On the time of existence of weak discontinuity waves in poroelastic materials

Krzys ztof Wilmans ki

(Weierstrass Institute of Applied Anal ysis and Stochastics, Berlin) dedicated to Prof. Henryk Zorski on the occasion of his 70 th anniversary

Summary

In the paper, we consider the possibility of the gro wth of strong disco ntinuity waves in the two - component poroelastic materials. We use the model with the hyperbolic set of field equations described in the paper K. Wilmanski [1996

1

]. It is sho wn that indeed the critical time (i.e. the maximum time of existence of classical solutio ns) is finite and it assumes realistic values for real physical systems, such as biological tissues.

1. Introduction

The problem of propagation of waves in porous and granular m aterials bears special features whi ch do not appear in other media with microstructure. The most characteristic one is the presence of additional modes of propagation. For porous materials, such a mode has been described for the first time byM. A. Biot [1956, 1962], and it is called the P2-wave in contrast to P1-waves (longitudinal) and S-waves

(transversal) appearing in one-component elastic solids. These additional modes are usuall yconnected with a ver yhi gh attenuation and this yields, in turn, certain difficulties in their experimental observation.

The second characteristic feature is the scattering on microscopic heterogeneities. Certainly, this phenom enon appears as well, for instance, in pol ycr yst als. However, in contrast to relativel ysmall grains of pol ycr yst als, the size of the microstructure of t ypical granul ar and porous materials is much larger. It means that the strong scattering of sound waves appears in granular and porous materials for much longer waves (waves of much lower frequenc y) than it is the case for pol ycryst als. For instance, in the extreme case of a ver ycoarse gravel (the t ypical size of particles ~ 4.5 mm), the waves of frequencies hi gher than app. 300 kHz cannot propagate at all, primaril ydue to the scattering.

The third feature is connected with the diffusion (relative motion) of components. The influence of the diffusion is particularl ydramatic for the value of the attenuation coefficient and it has less influence on the speeds of propagation (e.g. see:

K. Wilmanski [1995, 1996

1,2

].

Finall y, in contrast to linear elastic models of pol ycrystals or composites, the models of porous materials with the linear elastic skel eton admit the growth of shock waves, i.e. strong discontinuit ywaves. This is due to the non-linearit yof the contribution of fluid components, which is characteristic for the bulk of such s ystems appearing in nature.

The literature of the subject contains a rather extensive batch of work on propagation conditions, speeds of propagation and attenuation of acoustic waves in granular and porous materi als based on various models (e.g.: T Bourbie, O. Couss y, B.

Zinszner [1987], R. I. Nigm atulin [1990], V. N. Nikolaevskij [1990]). On the other hand, scattering of acoustic waves in such mat erials has been investigated to a ver y small extent and solel yfor one-component models. Even l ess has been done for the growth and propagation of shock waves.

In this paper, we investigat e the possibilit yof the growth of the strong discontinuit ywave in a porous materi al, described b ythe h yperbolic set of field equations and proposed in m ypapers K. Wilmanski [1996

1

, 1997]. In the next section, we present the model. In the third section, we derive the evolution equation for the amplitude of weak discontinuities. As usual, it appears to be the Bernoulli equation along each characteristic. The solution of this equation maybecome infinite after a finite time. This critical time defines the range of existence of classical solutions of field equations. For times larger than critical, there exist solel yweak solutions which define the shock waves. The fourth section is devoted to the d ynamical compatibility conditions which describe the propagation of such waves. We show that the present model yields these conditions in the form reminding, to a certain extent, the classical

Rankine-Hugoniot conditions for gases. The problem which still remains unsolved is connected with the admissibilit y(selection) criterion for the shock waves. We shall return to this problem in a separate forthcoming paper.

2. The model

We consider temperature-independent processes in a two-component porous medium described b ythe following six fields

( )

{ } x v v e x

, t , t S F S t

� r r

t

S

t

F n , , , , , , Î Î

%

% t

in which the fields are of the class C 1 with respect to time and space variables. On the left-hand side, we quote the d ynamical compatibilityrelations in points of a singular surface, on which the fields ma yhave finite discontinuities.

In addition to the small deformation of the skeleton (2.2), it has been assumed that the speed of the relative motion ½ v F -v S ½ is much smaller than the partial speeds of components. This yields the linearityof the diffusive forces in the momentum balance equations. We assume as well that the deviation of porosityfrom the equilibrium value

D =n-n

E

is much smaller than unit y.

Table 1 regular point x Î % t

singular point x Î

6

t

( ) ¶ r

¶ r t

S

t

S

t div + = v S 0 , (2.3)

( ) [ ] [ ]

r

t

S c v n S × - = 0 , (2.9)

( ) ¶ r

¶ r t

F

t

F

t div + = v F 0 , (2.4)

( ) [ ] [ ]

r

t

F F c v n × - = 0 , (2.10)

( ) r

¶

¶

p t

F

F grad

grad p v

v v

v v

F

F F

F S t

+ æ

è ç ö

ø

÷ =

= - - - ,

(2.5)

( ) [ ] [ ] [ ] [ ]

r

t

F F p v n v n F F c , × - = -

(2.11)

( ) ¶

¶ j

t

D

D

D

D t grad div

n n

S S

E

+ × + - =

= - = - v v v F

, : .

(2.6)

( ) [ ] [ ]

[ ] [ ] r

j r t

S

S S c v n

v v n

S

F

× - +

+ - × =

D

0 ,

(2.12)

( )

r

¶

¶ p S S

t div v

T v v

S

S F = + - , (2.7)

( ) [ ] [ ] [ ] [ ]

r

t

S c v n v T n

S S S × - - = 0 ,

(2.13)

( ) ¶

¶ e

v v

S

S S

t grad grad T = + 1

2

, (2.8)

[ ] [ ] [ ] [ ]

e v n n v S S + Ä + Ä =

1

2

0

c

S ,

(2.14)

The constitutive relations for poroelastic materials are assumed to have the

form

( ) ( )

p n F

t

F

E

S = + = × +

S F S S S S

+ 2 ,

r b D l m b D

; , T e 1 1 e 1

(2.15) 1 where all constitutive parameters l S , m S , j , b , p and t depend sol el yon the equilibrium constant value of the porosit yn

E

. This is the value of porosit y, whi ch the material reaches aft er the full relaxation under the constant load. In addition, the propagation of shock waves, considered further in this work, is considered for the following form of the intrinsic pressure

S F :

d d S

S

S S F

F

F F

= Þ = = g r

r

¶

¶ r g

r t

F

t

F

F

t

F

t

F

U , : , 2

(2.16)

where g is a constant.

Let us notice that the solution of equation (2.3) for small deformations of the

skeleton

( )

r r r

t

S S S » - × »

1 e 1 S , (2.17)

allows to eliminate r S

t from the list of fields in regular points. It is not an ymore the

case on the singular surfaces as we see further in this work.

3. Propagation condition for planewaves, evolution of the amplitude

3.1. Speeds and amplitudes of weak discontinuity waves

In this section we consider a sim ple case of propagation of plane waves. The

purpose of these considerations is primaril ythe derivation of the so-called evolution

equation of the amplitude of the weak discontinuity waves. The solution of this equation

gives rise to the time of existence of classical solutions of the field equations. For a

given set of initial conditions, it enables the anal ysis of the growth of shock waves.

We consider the motion of both components to be described b ythe single

component of velocities v F and v S in the direction of x-axis. The deformation e S reduces

to the extension in the x-direction e S . Simultaneously, in order to estimate the

magnitude of contribution of various effects, we introduce the dimensionless

description. In the definition of dimensionless quantities, we use the material parameters

U S , t and r S . Namel y

1 In my previous wor ks the material constant describing the coupling o f stresses has been denoted b y

0�

It is related to b in the follo wing way: b = j (

0� t ) -1 .

( )

9 5 5

1 1

(3.2)

These fields satisf ythe field equations following from (2.4)-(2.8 ), i.e.

( )

( )

¶ r

¶

¶ r

¶

r

¶

¶

¶

¶

¶

¶ r

¶

¶ r

¶ r

¶

b r

¶

¶

p r

¶

¶

¶

¶

j

¶

¶

¶

¶

¶

¶

�

�

�

�

�

�

�

�

�

�

�

�

� �

�

�

�

�

�

�

�

�

�

�

� �

�

�

�

�

�

�

�

� � �

�

�

�

�

F

F

F

F

F

F

F

F

F

F

F

F

F F

F S

F F S

S S

t

v x

v x v t

v

v x x x

v v t

v x x

v v v t

e x

+ + =

+ +

æ è

ç

ö ø

÷ + = - -

+ + - = -

-

0

1

,

,

,

S D

D D

D

( )

- = -

- =

�

�

�

� � �

�

�

�

�

b

¶

¶

p

¶

¶

¶

¶

D x

v v e t

v x

F S

S S

,

, 0

(3.3)

We write this set of equations in the form

¶

¶

¶

¶

a a ab a

w t

A

w x

B � �

� + = = , , , , 1 5 (3.4)

with the following definitions of the matrices A and B

( )

( ) ( ) ( )

A v

v

v

B v v v v

F F

F

F

F S F S

F F F

F ab r

¶

¶ r b

r

a p

r r

j j

b

p

=

-

- -

- æ

è ç

ç

ç

ç

ç

ç

ç ö

ø

÷

÷

÷

÷

÷

÷

÷

= - - - - æ

è ç ö

ø

÷

� �

�

� � �

�

� � � � �

�

�

�

�

�

�

�

0 0 0

0 0

0 0

0 0 0 1

0 0 0 1 0

0 0

1

S F

,

. D

(3.5)

Hyperbolicityof the set of field equations (3.4) means that the eigenvalues of

the matrix A are real and the eigenvectors of this matrix span the space of solutions. We

proceed to find these eigenvalues and eigenvectors.

We solve the equation for the eigenvalues

( )

det , A

ab ab l d - = 0 (3.6)

under the assumption

� �

v v F F << Þ » + 1

0 1 l l l . (3.7)

For l

0 we easilyobtain the following values

( )

( )

( ) l

l

¶

¶ r r j b

¶

¶ r r j b j b

r

0

1

0

2 5

2

1

2

2

2 2

0

1 1

1

1 1

1

4

=

= + + + æ

è ç ö

ø

÷ ± ì

í ï

î ï

± - + - æ

è ç ö

ø

÷ é

ë ê

ê ù

û ú

ú

+ ü

ý ï

þ ï

-

,

.

�

� �

� �

�

� �

� �

� �

�

S

S

F

F F

F

F F F2

(3.8)

For the second term l

1 in the perturbation series (3.7), we have

( ) ( )

( ) ( ) [ ]

( ) [ ] l l l j b l

¶

¶ r j b

r l

l l j b l

¶

¶ r l l j b

l l j b

r

1 0

2

0

2

0

2

0

2

0

2

0

2

0

2

0

2

0

2

0

2

0

2

2 1 1

2 1 1 2

1 2

= = - - - - - - æ

è ç ö

ø

÷ -

= - - - - - æ

è ç ö

ø

÷ - + - +

+ - + a

b a

b

F F

F

F

, : ,

:

.

� �

�

�

� �

�

� �

�

�

� �

� �

�

S

S

F

F

(3.9)

It can be easil ychecked that this contribution is of the order of magnitude of the unity.

This means that we can limit the attention to the zeroth approximation (3.8) of the

eigenvalues. Due to the assumption of the small deviation from the thermodynamical

equilibrium, we can hardl ydistinguish between the contributions of

�

v F and

�

v S anywa y.

Consequently, we use the approximation l » l

0

.

Let us notice that relations (3.8) reduce to the classical relations for speeds of

propagation of longitudinal waves in the elastic solid and the ideal fluid, respectivel y, if

the coupling coefficient j b vanishes. The normalized right and left eigenvectors follow

in the form

( )

( ) r r

r

r r

l l

l

= =

-

-

-

-

- - æ

è ç

ç

ç ö

ø

÷

÷

÷

= ×

= =

-

-

-

-

- - æ

è ç

ç

ç ö

ø

÷

÷

÷

= r

r

l

l

F F

F F

F

T

F F

, : , , , , ,

:

, : , , , , ,

:

l

l l

r l

l b l l

r

¶

¶ r l

l l l

l j l l

¶

¶ r

¶

¶ r

¶

¶ r

¶

¶ r

2

2

2

2

2

2

2

2

2

2

1 1 1

1 1

1 1 1 1

1 1

�

�

�

�

�

�

�

�

� �

�

�

� �

S S

S S

S

F F

F F

F

l l × .

(3.10)

Evaluation of the jump of field equations (3.4) yields easilythe following

propert yof the amplitude of the weak discontinuity, i.e. the jump of the gradient of the

field w . We have

[ ] [ ] ( )

w w

A w

A 1 w

w

r w w

= Þ é

ë ê ù

û ú é

ë ê ù

û ú + é

ë ê ù

û ú é

ë ê ù

û ú = - é

ë ê ù

û ú é

ë ê ù

û ú = Þ

Þ = é

ë ê ù

û ú é

ë ê ù

û ú = é

ë ê ù

û ú é

ë ê ù

û ú × é

ë ê ù

û ú é

ë ê ù

û ú =

0 0

¶

¶

¶

¶

¶

¶

l

¶

¶

¶

¶

¶

¶

� � �

�

� � �

� t x x

x x x c

c c c

U S

& , , : , a a: =

(3.11) i.e. the speeds of propagation are identical with the eigenvalues of the matrix A and the

amplitude of discontinuityis parallel to the right eigenvector of the matrix A .

3.2. Evolution of the amplitude

We proceed to investigate the time changes of the magnitude a of the

amplitude. In order to simplifythe calculations we assume that the medium ahead of the

wave (i.e. on the positive side of the surface which is defined b y, in general, the

direction of the normal vector n ) is in the static undeformed state. Then the

differentiation of the field equations with respect to x, multiplication bythe right

eigenvector and evaluation of the jump on the singular surface yields the following

equation

d

d d

d

¶

¶ l

¶

¶ a

t a a � � � �

- + = = + G G

1 2

0 2 , : ,

t t x

(3.12)

where

G G

1 2

1 1

: , : , =

×

= -

× l r l r l

A

w r r l

B

w r

a ab

g g b a a

g g

¶

¶

¶

¶

(3.13)

and the standard kinematical compatibilityconditions have been used. The eigenvectors

and the coefficients G

1 and G

2 are known because the yare evaluated for the fields in the

static undeformed state ahead of the wave, i.e.

w + + = = = = = = æ

è ç ö

ø

÷

� � � �

r r

r

F

F

S

F S S

T

v v e 0 0 0 0 0

, , , , . D (3.14)

The evolution equation of the amplitude (3.12) is of the Bernuolli type and it is typical

for the quasilinear h yperbolic s ystems of equations (e.g. see: M. F. McCarthy [1975]).

Certainly, it can be immediatel ysolved. In the most general case, we have

( ) ( ) ( ) ( )

( )

1 1

2 0 1 2 a a

a a t = t

0

= - - -

= ò

0 t t

0

0 exp exp ,

: .

G G G

� � �

� �

�

�

t t t h h d

(3.15)

Let us mention a few most important properties of the above evolution

equation. First of all, it is obvious that the non-linearit yof the field equations is

necessar yfor the existence of the non-zero coefficient G

1

. If this is not the case, the

evolution of the amplitude has an exponential character. Such an amplitude is a constant

if the sources B are absent and it grows or deca ys exponentiallyotherwise.

The situation changes in the case of presence of G

1

. Then it mayhappen that

the amplitude a grows to the infinit yin finite time - sa yt

c

. According to the relation

(3.15), it mayhappen iff

( ) ( ) ( ) ( )

exp exp .

G G G

2 0 1 2

� � �

�

�

t t t

c c

- = - ò a

0

t t

0 c

h h d (3.16)

Consequently, the existence of the critical time t

c depends on the initial data, on

the signs of coefficients G

1

, G

2

, as well as on the choice of the characteristic, i.e. on the

choice of the eigenvalue of A and of the corresponding eigenvector. We shall

investigate this problem for the s ystem (3.4).

Bearing in mind the form (3.5) of the matrix A , we obtain after eas y

manipulations the following form of the coefficients G

1

, G

2

( )

( )

G

G

1

0

2

2

2

2

3

0

2

2

2

0 2

2

2

2

2

2

2

2

0

2

2

1

2

1 1

2

=

×

-

- æ

è ç

ç

ç ö

ø

÷

÷

÷

+ é

ë ê

ê æ

è ç ö

ø

÷ + - æ

è ç ö

ø

÷ æ

è ç

ç ö

ø

÷

÷ ù

û ú

ú

=

×

-

- æ

è ç

ç

ç ö

ø

÷

÷

÷

+

+ +

+

+ +

+

+

+

+

+

+

+

+

+

+

+

+ l

r l

l r

¶

¶ r r

jb l

l l

l p

r l l

F

U

U

F

F

F

S

F F

S

U

U

F

F

S

F

S

U

U

U

U l r

l r

S F

,

( )

( )

+

+

+

+

+

+

+

+

+

+

+

-

-

+

-

+ ì

í ï

ï

î ï

ï ü

ý ï

ï

þ ï

ï

-

º + æ

è ç ö

ø

÷ + + æ

è ç ö

ø

÷ ± ì

í ï

î ï

± - æ

è ç ö

ø

÷ - + æ

è ç ö

ø

÷ é

ë ê

ê ù

û ú

ú

+ - æ

è ç ö

ø

÷ æ

è ç

ç ö

ø

÷

+

+

2

2

2

0

2

2

2

2 1

2

2

0

2

0

2

2

1 1

1 1

1

1 1

1

4 1 l p

r l

jb l p

l

r jb

r jb jb

U

U

F

F

S F

F

S F

F

S

F

S

U

U

U

U

U

U

,

÷ ü

ý ï

þ ï

,

(3.17)

where we have skipped the hat for the t ypographical reasons. The plus sign means that

the quantityshould be evaluated in the state w + given b y(3.14).

For the zero value of l both coefficients vanish. Consequently, the amplitude

of discontinuity a does not change in time along this characteristic.

It remains to establish the initial conditions. We have in general

¶

¶

¶

¶

¶ r

¶

¶

¶

¶

¶

¶

¶

¶

¶ w w

r � �

�

�

�

�

�

�

�

�

�

� x x

x r

x r

x r

x r

x r

1 2 3 4 5 é

ë ê ù

û ú é

ë ê ù

û ú = - æ

è ç ö

ø

÷ =

= - = - = - = - = -

-

- - - - - a

a a a a a

, . . :

, , , , .

i e

v v e

F F S S D

(3.18)

Let us consider the case of a given initial acceleration of the fluid component.

For a given a F

0

, we have

¶

¶ t ¶

¶ l t

�

�

�

� v

t U a i e v

x U a r

F

t t

S

F

F

t t

S

F

t t

=

-

=

-

+ =

= = - = -

0 0

0

0 0 2

1

, . . . a (3.19)

Bearing in mind the relation (3.10) for the eigenvector, we get finally

( )

a : = a

0 t t

F

U

U

S

F

F

S

U a

=

+

+

+

+

=

-

-

+

+

0 2

2

2

2 0

1

�

r

l l

l t

. (3.20)

This choice of the initial conditions has no essential bearing on the qualitative properties

of the amplitude a . This is due to the fact that the initial disturbance of an yquantit y

appearing in (3.18) yields the disturbances of all remaining gradients. Consequently, it

is solelythe problem of proper normalization of initial conditions.

It is seen that the coefficients G

1

, G

2 and the eigenvectors r + , l + are constant in

this example. Hence we can easilyintegrate in (3.16). It follows

� �

t t

c

= - - æ

è ç ö

ø

÷

0

2

2

1

1

1

G

G

G ln .

a

0

(3.21)

Then the existence of positive critical times requires that the initial amplitude

must be bigger than the critical value given b ythe relation

a

c

: . = >

G

G

2

1

0 (3.22)

If this is the case the classical solution of field equations ceases to exist and the

shock wave is created. It shall happen on the characteristic with the shortest critical

time. Consequently, in order to find it, we have to check four characteristic critical

times for the present example.

We illustrate these conditions bya numerical example. We choose the

following data of material parameters

U m

s

U m

s n

kg

m kg

m

kg

m s s m

s

S F

E

S F

= ´ = ´ = =

= ´ =´

= = =´ -

1 5 10 0 9 10 0 4 0 4

1 2 10 0 4 10

10 10 0 3 10

3

0

3

3

3 0

3

3

7

3

5 9 2

2

. , . , . , . ,

. , . ,

, , . .

j

r r

p t b

(3.23)

Theydescribe a rather soft skeleton (the relativel ysmall value of the speed U S )

with the coefficient of permeability p smaller than the t ypical values for, sa y, rocks.

These data have the order of magnitude t ypical for, for instance, biological tissues.

Figure 1: Critical time in [s] vs. initial amplitude in [m/s 2 ] for the data (3.23)

For these data, the critical initial acceleration, defined bythe relation (3.22), has the value a F

0

=11.43 m/s 2 .Consequently, one can expect the growth of the shock wave in this two-component s ystem provided the initial acceleration is big enough.

In Figure 1, we present the cr itical time as the function of the initial amplitude.

As expected, this time becomes shorter for larger amplitudes. Also its order of magnitude seems to be realistic even though I am not aware of experimental data, from which this time could be estimated.

4. On strong discontinuity waves

As pointed out in the analysis of the critical time for the weak discontinuity waves, the nonlinearityof the constitutive relation for the intrinsic part of the pressure in the fluid S F ( r F t

; n

E

) indicates the possibilityof the growth of shock waves, i.e. the waves carr ying the strong discontinuities. The yare not described b ythe local field equations (2.3)-(2.8) an ymore. We have to construct weak solutions of those equations.

Ver ylittle has been done in this respect for multicomponent continua. In this work, we show solelysome basic properties of shock waves for the simple model under considerations which follow from the jump conditions (2.9)-(2.14). As before, we assume the bod yto be undisturbed ahead of the shock wave, i.e. its state is supposed to be w + given by(3.14). Bearing in mind the relations

[ ] [ ]

( )

[ ] [ ] [ ] [ ]

[ ] [ ] [ ] [ ]

e 1 e n n v n e e n1 n v v nn

S S S

S S S S

c c

× = × Ä = - ×

- × = - - ×

1

1

2

,

,

(4.1) which follow from the jump condition (2.14), the remaining jump conditions yield the following relations

[ ] [ ] [ ] [ ]

[ ] [ ]

[ ] [ ] [ ] [ ]

[ ] [ ] [ ] [ ]

[ ] [ ] [ ] [ ]

[ ] [ ]

e 1 v n e 1 e 1 v v nn v v nn

S S t

S

F F t

F

F S

S

S

S S

S S

F

F F

S

S

S S

F

F t

c c c

c c c c

× =

é ë

ê

ù û

ú

é ë

ê ê

ù û

ú ú

× = -

é ë

ê

ù û

ú

é ë

ê ê

ù û

ú ú

= + ×

× = -

+

-

æ è

ç

ö ø

÷

- × = -

æ è

ç

ö ø

÷ - × =

= -

-

r r

r r j j j b r

l m r

j b r m r r r

1 1

2

0 0

1

0

3

3

2

1

2

0

2 2

, ,

,

, ,

D S

S

S

F

é ë

ê

ù û

ú

é ë

ê ê

ù û

ú ú

.

(4.2)

These relations should be read in the following way. The formulae (4.1) together with (4.2)

1-4

determine the jumps of r S t

, e S × 1 , v S × n , v F × n and D in terms of the jumps of the mass densityof the fluid r F t

and of the intrinsic pressure S F which are, in turn, connected b ythe barotropic constitutive relation (2.16). According to (4.2)

5

, the admissible discontinuityof the fluid velocit y v F reduces to the component in the direction of propagation n . The tangential component must be continuous. On the other hand, according to (4.2)

6

, the tangential component of velocit yof the skeleton v S can be discontinuous but its discontinuitypropagates with velocityof the transversal sound wave equal to

m r

S

S

. Hence, it can be solelydue to initial conditions and does not grow during the motion of the bod y.

The last relation (4.2)

7

determines the speed of propagation of such waves if the jump of the mass density r F t

is given. This relation is identical with the classical

Rankine-Hugoniot condition for shock waves in gases.

The investigation of the one-dimensional problem of construction of weak solutions accounting for these relations and the analogyto the theor yof shock waves in gases is in progress and it shall be presented in the forthcoming paper.

5. Concluding remark

In spite of the practical - in particular, medical - applications of shock waves in porous materials, the theoretical research in this field does not make much progress since man y years. This is due to the two main reasons. First of all, it is verydifficult to extend the methods of solutions of one-dimensional hyperbolic problems to more space dimensions. Unfortunately, such an extension is necessar yin practical applications of shock waves in porous materials (e.g. in lithotripsy). Secondl y, in the case of more than two fields, ver ylittle is known about the criteria of choice of a weak solution. It is known that the usual entrop ycriterion does not yield uniqueness and an alternative is not yet known. This problem was onl yindicated in the present work.

References

[1956] M. A. Biot; Theoryof propagation of elastic waves in a fluid-saturated porous solid, I. Low-frequenc yrange, J.Acoust.Soc.Amer., 28 , 168-178. II. Higher frequenc y range, J.Acoust.Soc.Amer., 28 , 179-191.

[1962] M. A. Biot; Mechanics of deformation and acoustic propagation in porous media, J.Appl.Phys., 33 , 1482-1498.

[1975] M. F. McCarthy; Selected Topics in Wave Propagation, in: C. Eringen (ed.),

Continuum Physics, vol. II, London: Academic Press.

[1987] T. Bourbie, O. Coussy, B. Zinszner; Acoustics of Porous Media, Editions

Technip, Paris.

[1990] R. I. Nigmatulin; Dynamics of Multiphase Media, Hemisphere Publ. Corp.,

Washington.

[1990] V. N. Nikolaevskij; Mechanics of Porous and Fractured Media, World Scientific,

Singapore.

[1995] K. Wilmanski; On weak discontinuitywaves in porous materials, in: M.

Marques, J. Rodrigues (eds.), Trends in Applications of Mathematics to Mechanics, 71-

83, Longman, Essex.

[1996] K. Wilmanski; Porous media at finite strains - the new model with the balance equation of porosity, Arch.Mech., 48 , 4, 591-628.

[1996] K. Wilmanski; Dynamics of porous materials under large deformations and changing porosity, in: R. C. Batra, M. F. Beatt y(eds.), Contemporar yResearch in the

Mechanics and Mathematics of Materials, 343-356, Barcelona.

[1996] K. Wilmanski; On the acoustic waves in two-component linear poroelastic materials, in: H. Struchtrup (ed.), Faceten der Thermod ynamik, 60 th Anniversar yBook of Ingo Müller, 425-444, TU Berlin.

[1997] K. Wilmanski; The thermodynamical model of compressible porous materials with the balance equation of porosit y, Transport in Porous Media (submitted).