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ERGMs on block models

Elena Magnanini

Abstract

We extend the classical edge-triangle Exponential Random Graph Model (ERGM) to an inho-
mogeneous setting in which vertices carry types determined by an underlying partition. This leads
to a block-structured ERGM where interaction parameters depend on vertex types. We establish
a large deviation principle for the associated sequence of measures and derive the corresponding
variational formula for the limiting free energy. In the ferromagnetic regime, where the parame-
ters governing triangle densities are nonnegative, we reduce the variational problem to a scalar
optimization problem, thereby identifying the natural block counterpart of the replica symmetric
regime. Under additional restrictions on the parameters, comparable to the classical Dobrushin’s
uniqueness region, we prove uniqueness of the maximizer and derive a law of large numbers for

the edge density.
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E. Magnanini 2

1 Introduction

Social networks, like many biological and technological networks, are known to exhibit a high degree
of clustering, also referred to as transitivity. Informally, if two nodes share a common neighbor, they
are more likely to be linked to each other as well. A central modeling challenge is to relate such
local features, captured by the frequency of small subgraphs and therefore easily measurable, to
the global structure of the network. Among probabilistic models for social networks (see e.g. [26]),
Exponential Random Graph Models (ERGMs) have a particularly transparent statistical justification.
More precisely, if one prescribes the empirical values of finitely many network statistics (such as the
number of edges, triangles, or other small subgraphs), then among all probability distributions on
graphs consistent with these constraints, the entropy-maximizing distribution is a Gibbs measure [20].
Focusing on unconstrained, undirected ERGMs, a substantial body of rigorous probabilistic results
has been developed. These include the derivation of the limiting free energy and the analysis of its
phase diagram, as well as more general results on the asymptotic structure and typical behavior of
such graphs (see, e.g., [8,[7, 25, 31} 2, [13]). A complementary line of research investigates fluctuation
phenomena and limit theorems for subgraph densities, obtained both through statistical mechanics
techniques (see, e.g., [4, 22} 3], 23] [24]) and via Stein’s method, the latter also providing quantitative
normal approximations [15, 27, [30].

Classical ERGMs are typically homogeneous, in the sense that their law is invariant under relabel-
ings of the vertex set. Real networks, however, often exhibit heterogeneous structure: vertices carry
attributes (or types) that significantly influence link formation. In this work we study inhomogeneous
ERGMs in which heterogeneity is introduced through an underlying partition of the vertex set into
finitely many blocks. Each vertex is assigned a type (or color) according to the block to which it be-
longs. Thus, in the underlying reference measure, the probability to create an edge between two
vertices depends on their types. Models of this kind were originally introduced in the physics literature
[17] to describe community organization, where types may represent political orientation, scientific
field, thematic similarity of webpages, or other attributes.

From a probabilistic point of view, inhomogeneous ERGMs can be seen as exponential tilts of dense
inhomogeneous Erdés-Rényi graphs, in the same way that classical ERGMs arise as tilts of the homo-
geneous Erdds-Rényi model. Vertex types enter the Hamiltonian through the interaction parameters
that weight the various subgraph densities, depending on the types of the vertices involved in those
subgraphs. For instance, one may assign a higher weight to triangles formed by vertices of the same
type than to mixed-type configurations, thereby reflecting an underlying notion of proximity, such as
shared interests or geographical closeness.

Among recent developments on block-structured graph models, we mention the derivation of a Large
Deviation Principle (LDP) in [18] [6], together with advances in the closely related theory of proba-
bility graphons [}, [12], which extend the classical graphon framework to settings where edges carry
additional decorations.

1.1  Our contribution

The main novelty of this paper is to provide a step further towards the understanding of inhomoge-
neous ERGMs. We show that the variational principle available for the free energy for homogeneous
ERGMs can be transferred to this richer setting, yielding a well-posed variational problem under mini-
mal structural assumptions on the underlying partition. This leads to an explicit characterization of the
maximizers and to a natural block-structured counterpart of the replica symmetric regime. Outside this
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ERGMs on block models 3

regime, we expect effects associated with symmetry breaking and phase transitions, whose analysis
we defer to future work. The techniques of the proofs rely on classical tools, suitably adapted to the
block structure of the model. In what follows, we briefly list our main results.

1 In Thm.[2.12] we prove a large deviation principle for the associated sequence of measures.
From the corresponding rate function, we derive the variational formula for the free energy; an
alternative direct derivation is provided in Appendix [A.3]

2 In Theorem|2.13| we derive the Euler-Lagrange equations that characterize any optimizer of the
variational formula, without imposing restrictions on the parameter regime.

3 In Thm. assuming nonnegativity of parameters tuning the triangle densities, we reduce
the variational problem for the free energy to a scalar optimization problem, leading to the
fixed-point system (24). In Thm. we identify a restricted parameter regime (comparable to
the so-called Dobrushin uniqueness region) under which this system admits a unique solution.
Combining these results, we obtain our uniqueness statement in Cor.

4 Finally, relying on the uniqueness result, we establish a strong law of large numbers for the edge
density, extending [4, Thm. 3.10].

1.2 Structure

The rest of the paper is organized as follows.

1 In Sec. [2 we introduce the model, the terminology, and our main assumption on the partition
(see Assumption [2.1).

2 Subsec. contains the main definitions, including the notion of colored graphons (and their
associated space), as well as Def. [2.7] of the equivalence relation.

3 In Subsec.[2.3]we state our main results, while Sec. [3]is devoted to their proofs.

4 Finally, Appendix[A|collects auxiliary lemmas and provides a direct derivation of the free energy,
as an alternative to applying the Legendre transform to the rate function.

2 Preliminaries

2.1 The model

Let n € N. We denote by G,, the set of all simple undirected graphs on the vertex set [n| :=
{1,...,n}.Foreach G € G,, let
X = (Xijh<ij<n

be its adjacency matrix, i.e. the n X n symmetric matrix with entries in {0, 1} defined by

P 1, if{i,j} is an edge of G, i £
Y 0, otherwise '

DOI 10.20347/WIAS.PREPRINT.3267 Berlin 2026



E. Magnanini 4

We denote by A, the set of all such adjacency matrices. Beyond the underlying graph, we endow
the vertex set with a finite coloring. This is achieved by fixing a partition of the vertex set [n] into k
(nonempty) classes, which represent the different colors. Formally, we consider a collection

B® =B® = (B",...,B{") (1)

of disjoint subsets of [n] whose union is [n]. The interpretation is that two vertices 7, j € [n] have the
same color if and only if they belong to the same element (block) Bc(ln), a € [k] of the partition. In what
follows, we consider only partitions B,(lk) satisfying the following assumption (which may be viewed as
the analogue of [5, Eq. 2.2)).

Assumption 2.1 (Partitions). Fix k € N and a vector of block lengths b := (by, . .., by) withb; > 0
and SF_ b = 1. Let B¥) = (By,...,By) be a partition of [0, 1] into consecutive intervals with
Lebesgue measure \(BB;) = b;.

For eachn > 1 consider a partition B%*) = (B%n), cey B,(c")) of [n] into consecutive intervals with
cardinalities w™ := | B™)| satistying
k (n)
(n) w; .
E w, ' =n and —— — asn—oo, t=1,...,k. (2)
n
i=1

Equivalently, B*) may be viewed as the limiting coloring of the unit interval [0, 1].

We denote by G\ := {(G,B®) : G € G,} the set of colored graphs. In view of the bijection
between the sets A,, and G,,, we may regard at the Hamiltonian of the edge-triangle model on blocks
as a function from A := {(X,B®) : X € A,} onto R, defined by

7‘[&27}1(_}() = % Z Qije Z Xuv Xvw qu + Z hij Z Xum (3)

i,5,L€[k] u€B;, vEB;, weBy i,5€[K] u€B;, vEB;
u<v<w u<v
h = (vje)i RFXkxk llection of triangle i '
where & = (Qvje)ijecl] € is a collection of triangle interaction parameters that encode

the relative strength of triangle interactions across communities (for instance, triangles formed by
vertices in the same community may be favored over mixed configurations). We assume that the
triangle parameters o = (aijg)m,ge[k] are symmetric under permutations of the indices (for instance,
triangles with one vertex in B, and two vertices in B3 are assigned the same weight, i.e. aj33 =
(313 = (331). Since the constraint u < v < w ensures that each triangle (resp. edge) is counted
exactly once in (3), this symmetry is purely a structural modeling assumption and does not influence
the combinatorial counting. Similarly, h := (h;;); jeir) € R¥** is a symmetric matrix of edge weights.

Remark 2.2 (Notation). To avoid overloading the notation, we will not always make the dependence
on the partition explicit. Strictly speaking, the argument of (3) should be the pair (X, B(’“)). However,
in many situations it is more convenient to indicate the dependence on the partition at the level of
functions of colored graphs rather than in their arguments. Accordingly, when the partition is clear
from the context, we will simply write X (and similarly GG for the underlying graph). When convenient,
we will also omit the superscript n in the notation B;", i € [k].

We define the Gi . . . . B) _ exp[H) (X)) .
e define the Gibbs probability density associated with (3) by /1,, ., , = Tm which we view
as a function on A%B). The normalizing constant Zfz)vh, called partition function, is given by
B B
Z8 = > e (HEL0). @

XeA%B)

DOI 10.20347/WIAS.PREPRINT.3267 Berlin 2026



ERGMs on block models 5

(B)
n;a,h

We denote by pB

n;a,h

the corresponding Gibbs measure, and by [£ the associated expectation.

Remark 2.3 (Reduction to Erdés-Rényi model). Fix o = 0.

1 Ifk =1 (sothath = h € R), the partition function (4) reduces to

-5 ()

which corresponds to the classical dense Erd6s-Rényi model with connection probability

eh
1+eh*
2 Ifinstead k > 1, the partition function factorizes as

2= I (S0 (5 (@)e). o

1<i<j<k \m=0 i=1 \ m=0

where w; = ]Bi(") | (see Assumption . The binomial coefficients count the number of pos-

sible choices of inter and intra-community edges, respectively. This extends the previous case

hys
fo a dense inhomogeneous Erdés—Rényi model with connection probabilities p;; = ﬁ
i,j € [k].

For instance, in the toy casen = 3 and k = 2, with B; = {1,2} and By = {3}, Eq. (f) yields

20 (mz () ’”) (; () m) |

which collapses to Zs.j, = 1 + 3¢l + 3" + 3" whenk = 1.

2.2 The space of colored graphons

In this section we introduce the main objects involved in our limiting results, namely graphons and
their colored counterparts. The limit of a sequence of graphs can be represented by a measurable
and symmetric function g : [0, 1]> — [0, 1], called graphon. The set of all graphons is denoted by W.
Any sequence of graphs that converges in the appropriate way has a graphon as limit. Conversely,
every graphon arises as the limit of an appropriate graph sequence.

Remark 2.4. Any finite simple graph admits a graphon representation, called checkerboard graphon.

Definition 2.5 (Checkerboard graphon). Let H be a finite simple graph H with vertex set [m|. The
checkerboard graphon gH , corresponding to H, is defined by

(2 y) = 1 if{[mx], [my]} is an edge in H ©)

’ 0 otherwise ’
where (z,y) € [0,1]%. In other words, g*! is a step function corresponding to the adjacency ma-
trix of H. This representation allows all simple graphs, regardless of the number of vertices, to be
represented as elements of the space VV.

DOI 10.20347/WIAS.PREPRINT.3267 Berlin 2026
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Figure 1: Graph H with m = 6 vertices endowed with a partition into £ = 3 colors (left), and the associated
colored checkerboard graphon ggég,) (right).

Given a graph H , together with a partition Bff) of the vertex set, the associated checkerboard graphon

g™ naturally induces a partition B of the unit interval [0, 1]. The pair (g7, B,(f)) will be referred to
as a colored checkerboard graphon (see Fig. |1| for an illustration). With this convention, there is a
one-to-one correspondence between colored graphs (H, Bgﬂ)) and colored checkerboard graphons
(gH, Bﬁf)). In the analysis of the limiting objects, however, we will work with the (fixed) partition Bk
introduced in Assumption We define the space of k-colored graphons associated with B by

W) =W x {BW}, @)

equipped with the pseudo-metric dgﬂ (the natural extension of the cut distance to colored graphons,
see [18, Sec. 7]) given by

k
d% (g1, B, (g2, BF)) :=  sup
G001

/c D]lBiXBf(x’y)(gl(wi — g2(,y)) dz dy| .

(8)

As for the standard homogeneous setting, one needs to take into account the arbitrary labeling of
vertices, as they are embedded in the unit interval. To this aim, we introduce the following equivalence
relation on Wék). The idea is that two colored graphons are equivalent if they represent the same
object up to a measure-preserving relabeling of [0, 1] that does not mix the color classes. In other
words, we are allowed to reparametrize the underlying space, but only within each block of the fixed
partition Bk = (B, ..., B), so that the coloring is kept unchanged (up to null sets).

k]

Definition 2.6. Let X5 denote the set of all measure-preserving maps o : [0, 1] — [0, 1] such that
Mo ' (B)AB;) =0  foralli € [k]]
(recall that \(-) denotes the Lebesgue measure). For o € Y., we define
(9, B%)7 := (97, B, ¢"(x,y) = g(o(x),0(y)).

Definition 2.7 (Equivalence relation). Two colored graphons (g1, B*)), (g2, B®) € Wl(;k) are said
to be equivalent, and we write (g1, B*)) ~ (go, B®), if there exists o € Y3 such that

k k
(g2aB( )> = (9178( ))0'.
'Given two sets A and B, AAB := (A\ B) U (B \ A) denotes the symmetric difference.

DOI 10.20347/WIAS.PREPRINT.3267 Berlin 2026



ERGMs on block models 7

—_——

The quotient space under ~ is denoted by )7\//1(3]“), and 7 : (g, B®) = (g, B®) s the natural mapping
associating a colored graphon with its equivalence class. Incorporating the equivalence relation ~ in
yields a distance

—~—

957 ((91, B, (92, B9) = inf (91,5, (92, BU)). o

Now, we set g5 := (g, B*)) (and similarly ggn = (g, Bff)) for the colored checkerboard graphon)

o~
=
=
o~

2 3 2 3 2 3 2 3

Figure 2: Example of a partition into equivalence classes (light-blue shaded) when & = 2 and n = 3.

and we denote by Q(B) its equivalence class (see Fig. for an example of a partition into equivalence
classes).

From the fact that the graphon quotient space (17\7, dn) is compact ([21, Thm. 5.1]), where dp denotes
the usual cut metric ([21), Sec. 3]), we deduce the following.

Lemma 2.8 (Compactness). The space (Wék), 5(Dk)) is compact.

Proof. Let I : Wék) — (VNV)kQ, be the map that associates to the equivalence class of a pair
(g, B®)) the k2-tuple of its block graphons(modulo the usual relabeling on [0, 1] in each coordinate).
We equip ()7\7)'€2 with the weighted product metric induced by dr and the block weights (b;);c[x. One
can readily verify that this map is an isometric embedding onto its image. Since (VNV, dm) is compact,
its finite product ()7\7)’“2 is compact as well, and hence complete. As F' is an isometric embedding,

its image F(Wék)) is complete. Therefore it is closed in (VNV)’€2 Being a closed subset of a compact
space, it is compact. O

The last notion we need to introduce is the cell-restricted subgraph density. This is just the restriction
of the subgraph density to the portion of the graphon whose arguments (nodes, if we think to the
discrete setting) belong to some specific elements of the partition B,

Definition 2.9 (Cell-restricted subgraph density). Let H be a finite simple graph with vertex set
V(H) = [m] and edge set E(H). Fix a vector of colors £ = ({1,...,L,,) € [k]™. For a colored

graphon g = (g, B®) € W define

B
té )(H,g) = / H g(xi, xj) dxy - - - dxy,. (10)
Be e Bem i jyee )
2Given g € W, one can define them as G;;(s,t) == g(¢i(s), ¢;(t)), s,t € [0,1], 4,5 € [k], where ¢; is the
measure-preserving bijection ¢; : ([0,1],A) — (B;, A;), and A; := A(+)/b; is the normalized probability measure on
Bi.

DOI 10.20347/WIAS.PREPRINT.3267 Berlin 2026



E. Magnanini 8

Note that téB)(H, g) is not normalized to take values in [0, 1], since no normalization by the Lebesgue
measure of the cells is included. Building on the notion of cell-restricted subgraph densities, we in-
troduce the entropy and interaction functionals that enter the large deviation rate function and the
associated variational principle in Thm.[2.22] below.

Definition 2.10 (Entropy and interaction functionals). Foru € [0, 1] set
I(u) :=ulnu+ (1 —u)In(l —u),

extended continuously to [0, 1] by I(0) = I(1) = 0. Forg® ¢ WB , let g denote the first compo-
nent of any representative gz = (g, B*)) of ). We define:

1 the (block) entropy functional

70)(3) = Z /B . I(g(z,y)) dz dy; (11)

i,j€[k] J

2 the interaction functional

Z az]ftme H27 Z hn] ij Hl g) (12)

i,5,£€[k] i,5€[K]

Remark 2.11. Although the functional Z®) in (11) does not genuinely depend on the limiting partition,
since the latter can be absorbed /nto the integration domains, we adopt this notation to emphasize that
I(8) is defined on the space W and thus acts on pairs (g, B").

2.3 Main results

Let (IP’( ) )n>1 be the sequence of Gibbs probability measures associated with the Hamiltonian (3).

n;o,h
We denote by IP’ffi;h their push-forward onto the quotient space (Wl(;k), (5(Dk)), obtained via the map-
ping
G r— ggn — T(cn(ggn)) , (13)

where ¢, : Wz(a? — Wék) is the ‘color blind’ map replacing the finite partition 3,, with the limiting
partition 13, and 7 denotes the canonical projection onto equivalence classes introduced above (9).

Theorem 2.12 (LDP and limiting free energy). The sequence (IP’; C)! h) satisfies a large deviation

principle on (Wék), 5(Dk)) with speed n? and good rate function

IO - UE D - wi [Z196G) - v8@) ) (14

Tan(f) =
b 2 Gew®

Moreover, the limiting free energy is given by

1 -
fc(xBll = lim — an = sup {Uc(ﬁ)l(g) — —I(B)(g)}. (15)
7 " gewy 7 2

Theorem 2.13 (Euler—Lagrange equations). Let 5*(3) S VNVék) be a maximizer of the functional in
({5). Then, for any representative element gz = (g, B™)) € §*B) the following holds.

DOI 10.20347/WIAS.PREPRINT.3267 Berlin 2026



ERGMs on block models 9

1 There exists 6 > 0 such that
§<glr,y) <1—-3 forae (x,y) € 0,1 (16)
2 Forae. (z,y) € [0,1)%

exp (hale,y) + (T4 ) (@)

1+ exp(hs(rv) + (TE9)(x,0)

9(z,y) =

where 7:,53) is the (nonlinear) triangle operator

1
(T09) w0 i= [ (Balov.2)g(,2) 9l0.)) (18)
0
with
Aalg ZE Y, 2) Z Qg ]18 (y) ]134(2)7 (19)
i,j,6=1
and
k
i,j=1

Theorem 2.14 (Scalar problem). Suppose that o« > 0. Define the set of admissible symmetric matri-
ces

Csym = {C == (Cz'j)i,je[k] - [0, 1]k><k . Cz‘j = le' VZ,] - []C]}, (21)
and for C' € Cgyp, let gc be the corresponding B—block graphon
k
gC(xa y) = Z Cij ]]-Bi(x)]llgj (y>’ (%y) € [07 1]2 (22)
i,j=1

Then:

1 Every maximizer g*®) € Wl(gk) of the variational problem in admits a representative of the
form (gc, B (k)). In particular, the variational problem reduces to a finite-dimensional one:

1
sup {6 Z Qije tzjf) H2agC Z hz] ij tho) - éI(B)(gC)} . (23)

OCCaym i,J,0=1 i,j=1

2 There exists at least one maximizer C* = C*(a, h) € Cyyp, of (23).

3 Any maximizer C* = (c};); jex) Satisfies the Euler-Lagrange fixed-point system: for all i, j €
(],

exp (hij +30 b C?e@e%f)
1+ exp (hz] + Z?:l by C;}C}(g aij@))

(see Fig.[3 for an illustration of (gc-, B¥)).

(24)

DOI 10.20347/WIAS.PREPRINT.3267 Berlin 2026
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ba

by

Figure 3: lllustration of a maximizer (gc+, B¥) of (15), where C'* maximizes the scalar problem
and satisfies the system in (24).

Theorem 2.15 (Contraction map). Letk € N, h = (hij); jep) € R¥**, and o = (vije)i juep) €
R*¥>*k<k Define the logistic function o : R — (0,1) by

We consider the map
Sen [0, 1% — (0, 1)

defined componentwise, for C' = (ci;); jeir] € Coym, by

k
(St(fll(c))ij =0 (hij + Z be cicie O‘iﬂf) ) i,j € [k]. (25)
=1
Then S((fl)q is globally Lipschitz on [0, 1]*** with respect to || - ||, With Lipschitz constant
1
L= Sl (26)
where ||a||o = max; ;e el FL < 1 (ie, if |af|co < 2), then ng})l is a contraction on

([0, 1]%% || - |0 ) @nd therefore admits a unique fixed point C* = C*(cx, h).

Before moving to the proofs, some remarks are in order.

Remark 2.16. When o = « € R, the condition ||a||. < 2 reduces to the scalar constraint || < 2,
which coincides with the range of validity of [8, Thm. 6.2] for the standard edge-triangle model. The
region || < 2 is sometimes referred to as Dobrushin’s uniqueness region.

Remark 2.17. The role of Thms. can be summarized as follows. The Euler—-Lagrange equa-
tions characterize maximizers of the variational problem through a pointwise nonlinear equation and
imply that any maximizer takes values strictly between 0 and 1. Under the additional assumption
a > 0, the problem admits a maximizer that is B—block constant, so that the infinite-dimensional
variational problem reduces to a finite-dimensional one in terms of matrices C' = (cij)L Jelk]-

The fixed-point map Sf})l is introduced in Thm. |2.15 to analyze the corresponding Euler—Lagrange
system. For sufficiently small v, this map is a contraction on the complete space [0, 1]’”'“ and there-
fore admits at most one fixed point.

DOI 10.20347/WIAS.PREPRINT.3267 Berlin 2026



ERGMs on block models 11

Combining these results, one can readily deduce the following corollary.

Corollary 2.18 (Uniqueness of the maximizer). Assume that 0 < |||~ < 2. Then the variational
problem admits a unique maximizer 5*(3) € VNVL(;]“). Moreover, any representative of 5*(6) has the
form go« as in (22), where C* = C*(a,h) € Cyyyy is the unique solution of the finite-dimensional
Euler-Lagrange system (24).

Having established a uniqueness result, it is natural to turn to the question of whether a law of large
numbers holds for subgraph densities. We present our results for the edge density; however, we claim
that the same argument applies to any subgraph density. In the results below, we keep the dependence
on n inside the partition explicit, in order to avoid any confusion with the measure in Eq. (arising
from Rem. . Let E,, denote the random number of edges of a ERG sampled according to the
probability measure IP’ff;")h. The following holds.

Theorem 2.19 (Exponential convergence for ). Suppose 0 < |||/« < 2. Then,

2FE,

n2

k
=2, Z bib; cfj, wrt P82 agpn — 00, (27)

n;a,ho
5,j=1

where, foreachi, j € [k], c;; solves (24).

Remark 2.20 (Kolmogorov extension). Forn € N, recall that A,, = {0, 1}@ is the set of adjacency
matrices of simple graphs on [n] = {1, ... ,n}. Form > n, denote by

Tmosn - Am — An

the canonical projection obtained by restricting a configuration to the induced subgraph on [n]. Assume
the projective consistency condition

P(Bn+1)h o ! = p®Bn) foralln € N, (28)

n+1;a, n+l—n n;a,h
that is, under IP’ﬁ’L*;?h the induced subgraph on [n] has law Pﬁll?o’;)}l. Then, by the Kolmogorov exten-
N
2

sion theorem, there exists a unique probability measure IP’EEIZ on the infinite product space ({0, 1}( ) , T )
(Bn)
n;oh } .
B = (B;)ic is a deterministic partition of N such that BY = B;N[n] foreachi € [k] (where BY
are the elements of the partition given in Assumption[2.1).

whose marginals on A,, coincide with P° for all n. Here .% denotes the Borel o-algebra and

Remark 2.21. In view of Rem. and Assumption the partition B of N is such that for all
i€ [k,
B 0 [n]]
n

— b; asn — o0,

where b; = \(B;).

Finally, Thm. together with Rem. leads to the following.

Theorem 2.22 (SLLN for £,,). Suppose 0 < |||« < 2 and that the finite-size partition B,, satisfies
(8). Then,

2E, as. : bibe o p(®)

asn — +00, (29)
i,j=1

where, for eachi, j € [k], c; ; solves (24), and Pffl)l is the infinite-volume Gibbs measure constructed
in Rem.
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3 Proofs

3.1 LDP

Proof of Thm.[2.73 (LDP). The idea of the proof is to represent IP’( h as a tilted measure with respect
to the Erd6s—Rényi reference measure. To this end, we first derive an alternative representation of the
Hamiltonian

H;B;h Z Qije Z Xuv Xvw qu + Z hij Z Xuv

i,5,¢€[k] u€B;, veBj, weBy i,jelk]  u€Bi, vEB;
u<v<w u<v

in terms of cell-restricted subgraph densities (see Def. . Now, the partition B,, = B,(f), in turn
induces a partition B (B%"), ..., B™) of [0, 1] into consecutive intervals of lengths |B{™| =

\B |/n foralli =1,..., k. Let H; and H, denote, respectively, the edge and triangle subgraphs.
It is easy to check that

2 ZuEBi, vEB; Xuv

uU<v Bn
~ =t (Hy, g) (30)
6 ZuEBi, vEB;, weEBy Xuv Xvw qu (B)
u<v<w X
<v< — _tzﬂ (Ha, g7 ), (31)

where we use the checkerboard representation introduced in Def. identifying the adjacency ma-
trix X with the corresponding graph. For notational simplicity, we write 7, 7, £ in place of £y, {5, (3.
Consequently, we may rewrite (dropping the superscript k)

HL(X) = n?US (X) (32)
where
U(Bn Z Qije twg H27 Z h’Lj ij Hl; ) (33)
i,5,¢€[k] i,j€[k

Remark 3.1. Note that

IBINIB™| 2 2™, v, uey Xuo
2
n BB

5 (Hy, g = . i, € k]

Thus, the first factor is the Lebesgue measure of the block BZ(") X B](m C [O, 1]2, while the second
factor is the edge homomorphism densityﬁ of the discrete subgraph induced by Bi(") and B](."). The
same holds for the term t( " (H,, ¢%) in @).

This representation shows that the Hamiltonian extends naturally to Wéi). We now replace the finite
partition 13, with the limiting partition 13 introduced in Assumption To quantify the discrepancy,
define the error term

Bn B
Ruan(X) = UG (X) - U (X),

)

3See, e.g., [8l Eq. (2.9)] for the definition.
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where USD})I is givenin for P € {B, B, }. Inview of (32), the Hamiltonian can then be decomposed
as

H(X) = 02 (US(X) + Ruan(X) ). (34)

n;a,h

We will show that R,,.o.n(X) = o(1), so that its contribution to the Hamiltonian is of order o(n?).
This is established in the following lemma, whose proof is deferred to the end of the paragraph.

Lemma 3.2. Recall Assumption[2.1| with the condition imposed in (2). Define

w;
B = e )
For each graph X € A%B), set

rin(X) = 67 (H1,g%) = 85" (H1,9%) i,j € [K (36)
rien () =15 (. g%) =ty (Ha. ™) .. € K] (37)

Then there exist constants 7,2 =4k — Qandvk := 6k — 3 such that
[rin(X)] < % 7(B) (39)
72X | < 2 na(B) (39)

foral X € AP, i,j,0 € [k] andn > 1.

Remark 3.3 (Uniform bound of the Hamiltonian error). As a consequence of B9) and (2), we
obtain the bound:

SUp_ | Rnon(X)| < 7 (B) = o(1), (40)
XeAP
where ¥ = (oo, hoo, k) depends on as, = ||t|| o0, hoo := ||h||co @and k.

As a second step, observe that tﬁB) (H,g) = téB) (H, g). Consequently, the Hamiltonian admits a well-

defined extension to )7\7[(3’“). Recalling (4) and (32), we may therefore express the partition function as
follows:

Zymn= D exp[n*Ugy) (X)) (@1)
XeAP

= Z exp[anfl)q(X)]exp[ann;mh(X)]. (42)
XGA%B)

We now seek a convenient way to decompose the sum above. First, we recall the map (13). We use
the shorthand notation gl)g( = C, (gé(n) for the checkerboard graphon associated with X, equipped
not with its natural partition 13,,, but with the limiting partition 3. We then rewrite the sum in as
follows:

,(ZB;h = Z Z exp[ U ( )} exp [n*Ryan(X)] (43)
Ggewy) xeAlP).gXeg
= Y e[nUR@)] Y exp [ Ruan(X)] (44)
QEW(Bk) XGA(B) gXGg
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(the superscript I3 is omitted whenever this causes no ambiguity).
We emphasize that the inner sum in (@) runs over the set [¢®) ], = {X € AP g

B) }, that is, the collection of colored graphs whose checkerboard graphon, equipped with the limiting
partition BB, belongs to the equivalence class ﬁ(B) € Wl(gk). This is why, even in principle the external
summation in runs over an uncountable set, only a finite number of terms are actually non-zero.

" . (Bn) o .

An analogous decomposition applies to the numerator of IP’ma 1, (X). Combining these observations,
the Gibbs measure can be written as

exp [ n2U (3)] exp [0 R (X)) 195 € 9)

Z{?EWI(;) exXp |:n2Ua,h(§)i| zXeASLB) €xp [ann;a,h<X>] 1(9[)3( € g)

]P)(Bn) (X) —

n;o,h

; (45)

where X € AP We now bound the measure in by using (40), therefore we get

exp U (9)] 195 € 9)
2 5em) OXD [HQU((“)l( )] > xea® (g5 €9)
exp U (9)] (6 € 9)

5 e 5 [2US ()] Sy 108 €7)

exp [—2vn,,(B)n’]

< PP (X) < exp [297,(B)n?]

We next seek a convenient expression for the inner sum > m 1(g5 € §'®) = [[§®)].], see
the definition below (44). To this end, let PEl}/Q denote the standard Erd6s-Rényi measure on A, with
parameter p = % which is uniform on A,,. It therefore induces a probability measure IP’ER/2 on Wék)
through the map X — gj, namely

{(XcA,: g5 cg®}
]Pn 1/2( (B)) = | 2(n)B ‘

2

(47)

Thanks to the action of the color-blind map gé(, the same expression holds with A,, replaced by A%B)
Consequently,

Z 1(gz €g®) = |[g® ‘:2( Pnl/Z( ). (48)
xeAP

We are now in a position to recast the Gibbs measures appearing on both sides of into a form
that is most convenient for our analysis. Summing the pointwise bounds in (46) over all configurations
X € [§®],, amounts to taking the push-forward of P{>") under the map (T3):

n;a,h

ﬁ’fih(g) —Pnth({XEABn 95 Gg} Z P”ah

Xe[g®]n

Consequently, for every Borel set ﬁ - VNVZ(Sk) and each n > 1, we obtain the bounds

exp [~277,(B)n?] Q) 1 (A) < PE) | (A) < exp [297,(B)n?| Q0L 4 (A),

n;ah = " na, — n;oh

where the reference measures Q oen ON WB are defined (using (48)) a
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)

B —.
deWé“ exp <n2 (9)) ]PEIT/2( )

We now establish a large deviation principle for the sequence (@’Ell?()x,h)n>1

_ Ygeaew (nUS@) B L@

(49)

on Wy, 6%) with

speed n2. By exponential equivalence, this immediately yields the same LDP for (If”ffgc)Y h),~q- To this

end, we apply [14, Thm. 11.7.2(a)]. The assumptions of the theorem are satisfied: the functlonal U( h is
bounded and continuous on the compact metric space (W(k) 5(k ) (see Prop.and Lem., and
the reference measures (ngf /2) satisfy an LDP on this space with good rate function 2172) (see

Lem. . We can then conclude that the sequence {@n;a,h}nZl satisfies a large deviation principle
with speed n? and rate function
B) j~ B) (~ B) /~ . B) /~ B) ~
IoN@) = 1@ - U@ - it {107 - vS@) . (50

gewy
where IEB) is obtained by setting p = % in (110). Note that since If/z) is lower semicontinuous (it
2
is indeed a rate function, see Lem. , the function I((“)l is too (as a sum of lower semicontinuous
functions). Finally, we point out that coincides with (14), since the two expressions differ only by a
% In 2 term, which cancels out. To conclude the proof, we need to show that

nh_)rglo > an fah, (51)
where we recall that
1
B B) -
f((x,})l— sup { Z al]etzﬂ (Hz, g) Z hutgj (H1,9) —51(3)(9)} (52)
gewy” i,5,0€ (k] i,j€[k

is the limiting free energy The limit in (51) follows as a direct application of Varadhan’s theorem [29,
Thm. 3.4], since f 1)1 coincides with the Legendre transform of the rate function in (50). Alternatively,
a more direct proof can be obtained by adapting the argument of [8, Thm. 3.1]. We defer this approach
to the appendix (see Subsec. [A.3). O

Remark 3.4 (Alternative representation of ff})l). By adding and subtracting %Z
(52), the last two terms can be rewritten as

1 ~
_ Z hz] ij Hla >_ 51(6)(9)

,Jé[k]
1
=3 Z /3 p” :L'y))dwdy—— Zlnl—i—ehw‘ (53)

i,j€lk i,j€[k]

1 .
ijelk 10 oy i

hij , ,
Li—,fj and I, denotes the relative entropy introduced below (110).
e 1

In the case o = 0, representation (53) shows that the rate function reduces to

- Z /BXB Dij 510?/)) dxdy—Ni%f(k) Z /BXB Pis :py)) dxdy} (54)

7]6

where p;; =

The additive constants +3 3, . In

B-block constant graphon with values (p;;); jc[x, and since I,(p) = 0, the second term vanishes.
This recovers [18, Eq. (27)].

n L ~ cancel out. Moreover, the infimum in (54) is attained by the
e 1,
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We conclude the section with the proof of Lem.

proof of Lem.[3.2 We prove (38), being analogous. Since 0 < g~ < 1, from we obtair’]

2

i) (X)] <

/ g (z,y)dxdy < A(Bi X B;) A (B(”) X BZ("))). (55)
(B;xB;) A (B xB™)

We now use the following geometric fact.

Claim 3.5. For measurable sets A, B, C, D C [0, 1], one has

(Ax C)A (B x D) cC (AAB) x[0,1] U [0,1] x (CAD), (56)
and consequently
AM(Ax C)A (B x D)) < MAAB) + A(CAD). (57)
Applying Claim 3.5 with

A=B, B=B", =B, D=B",

we deduce
A((B,- x B;) A (B™ x 15’;”))) < MBAB™) + AB;ABMY).
Hence
[P (O] < ABAB™) + ABABY). (58)

Because both partitions are consecutive, we can write

Bi:[ai,ai—i—bi), Bl(n):[cz,cz—l—wl/n), izl,...,]{},

Wy
a; = E br, C; = —_—,
n

r<i r<i

where

and the quantities b; and w; were introduced in Assumption Now, the symmetric difference of
two intervals on the real line is the union of at most two disjoint intervals. In particular, its Lebesgue
measure is bounded by the sum of the absolute differences of the endpoints, namely

NBABM) < fai = ;| + [(ai + bi) = (ci + wi/n)].
From the triangle inequality | (a; + b;) — (¢; + wi/n)| < |a; — ¢;| + |b; — w;/n|, we obtain
ABAB™)Y < 2)a; — ¢ + |by — wi/nl. (59)

Now note that

a; — ¢; = Z(br —w,/n),

r<i

and therefore

la; — ci| < Z by — w, /7

r<i

‘Set B := B; x Bj, B, = B") x B\") and recall that BAR,, = (B \ B,,) U (B, \ %). To obtain (55), we
used on the domain of the decomposition Z = (# N AB,,) U (B \ $,) (similarly for 4B,,), combined with triangle
inequality.
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Combining this with and the fact that |b; — w;/n| < n,, we get
MBABM) < 2(k = 1) n, + 10 = (2k — 1) 7,
Similarly, A(BjAB§")) < (2k — 1) n,,. Plugging these bounds into yields

1

[rin (0] < (4k = 2) 1,

This proves with %531) := 4k — 2. Applying Claim twice, first with
A=B;xB;, B=B"xB", =8, D=8",

and then again to control (B; X Bj)A(B(”) X B(-”)), we deduce

7 J

< ABABM™) + AB;ABM) + MNB,ABY).
This proves with 7,52) = 6k — 3. O
We complete this section with the proof of Claim

Proof of Claim[3.8 Take (z,y) € (Ax C)A(B x D). Then (z,y) belongs to exactly one of A x C
and B x D.

Case 1: (x,y) € A x Cbut (x,y) ¢ B x D.Theneitherz ¢ Bory ¢ D.If x ¢ B, then
r € AAB and hence (z,y) € (AAB) x [0,1].Ifz € Bbuty ¢ D,theny € CAD and hence
(z,y) € [0,1] x (CAD). So in either case,

(z,y) € (AAB) x [0,1] U [0,1] x (CAD).
Case 2: (x,y) € B x Dbut (z,y) ¢ A x C. The argument is symmetric: either x ¢ Aory ¢ C,

implying again (z,y) € (AAB) x [0,1]U[0, 1] x (CAD). Thus, the inclusion in holds. Taking
Lebesgue measure we obtain the bound in (57). O

3.2 Euler-Lagrange equations

We consider the variational problem (15):

k
| 1 -
sup {5 > ayetly) (Ha,g) + Z has tiy) (H, §) 2I<B><g)}- (60)

Ggewy) ij =1 ij=1

We recall that B = (B, ..., ;) is our fixed (limiting) partition of [0, 1] and that we set
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Proof of Thm. As a preliminary step, we rewrite the functional in a more convenient form, in
which the dependence on the limiting partition is entirely encoded in the two functions hz and A5,
defined in and (19), respectively. This reformulation leads to the variational problem below.
First note that

Zhw S(H, g) = Zhij/ g(:v,y)dxdyzélp hs(z,y) g(z,y) dzdy,  (62)

where we recall hp(x,y) = Zk 1 hij 1, () 15, (). Similarly,

k
Z Oéijftgfz)(Hng) = Z Oéué/ )9(y, 2)g(z, ) dz dy dz
i,5,t=1 i,5,0=1 BixB; ><B[
:/[ . Aas(x,y,2) g(z,y)9(y, 2)9(z, x) de dy dz, (63)
0,1

where Ay.5(2, Yy, 2) = Zij,é:l aije 1g,(x) 1,(y) 1,(2). Hence, the objective function in (60) can
be written as

1
Ffﬂ(g) =5 /[ , Aas(z,y,2) g(2,9)9(y, 2)g(z, x) de dy dz (64)
0,1
1 1
+1 / ha(,y) gl y) da dy — - / I(g(z,y)) dz dy. ©5)
2 [071}2 2 [O 1]2

With this representation at hand, we focus on

sup ]—"( n(9), (66)

gEW

and we assume that g* is a maximizer of (66). We split the proof into two steps, following the argument
of [8, Thm. 6.3].

1 We start from the proof of Item |2l Assume first that a representative element g € ¢* satisfies
§ <g<1-24ae forsomed > 0.Letp : [0,1]> — R be bounded, measurable and
symmetric, and set g, (z,vy) = g(z,y) + up(z,y), u € R. Then, g, is as well a bounded,
symmetric function from [0, 1] to R. Throughout the proof, we consider |u| sufficiently small,

so that g, € W. Then, by maximality we have ]—" h(gu) < ]—"fl)l(g), hence

d

- = 0. (67)

u=0

We compute the derivative in (67), starting from the entropy term. Since I is C* on (0, 1), u is
assumed to be sufficiently small, and g stays in [§, 1 — 4], Leibniz integral rule yields

1 d

2 duj,_,

1

[ tawandedy=—3 [ 1) ety dedy
[0,1]2 [0,1]2

1/ g(x,y)
= —= x,y)In ————dxdy. (68)
2 Jo1p2 #@y) 1= gy Y

DOI 10.20347/WIAS.PREPRINT.3267 Berlin 2026



ERGMs on block models 19

For the edge term we have

d
du

1 1
—/ hi(z,y) gu(z,y) dv dy =—/ ha(z,y) o(x,y)dedy.  (69)
u=o \2 Jp1p2 2 Jiop2

Finally, for the triangle term in (64), we define
Zasl0) = [ Bas(e,.2) o p)aly, gl ) do dy
(0,1]

For each (z,v, 2) € [0, 1] we have

9u(2,y) 9u(y, 2) gu(z,2) = (9(2,9) + up(2,9)) (9(y, 2) + up(y, 2)) (9(z, 2) + up(z, x))
(70)

(again, since w is taken sufficiently small and all the functions involved are bounded, differen-
tiation can be interchanged with integration). Expanding the product in (70), and isolating the
terms of order u and u?, we get

9u(2,Y) 9u(Y, 2) gu(2,2) = 9(2,9) 9(y, 2) 9(2, T)
+ U<90(x, y)9(y,2) 9(z,x) + g(z,y) oy, 2) 9(z, x)

+9(2.9) 9(y.2) 9(2.2) ) + u*Ru(x,y, ),

where R, (z, vy, z) denotes a remainder term collecting all contributions of order at least two in
u. Multiplying by Aq.5(2, y, z) and integrating, we obtain

a
du

Ea;[ﬁ‘(gu):/[ol]s Aa;g(df,y,Z)(gD(fL‘,y)g(y,Z)g(Z,ZL‘)

u=0

+9(z,y) oy, 2) 9(z,2) + g(x,y) g(y, 2) p(2, x)) dedydz.  (71)

The right-hand side of is the sum of three triple integrals, which can be written in the same
form, using the symmetry of A,z and g:

a
du

1
20 =3 [ o) ([ Baslo2)g(o 2ot ) dody. 2
u=0 [0,1] 0
Combining (67), (68), (69), and (72), we find that for every bounded symmetric ¢,

d
_'F(?}?l (gu)

1 1
— /[;)1}2 90(.1', y) [5 /(; AmB(-T,y, Z) g(x’ z)g(y’ Z) dz
u=0 ,

1 1 :
+ shs(z,y) — 51 9(,y)

————— |dxdy = 0.
2 2“1—g<x,y)] o

Choosing ¢(x,y) equal to the bracketed term (which is bounded, as g is bounded away from
0 and 1), yields that the bracket is 0 a.e., i.e.

1
In % = hp(z,y) +/0 Aos(z,y,2) g(z, 2)g(y, 2) dz. (73)

This proves (17), by recalling (18).
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2 We now move to the proof of Item|1] Fix p € (0, 1) and define the truncation perturbation

Ipu(z,y) = (1 —u)g(z,y) + umax{g(x,y),p}, u€l0,1].
Then g, ., € WV and
d
agp,u(fv, Y| =@-g9@y)+ (74)

Set
op(z,y) == max{g(v,y), p} — g(x,y) = (p — 9(7,¥))+,

where (), denotes the positive part. Then, for every u € [0, 1] and a.e. (z,y) € [0,1]?,
Ipa(@,y) = 9(2,y) + upy(2,y). (75)

Note that ,, is measurable, symmetric, and bounded with 0 < gop(x, y) < p. The same steps
performed in Item 2| for computing the directional derivative at « = 0, combined with (74), yield

d 1 /!
— F ()| = / = / Aas(@,y, 2) g(z,2)g(y, z) dz (76)
du w=o  Joa2 |2 Jo

1 1 g(z,y)

Z g2 d) _ .

(77)

We adopt the convention that the integrand equals 400 when g(z, y) = 0, and equals 0 when
g(z,y) = 1. Now, we observe that

[Aa;slleo < max |ayje| = oo < 00, (78)
1,5,0€[k]

and 0 < g(z, 2)g(y, z) < 1 a.e. Hence, for a.e. (z,y),

1 1
/ Aa;B('TmyWZ) g(l’,Z)g(y,Z) dz > _/ |Aa;3<m>yaz)| dz 2 — Qoo (79)
0 0

Also, h is block-constant with values h;;, so it is bounded:

|hBlleo = max |h;j| =: hoo < 00. (80)
i,5€[K]

Combining and (80), we get the following pointwise lower bound: for a.e. (z, y),

1 1 1
3 | Banle 2ol 2900 2)ds + Jhae,y) = =3 (0 + o) = —5 (61)
0

where k = k(a,h) > 0. Now, assume by contradiction that A({g < p}) > 0, where A
denotes the Lebesgue measure. On the set A, := {(z,y) € [0,1]* : g(z,y) < p} we have
(p—g(z,y))+ > 0. Moreover, for (z,y) € A,

m9&Y) P
1—g(z,y) 1—p
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because the map u > In ;- is strictly increasing on (0, 1). Therefore, using (1), for a.e.
(x,y) € A, the square bracket in (76) satisfies
1

1 1 1. glzy) 1 p
= | Aas(z,y, , ,2)dz + = hg(z,y) — = 1 0> k-1 .
2/0 sy, 2) 9@ 2)gly. 2) =+ g hs(wy) =5 g7 g Oy 2 =h =g gy

Now choose p € (0,1) so small that —x — 5 In -5 > 0.Then, implies that the bracket is
strictly positive on A,,, and hence the integrand in (76) is strictly positive on A,,. Since A(4,) >
0, it follows that

d (B)
— F ” 0. 83
du|,_, anllpn) > (®3

Recall that g* was assumed to be a maximizer of (66). By construction, g,, € W for all
u € [0, 1], and satisfies gp,0 = g for some representative g € g*. It follows that the map

B
U Fc&,l)q(gp,u)

attains its maximum at v = 0. In particular its right-derivative at 0 must satisfy

a
du

B
FE (o) <0,

«
u=0*1

which contradicts (83). Hence A\({g < p}) = 0, i.e. g > p a.e. A similar argument shows the
upper bound in (16), thus completing the proof.

3.3 Scalar problem for the free energy

Proof of Thm.[2.74, Items([1&[3 We use the non-linear part (i.e. the triangle term) of the functional in
to identify the structural form of the maximizer. Recall the cell-restricted subgraph density (10).
The following Hélder inequality applies:

4(8)

4152...gm(Ha g) = g(xi, (Ej) dry...dx,,.

/[Bel *Bey 3 xBum] g jyee (H)

1

|E(H))|
{i,j}€E(H) [BiXBjX"'XBZ]

We now specialize to the case where H is a triangle (i.e., in our notation, H = H,); to ease notation
we relabeled the indices /1, {5, {3 as i, j, . We get:

1/3 1/3
tz(.jl,?(Hg,g) < <bz/ g3(x,y)dxdy> (bj/ 93(x,y)d:pdy)
BjXBZ ByxB;

1/3
x | by / 9*(x, y)dzdy
Bi XBj

1/3
Br(i)*Bre)

w€Cyc(ijl)
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where Cyc(ij¢) denotes the set of cyclic permutations of (i, 7, £). The above display, together with
the non-negativity of «, yields the following inequality:

k k 1/3
Z Qije tgfg)(H%g) < Z Qije H <b7r(i) /B . g(z,y)’ dxdy> . (85
() XBr(e)

1,5,0=1 1,5,0=1 wE€Cyc(zj¢)

Instead, for the edge term tgf)(Hl, g) equality is reached in (84). Then, the argument runs as follows:
the objective functional in (15), and consequently its supremum, is always less than or equal to the
one obtained by replacing the triangle term with the right-hand side of (notice that the edge
term remains unchanged under Hélder inequality). If we can exhibit a function §*<’3> for which the
two suprema coincide, then the conclusion follows. Indeed, by construction, the supremum of the
first functional is bounded above by that of the second; on the other hand, equality at 'gv*(B) implies
that the first supremum is also bounded below by the second. Combining the two inequalities, the two
variational problems must therefore coincide. Now, equality in holds if and only if is an equality
for each triple (i, j, ¢), as the difference between the left and right-hand side of is nonpositive.
By the characterization of the equality case in Hélder inequality (see, e.g., [16, Thm. 6.2]), this is
equivalent to the existence of a measurable function W(m, Y, z) > 0 and constants a;;, bijg, cije >0
such that, for every i, j, ¢ € [k], the identities

g($7y)3 = aijﬁ W([L’,y,Z), (86)
g(yu Z)S = bijf W(.T,y72>, (87)
g(Z,.%’)S = Cijé W(l’,y, "7’)7 (88)

hold for a.e. (z,y, 2) € B; x B; x By. Now fix x € B;, y € B; and vary z € B,. From we get

3 ..
‘Zg’zgg = —Z?j =: p and similarly for the other ratios. Therefore conditions (86)—(88) translate into the
s %)

fact that equality in is reached if and only if, for some constants A, u € R™

g(x,y)® = ug(y, 2)* = \g(z,2)*>  ae.onB; x B; x B,. (89)
Fix y € B;. From we obtain
g ()} = pngW(2)® forae. (z,2) € B; x By.

By Fubini's theorem, for a.e. z € BB, the above relation holds for a.e. x € B;. Fix such a z. Then for
a.e. r1, Ty € B;,

g9 (1) = pg¥(2)* = g (x2)*,
so g (z) is constant in x on B; (a.e.). Similarly, we get that ¢¥)(z) is constant in z on B, (a.e.).
Hence, for a.e. y € B;, there exist constants a(y), b(y) such that

g(x,y) = aly) forae. .z € B;, g(y,z) =0b(y) forae.z € By. (90)
We now use the second identity in (89),
g(z,y)® = \g(z,2)® ae. onB; x B x By.

Fix (z,2) € B; x B, outside a null set such that the above holds for a.e. y € B3;. Since the right-
hand side does not depend on v, it follows that g(z, y) is constant in y on B; (a.e.). Thus, for a.e.
(x,z) € B; x By, there exists a constant ¢(z, z) such that

g9(z,y) =c(z,z) forae.y e B,. (91)
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Now fix x € B; and pick 21, zo € B, outside a null set such that holds for a.e. y € B, with z = 2
and with z = z,. Now, we may choose y € B; such that both identities hold, and therefore

c(z, 21) = g(z,y) = c(x, 22).
Therefore ¢(z, z) is constant in z on B, (a.e.), and we may write it as
g(z,y) =c(z) forae.y e B, (92)
Let Xy C B; and Yy C B; be full-measure sets where and hold. For all (z,y) € Xy X Y,
a(y) = g(z,y) = c(z).
Hence for any y1, vy € Yp and z € X,
a(y1) = c(x) = a(y2),

so a(y) is constant on Yj. Since the argument is carried out for fixed blocks B; and B;, we denote
this constant by ¢;;. It then follows that c(z) = ¢;; € [0, 1] for all z € X. Therefore,

g(x,y) =c¢;  forae. (z,y) € B; x Bj.
By symmetry of the graphon we have ¢;; = ¢;;. This shows that any optimizer has the form go(z,y) =
> 1<ij<k Cij L1s,(x) 1, (y). Substituting this ansatz into (15), we obtain the finite-dimensional prob-

lem (23), which admits at least one solution C* since the functional is continuous, and CSym is com-
pact.

O

Remark 3.6. Suppose that oy = 1 for all i, j,{ € [k]. By applying again Hélder inequality to the
r.h.s. of (85), we get

1/3
> T (b, deoraa)
Br(i)*Bro)

1,j,¢=1 m€Cyc(ijf)

1/3 1/3
< L%:lb /Bng ) dxdy] ng:lb /BXBE ) dxdy]
1/3
[Z bg/B . ) dxdy]

J0=1
:/[01]2 9*(x, y)dzdy,

where the last equality follows since, for each factor, the sum Zle |B,.| can be factored out and
equals 1, as (B,)k_, is a partition of [0, 1]. In particular, when k = 1 (that is, in the single-community
case) the first and last terms in the above chain coincide.

Proof of Thm.[2.14, Item [3 This is just a corollary of Thm[2.13] ltem [2| Consider g¢ as in (22), i.e.

%
gC<377 y) = zi,j:1 cij 1, (x)]]‘Bj (y>
It is easy to check that for all i, j € [k], Eq. reduces to

exp (hi]’ + Zif:l be ciecje Oéij£>

1+ exp (hij + Zif:l be ciecje aijé)

Cij =
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We do this via (73). Fix € B; and y € B;. For z € By, we have g(x, z) = ¢;p and g(y, 2) = ¢jq.
: k
Recalling from ({9) that Aa;5(, ¥, 2) = D27 1oy ije L, (7) 15, (y) 15,(2), we get

k
/ Aa B’(aj Y,z ) (fﬂ Z y? dZ — Z/ aB x, Y,z )CMC]E dz = Zbé CitCjr Q.
/=1

0

Since hp(z,y) = hi; and g(z,y) = ¢;; for a.e. (z,y) € B; x B;, plugging everything into
yields
Cij

In

- hz] + Z bf CitCje Qlijp, (94)

1_% =

and the fixed-point equation follows. O

Remark 3.7 (Reduction to standard edge-triangle). Equation (93) is a coupled fixed-point system

for the matrix C. It generalizes the standard fixed-point equation u = % by replacing

the scalar u* with the bilinear form Z];:l be ciecje and by allowing block-dependent triangle weights
through o 4. In particular, the equations for different pairs (1, 7) are not independent.

The proof Cor. is omitted from this section, as it is a straigthforward consequence of Thms.
3.4 Uniqueness

Proof of Thm.[2.18. Since [0, 1]*** is a closed subset of the Banach space (R*** || - ||.), it is
complete. The map S( h is well defined on |0, 1]’”’“ and maps it into itself; hence Banach fixed-point

theorem applies provided it is a contraction. We now estimate its Lipschitz constant. Let o (z) = 1-6:@1 .
Then o is C'* and N
e
/ —_— R—
Since u(1 — u) < § forallu € [0, 1], we obtain
, 1
Oga(x)gz forall x € R.
Hence, by the mean value theorem,
/ 1 / /
lo(x) —o(z")] < 2 |z —2'|  forallz,z’ € R. (95)

Fix C,C € [0,1)"** and i, j € [k]. With a slight abuse of notation, we use the same symbol 7.’
to denote both the operator acting on graphons (recall (I8)) and its restriction to 3—block graphons,
identified with matrices C' € [0, 1]¥**. Define

k
(TPNC))ij = Z by CieCiecuije, (96)

5Obtained from for k = 1; first analyzed in [7, Lem. 12].
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so that (SéB&(C)) = o(hi; + (1% (C ))ij) (recall (25)). Using with z = h;; + (S&B&(C))U
and 2’ = hi; + (S)(C))y5, we get

(S (C))is <$ﬂ<>>|<—u B(C))i; — (TB(C))y- (97)

Next, by linearity and the triangle inequality,

k
TPy = (TEPUCN)isl = | D br e (ciecse — i)

(=1

K
<> bl [ciecse — il
=
k
< lletllo > be [Carcre — chychl, (98)

where we recall ||ax||oc = max; j ek |ij¢|- We now bound the product difference. For each /,
CieCje — CioCje = (Cio — Cio)cje + Cie(cje — Ejo),

hence
|ciecie — Cioljo| < |Cie — Cit| Cjo + Cie |cie — ol (99)

Since C’,a € [0,1]***, we have c;; < 1 and ¢ < 1, while |c;p — ¢ < ||C — 6||Oo and
lcie — ¢je] < ||C — C| Plugging these bounds into yields

|ciecie — Cintje] < 2||C — C'|| - (100)
Combining and (and recalling (61)) gives
(TE(C))i = (TEP(C))i] < 2@l IC = Cl (101)
Finally, injecting into yields, for all 7, 7,

~ 1 ~
[(Sa(©))ig = (SEACNy] < 5 o 1€ = Cllc.

Taking the maximum over (i, j) proves the Lipschitz bound with constant L = 3 || ||, yielding (26).
If L <1, then 51(181)1 is a contraction on the complete metric space [0, 1]’”'“. By Banach’s fixed-point
theorem, S'° h admits a unique fixed point C* = C*(a,h) € [0, 1]***. Finally, by definition (25),

the fixed-point equation S&h(C) = ('is exactly the componentwise system (24). Therefore the fixed
point C* is the unique solution of (24). O

3.5 SLLN

Proof of Theorem[2.19. Define the finite-size free energy

1
B Z

n; n;a,h?
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where Z( )h is the partition function associated with the Hamiltonian (3). For s € R, we introduce
the scaled cumulant generating function associated with the edge count F,,, defined as

B (s) = ﬁ lnE [exp(s En)], (102)

where Eil 0{ n denotes expectation with respect to the Gibbs measure induced by the Hamiltonian

B
By [14, 11.6.3], this boils down to proving that the limiting cumulant generating function c®)(s) (see
(106) below) is differentiable at s = 0 and that its derivative at the origin coincides with the claimed
limit. A direct calculation yields

We prove exponential convergence of the edge density via the sequence of functions (102).

nah

(B)
2 exp(H, o n(X) + s E,(X)
C;B)(S) _ ﬁln § : ( ;a,h )

® (103)
XEASLB) n;a,h
Since E,(X) = Zi,je[k} ZueB§"), UeB;_n) X v We rewrite the numerator in (103) as
u<v
B B
Hoo n(X) + 5 By(X) = HE L, o (X), (104)
where 1 € R¥** denotes the identity matrix. This yields
(B)
2 Z.
B o n;oa,h4s1 (B) (B)
B (s) = —~ In B = 2(friontst — fueen)- (105)
n;a,h
By Thm[2.12] the infinite-volume free energy
f( ) — lim ian(B)
a,h N300 TL2 n;oh
exists and is finite for any real h € R***. Therefore, for every fixed s € R,
(B) lim ®) (B) 106
c (8) 1m c, ( ) (fa h+s1 fa,h) ( )

n—oo

exists and is finite. Recall 0 < ||a||» < 2. Then, by Thm.[2.14{and Cor.[2.18 f hs1 IS Characterized

by a scalar problem, which admits a unique maximizer ﬁ*(B) with representative (gc+, B(k)), where
C* = C*(s, a, h) solves (@3). To ease notation, in the following we drop the dependence on o, h

and we simply write C*(s). We now compute the derivative of s — f his1 ats = 0. Note that the
limiting free energy might be also rewritten as

Fohea = ¥ (5,0%(5)), (107)

where U (s, C) is the finite-dimensional objective function

k

1 1
(S C Z aljetzﬂ)(H%gC)—{_ 9 Z(hlj +S> ( )(HlagC) - _I( )( )

2
i,j0=1 ij=1
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for (s,C) € R x Cgm. Now, Cgypy is compact. Moreover, one can readily verify that W is con-
tinuous in (s, '), and the partial derivative 0, exists and is continuous in C'. Since the maxi-
mizer is unique by Thm. Danskin’s theorem E] [10, Thms. | and Il] yields the differentiability of
$ — SUpcec,,,, ¥(s,C), and

k
d 1
Tt = 0.V (5,C%(s) = 5 D7 47 (Ha,ge). (108)
ij=1
Evaluating at s = 0 we get
d 1 & .
s S_Ofa,h+sl =3 Z bibj i, (109)
N ij=1

being tg-g)(Hl, go+) = bibj ck;. Finally, from (T06) we obtain ¢®)(0) = 2 L fofa’h“l’ thus show-

17" =

ing (29). O

Proof of Theorem[2.22 The proof immediately follows from (27), combined with Rem. [2.20] as expo-
nential convergence implies almost sure convergence as a consequence of Borel-Cantelli lemma (see
e.g. [14, Thm. 11.6.4]). Hence

2F .
n  a.s. 1(B) . 3o
o (OO = 2 b,
)=
which proves (29). O

A Other helpful lemmas

A.1 Erdos-Rényi LDP

Let (ng)nzl be the sequence of measures of a (dense) Erdds-Rényi random graph on the space G,,.

Via the map (13), this sequence induces a family of measures (ng)nzl on Wék). Moreover, the LDP
proved in [9] carries over to this space.

Lemma A.1 (LDP for Erd6és-Rényiin the space Wl(gk)). For each fixed p € (0,1), the sequence

(I@ng)nzl satisfies a large deviation principle on the space (Wék), 5(Dk)), with speed n? and good rate
function
1
IZ()B)(@ =5 Z / L,(g(x,y)) dz dy, (110)
LjE[k} B»;XB]'

where g denotes the first component of any representative gs = (g, B (k)) of the equivalence class
g€ Wék), and I,(u) == uln 2 + (1 —u)In i%;, u € [0, 1].

®Alternatively, one may differentiate ¥ (s, C*(s)) directly via the chain rule; however, this would require sufficient reg-
ularity of the optimizer s — C*(s) (e.g., differentiability), which is what Danskin’s theorem provides under the above
assumptions.
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Proof. This is an immediate consequence of the contraction principle (see, e.g. [11, Thm. 4.2.1]).
Indeed, the sequence (]P’E;F;)nzl satisfies an LDP on )V in the weak topology, with the lower semicon-

tinuous rate function (110) (see [9, Thm.2.2]). Moreover, the map g — gz — g<5> across the spaces
W — Wl(gk) — Wy~ is continuous. Indeed, the first map g — gg is continuous by (T12). The
projection to the quotient space is also continuous. Indeed, by (9) (recall that we set g5 = (g, B(’“))),

e~

5 (91, B9, (92, 5%)) = inf (91,5, (92, B9)) .

ceEXR

Since id € Y, we may choose ¢ = id, obtaining
5 ((91.B9). (g2, B®) ) < d (92, B%), (92, B9)")

= d% (g1, B®), (g2, B*))) .

Finally, one can immediately check that the rate function obtained by contraction coincides with (110);
this follows from the fact that the partition B*) can be reabsorbed into the full integral over [0, 1]2 and
therefore does not affect the value of the functional. O

A.2 Continuity of cell-restricted homomorphism densities

Recall the colored cut-type metric (8) defined by

% (g1, B®)), (g2, BM))

k
= sup Z/ 1g,x5,(,y) (91(x,y) — g2(z,y)) d dy|. (111)
e.pclo1] 5= | /exp

The following two-sided comparison is useful.

Lemma A.2 (Comparison with the cut norm). Let (g1, B®), (g2, B*)) € Wy. Then

lgr — gella < d% (91, BW), (92, B®)) < K |lg1 — oo, (112)
where
g1 — gollo == sup / (91(z,y) — ga(z,y)) dx dy| . (113)
C,DQ[O,l] CxD

Proof. We first prove the lower bound, starting from the integral in (T13). Fix measurable sets C, D C
[0,1]. Then

/C D(gl<$7y) - gg<x7y)) dx dy _
k
Z /CXD ]IBiXBj <x’y) (91(x,y) - 92<x,y)> dx dy

i,j=1
Taking absolute values and using the triangle inequality,

/cXp(gl(x’ v) = ga(,y)) da dy‘ < i

1,j=1

/ ILBiXBj(w7y)(gl _92) .
CxD
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Taking the supremum over C, D yields |1 — g2|lo < d% (g1, B®), (ga, B®))) (recall (TTT)). For
the upper bound, fix measurable sets C, D C [0, 1]. Foreachi,j € {1,...,k}, define C; := CN B,

/c - ]].BiXBj (Jf, y)(Ql(m, y) - 92(96, y)) dx dy‘

< |lg1 — g2llo- (114)

/C- D-(g1($7y) _gg<1}7y)) dz dy

Summing overalli, 7 € {1,...,k}, we get

k
> / (91(z,9) — g2, y)) dwdy| < F*||gr — gl
’L',j=1 Cq;XDj

Taking the supremum over all C, D C [0, 1] yields the upper bound in (T12). O

Proposition A.3 (Continuity of cell-restricted densities). Let H be any finite simple graph on V (H ) =
[m] with€(H) = {ey,...,ex}, and E := |E(H)| . Fix£ € [k]|™. Then, forall (g1, B®)), (g,, B®)) €
Wi,

17 (H, 1) = 627 (H, 92)| < |ECH) 5 (91, BY), (92, BY). (115

In particular, the map
B k) ok

is continuous with respect to the cut distance (9).

Proof of Prop.[A.3 We show the proposition for the triangle subgraph and then we generalize it. Let
H = H,on V(H) = [3] with edges

61:{172}a 62:{273}7 63:{173}'
Fix £ = ({1, (s, 03) € [k]. We show that for every pair (g1, B¥)), (g2, B*)) € Wi,

|18 (Ha, 1) — 1% (Ha, g2)| < 3llg1 — g2llo < 3% ((91,B%), (92, 8%)),  (116)

where the cut-norm is defined in (TT3). In particular, this shows that (g, B%*)) téB)(HQ,g) is

continuous with respect to dg). We now set x := (x1, 22, 23) € [0,1]® and dx := dz dwydus.
Define the cell indicator

3
1e(x) == [[ 18, (zv) = 1p,, (1) 1g,, (x2) 15, (x3).
v=1
By definition of the cell-restricted triangle density,

$Wam=/ 1e(x) g(21, 22) g(ws, T3) g1, 73) dx. (117)
[0,1]3
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Forx € [0,1]3 set

P3(X) = 91(1'1,'@2) gl($27$3) gl(x17x3)7
Py(x) := g1(x1, 22) 91(w2, 73) go(21, T3), (118)
Pi(x) == g1(21, 22) g2(22, 73) g2(1, 23),
Po(x) := ga(71, 72) ga(2, 73) g2(21, 3).
Then P3 — Py = (Ps — Py) + (P, — P1) + (P, — P), and each increment factorizes as
PS(X) - PQ(X) = 91($1>$2) 91($2,$3) (91 - 92)(901, 1‘3)7
Py(x) — Py(x) = g1(z1, 22) (91 — 92) (2, 23) go (21, T3), (119)
Pi(x) — Py(x) = (91 — 92) (@1, 2) g2(w2, 23) ga(1, 23).
Using with ¢ = g1 and g = go, and the triangle inequality, we get
‘th)(ngl) — téB)(H%gz)‘ = ‘/ Te(x) (Pg(x) — Po(x)) dx
[0,1]3
<L+ 1+ 13 (120)
where the three terms collect the integrals corresponding to (T19):
I3 := / Le(x) g1 (21, 22) g1(22, 23) (91 — 92) (21, 23) dx| (121)
[0,1]3
I = / 1e(x) g1 (1, 22) (91 — g2) (w2, 23) g2 (21, 23) dx| (122)
[0,1]3
I = / Le(x) (91 — g2) (@1, 22) ga (2, x3) go (21, 23) dX| . (123)
[0,1]3

Now, the idea is to control each of the above terms by ||g1 — ga||o. Without loss of generality we
consider I3; the bounds for I> and I; follow by the same argument, after permuting the roles of
(z1, T2, x3). Fix (21, 23) € [0, 1]% Define F' := g; — g, and

R3(z1, x3) 52/ L, (z2) g1(21, ¥2) g1 (22, 23) d2. (124)
[0,1]

By Fubini’s theorem applied to the bounded integrand in (121), we may integrate out x> first:
I; = ‘/ F($1>$3) ]13(41 (xl) ]lBeg (353) R3(x1’ :Bg) diy drs) . (125)
[0,1]2

For each fixed x1, the function

U,y (23) 1= Lg,, (3) R3(21, 73)

is measurable and takes values in [0, 1]. Hence, by the characterization of the cut norm as a supremum
over bounded measurable test functions [19, Eq. (4.3) and Remark 4.1], applied to the functions

u(ry) == 1g, (71), v(x3) = vy (x3),

we infer from that
L <|[Flla = llgr = gllo. (126)
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The same argument yields /5 < ||g1 — g2||g and I; < [|g1 — g2||o. Therefore, by (120),
[t (Ha, 1) =t (Ha, g2)| < Lt Lo + 1y < 3|91 — o]l

Finally, Lemmaimplies llg1 — gollo < dg)((gl, B* ), (gs, B(’“))), and consequently (T76). The
continuity on the quotient space follows from (115), together with the invariance of tﬁB)(H, -) under
5. O

Remark A.4 (General graphs). Repeating the previous steps for a general simple graph H with
V(H) = [m] and E edges, one can express the analog of (119) as

PS(X) = Hgl(xaraxbr) HQQ(xamxbr)u s = 07 17 <o 7Ea

r<s >S5

thus obtaining the decomposition (c.f. (120)))

ity (H, 1) =ty (H,g2)] = > _ L. (127)

Each I is the absolute value of an integral whose integrand contains exactly one factor (g1 —
92) (x4, xp, ) and all other factors are in [0, 1. Treating (x.,,, xy,) as fixed parameters and integrating
over the remaining m — 2 variables, one obtains, for each s € F, a representation analogous to (126)):

I, < |lg1 — g2l|o-
Finally, from we get
B B
|t (H, 1) — 7 (H, go)| < |£(H)| |1 — g2l

and (112) allows to conclude as before.

A.3 Alternative derivation of the free energy
Proof of Thm. (free energy). We aim to show that

1

tim 122, - 15,
where ff})l coincides with the r.h.s. of (15). This conclusion might be already suggested by (44), as an
application of Laplace’s method (see, e.g. [28 Subsec. 3.3.2]). A rigorous and more direct argument,
however, can be obtained by adapting the proof in [8, Thm. 3.1]. Indeed, the two key ingredients of the
strategy, namely the continuity of subgraph densities and the large deviation principle for the sequence
of Erd6s-Rényi measures, remain valid in our setting. First, we observe that combining representation
together with (40), we get

exp [-2y,(B)n?] Y exp[nPUSM(X)] < Z8) = Y exp[PUS (X)) (128)

XeAP xeAP
= Z exp [nQU((ﬁ)l(X)] exp [N Ryan(X)] (129)
XeAP)
< exp [2yn,(B)n?] Z exp [”QUS?})l(X)]' (130)
XeAP
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Since 7,,(B) — 0 as n — oo, it suffices to analyze the term
1 B
U, = o In Z exp [nQUéJ)i(X)],
XeAP

as the contribution of the remaining terms vanishes in the limit n — oo. Fix € > 0. Recall that Ufl)l

can be viewed as a function Wék) — R, and that it is bounded. Therefore, there is a finite set A such
that the intervals {(a,a + ) : a € A} cover the range of U((ﬁ)l. Foreach a € A, let

Fab) = (UE) ([a,a+e]) € WY (131)
FieB) = {(XB) e AP : 7(g5) € F@B}. (132)

By the continuity of U((ﬁi, each F(*B) is closed. Now,

R T Z 6n2U(<:?})](g§) _ Z Z enQUf}l(gg‘) < Z 6n2(a+s)|ﬁ1sa,l3)‘

XeA® acA X (B)cF{B) acA
) -
< |4 sug e (ate)| FlaB)| (133)
ac

By Lem.|A.1(i.e. the Erdss-RényiLDP on the space W),

In | F“P) 2 . 1 -
limsupn’—2| < T2 ISB)(h) = —= inf ZW(h). (134)
n—oo n 2 ;LE.%(G‘B) 2 2 ﬁej:‘(a,B)
Hence, we get
1
limsup ¥,, = lim sup — In e Un
n—00 n—oo T
kK In(A 1 In | 4P
< limsup n(4) + sup |limsup — In (@9 4 lim sup n]—z\
n—00 n acA n—oo N n—00 n
( ) 1 T
sup <a +¢e— - inf I(B)(h)) : (135)
a€A heF(a.B)

Now, from (T31), each i € F(*5) satisfies Ug?h(h) > a. Consequently,

sup (U0 - 700) = s (o= 370)

=

he Fo.B) heFeB) 2
1 ~ 1 -
—a+= sup [-IB(h)])=a—-= inf ZW(h),
2 7B 2 heF(eB)
and rearranging terms
1 - B
—= inf IZ®(h) < —a+ sup (Uﬂ(h) - -I<B><h)) . (136)
2 heFlaB) heF(a.B) ' 2

Substituting (136) into (135) we get
- 1 - - 1 -
limsup¥,, < e-+sup sup (Uﬂ(h) — _I(B)(h)> =ec+ sup (Uf})l(h) - —I(B)(h)> :
n—»00 a€A e F(a.B) ’ 2 Befv/é'” ’ 2
(137)
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Similarly, for each a € A, one can define O(@5) = (Uf})l)_l((a, a + ¢€)). By retracing the same
steps (and using in (734) the opposite inequality for the lim inf of open sets provided by the LDP) one
finally concludes that

- 1 -
limsup ¥, > —& + sup (Ufﬂ(h) _ §z<8>(h)) . (138)
n—00 hewy
Since ¢ is arbitrary in (137) and (138), this completes the proof. O
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