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Optimal design with uncertainties: A risk-averse approach
Amal Alphonse, Petar Kunstek, Marko Vrdoljak

Abstract

We study a class of stochastic optimal design problems for elliptic partial differential equations
in divergence form, where the coefficients represent mixtures of two conducting materials. The
objective is to minimize a generalized risk measure of the system response, incorporating uncer-
tainty in the loading through probability distributions. We establish existence of relaxed optimal
designs via homogenization theory and derive first-order stationarity conditions satisfied by the
optima. Based on these necessary conditions, we develop an optimality criteria algorithm for nu-
merical computations. The stochastic component is treated using a truncated Karhunen—Loéve
expansion, allowing evaluation of the value-at-risk (VaR) and conditional value-at-risk (CVaR)
contributions arising from the sensitivity analysis and featured in the algorithm. The method is
illustrated for an example involving CVaR-based compliance minimization.

1 Introduction

Optimal design of structures and materials governed by partial differential equations has been exten-
sively studied in the deterministic setting, where uncertainties in loading, boundary conditions, and
material properties are neglected [22, 6, [1, 5, 25]. In many applications, however, such uncertain-
ties have a significant influence on the system response, and deterministic optimization may lead to
designs that perform poorly or even fail under random perturbations. This has partly motivated the
development of stochastic and risk-averse PDE-constrained optimization, in which random inputs are
explicitly modeled and optimization criteria are formulated to control statistical properties of the result-
ing random state [10, 2, (11} [21].

A foundational framework for risk-averse PDE-constrained optimization was established by Kouri and
Surowiec in [16] [18] (see also [17]). They studied optimization problems constrained by elliptic PDEs
with random forcing and incorporated coherent risk measures, most notably the Conditional Value-at-
Risk (CVaR) to quantify the risk of high-impact, low-probability outcomes. Their analysis included the
existence of optimal controls and the derivation of first-order optimality conditions.

The present work is motivated by extending these ideas to optimal design problems arising in com-
posite materials, where the control variable is the spatial distribution of two phases with different con-
ductivity properties. Incorporating uncertainty into such design problems presents new mathematical
challenges. The response of the system to random loads becomes a random field, and the objec-
tive is typically a functional of the entire distribution, not merely its expectation. As highlighted in e.g.,
[24] [14] and references therein, coherent risk measures (such as CVaR) provide a robust alterna-
tive to expected-value objectives by penalizing rare but severe realizations. However, the presence
of risk measures induces nonsmoothness in the objective functional, which in turn requires careful
mathematical analysis.

Let us present the problem of interest in this work. The aim is to find the best arrangement of given
materials in an open and bounded domain 2 C R¢ so that the resulting body has optimal properties
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A. Alphonse, P. Kunstek, M. Vrdoljak 2

regarding m different regimes. We consider the simplest case of two isotropic materials possessing
conductivities o and S with 0 < o < 3. If we let €2, C €2 be the measurable set occupied by the first
material, and x = Xq,, its characteristic function, then the conductivity can be written as

A =xal+ (1—x)pI (1)

where 1 is the identity. Let (S, F, ) be a probability space, and suppose that f; € LP(S; H™1(Q))
are given for some p € (1, 00), and introduce the boundary value problems (on a pointwise a.s. level)

{ —div(AVu;) = fi(s,-)

uiEHé(Q) 1=1,...m. 2)

For example, u; could model the electrical potential or temperature for the i state. In general, these
equations allow us to take into account m different states and reflect the fact that a device is often re-
quired to be robust in multiple scenarios. Define a quantity of interest 7 : L>°(Q; {0,1}) — L°(S;R)
(where by L" we mean the set of measurable functions) that measures the efficacy of the mixture by

F0006) = [ (60 3005 0(s,5)) + (1 = X)) g5 . u(s. %)) dx

where u = (uq, . . ., U, with the u; determined by [2), A is given by (@) and g,, and g5 are sufficiently
smooth functions satisfying certain growth conditions, see [Example 1.1]for some examples. Although
Jo and gs could depend on u; in a more complicated fashion (such as depending on Vu;) and such
cases are also interesting in applications, in this work, we consider only dependence on the pointwise
state values.

The functional is considered in this form in [22] for the single-state problem and in [1] for the multi-state
case, as it encompasses the most general class under consideration, while also allowing for a possible
dependence of the functional on the random parameter s.

In order to treat the fact that the objective function is probabilistic, we can consider a risk-averse optimal
design problem. For a given risk measure R : L' (S) — IR, the aim is to find a characteristic function
y on Q that minimizes 7 in a risk-averse sense: minyer,©:{0,1}) R[j(x)] possibly supplemented
by some regularization term.

As is standard in deterministic optimal design, in order to avoid ill posedness of the problem (see e.g.
[1, §3.1.5]), a proper relaxation of the problem is required, leading to the use of composite materials
formed as fine mixtures of the original phases. Accordingly, instead of characteristic functions for the
first material, its local volume fraction @, taking values in [0, 1], is introduced. However, the local volume
fraction ¢ alone does not fully define the composite; rather a set of admissible composites which we
denote by K () (this contains all the effective materials with proportions ) does, see (8). Therefore,
the control variable becomes (6, A) with A € K () almost everywhere in (2. Let us denote

A= {(G,A) € L>(Q;]0,1]) x L*(Q; Sym,) : A(x) € K(0(x)) fora.e. x € Q} (3)

where the notation Sym, means the set of real symmetric d x d matrices. Finally, the problem we
study in this paper can be formulated as

(Gfgi)rel AR[J (0,A)] + o(0) (P)

where

J(0,A)(s) = /Q(H(X) ga(s,x,u(s,x)) + (1 — 0(x)) gs(s,x, u(s,x))) dx as.ins, (4)
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u is uniquely determined by A through (2), R is a risk measure and g is a regularizer. We will formulate
our problem in full rigor in Let us give some examples of the objective functional, risk
measure and regularizer.

Example 1.1. An example of the objective function form = 1 is obtained with the choice g, (s, x,u) =
gs(s,x,u) = f(s,x)u, whence

J(0,A)(s) = /Qf(s,x)u(s,x) dx,

which is the energy dissipation functional. Another example relates to tracking-type objectives typical
in optimal control where g, (s,x,u) = |u(s,X) — ua(x)|* and gs(s, x,u) = |u(s,x) — ug(x)|?
where u,, ug are given (deterministic) desired states; this choice leads to

J(0,A)(s) = A(WK)!U(&X) — ta(x)* + (1 = 0(x))|u(s, x) — us(x)[* dx.
For the multiple state problem with m > 1, we could consider simply the sum of individual functions
associated to each state:

O =3 [ (960 g5 130 + (1= 6060) s x5, )

These examples were pointed out in [1, §3.1].

Regarding the risk measure, we can take R to be CVaR as mentioned above (see for a definition)
or we could work in the risk-neutral setting where R = [E is the expected value, for example.

For the regularizer o, one could consider o(f) = %HQHQLQ(Q) or the typical choice 0(0) = A [, 6 dx.

Remark 1.2. A different approach is to pose the probability maximization problem

(9{%%,4 P(T(0,A)(s) <c) (5)
for a given acceptable threshold level ¢ > 0. This models the situation where we seek to find the
design that maximizes the probability that our objective is satisfied up to a small error. This is of
course a different model, but it is not too difficult to see that it can be written in the form (P) with
the risk measure 'R chosen to be VaR.,. However, our theory does not apply here because VaR is
not convex and convexity is enforced on R in[Assumption 2.4, Nevertheless, probability maximization
problems such as can be tackled directly and stationarity conditions can be derived, at least in
the setting where the optimization is unconstrained and some structural assumptions on the objective
in terms of the uncertain variable are present (such as convexity or quadraticity, the latter of which is
satisfied by our example in[Section 4). Differentiability of the probability function has been the object of
study in e.g. [27,129] using the spherical radial decomposition, mostly in the finite-dimensional setting
and to a lesser degree the reflexive, separable Banach space setting [13], which does not fit our
non-separable, non-reflexive control space A. The work [28] does consider a general Banach space
setting, but utilizes the above-mentioned convexity. We believe it is possible to extend these results
to our constrained optimization problem in a non-reflexive, non-separable space with a nonconvex
dependence on the uncertainty (since the proofs in the above-cited papers either can be adapted or
they simply hold verbatim when the objective function is C*, as it is for us), yet this is non-trivial and
outside the scope of this paper. Thus we leave this, and other interesting aspects such as pointwise
chance constraints, for investigation in future work.
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We conclude this section with a brief overview of the paper. In [Section 2] we precisely introduce
the set of admissible controls and state the assumptions that ensure the existence of a solution. We
also outline the key elements of the homogenization theory employed. is devoted to the
derivation of first-order optimality conditions. Finally, presents a variant of the optimality
criteria algorithm tailored to the numerical solution of the problem. By employing the Karhunen—Loéve
expansion of the random right-hand sides, we obtain an explicit finite-dimensional representation of
the stochastic component, which enables an efficient implementation of the algorithm and is illustrated
by a numerical example. We conclude the paper in with some remarks.

2 H-convergence and existence of solutions

Here and below, we embed the Sobolev space Hg(€2) with the norm [[u||1 ) = [|VullL2(q)-

In connection with the problem involving j (wherein we note that x influences A from (T), which in
turn influences the boundary value problems (2)), it is well known that no reasonable pair of topologies
exists for which the mapping x > wu is continuous from the set of measurable characteristic functions
on € to H(2), where u denotes the unique solution of

—div(AVu) = f
{ uwe HY(), ©

with A given by (). On the other hand, homogenization theory [23] 22 1] provides a natural topology
on a class of coefficients A for which the mapping A +— w is continuous for every f € H‘l(Q) with
u equipped with the weak H! topology.

To be more precise, with M4(IR) denoting the space of real d x d square matrices, this topology is
introduced on the set M («, (3; Q2), defined [23} [22]

M(a, B; Q) = {A € L=(Q; Mg(R)) : A(x)€ - &€ > al€]? and
1
Ax)E-€> E|A(x)£|2 for a.e. x € Q and for all ¢ € R},
where | - | denotes the Euclidean norm on R?. The notion of H-convergence is important, which we
recall now.

Definition 2.1 (H -convergence). We say that the matrix sequence { A,,} C M («, [3;€)) H-converges
to A C M(a,3;Q) with respect to the H-topology if for arbitrary f € H~'(Q)) the solutions
u, € H}(Q) of

—div(A,Vu,) = f

satisfy u, — w in H}(Q) and A,,Vu,, — AVu in L*(2;R?) where u € HZ(S) solves
_div(AVu) = f.
o H
We write this as A,, — A.

Crucially, this convergence introduces a topology that is known to be metrizable and compact on
M, B;2) [26, Theorem 6]. Note also that the set of conductivities of the form (1) where y is an
arbitrary characteristic function belongs to M(a, 3; €2).
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If a sequence of characteristic functions x,, on €2 weakly-* converges to § € L>°(Q;[0,1]) and
A, = xnal + (1 — x,)BI H-converges to A € M(«, 3;2), we say that A is a homogenized
conductivity of a two-phase composite material obtained by mixing oI and 51 in proportions ¢ and
1 — 60, see [} §2.1.2]. The set of all such homogenized conductivities A (i.e., H-convergent limits A
of the process described above) is denoted by Ky:

Ko ={A € M(a, 3;9) : Ais the H-limit of A,, as described above. } 7)

This set can be understood as the set of all composite materials associated to 6.

By the local character of H-convergence it follows that the set of homogenized conductivities Ky can
be characterized as L matrix functions such that for almost every x € Q2 we have A (x) € K (0(x)).
Here, for any ¢ € [0, 1] the set K (1) is some closed set of matrices. In fact, in our situation of mixing
two isotropic phases, K (V) is a set of symmetric matrices which can be explicitly characterized in
terms of their eigenvalues (see [22, Proposition 10] for precise details, see also [20], [1, Theorem
2.2.13)):

K(9) = {MESymd:A; <\ S)\:{ forevery 1 <i < d,

o o1 d-l
ZzlAi—a_Ag—oz )\:;—047
i’: Lo +d—1} @
izlﬁ—&_ﬂ—Ag B =\

where we used the notation )\; to mean the eigenvalues of the matrix M and A\, and A} are the
harmonic and arithmetic means of a:and 3,i.e., Ay = (J/a+(1—9)/8) ' and A} = da+(1-9)p.

Now it is easy to see that the set Aﬂdefined in
A= {(e,A) € L2(:[0,1]) x L¥(2; Symy) : A(x) € K(0(x)) for a.e. x € Q}
is compact with respect to the weak-* topology for ¢ and the H-topology for A. For fixed 1, the set
K (1) is convex [1, Theorem 2.2.13], but the set A is not [32, Example 2.1].
We return to the problem (P). To begin with, let us consider the well posedness of the constituent state

equations (2).

Lemma 2.2. For A € M(«, 3;(), the problem [2) is uniquely solvable and u; € LP(S; H}(2)) for
1 =1,..., m. Furthermore, we have the following a.s. estimate:

Hui<87 )HH%(Q) < ailei(Sv )HH_l(Q) , 1= 17 sy 9)

Proof. Well posedness almost surely in s € S, together with the a priori estimate (9), follows di-
rectly from the Lax—Milgram lemma. Defining the linear operator 7': H}(Q) — H~'(Q) by Tu :=
—div(AVu), we can write u;(s) = T~ f;(s). By [34, Section V.5, Corollary 2] u; is strongly mea-
surable and, by the estimate (9) above, belongs to the specified Bochner space. O

"Note that .A corresponds to the set CD defined in [1] Equation (3.39)].
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Since the right-hand sides fi,. .., f,, € LP(S;H™1(Q)) from (2) are considered fixed, to simplify
notation we introduce the mapping

G: M(a, 8;Q) — [LP(S; H(Q))]™, G(A) = u determined by @).

Recall that the (relaxed) function 7 : A — L!(.S) from (@) is defined via

T (0, A)(s) :/(e(x) a5, %, u(s,%)) + (1 = 0(x)) ga(s, %, u(s, %)) ) dx

Q

such thatu = G(A), i.e. u and A are related via (2). Regarding the functions g,, g3, we assume the
following.

Assumption 2.3. The functions g,, and gz are Carathéodory functions (measurable in (s,x) on the
product space S x §2 and continuous in u) satisfying the growth conditions:

|gW(S,X, u)| < QOW(S,X) + ¢7(5>X)|u|q1 fory = a, g, (10)
with 1 < ¢; < min{p, q. } where

4+oo = d <2,
qx =

2d .
= 1 d>2,
and ., € LL(S x Q), 1, € L (S; L#(Q)) with gy = Land gy > — 2.
pP—q1 g« — 1

In addition, we make the following assumptiorE] on the risk measure R and the regularization term o.

Assumption 2.4. LetR: L'(S) — R be lower semicontinuous and convex and let o: L>°(€; [0, 1]) —
R be weak-+ lower semicontinuous.

Under these assumptions, the relaxed problem (P), which we recall again

BRI+ 26, v

is a well defined problem. Let us now show that it possesses a solution.

Theorem 2.5. Suppose that[Assumptions 2.3 and (2.4 are satisfied. Then, the relaxed problem (P)
admits a solution (6%, A*) € A.

Proof. Let us first show that R o 7: A — R is sequentially lower semicontinuous. Consider a
sequence (6,,,A,,) € A converging to (6, A) with respect to the appropriate topologies, so that

0, = 0inL>*(Q) and A,, LA Letus set u” = G(A,) and u = G(A). By H-convergence we
have the weak convergence

ul(s,) = ui(s,-) in H{(Q), as. (11)

)

Moreover, by the Sobolev imbedding theorem we have H}(2) C L9(£2) compactly forany g € [1, ¢.)
with ¢. as defined above. Hence the convergence is actually strong in L?(2).

2 Actually, the convexity assumption on R is only used from onwards.
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Furthermore, a.s. in s € .S, applying the a priori estimate (9) for (2), we have

[Jui' (s, Mmp ) < a I fils, -1y, i=1,...,m. (12)

Using the Sobolev embedding mentioned above, we further obtain a.s.

i’ (s, )lLay < Ca M fils, -1y, i=1,....m

for any g € [1, g.). The right-hand side of this inequality (for any 7) belongs to L.?(.S). Combined with
the strong L?(2) convergence of u!'(s, -) (for ¢ € [1,¢.)) and Lebesgue’s dominated convergence
theorem [15, Proposition 1.2.5], this implies the strong convergence of u™ to u in L”(S; L(2; R™)).
Consequently, there exists a function U € LP(S; L4(£2)) such that, for a subsequence that we shall

It follows that u,, — u in L™ (S x : R™). Hence, up to a further subsequence, u,(s,x) —
u(s,x) fora.s.-a.e. (s,x) € S x €, and therefore

Gy (8,%,u,(s,%)) = g4(s,x,u(s,%x)), v € {a, B}, as.-ae. (s,x) € S x Q, (13)
since g, and gg are Carathéodory functions. By the growth conditions , we have
19,(5,%, un(8,%))| < @, (8,%) + 1, (s, x)U (s, )™ (14)

Since UT* € Lﬁ(S; L%(Q)), an application of Hélder’s inequality to the second term on the right-
hand side (see [12, Lemma IV.1.4], or the analogus result for the mixed-norm Lebesgue spaces [7])
yields 1, U € L'(S x Q) if

which hold by assumption.

Since the right-hand side of belongs to L!(S x ), the pointwise convergence in (13), together
with the dominated convergence theorem, implies that g, (-, -, u,,) converges to g (-, -, u) strongly in
LY(S x Q), fory € {a, 8}.

Finally, since #,, — 6 in L>°(£2) we conclude 7 (A, A,,) — J (6, A) in L*(S). Indeed, we observe
that

[ 176080 - 70.8)] aB(s)
(60 90(0) + (1= 0) gs(u) ) = (Bga(0) + (1 = O)g5(w) ) dx
/ | / (g (0) = g ) + (1= ) (g5(0) — g5(w))) dx

= (0= 0)000) + (00 35(w) dx\dMs)

< [ ] 1. 0utw) = anfe)] dxaps)+ [ [ 16, —0)gu o] dxaps)

n / / (1= 0,) (93(un) — ga(w))]| dxdP(s)

+ / / (6= 6.) gs(u) | dx dP(s)

=TI+ 11+ I+ 1IV.

dP(s)
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Now, we have

Izéémmwm—%wnwwm

< 10nl ow (@ |90 (un) = ga(W)l[L1(sx0) = 0

since (6,,) is uniformly bounded in L due to weak- convergence, and the second factor tends to
zero by the strong L' (S x §2) convergence established above. Next, consider the term IT above.
Using the weak-* convergence, we find

= / |6, — 0) go(u)(s)|dx — 0 pointwise a.s. in s.
Q

Moreover, we have the bound

(s) < C [ laa@(]dx < € [ ,05)+ 0 5)lu(s) " dx

by the growth condition (10). The right-hand side belongs to Ll(S) by assumption, as explained
previously. Therefore, the dominated convergence theorem implies that h,, — 0 in Ll(S), i.e.,
Jg hn(s) — 0, which shows that II converges to 0. The terms III and IV can be treated similarly.
This establishes that J(6,,, A,,) — J(0, A) in L1(S).

As mentioned before, the topology introduced on A is metrizable, which enables us to conclude that
J: A — LY(S) is continuous. It follows that the sum F' := R o J + g is also lower semicontinuous
with respect to weak— * topology for # and H -topology for A.. Now the result follows by the Weierstrass
theorem, see [19, §7, Theorem 7.3.1]. O

3 Necessary conditions of optimality

In this section we will derive first-order stationarity conditions for (P). We will denote by (6*, A*) an
optimal relaxed solution of (P), the existence of which is assured by [Theorem 2.5| We need additional
regularity on the functions g, and gz in the form of the next assumption.

Assumption 3.1. The functions gg"‘ and 7.~ gﬂ are supposed to be Carathéodory functions (measurable
in (s,x) and continuous in u) satisfying the growth conditions

0 _ ~ _
‘897(8 X U) §¢7(S7x)+w7(87x>|u‘ql ! forfy:OJ’ﬁ;i:l?"wm? (15)
Us
where ., € L7 (S; L%(Q)), ¢, € L#(S; L% (Q)) with 1 < ¢ < min{p, ¢.}, ¢u = , and
—q1
Q«
s = .
g« — q1

In [22] (and similarly [1, Theorem 3.2.13] for multiple state problems), the Gateaux differential of the
functional 7 (-, -)(s): A — R is computed for a.s. s € \S. Using this and arguing like in the proof of

Theorem 2.5| we obtain the Gateaux differentiability of 7 : A — L1(S) (see also [33]):

T(6°, A (66, 6A) /59 ge (5,3, 0" (5, %)) — gals, x, u*(s,x))] dx
(16)

— / ZéAVuf(s,x) - Vpi(s,x) dx,
Q=1

DOI 10.20347/WIAS.PREPRINT.3262 Berlin 2026
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where p* = (pi, ..., p},) denotes the adjoint state, defined as the unique solutio of

{ dlv(AVpl) Haui(77u)+(1 9)8u1;(”u) Z:L,m (17)

pi € L7 (S;HY(Q))

In fact, we will prove that 7 is differentiable in the Fréchet sense (see also [22] Proposition 71). This will
be used later when we come to apply the chain rule. For this purpose, we need the following technical
lemma.

Lemma3.2. IfA, — A inL>(Q; M,z) and f,, — [ € H1(Q), the sequence (u,,) of solutions
to

—div(A,Vu,) = f,

u, € H{(Q)

converges strongly to u in H} (), where w is the solution of (6).
0

Proof. The boundedness of ) implies that A,, — A in L!(Q; My(R)), and hence, by [{, Lemma
1.2.22], A,, — A in the sense of H-convergence. Hence u,, — wu in H}(Q). To establish strong
convergence, first write

—div(AVu,) = f, — div((A — A,))Vu,) =: gn.

Since Vu,, — Vuin L*(), the sequence (Vu,,) is bounded in L?(f2), and we deduce that (A —
A,)Vu, — 0in L*(Q;R9). This implies V - (A — A,,))Vu, — 0in H1(Q), ie, g, — f
in H=1(Q). Finally, since the mapping v — —div(AVu) is an isomorphism between H}({2) and
H~1(2), we conclude that u,, — u strongly in H} (). O

Lemma 3.3. Let[Assumptions 2.3, (2.4 and[3.1| hold. Then, the mapping J : A — L!(5) is continu-
ously differentiable.

Proof. Let A,, — A strongly in L>°(£2; M, 3) and 6,, — 6 strongly in L>°(€2), and denote the
corresponding states u” = G(A,,) and u = G(A). Our goal is to show that .J'(6,,, A,,) converges
to J'(6, A) strongly in the operator norm. To this end, observe that

(T 6y An) — T'(67, A7) (56, 6A) | 1)
/‘/59 ga(u") = gs(u") = (ga(u™) — gs(u))] dx

/ Z@wu L Vpt — ZaAvu V! dx‘dIP’
</ / 5090 (") — g5(u") — (g0 (u") — g5(u))] | dx AB(s)
+ /S /Q Z|5Awy-vpy—aAvU;f-vpﬂdde(s)
< ||59||L°°(Q)/S/Q|ga(un)_gﬁ(un)_(ga(U*)_gﬁ(U*))|dXdP(3)

+ | 6A || Lo (0;8ym,) / / Z |Vul - Vp! — Vu! - Vp;|dxdP(s).
S0 =

3Existence and uniqueness for can be proved in a similar fashion as|Theorem 2.5; we omit the details.
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The first integral on the right-hand side can be shown to vanish by following the argument in the proof of

which yields the strong convergence ga (-, -, Un) — ga(+, *, Un) 10 ga (-, -, u) — g5 (-, -, u)
in L'(S x Q).

For the second integral, Lemma 3.2| shows that u['(s, -) — u;(s, ) in H}($2) for each i and almost
surely in s € S. As in the proof of using the a priori bound (9) and the dominated
convergence theorem, we obtain the strong convergence u,, — uin L (Q; H{(; R™)), i.e. Vu? —
Vu; in LP(Q; L?(Q; R™)). To obtain an analogous conclusion for the adjoint functions p,,, we first
show the strong convergence

DL = T ) I (S L) for 7 € {a,B) (e)
This can be proved in a manner analogous to the proof of [Theorem 2.5 The only difference occurs
in the step following (T2), where we may take ¢, instead of ¢ € [1, ¢.), since the compactness of the
embedding H}(Q2) — L4(Q) is not required. As a result, u, — u strongly in L?(S; L% (Q; R™)),
and passing to a subsequence, |u,| < V almost surely-almost everywhere on S x 2 for some
V e LP(S; L% (Q2)). Now, along a further subsequence, we have pointwise a.s.-a.e. convergence of
the convergence that appears in (18), and by the growth conditions (15),

g,
8ui

(5,5, n(5,%))| < B (5,%) + 0 (5,)V (s,2)

We have V1 ¢ Lﬁ(S; L#(Q)) so by Holder’s inequality vam—l € L7 (S; L% (1)) pro-
vided that

I ¢g—1 1 p-—1 1+q1—171 g — 1
G4 p N ¢. Q-
which hold by assumption (15). Applying the dominated convergence theorem then yields (18).

Then, the right-hand side in the adjoint equation

{ —le(Aanl) - engiul(a "y uﬂ) + (1 - en)ﬁiu[:<’ K Un> 7 = 1, o, M,

pP € LP(S; HY(Q))

belongs to L” (S; L% (£2)), which is continuously embedded in L”' (.S; H™(€2)), yielding the unique
solution p} € LY (.S; H}(92)). Moreover, from and we have convergence p,(s,-) —

p(s,-)in H}(Q2) almost surely in s. As shown for the sequence (u,,) in the proof of[Theorem 2.5, this
implies the strong convergence p,, — p in L (Q; HY(€; R™)).

Finally, we conclude that Vu? - Vpl' — Vu; - Vp; strongly in L(S x Q), which completes the
proof. O

To write down the optimality conditions for (P), we need some further assumptions on g. One of those
requires the notion of regularity in the sense of Clarke [9, Definition 2.3.4, p. 39]. Indeed, the function
p is said to be regular at @ if the (usual one-sided) directional derivative at # exists for all directions v
and it equals the generalized directional derivative p°(0;v) = limsup, g, 0(p(n +tv) — p(n))/t.

We make the following assumption.

Assumption 3.4. (i) Letp: L>°(£2; 0, 1]) — R be Hadamard directionally differentiable at §*.
(ii) Let o be locally Lipschitz and regular at 0*.
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Let us try to write down a first optimality condition. We argue in a similar fashion to [3]. We start by
recalling the definition of the tangent (Bouligand) cone of .4 at the point (6, A):
Ta0,A) :={(h,d) € L>®(2;[0,1]) x L>=(Q; Sym,) | Isp 0,
I(hk, di) = (h,d), (0, A) + si(hg, dy,) € Aforeach k}.

Lemma 3.5. Let[Assumptions 2.3, [2.4 and[3.1] and[Assumption 3.4|(i) hold. If (§*, A*) is an optimal
relaxed solution of (P), then, for every (60, 0A) € T'4(0*, A*) we have

sup EvJ'((6*, A))(66,6A)] + o' (6%)(66) > 0.
VEIR(T (6%,A%))

Proof. Firstly, since R is finite, lower semicontinuous and convex, R is continuous [8|, Proposition
2.111], and by [8, Proposition 2.126 (v)], we obtain that in fact R is Hadamard directionally differen-
tiable with
R'[z](h) = sup E[vh].
veEIR(z)

Now we can use the chain rule [8, Proposition 2.47]: since J : A — L!(Q) is C'! by|Lemma 3.3|and
hence also Hadamard directionally differentiable, and R is Hadamard directionally differentiable, we
find that the composition R o J is Hadamard directionally differentiable too with

(RoJ) (07, A)(60,0A) = R'[T (6", A)]|T'((6%, A*)) (56, 6A),

for every (00,6A) € T4(0*, A*). The set A C L>(£2;]0,1]) x L*°(Q2; Sym,) is in general non-
convex, hence the closure of the radial cone may not be the tangent cone, so the usual density argu-
ment to obtain the claim of this result has to be adapted.

Now, if (06, 0A)) € T'4(6*, A*), by definition, we have the existence of { (hy, dj) } such that (hy, di) —
(06, 0A) and a null sequence { sy } with
RIT (0" + sphy, A" + spdy)] + 0(0" + sphy) — R[T (0%, A™)] — 0(0%) > 0,

since (6*, A*) is optimal. Dividing the above expression by s and taking the limit & — oo and using
the fact that R o J and p are Hadamard directionally differentiable, we get

RIT (60", A)](T'((67, A))(06,0A)) + ¢'(67)(66) = 0.

Using the characterisation of R’ in terms of the expectation stated above, we obtain the result. O

As done in [18], we wish to reformulate the above condition since the presence of the supremum
renders it inconvenient and makes it less tractable. By means of subdifferential calculus, this refor-
mulation is possible as we see in the next result. This result enables the adaptation of the optimality
criteria method which is well established in the deterministic setting to the risk-averse setting as well.
Below, O refers to the generalized gradient in the sense of Clarke, see [9, p. 27].

Theorem 3.6. Let (6*, A*) be an optimal relaxed solution of (P). Let|Assumptions 2.3, and
hold. Then, there exists T € OR(J (0%, A*)) such that for every (06, 0A) € T 4(6*, A*),

0<0(6%)(60) + /S/QW*M [ga(s,x,u™) — gs(s,x,u*)] dx dP(s)

—//W*Z(SAVU?-V}): dx dP(s).
S§IQ - im
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Proof. The proof is similar to that of [3, Lemma 3.11] with some adaptations to deal with the non-
convexity. To begin, observe that R is locally Lipschitz near every point of L' (£2) and that 7 : A —
LY(Q), being C1, is also strictly differentiable (in the sense of Clarke) [9, Corollary, p. 32]. By [9]
Proposition 2.2.1], 7 is Lipschitz near (6*, A*). Therefore, the composition R o 7 is locally Lipschitz
near (0%, A*).

Now, o is assumed locally Lipschitz on L>°(€2; [0, 1]). In combination with the above, we thus have
have that the sum R o J + g is also locally Lipschitz. Invoking the corollary on page 52 of [9], we get

0€d(RoJ+0)(0,A") + Na(0", A™)

where Na(u) = Tu(u)® = {n € (L=(:(0,1]) x L®(: Symy))* « (n,v) < 0, v € Ta(u)}
is the normal cone of A at the point u. Applying [9, Proposition 2.3.3], the first term on the right-hand
side above can be expressed as

IRoJ +0)(0",A") CIRoJ)(0", A7) + Do(07).

Since R is locally Lipschitz on Ll(Q), we are able to utilize the subdifferential chain rule [9, Theorem
2.3.10 and Remark 2.3.11] to find

O(Ro J)(07, A%) = [T'(0", A" )"OR(T (0", A7)

(equality holds since R is regular [9], Proposition 2.3.6 (b)] by virtue of its convexity). Gathering every-
thing together, we have

0 € [T(0", A OR(T (0%, A*)) + 9o(6%) + NA(6", A¥).

Now, as in the proof of [3, Lemma 3.11], we follow [18]. From the above inclusion, we obtain the
existence of 7 € IR (J (6%, A*)) and € Jp(0*) such that

_[j/(e*,A*)]*ﬂ'* —n c NA(H*,A*)
This reads
(=[T'O", AT)]'m" —m,v) <0, v € Ty(07, A%).
Now, since g is regular, by definition of the generalized gradient, we have that
d0(07) = {& € (L=([0,1]))" : '(07)(v) > (§,v),v € L=([0,1])}.
Thus the above can be written as
(—[T0, A" — ' (0%),v) <0, veTyb*A").

Then

E[T'(0%, A*)or*] 4 0'(07)(60) > 0, v = (86, 0A) € T4(6%, A¥)
follows upon realizing (J'(0*, A*)*7*,v) = (7*, J'(6*, A*)v) as the L'(S)-L'(S)* pairing. The
claim of the theorem is a direct consequence of substituting the derivative formula (16). O

To further analyze the optimality condition of let us specialize to the case where the
regularization term is of the form

0(0) = /Q h(0) dx, (20)
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where h: [0, 1] — Ris a continuously differentiable function. In classical applications, a choice such
as 0(0) = A fQ 0 dx penalizes the amount of the first phase. For greater generality, we consider
instead the form stated above.

We can analyze the result of using the same approach as in the deterministic setting
[22, [1]. The dependence on the variable s in the optimality conditions can be addressed in a manner
reminiscent of the treatment of the time variable in evolutionary problems [31]. We begin by fixing

6 and considering variations only in A. Since K (1) is convex for every 9 € [0, 1], then for every
A € K(0*) we have (0, A — A*) € T4 (0", A).

Therefore, we obtain

— / / T Z(A — A")Vu; - Vp! dxdP(s) > 0.
SIL i

By interchanging the order of integration, this may be rewritten as

—/ / " Z(A — A")Vu; - Vp; dP(s) dx > 0.
QJS =

We define "
M" = Sym/ * Z Vu; ® Vp; dP(s), (21)
S =

where Sym denotes the symmetric part of a matrix, and ® the tensor product of two vectors in R
With this notation, the above condition can be rewritten as

/A*:M*dxz/A:M*dx,
Q Q

where : denotes the Euclidean inner product on My(R). Since A € K(6*) is arbitrary, we may
choose A to equal A* a.e. except in a small neighborhood of an arbitrary point. This yields the
following pointwise estimate: almost everywhere on 2, A* : M* > A : M* forany A € K(6*). To
summarize, the necessary optimality condition can be expressed as follows: almost everywhere on €2,
the optimal A* satisfies

A" :M* = F(6*,M"),
where F': [0, 1] x Mg(R) — Ris given by F/(), M) = maxacrw) A : M.

We can now proceed as in [1, Theorem 3.2.14] and consider variations in 6. Since the function F' is
continuously differentiable with respect to 6, we can consider a smooth path 6(¢) € L>°(;[0,1])
passing through 6* with derivative 06, and choose A(t) € K(0(t)) such that A(t) : M* =
F(6(t), M*), aimost everywhere on 2. Consequently, the derivative of A with respect to ¢, evalu-
ated at t = 0 where 0(0) = 6*, satisfies

oF
A M* = — (6%, M")db.
) 89(0’ )66

The partial derivative of F' with respect to & can be expressed explicitly in the two- and three-dimensional
case [4,30]. Finally, we come to the following result.

Theorem 3.7. Let o be of the form and let the assumptions of |Theorem 3.6 hold. If (6*, A*) is
an optimal relaxed solution of (P) and u* and p* the corresponding state and adjoint state functions
respectively, then, there exists 7 € OR(J (6%, A*)) such that for Q) : 2 — R defined by

oF

Q= [ 7 lgnls.07) = gs(s, )] AB(s) = G 67 MY) + H9)
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the following necessary optimality condition hold: for almost every x € ()

Q(x) >0 = 6*(x)

0
Qx) <0 = 0"(x)=1

4 Numerics via the optimality criteria method

In the section, we will study a particular instance of (P) and solve it numerically. We will take advantage
of the first-order conditions we derived in the previous section and use the optimal criteria method (see
e.g. [5, Chapter 1] for more details) in order to compute a solution of this problem. The method in our

general problem setting is given in

Algorithm 4.1 Optimality Criteria Method

Initialization. Choose an admissible initial design (6", A?).
Fork =0,1,2,..., repeat the following steps:
Step 1 (State equation). Compute the state

uF = (b, k) = G(AP).

Step 2 (Adjoint equation). Compute the adjoint variable

p" = (pf,...,pk),

solving (T7) with A*, 6, and u” in place of 6*, A*, and u*.
Step 3 (Sensitivity matrix). Compute

M* = Sym/ 7 Z Vuf @ Vpl dP(s),
S =1

where ¥ is a subgradient of R at 7 (9%, A¥).
Step 4 (Update of 0). For each x € (2, define #*"!(x) as a zero of

0> /S 7 g, 5, U*) — gas, x, u¥)] dB(s) — aa—g(e, M (x))

(). (22)

If a zero does not exist, set #**1(x) = 0 when the function is positive,
and 0%*1(x) = 1 when it is negative.
Step 5 (Update of A). For each x € (2, choose

A (x) € arg max F (65 (x), M*(x)).

We still need to specify for example how to numerically approximate the integrals over the probability
space .S that appear in the algorithm; this will be addressed in the next section for our specific example.
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4.1 An example involving the conditional value-at-risk

Let us now specify the exact problem we will simulate. For the risk measure R, we adopt the condi-
tional (average) value-at-risk CVaR. To define this, let us recall some definitions from [24] §6.2.3-6.2.4]
for the convenience of the reader. Firstly, the value-at-risk (VaR) at level v € (0, 1) for a random vari-
able representing losses, also known as the ~y-quantile, is defined as

VaR,(X) =inf{t : P(X > ¢) <A} =inf{t : P(X <t) > 1—~}.

Throughout this text, we assume that the random variable X has no probability atoms, i.e. its distri-
bution is absolutely continuous with respect to the Lebesgue measure. The conditional value-at-risk
(CVaR) at level y is the expected loss given that the loss exceeds the value-at-risk VaRl., at level +:

CVaR,(X) = E[X|X > VaR,(X)]. (23)
Intuitively, CVaR,, can be understood as the expected loss in the worst ~y-fraction or tail of outcomes.
To keep the notation simple, we consider the case of a single state problem (i.e., m = 1)

{ —div(AVu) = f(s,%)

u e HY(Q), (@4)

where 2 = [0, 1]? is the square. In the context of heat conduction, u denotes the temperature field,
f represents the density of the external heat source, and the objective is to maximize the total heat
energy fQ fudx. Therefore, in our risk-averse formulation, we seek to minimize large deviations of

J(0,A) = —/Qu(s,x)f(s,x) dx.

The function p represents the constraint on the total amount of the first phase, given by

mszLa

where \ is the associated Lagrange multiplier.

Note that the subdifferential of R = CVaR,, can be characterized as follows. For a given X € L*(5S),
the subdifferential 0CVaR ., (X) is a singleton containing the unique element 7 € L>°(.S) defined by
[24]
(s) 0, X(s) < VaR,(X)
m(s) =
=, X(s) > VaR,(X)
(bearing in mind that P(X = VaR,(X)) = 0). To facilitate the evaluation of VaR.,(J (6, A)),

we employ the Karhunen—Loéve spectral decomposition, which separates the spatial and stochastic
components:

Fls:3%) = o) + Do VAL )6 (5)

where {fi}ieN are mutually uncorrelated random variables with mean zero and unit variance. We
focus on the truncated sum

f(s,%) = fo(x) + Z VAL ()€(s).
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If u; denotes the solution of the deterministic state equation (6) with the right-hand side f;, for j =
0,..., N, then the perturbed state function is simply given by

u(s,x) = up(x 4—2\/_uJ

which leads to

J(0,A)(s) = co+ Z ei(s) + )Y eisa(s)€(s)

co = —/Quo(x)fo(x) dx
= =V [0 + G0l . =L N,
Cij = _\//\i)\j /QUZ(X)f](X) + Uj(X)fi(X) dX, Z,j = 1, e ,N, j Z 7.

For the optimality criteria method, let us denote VaR.,(J (6%, A¥)) simply by dx, and introduce the
set

where

Ap={s€S:J0" A" (s) > 6},
so that the subgradient 7* is given by %XA;@-

In the problem under consideration, we have g, = g¢g, which implies that the first integral in
vanishes. Furthermore, the problem is self-adjoint; more precisely pk = —u”, so that

——Vu0®Vu0—22dkSydeuo®Vu —QZZCZ Sym,Vul @ Vu
Jj=1 i=1 j=i

where

1
:—\/Aj/ fde(S),j:L...,N,
Y A
1
:_\//\i)\j/ ngde(S),Z,jzl,,N,jZZ
7 Ag

We employ an expansion based on an exponential covariance function. We begin with the zero-mean
random field g(s,x) = f(s,x) — fo(x), since E[f(-,x)] = fo(x). The covariance function is given
by

C<X’ X/) = E[g('v X)g('v X/)],

and in this example we specify C' to be exponential covariance function:

Cx,x)=0c exp( Z ’wk_mk’)

where o2 and 7, are the variance and the correlation lengths. For this choice of covariance, the
eigenpairs (\;, f;) of the associated integral operator C: L*(Q2) — L*(Q2) defined by

Cy(x) —/QC(X,X’)w(X’) dx’
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can be computed explicitly [35]. Moreover, the random coefficients &; in the resulting expansion are
standard normally distributed.

The numerical example considers the two-dimensional setting 2 = [0, 1]? (as mentioned before), with
a constant mean value fo = 1 on §2. We choose N = 5, 0 = 2, level v = 0.9, and examine several
values of the correlation length 1 := 7)1 = 175. The algorithm is implemented in Freefem++, with
P1 elements. At each iteration of the optimality criteria method, the y-quantile VaR., (7 (6%, A*)) and
the integrals appearing in the definition of M* are approximated using a Monte Carlo procedure with
a sample size of 10,000.

As is typical of the optimality criteria method, only a few iterations are required to obtain a good approx-
imation of the solution, and the result is largely insensitive to the choice of the initial design.
presents the designs obtained after 10 iterations for three values of the parameter 7, alongside the
design corresponding to the unperturbed right-hand side f, = 1 for comparison.

n =05

0.8

n=0.05

Figure 1: Numerical solutions for n = 0.5, 0.1, and 0.05 (displayed left to right, top to bottom) for
R = CVaR,,, along with the solution corresponding to the unperturbed right-hand side.

_%

We see that as 7) shrinks (i.e. as the influence of randomness reduces), the optimal shapes resemble
more and more the deterministic shape seen in the bottom right corner of [Figure 1]

For purposes of comparison, we also consider the risk-neutral case in which the risk measure co-
incides with the expectation R = IE. The corresponding designs are shown in [Figure 2| again for
various values of 1 and the unperturbed right-hand side in the rightmost panel. It can be observed that
the obtained solutions are close to those of the corresponding non-perturbed problem. This behavior
can be explained by the fact that the random fluctuations have zero mean, and thus tend to cancel out
in expectation.

In contrast, for the risk-averse formulation, extreme realizations dominate the objective, and the op-
timizer explicitly accounts for adverse events. As a result, the solution becomes more conservative,
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prioritizing robustness over average performance. This approach reduces the likelihood of poor out-
comes under unfavorable realizations, even at the expense of slightly suboptimal performance under
typical conditions.

n = 0.05

Figure 2: (Risk-neutral case) Numerical solutions for n = 0.5, 0.05 (displayed left to right) for R = [,
along with the solution corresponding to the unperturbed right-hand side.

5 Conclusion

In this paper, we studied a risk-averse stochastic optimization problem involving optimal designs. We
proved existence and derived stationarity conditions, and used those to set up a numerical scheme
and numerically solved an example. Our work can be seen as a first step in taking into account risk
measures to deal with uncertainties in optimal design problems in conductivity. Further work could
involve a more sophisticated analysis specialized to certain problem classes in applications and the
resulting numerics and/or the development of tailored solution algorithms.
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