,z) € D is defined by

(31) & = (a + L[}‘{W} (r),Wo L[}{w} (T))v for r >0,

where W' is a Brownian motion started in z € R. Let P, ) denote the law of { started at time
t = 0in (a,z) and, for b > 0, denote by P(’; 1) the law of the related stopped paths {5, : 7 > 0}.

11



We now briefly describe the definition of the Brownian snake with motion process &, following
the construction of the Brownian snake for an arbitrary continuous Markovian motion process
in [20]. Consider a stopped path f € P with lifetime {(f) > 0 and such that f(0) = (0,z) as
introduced around (19).

If 0<a<({(f)andb>a we define Q,;(f, df) to be the unique probability measure on 3 such
that

o Quu(f,df)-almost surely f(r) = f(r), for all r € [0, q],

o the law under Qg 4(f,df) of {f(a +r): r >0} is the law of {& : 7 > 0} under P}’(_a‘)‘.

This transition can be thought of as follows. From its endpoint ((f), the path f is erased
backwards in the original time until the absolute time a, and then renewed according to the
random motion process &, but stopped at the absolute time b. In particular, Qo;(f,df) =
P(bo,:z;) (df). By convention we also let Qg (z,df) := P(bo,:z;) (df).

The parameters a,b entering into the transition laws Q,; are used to control erasing and re-
newal of the paths. In snake constructions, these parameters are determined continuously by
a stochastic process, for the Brownian snake this role is played by a reflected Brownian mo-
tion. To be more precise, for r,s > 0, denote by ¥} (dadb) the joint distribution of the pair
(mingepo,s) |Bsl, |Bs|), where B = {B; : t > 0} is a Brownian motion on R with By = r. Note
that 97{(a,b) € [0,7] x R: a < b} =1.

The Brownian snake with motion process & and start in (0,z) is defined to be the time-
homogeneous continuous strong Markov process w = {w; : s > 0} whose transition kernels
are given by

(32) Qu(f.df) = /0 b /0 98 (dadb) Quy(f, df), for s> 0 and f € F with £(0) = (0,2),

see [1, Proposition 5]. Recall that the lifetime process ¢ = {(s: s > 0} is defined by (s = ((ws).
Under the law of w determined by the transition kernels Qg , s > 0, the lifetime process ( is a
reflected Brownian motion, just by construction.

To interpret the dynamics of the snake w, observe that if s; < sy the path ws, is obtained from
ws, by erasing from its endpoint (5, down to the absolute time m := minf, ;1 ¢ and adding an
independent tip of length (s, —m at the end. Figure 1 tries to visualise this. The paths wy,
and wg, , which are stopped versions of £, have to be chosen to be identical on the time interval
[0,m] (indicated by the thick lines), but to be independent of the intervals [m, (s,] and [m, s,],
respectively, except the common starting point ws, (m) = ws, (m). In particular, if m = 0, a new
path is created, starting again in (0, ). In this case the paths do not have a common part, which
means that the reactant particles they represent do not have a common ancestor. This can also
interpreted in the sense that the excursions from (0, z) of the Markov process w correspond to
different families of particles.

To be more precise, note that the constant path (0, ) is a regular recurrent point of the Markov
process w. Denote by NL the excursion measure NL of w from this path, which is a o-finite
measure on the space 20 defined in (21). Again we can associate with every excursion w: [0, 0] —
P a lifetime process ((w) := ¢ := {{s: s €[0,0]}. Observe that under the measure N. the
process ( is a Brownian excursion. Under N}, every excursion w : [0,0] — B has a finite life

length o(w) = o > 0, and (5 > 0 on (0,0). As usual, N} is normalised such that

1
33 ND = —.
(33 H{ s 6> e} =5
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FIGURE 1. Erasing the path ws, to renew it to ws,

At this point it is worth looking back at the definition of the intensity measures = = 7[I'] and
7 in (24) respectively (26) and noting that (33) implies that both are in fact o-finite measures,
as needed for the definition of the Poisson point fields.

Proof of Theorem 5 (i). Recall that a sample I is fixed. For each measure y € Mey, we consider
a Poisson point field IT with intensity measure 7 as in (24), defined on some probability space
(Q, A, IPE) We have to verify that the process X defined on this space by (25) is indeed a
catalytic super-Brownian motion in the medium I', started in pu.

For p e ®,t >0, and x € R, using pu = 0, let

(34) Urp (z) := Ej, {exp(Xy, —p)}.
It suffices to verify the following two points:

(a) Up:={Uyp(z): t >0, z € R} defines a nonnegative solution of equation (6).
(b) Forall0 <h <tand ¢ € P,

B {exp(Xi, ) | Xu, w < b} = exp(Us np,— X0,

Fix ¢ € ® and ¢ > 0 for the remaining proof. In order to give the proof of (a) we need the
following facts concerning the exit measures Z'[w] of (23) under the excursion measures, see [1,
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Proposition 6]. For z € R and 0 < s < ¢, define
(35) u(s,x) = / N (dw) (1 — exp <Zt75[w], —<,0>>,
200
then u; satisfies the equation
Tt
2
(36)  w(0,2) = Bom{e(én) (neo}} — 2B 0] /0 [w(€))” ds}, for o€ R

with 7, = 74(£) from (17), using &, € D' = {t} x R and again the identification of D' and
R. On the other hand, by the Laplace functional formula for Poisson point fields, from (34) and
(25) we have

(37) Uy () = /w N (dw) (1 exp (2l ~))-
Consequently, us(s,x) = Up—sp (). Then (35) and (36) show that
(38) Urp (IL‘) = E(U,I){(p(£7t)1{Tt<OO}} - 212(0,9[:){ /OTt [ut(ﬁs)]2 ds}'

Recalling that £ with law P ;) can by definition be expressed by a Brownian motion W starting
at time 0 from x, whose law we denote by Py, and that at time 7z = Lir y)(t) the process ¢ is
in the state (¢, W (t)), which is identified with W (t), formula line (38) can be rewritten as

Usp (z) = €0 {0 (W ()} _250,1;{ /0 e U, (S)QD(WOL[—F{W](S))rds}.

[T, W]

We now substitute s for L[}lw}(s) in the second summand. Thus

t
2
(39) Ui () = €0 Lo (W (O)} - 2600{ [ (Vs WO dLiran(s)}
But this is a probabilistic representation of (6), that is, we have proved (a).

Now we give the proof of (b). Recall that ¢ > 0 and ¢ € ® are fixed. By the definition
(25) of X, it obeys the branching property, hence it clearly suffices to consider finite starting
measures 4. The main ingredient is the special Markov property of the exit measures Z![w] of
the Brownian snake w with respect to its recursion measures NI . Instead of giving the most
general statement of this property, we just quote the special case we need, which follows directly
from the formulation in [1, Proposition 7]. In our case, the special Markov property states that,
forall0 < h <tand z € R,

I\ {exp( - (Zt,<p>) ‘ Z% u < h}

(40) :exp[— /R Zh(dz) /mNg(dw)(l—exp<Zth[w],—ap})].

By (37) and (34), the right hand side of (40) equals exp(Z", U} ,¢), and we infer that with
respect to NI the conditional distribution of (Z¢, ) given {Z% : u < h} is equal to the dis-
tribution of (X;_j,,¢) for the starting measure Z". Now (X;,¢) can be written as the sum
of a Poissonian number of random variables (Z!,¢), where Z; are independent with distribu-
tion [ NL{Z[w] € o | Z"[w] # 0} u(dz). Hence, the conditional distribution of (X;,¢) given
{Xu,u < h} is the sum of independent samples of (X; ,,p) with starting measures adding
up to X, . Hence (b) follows from the branching property, and this finishes the proof of Theo-
rem 5 (i). O
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2.2. The Brownian snake representation of the limit process. We now assume that
an arbitrary starting measure p € Mo, is fixed and a Poisson point field II° with intensity
measure 7> as in (26) is defined on a probability space (€2, A4,P,). Recall from (33) that 7
is o-finite and hence the Poisson point field is well-defined. We define the process X*° on this
space by (27). In this subsection we show, using results of Section 3 below, that this process
has the properties claimed in Theorem 1 (ii) and Corollary 9. The proof of the convergence
X* — X is deferred to Subsection 2.3 below, which then completes the proof of Theorem
5 (ii).

Proof of Corollary 9. Consider pu, t1,... ,t, and @1, ... , @, as in the corollary. By the definition
(27) of X*°, recalling the formula for the Laplace functional of a Poisson point field,

B, {exp( - i(xg,%))} =B, {exp( - /w S L ] s () T (o dz))}

xR i=1

=1
(41) =exp( /R /M /w(exp(—fjmwm(x))—1)N§(dw>P(dT)u(dx>).
tem i=1

The total mass process of {X; : ¢ > 0} started in a finite measure Xy = v has, as is easily seen
by induction using (5), the Laplace transform

(42) E {exp(_zn:cinxtiu)} = exp(—/RUthn[cl,... eal (2) v(d2))

with Utrl,...,tn [c1,... ,¢q] from (30). On the other hand, by the snake representation (25) of X,
this Laplace transform can also be written as

43) B {exp( - iciHXtiH)} - exp(/R/m] (exp( - iciLfﬁ[w]) )N (dw)u(dm)).

=

Comparing (42) and (43) as well as taking expectations with respect to the medium I,
n

(44) E/R/m (exp(—ZciLfﬁ[w]) —1) N (dw) v(dz) = —/REUEI,.“,%[Q,...  cn] (2) v(dz).

=1
Specializing to v = §y gives

w [ (exp(~ YLl ful) — 1) NF (dw) PY) = UL, [en,-.. scu] O).
tem i=1

Plugging this into (41) yields the formula stated in Corollary 9. O
Proof of Theorem 1 (ii) [subject to the proof of (28), which will be given in Section 3 below.]
We still allow an arbitrary starting measure p, cf. Remark 2. From the definition (27) of X*°
in terms of the Poisson point field II*° it is clear that, for every ¢ > 0, the measure X7° is
supported by the points of a Poisson point field on R with intensity measure

(46) (/M N{ {w: L[] > 0} P(Y)) p(ds).

By the finiteness property (28) the factor in front of the measure p is finite, say ¢ > 0. Moreover,
the masses of the atoms at these locations are independent with common distribution
1

(47) - /M Ny {LL[w] € ¢ } P(dY).
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This establishes the compound Poisson property.

Suppose that I C R is a bounded interval and ¢ > 0. Again by (28), P,~almost surely, the point
field II* restricted to the set {(w, r) €WxTI: LL[w] > 0} is supported by finitely many points
in 0 x I, say

(48) (w1, 1), s (Wnyxy), with 77 <... <z

For every s > t, the measure X° is supported by the set {z; : 1 <i <mn, L$[w;] > 0}. Hence
atoms cannot move in space. To show that no new atoms can be born it would suffice to show
that zero is an absorbing state for the process s — L3 [w;]. However, it is easier to argue via the
Laplace transform of Corollary 9. Indeed, for all s,t > 0,

(49)  Pu{X{°(1) = 0} = limexp(—pu(I) EU; 6(0)) = lim exp(—p(1) EUL [6 + U, 6] (0))
=P, {X{°(I) = 0 and X2, (I) = 0}

since 0 < Ur'# < 6 and by monotonicity. This shows that zero is an absorbing state for
t — X°(I) and hence also for ¢ — L! [w].

Finally, for the proof that macroscopic clumps have almost surely finite lifetime, it suffices to
show that, for every bounded interval I,

. . . r
(50) Jim P.{X>()=0}= Jim ngglo exp(—p(I)EU; 6 (0)) = 1.
This does not depend on the starting measure u, so that we can assume p = £. In this case the
result follows directly from the stronger statement Py {I,(t) >0} = (s/t)", which we prove in
Subsection 4.1 below. O

2.3. The functional limit theorem. In this section we prove the weak convergence in
P-probability of the random distributions of X*[I'], as k 1 oo, which was claimed in Theo-
rem 1 (i). For this purpose we also rescale the catalytic medium, but with a different spatial
scaling, namely

(51) (o) := kY0 ( e /VE) for k> 0.

But note that by self-similarity the rescaled stable medium I'* has the same distribution as I
Our strategy is to look at the distributions of the renormalised process X*[I'*] = {XF[I'*]: ¢ >
0} with changing medium I'* (instead of I'), and show, using the representation of Theorem 5 (i),
P-almost surely(!) the weak convergence of the random distributions of X*[T'¥]. This clearly
implies weak convergence in P—probability of the random distributions of the rescaled processes
X[ in the unscaled medium.

We start by looking at the case of the constant test function p = 1. i.e. at the total mass process
t = || XF|l, and start X with the restricted Lebesgue measure, X¥ = Ciap) for a < breal. The
following proposition is the core of our proof of the functional limit theorem. We equip the
space C'((0,00), R) with the Polish topology of uniform convergence on compact intervals, which
matches the earlier definition of the topology on C((0,00), Miem)-

Proposition 13 (Total mass process). Fiz real numbers a < b.

(i) Convergence. P-almost surely, the random laws of the renormalised total mass processes
| X*R)| = {IXFT* : ¢t >0} with XE[T*] = Loy converge weakly on the path space
C((O, oo),R) as k1 oo to the law of a limit process {X°(a,b) : t > 0}.
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(ii) Identification of the limit. Let Hgf’b be a Poisson point field on 20 with intensity measure

7% (dw) = (b—a) /M N (dw) P(dT).

Then the limit process satisfies
(52) Xpo(ab) = [ Ll I3(dw). fort >0,
in particular, it is independent of the medium T'.

Proof. Fix a < b. To begin with, we infer from (33) that Top 18 o-finite and hence the Poisson
point field I is well-defined. We can thus assume that the process X*°(a,b) := {X°(a,b) :
t >0} is defined by (52), and our aim is to show that P—almost surely the processes HX'“[F’“]H
with X5[*] = £(a,p) converge in law on C((0,00),R) to X*°(a,b) as k 1 co.

The first step is to derive a representation of HX k[Fk]H as a k-independent functional of a
Poisson point field, with k-dependent intensity measure. To do this fix £ > 0 and the medium

I' throughout the first step. From the Brownian snake representation of Theorem 5 (i) we infer
that

(53) |XHTH) = & /w LHw] TT(dw), for t >0,

where IT = II[T*] is a Poisson point field on 20 with intensity measure |, kk,,n; NL* dz. As the total
exit local time L*[w] of a snake excursion w does not depend on the second component of the
motion process £, we can equivalently use the intensity measure

kb z 1k
(54) / NI d.
k"a

We now show that

(55) the distributions of {k*"L’;t[w] : t >0} under NUTEF’C and
55 !
of {Lf,[w] St > 0} under k_”NOTENkF coincide.

Indeed, a Brownian scaling of time and space yields for the collision local times

(56) L[F’“,:IH»W}(kt) = IfﬂL[ for t > 0,

T,z /VE+Wk]| ®);

where W* is defined by W} = (1/vVk )Wy, for t > 0. We now define a scaling 20 — 20 mapping
w to w¥ in such a way that

e the lifetime process ¢* of w¥ is given by r — ¢¥ = k™"¢420,,
e the motion process of w* is &¥ given as

(57) regf = (o [ Whe Ll | (1))

[0, e/vE+Wk [0, 2/vE+WE

Hence, if w has the distribution NZ™ T*then w* has the distribution k‘”NOTmNEF. Note that
o(w*) = kg (w) is the length of the excursion w*. For the stopping times 7; we obtain from
the formula lines (56), (57) and (18) the relation

(58) Tre(wy) = k7 (wh_s,,,), for all u € [0,0], t >0, w € 2.
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Looking at the total exit local times L’(f_iw) [w] and using (22) and (58) and substitutions v =

k=21 and 6 = k"¢ gives, for all t > 0,

kt
LO’(’LU)[ ]_],-glﬁ]l / {Tkt Wy <Cu<7’kt ’LUu +E}du
_lgli{]lg/ {knTt wk m, )< Cu < kn'rt(wk 2, )+5} du
k=g
2 .
= k" lé_lg)l g 0 1{Tt(w1]f)< k=n¢(k?Mv) <Tt(w1’f)+k—ns} dv
1 a(wk) . .
(59) = k" %lﬁ)lg 0 1{Tt(w’1§)<ck( ) < Te(wk) +5} dv = kﬂLtr( )[ ]
Hence, (55) is proved, and from (53) and (55) we get the representation
(60) | X = /m] L4 [w] T (dw), for ¢ > 0,
where H’;’b = H’g’b[F] is a Poisson point field on 20 with intensity measure
(61) may=may [l :=k" "/ NI Fdx:k”/ NI T da,
k"a kPa

with p:=n —1/2 > 0. This finishes the first step in the proof.

Comparing (52) and (60) we note that || X*[I'"*]|| and the right hand side in (52) are defined by
the same functional of a Poisson point field on 20, of course with different intensity measures.
To do the second step in the proof and show that P-almost surely the processes HX k[Fk]H
converge in law on C((0,00),R) to X*°(a,b), one has to show, by definition of the topol-
ogy on C ((0,00),R), that for every compact set I C (0,00), P—almost surely, the pro-
cesses {|| XF[[¥])||: t € I} converge in law on the space C(I,R) with the uniform topology to
{X°(a,b) : t € I}. Clearly, it suffices to show this for compact sets of the form I = [1/n,n], so
fix an arbitrary positive integer n.

Abbreviate Cy, := C([1/n,n],R) and, for w € 20, let L,[w] € C), denote the function defined
by Ln[w](s) := Li[w] for all s € [1/n,n]. By Birkhoff’s Individual Ergodic Theorem applied
to the group of spatial shifts acting ergodically on the stable random measure I' we obtain, for
each measurable F' : C}, — [0,00), P—almost surely,

kPb
(62) lim k7 /k / w])) NIV (dw) dz = (b — a) /M P(dY) /mF(Ln[w]) Ny (dw).

kToo

Define random measures u; on C;, by

kPb
(63) =k~ ”/ / 15\ 0} (L n[w]) N&“ T (dw) dz, for B C C,, Borel.
kPa

Define, similarly, a measure 1 on C), by
(64) 1(B) := (b —a) / P(dY) / 15\ (0} (Ln[w]) Ny (dw), for B C C,, Borel.
Mtem 2

Note that, by (28), ur and p are finite measures since we did not allow them to have mass at
the zero function in C, .
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As the space C), is Polish, there is a countable family {F} : C), = [0,00) : k > 1} of continuous
and bounded functions, which are convergence determining for the weak convergence of finite
measures on Cp,. This fact together with (62) implies that P-almost surely the measures py,
converge weakly to the measure y on C,.

Formula lines (60) and (61) together state that || X*[T¥]|| = {||IXF[T¥]|| : ¢ € [1/n,n]} is equal
in law to the sum of all functions in C,, in the support of a Poisson point field with intensity
measure i . By the finiteness of 4 and elementary properties of Poisson point fields we infer that
P—almost surely this sum converges in distribution to the sum of all functions in the support
of a Poisson point field in ), with intensity measure p. In other words, P—almost surely, in
distribution on the space C, with the topology of uniform convergence,

(65) lim || X*[Dy)|| = im [ Ly [w] IE (dw) = / Lin[w] TIZ5, (duw).

koo ktoo Jop ’ o ’
This finishes the proof of the second step and thus proves the statements (i) and (ii) in the
proposition. ]

In order to be able to deal with the real-valued processes t — Xf(a, b), started in Xy = £, we use
the crossing property, Theorem 4 (which is proved in Section 3 below) to derive the following
corollary.

Corollary 14 (No mass transport on macroscopic scales). Let (a,b) be a bounded interval and
consider the rescaled processes {X[ : t > 0} with X(’f = Y(_o0,a) OT Xé“ = Lp,o0)- Then, in
P-probability, the processes {Xf(a,b) Dt > 0} conwverge in distribution on C((O,oo),R) to the
zero function as k 1T 00.

Proof. By translation and (if needed) reflection, we see that it is equivalent to show that, in
P—probability, the processes

(66) {XF(a—1b,0):t>0}, for Xo = {1,
converge in distribution on C'((0,00),R) to the zero function. Now observe that

(67) sup X7 (a —b,0) = sup k "Xy, (k"(a —b),0) <k "sup X;(—o0,0] — 0,
>0 >0 >0 ktoo

P'-almost surely, for P-almost all I, by Theorem 4. This finishes the proof. O

We now have the means to complete the proof of Theorem 1 subject to the proof of the crossing
property, Theorem 4, and the finite mass property (28). We start the processes X in Xy =/
and show the convergence of the rescaled processes X* to the process X defined by (27) with
starting mass X;° = /.

Let again @ < b. Given T', by the branching property, {XF(a,b) : ¢t > 0} is the sum
of independent processes started in X§ = Ciapys Liboo) and £ 4). Combining the to-
tal mass convergence, Proposition 13 (i), and Corollary 14 we see that, in P-probability,
the processes { X[ (a,b) : t > 0} converge in distribution on C((0,00),R) to the limit process
{Xfo(a, b): t> 0}, which is described in Proposition 13 (ii) and coincides, of course, with the
limit process applied to the interval (a,b).

It remains to lift the result from the indicator functions 1(,; to any continuous function
p: R — [0,00) with bounded support, say the support is contained in (a,b). Let § > 0. We
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choose step functions (i.e. linear combinations of indicator functions on bounded, open intervals)
g,h: (a,b) = [0,00) with h < p < g and ||g — h||cc < . Then, for all positive integers n,

(68) sup  (X7,h) < sup (XP,p) < sup  (X[,g).
1/n<t<n 1/n<t<n 1/n<t<n

In P-probability, the left and right hand side as well as sup; /, <;<, (XF,g —h) converge in
distribution as k£ 1 oo to -

(69) sup (X[, h) < sup (X/°,9) and sup (X[°,g — h), respectively.
1/n<t<n 1/n<t<n 1/n<t<n

Moreover, the latter term is bounded by & sup;/, <4<, Xi°(a,b). As, by Proposition 13 (i), the
process X°°(a,b) has almost surely continuous paths, this can be made arbitrarily small by
choice of §. Recalling the definition of the metric from (1), we see that this implies convergence
of the processes X* on C((O, 00), M(R)) . But the states of the limit process are again in Miep, ,
because

(70) E(X[°,0) = (¢, @) < oo, forall p € ® and t > 0,
recall Theorem 0 (iii), and path continuity. This finishes the proof. O

Remark 15 (Other starting measures). It is possible to start the process X with k—dependent
initial measures Xy = u*) on R such that Xt = p, where p is a sufficiently diffuse measure in
Miem . For example it is sufficient to require that x4 has a continuous density g with the property
that, for some constants a,b > 0,

o0 xT
(71) lim [ |g(y) —a|dy = lim lg(y) —b| dy = 0.
ztoo Ju zl—00 | _
To show this, observe that one can extend the convergence easily from the case X(’f =/ to
Xk = £(4,p) - By uniform approximation from above and below one can then get convergence for
all starting measures satisfying (71). However, the functional limit law does not hold without any
condition for the scaled starting measure u. Starting, for example, with the counting measure
Xé“ =Y .cz 0. does not lead to a limit process that is independent of T &

3. THE METHOD OF GOOD AND BAD PATHS

In Subsection 3.1 and 3.2 we formulate a quantitative approach to the method of good and
bad paths extending a recent result of [10]. The main result of this part, Theorem 19, enables
us to prove the crossing property of Theorem 4, in Subsection 3.3, and the compound Poisson
property of Theorem 1 (ii), in Subsection 3.4.

3.1. Regularity of the catalytic medium. In this subsection we introduce a characteristic
quantity N(T'), which measures the regularity of the particular sample ' of the catalyst. This
is used, in Subsection 3.2 below, to formulate an upper bound on the survival property of the
superprocess X = X|[I'] either at a fixed time or of an associated stopped measure at a Brownian
stopping time.

Recall from (3) the definition of the stable random measure I' of index 0 < v < 1. For every
n > 1 we denote by m, = m,[I'] C R the set of spatial positions of the atoms of I' whose weights
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are in [27",27"*1). Then m, is the support of a homogeneous Poisson point field on R with
intensity

1—-277
©l—e "
'y/o T dr

Definition 16 (p—perfect I' samples). Fix a value § € (0,7y1log2) once and forever. Given a
positive integer m and a positive real k, we denote by A(m,k) the event that the maximal
connected component of [k, k] \ 7,,, is shorter than A,, := e™#™. We call a I" sample p-perfect
if it satisfies A(m, k) for all k£ and m > p. &

(72) I, :=2"¢c,, where ¢y :=

see e.g. [7].

The following lemma is adapted from results of [10].

Lemma 17 (Large gaps in m,(T")). Fiz 0 < o < 7y log2 — 8 and suppose that k(n) is an in-
creasing sequence of positive reals with loglogk(n) = o(n) as n 1 co. Then there are constants
¢,d > 0 such that, for every N > 1,

(73) P{there is an n > N such that A(n,k(n)) fails} < cexp(—de?).

Consequently, neighbouring atoms of I' in [—k(n), k(n)] of weight about 27" are more than A,
away only with an exponentially small probability.

Proof. We write J(n) for the number of points in [—1/2,1/2] N 7, then J(n) has a Poisson
distribution with parameter a(n) := ¢,27". Denote z( the largest point of 7, left of [-1/2,1/2],
moreover 71 < ... < () the points in [~1/2,1/2] N7, , and finally 2 ;(,)4; the smallest point
to the right of the interval. Define the distances yy := x4 — x for k = 0,...,J(n). The yx
are independent exponentially distributed random variables with parameter a(n). Following the
arguments in [10, Subsection 5.2] we find that there are constants ¢y, co,c3 > 0 such that

(74) P{J(n) +1> 2a(n)} < exp(—c2™),
and, writing o :=y log2 — 8 > 0,

. —Bn < ny log2 o on
(75) P{Ogirr%%)z(n)yz >e } <cge exp(—csz ™).

From this we infer that, for some c4, c5 > 0,
(76) P{A(n, 1/2) fails} < cqexp(—cse™).

This is invariant under shifts of the interval (—1/2,1/2) and thus, by adding up the events, we
obtain for some cg, ¢; > 0, and all n > 1,

(77) P{A(n, k(n)) fails } < cak(n)exp(— c5e”) < cgexp( — c7e?").
Finally, we can add up the events A(n, k(n)) over all n > N and find a suitable ¢ and d := c7,

such that the statement (73) holds. O

Definition 18 (Characteristic N(I')). Fix k(n) := expexp+/n for n > 1 and define the char-
acteristic N (T') of the sampled medium T" by

(78) N([):=min{N >1: A(n,k(n)) holds for alln > N} .
Using the Borel-Cantelli Lemma and Lemma 17, one can see that N(I') is a well-defined integer,
P—almost surely. &
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3.2. An upper bound on the survival probability. In this subsection we determine an
upper bound on the survival probability of a super-Brownian motion in a fixed catalytic medium
sample I" with characteristic N(I'). The approach taken here is similar to the key technique of
[10], in particular we also work in a historical setting and use a decomposition into good and bad
reactant paths, but we have to make a more quantitative approach. Moreover, our argument
does not rely on the compact support property of X[I']. The most crucial point is that we work
out explicitly how the upper bound of the survival probability depends on N(T').

For the further development, we presuppose the reader is familiar with basic ideas and the
formalism of historical catalytic super-Brownian motion. Here we closely follow the presentation
of [10]. Denote by Y = {Y; : ¢ > 0} the historical super-Brownian motion in the catalytic
medium I' with starting measure p € Mo, defined on a probability space (£2, Q,IP’Z); if there
is no danger of confusion we omit I' or x4 from the notation, that is, we write simply P and E.
At the same time we use, for any finite Brownian stopping time 7', Dynkin’s stopped measure
Yr and the pre-T' o-field G(T') for the historical superprocess as introduced in [14] and reviewed
in [10, Subsection 3.2]. We suppose that W = {W, : s > t} under the distribution P, is a
Brownian path started at W; = z.

The central result of this subsection is the following theorem. For its formulation we extend the
definition (15) of the collision local time Lpyr(s) for s > ¢ to Brownian paths W distributed
according to Py, meaning the collision local time of W and T' on the time interval [t,s]. We
introduce two formal hypotheses H; and Ha on an increasing sequence 1), T T' < oo of Brow-
nian stopping times with 7, = 0. Suppose positive integers d and p, a sequence of positive
thresholds [,, and small reals €1, €5 > 0 are given.

H;: The sequence of stopping times satisfies the hypothesis Hy(d,e1) in z € R if

(79) 3 2”“730@{ sup Wy > k(n + d)} <e.

n=0 Tn<s<Tnt1

H,: For every nonnegative integer n, define the set B(n) of bad paths for the catalytic medium
I' on the random time interval [T}, , T}, 11] as the set of paths W satisfying

Tn+1
(80) / Loy (ds) < L.

The sequence of stopping times satisfies the hypothesis Ha(p,l, ,e2) in € R if, in every
p-perfect medium T', we have for 2o = 0 and any 1z, in the range of W(T},),

(81) > Pr, w, {W € B(n)} <e.

n=0
Here is the announced result on the survival probability.

Theorem 19 (Upper bound on survival probability). Suppose Ty = 0 and T,, T T < oo is a
sequence of Brownian stopping times, p a unit starting mass for Y, supported by a compact
interval I and € > 0 s fived. Suppose further there are nonnegative integers m and d and a
sequence of thresholds 1,, > 0 such that

(82) >

n=0

277717"7,

In

<

)

W m
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and the hypotheses Hy (d, (6/3)2"’) and Ha(m +d,l,, ,€/6) are satisfied in any x € I. Then, for
P—almost every I' with N(I') < m and for the stopped measure Y, we have

(83) Py, {Y7 #0} <e.

The remainder of this subsection is devoted to the proof of this theorem. We work with a fixed
catalyst [ with characteristic N = N(I') and use the notation from the theorem, additionally
abbreviating M,, := 27™" for the fixed m. We start with a simple lemma taken from [10,
Subsection 3.4].

Lemma 20 (Extinction by partitioning). Define events A, := {||Y7,| < M,} and A =
N, Ay. Then, for every v € Mem(R), we have P —almost surely on A that Yo = 0.

Proof. By Markov’s inequality, for each n > 1 and arbitrary ¢ > 0,

(84) BY({Ivell > ¢} nA) < ¢V {1, Vi)

and, by the special Markov property,

(85) B, {14, Y7} = B) {14, By, {1V (1} } = B) {14, 1Yz, I} < M, .

As n was arbitrary, we infer that

(86) PO ({Ivell > ¢} na) =,

and as ( can be made arbitrarily small, we get the statement. U

The idea now is to divide the set of paths W alive at time T}, in two classes: the good paths,
which have accumulated a large amount of collision local time in the time interval [T}, , T}, 41],
and the bad paths, which have not. Formally, define the set E(n) of good paths on the interval
[Ty, Tn+1] with respect to the medium I' as the set of paths W, which are not bad, i.e. where
inequality (80) fails. For the good paths we use the comparison with the survival probability in
Feller’s branching diffusion from [10, Proposition 12].

Lemma 21 (Comparison with Feller’s branching diffusion). For all n > 0, and every v in
Miem (R), we have, for P—almost every T,

(57) B (¥ (B) > 0 | o) } < Pl

The lemma above takes care of the good paths, and it remains to show, that there are not too
many bad paths. To show this we use Hy and Ha. There are two possible reasons, why a path
could be bad on [T}, , Ty +1] for the medium I', namely the occurrence of one of the following two
disjoint events.

Event Bj(n): the set of paths, that leave the interval [—k(d+n), k(d+n)] during [T}, , Tp41]
and thus enter an area where we have no control over the atoms,

Event B(n): the set of paths, that stay inside the interval [ — k(d + n), k(d + n)] but for
which the collision local time accumulated during [T}, ,T},+1] is below the threshold [,, .

Note that in case of event By(n), if n > N(I'), the path stays in an area, where the medium
coincides with an (N + d)-perfect medium. It is clear that we have the decompositions

(88) supp Y7,,, C E(n)UB(n) and B(n) C Bi(n)U Ba(n).

The following lemma provides estimates for the extinction probability of the bad paths.
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Lemma 22 (Mass of bad paths). Consider the historical superprocess Y with the starting mea-
sure v =2""u. Then, for P—almost every I" with N(T') < m,

i) ZPE{YTRH (Bi(n)) > Mn-l—l} <
n=0
(i) 3 PL{ Vii0s (Ba(0) 2= Mo |1V, || < My } <
n=0

col ™

w| ™

Proof. The proof is based on the expectation formula for the historical mass on a set B of
stopped paths W : [0,7},11] = R. If B depends only on {W(s) D s> Tn}, we have

(89) E, {Yr,..(B) | Y} = /R Pr, )W € B} Yr, (dW),

see e.g. [10, (37)]. From Markov’s inequality, the expectation formula and (79), we infer,

(90) i Plz: {YTTLH (Bl(n)) > Mn-l-l} Z Mn+1 EF{ +1 (Bl (n))}

Z n+12 mPOx{ sup |Wy| >k(d+n)} <
TH<s<Tpy1

ol o

which is (i). Note that every path W ¢ Bj(n) spends the time [T},,T,+1] inside a compact
interval in which the medium I' coincides with an (m + d)-perfect medium I'. Hence we can
use the bound in (81) together with Markov’s inequality, the special Markov property and the
expectation formula (89) to see that,

00
ZPE{YTn+1 (B2(n)) > Mn+1 ‘ ||YTn|| < Mn}
n=0
00
< ZMn’H E] {]EF{YTn+1 (Ba(n) ‘YTn} ‘ 1Yz, || < M, }

MnHEF /Pn; {W € By(n)}dYr, ( ~)\HYTHHSMn}s

Wl ™

which is (ii). This ends the proof of the lemma. O

Now recall Lemma 20 and in particular the definition of the sets A, and A. Lemmas 21 and 22
provide the ingredients we need to bound P (A€) by ¢, for the starting measure v = 2~ u. Note
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that the event Ay has probability one. Hence, for P-almost all I' with N (') < m,

(91a) PL(A°) ZIP’F (AO N--NA,N Anﬂ)

(91b) < ZP { Y100 (B1() = Mo }

(91¢) T z_% POV, (Bom) > Mo | 1V, Il < My, }
(91d) + f}OPE{YTM (B(n) = My | V2, | < My .

Now, by Lemma 22, the series in (91b) and (91c) are each bounded by ¢/3. By Lemma 21, we
obtain for (91d), using (82),

> o0
M, €
(92) S PV (B0) = Moy | 1V, )| < M, } < Sy
n=0 n—0
Hence IP),1:(140) < ¢ and, by Lemma 20, this implies the statement of the theorem. O

3.3. The crossing property. In this section we prove Theorem 4. The following lemma
constitutes the main step in the proof.

Lemma 23 (Decay of crossing probability). There is an integer m depending only on the char-
acteristic N(I') of the catalytic medium T, such that, for all sufficiently large x,

I > 1
(93) PQmém{/O Xy (—o0, 0] dt > 0} <—7-

The lemma is proved by choosing the right ingredients for the use of the survival probability
bound of Theorem 19. As a preparation for the proof, define the Brownian stopping time 7" to
be the first hitting time of level 0, then the event we are interested in is the survival of Y. We
denote

(94) d:=d(z) := [log (1 + glogwﬂz.

Observe that d(x) is growing slower than logarithmically as z 1 co. We say that x is sufficiently
large if £ > 1 and

log
(95) d(z) < m-

Fix z sufficiently large, let 4 = &, and ¢ = 1/23/2. To define the remaining quantities for

Theorem 19, we first leave the integer parameter m open and define T,, and [, in terms of m.
Recall that a < f < 2a and define

ola—p)n 1 ela=B)m
06 = T = oy 2 (@ = A tm), where e(m) = 7oy
Define barriers
(97) 2o =2 and ZTpy1 = Tp — xdy .
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As Y, d, =1, we have z,, | 0, and we can define an increasing sequence of hitting times

(98) T, :=inf{t >0: B(t) =z},
so that T" = lim,,, T}, . Finally define
(99) Iy, :=2*?mn?2 "™,

Lemma 23 follows from Theorem 19 if we verify (82) and the conditions Hy(d, (¢/3)2™) and
Hy(m+d, 1, ,e/6) in z for ¢ = 1/z3/2 and a suitable m, which we choose at the end of the proof.

The next lemma prepares the verification of hypothesis Hy .

Lemma 24 (Escape probability). For all integers n,m >0, the events

(100) Dy := Dy(n) := {W : t [Tsu:[F) ]|Wt| > k(d+n+m)}
Eldn, n+1

have probability
2
(101) Pr, 2, {W € Dy(n)} < mexp(— expVn +m).

Proof. To begin with, note that d is chosen in such a way that, for all n > 0,

5/2 < EXPeXD Vd+n  k(d+n)

~ expexpyn  k(n)
A Brownian path starting in z, is in Dy if and only if it hits level k(d + n + m) before 2,11 .
The probability of this event is

(102)

zd,
103 W e D <
( ) PTn,x{ € O(In')} = k(d+n+m)—xn+1
< 2z < 2
T k(d+n4+m) ~ 232k(n+m)’
where we have used (102), d,, <1 and zp+1 < k(d+n+m)/2. O

We observe that hypothesis Hy (d, (¢/3)2™) is verified in x if m is chosen such that
oo 2m

(104) Z on+2 exp(— exp \/n+m) < 5
n=0

however, there will be other constraints on m coming from hypothesis Ha and we turn to the
verification of this hypothesis now. For this purpose, let m be arbitrary and fix an (m+d)—perfect
medium I'. Recall a < f < 2« and fix f < § < 2. Let

(105) an =z e mefm,

To estimate the probability from above that a path W is bad in [T}, , T},+1] it suffices to consider
a special hitting strategy: As the medium is (m + d)-perfect we can select, for every | > m,
atoms of mass in [27/=¢, 27/=4+1) in such a way that all neighbouring atoms have distance
in [Ar+4/2, 30114/2], we call this set of atoms 7; = 7;(z). During [T},,T,+1] we only count
collisions with the atoms 7,4y, . If a path is bad on [T}, ,Ty+1], i-e. if (80) holds, this must be
due to one of the following two events.

Event D;(n): the set of paths such that during the time interval [T}, ,T,+1] the number of
collisions with the catalytic atoms of 7,1, is too small, say less than a,,,
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Event Dy(n): the set of paths such that it takes more than a, visits to the chosen atoms
before the collision local time exceeds the threshold [,, .

Note that B(n) C Di(n) U Dy(n) and hence we have to check the probability that a single
Brownian path encounters one of these two events. Note, that the constants 8 > 0 and Cy, ... ,Cj3
in the following two lemmas only depend on our fixed choices «, 3, and nothing else.

Lemma 25 (Probability of Event Dq(n)). We define a sequence {k;} of Brownian stopping
times by ko := Ty, and, for j > 1,

(106) kj = inf {t > Kj—1: Wy hits Tpqm \ {Wﬁj_l}}

and denote

(107) K, :=max{j: k; <Tpi1}.

There is a 8 > 0 and constants Cy, C1 > 0 such that, for all integers n > 0, the events
(108) Dy = Dy(n) = (W : Ky < an}

have probability
(109) Pr, wn{W € D1(n)} < Cy exp( — C1a?).
Proof. The indicated probability is bounded above by the probability that a simple random walk

Sy, defined on a probability space (€2, A, P) needs less than a, = 27 %m e B™ gteps to cross
the level

xd, 2x
(110) > ec(ntm),
(1/2)Ad+n+m 5(m)
By the reflection principle,

2x 2x
a(nt+m) | ~ > a(n+m) )
(111) P{ 1§rI}ca§Xan Sk > e(m) ¢ } - 2P{Sa” ~ e(m) ¢ }

We fix a 0 < 6y < 1/2 such that §(1 — 6y) < « and (7/4)(1 — 6y) < 1. By the refinement of
Cramér’s Theorem given in [13, (3.7.1)] for fixed 6y < #; < 1/2 and ¢ = 2(1 — e®~#) there is a
constant Cy > 0 such that, for all integers k,

(112) P{Sk > ckI*GO} < Cy exp( e (02/2)>.

Our choice of 8y and c is such that
2x

a(n+m) > Calfl% )
e(m)

el n

(113)

Hence we can use (112) and put 0 :=1—26; > 0 to get

2w a(n+m) 0.2
< —
(114) P{San > =m) e } <y exp( a,(c /2)),
which is the required estimate with Oy := 2(1 — e®#)2, O

Lemma 26 (Probability of Event Dy(n)). For a Brownian path W started in =, we denote by
{yi =Wy, : 1 <i < ayp} the sequence of atoms in Tpim hit by the path. Define

Kit1
(115) Li:= / LV (ds).
K

i
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There are constants Co > 0 and C3 > 0 such that, for all integers n > 0, the events

(116) Do(n) := {W: S 2 @i, < ln}
i=1

have probability

(117) Pry, wn {W € D3(n)} < Cs exp( — Csan).

Proof. By scaling, {L;} is bounded below by a sequence {L;} of independent, identically dis-
tributed positive random variables defined on a probability space (€2, A, P) such that the distri-
bution of L;/A, 114 is independent of d,n and m. Hence,

an
Pr, «{W € D3(n)} < P{ ngnfmfdij < ln}
j=1

(118) _ P{ 1 an ij 2n+m+dln }

Gnp = An-l—m—l—al anAn-i-m—I—d

Note that, for all n,m € N and = > 0,
gn+m-+d Iy n29d oBd )
(119) B OB/t S n’e — 0, as n 1T 00,
using that 29efd < z'/* by (95). Hence, by Cramér’s Theorem, the right hand side in (118) is
bounded above by Cjexp(—Csay,), for suitable constants Cy, C3 > 0. O

Completion of the proof of Lemma 23. 1t is now time to choose the value of m large enough
such that m > N(T') and the following set of conditions is satisfied, for & = 1/2/2:

o0 o0
n 2m €
(120a) g 22 exp(—expy/n+m) < ER (120b) g Co exp(—Cral) < TE
= € 1 1
120 g C: —C: < — 120d g — < —.
( C) Z 2 exp( 3 an) = 19 ( ) ] mn? — 3

Note that a, is a multiple of z7/* and hence m can be chosen independently of z. We have
already seen in (104) that (120a) implies Hy (d, (£/3)2™). Moreover, (120b) and (120c) together
with Lemmas 25 and 26 imply condition Ha(m + d,[,,,¢/6) and, finally (120d) is (82). Hence
Lemma 23 follows from Theorem 19. O

Completion of the proof of the crossing property, Theorem 4. We use the branching property
and the result of Lemma 23 to see that, for sufficiently large integers z,

r oo r+1 . o0
P2_ml[:1:,:1:+1}{ /0 Xt(—O0,0] dt = 0} = exp (/x lOg IPZ_m(Sy{ /0 Xt(—O0,0] dt = 0} dy)

r+1 73/2 1
(121) Zexp(/w log (1 —y )dy)Zl—m.

Hence IP’g_m o +1}{ fooo X (—00,0]dt > 0} is summable over all positive integers z. Hence, by
the Borel-Cantelli Lemma, there exists some random integer K > 0 such that the process X
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started in 27™/[ ) has the property fooo X (—o00,0]dt = 0. Repeating this argument 2™ times
independently and taking the maximal value of K one can see that it remains to argue that
(122) sup X¢(—00,0] < oo, for Xo = £ -

>0
Because the process X with finite starting measure with compact support has the finite time
extinction property, by[10, Theorem 6], there is a random time 7" > 0 such X; = 0 for all ¢t > T.
By continuity of the process, finally, X;(—00,0] is bounded on [0, 7] and we are done. O

3.4. The compound Poisson property. In this section we prove Theorem 1 (ii). The follow-
ing lemma, constitutes the main step in the proof.

Lemma 27 (Lower bound for extinction). For every time t > 0 there is a constant 6 = 0(t) >
0, such that for P—almost all T,

(123) P 2N )

0,1]{Xt = 0} 2 0" .
To prove Lemma 27 by application of Theorem 19 we proceed similarly as in [10]. We fix ¢, leave
the integer parameter m open for a while and define deterministic times 7}, and thresholds /,, in

terms of m. We first let

— (237 gla—pm)/?

(124) e(m) = (¥ Y e ) .
n=m

We then define m,, := [e®("+™) /e(m)] and s, := e #(**™) /e(m)? (here [o] denotes the integer
part). Put
(125) To:=0 and T,y1:=T, +2mys, .
Note that ¢ > T' := lim, 1o T}, . Finally define
(126) In == mp /5, 27"

We later define [,, to be a constant multiple of [,,. Lemma 27 follows from Theorem 19 if we
verify (82) and the hypotheses Hy(d, (¢/3)2™) and Ha(m +d, 1, ,¢/6) in all z € [0,1] for d = 0,
e = 1/2 and a suitable integer m, which we choose at the end of the proof. Indeed, define
6 := (1/2)™) > 0. By the branching property and Theorem 19 we obtain, for M = m + N(I),

(")
(127) IP)5[0,1]{)('5 - 0} 2 (Pg[o,lp—M {Kf - 0}> 2 (1/2)(2M) = 0(2N(F)),

which is the statement of Lemma 27.

To prepare the verification of the hypotheses we formulate three lemmas. The constants
Cop, ... ,C3 in these lemmas depend only on the fixed values of @ and 8. The first lemma is
the main ingredient in the verification of hypothesis Hy .

Lemma 28 (Escape probability). There is a constant Cy > 0 such that, for all starting points
x € [0,1] and all integers n,m > 0, the events

(128) Dg := Dg(n) := {W : [Tsug }|Ws| > k(n—i—m)}
SE|In yIn+1

have probability
(129) Pou{W € Dy(n)} < Coexp(—expvn—+m).
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Proof. Recall that the random variable supy<,<;|Ws| has finite first moment. Hence, using
Markov’s inequality, there is a constant Cy > 0, depending only on ¢, such that

Po,x{ sup || >k(n+m)} SPo,x{ sup |Ws| >k(n+m)} < Coexp(—expvn+m)
TnSSSTn+1 OSSS

for all z € [0,1] and n,m > 0. O

We conclude that Hy (d, (¢/3)2™) holds if m is chosen such that

o0
(130) ZCO 2" exp(—expvn+m) <

n=0

2m.

| =

Again further restrictions on m follow from the verification of Hs. For this purpose let T’
be an m-perfect medium and define the set 7, ., consisting of the atoms of I' with mass in
[27n—m 2-n=m+1l) " Note that the neighbouring pairs of atoms in 7, are no further than
A, +m apart. For our estimate we consider on the interval [T}, , T}, +1] only the collisions with
the atoms of 1. In fact, we can even restrict our view to a selection of collisions chosen
according to a special strategy of [10], which is based on our choice of the sequences s, > 0 of
small times and m,, of positive integers. Heuristically, on the interval [T}, ,T;+1] the strategy
suggests to wait until the Brownian particle hits the first atom of 7,11, , count the collision local
time with this particular atom for s, time units and then wait for the next collision with 7y, .
This procedure is iterated until m,, atoms are visited. A visualisation of this procedure can be
found in [16, Figure 5]. The path W is good on [T},,T},+1] unless one of the following two events
has taken place.

Event D(n): the set of paths for which in our strategy the waiting times between the
collisions with the catalytic atoms of 7, ., are too long, so that we have less than m,,
visits during the time interval [T}, ,Ty+1],

Event Dy(n): the set of paths for which the collision local time accumulated during m,, visits
of the path to the chosen atoms is below the threshold [, .

Lemma 29 (Probability of Event Dy(n)). We define a sequence {k,} of Brownian stopping
times by ko :=T,, and, for j > 1,

(131) Kj i= Kj + S, where k; 1= inf{s > kj_1: W, hits ﬁj+m},

and denote waiting times by Hy, := Ry — km—1- There is a constant Cy > 0 such that, for all
starting points x and integers n > 0, the events

mn
(132) Di(n) := {W : ZHJ- > mnsn}
j=1
have probability
— _ Cisn
(133) Pr, « {W € Di(n)} < Cj Yy, exp( - A21 )
n+m
Proof. This is estimate (93) in [10]. O

Lemma 30 (Probability of Event Dy(n)). There are constants Cy > 0 and C3 > 0 with the
property that, for all starting points x and integers n > 0, the events

(134) Dy(n) := {W : / o Ly (dr) < Cs z‘n}
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have probability
(135) Pr, 2{W € D3(n)} < exp(—2C5my,).

Proof. This is estimate (99) in [10]. O

Completion of the proof of Lemma 27. It is now clear that with the threshold value I,, = Cs1,
we have the decomposition

(136) B(n) C Di(n) U Da(n).

Having provided the estimates for the probability of a path being bad, it is now time to make
precise the value of m. We choose m large enough such that the following set of conditions is
satisfied

o0

(137a) ZCO 2"l exp(—expvn+m) < éQm,
n=0
1 e efn 1
1 = o) < =
(137D) nz;l Ci e(m) exp( G 6(m)2> - 127
> em 1
1 — 205 —— | < —
(137c) nz;n eXp( Cs 5(m)> =120
1 —m 2 _(B/2—a)m - B/2—a)n 1
(137d) 622 e(m) e(B/2—0) T;)e( [2=e)n < rz

Note that it is possible to find such an m: For (137a) this is trivial, for (137c) this is due to
the fact that e(m) | 0 and for (137d) note that o > /2. For (137b) it suffices to check that,
for a,b > 1, the function z — (a/z)exp(—b/z?) is increasing on the interval (0,1). Hence
hypothesis Hj (0,2 /6) holds by (137a), see(130), and Hz(m,[,,1/12) holds by (137b), (137c)
together with Lemmas 29 and 30. Finally, (137d) is (82). This finishes the proof. O

Completion of the proof of the compound Poisson property, Theorem 1 (ii). Fixing ¢t > 0 and a
starting measure £, ), for (a,b) an interval of unit length, we have to show that the measure

b
(138) 7 (dw dz) = / / N} (dw) ® 6, (dz) P(dT) dy
a Mem
is finite on the set
(139) S = {(w,x) € 9 % (a,b) : Lt[uw] > 0}.
Then the snake representation Theorem 5 (ii) of the limit process describes a compound Poisson

point field on (a,b) with underlying Poisson intensity A(¢) := 7°°(S). To prove finiteness of A(t)
we have to show that the following expression is finite

(140) A(t) = E{Nl[;{w . L [w] > 0}} = E{ /01 NE {w: Liw] >0} dw},

where we have used the fact that the distribution of L![w] under NI is independent of z. To
interpret the integrand on the right hand side of (140) recall the snake representation in Theorem
5(i). The process X started in Xy = £|o ;) has become extinct at time ¢ if and only if a Poisson
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point field with intensity fol NL {w : LYw] > 0} dz has the value 0, the probability of this event
is

(141) exp( . /OlNg{w L LL > O}da:).

This reduces our task to showing that

(142) e{ —logP},  {X;=0}} < oo

We now apply Fubini’s Theorem to rewrite

(143) E{ —logP},  {X;=0}} = /000 P{ —logP}, {Xi =0} >a}da

= / P{PE{O Xi=0} < e*“} da.
0 ,

Hence our problem can be formulated as

o0
N _ —
(144) /0 P{Pé[o,l]{Xt =0} <e “} da < oo.
Here comes the key idea of our proof: With respect to the random medium I' the event
T _
(145) {eh, (=0} <o}

can only occur if I' has unusually low density, or equivalently, if the points in the Poisson point
fields 7, introduced before (72) are unusually far apart. This can be expressed in terms of the
quantity N(T"). In fact, by Lemma 27,

(146) Pf,  {X:1 =0} > exp((1og0)2"D),
and hence, the latter event implies
1
(147) (log0)2" ") < —¢ = N(I) > Tog2 log(—a/log0) .

We can now use the estimate (73) obtained in the large gaps lemma, Lemma 17, for the quantity
N(T),

o r
—a
(148) /0 p{EL,  {Xi=0} <e}da

< /Ooo P{N() > 1022 log(~a/log6) } da

< c/ooo exp( — dexp [(g/ log 2) log(—a/ log 9) }) da

(o0}
< ¢ +01/ exp( — 02ac3) da < 00,
0

using suitable constants ¢y, c1, ¢z, c3 > 0. This proves (144), and Theorem 1 (ii) is established.
O

4. PROPERTIES OF THE MACROSCOPIC CLUMPS

In this section we prove the various parts of Theorem 10. Part (i) and, perhaps surprisingly,
part (ii) can be obtained by soft arguments, whereas part (iii) requires a new approach based on
a Feynman-Kac formula for the solutions of (6).
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4.1. The extinction probability of the clumps. In this subsection we prove Theorem 10 (i)
and (ii). From the definition of the renormalised processes (9) we infer, for all £,/ > 0 and ¢ > 0,

(149) XY B) = k™" " X4y (I"(k"B)),  for B C R Borel.

Chosing any continuity set B C R and letting [ T oo we obtain the self-similarity property
(150) X°(B)=k7"X;(K"B) in distribution,

first for all continuity sets B C R and then, by approximation, for all Borel sets B C R. This

proves Theorem 10 (i) and is also the key to part (ii). By the compound Poisson structure of
X7 the Laplace functionals have the form

(151) Eg{exp(—OXfo(O,a))} = exp( —At)a(l - At(e))),

where A(t) is the intensity of the Poisson point field underlying the compound Poisson point
field and A! is the Laplace functional of the weights of an atom. Using (150) one obtains

(152) exp( —At)a(l - At(o))) - Eg{exp(—HXfo(O, a))} - Ez{exp(—okfﬂx,gg(o, k"a))}
- exp( — Akt (1 — A’“(Ok—"))).

We infer that A(t) = k"A(kt) and Af(9) = AF'(0k~"). The former expression gives us the
decay of the intensity A(¢) = t~7\(1) of the Poisson point field, the latter yields the equality in
distribution of J¢(t) and (t/s)"Js(s). Using A(s)Py {Js(t) >0} = A(t) for t > s, we infer that
the survival probabilities of the clumps satisfy

(153) P, {1.(t) > 0} = (;)" and Py {X7°(0,a) > 0} ~ A(tln) % asatoo,

where the latter form is obtained by conditioning on the number of clumps in an interval. [

4.2. The tail behaviour of the clump size. This subsection is devoted to the proof of
Theorem 10 (iii). We first note that it suffices to give the proof for a fixed value of ¢, because
the particular dependence on ¢, which is claimed in Theorem 10 (iii), already follows from the
self-similarity of the process {Jt(t) > 0} proved in Subsection 4.1.

We use the Feynman-Kac representation of the solutions U6 := U6 of (12),

t
(154) 00(5) =02 [ ds [ e =) [0-10 ()] T,

in order to obtain the tail asymptotics of the mass clumps. Recall that this equation can also
be written probabilistically as

(155) 00 0) = 0=26,{ | Um0 W] Lip(as) .

where & ,, is used to indicate expectation with respect to a Brownian motion W started at time s
iny, & = &y, and L ) is the collision local time between T' and W, as defined in (15).

Lemma 31 (Feynman-Kac-representation). For each fized T' the family U = {Uf (y) : t >
0, y € R} is a solution of (154) if and only if it is a solution of

(156) U0 (y) = OSy{exp( - 2/0t U—s0 (W) L[W,F}(ds)>}, for t>0, yeR
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Proof. Fix I'. We first show that every solution of (156) solves (154). It suffices to consider
6 = 1, as the dependence on 6 is simple. Let U = {U;(y) : t >0, y € R} be a bounded solution
of equation (156), which is continuous in ¢. By the fundamental theorem of calculus,

t
(157) exp[—2/ U (W) Ly dr]
0
t t
_ 1—2/ Up_s( exp 2/ U (W) dLgyyp (v )] Lyw.ry(ds).
0

Taking expectations,

(158)  Uily)—1 = -2, /0 Ui We)exp| -2 / U W) Ay ()] Epwen ()

S

The Markov property (and a glance at the definition of Stieltjes integrals) allows us to continue
this with

wo)  =-26,{ [[vewoew fon(~2 [ UM abun o)} L)}
= 26, [ {0} Ly} = 2 [ @) [y =) U] s

which is the formula we had to prove.

To show conversely that every solution U;(y) of (154) solves (156), we start with the formula
t s
(160) 2 /0 exp( — 2 /0 Ur+(Wy) Lipw)(dr) ) (U5 (Ws) = 1| Ui (Ws) Lip yw(ds)
t s
= _/ [Utfs(Ws) - 1] ds (exp( - 2/ Upr (Wr) L[F,W}(dr)))
0 0

We take the expectation, use (155), apply the Markov property as before, and finally use Fubini’s
Theorem to see

gy{Q/Ot eXP( - 2/05 Utfr(Wr)L[I‘,W](dTD U s(Wy))? L[F,W](ds)}

- 25y{ /Ut eXP( - 2/08 Ui—r(Wr) Lirw (dr)> Up—s(W5) L[F,W](ds)}
=—&{ [ean {2 [ 0ma0n] Lraan . (exn( ~2 [ 0090 Lean (@) )}
=&z [ [ Wl te i (oxn( =2 [ 0rms 9 ip (@) )}

e [ [ au(on(~2 [ Oer ) Bipan@)) [0-s 0] B}
Sy{2/0 [exp( - 2/0 Urr(Wy) Lip ) (dr)) = 1] [Uia(W)]? Lip w (dv) }.
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From this and (155) we infer that
t s
(161) 5y{2/ exp(—2/ Ut,v(Wv)L[RW}(du)) Ut,s(Ws)L[F,W](ds)}
0 0
t 2
== 5y{2/0 [Utfr(Wr)] L[F,W](d'r)} =1- Ut(y)

By the fundamental theorem once more, expression (161) equals

t
(162) v { —exn( =2 [ Uiy (W) Lipany(an)},

0
from which (156) follows. O
We now aim for upper and lower bounds of EU,0 (0), which give the tail asymptotic of the clump
sizes by means of a Tauberian theorem. From (12) one immediately sees that U;f (y) < 6 and

hence EU.0 (0) < 0. Now plugging the estimate into (12) leads only to a trivial lower bound for
EU.O (y). A better lower bound is obtained by means of the Feynman-Kac representation.

Lemma 32 (Asymptotic behaviour of EU0). For every t > 0 there are positive, finite con-
stants C1 = C1(t) and Cy = Cy(t), such that

(163) 6 —Ci(t) 0" <EUH(0) <0 — Co(t) 07, for all 0 € (0,1).
Proof. We fix t > 0. Plugging U0 (y) < 0 into the Feynman-Kac-representation (156) yields,
(164) U0 (y) > egy{exp (= 6Ly (t))} for all y € R,

Taking expectation with respect to the medium and using the Laplace functional formula (3)
for stable random measures gives

EUL0 (0) > 9E50{exp(—29L[Wﬂ(t))} - OSOeXp(—2707 / LE () dx)
(165) &
> 0(1-20 SO/RLI(t)V dz) = 0— 7t /RSO {L2(t)7} da.

We now show that

(n+1)
=27 T ()Y —pm T 2! 1
(166) C1(t) =2 /R‘SU{L (£)} dz =t y+1 x G(Q) <o

where G denotes the Gamma function. Indeed, for z,y > 0 the density function of L*(t) at y is
given by \/2/7t exp(—(z + y)?/2t). Hence

(167) /50{Lx }dx—\/7/ exp (—22/2t) dz dy
\/7/00 77:11 exp(—y?/2t) dy,

using integration by parts. One can get the result by substituting = y?/2t and recalling the
definition of the Gamma function G.

To obtain the upper bound fix ¢ > 0. We use (164) in (156) and obtain

(168) U0 (y) < OSy{eXp( 20 /0 t w, {exp( — 20L5 51t — )} Lyary(ds)) }

35



Next we write I = Z;’il ajdr; and use Jensen’s inequality,

EUL0(0) <0 Ego{exp (-20 /t Liyw,ry(ds) Ew, {exp (— 20Lyp (¢ — s))})}

(169) <0E€0{exp(—292a1/ L*(ds) &, {exp —QOZa]L’”J t—s))})}

j=1

<0E50{exp(—292aZ/Lxl (ds) [exp —202%5 {Lf(t—s)})D}

j=1

Using monotonicity we can continue the estimate with

OEEO{exp ( — 292% /Othi(ds) [exp (- 20;§1aj5mi{LIj(t— s)})])}

(170) <0 E&){exp (- 20i a; L7 (t) [ exp (— Miaj Eoi{ LY (t)})])}

i=1 j=1
< OESO{eXp ( —-20 Z a; L"(t) [exp (- 20§:aj le{LmJ(t)})])}
lzi|<1 j=1

Now we split the sum in the innermost exponential into the sum over the atoms xz; inside,
respectively outside, the unit ball. Recall that

t 1 .’,52
171 Ex AL (t)} = f(t,2; — x;) for f(t,x ::/ ex (——)ds.
( ) -’tz{ ( )} f( 7 J) f( ) 0 \/% p 28
For the atoms z; inside the unit ball we use the estimate
. 2t
(172) Ex ALY (1)} < coi=1/=,
T

which gives

(173) 0E50{exp (-20 3 aLm®)]exp (- 2oiaj Sxi{Lf”i(t)})D}

|| <1 j=1
SOESO{eXp(—QO Z aiin(t){exp(—QOCg Z aj)
i |<1 s <1
exp (—29 Z ajf(t,|:1:j|—1)>}>}.
|z >1

Now denote
(174) L= Z aj and Ly := Z [t |z] — /de
lzj| <1 lzj]>1

for f(z) = 1{|m|>1}f(t, |z] — 1). Under P the random variables L; and Ly are independent,
almost surely finite, and stable of index . We infer that, for arbitrary fixed ¢ > 0, the event

(175) A::{ inf L*(t) zc}ﬂ{LQ < %}m{% <L < %}

lz|<1
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has (annealed) probability

. 1y (1 2
. EPo(4) = &{ inf I (1) > epP{r. < s} P{s < <5}
> 50{ |fi‘?§fl L*(t) > c} (1 - 010'7) (0297) > 307,

for a suitable choice of the constants ¢y, cs,c3 > 0. On A we have

exp ( —260cL;exp ( — 2000L1) exp ( —2 HLZ))
(177)
< exp ( —20e 2¢cLy exp ( -2 000L1)) < exp ( — 2e*2ce*400) <1.

We can thus continue the estimate (173) with
9 Ego{exp ( ~20 Y aiLF (1) [exp ( —20c) Y aj) exp ( ~200 % ajf(t, o] - 1))])}
|| <1 |lzjl <1 |zj|>1
(178) <0-90 ESO{lA(l — exp [ — 20cLq exp ( - 2900L1) exp ( - 29L2)D}
<0 - GEP(A) (1 - exp (— 2e72ce™0)) = 6 oo,
by (176) for a suitable choice of Co = C3(t) > 0. This finishes the proof. O

The bounds for EUf in Lemma 32 translate easily into bounds for the Laplace transform
(179) A (0) = E¢{exp (—03,(t))}, for 6 >0,

of the mass of a clump alive at a macroscopic time t.

Lemma 33 (Asymptotic behaviour of AY). For all t >0, as 0 | 0,

1 Ca(t) _ 1 Ci(t)
(180) 1_W9+ Yo g7 < AYG) = 1— WH G 6,

Proof. Using the Laplace transform of a general compound Poisson point field,
(181) EU0 (0) = —log E¢{ — 0X,°[0,1]} = A(¢) (1 — A (9)),

hence the statement follows by applying Lemma 32 and the scaling relation of A(%). O

Finally, to get the tail behaviour we observe that Theorem 10 (iii) follows directly from the
previous lemma together with the following version of the Tauberian Theorem of Bingham and
Doney, see [2, Theorem 8.1.6] for the original statement. Here we can apply the relation =
occurring in Theorem 10 (iii) in a ¢-independent situation.

Lemma 34 (Tauberian Theorem). Suppose £ is a nonnegative random wvariable defined on a
probability space (2, A, P) with positive and finite mean m and Laplace transform A. Then

—(1—mb) = , as ,
(182) AO)— (1—mb) =07, as 610
implies

1
(183) P{£>x}zw, as x T 00.
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Proof. We denote F(z) := P{{ <z} and

(184) h(z) = %/OO (1— F(y)) dy.

Then, using integration by parts twice and then plugging in the assumption,

(185) /0 e " h(z)dz = 8 " om ), e 0" (1 - F(z))dz
1L 1-AG)
6 6m 6
We now apply the Tauberian Theorem of de Haan and Stadtmiiller [2, Theorem 2.10.2] to infer
T
(186) / h(y)dy =~ =7, as = T oo.
0

Next we use the O-version of the Monotone Density Theorem [2, Proposition 2.10.3] twice to
conclude

(187) first that h(z) =~ =7 and then 1 — F(z) = as x T 00,
as claimed. O
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