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Exact multi-valley envelope function theory of
valley splitting in Si/SiGe nanostructures
Lasse Ermoneit, Abel Thayil, Thomas Koprucki, Markus Kantner

Abstract

Valley splitting in strained Si/SiGe quantum wells is a central parameter for silicon spin qubits
and is commonly described with envelope-function and effective-mass theories. These models
provide a computationally efficient continuum description and have been shown to agree well with
atomistic approaches when the confinement potential is slowly varying on the lattice scale. In
modern Si/SiGe heterostructures with atomically sharp interfaces and engineered Ge concentra-
tion profiles, however, the slowly varying potential approximation underlying conventional (local)
envelope-function theory is challenged. We formulate an exact multi-valley envelope-function model
by combining Burt–Foreman-type envelope-function theory, which does not rely on the assumption
of a slowly varying potential, with a valley-sector decomposition of the Brillouin zone. This construc-
tion enforces band-limited envelopes, which satisfy a set of coupled integro-differential equations
with a non-local potential energy operator. Using degenerate perturbation theory, we derive the
intervalley coupling matrix element within this non-local model and prove that it is strictly invariant
under global shifts of the confinement potential (choice of reference energy). We then show that
the conventional local envelope model generically violates this invariance due to spectral leakage
between valley sectors, leading to an unphysical energy-reference dependence of the intervalley
coupling. The resulting ambiguity is quantified by numerical simulations of various engineered
Si/SiGe heterostructures. Finally, we propose a simple spectrally filtered local approximation that
restores the energy-reference invariance exactly and provides a good approximation to the exact
non-local theory.

1 Introduction

Silicon-based spin qubits in strained Si/SiGe quantum dots (QDs) [1, 2] are a promising platform for
scalable quantum processors, owing to their long coherence times [3, 4], compatibility with industrial
fabrication [5–7], and potential for high-fidelity gate operations and readout [8–10]. A key challenge for
silicon qubits is the small and device-dependent valley splitting, i.e., the energy gap between the lowest
conduction band valley states, which can lead to uncontrolled valley excitations, spin-valley mixing,
and spin dephasing [11–13]. Considerable effort has been made to enhance the valley splitting by
engineering high-quality Si/SiGe interfaces with low alloy disorder [14]. Moreover, epitaxial growth of
unconventional heterostructures including, e.g., sharp Ge spikes [15] or oscillating Ge concentration
profiles within the quantum well (QW) [16–19], can provide deterministic enhancements of the valley
splitting.

Envelope function theory (EFT) and effective-mass models provide a computationally efficient framework
for describing electrons in semiconductor nanostructures, in which the wave function is written as
a slowly varying envelope modulating Bloch states. In regimes where the envelope description is
applicable, these continuum-scale models have been shown to agree well with atomistic approaches
such as empirical tight-binding [16, 20, 21] and density functional theory [22, 23]. The assumption
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Fig. 1. (a) First Brillouin zone of the face-centered cubic (fcc) lattice. In biaxially strained SiGe/Si/SiGe QWs grown in [001]
direction, the degeneracy between the six equivalent conduction band minima near the X -points is lifted. The two valley
states at k �

0 = (0; 0; �k 0)T
(shown in red) are energetically far below the other four higher-energy valley states (shown in

blue). (b) Decomposition of the �rst Brillouin zone of the fcc lattice into non-overlapping valley-speci�c sectors S (k0). The
sectors of the two low-energy valleys highlighted in red de�ne the two-valley model (21).

of a slowly varying potential, which is central to conventional EFT [24–33], becomes increasingly
challenged in engineered heterostructures with sharp features. To address this limitation, Burt and
Foreman developed an exact EFT that does not require a slowly varying potential, leading to a system
of coupled integro-differential equations with a non-local potential energy operator [34–37]. Klymenko
et al. extended this framework to multi-valley semiconductors by decomposing the Brillouin zone into
valley-speci�c sectors, which has been applied to donor qubits in silicon [38, 39].

In this work, we investigate valley splitting in Si/SiGe heterostructures using the exact multi-valley
EFT and compare its mathematical properties and numerical predictions with those of the commonly
used local (conventional) model. We show that the local multi-valley envelope function model can
violate invariance under global shifts of the con�nement potential (choice of reference energy) when the
envelope develops Fourier components outside the corresponding valley-speci�c sector of the Brillouin
zone. This introduces an unphysical contribution to the intervalley coupling matrix element, making the
predicted valley splitting dependent on the arbitrary choice of energy reference. Physically, a constant
potential offset should only shift intravalley energies and leave the intervalley coupling invariant. We
trace this inconsistency to the failure of the local model to strictly enforce the valley-sector (band-limited)
Fourier support of the envelopes, and we prove that it is exactly resolved within the Burt–Foreman type
approach used here.

The paper is organized as follows: In Sec. 2, we review the derivation of the Burt–Foreman type
envelope function model for multi-valley semiconductors. In Sec. 3, we develop degenerate perturbation
theory for the valley splitting within the non-local eigenvalue problem and analyze gauge invariance
(i.e., invariance under global energy shifts) of the intervalley coupling in local and exact EFT. Section 4
presents numerical results for electrons in gate-de�ned QDs for several Si/SiGe heterostructure designs
and benchmarks a simple spectrally �ltered local approximation against the exact non-local theory.
Technical aspects, including the effective one-dimensional QW reduction and proofs, are provided in
the Appendix.

2 Exact multi-valley envelope function theory

This section derives the exact multi-valley EFT used throughout the paper. By projecting the envelope
functions onto non-overlapping, valley-speci�c sectors of the Brillouin zone, we obtain a unique
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