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Orthogonal polynomials on path-space

llya Chevyrev, Emilio Ferrucci, Darrick Lee, Terry Lyons, Harald Oberhauser, Nikolas Tapia

ABSTRACT. We consider the orthogonalisation of the signature of a stochastic process as the analogue of orthogonal polynomials
on path-space. Under an infinite radius of convergence assumption, we prove density of linear functions on the signature in
LP functions on grouplike elements, making it possible to represent a square-integrable function on (rough) paths as an L2-
convergent series. By viewing the shuffle algebra as commutative polynomials on the free Lie algebra, we revisit much of the
theory of classical orthogonal polynomials in several variables, such as the recurrence relation and Favard’s theorem. Finally,
we restrict our attention to the case of Brownian motion with and without drift, and prove that dimension-independent orthogonal
signature exists with drift but not without. We end with numerical examples of how orthogonal signature polynomials of Brownian
motion can be applied for the approximation of functions on paths sampled from the Wiener measure.

1. INTRODUCTION

Orthogonal polynomials in one or several variables have applications in numerical analysis [59], mathematical physics [51],
probability theory and stochastic processes [55,/60], mathematical finance [1], and in many other areas of mathematics
and the applied sciences. One simple example that exhibits their potential is the following. Take a function f: [—1,1] — R.
If f is analytic at 0, we may approximate it with its Taylor polynomials near 0. Outside its radius of convergence, however,
the Taylor approximation will not converge, and even within, it may converge slowly. On the other hand, as long as f €
L?[—1, 1], its L?-projections onto the space spanned by polynomials of degree N, My, will converge to fin L% as N — oo
(and even uniformly if f has Hélder regularity greater than % [53]). These projections can be found computing the L2 inner

product (¢,, f) = f; f(x)¢,(x)dx with the Legendre polynomials, orthogonal w.r.t. the Lebesgue measure on [—1, 1] and
expanding

o (0n, f)
f= nzoj (fn,fn)g"' (1.1)

The series truncated at N coincides with I1yf. A comparison of the two types of approximation is given in
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FIGURE 1. Taylor and L? approximations (computed with Legendre orthogonal polynomials) of f(x) =
1. Since f has poles at &, the Taylor approximations do not converge uniformly on (—1, 1).

1+x2°

Since the work of Chen [15], iterated path integrals

f

Sn(X)OT :=/ dXh ®"'®dX,n, X: [0, T]*)Rd
0<h <..<th<T

have established themselves as the path-space analogue of polynomials. For rougher signals they are ill-defined from
analysis alone, but in some cases can be defined probabilistically; specifying the first few subject to certain requirements
forms the definition of a rough path [42], i.e., a specification of a theory of differential equations. The full stack of iterated
integrals, its signature S(X)o 1, has been shown to characterise the path up to free-like equivalence, a generalised form
of reparametrisation which allows “retracings”, see [11}|16}/33] for the proof of this statement in the case of X piecewise
regular, bounded variation, and rough, respectively. Moreover, since coordinate functions on the signature form an algebra
under the shuffle product (see below), the Stone-Weierstrass theorem guarantees that, roughly speaking, for any
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continuous function on a compact set of (rough) paths K and any € > 0 there exists a truncation level N and a linear
function Ay of Sy(X)o,7 (the signature truncated at degree N, see below), such that

sup |F(X) — <)\N, SN(X)O,TH < €. (12)
XeK

This result proves that functions on paths can be approximately linearised in terms of the signature, but has a couple of
shortcomings. First of all, most sets of paths on which interesting functions are defined (e.g. the support of the law on
path-space of the solution to an SDE [56], or indeed the support of the law of Brownian motion itself) are not compact.
Secondly, writing Ay = Zﬁo MK with AK acting on tensor degree k, it cannot be expected that a linear function Ay
(N" > N) that achieves a better approximation (¢’ < &) should have the same low-order tensor projections: in general
)\’,§, + )x’,i,, for k < N, i.e. the approximation is not stable under increasing the precision of the approximation. This latter
phenomenon is not specific to approximations of the type for signatures and even occurs for [2-approximations of
functions in one variable with polynomials: if f € L2[—1, 1] as above, writing (Myf)(x) = Z,’io )\‘,§,xk, the same instability
occurs, simply because monomials are correlated w.r.t. the Lebesgue measure on [—1, 1] (or indeed w.r.t. any measure
that is not the Dirac delta dy).

Iterated integrals also naturally appear in numerical schemes for stochastic differential equations (SDEs) [36], see also
[271[40] for similar schemes which deal with path-dependency. These approximations are quite different to (1.2), since they
generally rely on the interval [0, T] being split into many sub-intervals, and on the expansion to be performed on each
interval, for convergence to be guaranteed. More specifically, an important example of function on paths is ¢(Y7), where
@ is a smooth function and Y is the solution to the controlled differential equation with smooth vector fields Fy, ..., Fy €
C*(R",R":

dY; = F(YdX, Yo = Yo. (1.3)

Applying the chain rule N times yields the expansion

N
P(Yr) = 0(0) + > _(Fay - Fa,p00), S5 ) + Ru(F, 0, X)o7
=t (1.4)
with  Rn(F, @, X)o7 = / Fo, - Fayp( Yy, )dth“ .. ~dXxN.
0<t<.<tw<T

Failures of analyticity such as[Figure 1] which a fortiori occur in the path setting (since iterated integrals embed monomials)
show that this error cannot generally be made small without controlling the size of the interval. This type of approximation
scheme therefore has the benefit of having explicit identities for the coefficients in the expansion, but the drawbacks of
requiring a more explicit form of the function on paths (e.g. the vector fields in the differential equation) and of requiring
iteration for convergence.

Briefly returning to a polynomial L2-approximations for functions in one variable, observe that a necessary condition for
a representation like to hold is that polynomials be dense in L2. This is always true if the measure is compactly
supported, but for general measures on the real line the question of density of polynomials in L” is intimately related to that
of moment-determinacy [9], i.e. whether the measure is unique given its moments IE, x". On path-space, the analogous
question asks whether the expected signature IES(X), 1 of a stochastic process determines its law. The question was
answered in the affirmative in [19] under an “infinite radius of convergence” assumption, which holds true for many
stochastic processes lifted to rough paths considered in the literature [30].

The goal of this paper is to combine orthogonal polynomials with path signatures, forming what we consider the analogue
of orthogonal polynomials on path-space. Our contributions are as follows. In[Section 2] we briefly introduce the signature
of a stochastic process and show how its canonical coordinates can be (block-)orthogonalised with the familiar Gram-
Schmidt procedure, given the knowledge of the expected signature of the process. Next, we prove that, under the same
infinite radius of convergence assumption as in [19], linear functions on the signature are dense in LP functions on paths
(modulo tree-like equivalence) for any p € [1, c0). While this result holds under the same hypotheses as in [19], it does
not follow directly from the latter. Combined with orthogonalisation, our density result yields an [2-series expansion for
a square integrable function on paths F. This circumvents both the issues of poor convergence away from the point of
expansion of and the issues of stability under increase in precision of (T.2). We remark that LP-density of signature
functionals was also very recently proved in [14] using weighted spaces for a class of time-augmented processes. Our
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density result is, however, stronge and applies without any assumptions beyond an infinite radius of convergence. Our
proof is moreover very different from [14] and follows more the style of the proof of moment determinacy [19].

In we begin by observing the known fact that a change of basis transforms the shuffle algebra, which governs
the product of coordinate functions on the signature, into the polynomial algebra over an infinite-dimensional but graded
space (the free Lie algebra). This enables us to revisit much of the theory of classical orthogonal polynomials in several
variables [25], with the added difficulty of infinite dimensionality and anisotropic grading on the base variables. We prove
versions of the celebrated three-term recurrence relation, which is no longer three-term but nevertheless yields a way
of computing the orthogonal signature polynomials alternatively to Gram-Schmidt. We also prove a version of Favard’s
theorem, which characterises which sequences of polynomials arise as orthogonal polynomials with respect to an inner
product. We then study when such inner products arise from probability measures on both the free Lie algebra and path
space.

In we specify our study to what is arguably the most important example of stochastic process, Brownian
motion, seeking more explicit descriptions of the orthogonal signature polynomials. We ask the question of naturality,
i.e. roughly speaking whether the orthogonal polynomials associated to a V-valued brownian motion can be expressed
without reference to a basis or even to the dimension of V. While this is true of ordinary Hermite polynomials in several
variables, we prove, using symbolic linear algebra code that it is not true for the signature of Brownian motion, unless time
is included as a coordinate. This concern is not merely motivated by aesthetics, rather, it speeds up the computation of
the orthogonal signature compared to naively performing Gram-Schmidt orthogonalisation. We proceed with the explicit
description and computation of orthogonal signature polynomials of time-augmented Brownian motion which are natural
(basis- and dimension- free). We also give an independent, short, Wiener chaos-based proof of density of linear functions
on the signature in L? in the time-augmented case. We end with a description of our implementation [17] of these orthogonal
polynomials on Wiener space and show how it can be used in approximation problems.

We believe that, in future work, it would be interesting to consider the orthogonal signature associated to the time-
augmented stochastic processes (many of which with jumps) associated to the Askey classification [3], see [55].

2. [2 ORTHOGONAL SIGNATURE EXPANSIONS

2.1. Signature of a stochastic process. Let X be a continuous stochastic process in a time variable on [0, T] taking
values in the finite-dimensional vector space V, defined on a probability space (€2, 7, IP). Let X be of bounded p-variation
and let X be a p-geometric rough path lift of X, which we assume to be JF-measurable (this is the case for all the main
examples of stochastic rough paths). For a finite-dimensional vector space U we denote

N fe%e] fe%e]
Tv(U) = @ u®m T = @ u®m T() = H uem, 2.1)
m=0 m=0

m=0

We recall that, given the rough path lift X, its signature is canonically defined [42], and represents the iterated integrals

S"(X)o,7 = / dX, ®---®dX, € v®"
0<t..<t,p,<T

Su(X)o.r = (S (X)o7 . S (X)o.7) € Tw(V) 22)

S(X)o,r = (S°X)o.7, -, S" (X)o7, ...) € T(V)

defined according to the integration theory specified by X. We write (-, - ) for the canonical dual pairing between T(V*)
and T(V), e.g. foraword w = a ... o, representing an elementary tensor in (V*)®" we have

(w, S(X)o.7) = / dX @ - @ dXP
0<t..<t,<T

We write |w| = n for the tensor degree of w. We recall that signature coordinates satisfy the shuffle identity, i.e. for
u,v e T(V¥)

(u, 8(X0) (v, S(X)) = (UL v, S(X)). (2.3)
where LLI is the shuffle product of the two words. For this reason we sometimes will call Sh(V*) = T(V*) when viewed as
an algebra under the shuffle product and correspondingly write Shy(V*) = Ty(V*). Elements of T( V) satisfying form

"More specifically, [14] requires time-augmentation and integrability of the weight w(X) = exp(B||X||N) for some B > 0, where N = |1/a] and
HXHa is the a-Hélder homogeneous rough path norm. Integrability of w (for any 3 > 0) implies an infinite radius of convergence of ES(X)o,7, so our
heorem 2.4]implies |14, Thm. 3.4], but not conversely since we do not require time augmentation and do not assume integrability of w. For example,
ITheorem 2.4|applies to fractional Brownian motion with 1/4 < HL 1/3 while [14, Thm. 3.4] does not because w is not integrability as in this case
N = 3. Moreover, the restriction to time augmented processes seems important in [14] since the proof relies on the uniform density result in weighted
spaces from |23|, which appears to use time augmentation in a crucial way.
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a (formal) group G(V) C T(V), whose Lie algebra is the space of free Lie series [50]. Recall that A = (A%, A', ...) € T(V)
has an infinite radius of convergence if

o0
A5 = > A" lyenA" < 0o forall A > 0, (2.4)
n=0
where we equip V with a norm and V®" with an arbitrary cross norm, e.g. the projective norm (by finite dimensionality of
V, condition does not depend on the choice of norms). Denote T(V) the space of these elements and

G(V) = T (V) NG(V).

We equip 7’( V) with the (locally convex) topology given by the norms || - ||, and é( V) inherits this topology, making it a
topological group, and a Polish (completely metrisable and separable) space [19].

It is a fact that S(X)o,r is an element of é( V) for any rough path X, see e.g. [43]. Therefore, we may view the stochastic
process X as defining a probability measure on é( V). From now on, unless there is an ambiguity as to the rough path lift
X, we will drop the bold font and simply write S(X)o r and similar; we will always use X to denote the trace of X, i.e. its
projection onto V.

The signature encodes almost all the information in the (rough) path, namely up to tree-like equivalence [11}/16}/33], a
generalised form of reparametrisation that includes “retracings”. A common way of ensuring the path is tree-reduced, and
thus that the full path can be recovered from the signature, is to include time as a coordinate, see e.g. [29]. We let G denote
the sigma-algebra generated by S(X)o 7.

Remark 2.1 (G = F). If time is included as zero-th coordinate of X, it follows from the fact that X is tree-reduced (i.e.
t — Xo, is injective) and measurability of the map that reconstructs the tree-reduced representative from the signature
[82], that G = F. In many cases of interest, such as Brownian motion [37] and the law of certain multidimensional
diffusions [31], G = F even without including time as a coordinate of the process.

2.2. Orthogonalisation of signature features. We assume that (w, S(X)o7) € L3(G) for all w € Sh(V*). Define the
positive semi-definite symmetric bilinear form
(u, v) = E{u, 8(X)o,r) (v, S(X)o,7) = (v v, ES(X)o 7). (2.9)

This bilinear form is, in general, only positive semi-definite because the natural map ¢: Shy(V*) — L2(G) is not in general
an inclusion. Let N be its nullspace and W a choice of a direct complement to it, so that Sh(V*) = N & W and ¢ embeds
W into L%(G). We may always choose W to be of the form W = @ -y W" with W™ C (V*)®": indeed, let W" be the
pre-image through the quotient 7m: Sh(V*) — Sh(V*)/N of some basis of 7((V*)®") and take W" = span()V"). As usual
call W, = |_|;_, W¥ the basis of W, = @, _, W*. Let

My: L2(G) — span{((, S(X)o,7) | £ € Shn(V*)}

N": (3(G) — span{(£, S(X)o.7) | £ € (V)®"} (2.6)

1 — My =My : L2(G) — span{({, S(X)o,r) | £ € Shy(V*)}*

denote orthogonal projections, where L denotes the orthogonal complement in L2(G). We consider the block-orthogonalisation

map p
Jo w = w, p|W” = I_InJ__1 ‘Wn, W — Py. (27)

Notice that p|Wn takes values in W,_1 @ W" = W, and therefore so does p|w,, i.e. p is triangular, and moreover monic,
namely 17 o p|y» = 1. It can be computed by solving, for w € YW" (and extended linearly to W")

Py =W — Z AU, (W — Z Aul, v) =0 forveW,;. (2.8)

UEW,—4 UEW,_4
Let V be a basis of V*, then the words ¢ ... a, in V" define a basis of Sh(V*), and write V*® = |_|n€N(V*)®". If the bilinear
form (-, -) is positive-definite, then W = Sh(V*); in many cases it is possible to realise W" as the linear span of a subset
of V* (see[Section 4.2]below for an explicit example of this). Assume this is the case, and that YW" is a subset of words in
V". We then call the elements {pw}weW the block-orthogonal shuffle polynomials since (p,, py) = 0 for v,w € W with

v| |wl.

Assume furthermore the basis WV is totally ordered in a way that respects the grading (v < w if |v| < |w|). We may then
define a fully orthogonal basis by the Gram-Schmidt orthogonalisation procedure:

Pw =W — Z (W, p.) P (2.9)

vewe (Pv, pPv)

v<w
(pv.py)>0
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Orthogonal polynomials on path-space 5

where v < w if |[v| < |w|orif |[v| = |w| and v < w lexicographically. Then {p, }wewn is an orthogonal basis of
span{p, | w € W"}.

In the next subsection we will identify a large class of stochastic processes for which linear functions on S(X), r are dense
in LP(G). We view the next two results as corollaries of that result.

Corollary 2.2 (Learning F(X) by linear regression). Let Y = F(X) € L3(G) and {(X', Y' = F(X")+&'}™, be an i.i.d. sample
of input-output pairs, where €' are i.i.d. errors independent of X. Let ® € RM*D pe the data matrix with

o, = <,0v, SN(X)O,T>1 i=1,...,M;ve V"

withn < N and D = D(d, N) = d':;:‘ the dimension of Ty(R9). Then the estimator for ordinary least squares (OLS)

B=(@Td) 1dTY = dT(OPT) Ty (2.10)
is such that (B Sn(X)o,7) converges in 1% to MyY as M — oo. Its entries converge (in blocks) to Y, and are thus

asymptotically stable under increasing degree N. Therefore, under the hypotheses of below, Y can be
estimated arbitrarily well by OLS linear regression on the truncated signature.

We refer to the standard literature on statistical learning (e.g. [5, Ch. 3]) for more general statements that imply its proof.
In most real-world cases in which data is limited it is desirable or even necessary to use ridge or lasso regression;
consistency results could be formulated for these too, by letting the regularisation parameter vanish in the large data limit.
Consistency of the OLS estimator and the statement about universality of OLS estimation of course holds true without any
orthogonalisation, since the projection Iy does not depend on it. However, as explained in[Section 1} orthogonalisation is
necessary to obtain a series representation. The following is classical.

Corollary 2.3 (Series expansion of an L2 function on paths). Under the hypotheses of|Theorem 2.4 below, for Y € L3(G)

S E[Y(p,, S(X _
Y= ZH"Y= Z 0, 8Xyr), 4 = Mpv
n=0 vi(py.py) >0 (pw pv)

with 1" defined in [2.6), p, in (2.9), and convergence of the series in L2.

Proof. Ty = Zg:o " and by density ||Y — My Y]|;2 — 0. The second equality follows by further decomposing 1" into
the projections onto the orthogonal directions spanned by the vectors p;. ([l

2.3. Density of linear functions on the signature in LP. The goal of this section is to prove the following result. We
equip R? with the £! norm ||(x1, ..., x5)|| = 37, |x| and equip all tensor products, including (R?)®*, with the projective
tensor norm.

Theorem 2.4. Consider a probability measure (1 on é(Rd) with infinite radius of convergence, i.e.

o0
> N|[Esey S [l@syer < 0o foral A >0. @2.11)
k=0

Then the space of linear coordinate functions on é(Rd) are dense in LP(u) for all p € [1, 00).

The exact choice of norms on (R%)® for k > 1 is not important in[Theorem 2.4|because if 1 verifies {2.11) for one choice
of norms, then it verifies (2.11) for all choices of cross norms.

As we discuss in [Section 1| a related LP-density result, which is more restrictive as it requires time to be included as
a coordinate and a weight function to be integrable, has very recently been obtained in [14]. See also [Proposition 4.10!
below for a short Wiener chaos-based proof that applies in the case p = 2 and X is a time-augmented Brownian motion.
applies to the stochastic processes to which the moment-determinacy results of [19] applies to, such as
Gaussian and Markovian rough paths. Note that, while the hypothesis of infinite radius of convergence is the same as
in [19], L? density does not follow from moment determinacy alone: this is even true in finite dimension [10] (only in the
scalar case and p < 2 does this implication hold |25} p.69]). We also remark that a similar approximation result for the
modified robust signatures [20] was obtained in [7].

For the proof, we require a few lemmas. In the following, let (Y, p) be a complete (not necessarily separable) metric space
with a Borel probability measure p.

Lemma 2.5. The space of continuous bounded functions is dense in LP(u) for any p € [1, 00).

Proof. The span of indicator functions on open sets is dense in LP(u). But for A C Y open, the continuous bounded
function f(y) = {ninfycy\a (X, ¥)} A 1 converges to 1, pointwise, and thus in L° by dominated convergence. O
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We say that a set of functions A C RY separates points if for all distinct x, y € Y there exists h € A such that h(x) = h(y).

Lemma 2.6. Suppose A is an algebra of continuous bounded functions on Y that separates points and contains the
constant functions. Suppose also that |1 is Radon (which is automatic if Y is separable). Then A is dense in LP(1) for any
p € [1,00).

Proof. There are several proofs, see e.g. [24] for an even stronger statement that drops the continuity assumption. We
give here an elementary proof that uses only the classical Stone—Weierstrass theorem. We let C > 0 denote a sufficiently
large universal constant.

Let A be the closure of A in LP(u). By it suffices to show that if f: Y — R is continuous with sup,cy lfiy)| <
1, then for every £ > 0, there exists h € A such that |f — hlipuy < €. To this end, consider € € (0,1). Let K C Y be a
compact set such that 4(Y \ K) < €; such a set K exists because 1 is Radon. By Stone-Weierstrass, there exists g € A
such that sup,<x |9(y) — f(y)| < € (of course g depends on K and f). At this stage, we don't have |g — f[.»(,) small
because g might be large outside K.

Now consider the functions hs(y) = =99 g(y) for small § > 0. Define

H(6) = sup |e’5x2x\ )
x€ER

Then H(8) < C6~'/2 and thus

sup |hs(y)| < H(G) < co~ /2.
yYey

Moreover sup,c [9(y) — hs(y)| < C§ since sup,cx [g9(y)| < 2 and 67" = 1 + O(32?) for |2| < 2. In particular,
supyck |f(y) — hs(y)| < € + C6 and thus

/ |f — hslPdp < (e + CO)° .
K
On the other hand,
/ {fP+ MY du < e+ eHOP < &+ CPed P/
Y\K

Taking = '/P, we obtain
IIf— h(;H’Ljpw) < (e+ C€1/p)p+€ + P/

p— n_2n+1
It remains to show that hs € A. We write as a power series hs = >~ (75),7!9 and remark that, since g is bounded on
Y, the series converges absolutely in LP. Since g” € A for all n > 1, we obtain h; € A. O

Proof ofl Theorem 2.4 Let A denote the space of matrix coefficients of unitary representations of G(RY) as in [19], i.e. A
contains those functions f: G(R?) — C such that £(S) = (M(S)u, v) ¢~ for some u, v € CV and a linear map M: RY —
u(N) for some N > 1, where u(N) is the space of N x N skew-Hermitian matrices and where M(S) = Y.~ M®*S¥,
which is a unitary N x N matrix. Then A is a C-algebra of bounded continuous functions on é(Rd) which, by [19, Theorem
4.8] (see also [39] for a different proof), separates points. Moreover A contains the constant functions and is closed under
complex conjugation, so by [Lemma 2.6] functions of the form Rf for f € A are dense in LP(y). It remains to show that
every f € A can be approximated in LP(u) by (C-valued) linear functions on é(Rd).

Consider a map M: R — u(N) and let S = (1,S",5?%,...) be a Z%(Rd)—valued random variable with law p. Since
> ro MEXSK is alinear function on G(RY) and M(S) = >, o) M®¥S¥, it suffices to show that

o0
im D [ (E] S fauye) P = 0 (2.12)
k=n
For normed spaces E, F, we equip £ @ F with the £' norm ||(x, y)|| = |||/ + ||y||r- Consider now n > 2 and the n-th

iterated coproduct A,: T(R?) — T(R?)®", which is the unique algebra morphism givenby A,(v) =v®@1® --- @ 1 +
o +1®---1® vior v € RY where the number of terms is n (see [50, Sec. 1.4]). Note that A, = A is the usual
coproduct on T(IRY) which is dual to the shuffle product. In particular, for v € R,

[Anv||Rey = nl|v]re (2.13)

and thus, for x € (R9)®*,
Qx| < n*lx]|geyen - (2.14)
Here, A,x is an elementin @, , ., _, Qi (R?)®¥, which we recall is equipped with the £' norm of the corresponding

projective tensor norms. The bound (2.14) follows from (2.13) and the fact that, for any normed algebra B and linear map
Q: R? — B with operator norm ||Q||, Q®¥: (R%)®* — B has operator norm bounded above by || Q||* due to the choice
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Orthogonal polynomials on path-space 7

of projective norms on (R?)®*. More precisely, we apply this with Q = A, for which || Q|| = nby (2.13), and B = T(R%)®"
equipped with the projective norm, where we equip T(IR?) with the £' norm [|(x%, x*, ..)[| = 3", [[X*]| mayox.

Therefore, for p > 1 an integer, using the duality between shuffle and A as in [50, Sec. 1.5] and the fact that S takes
values in G(RY),

2p
E|| 8| Boyex = 15:( > lw, sk>|) < dD N " E(w, 8% = gfT Y T (w2, 57)
|w|=k |w|=k |w|=k
= g BP0 N T R(WEP, Ay 8P) < o A ESP|
|w|=k

< g (2p) KBS | oy

where w in the sums ranges over all words of length k in the canonical basis of RY (this generalises the calculation
above [19, Proposition 3.4] which was for p = 1). Since ES has an infinite radius of convergence, for any ¢ > 0, one has
|ES¥|| < & for all k > k() > 1 sufficiently large. Therefore, for all k > k(z),

k(2p—1)
2p

(E[|S¥[|)"/@P < d" = (2p)*e® .
Taking ¢ sufficiently small (depending on ||M||, p, and d), we obtain (2.72) as required. a

3. GENERAL PROPERTIES OF ORTHOGONAL SHUFFLE POLYNOMIALS

In this section, we discuss structural properties of orthogonal shuffle polynomials in Sh(V*), generalizing several classical
results in the classical commutative setting. We begin by reformulating shuffle polynomials as ordinary commutative
polynomials with graded generators.

3.1. Shuffle polynomials as graded commutative polynomials. For a vector space V, let Sym(V) denote the symmetric
algebra of V. Recall that L(V) denotes the free Lie algebra of V and, from [50],

Sh(V*) = Sym(L(V)"") (8.1)

as commutative algebras, where (-)9" denotes the graded dual and identity is intended as being between functors. Fixing a
Hall basis of L(V) allows us to express elements of Sh(V*) as polynomials over an infinite set of indeterminates, specified
by the dual Hall basis |50, §5.2]. As many of the results in this section do not rely on the Lie algebra structure, we will
mainly work with a general graded vector space W = @;’;0 W™ of finite type, where the degree m subspace W™ is finite
dimensional. Our general results for Sym(W?9) apply to the signature setting by taking W = L(V).

We fix a basis of W™, denoted {Wm,,}ﬁ’q, where N, is the dimension of W™. We abuse notation, and also denote the dual
basis in (W™)* by wy,;. In general, we will denote a monomial in Sym(W9) by w®, where & = (Qtm,i)meN, icin,,), Where
each o, € N, and only finitely many are nonzero, and set

oo Np

we = H H Wy (3.2)

m=1i=1
Let Q € Sym(W?9) be a polynomial Q = Za ga W, where finitely many of the b, are nonzero. We have two notions of
degree called the tensor (total) degree and the shuffle degree, respectively defined on a shuffle monomial w™ by

oo Np oo Np
tdeg(w®) = |a| = Z Z ma,; and  sdeg(w®) = Z Zam,,-.
m=1 i=1 m=1 i=1

We denote the column vector of shuffle monomials of total degree n by w, and denote its dimension by r,.

Definition 3.1. A linear functional £ : Sym(W?9%) — R is quasi-definite if there exists a basis of Sym(W?9) such that for
any two basis elements P, Q, we have

L(PQ)=0ifP#Q and L(P?) 0.
If in addition, £ satisfies £(P?) > 0, then we say that £ is positive-definite.

Given a quasi-definite functional £, define the symmetric bilinear form (or inner product, if £ is positive-definite)
(P, Q) = L(PQ),

and say that {p, } n>0, Where p, € Sym(W%)™ is block orthogonal if (W, p}) = 0 for all m < nand (w,, p}) is invertible.
In this section, orthogonal polynomials refer to block orthogonal polynomials. We say that {p,}n>0 is orthonormal if in
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I. Chevyrev, E. Ferrucci, D. Lee, T. Lyons, H. Oberhauser, N. Tapia 8

addition, (p,, p3) is the identity. We note that there are two main differences from the classical orthogonal polynomial
setting:

1 there are an infinite number of generators, ie. W is infinite-dimensional; and
2 the generators are graded, and thus orthogonalize with respect to the total degree.

In the following subsections, we generalize classical results about orthogonal polynomials [25] to our graded, infinite-
dimensional setting. We show that orthogonal polynomials on Sym(W?9) satisfy a recurrence relation along with rank
conditions on the defining matrices. In we prove the converse in a generalization of Favard’s theorem, and
furthermore discuss when inner products on Sym(W®9") are induced by probability measures in We return to
the specific case of W = L(V) in[Section 3.6|and discuss measures on G(V).

3.2. Recurrence relation. We begin by assuming that £ is a quasi-definite linear functional on Sym(W?) and that
{Pn}nzo denotes a system of block orthogonal polynomials. Let

Hy = (Pn, PT) € Mat(ry, 1)

which is symmetric and invertible by definition of block orthogonality. We begin by generalizing the three-term relation
of [25 Theorem 3.3.1] to the graded setting.

Proposition 3.2. Forn € No, m € [n], i € [Nyp] and —m < k < m, there exist unique matrices M,’{ mi € Mat(rn—m, rn—mik)
such that

m
Wm,ipn—m = Z M,I;,m,ipn—nwk- (33)
=—m
These matrices satisfy
M iHn—mik = Hoe (Mol )T (3.4)

Proof. The components of wy,;p,—n, are polynomials of degree n, so they can be written as a linear combination of
orthogonal polynomials,

n
Wm,iPn—m = Z M,l;,m,/pk-
k=0
Next, due to the orthogonality of polynomials, we have

MY (Pe,Pr) k=n—2m,..,n
T n,m,i s Mk ’ ’
W iPn—m» = 3.5
(WiniPo—m: PJ) {O ke om (35)
The second case is trivial since w,,,,,pl is at most degree k + m < n— mand
(Wim,iPn—m» PI) = (Pn—m» Wm,fp;[) =0
Therefore, we have
W iPrm PDH ' tk=n—2m,....n
M/};,m,i _ (Wm,iPn—ms Pk ) Hx (3.6)
0 k< n—2m.
Furthermore, for Kk = n — 2m, ..., n, we have
Msymy,'Hk = (Wn,iPn—m> P;) = (Wpn,iPk, Pl_m)T = Hn—m(M:;nTm,/)T-
Then we reindex by kK — n — m + k to get the result. O

Rather than the classical three term recurrence, we now obtain a recurrence relation with 2m + 1 terms for degree m
generators. This is due to the fact that multiplication by w,,; increases the degree by m, and thus (W, iPs—m, boy ) may
be non-trivial for a larger range of degrees k, see (3.5). Here, provides relationships between matrices for different
orders of n. Two of these will be of particular importance, and we will rename them as

An,m,i = ,Tm,,‘ € Mat(rn—ms I‘,-,) and Cn,m,/ = Mn:%m,/ € Mat(rns rn—m): (3-7)
which are related through by
An,m,iHn = anmc;{m,,‘- (3.8)

In particular, A, m; is the leading matrix in the recurrence relation for wy, ;pn,—m, While C,, ;i is the non-leading matrix in
the recurrence for wy, ;p, which relates to A, ,; via . So far, we have been working with a block orthogonal system of
polynomials p,. However, if the system of polynomials is orthonormal, which we denote by p,, then H, = I is the identity
matrix, and we obtain the following.
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Orthogonal polynomials on path-space 9

Corollary 3.3. Letp, be an orthonormal system of polynomials. Forn € Ny, m € [n], i € [N,] and0 < k < m, there
exist unique matrices Mk e Mat(r,—m, r—msk) for such that

n,m,i
m m
Wm,iPn—m = Z Mf[;,m,ian—m+k + Z(Mrl:_kymyi).risn—m—k- (3.9)
k=0 k=1
Furthermore, M, " is symmetric.
Proof. This is immediate from [Proposition 3.2|since H,, = / is the identity for all n. (|

3.3. Rank condition. Now, we will consider rank conditions that the matrices A, and C,,; must satisfy. We will
consider column joint matrices, which stack a set of matrices in a column. For fixed n € N, suppose {O,,,m,,-}me[,,], i€INy] 1S
a set of matrices where Q, ., is of size (pp, ), then we define

On,m,1 On,1
Qn,m,z Qn,2

Qnm = . and Q, = . (3.10)
Qn,m,N,,, Qn,n

Here Q,m» € Mat(Nmpm, q) and Q, € Mat(K, g), where K = ZZH Nmpm- One particular joint matrix that will be important
is A, € Mat(R,, rp), built from A, ,; € Mat(r,—pm, rn), where

n
R, =ZNk ok (3.11)
k=1

Let G, € Mat(r,, r,) be the leading-coefficient matrix of p,; that is, the matrix G, such thaﬂ
pPn = GW, +4, (3.12)

where w, consist of total degree n monomials, and q has total degree strictly less than n. Next, let L, ,; € Mat(r,—m, rn)
defined by

Ln,m,iwn = Wm,i *Wp_m.
Lemma 3.4. Foreachn € Ny, m € [n] and i € [Ny], the matrix L, ,; satisfies

Lomi- LY =1

n,m,i
Moreover,
rank(Lp,m,i) = fr—m and rank(L,) = rp.

Proof. By definition, each row of L, ,; has exactly one element equal to 1; otherwise the elements are 0. Thus, we have

Lomi- L} =1and rank(Lnm,) = fn—m. Now, let

Ny={aeN*" :|a|=n} and Npymi={a €N, : an; 70},

where the «x denotes a graded exponent vector. Then, let a = (aq)acn;, € Mat(r,, 1) be a column vector. Then, L, ,; is a
map which projects a onto its restriction onto N,,,m,,. Now, if L,a = 0, then L, ,;a = O forall m € [n] and i € [Ny]. However,
since Up Ny mi = Ny, we have a = 0, so L, has full rank. O

Next, for fixed n € N, we compare the leading coefficient matrices on each side of to get
Gn—mLnmi = AnmiGn (3.13)
forany m € [n]and i € [Ny].
Proposition 3.5. Foreachn € N, m € [n] and i € [N],
rank(An m.i) = rank(Cn.m.i) = Mm—m- (3.14)
Let A, € Mat(R,, r,) be the joint matrix of A, ,; and CY € Mat(R,, r,) be the joint matrix of CI . € Mat(r,—m, r,). Then,

n,m,i

rank(A,) = rank(CT) = r,. (3.15)

2Note that these are leading coefficients in terms of the shuffle monomials (with respect to total degree). Thus, even for the monic polynomials
defined by Gram-Schmidt in (2.9), G is not necessarily the identity.
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Proof. From (3.13) and since all G, are invertible, rank(A, m ) = f—m from Furthermore, since H, is invertible,
we also have rank(Cp ;) = fn—m from (3.4). Now, we define

G = G "™ € Mat(Ny—mfms Np—mfm) and G = Gp_q ® ... ® Gg € Mat(Ry, Ry). (3.16)

Let L, € Mat(R,, r,) be the joint matrix of L, ;. Then, from (3:13) and the definition of the joint matrix A, from (3:10), we
have GL, = A,Gj, written out in matrix form as

Gn,1 0 0 Ln’1 An’1
0 Gn72 0 Ln,2 An,2

GL, = : ) ) : =1 . |Gn=AGs (3.17)
0 0 .. Go Lnn Ann

Note that G is invertible and thus rank(A,) = rank(L,) = r,. Next, we define

@ Nﬂ m

Hp = HE""" € Mat(Np—mfm, No—mfm) and H=H,_1 @ ... ® Ho € Mat(R, Ry). (3.18)

Then, implies A,H, = HC. Because H is invertible, we get rank(CJ) = rank(A,) = r,. (]

Because the matrix A, has full rank, there exists a generalized left inverse D} € Mat(r,, R,), which is expressed as the

row joint matrix of Dnm, € Mat(r,, rn—m)- More explicitly,

D= (Dimi - Dlnn,) and DI = (DI, .. DIL).

This generalized left inverse (which may not be unique) satisfies

DI A, = ZZ T i Anmi = 1 € Mat(ry, 1,). (3.19)

m=1 =1

Proposition 3.6. Let D] be a generalized inverse of A,. Then,

n  Np

m=1 =1 k=—m

Proof. We multiply the relation from (8:3) by DJ,.; to get

.
Wm,iDn,m,,‘pnfm = nml Apm,iPn + § D ,—,m/pnfm+k-

k=—m

Next, we sum over m € [n] and i € [Nj] to get

n  Np n  m—1
ZZ(Wm,iD,Im,ipn m) = <ZZ n,m,i nm/> + <Z n,m,i nm/>pn—m+k-

m=1j=1 m=1 =1 m=1 k=—m

Then, applying (3.19), we obtain the desired result. [l

3.4. Favard’s theorem. Inthe previous sections, we showed that given a quasi-definite functional on Sym(W?'), orthogonal
polynomials satisfy a recurrence relation where the defining matrices must satisfy certain rank conditions. Here, we will
prove the converse: a generalization of Favard’s theorem.

Theorem 3.7. Letp = {p,}23, be an arbitrary sequence where p, € Sym(W9)" is a column vector of length r,, and
po = 1. Then, the following statements are equivalent.

1 There exists a quasi-definite L under which {p,}S, is a block orthogonal basis in Sym(W9").

2 Forn€ Ny, me|[n],i € [Nyland —m < k < m, there exist M ., € Mat(fn—m, n—msx) Where
2.1 the polynomials p, satisfy the relation in , and
2.2 the matrices Appm; = M., and Cy ;i = (Mn:mm, )T satisfy and (3:15).

Proof. The forward direction is given by [Propositions 3.2jand We will now prove the converse direction.
p is a basis. To begin, we must show that p forms a basis of Sym(W?); it sufflces to show that the leading coefficient

matrix G, of p, is invertible. Because the polynomials satisfy the relation in (3:3), the leading coefficient matrices satisfy
GL, = A,G, from (3.17) (and using the same definition of G from there). We wiII now show that G, is invertible by induction.
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Orthogonal polynomials on path-space 11

For n = 0, we have py = 1, s0 Gy = 1. Now, suppose Gy, ..., G,—1 are invertible. By the definition of G in (3.16), this implies
that G is invertible. Therefore, we have

rank(A,Gp) = rank(GL,) = rank(L,) = rp,
by Then, using the rank hypothesis of rank(A,) = r,, and the rank inequality for product matrices, we have
rank(G,) > rank(A,G,) > rank(A,) + rank(G,) — r, = rank(Gp).

Thus, rank(G,) = rank(A,G,) = r,, so G, is invertible.

p is block orthogonal. Because p is a basis of Sym(W?"), we can define £ : Sym(W?9) — R by
L()=1, L(p,) =0forn>1.

Now, we will show that p is block orthogonal with respect to this linear functional. In particular, we will use induction to
show that

L(pxp[) =0 for kj. (3.20)

Suppose (3.20) holds for k, j such that 0 < kK < n— 1 andj > k. Note that this holds by definition when n = 1. Now, we
note that|Proposition 3.6|only used the recurrence in and the rank condition in (3.15). Thus, for £ > n, we have

n Np n N m T
‘C(pnp}) =L (Z Z Wm,iDrzm,ipn—mp;[) =L (Z Z D;{m,ipn—m < Z Mg+m,m,ip€+k> > =0,

m=1j=1 m=1 =1 =—m

where we use|Proposition 3.6/and the induction hypothesis in the first equality, the relation in on Wm,,p} in the second,
and the induction hypothesis in the third. Thus, (3.20) holds.

L is nondegenerate. Now, we will show that H, = L(p,pJ) is invertible. First, we note that H, is symmetric by definition.
Next, by block orthogonality, holds, and therefore also holds. Now, using the definition of H from (3:18), we have

AnH, = HCT. (3.21)

We will once again show that H,, is invertible by induction. Because £(1) = 1, we have Hy = 1, which is invertible. Now,
suppose that Ho, ..., Ha—1 is invertible, which implies that H is invertible. Then, using the rank condition rank(CY) = r,
from (3.15) by hypothesis, we have
rank(A,H,) = rank(HCT) = rank(CT) = r,
Then, using the rank inequality for product matrices and the rank condition for A, again,
rank(H,) > rank(Ap,H,) > rank(A,) + rank(H,) — r, = rank(H,).

Thus, rank(H,) = rank(A,H,) = r,, which implies that H,, is invertible.

Finally, the fact that H, is invertible implies that £ is a quasi-definite linear functional which makes p a block orthogonal
basis of Sym(W9"). O

Next, we will show Favard’s theorem for positive-definite functionals.

Theorem 3.8. Letp = {En},?fo be an arbitrary sequence where p, € Sym(W9)™ is a column vector of length r,, and
Po = 1. Then, the following statements are equivalent.

1 There exists a positive-definite L under which {p,}55, is an orthonormal basis in Sym(W?).

2 Forn € No,m € [n], i € [Ny] and0 < k < m, there exist matrices M,’jymy, € Mat(r,—m, rm—m.k) such that
2.1 the polynomials p, satisfy the relation in 9), and
2.2 the matrices Appm; = M., and Cp i = (M]", . )T satisfy and (3:15).

Proof. The forward direction is given by [Corollary 3.3| and [Proposition 3.5 We will now prove the converse direction.
From[Theorem 3.7} there exists a quasi-definite linear functional £ such that p,, is a block orthogonal basis in Sym(W<"),
so we only need to show that £ is positive-definite. Let H, = L(p,p5); it suffices to show that this is the identity for every
n € Ny. Because po = 1 and £(1) = 1, we have H, = 1, and we proceed by induction on n. Suppose Hy = / is the identity
for k < n — 1. Following the previous proof, C, = (A,)T implies that becomes

ApH, = HA,.
By definition of H from (3.18) and induction, we have H = /, so H, = I is the identity. (]
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3.5. Jacobi matrices and measures on W. Favard’s theorem in[Theorem 3.8 only provides the existence of a positive-
definite linear functional on Sym(W?). In this section, we consider the question of when the functional £ is induced by a
measure 1 € M(W)on W =[] -, W™,

w
In particular, for the remainder of this section, we will work exclusively with positive-definite linear functionals, and the
corresponding recurrence matrix conditions in[Theorem 3.8] We do this by generalizing the notion of Jacobi matrices, and
use the spectral theory of commuting self adjoint operators (CSOs). In this section, we will be exclusively working with
orthonormal polynomials, and thus use the recurrence relation in

E(P):/ P(w)du(w). (3.22)

Suppose we have a positive-definite linear functional £ on Sym(W?), and let p = (p,)5S, denote a system of orthonormal
polynomials with respect to this functional. Furthermore, let H(W?9") = £2 denote the Hilbert space completion of Sym(W9"),
equipped with an orthonormal basiﬂ denoted ¢, as in (3:2). We let ¢, = (ng(,L)|a|=,7 denote the column vector of total
degree n elements. Then, for each m € N and i € [N,,;], we collect all recurrence matrices M,’j,mq,- into the Jacobi matrix

Jm.i, which is a linear operator in sequence space H(W9). This is defined as a semi-infinite band-diagonal block matrix,
where the width of the band is 2m + 1, as

Mr%,m,i M/1n,m,i Mrzn,m,i e MirrT;r?/ 0 0
1 0 1 m—
J (Mm,m,i)T Mm+1,m,i Mm+1 m,i Mm+1,2m,l M$+11ml 0 3.03
= 2 1 0 m— m— .
mi (Mm,m,i)T (Mm+1,m,i)T Mm+2,m,i e Mm+2,m,i Mm+2,m,i Mr,nn+2,m,i I ( )

where the Mﬁ’m’, are given in[Corollary 3.3 Note that the diagonal blocks are symmetric matrices. Now, our aim is to show

there exists a probability measure 1 on W such that Jm,i is unitarily equivalent to the multiplication by wj,; operator on
LX(W, pa).

3.5.1. Background on spectral theory. We do this by using the spectral theory of a countable family of CSOs. The following
summary of the relevant theory is from [52]. Suppose H is a separable Hilbert space with inner product ( > Every self-
adjoint operator T : H — H has a spectral measure E on R. In particular, E is a projection-valued Borel measure such
that T = fR AdE()), E(R) is the identity operator and E(BMN C) = E(B) N E(C). We say that a family {T,}/O:‘j of self-adjoint
operators strongly commute if their spectral measures commute,

E{(B)E;(C) = Ei(C)E;(B)

for any Borel sets B,C C R. If a finite family {Tj}/?"= 1 commute, then the spectral measure of the commuting family
Ti,..., T4 is a projection valued measure on RY defined by

E(B; X ... X By) = E{(By) - - - E4(By).
If we have a countably infinite family {T,}fj we want to obtain a spectral measure on the vector space of sequences R*
equipped with the product topology. Let B(IR°°) denote its Borel o-algebra.

Definition 3.9. [52 Definition 1] An operator-valued measure E defined on (R, B(R°°)) is a spectral measure (or a
resolution of the identity) if:

1 (projection) E(B) is a projection on H for all B € B(R>), E((})) = 0 and E(R*®) = ;

2 (additivity) if {B;} ] are mutually disjoint, then E(U;: B) = ij E(B));

3 (orthogonality) for all B, B’ € B(R°), we have E(BN B') = E(B)E(B/).
Theorem 3.10. |52, Theorem 1] For every countable family {T,}fj of CSOs, there exists a unique spectral measure E.
Conversely, every spectral measure is generated by a countable family of CSOs where

Ti= NAE(A1, A, .0) = / NAEi(N)), (3.24)
R R
where E; is the 1D spectral measure Ej(B) = E(R x ... x R x B X R x ...), where B is in the j™ spot.

For a countable family {T,}fj a cyclic vector is an element ®, € H such that

span{E(B)®, : B € B(R>)} = H. (3.25)

The following spectral theorem is the main result we will need.

SWe treat H(W9) as an abstract Hilbert space, and use the notation ¢« to forget that these elements are polynomials.
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Theorem 3.11. 52, Theorem 4] Let {T;} be a countable family of CSOs on H, equipped with a cyclic vector &, € H
(in the sense of (3.25)). Then, there exists a probability measure ;. € M(R*) and a unitary transformation U : H —
L2(R®°, 1) such that

Ti=U"\U, (3.26)

where \; : L2(R>, u) — L3R, u) is the multiplication operator by the j™ independent variable.

To apply this, we must show that the J,,; are CSOs and the existence of a cyclic vector.

3.5.2. Commutativity and cyclic vectors. Now, we return to the Jacobi matrices and start by showing conditions for
commutativity along with establishing the existence of a cyclic vector.

Proposition 3.12. Let p be an orthonormal basis which satisfies the relations in|Corollary 3.3 Then forallny < n, € N,
my,my € Nandi € [Ny,],j € [Nm,], we have

m—r -|- no—r r—nm Me—" r—ny M T
Z (Mm1+r,m1 Mm2+r mj T E Mn1+m1 mi m2+r mj T E Mn1+m1 m,i n2+m2 mz/) (3.27)
reR] rer?, rer?,
_ n—r -|- no—r 2 : r—ny Me=r 2 : r—ny M T
- Z (Mm2+f,m2/ Mm1+r my,i Mn1+m2 ms,j m1+r my,i Mn1+m2 m2] n2+m1 my, I) )
rEFI;Y1 rEFfZ1 reFlg1
where

=[m — m;, 10 [n2 — my, ng), (3.28)
le = [n1 + 1,/71 + m,'] n [n2 — mj, n2], (329)
RI]=[I71 +1,n1 +m,-]ﬁ[n2+1,n2+mj]. (330)

Proof. We obtain these relations by applying the relations in[Corollary 3.3]to the equality

(Wmn/ﬁm’ sz,jsﬂz) = (sznyHw Wm1,i5n2)- (331)

Lemma 3.13. The basis vector &y = ¢y € H(W?) is a cyclic vector for {Jm,}.

Proof. Let Hg = span{E(B)CDO B e B } C H(V). Then by the spectral description of Jp,; in[Theorem 3.10} we have

E(B)Jm, = Jn;E(B)forany B € B € B( W), so that Jy, jHe C Hg. Next, by definition of the Jacobi matrices, we have

m

Jml n—m = Z n,m,i n m+k +Z(M’I7( km,)T(anmfka (3.32)
k=1
and thus, by the same arguments as|Proposition 3.6} we have
n Npn n—1
O =D Y (nmiDl i ®nm) + D EXD,.
m=1j=1 k=0

Thus, this provides a polynomial in P, in the Jy,; such that b, = Pn(me,')CDO. Then, since the ®, are dense in H(W?"), we
have Hg = H(W?9). O

3.5.3. Bounded case. Next, we move on to showing that the Jacobi matrices J,,; are a commuting self-adjoint family of
operators on H(W9). The arguments depend on whether we assume that J,,; is bounded, and we begin with the bounded
setting. These results generalize the classical setting, and while we detail aspects of the proof which differ in our setting,
we will defer parts of the proof to existing references in situations where the proof is the same.

Lemma 3.14. The operator Jp, is bounded if and only if sup,>q ||MK . |l < oo for all k € [—m, m].

Proof. The proof is analogous to |25, Lemma 3.4.3]. ([l
Theorem 3.15. Letp = (pn)35, be a sequence in Sym(W9') such that po = 1. The following are equivalent.

1 There exists a determinate measure (1 € M( l7V) with compact support such that p is orthonormal with respect to

W
2 Statement (2) in|Theorem 3.8 holds and in addition, sup,sq || My ;112 < oo for all k € [—m, m].
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Proof. First, if ;1 has compact support, then the the multiplication operators T, : LZ(W, n — LZ(W, ) are bounded.
Because these multiplication operators are represented by the Jacobi matrices Jy,; in the p, basis, the result follows

from

Next, suppose the second statement holds, so bym p are orthonormal with respect to a positive-definite linear
functional £. We define the Jacobi matrices as in (3:23), which are bounded by[Lemma 3.74} In the bounded settlng strong
commutativity is equivalent to commutativity of operators. We can directly verify that the conditions in 2]are
equivalent to Jp, iJm, j = Jm, jJm, ,i; thus the Jp,; are strongly commutative. Next, it is clear by definition of the Jj,; that they
are symmetric, and since they are bounded, they must be self-adjoint. Because there exists a cyclic vector (Cemma 3.73),
we applyto obtain a measure L2(|7V, 1) such that J, ; are unitarily equivalent to multiplication operators T, ;,
so that

/Aﬁ,,(w)ﬁfn(w)d,u(w) = <§n(T)1,5;(T)1>Lz(W,M) = (Pn()Po, PLNPo) Hwery = (P, PT) power).-
W

Thus, p is orthonormal with respect to . The support Sy,; of the spectral measure E,,; of Jy; is compact since Jy,; is
bounded. Thus, the support of S = Hm’, S, is compact by Tychonoff’s theorem. Finally, we note that the projection of p
to any finite dimensional subspace is determinate (since it is compact), and therefore, p is determinate by [2, Corollary
5.3]. O

3.5.4. Unbounded case. Next, we consider the case where the Jacobi matrices J,,; are unbounded operators Jp; :
D(Jmi) — H(W?T), where the domain D(J,, ;) C H(W?) consists of all sequences f € H(W?) such that J,,;f € H(WY").

Lemma 3.16. Suppose

e’} 1 m  n+k
> ST =00 where My, = SO M —imille (3.33)
n=0 T k=1 r=n+1

Then, Jn,; is self-adjoint.

Proof. Let f,g € D(Jp,;) suchthat f = > al®y and g = > b] 4. We define a, = by = 0 for k < 0. We will prove that
Jpm,i is symmetric so that (Jp,f, 9) = (Jmg, f). By definition of the J, ;, we have

o0

<Jmlf g Z(Za m+r kmlbf +a m+rm/bf + Zamk Mm+rmr bf)' (3'34)

r=0

For n € N, we define the truncation by

n
S (<Jmlf g Z (Za m+r kmrbf + a m+rmrbf + Zamk Mm+rmr b,), (3'35)

r=0 k=1

and note that (Jm,f, 9) = liMp—00 Sp((Jm,if, g)). Then, by direct computation using that My, ., is symmetric, we have

m  n+k
Sn((Imif, ) — Sa({Imig. f) ZZ —a]_ Mrlr(7+r kmrbf+br K r};7+r k,m,i@r- (3.36)
k=1 r=n+1
Then, we can bound this by
m  n+k
1Sn({(Imif. g)) — Sn((Imig. f Z D 0 IMee—iomillolar—l3 + 10013 + Ibr—i13 + a3 /2
k=1 r=n+1
m  n+k n+m
33 ||M;+,_k,m,,.n2( S ez nbs@).
k=1 r=n+1 s=n—m+1

Then, suppose | (Jn.if,9) — (Jmig, f)| = 6. Then, for sufficiently large N, we have |S,({Jm.if, g)) — Sa({Jm.g, f))| > 6/2
for all n > N, and therefore

2>

n>N

n+m

<D > lasliz+lbllz < 2milal® + [o]%) < 2mif]* + [|g]|*) < oo, (3.37)

n>N s=n—m+1

E)jtnlnl

so by the hypothesis, § = 0 and J,; is symmetric. Then, the fact that J,,; is self-adjoint can be shown in the same way
as [61, Lemma 1]. O

Lemma 3.17. Suppose (3.33) holds. Then the operators Jn,; pairwise strongly commute.
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Proof. The proof is analogous to [61, Lemma 3] by applying [45, Lemma 9.2] to the matrices Jp,;. In particular, we know
from [Proposition 3.12|that the J,,; commute on the dense subspace D = Sym(W9) C H(W). [l

Theorem 3.18. Suppose p = (Pn):, is a sequence in Sym(W9) such that py = 1, statement (2) in holds,
and (3.33) holds. Then, there exists a determinate measure . € M(W) such that p is orthonormal with respect to fu.

Proof. The proof is the same as aside from determinacy, where [Lemmas 3.76|and [3.77]are used to show
that the J,,; are commuting self-adjoint operators. Thus, there exists a measure y € M(W) such that p is orthonormal

with respect to .

In order to prove determinacy, consider a finite dimensional subspace U C W which is defined by a finite subset of the
basis vectors { W, ; e, of W. Let uy € M(U) denote the pushforward of 1 under the projection to U. The induced
inner product defined on Sym(U¥) is simply the restriction of the inner product in Sym(W%). Let pY be the collection of
orthonormal polynomials in p which are valued in U. Furthermore, both [Lemmas 3.16|and[3.17]hold for pV. Then, by the
same arguments as above, we have a measure ,U/U € M(U) such that pV is orthonormal with respect to /~L/u- In particular,
all multiplication operators correspondingﬂto {Jl . Y, are self-adjoint, so by [54| Theorem 14.2], [, is determinate, so
pu = - Finally, this holds for any finite dimensional U C W constructed from a finite set {w, ; }+_, of basis elements,
v is determinate by [2, Corollary 5.3]. O

~

3.6. Measures on G(V). Now, we return to our original setting of shuffle polynomials and set W = L(V) so that Sym(W?9") =
Sh(V*) as commutative algebras. Recall that in order recover our interpretation of Sh(V*) as signature polynomials,
we evaluate polynomials p € Sh(V*) on the signature of paths. The positive definite Favard’s theorem in [Theorem 3.8
immediately holds in this setting as it only specifies an inner product on Sh(V*). However, when we consider[Theorems 3.15
and which shows the existence of a measure p on W, this leads to a distinction which is absent in the classical setting:
the measure 1 may not come from a measure on path space.

First, Z( V) is equipped with the product topology and consists of free Lie series on V [50]. Then, when G(V) is equipped
with the projective topology, the tensor exponential expg, : L(V) — G(V) is a homeomorphism. Note that for any p €
Sh(V*) and w € L(V), we have

p(w) = (P, eXpg,(W)). (3.38)

Thus, given a measure 11 € M(L(V)), the pushforward pig = (expg)«p € M(G(V)) satisfies

/A p(w)q(w)dp(w) = / (P LU g, expg,(w))dpu(w) = / (p W g, x)dpug(x). (3.39)
L(Vv) w G(V)

Thus, inner products on Sym(L(V)%) induced by measures on Z( V) correspond to inner products on Sh(V*) induced by
measures on G(V). However, this need not imply 1 is induced by a measure on path space. In fact, we have the following
inclusions of groups

im(S) C G(V) C G(V), (3.40)

where S denotes the signature, so we must further consider the support of pg. While the signature of paths have an
infinite radius of convergence, so im(S) C é( V), the characterization of the image is an open problem [33, Problem 1.12].
Therefore, we restrict our attention to the first step and consider when the measure pg is supported in é( V). We start with
the bounded case of [Theorem 3.15]

Proposition 3.19. Suppose p = (p,)55, be a sequence in Sym(L(V)¥) such that po = 1. Suppose statement (2)
in[Theorem 3.8 holds, and in addition the Jacobi matrices Jy,; are bounded and satisfy

> lUmill A" < 00 forall A > o. (3.41)

m,i

Then, there exists a determinate measure jig € ./\/l(CNE( V)) such that p is orthonormal with respect to ig.

Proof. Because the Jacobi matrices are bounded, [Cemma 3.74]implies that statement (1) of[Theorem 3.15]holds, so there
exists a compact measure 1 € M(W). Recall that this measure is defined by u(B) = (E(B)®,, <I>0>H(L(V)), where E is
the spectral measure with respect to the family {Jm,;} of Jacobi matrices. Let E,,; denote the 1D spectral measure of the
operator Jp,;, Which is supported on the spectrum o (J,;). As Jn, is @ bounded, its spectral radius is bounded by ||Jm,,-||.

in the recurrence relation for EU are different in general. We let JY . denote the Jacobi operators for 5”.

“Note that the matrices M¥ Yo

n,m,i
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By (3.41), this implies that the support of the joint spectral measure p on W consists of elements a = Zm chw,, where
w,,, denotes the column vector of degree m basis elements of W, such that

D el AT < o0 (3.42)

forall A > 0. Let exp@’@(a) denote the degree n component of expg (a). This implies that

> llexpl@lIA" < exp (Z X”cm||> < 00, (3.43)
n=0 n=0 m=0

where we assume that the Lie algebra basis ¢,; = ¢(wp,) are normalized so that ||£y,|| vy = 1 for all m,i. Thus fi =
Bt € M(G(V)). This also implies that the expectation of [z will have infinite radius of convergence, so i is determinate
by [19, Theorem 6.1]. O

This condition on the Jacobi matrices imply that the support of jz consist of group-like elements whose logarithm (viewed
as elements of T(V)) itself has infinite radius of convergence. However, a conjecture by Lyons-Sidarova [44], and recently
refined in [12] states that: the log-signature of a tree-reduced bounded variation path has infinite radius of convergence
if and only if it is conjugate to a line segment. If true, this conjecture places extremely strong conditions on a potential
measure on path space which induces /.

In order to obtain infinite radius of convergence in the case of unbounded Jacobi operators, we consider a truncated setting
where we restrict L(V) to Lie elements of degree at most M, denoted L, (V). In this case, we take W = Ly (V), and we
define

Gu(V) = {Bw) : w e Ly(V)} C G(V). (3.44)

Note that both Sym(L(V)?") and Gy( V) still contain elements of arbitrary degree (in particular, Sym(L,(V)%) is still infinite
dimensional).

Proposition 3.20. Suppose p = (p,)5%, is a sequence in Sym(Ly(V)%) such that py = 1. Suppose statement (2)
in holds, and the matrices satisfy (3.33). Then, there exists a determinate measure jig € M(Gy(V))
such that p is orthonormal with respect to fig.

Proof. Applying to W = Ly(V), there exists a measure 1 € M (Ly(V)) such that p is orthonormal with
respect to its induced linear functional. Then, the pushforward by the restricted tensor exponential expg : Ly (V) — Gu(V)
yields a measure g € M(Gy(V)). As the expectation of g has infinite radius of convergence in G(V), the measure pig
is determinate by |19, Theorem 6.1]. O

In fact, when we further truncate the total degree of polynomials considered, we can take advantage of Chow’s theorem [21],
which shows the surjectivity of the truncated path signature. This leads to a measure on path space which induces the
inner product up to polynomials of the truncated total order.

Theorem 3.21. Supposep = (pn)3S, is a sequence in Sym(Ly(V)¥) such thatp, = 1. Suppose statement (2) in|Theorem 3.8
holds, and the matrices satisfy (3.33). Then, there exists a measure py € M(C'~"¥([0, T], V)) such that (p,)", is

orthonormal with respect to S, py € M(G(V)).

Proof. Applying to W = Ly(V), there exists a measure 1 € M (Ly(V)) such that p is orthonormal with
respect to its induced linear functional. Then, by the generalized Tchakaloff’s theorem [8, Theorem 2], there exists a
cubature measure py = ZL Aidg, € M(Lu(V)) of order M with respect to generators with inhomogeneous grading,
where N € N,\; € R, and ¢; € Ly(V). In particular, (p,), is orthonormal with respect to puy. Then, by Chow’s
theorem [21] (see also [30, Theorem 7.28]), there exists a piecewise linear path X; € C'~V2([0, T], V) such that log(S(X;)) =
;. Let py = EL \ibg, € M(C'Y([0, T], V)) Thus, (pn)¥, is also orthonormal with respect to S.pu- O

4. ORTHOGONAL POLYNOMIALS ON WIENER SPACE

4.1. The non-time-augmented case: non-existence. Consider a centered real-valued Gaussian random variable with

1 2
variance o2. Hermite polynomials are the orthogonal family associated with the measure fi(x) = \/2;7e*z7x ,l.e., a
sequence of polynomials H,(x), n > 0 such that

/Hn(X)Hm(X) du(x) = ndnm.
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They may be characterized by their generating function

oo

1 2,2 1 n
G(t, x) = exp <tx — EO’ t ) = Z mHn(x)t .
n=0
The first few are Hy(x) = 1, Hy(x) = x, Ha(x) = x> — 02, H3(x) = x* — 30x, and in general
[n/2] o2k
H,(x) = n! 7Xn72k.
n(x) kEO: Kkl\(n — 2k)12k

Fix a vector space V and let X be a centered Gaussian vector with covariance matrix X, which we regard as a quadratic
form on V*. Multivariate Hermite polynomials are the block-orthogonal family associated with the pushforward measure
i = X,P =P o X~ '. They may be characterized by their generating function

(oo}

2 n
G(tA, Xx) = exp (t/\(x) — ;Z(A)) = Z %Hn(% X) (4.1)
n=0

Since for a given A € V* the random variable A\(X) is Gaussian with variance 2 () it follows that the polynomials are the
same univariate ones as above, evaluated at A(x) with variance X ().

From the identity E[e**)] = e2=™ it follows that
E[G(s), X)G(t\, X)] = e2SBAA)

where B(A, \) = 2(X(A + X)) — Z(\) — X(\)) is the associated bilinear form. From this we see that

1
2

/ Ha\, X)Hi(X, x) dpe(x) = nlBA, X6 m.-

It should also be clear that H,(\, x) depends polynomially on both A and x, homogeneously so on A but not on x. For
example, Hy(\, x) = 1, Hy(\, x) = \;x’ and

Hg()\, X) = )\/)\I’(Xin — 2’7),
and so on, where the Einstein summation convention is in place. We note that, although these expressions depend on a
choice of basis for V and the corresponding dual basis for V*, the polynomials H, are independent of this.

Indeed, we have intentionally omitted any reference to the dimension of X since it is evident from that the expression
for H, does not depend on it. In fact, makes sense on any finite-dimensional space carrying a fixed quadratic form
> and it is independent of any choice apart from this data. Multivariate Hermite polynomials are natural in a categorical
sense: consider the category Quad of quadratic spaces, i.e., pairs (V, L) where V is a finite-dimensional vector space
and X is a quadratic form. Maps between quadratic spaces are injective isometries (and not necessarily surjective), that
is, linear maps ¢: U — V such that ¥y (pu) = X y(u).

Now, let (U*,X) and (V*,X) be nondegenerate quadratic spaces and ¢: U — V be such that ¢*: V* — U,
©*A = Ao is anisometry. For fixed A € U*, the map H,(A(-); 2(\)) sends a monomial in U to a polynomial, so it lies
in Sym(U)*. By homogeneity of H, in A this map is then H,: Sym,(U*) — Sym(U)*. The identity

1
Gu(p™ A, x) = exp <A(¢X) - 2Zv(<p*/\)) = Gu(\, px)
implies Hn(™ A, -) = Hn(\, @) = @*Hy(A, ) for all n > 0, that is, the diagram

Sym(V*) —25 Sym(V)*
Sym(p™) Sym(p)"
Sym(U*) —2% sym(U)*
commutes. By making use of the isomorphism V = V* induced by the nondegenerate bilinear form B, associated to >
we obtain a commuting diagram
Sym(V*) —2 Sym(V*)
Jsmeen Jsmee
Sym(U*) " Sym(U"),

This property has the advantage, already hinted above, of making any computation involving these polynomials completely
independent of any choice but the covariance operator X.
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Now, we would like a similar map for the non-time-augmented Stratonovich signature of Brownian motion. In the more
restrictive setting where morphisms are taken to be bijective isometries (so that the dimension of U is fixed), this is
possible, the map being given by Gram-Schmidt block orthogonalization. Unfortunately, in the more interesting case of
morphisms being (not necessarily bijective) isometries this is not possible beyond degree 4 as we now show.

We turn to the d-dimensional Wiener measure, without drift for the time being. Switching notation slightly to that in
[Section 2] we recall the expression for the expected signature of Brownian motion [28]/41], sometimes called Fawcett’s
formula, in any given basis of RY,

ES(W or—exp< Z’w) Z2nn, Z ViVt e YoV (4.2)

----- Yn=1

For simplicty we set T = 1 for the remainder of this section. We would like to block-orthogonalise words in Sh(R?) w.r.t.
this measure. Following our considerations for Hermite, we make the following definition of natural maps.

Definition 4.1. We call a family of maps Hy: T(V) — T(V) natural if for any injective isometry ¢: V — W the diagram

(V) 2% T(v)

lW) lW)

W) -2 T(w)

commutes, where T(p): T(V) — T(W) is the induced map T(©)(vq - -+ Vq) = (V1) - - - ©(Vp).

Remark 4.2 (Restriction property). In particular, if ¢: R? — RP with d < D is the inclusion map, the orthogonalization
map Hgo restricts to Hgre on words only containing the first d coordinates.

The following is the main result of this subsection.

Theorem 4.3. For V = RY, define Hy: T(V) — T(V) by Hy(w) = p, for every word w, where p,, is the block-
orthogonalisation endomorphism defined in with respect to d-dimensional Brownian motion. Then Hy is not natural
ford > 2.

Proof. Using the Wolfram code listed in[Appendix A} we obtain for d = 3and w = 11112, the image

35 5
Pw—11112+*332**233**211**112+*2
96 96 96 96 96
Since p,, depends on letters not in w the map cannot be natural. For an example with d = 2, and the same w we obtain
29 5
pw_111127—2117—112+—2
80 80 96
and we see that the coefficients have changed. O

While the above proof is short (following the computational effort in[Appendix A), it perhaps does not reveal the mechanism
behind the failure of naturality. We now provide an alternative, less computational, explanation for this behaviour, albeit
without providing all the details.

While the map w — p,, is completely determined by (2.7), computing the coefficients in this expression involves solving a
linear system which might be difficult and not very insightful. In particular, it is difficult to asses the naturality of this map in
its current form. Therefore, we attempt to come up with a procedure for computing it that takes the structure of the shuffle
algebra and Fawcett’s formula into account, i.e. by using the formula

(u,w) = (u w,ES(W)g1) . (4.3)

For this we develop some graphical notation. Each dot will be a placeholder for a letter in the alphabet {1, ..., d}, and each
arc will stand for a contraction, i.e. we replace the subword (o, ) formed by the contraction by a Kronecker delta 6.
Replacing indices with degree, the first three projections (which do satisfy the restriction property) can be written as
1 1
eO=®a €1 =, 92=II_§n1 e=---—z(n-+-n)- (44)
Note e, on its own does not identify an element of the shuffle algebra: this is only true once n letters are supplied. More
precisely, for a word w = 4 ... iy, py is given by e, where we assign the letters oy, ..., o, to the n dots.

We make the following general ansatz for e,. Since e, must be monic, we start with the string of n dots (the word itself).
We want to impose (e,, e) = 0 for all m < n, and it is enough to do this for m = n (mod 2). Taking the inner product as
in of the word itself with any word of degree n — 2, by the formula (&.2), will leave some arcs between consecutive
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nodes, so it makes sense to add some multiple of such elements, where the multiple will be solved for. Taking the inner
product of this element with elements of degree n— 4 will yield diagrams with two arcs, each of which between consecutive
nodes; this is not all, however: it will also diagrams containing nested arcs, since the single arcs included in the preceding
step are “skipped over”. Continuing recursively in this manner suggests the following form for e,: begin with a string of n
nodes with no pairings, and add unknown multiples of diagrams in which the pairings obey the following rules:

B The pairing is non-crossing, i.e. no two arcs intersect;
B Each node under an arc is itself paired.

This means in general, our diagrams will consist of “islands” of nodes that are paired alternated with strings of unpaired
nodes. Similar diagrams have appeared in [4]. At degree 4 this becomes

€= eoee+X(h o) txle N o) +Xa(e o 3)+ 1N ON)+1(d V).

Solving for (e4, €2) = 0 = (&4, 69) We obtain a unique solution!
1 1 1

1 1
e S U R - CR R RV RS P nnE(./E\.\). (4.5)

Now we ask whether this ansatz works in general. At level 5 it reads

65: e o o o o +X1(n o o .)+X2(n n o -)+X3(- o n .)+X4(n o o n)
(O OV ) (O e D) 45l O3 D)+ 0(EON O+ ys(e LN,

Now we claim that the linear system arising from the constraints (es, e3) = 0 = (€5, €1) does not have a solution. Indeed,
the constraints are obviously equivalent to (es, ws) = 0 = (es, wy), where w, denotes a word of length n.

(4.6)

On the one hand, the equation (es, wy) = 0 yields

0=~~+(y5+lx3>(@)+~~ (4.7)

where - - - represents terms with different full pairings and the red dot indicates the letter not in the original word. Taking
an alphabet with at least three letters and choosing the dot assignments as a5yyBa for the six dots in (4.7), we see that
all terms in - - - vanish and the constraints imply ys + %Xg =0.

On the other hand, the equation (es, ws) = 0 gives

O=(—+=x |({ T Y+ | SYs+ X (@ V) +-0 .
48 6 4 12

It can be checked that these are the only terms producing the corresponding diagrams. The difference in the coefficients

comes from the fact that, in each cases, there are different numbers of shuffles in that yield the diagram, and also

the number of contractions is different. This yields ys + %xs = 0 and é + x3 = 0 which contradicts the earlier equation

Y5 + %Xg =0.

This proves that the general ansatz as in is not possible. What is missing to make the above argument an alternative
proof of[Theorem 4.3]is a justification for why naturality would imply that p,, must be given by e, as in the above ansatz.

Every natural transformation in the sense of [Definition 4.1] must be O(V)-equivariant. The later class of maps is indexed
by Brauer diagrams [13] (see also the more modern article [38])). Roughly speaking, there are four types of basic diagrams
(maps) [38, Theorem 2.6] yielding all possible transformations by composition and tensorization. These are the identity
map, transposition of two tensor factors; caps, corresponding to contractions a3 — é,3 as above and cups, corresponding
to maps of the form

d
RS A=A aa,
a=1
where d denotes the dimension of the underlying vector space. Note that of these four, only cups depend on the dimension
and are therefore not natural, hence our ansatzes in (4.4)-(4.6) include only identities and caps. The choice of including
only noncrossing diagrams is motivated by Fawcett’s formula, but we do not give a non-computational proof that crossing
diagrams do not appear.

We have, however, analysed computationally the same ansatz as (4.4)-(4.6) where we now include all possible pairings up
to level 5. This extended ansatz yields the same solutions up to degree four: the extra degrees of freedom are set to zero,
and at degree 5 the system still contains a subset of inconsistent equations. See [Appendix A] for Wolfram code listings
exploring this.
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4.2. The time-augmented case: I1t6 orthogonal polynomials. We have seen that, without including time, the block
orthogonalisation with respect to the signature of Brownian motion is not natural in the sense of [Theorem 4.3] We now
show that including time as a coordinate solves this problem, as it enables the use of the It integral, whose product rule
involves quadratic variation corrections. Let V be an Euclidean vector space, for which we temporarily fix an orthonormal
frame, i.e. an isomorphism V = R: we will return to coordinate-free considerations later on, and recall that even without
the choice of a basis the inner product yields a canonical identification V =~ V*. Write V =R @& V. Elements of T(V) can
be identified with linear combinations of words in the alphabet [d]o = {0, 1, ..., d}; write [d]} for the set of such words.
Note the distinction between the letter 0 and the empty word &, which spans R = V®°_ Recall the quasi-shuffle product
on T( V), given recursively on words as follows and extended bilinearly:

ue M v =l vA)a+ (wa DM v)B+ e, ] with [a, 5] =127 0. (4.8)

Denote éF(V) = T(V) endowed with this product. We consider two gradings on this space: #w denotes the number of
letters in the word w, and

|w| = #w + number of 0’s in w. (4.9)
Given a V-valued Wiener process B, write E, = (t, By) for its time augmentation in the 0" coordinate. We denote §(§) its

It6 signature, i.e. but where the integrals are defined by Riemann and It6 integration. Recall (e.g. [6]) the product rule
(2.3) is replaced by

(u,S(B)) (v, S(B)) = (u (D) v, S(B)). (4.10)
The bracket in then indexes quadratic variation, i.e. if vi, v, € V
([vi, vol, dBy) = 0y, ,dt (4.11)

where o,, ,, = E[B]" B{?] denotes the (constant) correlation of the components of B in the directions vy, vo. Following the
same logic of (2.5), we define the inner product on Sh(V)

(U, V), = E(u, S(B)o.7) (v, S(B)o.7) = (u@ v,ES(B)o 7). (4.12)

The introduction of time as a coordinate has the consequence of making the inner product degenerate, for example
(O - T, S(B)O,T> = 0 a.s. The next proposition identifies a complement to the nullspace (cf. [27, Theorem 3.9] for a linear
independence statement).

Proposition 4.4. Let N be the nu//space of ( ) and denote éﬁo( V) the vector subspace ofSh( V) generated by words
that do notendin a 0. Then Sh( V)=NOD She (V).

Proof. Since (-, -)q is just the L2 inner product applied to the evaluation of a word on §(~)0 T, it suffices to show that (i)
if p e Sh°( V) such that E(p, ( Do, > = 0 then p = 0, and (i) that for any w € [d]}) there exists a p € She ( ) such that
(w0, 8(B)o,7) = (p, S(Blo.7)-

The claim (ii) follows inductively on the number of trailing 0’s, since, by the (quasi-)shuffle relations, (w0, §(§)o,r> can be

expressed as the product (0, §(§)0,T><w, §(§)0,T> minus terms with fewer trailing zeros, and (0, §(§)0,T> =T €R. In
order to prove (i), we first show that if the function

[0, T]13 t— (0,5(B)oy)

vanishes identically on some o € §E(V), then o = 0. Proceed by induction on the maximum length n of a word in the
linear combination for o. If n = 0, (o, §(§)0y,) =o e R.Forn>0,write 0 = A&+ >, Ao,iwp,i0 + ZZ=1 Y i Aaia WaiCr.
The process (o, §(§)0,,> = 0 is then equal to a constant term plus a linear combination of Riemann and It6 integrals, all
of whose integrands must vanish identically, by Doob-Meyer, independence of components, and the fact that if f(; HdBg
or fot Hsds vanishes for all t € [0, T] then H must also vanish identically. Therefore A = 0, ), A\g;wo,;0 = 0 and
> Aaju Wej = 0 for all o and the induction is complete. Now, assume p = u@ + .0 > Aa Wi is as in the
statement of (i) above. By the It6 isometry

d T
=E(p,S(B)or)* =) / E(3" Ao jWj: S(B)oy) dt
a=1 "0
and the integrand does not vanish identically, since the process t — <Z/)\a,jwj, §(§)O,t> does not, as just proved. O

Write [d]g C [d]§ for the subset of words that do not end in a 0, so span[d]j = §E°(V). Using It6 integration has the benefit
that, by independence and orthogonality of Wiener chaos, many pairs of words are already orthogonal. For u,v € [d]3
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write u ~¢ v if u and v are equal after stripping away zeros and leaving other letters in their place. Observe that (by the
martingale property of It6 integrals)
oo n

.
T=ZH0” (4.13)

n=0

and therefore (u, v)5, = 0 whenever u 4 v, since in this case u (11 v will be a linear combination of words none of which
are of the form 0. Moreover, if u ~q v, (u, v)7 will only depend on the number and position of the non-zero letters, i.e. it
will equal the inner product of the words in the binary alphabet {O, l} in which all non-zero entries in u and v are replaced
with a 1, for which we compute

T/+/+k

k k k
. . . . . . Ir + J, . . . .
(0710%...0%1,0/10% ... 0f1) = :+/+k|H<r ’>, Y =i, Y =i (4.14)
r= =1 I=1

in which i}, j may be 0. Define a linear order <, on each equivalence class mod ~ as follows:

1 Ifur~y vand #u < #v (& |u| < |v| < u has fewer zeros than v), then u <q v;
2 Ifu~p vand#u=#v,thenu <y vif uislessthan v in the lexicographic order.

The following definition is similar to but adapted to the current setting with O playing a special role.

Definition 4.5 (It orthogonal basis). For u € [d]3 define p, by performing Gram-Schmidt orthogonalisation along its
equivalence class mod ~, according to its linear order:

~ W, 0,)q ~
Pu=w— Yy LGP,
,,NOW(pwpv)

v<ow

Each p,, is a linear combination of other words that contain the same non-zero letters (as a subword, in fact), with the same
number of zeros or fewer. We compute the terms of p up to words of length 3. We use letters «, 3, ... to denote letters in
[d].

~ ~ ~ 1 ~ 1 1
-, =0, =01 — -1, =001 ——-01+—1
Pz Po Po1 > Poo1 > + 12

~ ~ 1 ~ 1 1 ~
p11=11, p011=011—511, p101=101+5011—511, pl]_l:lll.

While we have described the orthogonal basis {p,, | w € [d]3} in terms of a basis on V, it comes from an intrinsic
orthogonalisation map. Indeed, we have decomposed

o0
sh°(V) = P wk, EB EB i (4.15)
k=0 i=0 fj+..tig=

| - |=k+2i, #=k+i

with W* the space generated by all words with k non-zero letters (ending in a non-zero letter) and W,f i its subspace
of generated by words of the form 0% v, 0% ... O v, with v, € V and the multiplicities j; possibly zero. The first direct sum
is orthogonal, since WX maps to the k™ Wiener chaos, but the other two are not. For each fixed k, the blocks W,f‘__,k
are linearly ordered according to the order on sequences of integers given by i ... ik < if ...i if Y, i < >, i/ orif
> ir=">, i and for some h < k, j; = i/ for | < hand i, < i}. We then perform block-orthogonalisation p according to
this order on the blocks W,f‘___,k : Pw is just the orthogonal projection of w onto the direct complement of all preceding blocks
in WX. Denote the direct sum of these maps p" : §F°(V) — §E°(V). A basis of V additionally yields an orthogonal basis
of each block W,-f‘“_,-k, and orthogonality is preserved by p, yielding an orthogonal basis. Notice that only a basis of V, not a
frame as in the more general setting (2.7), is necessary.

Theorem 4.6 (Natural orthogonalisation of Wiener functionals). With F the sigma-algebra generated by (Bi)icio,r, Y €
L3(F) can be represented as the series with pairwise orthogonal summands, convergent in [2

Y- Z E[Y (Pw, S(B)o,7)] (P, 3B

= , S(B)o,7)-
weld) @m Pw)ii
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Moreover, p is a natural orthogonalisation according to the functor V She (V), i.e. for any injective isometry of Euclidean
spaces ¢: U — V, the diagram
—~ ~ Y —~ ~
Sho(U) —£— she(U)
lsAh"(so) lsfh%a)
I~

She(V) —2— sho(v)

(with §F°(gp) =Tl <P)|§h°(U) ) commutes.

Proof. The first part follows directly from [Corollary 2.3 (or rather the same proof; since or [14] apply to
time-augmented Brownian motion), and the preceding discussion. Let ® = Sh°(¢). It follows from the preceding
discussion that the decomposition into blocks W' ; is preserved by ®, and moreover ® acts on W/, = W, (U) & U®*

iy .. i

by ©®k. Since p operates on each block W* independently, we have reduced the problem to proving, for each i, k > 0,
commutation of the squares

U
®k _P @k
@i'+...+ik=f u ®i1+...+fk=i u

Lo Lo
~v
®k _P_, ®k
®i1+__.+ik:i 4 ®i1+...+ik:/ VER

This follows from the fact that ¢ preserves the bracket in (4.8), i.e. [¢(u), ©(u)] = [u, U] and therefore preserves inner
products in W*:

(0" (uy)0% .. 0% p(uk), 0% p(uf) 0% ... 0% p(up)) = (0" 1y 0% ... Oy, 07 Uf 0% ... O uy).
The whole Gram-Schmidt process [Definition 4.5|is thus preserved and the claim follows. O
Remark 4.7 (Stratonovich orthogonalisation). A similar orthogonalisation map can be obtained when working with the
Stratonovich signatures. We only sketch this briefly, since it is easier to interpret terms in the It6 setting. Recall that the
Hu-Meyer formulae [35] (later generalised to the Hoffman’s exponential [34] in a different context) establish natural algebra
isomorphisms
exp”: Sh(V) = Sh(V),  log”: Sh(V) — Sh(V)

inverses of each other. A quick inspection of these maps reveals that they respect the direct sum of [Proposition 4.4} since
the bracket does not act on the 0 coordinate. We use ( -, - )., to denote the inner product on Sh(V) in which evaluation is
against the Stratonovich signature S(W), r. Then

(u, Vws = (Ul v, SB)o,r) = (exp"(u) W exp”(v), S(BJo 1) = (exp" (u), exp” (V)
i.e. exp” (and log") define isometries. Therefore, setting
q”: Sh(V) — Sh(V), q" = exp” op” olog”
all properties of p carry over to the Stratonovich-shuffle case.

Remark 4.8 (Hermite and Legendre). We observe that p embeds both Hermite and Legendre polynomials: the former
correspond to n!p;», the latter (shifted to the interval [0, T]) to nlpgs.

Remark 4.9 (Comparison with Wiener chaos). Since orthogonalisation map p works largely because of orthogonality of
Wiener chaos, it is interesting to probe the link with this decomposition further. Recall that, letting H = L2([0, T], RY) =
L2([0, T] x [d]) there exists an isometry given by multiple Wiener integration (see e.g. [46])

P Lm0, 1 x [d]) x -+ x ([0, T] x [d)) = P H" = [*(F) (4.16)
n=0 n=0

n

where the subscript sym refers to symmetry of the functions in the n factors. A straightforward way of obtaining an
orthogonal basis of L?(F) is that of fixing one of L?[0, T] (Fourier, Legendre, etc.), lifting it to one { o, } men of L2([0, T, RY),
and of taking symmetric powers of it. This yields a representation

oo o0
y=Y> > . / Prmyr (B) * * Py, (G)AWST -+ - AW, (4.17)

n=0 m=0 my+...+mp=m [0,71
with implicit summation on each «; and coefficients A symmetric in the lower indices. This basis however depends on
two parameters n and m, and in order to obtain a one-parameter basis, one must make a choice of how to trade off
truncation in n with truncation in m. Notice, moreover, that quantities of interest in differential equations, such as the Lévy
areas % fOT(BO‘dBﬁ — BEdB‘*), which are not the Wiener integral of symmetric kernels in the sense above, have infinite
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expansion w.r.t. (4.77). [Definition 4.5]is adapted to Wiener chaos but sidesteps these issues, thanks to the time-ordered
nature of the signature.

Pushing similar considerations a little further we are able to obtain a quick proof of in the case of time-
augmented Brownian motion and p = 2. Recall that, even though F = G by[Remark 2.1] the proposition does not show
that linear functions on S(B)o r (without time-augmentation) is dense in L3(F), and[Theorem 2.4is needed for this.

Proposition 4.10 (L?-density of signature functionals). Linear functions on S(E)O,T are dense in L2(F).

Proof. By the It6-Stratonovich conversion formulae for iterated integrals of Brownian motion with time [35], we may
equivalently prove the statement for linear functions on S(B), r. Since polynomials are dense in L2[0, T], by {@16) it
suffices to show that for any n, my, ..., m, € N and any a4, ..., a,, € [d] the multiple Wiener integral

/ t1’”' ~~t,'7"”dW,?‘ ...th‘:én
0,71

can be expressed as a linear function of 5(5)0;. We express it as, up to a factor of my!- - - m,!

/ (/ d31,1"'d31,m|>"'(/ dSnJ...dSnymn)dWI‘aW dW;’én
[0,7]” A™[0,4] A™0,t,]

dS1y1 cee ds1,m1 ce dSny1 s dSn’mnd Wz?‘ s th?"

/[O,T]” X (AM[0,H]X -+ X A™[0,ta])
where for a family of sets (Ba)aca We denote A X B, = {(a,b) | a € A,b € Ba}. Writing [0, T]" = | |, 0+A"[0, T],
we reduce the problem of expressing (up to reordering) A"[0, T] x (A™][0, ] X --- x A™][0, t,]) as a disjoint union of
simplices over [0, T]. By treating the two-factor case
A'[0, g x N[0, b]
J
= | fo<u <. <u<al x {0 <t <o < Uik < @< Uipgy < ... < iy < b}
k=1
j
= |_| |_| {0 < Us(1) <. < Ug (i+k) <a< Uo (i+k+1) < .. < Ug (i+j) < b}
k=1 o €Sh(i,k)
we reduce, by induction, to sets of the form

A0, T] X (A0, t] X AP[H, 6] X -+ - X AM[th_q, t,]) = A™E+0[0, T]

and the proof is complete. O

4.3. Numerical experiments. In this subsection we perform numerical experiments on the orthogonalised Itd signature
developed in the previous. The first necessary step is to obtain the Gram-Schmidt-orthogonalised It6-signature features,
up to a given inhomogeneous degree (that is with the drift coordinate counting double). We use the package Signax [58]
for computing signatures and [49] for algebraic manipulation on the tensor algebra. Since Signax (as well as all other
packages that compute signatures), when called on Brownian motion, compute the Stratonovich signature, we must first
convert to It form. This is done symbolically by implementing the Hoffman logarithm (see [Remark 4.7). Note that, on
finitely discretised time series, this is not equivalent to computing It6 integrals as left-endpoint Riemann sums, but they are
equivalent in the limit of vanishing mesh size. In order to perform the Gram-Schmidt orthogonalisation, the inner product
(u,v)q (@32 is computed on binary words as in [.74). The Gram-Schmidt basis is then calculated, still in the
binary case, and only then “mapped on” to the case of general d as described in This is an expression of
the naturality of the orthogonal basis [Theorem 4.6] and avoids the explicit computation of the (quasi-)shuffle product or
Monte Carlo evaluation which would normally be necessary for (2.3), significantly speeding up computation of the inner
product (4.10). For further details, we refer to our implementation [17] and its documentation. We are able to check that
the orthogonalisation achieves the required goal, see [Figure 2]

We consider two related but distinct tasks. In functional expansion, the function on paths is known and the task is to
approximate it as a signature expansion. This can often be done independently of data; for example if the function is an
SDE (1.3), one can use a numerical method like iterated over many intervals. In functional regression, the function on
paths is not known or hard to expand analytically, rather we have access to i.i.d. input-output pairs, but the goal is similar.
We will use orthogonal polynomials on Wiener space in a similar way for both, but the methodologies we compare with for
each are distinct.

We consider a linear SDE
dy* = AL Y'dW®, Y, =y, (4.18)
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Stratonovich cross-correlation heatmap

Ito cross-correlation heatmap

Ito-Gram-Schmidt cross-correlation heatmap
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FIGURE 2. Comparison of correlation heatmaps for flattened signatures, on the subspace making
(-, - ) is non-degenerate (4.4), computed over 100k 2-dimensional time-augmented sample Brownian
paths, with T = 1 and 1k grid points. The Stratonovich signature features are far from orthogonal, the
It6 ones are much sparser but still not orthogonal (because of residual correlations inside each Wiener
chaos), and finally their Gram-Schmidt orthogonalisation is verified to be fully orthogonal (modulo
numerical errors). This and similar checks can be performed with the notebook [17,
orth_checks.ipynb].

which is one of the rare cases for which the stochastic Taylor expansion converges on a single interval [43] §4.2]. We
compare the performance of the Taylor scheme with that of evaluating the truncated series on a sample of
Brownian paths, see We observe convergence of both methods, with the Taylor method lagging behind the L2 for
low degrees, and catching up to the orthogonal expansion at higher degrees, especially for lower sample sizes (which only
affects the orthogonal expansion). For a non-linear SDE whose solution lies in L2, stiII applies but examples
such as show that one cannot expect convergence of the Taylor scheme on one interval, and thus iterating the method
would be necessary; this however is not a signature expansion as usually intended in the machine learning literature.

Comparison of Taylor vs Orth (L2) Comparison of Taylor vs Orth (R?)

0.6

Orth 10k 1.0+
~@— Orth 100k
—&— Orth 1M
—a— Taylor

0.5

0.4

L= error

03

0.2

orth 10k
—8— Orth 100k
0.4+ —&— Orth 1M
—e— Taylor

o1

0.0

1 2 3 4 5 3 1 2 3 4 5 6
Signature degree signature degree

FIGURE 3. Comparison of Taylor and Orth models: out-of-sample L? error (left) and coefficient of
determination (R?, right) across different dataset sizes. The Brownian motion is taken to have dimension
d = 2, Y is scalar, and errors/R? are averaged over 10 random choices of the matrix A normalised to
have Euclidean norm 1.

In the next example we consider the a scalar Black Scholes model, and learn the two functions: an at-the-money call option
and a lookback option, i.e. just the maximum of the path (a difficult case for functional expansions [26, Example 2]), see
Note that unlike in the literature on applications of signatures to finance (e.g. [48]), we are learning/expanding the
payoff in terms of the underlying Brownian motion, not the price path. For the latter, we would need to orthogonalise the
signature of paths drawn from geometric Brownian motion. We observe convergence of both methods, both in the sample
size and truncation level, although the Monte Carlo estimator for the orthogonal expansion, i.e. the truncated series in
appears to converge more slowly than the OLS estimator in terms of the sample size, especially at
higher degree. Notice that these are two distinct estimators for the same quantity, 1y Y. In particular, for the orthogonal
expansion estimator the difference between in- and out-of sample error is less marked, since it is not the solution to a
data-dependent optimisation problem.

gy ) .
=7 » While performing

Evaluating the expansion|{Theorem 4.6]is linear in both sample size M and number of features D =
the matrix inversion in (2.10) has complexity which is cubic in either K or M depending on whether it is evaluated in the

primal or dual formulation. In practice, the bottleneck lies in the overhead costs of computing the signatures of large
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Comparison of Regr vs Orth (vanilla call, 10k samples) Comparison of Regr vs Orth (vanilla call, 100k samples)
0.9925 1 —# Orth 0925 4 % Oth
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P 4 09850
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Comparison of Regr vs Orth (lookback, 10k samples) Comparison of Regr vs Orth (lookback, 100k samples)
09771 _a orth 097 —# orth
—&— Regr —— Regr

0.96 0.96
0.95 4 0.95 1

3 3
0.94 1 0.94 1
0.93 0.93 4
0,924 0.92 4

3 4 5 6 3 4 5 6
Signature degree Signature degree

FIGURE 4. Comparison of coefficients of determination for OLS regression (Regr) on the truncated
signature (with non-orthogonal coordinates, out-of-sample) and orthogonal signature expansion (Orth).
The scalar Black Scholes model has parameters o = 0.2, 4 = 0, Sy = 1, and the call option is struck
at K =1 attime T = 1. We observed worse performance for both models for OTM options, and for ITM
options Orth was performing worse than Regr.

samples of paths. Also, when sampling from a fixed measure, the data matrix could be computed once and for all and
re-used across many different problems. Even when performing regression, however, using the orthogonal basis rather
than the ordinary basis has advantages. Orthogonality means coefficients can be learnt incrementally in degree, unlike
for non-orthogonal features. It can also improve conditioning, see [57] for a comparison in the case of polynomials (ill
conditioning of Vandermonde matrices is a well known phenomenon [47]). Finally, expanding a whole collection of payoffs
as in has the benefit that covariances can be more efficiently estimated by truncating the series

3 ELY; (B S(B)o,7)IELY2 (Bus SBlo7)] o =~

E[Y; Y] W (B> S(B)o,7)?

weld]§
_y B {(Pu: SB)o.T)IELY: (B S(Blo.7)]
weldlS (ﬁw:ﬁw)ﬂ]

This could have applications, for example, in stochastic portfolio theory [22].
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APPENDIX A. LINEAR SYSTEMS

We explain the procedure used to study the naturality of the block-orthogonalization map in the shuffle algebra. The full
code listings can be found on GitHub [18]. Starting from Fawcett’s formula in and the inner product on words in (2.5),
we implemented the expected signature and shuffle product in Wolfram 14, in order to enable symbolic computations.
For simplicity we take T = 1. The idea with this approach is that since the natural basis is not orthogonal under (-, ),
inversion of the Gram matrix yielding the projection at degree 5 is computationally intensive.

We begin by creating an abstract symbol w that acts as a placeholder for a word, and declaring it to obey a certain set of
rules with respect to the CircleTimes (®) operator, which acts as an external tensor product.

LISTING 1. Tensor product of words
1 ClearAll[CircleTimes]

SetAttributes[CircleTimes, {Flat, Oneldentity}]

3 CircleTimes[x___, y_Plus, z_ ] := CircleTimes|[x, #, z]& /@y
CircleTimes[x___, -a_, y__ ] := -CircleTimes[x, a, y]

5 CircleTimes[x___, a_, y_] := a CircleTimes[x, y] /; FreeQ[a, w]
CircleTimes[x_, a_, y__ ] := a CircleTimes[x, y] /; FreeQ[a, w]

7 CircleTimes[x

,a_ y_, z_] := a CircleTimes|[x, y, z] /; FreeQ[a, w]
CircleTimes[x_, a_y_, z_ ] := a CircleTimes[x, y, z] /; FreeQ[a, w]
9 CircleTimes[p_ x_]:=p CircleTimes[x]/;FreeQ[p, w]

We then implement the concatenation operator Conc, which maps T(V) ® T(V) — T(V) linearly:

LISTING 2. Concatenation of words
1 ClearAll[Conc]

SetAttributes[Conc, Oneldentity]
3 Conc[0] = O;

Conc[p_ x_] := p Conc[x] /; FreeQ[p, w]
5 Conc[x_Plus] := Plus[Conc/@x]

Conc[CircleTimes[x_ w]] := w@@Delete[0] /@ Level[{x},1]
7 Conc[CircleTimes[x_]]:=x

Finally, the shuffle product on w[...] symbols is implemented as a linear map T(V) ® T(V) — T(V) recursively:

LISTING 3. Shuffle product of words
1 ClearAll[Shuf]

SetAttributes[Shuf, Oneldentity]
3 Shuf[x_w]:=x
Shuf[p_ x_]:=p Shuf[x]/;FreeQ[p,w]
5 Shuf[x_Plus]:=Plus[Shuf/@x]
Shuf[x_w\[ CircleTimes ]w[]]:=x
7 Shuf[w[]\[ CircleTimes]x_w]:=x
Shuf[w[u__]\[ CircleTimes]w[v__]]:=Conc[Shuf[w[u]\[ CircleTimes Jw@@Drop[{Vv}, —-1]1]\[
CircleTimes Jw[{Vv}[[ =1]]]1]+ Conc[Shuf[w@@Drop[{u}, -1]\[CircleTimes]w[v]]\[ CircleTimes]
wl{u}[[-1]11]
9 Shuf[x__w\[CircleTimes]y w]:=Shuf[Shuf[CircleTimes[x]]\[ CircleTimes]y]

The last relation enforces associativity.

Next, we implement on pure words wl...] and extend by linearity.
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LISTING 4. Expected signature of time-augmented Brownian motion

1 ClearAll[ESig]
ESig[w[]]=1;
3 ESig[w[x__]]:=Block[{z=Cases[{x},0], |=DeleteCases[{x},0]},
With[{n=Length[|], m=Length[z]},
5 If [EvenQ[n],2"(-n/2)/(n/2+m)! Times@@\[ Delta] @@@Partition[1,2],0]

7]
ESig[x_Plus]:=Plus[ESig/@x]
9 ESig[p_ x_]:=p ESig[x]/;FreeQ[p,w]

Here, the symbol \[Delta] () is subject to the symmetry rule

1 ClearAll [\[ Delta]]
\[ Delta]/:\[ Delta][b_, a_] := \[Delta][a, b] /; b>a

Finally this induces an inner product on words by (2.5):

LISTING 5. Inner product on the shuffle algebra
1 ClearAll[ip]
ip[x w,y w]:=ESig[Shuf[x\[CircleTimes]y]]
3 ip[x_Plus,y_l:=Plus[ip[#,y]&/@x]
ip[x_,y_Plus]:=Plus[ip[x,#]&/@y]
5 ip[p_ x_,y_l:=p ip[x,y]/;FreeQ[p,w]
ip[x_,p_ y_l:=p ip[x,y]/;FreeQ[p,w]

In the next step, we use these functions to build the Ansatz in[Section 4.1} where we also include all crossing partitions.

LISTING 6. Generation of the Ansatz for the orthogonalization map
Pairings[0] = 0; Parings[1] = O;

2 Pairings[n_ /; n > 1] := Select[Combinatorica‘SetPartitions[n], AllTrue[Length[#] <= 2
&]]
vars[n_ /; n > 0] := Join[Array[a, Length[Pairings[n]] - 1], {1}]
4 Ansatz[n_ /; n > 0] := vars[n] . Conc /@ Map[CircleTimes @@ # &, Map[If[Length[#] == 1, w

@@ #, \[Delta] @@ # w[]] &, Pairings[n], {2}], {1}]

Thus, the command Ansaiz[3] generates the following output:

w[1, 2, 3] + a[2]w[3]6[1, 2] + a[3]w[2]6[1, 3] + a[1]w[1]d[2, 3]

We then generate the orthogonality relations:

1 Lower[n_ /; EvenQ[n]] := With[{pol = Ansatz[n]}, Table[ESig[Shuf[pol\[CircleTimes]w @@ (n
+ Range[2 k])]], {k, 0, n/2 - 1}]]
Lower[n_ /; OddQ[n]] := With[{pol = Ansatz[n]}, Table[ESig[Shuf[pol\[CircleTimes]w @@ (n
+ Range[2 k + 1])1], {k, 0, (n - 1)/2 - 1}]]
3 dvars[n_] := DeleteDuplicates[Cases[Lower[n], _J, Infinity]];

The command Lower[n] generates a systems of equations that have to be solved for in the a variables. Since these should
hold for any choice of letters and not just w[1,2,3,4], we use the SolveAlways instruction.

1 Sol[n_] := SolveAlways[# == 0 & /@ Lower[n], \[Delta]vars[n]]

For example, running Sol[3] yields:
1+ {{a[1] -> -(1/4), a[2] -> -(1/4), a[3] —-> 0}}

which is precisely the solution in (.4). Note that a[3], i.e., the variable correspoding to the pairing {{1,3},{2}} is set to
zero.

In order to check if the system has a solution, we may look at the matrix corresponding to the system of linear equations
generated by Lower[n], say A, and check if the equality rank(A) = rank([A | b]) holds, where b denotes the vector of
constant terms. If the equality does not hold, it means that the system is inconsistent and therefore has no solution. In
Wolfram this is implemented by the following functions:
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1 ClearAll[PreCoefs, Coefs, AugCoefs]

PreCoefs[n_] := PreCoefs[n] = CoefficientArrays[# == 0 & /@ Flatten|
Values@CoefficientRules[#, dvars[n]] & /@ Lower[n]], Drop[vars[n], -1]] // Normal
3 Coefs[n_] := Coefs[n] = PreCoefs[n][[2]]
AugCoefs[n_] := Transpose[lnsert[Transpose[Coefs[n]], -PreCoefs[n][[1]], -1]]

giving A = Coefs[n] and [A | b] = AugCoefs[n] for a given word length n.

For the case of interest, namely n = 5, the matrix has rank(A) = 25 and rank([A | b]) = 26. A subset of contradicting
equations may be obtained by inspecting this matrix or by computing a certificate by computing a basis of its column null
space by solving the system yTA = 0, and then looking for a vector such that yTb = 0. The nonzero entries of such a
vector determine an inconsistent set of equations. This is essentially a version of Farkas’ lemma.

In the same way it may be checked that for n = 6, 7 the ranks of the corresponding A are 75 and 231, respectively, while
the ranks of the augmented matrices are 76 and 232.
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