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Exact multi-valley envelope function theory of
valley splitting in Si/SiGe nanostructures

Lasse Ermoneit, Abel Thayil, Thomas Koprucki, Markus Kantner

Abstract

Valley splitting in strained Si/SiGe quantum wells is a central parameter for silicon spin qubits
and is commonly described with envelope-function and effective-mass theories. These models
provide a computationally efficient continuum description and have been shown to agree well with
atomistic approaches when the confinement potential is slowly varying on the lattice scale. In
modern Si/SiGe heterostructures with atomically sharp interfaces and engineered Ge concentra-
tion profiles, however, the slowly varying potential approximation underlying conventional (local)
envelope-function theory is challenged. We formulate an exact multi-valley envelope-function model
by combining Burt—Foreman-type envelope-function theory, which does not rely on the assumption
of a slowly varying potential, with a valley-sector decomposition of the Brillouin zone. This construc-
tion enforces band-limited envelopes, which satisfy a set of coupled integro-differential equations
with a non-local potential energy operator. Using degenerate perturbation theory, we derive the
intervalley coupling matrix element within this non-local model and prove that it is strictly invariant
under global shifts of the confinement potential (choice of reference energy). We then show that
the conventional local envelope model generically violates this invariance due to spectral leakage
between valley sectors, leading to an unphysical energy-reference dependence of the intervalley
coupling. The resulting ambiguity is quantified by numerical simulations of various engineered
Si/SiGe heterostructures. Finally, we propose a simple spectrally filtered local approximation that
restores the energy-reference invariance exactly and provides a good approximation to the exact
non-local theory.

1 Introduction

Silicon-based spin qubits in strained Si/SiGe quantum dots (QDs) [1, 2] are a promising platform for
scalable quantum processors, owing to their long coherence times [3, 4], compatibility with industrial
fabrication [5—7], and potential for high-fidelity gate operations and readout [8—10]. A key challenge for
silicon qubits is the small and device-dependent valley splitting, i.e., the energy gap between the lowest
conduction band valley states, which can lead to uncontrolled valley excitations, spin-valley mixing,
and spin dephasing [11-13]. Considerable effort has been made to enhance the valley splitting by
engineering high-quality Si/SiGe interfaces with low alloy disorder [14]. Moreover, epitaxial growth of
unconventional heterostructures including, e.g., sharp Ge spikes [15] or oscillating Ge concentration
profiles within the quantum well (QW) [16—19], can provide deterministic enhancements of the valley
splitting.

Envelope function theory (EFT) and effective-mass models provide a computationally efficient framework
for describing electrons in semiconductor nanostructures, in which the wave function is written as
a slowly varying envelope modulating Bloch states. In regimes where the envelope description is
applicable, these continuum-scale models have been shown to agree well with atomistic approaches
such as empirical tight-binding [16, 20, 21] and density functional theory [22, 23]. The assumption
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Fig. 1. (a) First Brillouin zone of the face-centered cubic (fcc) lattice. In biaxially strained SiGe/Si/SiGe QWs grown in [001]
direction, the degeneracy between the six equivalent conduction band minima near the X -points is lifted. The two valley
states at k§ = (0,0, iko)T (shown in red) are energetically far below the other four higher-energy valley states (shown in
blue). (b) Decomposition of the first Brillouin zone of the fcc lattice into non-overlapping valley-specific sectors S (ko). The
sectors of the two low-energy valleys highlighted in red define the two-valley model (21).

of a slowly varying potential, which is central to conventional EFT [24-33], becomes increasingly
challenged in engineered heterostructures with sharp features. To address this limitation, Burt and
Foreman developed an exact EFT that does not require a slowly varying potential, leading to a system
of coupled integro-differential equations with a non-local potential energy operator [34-37]. Klymenko
et al. extended this framework to multi-valley semiconductors by decomposing the Brillouin zone into
valley-specific sectors, which has been applied to donor qubits in silicon [38, 39].

In this work, we investigate valley splitting in Si/SiGe heterostructures using the exact multi-valley
EFT and compare its mathematical properties and numerical predictions with those of the commonly
used local (conventional) model. We show that the local multi-valley envelope function model can
violate invariance under global shifts of the confinement potential (choice of reference energy) when the
envelope develops Fourier components outside the corresponding valley-specific sector of the Brillouin
zone. This introduces an unphysical contribution to the intervalley coupling matrix element, making the
predicted valley splitting dependent on the arbitrary choice of energy reference. Physically, a constant
potential offset should only shift intravalley energies and leave the intervalley coupling invariant. We
trace this inconsistency to the failure of the local model to strictly enforce the valley-sector (band-limited)
Fourier support of the envelopes, and we prove that it is exactly resolved within the Burt—Foreman type
approach used here.

The paper is organized as follows: In Sec. 2, we review the derivation of the Burt—-Foreman type
envelope function model for multi-valley semiconductors. In Sec. 3, we develop degenerate perturbation
theory for the valley splitting within the non-local eigenvalue problem and analyze gauge invariance
(i.e., invariance under global energy shifts) of the intervalley coupling in local and exact EFT. Section 4
presents numerical results for electrons in gate-defined QDs for several Si/SiGe heterostructure designs
and benchmarks a simple spectrally filtered local approximation against the exact non-local theory.
Technical aspects, including the effective one-dimensional QW reduction and proofs, are provided in
the Appendix.

2 Exact multi-valley envelope function theory

This section derives the exact multi-valley EFT used throughout the paper. By projecting the envelope
functions onto non-overlapping, valley-specific sectors of the Brillouin zone, we obtain a unique
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decomposition of the microscopic wave function and arrive at a coupled set of envelope equations in
which the confinement potential acts as a non-local integral operator. We then derive the corresponding
single-band effective-mass model and recover the conventional local EFT in the limit where the valley-
sector projection is dropped.

2.1 Microscopic Schrodinger equation

The electronic state of a single electron in a semiconductor nanostructure is described by the stationary
microscopic Schrddinger equation

(_Qh_WjOVQ +V(r)+U (I‘)) Vo (r) = Ea¥, (1), (1)

where my, is the vacuum electron mass, V is the lattice-periodic crystal potential, and U is a non-
periodic mesoscopic confinement potential. The index « labels the energy eigenvalues E,, and wave
functions W . Throughout this paper, we assume that the potential V' describes a perfectly periodic
Si crystal (diamond structure), whereas the effects of Ge atoms forming the heterostructure are
phenomenologically included in the mesoscopic potential U [40]. The potential U also includes the
potential of the gate-induced electric fields defining the QD.

2.2 Multi-valley envelope wave function

We expand the microscopic wave function in Bloch eigenstates of the lattice-periodic potential V" and
derive an exact equation for the corresponding envelope functions. Throughout this work, exact refers to
the formally exact envelope-function representation (without slowly varying potential approximation) and
not to atomistic correctness of the chosen potential U. This goes beyond conventional EFT and effective-
mass theory [24, 25, 27-29, 31], which relies on the assumption that the mesoscopic confinement
potential varies slowly on the scale of the lattice. This assumption is challenged by sharp interfaces [14],
narrow Ge spikes [15], and highly oscillatory “wiggle-well” profiles [16, 19] considered in modern
Si/SiGe qubit heterostructures. To avoid this limitation, we employ the exact EFT developed by Burt and
Foreman [34—37], which yields a set of coupled integro-differential equations with a non-local potential
energy operator. Klymenko et al. [38, 39] extended this framework to multi-valley semiconductors by
decomposing the Brillouin zone into non-overlapping, valley-specific sectors, as illustrated in Fig. 1.

We consider the ansatz

\Ijoz (I‘) = Z Un, ko (I’) Fn,ko,a (I‘) s (2)

n,ko

where u,, k, are the lattice-periodic Bloch factors and [, i, . are envelope wave functions labeled by
the band index n and valley index k. A detailed justification of the ansatz is given in Appendix A. The
Bloch factors satisfy

(5 T+ 4V ) s ) = Bt (0 @

mo

evaluated at the valley wave vectors k = k(. We consider biaxially strained Si, for which the two valleys
at £k = (0,0, iko)T are energetically separated from the remaining four conduction band valleys
[41, 42]. The strained lattice-periodic potential can be modeled, e.g., using empirical pseudopotentials
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[40, 43, 44]. The lattice-periodic Bloch factors can be expressed as a Fourier series over reciprocal
lattice vectors G
Ungey (1) = D €970, (G) . (4)
G

To ensure uniqueness of the ansatz (2), the Fourier expansion of the envelope functions F,, i, . is
restricted to plane wave components from their respective valley-sectors .S (k) as

Frga (r) = Y ™" Fu0(K) (5)
KesS ko
— Z IK.rzcka (G)Y, (K+G),
KeS(ko) G

where K = (k + k) € S (ko). The dominant component of the envelope wave function F}, x,  is a
plane wave with wave vector k. We define a slowly varying envelope

fn,ko,a (I‘) - e_iko'r n,ko, (I‘) ’ (6)

where the rapid valley-scale oscillations are absorbed.

2.3 Orthonormality and completeness

The eigenstates of the full single-electron problem (1) form an orthonormal basis set that is complete
with respect to the L? norm over the crystal volume V/,

/ dPr ¥ (r) Uy (1) = Saor, (7a)
Ve
> U ()W (X)) =0(r—1). (7b)

For the Bloch factors with a fixed wave vector k, we assume orthonormalization over the primitive unit
cell volume €2, and completeness on the space of lattice-periodic functions

1

O / dgr U:; k (I‘) Un/ k (I‘) = 5n,n’a (8a)
Q, Q, '

1
O Z Uy, y () Un e (v') = 0 (r — 7). (8b)
P n

The orthogonality relations (7a) and (8a) imply orthonormality of the envelopes after summation over all

bands and valleys

Z/ d37’ F* koo )Fn,ko,o/ (I‘) = (Sa,a’- (9a)
n,ko

Moreover, the envelopes are complete on the space of band-limited functions (restricted to Fourier

components from the valley-sectors S (ko))

D Fusoa (8) Fir o (F) = GO 1y Diey (1 = 1) . (9b)

In Eq. (9b), we have introduced a truncated (sector-projected) delta function adapted to the valley-sector
S (ko) [39] .
A (r—1) == Y &), (10)

¢ KeS(ko)
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where the summation range in momentum space is restricted to K € S (kg). Hence, Ay, is the
kernel of the projector onto .S (kg ), admitting only plane wave components from this valley-sector of the
Brillouin zone. The function plays a key role in the exact multi-valley EFT considered here, especially
to guarantee gauge invariance (under shifts of the reference energy) of the intervalley coupling as
pointed out in Sec. 3.2 below. For the envelope wave functions I, i, . compatible with Eq. (5), the
valley-matched function Ay, (r — r’) acts as a conventional Dirac delta function

/ d37”l Ako (I‘ - I‘/) kafya (I'/) = 6ko,k6Fn,ko,a (I') . (1 1)

c

When extending the summation range to the full momentum space (dropping the restriction to valley-
sectors), the truncated delta function approaches the conventional Dirac delta function. We note the
properties

k@ —1)=Ag (' —1)=A_, (r—1). (12)

2.4 Multi-valley envelope equation

Substituting the ansatz (2) into the microscopic Schrédinger equation (1) yields, without invoking a
slowly varying potential approximation, an eigenvalue equation for the envelopes [40]:

h? . h
EaFnioa (r) = = 2m Vi (1) 1) g P (ko) - VE k. (T) (13)
h? ’
+ 2_% (Tn,n’ (kO) + Vn,n’ (kO)) Fn’,ko,a (I‘)
+) / a3 Ulf(;ﬁ;& (r,r') Fpag o (') -
n'k} < Ve

The matrix elements of the momentum, kinetic energy, and the lattice-periodic part of the potential
energy read

Pnn/ (ko) = Z Cz,ko (G) hGen i, (G),
G

h2G?
(ko) = e (G) — i (G
Tn,n ( 0) Z cn,ko ( ) 2m0 Cn’ ko ( ) ;

G
Vi (ko) = Z Cz,ko (G)V (G - G/) Cn’ ko (G,) .

G,G’

The non-local term in Eq. (13) involves the matrix elements of the mesoscopic potential

Uﬁonlig) (r,7) = /v A" Ay, (r —1”) U 1o ("YU (x") Upy i (r") Ay (" —1'). (14

The matrix element Ulzgnll, has a project-multiply-project structure and gives rise to a coupling between
70
valley states.

Rewriting the envelope equation (13) in terms of the slowly varying envelopes f;, k,., We obtain using
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the Bloch equation (3) at k = kg the system

Eozfn,ko,a (I‘) - I:In ko ( ) fn,koya (I‘) (15)

hQ
— (_Q_V -+ En k0> fn,ko,a (I')

mo
1_ Z pn n’ + hkO(Sn n’ ) an’,ko,a (I')
+ Z/ ar' g "k, (r,1") fur o ()

/ k/

where we introduced the transformed non-local kernel
n —i(kg-r—K/, 1’ n’
Uy (T,1) = e (kor—lyr )Uﬁo?ka (r,r). (16)

The kernel has the symmetry properties

*
(e (0, = g, (0) =W Ly (1), (17)

which follows from Eg. (12) and the identity for the lattice-periodic Bloch factors w,, i, (r) = u: ().
In combination with suitable boundary conditions (i.e., homogeneous Dirichlet or periodic boundary
conditions), the symmetry (17) along with completeness (9b) guarantees self-adjointness of the
Hamiltonian fIn,kO, ie.,

Z/ & [ o )( Hy ko frxoa ( Z/ d*r n,kofn,ko,a’ (1‘)>*fn,k0,a (r)

n,ko n,ko

with I:In k, = H'. . This ensures a real-valued energy spectrum E, € R.
» KO n,ko

2.5 Single-band model (effective mass approximation)

The system of envelope equations (15) is reduced to an effective single-band model by perturbatively
decoupling the conduction band . = ¢ from remote bands labeled by r # ¢, e.g., via a Schrieffer—Wolff
transformation or Loéwdin renormalization. Following [40], we obtain

h?
Eafc,ko,a (I‘) = __v (mckovfc ko,a ( )) + Ec,kofc,kg,a (I') (18)

+Z/ d3 ue K (r,1") fere o (1)

with the inverse effective mass tensor of the conduction band valley states given as

1 2 P (ko) ® P, (ko)
Mgy = ——laxa + —5 :
0

(19)
my ” Ec,ko - Eﬁko

We emphasize that only the interband coupling has been eliminated in Eq. (18), whereas the intervalley
coupling structure mediated by the mesoscopic potential was kept intact.

DOI 10.20347/WIAS.PREPRINT.3260 Berlin 2026



Exact multi-valley envelope function theory of valley splitting in Si/SiGe nanostructures 7

2.6 Local limit: Conventional envelope function theory

The conventional envelope function model is recovered by dropping the valley-sector projection. This is
equivalent to replacing the truncated delta functions (10) in the mesoscopic potential matrix elements
(16) by conventional Dirac delta functions

A, (r—1') = d0(r—1').

As a consequence, the uniqueness of the decomposition (2) is lost, which matters whenever the
envelopes f, k,, develop short-wavelength components outside of their valley sectors. In this local
limit, the matrix elements (16) reduce to

Uy, 1y (T, F/)‘IOC = e_i(ko_ka)'ruio (r) U (r)ug (r) o (r—1').
Approximating the rapidly oscillating Bloch factors in the intravalley matrix elements (ko = ki) as
Jusey (1)]” =~ 1,

one arrives at the local envelope equation model

Eoflfty 0 (1) = (B + 1) £5%, 0 () (20)
with
agt hz 1
HOOC = —?V . m;kov + EC7k0 + U (I‘) 3
]f[ioc _ Z e—i(ko—ké)-ruik(0 (I') U (I‘) uig (I‘) .
ko #ko

The model (20) has been widely employed in the silicon qubit literature [17, 18, 40, 45, 46]. In this
model, the envelopes are typically dominated by long-wavelength components, but there is no projection
mechanism that enforces valley-sector band limitation. In the following section, we point out that it is
this inconsistency of local EFT, which leads to a violation of gauge invariance and ambiguity in the
magnitude of the intervalley coupling.

3 Theory of valley splitting

3.1 Coupled two-valley envelope model

We consider a biaxially strained Si/SiGe QW grown along the [001] crystallographic direction and
restrict the model to the two low-energy conduction band valleys at k(jf = (0,0, iko)T, see Fig. 1 (b).
Omitting the band index, we collect the corresponding slowly varying envelopes in

We assume identical conduction band edges E. = E, 1 and effective mass tensors m, = m,, = for
the two valleys. The resulting two-component eigenvalue problem reads

E.f, (r) = Hf, (r), (21)
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where the non-local Hamiltonian is decomposed into an intravalley and an intervalley contribution:
H=Hy+ H,.
The intravalley Hamiltonian reads

Hof, (r) = (——v (m,'V) + )fa (r) (22)

d3 / uk+ k+ r,r 0 fa (I‘/)
Uy kg (r, 1)

:( 0 Ho‘) fa )

where ItA[Oi denote the corresponding non-local single-valley operators acting on the envelopes. The
intervalley Hamiltonian reads

ﬁlfa (I‘) _ / a3y ( 0 / Uyt ko(r I') > £, (I'/) : (23)

Uy kit (r,r')

where hermiticity is ensured by ulig,kg (r, 1) = w1+ (r,1'). We take me = diag (m¢, my, mu),
with transverse mass m; and longitudinal mass m,;.

Because the mesoscopic potential enters through valley-projected non-local kernels, the problem (21)
is a non-local generalization of the widely used two-valley effective-mass model [17, 18, 40, 45, 46]. In
contrast to conventional (local) EFT, however, the two intravalley operators Hg[ are not identical due to

the different mesoscopic potential matrix elements u + ;- and u, - , ~. Instead, the two components
are related by complex conjugation

(f5) = Hy, 4)

which follows from «*

kg kg (r,r') = Upet 1 (r,r'), see Eq. (17).

3.2 Invariance under reference energy shifts

The physics of the coupled two-valley system (21) must be invariant under a constant offset of the
confinement potential (choice of reference energy) by an arbitrary constant Uy

U(r) = Ul(r)+ Uy,
E,— E,+U,.

In particular, the intervalley coupling must remain invariant, even though f[l depends explicitly on U.

In the non-local model (21), the intravalley (ko = kj) and the intervalley (ko # k{) matrix elements of
the mesoscopic potential uy, k! (r, r’) transform differently under the global shift. By a straightforward
computation, we obtain

/) U—=U+Ug

ukmk{) ( —_— Uk,, k, (I‘, I'/> + U06ko7k6Ak0 (I‘ - IJ) ) (25)
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Exact multi-valley envelope function theory of valley splitting in Si/SiGe nanostructures 9

see Appendix B for details. Consequently, the valley-sector projection ensures that the offset U, shifts
only the diagonal (intravalley) terms, while it cancels exactly in the off-diagonal (intervalley) terms:

5 U—U+Up
Hy ———

5 U—UAU
H ——

Hy + Up o,
H.
The shift in Ho is compensated by the simultaneous shift of the energy eigenvalues £, — E, + Uy,

leaving the eigenvalue problem (21) invariant. The same argument extends directly to the multi-band
system (15).

Crucially, this invariance relies on the valley-sector projection built into the exact EFT. By contrast, the
conventional local envelope equation (20) omits this projection, and the transformation U — U + Uy
produces an additional contribution to the intervalley Hamiltonian,

[f[ioc U—U+Uy ﬁ—ioc + UO Z e—i(ko—ké)ruiio (I‘) uk6 (I‘),
ko #ko

i.e., an unphysical dependence of the intervalley coupling on the choice of energy reference. In Sec. 4
we quantify the resulting ambiguity for several heterostructures using the perturbative expression for
the intervalley coupling matrix element derived next.

3.3 Perturbation theory

We treat the intervalley coupling Hamiltonian I—L as a weak perturbation and write
Eofo (v) = (Ho + 1)) £ (x)
with a formal small parameter €. Expanding the envelope and the energy eigenvalue to first order
fo (r) = £ (r) + £V (r) + O (7)),
Ey,=EY +cE} + 0 (%)

yields the standard degenerate-perturbation-theory problem. We assume orthonormalization of the full
envelopes

/ d*r £l (r) - £ (r) = Saor

c

and of their zeroth-order components

[ 60 )0 ) =60

At ¢ = 0, the two valleys are decoupled
EVfO) (r) = Hyf O (x) . (26)

« « «

Using the two linearly independent basis vectors
(0) 0
£0 (1) = D@ ) £ )= 0 ,
-I—,a( ) OO . ( ) flia),a (I‘)
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the system is reduced to two scalar eigenproblems

HY £ (1) = B LY (@), (272)
Hy £ (1) = EP Y (r). (27b)

Because ﬁo_ = (ﬁ;) , the spectrum is two-fold degenerate and the eigenfunctions may be chosen
such that

(12, @) =12, )

2
/ds‘m) )

The first-order problem in O (&) reads

with normalization

EOfD (r) + EOEO) (r) = Hf W (r) + H £ (r). (28)

Since the spectrum of the unperturbed single-valley problem is two-fold degenerate, we employ
degenerate perturbation theory to compute the first-order correction of the energy eigenvalues. Thus
we consider a superposition of the orthogonal modes spanning the degenerate subspace f((lo) (r) =

n+f4(£)a (r) + n_fi(?)a (r) and derive a system for the amplitudes 7). After projection onto the basis

modes, we arrive at
0 A N+ _ g ( T+
A* 0 - @ n—

with the complex-valued intervalley coupling matrix element

A= [ @ [ @ gl g ) 12 @), 29)

The first-order eigenvalues are E&l) =

Evs = 2|A|.
In Eq. (29), the intervalley coupling matrix element is expressed as a two-fold integral over a non-local
kernel. Using the definitions of the mesoscopic potential matrix elements, this expression can be
rewritten in a form that resembles the conventional EFT result, but with the crucial difference that the

envelopes are restricted to their valley-specific Brillouin zone sectors. Substituting the expressions (14)
and (16) for the matrix element, we arrive at

—i(kT r—k; '
/dd /d‘sT’f (r)e (ki r—kg )ng,kg (r,r’)flio,)a(r/)
- / d3r / d%" Flig{a (1~>>*Ak(T (r = ") ups (") U (") g, (2")

/ &' Ay (1" =) BY (1)
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Symbol Description Value

ap Si lattice constant 0.543 nm
AFE, Si/Ge conduction band offset 0.5eV

Q, atomic volume (ag/2)"

ko valley wave number 0.8394 x 27 /ay
my transverse effective mass 0.209 mg
my longitudinal effective mass 0.909 my
h thickness of the QW domain 75 ML

Ous 01 upper and lower interface width 0.5 nm
X, nominal Ge concentration in barrier 0.3

hw,, hw,  circular QD orbital energy splitting 3meV

F vertical electric field 3mV/nm

Tab. 1. Parameters used in the numerical simulations if not stated otherwise. A complete list of parameters including also
the empirical pseudopotential model is given in Ref. [40]. Here, my is the vacuum electron mass and ML = aq/4 is the
silicon monolayer thickness.

with Fli(i) (r) = eikﬁi'rfli(f (r). Using the convolution property (11), we obtain
0 & 0

A= [ atre e @ 00U () ()£, @), 0

+ —
0 kg o

which is formally identical to the expression obtained within conventional EFT [40]. The distinction is
that in the exact EFT the envelopes are valley-sector projected, so that

U—U+U,
A L2U+00 0 A

By contrast, local EFT evaluates the same expression using envelopes that are not constrained to a
single valley sector. This sector leakage permits an unphysical dependence of A on global potential
offsets and therefore violates invariance with respect to the choice of the reference energy.

4 Numerical simulations

In this section, we compute the valley splitting for several Si/SiGe heterostructure designs, including
rapidly varying Ge concentration profiles relevant for electron qubits. The computations use an effective
one-dimensional model for the vertical confinement and extract the valley splitting from the perturbative
intervalley coupling matrix element derived in Sec. 3.3. Throughout, we compare the exact non-local
EFT with the conventional local approximation and with a projected-local (spectrally filtered) model
introduced below.

4.1 Mesoscopic confinement potential

We consider a separable mesoscopic confinement potential of the form

U(r)=U, (2) 4+ Ugp (z,y)

DOI 10.20347/WIAS.PREPRINT.3260 Berlin 2026



L. Ermoneit, A. Thayil, T. Koprucki, M. Kantner 12

where U, (z) = Ung (2) + Ur (2) describes the vertical confinement due to the epitaxial layer stack
and an applied electric field. We model the heterostructure contribution as Uy, = AE. X (z) where
AFE, is the Si/Ge conduction band offset and X (z) is the vertical Ge concentration profile. The
electric-field potential is Up (z) = —eo 'z with elementary charge ¢, and field strength F'. We write
the concentration profile as

X (2) = Xqw (2) + Xmoa (2) ,

where Xqw (2) = X, (1 — = (z)) represents a smoothed QW with barrier concentration X,. The

QW shape function is
1 h
Z(z)=<= (tanh (Z i ) — tanh (i>) , (31)
2 o Oy

where £ is the QW thickness and o,,; is the width of the upper and lower interface, respectively. The
term X,,0q4 (2) encodes engineered modifications of the QW profile, such as wiggle wells and Ge
spikes considered below.

The in-plane confinement is modeled by a two-dimensional harmonic oscillator

1 1
Uap (2,y) = Emtwix2 + émth?f,
where w; , controls the lateral QD size. Effects of alloy disorder studied in Refs. [40, 47] are neglected
in this work.

4.2 Effective one-dimensional Schrédinger equation

The zeroth-order (single-valley) envelope Flﬁfj?a obeys an effective one-dimensional Schrédinger equa-
tion derived in Appendix C. In Fourier space, the exact non-local equation reads

O ()= (B b L s+ hop) ) FO ()
2Tkl a o 2my c 2 ‘ v kg
+ 3 Y BUL (K ~ K +nGo,.) Fli?ﬂ (K" (32)

K’'eS; nez

for K € S, where S, denotes the valley-specific Brillouin zone segment. The problem is formulated in
Fourier space to enforce the restriction K € S, explicitly. See Appendix D for details on the numerical
method. The envelope of the opposite valley state follows from the identity

(0) (7O ()
RO (K) = (R, (-K))
for K € S_. The corresponding slowly varying envelopes are obtained via a shift of the spectral support
as ga (K) = Féi)a (K + ko) for K € S4. Using the same approximation (49) as in Appendix C,
the in%ervalley coupl?ng matrix element is obtained as

A= Z e / dze Gt O () UL (2) 2, (2) (33)
with coefficients [40]
0 = 3 ity (@) (@)-crac o

Numerical values for Cff) including their shear strain dependence are given in Tab. 2.
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Fig. 2. (a) Comparison of the eigenstates of a wiggle well heterostructure (40) with wave number ¢ = 2k; and Ge
concentration Xy, = 0.1 for a QW with thickness h = 72 ML. Absolute squares of slowly varying envelopes are shown
as solutions of the the non-local eigenvalue problem (32) and its local approximation (35). In addition, the projected local
envelope according to Eq. (38) is shown as a dashed line for the ground state. The inset shows a zoom on the vertical
electron density distribution, which reveals a spurious modulation with frequency around 2k; on the local envelope, which
is suppressed in the exact non-local model. (b) Power spectral densities (PSD) of the ground state envelopes. The local
envelope equation (35) does not impose any band-limitation on the envelope, such that it in general contains Fourier
components outside of is valley-sector. In contrast, the valley sector restriction is handled exactly in the non-local model
(32). Note that while Fli? is restricted to k € (0,27 (1 — ¢, _,) /ao), the domain is shifted by —ko to k € (—ko, +k1)

for the slowly varying envelope flig). The PSDs are scaled to unity at &k = 0.
0

The results of the non-local model are compared with the local approximation, where the corresponding
Schrédinger equation describing the uncoupled single-valley envelope flg)c)a (2)

h2 82

0
EaflE)c),a (2) = S 972

R G4 (Bt g o 4 1) + UL (2)) A2, () @9
is solved directly in position space. Since the Hamiltonian in Eq. (35) is real, the envelope may be
chosen real and is identical for both valleys. As a consequence, we can omit the valley index ka—L for the
slowly varying envelope in the local approximation. Unlike the exact non-local problem, the local model
does not enforce valley-sector band limitation, so the envelope can acquire short-wavelength Fourier
components outside the relevant Brillouin zone segment.
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4.3 Gauge ambiguity in the local model

The corresponding local approximation to the intervalley coupling matrix element Ay, is obtained from
(33) by substituting fﬁg?a (2) = flf)oc)@ (z) as

, 2
Ajpe = Z Cc? /dz e iGkotnGoL)zrT () ( 1(0(2& (z)) : (36)

Because the local model is not invariant under global potential offsets, see Sec. 3.2, A, is not
uniquely defined with respect to the choice of energy reference. Under such an offset, the local
intervalley coupling transforms as

U—U~+Uy
Aloc —_— Aloc + UOR7

where the sensitivity to a constant shift is quantified by the ambiguity measure
. 2
R=) CY / dze @otnGoaz (10 () 37)
n

The predicted valley splitting

U—U+Uy
—

EYS = 2| Ao 2| Ale + UgR| < 2|Ae| + 200 | R|

thus becomes energy-reference dependent. Even if the local envelope is close to the non-local envelope
with not much spectral weight outside of the admitted Brillouin zone segment, see Fig. 2, the effect on
FEyg can be strong already for moderate U of a few 100 meV.

A practical consequence is that a local-EFT calculation can be made to “agree” with a measured valley
splitting by an unphysical adjustment of the reference energy whenever R is non-negligible. Such
offsets can arise in practice from different conventions for band-edge reference energies and potential
offsets used across heterostructure and electrostatic modeling workflows, even though the underlying
physics is unchanged. This undermines the use of the local model for quantitative prediction and for
validating experimental interpretations in sharply varying confinement landscapes.

4.4 Projected local model via spectral filtration

To approximately restore valley-sector band limitation within the local model, we project the local
envelope onto the corresponding valley sector,

flig)a (2) = /dzl Ap, (2= 2') e”'kO(zle)fl(o(??a () (38)

for ko € {kg,k; } followed by normalization.

The resulting projected-local approximation to the intervalley coupling matrix element is

filtered 2 —i(2ko+nGo,»)z F(0)* #0

Afered = 32 / dz e ihotnc fO° () UL (2) £, (2). (39)
neL

By construction, Afggered is invariant under global potential offsets, but it may deviate quantitatively from

the exact non-local result. Below we benchmark this approximation for several heterostructure designs.
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Fig. 3. Valley splitting in a conventional QW with smoothed interfaces. (a) Dependence of the valley splitting on the QW
interface width o. The local model shows a strong (unphysical) dependence on the reference energy, which is illustrated
by global offsets ranging from Uy = 0eV to Uy = 1 eV (color-coded). The projected local envelope approach (dashed,
orange) closely approximates the exact result (red, solid). (b) The magnitude of the ambiguity measure 2 |R| increases with
decreasing interface width. The inset shows a parametric plot of R in the complex plane. (c) Valley splitting as a function of
the QW width h. The projected-local model remains in very good agreement with the non-local result, while the local model
deviates strongly for thin wells where the slowly varying potential approximation breaks down.
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4.5 Simulation results
4.5.1 Interface width

We first consider a conventional QW with X (z) = Xqw () in a vertical electric field and vary
the width o of the Si/SiGe interface (here we assume 0 = o, = 07). Figure 3(a) compares the
valley splitting obtained from the exact non-local model, the conventional local approximation, and
the projected-local (filtered) model. For smooth interfaces, the ambiguity measure | R| is small, see
Fig. 3 (b), and all approaches yield similar results. In contrast, for sharp interfaces on the scale of a few
monolayers the local model develops a pronounced energy-reference dependence, leading to large
deviations from the exact non-local prediction. Projecting the local envelope onto the valley sector via
Eq. (38) largely removes this inconsistency and yields close agreement with the exact result across the
range of o considered.

4.5.2 Quantum well width

Next, we compute the valley splitting of a conventional QW in an electric field as a function of the well
width A, see Fig. 3 (c). For thin QWs, the confinement potential varies rapidly and the slowly varying
approximation underlying the local model breaks down [37]. Correspondingly, the local prediction
becomes strongly energy-reference dependent and deviates from the exact non-local result, while the
projected-local model remains in good agreement. The plot reveals several minima of the valley splitting
at specific well widths, where the sinc-like Fourier spectrum of the finite-width QW potential has very
small amplitudes at wave numbers governing the intervalley coupling (in particular near 2k and 2k1).

4.5.3 Electric field dependency

Figure 4 shows the valley splitting as a function of the vertical electric field F' for a mirror-symmetric
Ge concentration profile (o, = ;). For a spatially symmetric heterostructure, the results must satisfy
Eys (F) = Eys (—F). In the simulations the QW is placed asymmetrically within the computational
domain (upper interface at z = 0), so that changing [ also changes the absolute potential reference
across the domain. The conventional local model therefore exhibits an unphysical asymmetry under
" — —F, reflecting its energy-reference dependence. We note that the unphysical reference energy
dependence here is intertwined with a spurious coordinate dependence. In contrast, both the exact
non-local model and the projected-local model obey the required symmetry and agree quantitatively
over the field range considered.

4.5.4 Wiggle well

Oscillating Ge concentration profiles within the QW, known as wiggle wells, can lead to strong enhance-
ments of the intervalley coupling matrix element when the modulation wave number is resonant with the
valley wave-vector separation [16—19, 23, 40, 47]. Within the continuum approach followed here, the
wiggle well is described by a Ge concentration profile of the form X (2) = Xqw (2) + Xmoa (%) with
1 —

Xinod (2) = §XWW (14 cos(qz)) Z(z), (40)
where X, is the Ge concentration amplitude, ¢ is the wiggle well wave number and = () is the QW
shape function, see Eq. (31). Numerical results for a wiggle well profile with varying wave number
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Fig. 4. Valley splitting as a function of the vertical electric field F' for a mirror-symmetric QW. The exact non-local and
projected-local models satisfy Evg (F)) = Evys (—F) as required by symmetry. The conventional local model exhibits
an unphysical asymmetry and a strong dependence on the reference energy (illustrated by offsets Uy with the same
color-coding as in Fig. 3).

q are shown in Fig. 5 (a). Both the local and the non-local models capture the strong enhancement
at ¢ = 2ko (“short-period wiggle well”, period length A\ = 7/ko ~ 2.4 ML), which corresponds to
resonant coupling of valley states within the same Brillouin zone, cf. Fig. 1(a). A second resonance
appears at ¢ = 2k, where

k’l = 27T(1 — 5Z,Z)/a0 — ]{70 (41)

is the distance from the valley minimum to the Brillouin zone edge. This “long-period wiggle well” has a
period length of A = 7 /k; ~ 11.8 ML and triggers a resonance between valley states in neighboring
Brillouin zones. The underlying resonance mechanism, however, is blocked in highly symmetric silicon
lattices and must be unlocked by either alloy disorder [17, 23] or shear strain [18, 40]. Near this
2k, -resonance, the conventional local model exhibits a pronounced energy-reference dependence,
whereas the projected-local model closely tracks the exact non-local result.

4.5.5 Germanium spike

Finally, we consider a Ge spike inside the QW [15, 21, 48], modeled by X (2) = Xqw (2) + Xmoa (2)

with a Gaussian spike
1/2—2.\°
Xmo :Xs —— [ —== ) 42
2 (2) peXp<2( — )) 2)

where X, is the peak Ge concentration, 2}, is the spike position and o, is the spike width. Figure 5 (b)
shows the resulting valley splitting as a function of the spike position z,,. Because the spike introduces
a sharp feature in U, (z), especially at high Ge peak concentrations, the local model can acquire
substantial short-wavelength components and exhibits strong energy-reference dependence. The
projected-local approximation substantially reduces this artifact but tends to overestimate the exact
non-local result, indicating that simple projection does not capture all aspects of the non-local model.
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Fig. 5. Valley splitting in unconventional heterostructures. (a) Valley splitting in a wiggle well with Ge amplitude X, = 0.05
and varying wave number q. The dominant resonances at ¢ = 2kg and ¢ = 2k, are captured by both the local and
the non-local model, but the quantitative results near ¢ = 2k, show a strong unphysical reference energy dependence
when using the local model. (b) Numerical results for a Ge spike with amplitude x; = 0.6 and width 05 = 2 ML. The
predictions of local and non-local theory differ significantly due to the sharp feature in the mesoscopic potential, which leads
to unphysical contributions from short-wavelength components in the local EFT. The projected-local envelope approach is in
good qualitative agreement with the exact result from the non-local model, but it tends to overestimate the actual valley
splitting.

5 Summary and conclusion

Accurate modeling of valley splitting in Si/SiGe nanostructures is essential for assessing and designing
heterostructures for spin-qubit devices. Conventional local envelope function theory (EFT) is com-
putationally efficient, but for multi-valley semiconductors it implicitly requires that the envelope wave
functions remain confined to valley-specific sectors of the Brillouin zone. In heterostructures with
atomically sharp interfaces or engineered Ge profiles, this band-limitation is generically violated in the
local model, leading to spectral leakage between valley sectors. A particularly severe consequence
is that the intervalley coupling matrix element obtained from the local theory acquires an unphysical
dependence on the choice of energy reference, i.e., it is not invariant under global potential offsets.
This energy-reference dependence renders the valley splitting predicted by the local model non-unique,
complicating both quantitative prediction and the interpretation of experimental data in sharply varying
potential landscapes.
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In this work, we developed an exact multi-valley EFT of Burt—Foreman type that treats the valley-sector
projection exactly and yields a non-local envelope equation for the band-limited envelopes. Within this
framework, the intervalley coupling and the valley splitting are uniquely defined and strictly invariant
under global shifts of the confinement potential. We have quantified the magnitude of the unphysical
ambiguity of the local envelope model by numerical simulations of a number of Si/SiGe heterostructure
designs and benchmarked a simple projected-local (spectrally filtered) approximation. The projected-
local approach restores the energy-reference invariance and approximates the exact non-local results
well in most cases.

A Justification of the expansion ansatz

We consider an expansion of the microscopic wave function in Bloch waves (linear combination of bulk

eigenstates)
= Z Z an,k7a¢n,k (I‘) (43)
n keFBZ
where the Bloch wave function reads
1 ik-r
r)=—e u r.
¢n7k( ) \/Vc n,k( )

The summation over plane wave components is restricted to the first Brillouin zone (FBZ). The Bloch
factors u,, (r) are complete and orthogonal on the space of lattice-periodic functions, see Egs. (8b)—
(8a). The Bloch waves satisfy

/ dST (ﬁ:;k (I‘) ¢n/,k’ (I') = 5n,n’5k,k’7
Ve
> G (1) 6 (1) = 8 (r — 1)
n,k

Along with the requirements on the expansion coefficients Zn ZkeFBZ a;k’aan,k@/ = 0q,o’ and
Yo Unk,alpy 1 o0 = On.n Ok i/, this guarantees complete orthonormality of the microscopic wave
function (7a)—(7b).

For multi-valley systems it is convenient to rewrite (43) using the decomposition of the Brillouin zone
into non-overlapping valley-specific sectors

FBZ = J S (ko).
ko
see Fig. 1(b), as
\Ij Z Z anKa¢nK Z Z anKa K unK() (44)
n,ko KeS(ko) n,ko KeS(ko)

where K is the crystal momentum in the respective valley-sector (not shifted). Using the completeness
of Bloch factors (8b), we write Eq. (44) as

DK m\r /dé’"Q >t 1) Pt ) )

n,ko KeS(k

=t ) ()

m,ko KeS(ko)

5(1‘ r’)
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with the Fourier domain envelope wave function

1 d3r’
Fren (K) = —— S a0 / e @) unk ().
’ ‘/C ; Qp Qp o
Using inverse Fourier transform
Fm,ko,a (I‘) = Z eiK.rFm,kg,a (K) )
KeS(ko)

we arrive at the ansatz (2) used in the main text. The properties (9a)—(9b) of the envelope wave
function F), k, « follow directly from the considerations above. The restriction KX € .S (ko) prevents
overcompleteness and is the origin of the sector-projected delta function Ay, used in the exact theory.

B Proof of gauge invariance

We consider U (r) — U (r) + Uy. Using (14) we obtain

n,n’ n U—=U+Uo n,n’ / n,n’
Ukmk{) (r,r') — Uko,k{J (r.r') + T,

where the new term involving the constant U is
T, (r.r) = Uy / Q1 Dy (1= 1) g (1) s (1) Ay (1 — 1)
The new term is evaluated in Fourier domain using Egs. (4) and (10) as
T ) = U 3 Y e S (@) e (@) %
© KeS(ko) KreS (k) ) G.G'

1 : el R AN/
% — dST”e_l(G G'+K-K')-r )

\‘/C VC

-~

=0a_a/1K-K’/0
Carrying out the summation over K’ yields
ying y

n,n’ ’ 1 ,
Tk(;,kg (r,r') = Uov Z Z X S (ko) (K) XS(kg) (G—-G +K)x

¢ K GG
* n K- (r—r') —i(G-G')-r’
X Chi (G) Crpe (G') e (r=r") g =il )
where we used the indicator function

1 Ke Sk,
XS(ko) (K) = {0
else

that is non-zero only for plane wave components from the corresponding Brillouin zone sector. Since
the combination of reciprocal lattice vectors (G — G') is within the first Brillouin zone only for G = G/,
we arrive at

n,n’ 1 iK-(r—r’ *
Tko7,k6 (r,r) = UOV Z Xsko) (K) Xs(x}) (K) et Z o (G) Cnrig (G)
¢ K G
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n C’T(LZ) B,
—4 1.84 x 1073 B,
-3 0.599 -, B3
—9 —9.44 x 1072 B,
-1 —31.8 - €4, By
0 —0.221 1.0
1 —0.402 - £, 2.92-¢,,
2 1.58 x 1073 —5.79 x 1074
3 1.04 x 1072 - &, —8.55x 1072 - £,
4 3.35 x 107° —2.47 x 107*

Tab. 2. Leading coefficients C’,(LQ) contributing to the valley splitting, see Eq. (34), and B,, to the effective one-dimensional
unperturbed single-valley problem, see Eq. (51). The coefficients were computed using empirical pseudopotential theory
[40] for a strained silicon crystal with strain tensor (48). The linear dependence of odd-integer coefficients on shear strain
was obtained from a least-squares fit to numerical data.

Since the Brillouin zone sectors are disjoint S (ko) NS (k{) = 0 for ko # ki, it holds
Xs(ico) (K) X 1) (K) = O 1, Xs o) (K -

Using the orthogonality relation
Z ko (G) ko (G) = Gnry
G

we arrive at
n,n’ no_ /
T, (1,1) = Uo O, Oy 1y Ay (r — 1)

which implies the identity (25) stated in the main text.

C Effective one-dimensional Schrodinger equation

We consider the zeroth-order single-valley problem (27a)

hQ / / /
Eafli?@ (r) = (—5V' (m'V) + E) fﬁ?’a (r) + / A sy (0,0) £ (1) (48)

+
0%

%
arising in degenerate perturbation theory. The ground state slowly varying envelope flioﬁ = f@)
enters the intervalley coupling matrix element in first-order perturbation theory. In Eq. (45), (‘Ehe intravglley
kernel Upet 1 contains rapidly oscillating Bloch factors, which weakly break the symmetry of the
mesoscopic potential U. As a result, the envelope is not strictly separable. To obtain a tractable model
for gate-defined QDs with lateral length scales [, , > a, we (i) approximate separability into in-plane
and vertical components, (ii) integrate out the transverse coordinates using the harmonic-oscillator
ground state, and (iii) exploit the valley-sector projection to formulate the resulting one-dimensional
problem in Fourier space on the admitted Brillouin zone segment.

Since the in-plane confinement varies slowly, we impose the separation ansatz

S o0) = dola, ) 7 (2) (46)
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with the ground state wave function of the two-dimensional harmonic oscillator

do(e,y) = /il;/ae_é(m/ 2 We‘é(y/ W*,
which obey
1 R [ 0? 0?
2 (s + hwy) %o (@,y) = {_ 2my (axz + 8y2> +Uar @ y)] Pol@3). )

We assume that the QD is much larger than the atomic unit cell [, ,, > ao, where [, , = (71/7717@%7?/)1/2

In this limit, we approximate the truncated delta function as
A, (r =) m 0 (x = 2") 6 (y — ) Ay, (2 — ),

since the restriction to the valley-sectors is only relevant in the growth direction of the heterostructure
via

dK . ,
Ap (2~ ) = / AR re-s,
S

+27r

where Sy = (O, Z—Z 11— 5272]) is the one-dimensional Brillouin zone segment. Here we consider a
strain-induced modification of the Brillouin zone edge due to biaxial strain arising in pseudomorphic
lattice-matched growth of the SiGe heterostructure. In addition, we assume a weak shear strain ¢, ,,
within the QW layer along the [110] direction. The full strain tensor reads [40]

€|| Exy 0
€ Exy €| 0 (48)
0 0 gl

Integrating (45) with ¢, (, y) over the transverse plane and using (46) and (47) yields

2 2
© — o B 1 FO
EO‘Fk(T,a(Z) ( 2m18z2+ c+4(hwx+ﬁwy) kgva(z)
+ / A2 A (2= 2) U () B ()
0 %
with 9 (2) = %0z £ () and the effective potential
kg‘,a ka’,oc
([Ge=GLlic \? _ (1Gy—Clly )2
Uar (2) = iy (@) g (@) e (F5) o (B2
GG/
N hw, (1 [(Go— G2
—1(G.—-G%)=z o T x )tz

At small strain, the reciprocal lattice vectors read

G-G' ~(I—-¢) Z An;b;,

1=1,2,3
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where An; € Z,i = {1,2,3} and b; are the primitive reciprocal lattice vectors of the relaxed fcc
lattice

-1 +1 +1
2 2 2

bi=— | +1 |, b= 2| -1, by = — [ +1
w0\ 41 w0\ +1 w0\ -1

For small strain and large QDs, the Gaussians strongly suppress most reciprocal lattice vector combi-
nations except for [40]

_([Grc’z]zm)2 _([Grc’zlzm)2
€ 2 ~ 57An1+An2+An3,0 € 2 s (49a)
([Gy=Gyly )2 _(1Gy=Gyliy )2
S ( 2 ) ~ 5+An1—An2+An3706 ( 2 ) ) (49Db)

Using the selection rules (49), we arrive at

Usg (Z) = Z B,e~ (%nGo,zll-)Qe— (%nGo,yly)ZefinGO@z %

ne”

(oG- 2 G- [54))

where we introduced the vector

47 “Cze
G() = (] — 6) (bl + bg) = — _Ey,z (50)
Qo
1—e..
and the band-structure coefficients
Bn = Z C;;a. (G) Ck(J)r (G/) 5G—G’,Gon- (51)

G.G/

The leading term is By = 1 (normalization of Bloch factors) and it holds B = B_,,. Numerical data is
given in Tab. 2. Transformation to the Fourier domain yields

R2K*?
le

EaFli?’a (K) = (

+ Y Us(K-K)EY (K'),

ka’,a
K'eS,

1
+ Bt 5 (hwy + hwy)> F9 (K)

k0+,a

with the Fourier domain effective potential
1
Ueff (K — K/) - Z (hwx + h(.Uy) (SK,K’

1 2 1 :
+ 3 Bue (60t (4060t 11, (K — K7 4 Gy

ne”L

In the last step we used the identity dx k' 4ncy..0 = Ok, k'0no that holds for K, K € S5, =
(0,Go,./2). The dx x term contributes an additional § (hw, + hw,) to the diagonal, so that the
total harmonic-oscillator zero-point energy becomes % (hw, + hwy) in Eq. (52). We note that short-
wavelength components of the potential U/, enter via backfolding to the Brillouin zone sector with
coefficients ,,o. Shear strain components entering G, and G, lead to additional Gaussian
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damping. For the sake of simplicity, we assume ¢, , = ¢, ., = 0 throughout this work, such that we
arrive at

0) K> 1 (0)
EFO (k)= + Bo+ 5 (hwy + hwy) ) BY(K)

kg 2my kg o
+ 3 Y BUL(K — K' +nGo.) Y (K'). (52)
K’ESJF ne”z 0

Equation (52) is solved numerically for K € S, see Fig. 2 (b). The envelope wave function of the

opposite valley state is obtained from the identity £ K) = (Flig) (—K)) for K € S_ with
0

ka,a(
S_ = (~Go./2,0).

D Numerical method

For the numerical solution of Eq. (32) we use an equidistant grid with /N points constructed in Fourier
space with total number of points N = Npy - Nggz. The number of resolved Brillouin zones Ngy,
determines the spatial resolution Az = 27/ (G . Npz) and the number of points in the first Brillouin
zone Nppy determines the domain size L = 2w Ngpz/G) .. The Brillouin zone edges are part of the
grid by construction, which is required to construct the indicator functions S... The valley minima at
+ kg, however, are in general not part of the grid and require sufficiently high resolution (large Nrgy).

The kinetic operator is discretized using the spectral method. The mesoscopic potential U, (z) is
constructed on the corresponding position space grid first and then transformed to Fourier domain.
Short-wavelength components are backfolded to the Brillouin zone sectors using the coefficients B,,.
We assume periodic boundary conditions.

The resulting matrix eigenvalue problem is solved for the admissible wave numbers K € S, (or S_)
from the selected Brillouin zone segment to enforce valley-sector band limitation and avoiding spurious
spectral leakage between sectors. We verified convergence of the lowest eigenvalues and A with
respect to Ngz and Npgy.
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