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1. Introduction

One of the most disputed issues in the theory of spin-glasses is the question as to what extent
the results obtained for the mean-field Sherrington-Kirkpatrick (SK) model [SK] are relevant for
finite dimensional short-range spin glasses (for a recent review and interesting discussions on this
issue we refer to [NS1,NS2]). From the point of view of the mathematical physicist, this question
is not made easier by the fact that the most interesting results on the SK model (see [MPV]) are in
themselves not mathematically rigorous. On the other hand, there has been considerable progress
in understanding at least the high temperature features of the SK model [ALR,FZ], and very
recently some very nice probabilistic tools have been employed that make the analysis of this phase
rather easy and appealing [CN,T1,T2]. One could thus ask the rather modest question to what
extent these high temperature mean-field results are related to the corresponding lattice models. In
standard mean field theory, the clearest interpretation of mean field results as asymptotic results for
a family of lattice models if given in terms of Kac models [KUH]. The Kac version of the SK-model
has been considered already in [FZ], but was not further studied in the more recent developments.
The purpose of this note is to do this, and to give some quite weak results that show that, at least
in the high-temperature phase, the SK model can be seen to some extent as a limit of a family of

Kac spin glasses.

Let us recall the definition the Kac-SK model. Let o; € {—1,1}, i € Z® be Ising spins. Let
Gij, 1,J € Z* be a family of i.i.d. random variables with mean zero and variance 1. To avoid
complications, in this paper we only consider the case where G;; are Gaussian, but more general
distributions could be considered. Let J,(i) be a Kac-kernel, i.e. a positive function Z? — IR"
such that J,(i) = v?J(yi) where [d?zJ(z) = 1 and J has compact support. Note that the
normalization condition implies that ) . J,(é) = 1 + €(y) where €(y) | 0 as v | 0. Then the
Hamiltonian of our model is defined, for any A C Z¢ by

Hp A (0)|w] = ——= Z /Iy (i — §)Gijoio; (1.1)

i,jEA
We define the partition function as
Ty 5] = IE, exp (—BHp (o) w]) (1.2)
and the free energy as
Freple] = = 0l (13)

Throughout the paper we will assume periodic boundary conditions for convenience , although
this is not essential. We introduce the quenched and annealed free energies as f . 5 = IEfa (W],

respectively f3 5 = ﬁ|A| InIEZy  glw]. As is well known (see e.g [Vu,GR,vE]), it follows from
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the sub-additive ergodic theorem that for all v > 0, for almost all w,

. _ . q —
I&%Id faqplw] = Alféld fA,'y,ﬂ = [y (1.4)

where here as everywhere in the paper the limit A T Z 4 is understood in the sense of van Hove.

Then our first result can be formulated as follows:

Theorem 1: Forall<1

limf,g=—=, a.s (1.5)

710 4’

Remark: From the work of [ALR| we know that the free energy of the SK model equals to —% for
B < 1. Theorem 1 thus says that in the high temperature regime, the free energy of the Kac-SK
model converges to that of the SK model in the Lebowitz-Penrose limit. Theorem 1 extends a result

of Frohlich and Zegarlinski [FZ] proven for 8 small enough to the full high-temperature region.
Our second result concerns the fluctuations of the free energy.

Theorem 2: Let 8 < 1. Assume moreover that B is such that for all v sufficiently small, the
Kac-SK model has a weakly unique infinite volume Gibbs state for all 3’ < 3. Then

(i) If v is small enough, there exists a constant c, g such that
D
VIA| (fA,v,ﬂ - ff{,y,g) = cyp9, as AT Z? (1.6)

. . . D C e
where g is a standard Gaussian random variable and — denotes convergence in distribution

(or “in law”).

(ii) For Lebesgue almost all such 3

lime, 3 =0 1.7
410 v.8 ( )

Remark: We expect of course that (1.6) and (1.7) holds for all 8 < 1.

Remark: This result must be contrasted to the corresponding result in the SK model, where
|A| (fAmg[w] — fl‘{mﬂ) converges in distribution to a standard normal r.v.. we see that on the
lattice, for all positive -y, the fluctuations of the free energy are on a much larger scale then in the
SK model, but at least on this scale they tend to zero with . In some sense, the fluctuation result
in the SK model with the |A|-scaling should be considered as some overly refined estimate that one
happens to be able to compute in the mean field model. On the level of the “normal” fluctuations
on the scale \/W our theorem states that the properties in the Kac model converge to those of the
SK model.



Remark: The hypothesis of uniqueness of the Gibbs state is a weak point in our theorem (strictly
speaking, we need less, namely only the convergence of the finite volume state with periodic (or even
some other) boundary conditions to a translation covariant infinite volume Gibbs state (see [AW] for
definition and extensive discussion of this notion)). Let us recall from [FZ2] that “weak uniqueness”
means that the finite volume states with any fixed (“non-random”) boundary condition converge
to the same infinite volume measure, almost surely. We can only assert that it holds trivially in the
one dimensional model for all temperatures. In arbitrary dimensions, it is easy to adapt the proof
of Frohlich and Zegarlinski [FZ2] of weak uniqueness of the Gibbs state at high temperatures given
for potentials of the form |z|~*¢ to show that there is a finite 3., independent of v, up to which
uniqueness holds. We would of course expect that 8.(y) — 1, as v | 0, but to prove this is beyond

the scope of the present note.

The remainder of this paper is organized as follows. In Section 2 we prove Theorem 1, using a
beautiful idea of Talagrand. In Section 3 we prove Theorem 2, using in part the equally beautiful

ideas of Comets and Neveu.

Acknowledgements: I gratefully acknowledge helpful discussions with Dmitry loffe and Véronique
Gayrard. The comments of an anonymous referee have been helpful to improve the presentation of

the paper.

2. Proof of Theorem 1.

The proof of Theorem 1 follows closely Talagrand’s proof in the SK model that appeared in

[T1]. It relies on three simple facts.

Lemma 2.1: For any 3 and ~,

IBZp . p5 = elAM(1+e(v))B? /4 (2.1)
Proof: Just compute.$
Lemma 2.2: For any B and v,
2
lim 1 [ 2 ZArs ) _ pla (2.2)
arza B2A| T\ [[EZy , 6] 8 '
Ay,B

where F$aﬂ° is the free energy of the Kac-Ising model (for a precise definition, see below). Moreover,
if 6 <1, then

ok
lim F%5: = 0 (2.3)



Proof: Again a trivial computation shows that

i o
B2} 5 = o lBo exp | 7 > Jy(i = j)(0i0; +0i07)”
i,jEA

2
= [[EZy  p]° E, exp '8 Z J, (i —j)oio;
i,jEA
But the last factor is nothing but the partition function in the usual ferromagnetic Kac-Ising model

at inverse temperature 82. As is well-known (see e.g. [Thol), by sub-additivity the limit

Al%%ld 52|A| In IE, exp ;AJ foio; | = F*?é (2.5)
exists (if the limit is taken in the sense of van Hove) for all d, all 8 and all positive . (2.3)
follows from the Lebowitz-Penrose theorem that asserts that the free energy of the Kac-Ising model
converges to that of the Curie-Weiss model together with the fact that the latter, given by FﬁCW =
inf, (x2 /2—p3"tIn cosh(ﬁx)), which for 8 <1 is equal to zero. This concludes the proof of Lemma,

2. o

Lemma 2.3: For all 8 and all v,

_ __ @A
IP([faq.6 —IEfr~pl > 2] < 2exp (1+e(7))? (2.6)

Proof: This Lemma is a simple consequence of Gaussian concentration inequalities (see [LT],

Section 1.1, Eq. (1.6)) which assert that for any Lipshitz function f of Gaussian r.v.’s,

72
IP[|f —IEf| > z] < 2exp <—W> (2.7)
ip

where || f||1ip denotes the Lipshitz-norm of f. Just note that fa g is Lipshitz as a function of the

ii.d. Gaussian random variables G;;. Indeed, a simple estimate yields that

Famslio] — Fampl]] < 1J2T—A > (@ ’J[w’])2Z%IIG[w]—G[w’]IIz (2.8)
,JEA

that is || fa,y,8llLip < 14<) Insertion into (2.7) gives (2.6).¢

VAl

Remark: An elementary proof of (2.6) in the SK-case (which geralizes without difficulty to the

present situation) can be found in [BGP]. A similar estimate also holds in the non-Gaussian case,
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provided the G;; have finite exponential moments. We refer the interested reader to [T1,T2]. This

allows to extend the validity of Theorem 1 to such random variables.

We now have all the tools ready to apply Talgrand’s idea from [T1] to the Kac-SK model. The
Paley-Szygmund inequality (see [T1]; the proof of this inequality is elementary) asserts that

[IEZA, ,ﬂ] 1 2
P |2 > ﬂ%ﬁgﬁ e (<o [ 1om)])  (29)

On the other hand,
1
P [ZA,%ﬂ > §1EZA,«/,3] =IP[nZpyp—IEINZyyp>IIEZyyp—IEInZy 5 —In2]
= 1P [~frnp+ Bians > —fiop+ fhne — 2] (2.10)

2
< 20xp (I [1215 ~ FRes — 3] 10+ c)?)

where we used that by Jensen’s inequality, InIEZ} , s > IEIn Z ., 3. Comparing (2.9) with (2.10)
we find

Flg— s — 2] < (14 ()28 [P 4 o(1) (2.11)
| } |

and so, in the limit as A 1 Z¢,

f;{ﬁ+ﬁ‘ (1+€(7))B8/ Frzs, (2.12)

Since Fkac oy tends to zero with v if 8 < 1, the claim of Theorem 1 follows.<>

Remark: Note that this proof is totally different in spirit than the usual proofs of convergence
of Kac free energies to the respective mean field free energies. We do not see how such a proof
could work here. For that reason, we have no analogous result at low temperatures (leaving alone
the problem that the existence of the free energy in the SK model is not known rigorously at low

temperatures).

3. Proof of Theorem 2

Theorem 2 is a more subtle result than Theorem 1, as can be seen by the hypothesis we need.
One would expect that this theorem can be proven along the lines of the Comets-Neveu [CN] proof

in the SK model, however, as we will see there are some notable differences.

The crucial idea in the work of Comets and Neveu is the use of Martingale techniques. More-

over, due to the fact that the random couplings are chosen Gaussian, it is possible to use continuous
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time martingales and employ the convenient and well developed tools from stochastic calculus (see
e.g. [RY]). The same is true in our problem, and the most elegant way to prove our theorem is by
use of (rather basic) results from stochastic calculus. On the other hand, these techniques may not
be too familiar to many physisicsts working on disordered systems. Thus it may be useful to explain
the basic ideas of the proofs in a simple way rather to just cite theorems from the literature. In this
spirit, we chose to stick to a discrete setting as far as reasonable, and to give proofs of the results
needed in an elementary way. In this sense, Lemmata 3.1,2,4 below are immediate applictions of
standard formulas in stochastic calculus, and our proofs imitate the standard proofs of these results

in a particular setting.

A second reason for prefering the discrete setting is that stochastic calculus is essentially limited
to the Gaussian case, whereas we expect similar results for more general coupling distributions (see
for example [Co]). In such cases one may still use martingales, while the infinitesimal calculus in

not available. We comment on this point at the end of this section.

The advantage of the Gaussian case is that the couplings can be represented as a sum

1 n

where the g;;(k) are all independent standard normal random variables, and n can be chosen
arbitrarily. Comets and Neveu [CN] use the “infinitesimal version” of this decomposition by rep-
resenting G;; as a Brownian motion B;;(t) (at ¢ = 1) which corrsponds to passing to the limit

n 1 co. Using this, we may think of our g;;(k)/+/n as finite increments of these Brownian motions,

. g;(k)/v/n = Bij(k/n) — By((k — 1)/n).

According to this representation we introduce the (decreasing family of) sigma-algebras Fj, =
» =o0(g(k),g(k+1),...,9(n)) that are generated by all the g;;(I) with [ > k. We will denote by

Fi =0 (B(s),s € [t,1]) the corresponding filtrations with respect to the Brownian motion.

Our principle task in the proof of the CLT is to compute the Laplace transform

L () = I exp (uy/IN][fa 1, — [ fa]) (3.2)

To compute Lp . g(u) we use the following representation of fp g — IEfa s as a martingale

difference sequence, namely

fams—TEfaqrp =Y fayp(k) (3.3)
k=1

with
faq,8(k) = IE[fap1Fk] — IE [faqp

6
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The standard trick now is to compute first

Lpypn(u) = IEexp (u |A[[far.8 = TEfaq.8] — |A|7Fn> (3.5)

where F,, = F,, 5 , g is the conditional variance of the martingale,

F, = Z IE [fi,'y,ﬂ(k)|fk+1] (3.6)
k=1

Lemma 3.1: For any A, 3,v,u, we have that

lim Ly pn(u) =1 (3.7)

n?too

Proof: This is a standard result, and we just give the main idea of the proof. One writes the right
hand side of (3.5) as

u? _u? 2
exp (/W lacs ~ Il = g ) = B[] P[0 £ 0017 )

« eUVIAIfA 5.5(2 —%|A|1E[f/2\,7,g(2)|7:3]|_7:3} _eu\/lAlfA,w,a(n)—’;—2|A|E[f§,7,g(n)|fn+1]|]_—n+1}
(3.8)
and to work up the conditional expectations one by one. The point is that by rather simple

estimates, one sees that
‘IE [eu\/|A|fA,7,B(k)_%|A|E[f12\,-y,5(k)|fk+l]|]-'k+1} _ 1‘ < Con~3/? (3.9)
where the constant C' depends on ¢t and A. From this (3.7) follows immediately.{
The important point is now the asymptotic representation of F;, given in the following lemma:

Lemma 3.2: For any A, 3,7, in distribution,

1
lim £, :/0 dIE | de Y ((0i01 Ty (i — §)0505) a8l F (3.10)

i,J€EA
where ((-))A,,3 denotes the expectation over two independent copies, o and o', of the spin variables

with respect to the finite volume Gibbs measure where G;; is replaced by B;;(1).

Proof: The main observation is that (we skip all indices referring to A,~, 3)
f(k) = IE [fa .81 Fk] = IE Ay, F k1]
= Byr) - By 1y By (£(9(1), - 906 = 1), 9(k), ..., g(n) (3.11)
— 1(g(1),.. 90k = 1),6'(K), .. g(n))
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where IE ;) stands for the expectation w.r.t. all the variables g;;(k), and ¢'(k) is an independent

copy of the g(k). Now by Taylor’s formula

f(g(l)a' . ’g(k - 1) g(k)’ s ’g(n)) - f(g(l)’ s 7g(k - 1)7gl(k)’ Tt ’g(n))

. 1 !k R (3.12)
Z ag” g J gz]( )) + Ity
where the second order remainder Rs is a sum over terms of the form
T (g 8) — gl () (gt () — gl () (3.13)
3gij(k)3gzm(k') ) %] m ml
with f evaluated at some intermediate point. But all what counts is that
2 J (=
‘—8 f ‘ < —1\/ m) (3.14)
09:;(k)0gim (k) |A|

and that that

g (1)l (9i5 (k) — 935 (k) (gmi (k) = gri (k)| < ¢ [L+ (lg:5 ()] + l9m (F)]) + 19i5 (K)llgmi (k)] (3.15)

with some numerical constant c¢. On the other hand,

of ) 1 .
Eg'(k)m(gij(k) — 9i;(k)) = W(W Jo(t = 5)0j) n,v,89:5 (k) (3.16)

Inserting this leading term and the previous bound on R, into the expression for F,, we arrive,

after some similar steps at the representation

ZIE ap O (001, (i = oo an sl Frrr | +n 2R(ALY, Bm)  (3.17)
i,JEA

where R(|A|,7, 8,n) is bounded uniformly in n, but not in A. To be rid of this remainder, we are
finally obliged to follow Comets and Neveu and represent G;; as the value of a Brownian motion
B;;(t) at t = 1. With F;,t € [0,1] denoting the corresponding filtration, the formula (3.10) follows
easily from (3.17).$

The crucial point is now that under the assumption of Theorem 2, the random variable |A|F,

converges to a constant in probability, as A 1 oco.

Lemma 3.3: Assume that v, are such that almost surely, the infinite volume Gibbs state is

weakly unique. Then there exists a constant cy g such that

lim — 003 J( o; =c,g, 1in Prob.. 3.18
ATZd |A| JZEA ) J ]>> Av,B .8 ( )



Proof: Just write

1 .
g Z 0i03Jy (i = §)oj05)) a8 =

1 .
|— Z 0i0;Jy (i — §)0505))00,v,8 (3.19)
JEA

Z ((0107J4(i — 5)0505)) Ay — (03074 (i — §)005)) 00 ,7,8]

i,jEA
Since the unique infinite volume Gibbs state will be translation covariant, the first term converges
to a constant by the ergodic theorem. Also, the finite volume states converge weakly to the infinite
volume state, from which we can deduce easily that the second term converges to zero in probability.
This yields the lemma. <

Now from Lemma 3.3 and Lemma 3.1 it follows easily (since |A|F is uniformly bounded) that

c 7ﬂ
Jim, Laya(u u) = exp (£2u?) (3.20)

which implies part (i) of Theorem 2. What is missing is to relate ¢, g to the difference between the

quenched and annealed free energies.

At this point it turns out useful to compare our procedure above to the approach taken by

Comets and Neveu. Following their approach, we would define

k
Biyk) = — 3 g55(0) (3.21)

which can also be represented by the brownian motion B;;(k/n). Correspondingly one can introduce
Z (k) as the partition function of the model where G;; is replaced by B;;(k). It is easy to
see that that Zx(k) = Za(k)/IEZx(K) is a martingale in k, ie. IE [ZA(k)/IEZA(k)‘]:"k_l} -
Za(k — 1)/IEZ(k — 1), where we have switched to the increasing sequence of sigma-algebras
Fr = 0(g(1),9(2),...,9(k)). Now the idea is to “take the logarithm” of this martingale, that is to

write

Za(k) = exp (JWMA(k) — %|A| < My (k) >> (3.22)

where My (k) is a martingale with zero mean and < Mx (k) > is increasing (and called the “bracket”
of the martingale M (k)), and hopefully, converging to a constant as A tends to infinity. In the SK-
model, Comets and Neveu write this formula without the 1/]A| and the |A| coefficients and prove
that still < My (k) > converges in that case. Then the CLT for martingales allows them to conclude

that My (n) converges to a Gaussian and this gives the desired estimate on the fluctuation of the

9



free energy. In our case, with v > 0, we cannot expect such a result, and convergence of < My (k) >
can only be hoped for with that normalization. On the other hand, with this normalization My (k)
has no immediate physical interpretation, in particular it is not fa(k) — IEfa(k)! On the other
hand, the bracket of this martingale does have a nice physical interpretation, namely,

FL0R) = 1308 = 5518 < Ma(R) > (3.23)
This follows from (3.22) by taking the log and the expectation on both sides and recalling that
M, (k) has mean zero. This appears to be a most unfortunate situation: There is a physical quantity
that we know to be Gaussian without control on its variance, and there is another Gaussian quantity
whose variance we control nicely, but we do not know what it represents. Luckily, there is a link,
due to the fact that there is also a different representation of the bracket. To see how this is derived,
write (3.22) in the form

_ 1 Za(k)  VIA|
MA(k) = \/W In IEZA(k) 9 < MA(k) > (3.24)
We want that My (k) is a martingale, that is that IE [MA(k)|ﬁk_1] = Mp(k —1). But
E [MA(k)|ffk_1] - ﬁm [m ZA(k)|ffk_1] + @E [< M (k) > |ﬁk_1] (3.25)
Now
_ . ~ 3 Za(k) — Za(k— 1)\ | -
E [1nZA(k)|f,e_1} —IE [anA(k - 1)|f,e_1} +IE |In (1 Ml AT 2 5 ) f,H]
=1InZa (k) + 1ZE <2A(k,)\_ Za(k - 1)> ‘]:"k—l + Ry
? Zatk 1) (3.26)

:\/WMA(k—l)—%<MA(k—1)>

. . 2
1 Za(k) —Zpa(k—1 .
+ -IE Al 2 Al ) |Fr—1| + Re
2 Zp(k—1)

where Ry corresponds to the third order remainder in the Taylor expansion of the logarithm and

is of order n—3/2

and therefore can be made irrelevantly small by taking n to infinity (this is
completely analogous to the estimates in the first part of this section. Thus, for My (k) to be a

martingale, we must have that
IE [ < Ma(k) > |ﬁk_1] < Mp(k—1)>=IE [< Ma(k) > — < Ma(k—1) > |ﬁk_1]

> > 2 3.27
1. (ZA(k/)\—ZA(k—l)> Foor| + R (8.27)
Zn(k—1)

1A
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From this we deduce the obvious solution

N A i
< MA |A| Z < ZA(l ~ 1) ) ‘fl—l + O( ) (328)

~ ~ 2
It remains to compute IFE <M> ‘]—'1_1 . But this goes just like in the previous case,

Zp(1-1)

and in complete analogy to Lemma 3.3 we obtain

Lemma 3.4:

< Ma(t) >= lim < Ma((en) / IS Uoioldy (i — )00 ara(s)ds (3.29)
’JGA

in distribution.

By the same arguments as before, and using that a Brownian motion B;;(t) has the same
distribution as v/¢B;;(1), we get that

lim IE < Mu(t / ZIE (70(70 (i)o; >>oo’yﬁ\/_ds (3.30)
Atz i€EA
But by (3.23), this yields
t
B a
/0 dse, g5 = D11 = f) (3.31)

From this representation and Therorem 1 we get the immediate corollary:

Corollary 3.5: Let 8. < 1 be such that the assumptions of Lemma 3.8 are satisfied for all 8 < (..
Then, for Lebesgue almost all 0 < 8 < (.,

hmc7 =0 (3.32)
740

Proof: Note that by construction c, g is non-negative. Moreover, by Theorem 1 its integral
converges to zero as v | 0. But than c, g itself must converge to zero except on a null set. This

proves the corollary.<>
This also conclude the proof of part two of Theorem 2.{<

Remark: Most of the analysis presented in this section can be carried over to the case of non
Gaussian couplings. Namely, instead of introducing the filtrations according to the decomposition of

the Gaussian (3.1) one may introduce filtrations Fj ; = o ((Gij, (4,5) > (k,1)) (with some ordering

11



on Z*? etc., and corresponding martingales (see e.g. [AW]). Except that greater care is then

necessary when treating error terms, very little will change, with one notable exception: we will

not be able to prove the convergence of the quadratic variation Fa to a constant. The reason is that

the expression corresponding to (3.10) will read

1 .
Fr= 13 2T (o036 = §)9307 )l 5]
1,5

and the conditioning is breaking the translation covariance properties that were used in the proof

of Lemma 3.3.
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