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Talagrand-type transport inequalities for
path spaces over Carnot groups

Peter K. Friz, Helena Kremp, Vaios Laschos, Matthias Liero,
Benjamin A. Robinson

Abstract

We consider Talagrand-type transportation inequalities for the law of Brownian motion on Carnot groups. An
important example is the lift of standard Brownian motion to the Brownian rough path. We present a direct
proof on enhanced path space, which also yields equality when restricting to adapted couplings in the transport
problem. Moreover, we prove a Talagrand inequality for the heat kernel measure on Carnot groups and deduce
the inequality for the law of Brownian motion on Carnot groups via a bottom-up argument. Our study of this
enhanced Wiener measure contributes to a longstanding programme to extend key properties of Wiener mea-
sure to the non-commutative setting of the enhanced Wiener measure, which is of central importance in Lyons’
rough path theory. With a non-commutative sub-Riemannian state space, we observe phenomena that differ
from the Euclidean case. In particular, while a top-down projection argument recovers Talagrand’s inequality on
Euclidean space from the corresponding inequality on the path space, such a projection argument breaks down
in the Carnot group setting. We further study a Riemannian approximation of the Heisenberg group, in which
case the failure of the top-down projection can be partially overcome. Finally, we show that the cost function
used in the Talagrand inequality is a natural choice, in that it arises as a limit of discretised costs in the sense of
I"-convergence.
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P.K. Friz, H. Kremp, V. Laschos, M. Liero, B.A. Robinson 2

1. INTRODUCTION

Let 1 € P(E) be a Borel probability measure on a Polish space E. Given a measurable cost function
c: Ex E — [0,00], we say that 1 satisfies Talagrand’s 75 transport inequality with constant ov > 0,
and write i € T2(E, ¢, o), if for every v € P(E) it holds that

: 2

)= nt [ g diey) < 2 HOW)
Xell(u,v) JExE o

where II(u, v) denotes the set of couplings between 1 and v and H (v||i) is the relative entropy of

v with respect to p. If the cost is induced by a metric d on E, that is ¢(z,y) = d(x,y), the above

definition reduces to the classical 2-Wasserstein formulation,

2
WEv) < ~ H@lp), Vv eP(E).

We note, without going into details, that there is an important connection to concentration of measure
and the log-Sobolev inequalities by results from [OV00]. Talagrand [Tal96] first proved a 75 inequality
for the standard Gaussian measure on R? with Euclidean cost. A 75 inequality for R%-valued Brown-
ian motion with a cost given in terms of the Cameron—Martin distance first appeared in [FU02]. Later
[Leh13] gave a similar proof, using the intrinsic drift from [F6186, F6188] and Girsanov’s theorem to
prove the 75 inequality directly on Wiener space. Alternative proofs using Girsanov's theorem also
appeared in [DGWO04] and [FU04]. On the other hand, the 75 inequality on Wiener space can also be
derived as a consequence of the Gaussian product case. In fact, [Tal96] already considered the infi-
nite Gaussian product case; cf. [Rie17] and reference therein for explicit constructions. This so-called
bottom-up approach uses the tensorisation property of the 75 inequality and a truncated expansion
of the Brownian motion. As observed in [Leh13] and [F6122], one can also recover Talagrand’s 75
inequality on R? from the 75 inequality on path space by considering a Brownian bridge. This gives
a so-called top-down approach to Talagrand’s 7 inequality. In this paper, a first study connecting as-
pects of optimal transport with rough analysis, we investigate the validity of the 75 inequality, as well
as the bottom-up and top-down approaches, when R? is replaced by a certain Carnot group.

The advent of rough path theory (see, e.g. [Lyo98, FV10]) has highlighted the fundamental importance
of (d-dimensional) Brownian motion B lifted to the free step-2 nilpotent group (over Rd), which is an
example of Brownian motion with values in a step-2 Carnot group G. Denoted by

B, = <Bt, Anti(/t B, ®st)),
0

this process is also known as horizontal Brownian motion, enhanced Brownian motion, or Brownian
rough path, depending on authors and context. When d = 2, the relevant group is nothing but the
classical (2 + 1)-dimensional Heisenberg group H =2 R? with group law

(z,y,2), (2, ¢, ) = (z+ 2 y+v, 2+ 2+ (zy — 2'y)/2).

Though not directly related to this work, we note that the interplay of optimal transport and Heisenberg
groups was pioneered in [AR04]; see also [AS20] for recent work in the context of Carnot groups.

Let us agree on some notation. Unless otherwise stated, ;1 = Law(B) denotes Wiener measure on
Q = Cy([0,T],RY), with Gaussian unit time marginal 11 = A (0, I,). Similarly, call p = Law (B)
the enhanced Wiener measure on
QG - OO([OaT]ﬂ G)7

with (non-Gaussian) unit time marginal g1, which we call the heat kernel measure on G. Over the
last 20 years, starting with [LQZ02], numerous properties of Wiener measure (including sample path
regularity, Cameron—Martin shifts, Schilder’'s large deviations, Stroock—Varadhan support theorem)
have been extended from p to w, with significant benefits to stochastic analysis (see, e.g. [FV10,
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Transport inequalities for Carnot path spaces 3

Lyo14, FH20] and references therein). See also [CF26] for an abstract view. This naturally raises the
question of whether Talagrand’s 75 inequality for Gaussian measures (respectively, Wiener measure)
extends to heat kernel measures (respectively, enhanced Wiener measure) on G, and to what extent
the bottom-up and top-down approaches remain valid. In this article, we provide a reasonably complete
answer to these questions.

We prove the 75 inequality for g with the cost function C; on g,

Co(w, @) = |h|l3, ifw = Thw, forsome h € H,
e ' +00, otherwise,

where H is the Cameron-Martin space of 1« and T}, is (essentially’) the translation (or shift) operator
known from rough path theory [FV10]. We give multiple strategies to prove the 7 inequality for our
cost ('3, on €2g, offering both a bottom-up strategy, as well as a direct approach via an application of a
contraction principle [DGWO04, Rie17] or a lifting of the result from [Leh13] to the Carnot group setting.

The bottom-up approach consists of showing a 75 inequality for the heat kernel measure t; on the
Carnot group and inferring the result for the enhanced Wiener measure p by using the tensorisation
property of the Talagrand inequality. Our approach is to discretise the Brownian motion in time, rather
than to consider an expansion as in [Rie17, F6122]. By an Otto—Villani argument [OV00, GL13], the 7
inequality for the heat kernel measure on a Carnot group follows from a log-Sobolev inequality. The
latter is only partially available: from [Li06, Eld10] we have certain heat semigroup estimates on the
Heisenberg (and so-called H-type) groups, which imply the required log-Sobolev inequalities. Given
the correct heat semigroup estimate, our proof does not rely on an H-type setting and holds true for
general step-2 Carnot groups.

We further prove the 7 inequality for p directly on the path space, via two different approaches. First,
we apply a contraction principle to the lift of a standard Brownian motion to deduce the result from the
T2 inequality for Wiener measure. This approach also extends to the lifts of more general Gaussian
processes; cf. [FV10, Chapter 15]. Alternatively, we exploit F6limer’s intrinsic drift from [F6186, F6188] to
prove the 75 inequality for w, following the strategy of [Leh13]. The latter approach gives additional in-
sights into so-called adapted transport inequalities. As noted in [Ald81, Las18, BBBE20a, BBBE20b],
in the case of optimal transport problems involving laws of stochastic processes, it is desirable to
consider adapted couplings rather than general couplings between the laws. We identify the optimal
adapted transport plan for the cost C3; and show that equality holds in the 75 inequality when restrict-
ing to adapted couplings.

A key difference from the Euclidean setting is that the top-down approach fails in the non-commutative
sub-Riemannian setting of Carnot groups. Indeed, in the Euclidean setting, given the 75 inequality for
Wiener measure (i, a contraction principle can be applied to deduce the 75 inequality for z1;. However,
for the enhanced Wiener measure p, this contraction principle argument breaks down and we cannot
deduce the 75 inequality for the heat kernel measure w1 from the corresponding inequality for pt.
Considering a Riemannian approximation (still non-commutative) to the Carnot group, we find that
the validity of the top-down approach is partially recovered. Given the 75 inequality for the law ¢ of
Brownian motion on the approximating Riemannian manifold, the contraction principle implies that £¢5
satisfies a 7, inequality for p € [1,2), but not for p = 2.

We remark that our cost (' differs from the one considered in [Rie17, Corollary 1.4], which is defined
in terms of the Cameron—Martin norm of the difference of the path in the group projected onto its first
component, and which turns out to be suboptimal (see the discussion in Section 2.3). Our cost Cy is
a natural choice in the following sense: (' can be obtained as the variational limit (more precisely,

1Contrary to the standard rough path setting, we deal here with general step-2 Carnot groups.
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the I'-limit; see Section 6.4) of “finite-dimensional costs” C), that arise in our bottom-up approach:
27’1,
2 — 2 — —
Cn<w,(.(J) = QnZdCC(th_ptZ’wtﬁ_ptﬁ)’ w,w - QG,
k=1

where dcc denotes the Carnot—Caratheodory metric on G. We prove in Section 6.4 that the I'-
convergence of the cost functions ', also leads to the I'-convergence of the optimal transport costs

TCn,Q(ll’a ) to TCH,2(II” )

Note that, while our direct approach to proving the 75 inequality gives an elegant and short proof that
holds in greater generality, the bottom-up approach, and in particular the I'-convergence, yields clear
information on the choice of the most natural cost function.

For the reader’s convenience we summarise our findings as concise statements.

Theorem 1.1 (Direct approach, cf. Theorem 3.3, and extensions in Section 4). The measure p on 2
satisfies the T inequality p € To(Q2s, Cyy, 1).

Theorem 1.2 (Bottom-up, cf. Theorem 6.6). Suppose that there exists o > 0 such that p, €
E(Ga dCC? CY). Then ne 7-2(9(37 CH7 CY).

Theorem 1.3 (75 on group, cf. Theorem 5.3). Let G be an H-type group. Then there exists o > 0
such that py € T5(G, dcc, ).

Theorem 1.4 (Adapted couplings, cf. Theorem 3.3). Let v be a probability measure on g with
v < . Then the optimal adapted coupling between p and v is given explicitly and

TE, 2(m,v)? = 2H(v| p).
Theorem 1.5 (Cost approximation, cf. Corollary 6.22 and Theorem 6.28).

(i) Pointwise convergence C',, — Cy, fails (by example),
(ii) T -convergence® C,, RN Cy; holds with respect to the uniform topology on 2 X g,
(i) Te, 2(p, -) 5 Te,, 2(, ) with respect to the weak topology on P (g ).

Theorem 1.6 (Top-down — validity vs. failure). A contraction principle

(i) gives the implication j1 € T3(S2,||. — .|J3, @) = 1 € T2(R%,]. — .|, ),

(i) does not give . € To(Q2, Cy, ) = w1 € T2(G, doc, ), no matter o, o’ > 0,

(iii) gives a weak implication pu° € To(Qn.,C5, ) = p € T,(He, de,a(e,p)), forp €
[1,2), where (H., d.) is a Riemannian approximation to the (2 + 1)-dimensional Heisenberg
group.

The paper is structured as follows. Section 2 contains preliminary results on Talagrand inequalities
and introduces our setting of step-2 Carnot groups. In Section 3, we present a direct approach to
proving the 75 inequality for the law of Brownian motion on a Carnot group via Féllmer’s intrinsic drift,
and we show equality for the case of adapted transport plans. In Section 4, we prove the 75 inequality
for general Gaussian rough paths by a direct approach using a contraction principle. Section 5 studies
the Talagrand inequality for the heat kernel measure g1 on Carnot groups, as well as its connection to
log-Sobolev inequalities and heat semigroup estimates. Section 6.1 presents a bottom-up approach
to proving the 75 inequality for p as a consequence of the results of Section 5. In Section 6.2, we
show by example that we cannot project the 75 inequality for g down to a 75 inequality for g1, and
that the cost functions C,, blow up pointwise. In Section 6.3, we study a Riemannian approximation of

2Recall that I"-convergence is a natural notion of convergence from the theory of calculus of variations for sequences
of functionals, which guarantees the convergence of minimisers and minima.
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the Heisenberg group, for which we can partially overcome the issues of the cost blow-up and failure
of projection. In Section 6.4, we prove the I'-convergence of the costs (), to C. We conclude in
Section 7 by commenting on the extension of our results to higher order Carnot groups.

2. SETTING

In this section, we first collect relevant definitions and results related to Talagrand inequalities. Next,
we define our setting of step-2 Carnot groups and introduce a Brownian motion with paths in a Carnot
group, as well as the lift and shift operation on paths. Using the shift operator, we define a suitable
cost function C'3;, which appears in our 75 inequality.

1. Preliminaries on Talagrand inequalities. Given two Borel probability measures pt, v on a Polish
space F, let II(u, v) denote the set of probability measures on £ x E with marginals y, v. Such
measures are called couplings (or transport plans). The relative entropy of v with respect to p is
defined as

/ logd”dy if v < p,
H(v||p) =" .
“+00 otherwise.

Definition 2.1. Let £ be a Polish space and let c: F x E — [0, 0] be a measurable function.
We say that a Borel probability measure j. satisfies the cost-information inequality on E with cost c,
parameter o > 0, and exponent p € [1, 00) if, for any Borel probability measure v on F,

2
Tep(p,v) <1/ —H(v|p), where T.,(u,v) inf //cp z,y) d\(z y))
o )\GH(,u,
We write i € T,(E, ¢, ) and say that p satisfies a 7, inequality.®
In particular, we are interested in the case of p = 2. On R?, Talagrand [Tal96] proved that the standard

Gaussian measure satisfies a 75 inequality with Euclidean cost. Talagrand’s result has since been lifted
to the Wiener measure on path space.

Let BB denote a standard Brownian motion on RY, let 11 = Law(B;) denote the standard Gaussian
measure on R?, and let 4 = Law(B) denote the Wiener measure on Q = C;([0, 1],R%). The
Cameron—Martin space for p is defined as

@.1)  H:={h:[0,1] = R? absolutely continuous : i € L, hg =0} = W,*([0,1],R%),

and the Cameron-Martin norm || - |3, is defined by ||h]|3, = fol |hy|? dt, for h € H. Throughout
the text, for p € [1, 0o, W'?([0, 1], R?) denotes the usual Sobolev space, and W, ([0, 1], R?) the
subspace such that o = 0 for z € W, ([0, 1], R9).

Define the Cameron—Martin cost ¢z : 2 x 2 — [0, co] by

— x|y, y—x€H,
@2) enlz,y) :z{”y e v

+00 otherwise.
Then the Wiener measure  satisfies the 7 inequality (cf. [FU02, DGW04, FU04, Leh13)):

(2.3) € Ta(Q, e, 1).

3Since ¢” is just another instance of a measurable function on E x F, there is no loss of generality in taking p = 1.
However, we find this definition useful later in the paper.
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P.K. Friz, H. Kremp, V. Laschos, M. Liero, B.A. Robinson 6

Contraction principle. The following contraction principle for 7, inequalities is a special case of [Rie17,
Lemma 4.1].

Lemma 2.2. Let (E,d), (S, p) be metric spaces, with (E, d) a Polish space, letc: E x E — [0, o]
andc: S x S — [0, 00| be Borel-measurable functions, and let 1) be a Borel probability measure on
E.lety: E— SandL: E — [0, 00| be measurable functions such that

c(¥(x),¥(@)) < L(z)c(x, ),
forallx,T € Fy, where Ey C E satisfies n(Ey) = 1.

Suppose thatn € T2(E, ¢, «), for some @ € (0,00). Then, forany p € [1,2] such that L € L%(n)
forq = 227”17 € [2, 00|, we have Yyn € T,(S, E,oz||L||Zq2(n)).

Remark 2.3. In particular, the contraction principle in Lemma 2.2 allows us to upgrade the topology
used in Theorem 1.1 from the uniform topology to the 3-Hélder topology for 5 € (3, 5) (cf. [FV10,
Section 8] for the definition of this topology). Indeed, for E' = Cyp([0, 1], G) and p € P»(E) the law of
Brownian motion on G, we have that p(E) = 1, where £ = C5([0, 1], G) for some 3 € (3, 3)- Thus,

defining ¢ = ¢| 3, 7, the result of Theorem 1.1 that 1 € T5(E, ¢, ) extends to p € 7§(E, ¢, «) by
Lemma 2.2.

We remark that such a direct upgrade of the topology is not observed in other settings. For example,
showing that a large deviation principle can be lifted from the uniform topology to the Hélder topology is
significantly more involved; see [FV05, Theorem 39], whose proof is based on the inverse contraction
principle for large deviations [DZ10, Theorem 4.2.4].

Adapted T, inequalities. For a metric space (S,d), the p-Wasserstein distance Ty, metrises the
weak topology on Pp(S). When elements of S should be regarded as stochastic processes, however,
this topology is not sufficient to capture the flow of information encoded in the filtrations associated to
the processes. The adapted weak topology and adapted Wasserstein distance have been shown to
be more suitable; see, e.g. [Ald81, Las18, BBBE20a, BBBE20b]. The adapted Wasserstein distance
is a special case of the adapted (also called bicausal) optimal transport problem, defined as follows.

Definition 2.4. Let £ be a Polish space and p,v € P(C([0,1], E)). Let A\ € II(i,v) and let
X, Y be C([0, 1], E)-valued random variables with A = Law(X,Y"). Write 7 (resp. ) for the
completion of the natural filtration of X (resp. Y) with respect to i (resp. v). We say that A is an
adapted coupling if the following conditional independence holds under A: for all ¢ € [0, 1],

F) isindependent of F;* given 7;* and F;* isindependent of F, given F; .

We denote the set of all such couplings by II.4(s, v). For a measurable function ¢: C([0, 1], E) x
C(]0,1], E) — [0, o], define the adapted optimal transport problem

T2 (), f ) dA( )
o1, v) = Ael'llandu,u)// (z,y)dA(z,y)

We say that o € P(C([0,1], E)) satisfies an adapted T,, inequality for some p € [1,00) if there
exists a > 0 such that

T (n,0) <\ 2HW]n).

In this adapted setting, [Las18, Lemma 5] and [F6l22, Theorem 3] show that Wiener measure satisfies
an adapted 75 inequality with = 1 and that equality holds; i.e.

(2.4) T2 S (p,v) = V2H (v]|p).
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Remark 2.5. For continuous-time stochastic processes, [BBP'25] give an alternative definition of the
adapted optimal transport problem and adapted Wasserstein distance that has additional desirable
topological properties. The value of this problem is defined such that it lies between T'. , and T‘Z‘;.
Thus, it is immediate that an adapted 75 inequality still holds in this setting. However, equality has not
been studied in this case, and we leave this to future work, choosing to focus on the definition given in
Definition 2.4 in the present paper.

Remark 2.6. For discrete-time processes taking values in some Polish space E with n time steps, one
can also consider their laws, which are probability measures on £, and define an adapted optimal
transport problem analogously to Definition 2.4. In this setting, [Par26, Corollary 1.8] shows that the
T1 inequality is equivalent to its adapted counterpart. Moreover, [Par26, Corollary 1.9] shows that, for
probability measures with finite exponential moment, an adapted 7, inequality holds for all p > 1, with
constant given explicitly in terms of the exponential moment and number of time steps, thus extending
the results of [BVO05] to the adapted setting. For a standard Gaussian on R", [BBLZ17, Proposition
5.10] prove an adapted 75 inequality using a dynamic programming argument. As noted in [BBLZ17,
Remark 5.11], equality cannot generally be expected in the discrete-time setting.

2.2. Step-2 Carnot groups. Let G be a step-2 Carnot group, i.e. a connected, simply connected
nilpotent Lie group whose Lie algebra g of left-invariant vector fields has dimension m = d; + d»
and admits a stratification g = V; @ Vs, with Vo = [V, V1], [V1, Va] = {0}. Fix an adapted basis
(Vi,...,Vin) suchthat (Vi, ..., Vy, ) is a basis of V;. Using exponential coordinates, we can and will
identify G with R™,

Gox=(T1,...,24, Tays1s---r ) = (2, 2?) € R" @ R22 =2 R™,

with group law in Baker—Campbell-Hausdorff form,

1
(2.5) (w’y)Hwyszreri[w,y]-

It is not restrictive to assume that VZ-(O) = ¢;, the canonical basis vectors of R™. For x € G, let
l,: G — G denote the left multiplication map defined by ¢,y = xy, fory € G, and letd/,: TG —
TG denote its differential. By left invariance, V;(x) = dlye;, i = 1,...,m, x € G.

Endow g with a left-invariant metric (-,-): g X g — R that makes the V; orthonormal. Define
the structure constants w;; € R®, fori,j € {1,...,di}, by wy;, = ([V;,V;],Vi) = —w},
for k € {di+1,...,m}; cf. [BLUO7, Section 3.2]. The group law in (2.5) can then be written for
x = (z,2%), y = (yV,y?) as

1 1) (1 1 (1
Ty = (:E(l) + y(l), ? + y(2) + B wa(xf )yj( )~ x; )yz( ))>

1<j

For notational brevity, we introduce the operator W: R4 x4 — R% given in terms of the structure
constants by

d1 dl
1

ij=1 i,j=1 i<j

With this definition, we can rewrite the group law for x = (z(1), ), y = (y1), 4?) as

1
Ty — (xu) F oy 2@ 4@ 4 5W(xm 2 ya)))_

DOI 10.20347/WIAS.PREPRINT.3259 Berlin 2025
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Let Ag = % Zf;l V2 denote the sub-Laplacian on G and define the horizontal gradient Vg by its
action

di
Vof =Y (Vif)V;eVr, forf: G—R.
=1
Let HG C TG be the horizontal tangent bundle of the group G, i.e. the left-invariant sub-bundle of
the tangent bundle 7'G such that H.G = { V' (0) : V' € V), }, where e is the identity element of G.
Fori € {1,2}, define the projection operator 7;: G — R% by

(2.6) Wi(l‘(l), m(Q)) =z,
Dilation on G by a factor s > 0 takes the form
2.7) 5((xV), 2?)) 1= (52, 522?).

The Haar measure on G coincides with Lebesgue measure L™ on R™. For measurable £ C R™, we
have

(2.8) L™(6,E) = s2L™(E),
where () = dy + 2d, is called the homogeneous dimension of G.

We endow G with the Carnot—Carathéodory structure induced by HG, as follows. An absolutely con-
tinuous curve : [0,1] — G is called horizontal if 4, € H.,,G for aimost every t € [0, 1]. The
Carnot—Carathéodory distance between x,y € G is then defined as

1
(2.9) deo(z,y) = inf{ / |9¢| dt : v horizontal, vo = x,71 = y },
0

where | - | = /(, ).

We remark that horizontal paths necessarily satisfy, for aimost every ¢ € [0, 1],
d1 dl

(2.10) e =Y Vilw) G, Vilw)) = Y Vilw)hi,
=1 =1

and hence are in one-to-one correspondence with absolutely continuous & € AC([0,1],R%). We
have that h = 7,7y for the first-level projection 7; from (2.6).

Definition 2.7 (Canonical lift). The canonical lift ¥: AC([0,1],R%) — C([0, 1], G) is defined by
U(h) = v, where v € C([0,1],G) and h € AC([0,1],R%) are related by (2.10). Explicitly, we
have

(1 . . (2 1 i1 1 /
A = 387 = St = WO ). trt € 0.1

By the Chow—Rashevskii theorem, d is in fact a distance, which is also left-invariant and homoge-
neous with respect to the dilations defined in (2.7). The metric space (G, dcc) is a Polish and geodesic
space (see, e.g. [AS20, Section 2.4]). We let | - | denote the norm induced by dcc on G. One can
also equip G with the gauge distance d, defined by

dy(z,y) = |(y o)V + |(y '2) Pz,

for x,y € G. All homogeneous norms on G are equivalent. In particular, there exists a constant
Kk € (0, 00) such that

1
(2.11) Edg(x,y) <dcc(z,y) < kdg(z,y);

see, e.g. [BLUO7, Proposition 5.1.4].
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Remark 2.8 (Metric derivative). The metric derivative of a curve v: [0,1] — Gatt € [0, 1] is defined

by

e dec(v(s),7(1))

|’Vt|dcc T PEE |S—t| :
If v is absolutely continuous, the metric derivative exists for almost every ¢ € [0, 1], and |¥t|aoe = |5
see [Mon01, Theorem 1.3.5]. Moreover, the metric derivative is minimal in the sense that | ;| 4., < m
for all m € L'([0,1]) with dec(v(s), (1)) < ['m(r)dr, 0 < s < t < 1; see [AGS08, Theorem
1.1.2].

Remark 2.9 (Free step-2 Carnot groups). The free step-2 nilpotent case G = F? amounts to
G =~ R™ @ s0(d,) (after identifying the exterior algebra AR with s0(d;)). The space s0(d,) is
spanned by {ej;; : 1 < i < j < d;}, where e ) == 3(e; ® ¢; — €; ® ¢;), and has dimension

[p,q]

dy = di(d1—1)/2. Writing the bracket as [e;, ;] = ej; j, the structure constants w;;" reduce to

Kronecker symbols.

All other step-2 Carnot groups can be seen as quotient groups of the free group, captured by ds < d;
and the structure constants. For instance, the (2n + 1)-dimensional Heisenberg group H" = R** ®R
hasd; = 2n,dy = 1,and w2 = w34 = - -+ = Wap—12, = 1 (flip sign upon interchanging indices,
zero otherwise). For d; = 2, we recover the familiar example H = H! = F22, Letting (z,y,2) € H
denote a canonical element of H, the left-invariant vector fields are given by

Vi= 0o+ 590, Vo= 0y = 3w0., Vo= [Vi, V5] = 0.,

Remark 2.10 (Heisenberg-type groups). A special class of step-2 Carnot groups is the class of
Heisenberg-type groups, or H-type groups for short, which enjoy additional properties. Most impor-
tantly for us, Talagrand inequalities are known to hold on H-type groups; see Section 5.3. We refer the
interested reader to [BLUO7, Chapter 18].

A step-2 Carnot group G =2 R4 @ R is an H-type group if, for each z € R, there exists a linear
map Jg(z): R® — R% such that

Jo(2)? = —|zl!id and (W(2®y),2)ns, = (Ja(2)z,y)rey Y,y € R,

Note that, necessarily, d; € 2N and d; < d;/2. As the name suggests, the Heisenberg group
H™ =~ R?" @ R is the canonical example of an H-type group, where the map Jy»: R** — R?"is

given by
0 —zI,
JHn(Z)— (Z[n 0 ), zeR.

Brownian motion on G. Let B = (Bt)te[(),l] be a d;-dimensional Brownian motion on a filtered prob-
ability space (€2, F, (F:)t>0, P). We define the Brownian motion B on G as the continuous G-valued
Markov process with generator Ag, that is obtained by solving the SDE

d1

(2.12) dB, =Y V'(B,)dBj,
i=1

more explicitly written as

1
dB"Y = dB,, dB?® = SW(B: ©dB,).

Note that, since B = (Bjy, ..., By, ) is a standard Brownian motion, there is no difference between
It6 and Stratonovich integration here.

The Brownian motion B takes values in the space
QG = Co([o, 1], G)
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P.K. Friz, H. Kremp, V. Laschos, M. Liero, B.A. Robinson 10

of continuous G-valued paths started from the origin. We write ;x = Law(B) and ;x = Law(B), and
w; = Law(B,), i, = Law(By), for t > 0. For a path w € Qg, letw,; = w; 'w;, s < ¢, denote its
increments.

We equip the space {2g with the uniform topology induced by the metric d, defined by

(2.13) doo(w, @) = sup dec(wy, @y).
te(0,1]

Note that (€2, d. ) is a Polish space.
By Hérmander’s theorem, Ag is a hypoelliptic operator, and so the associated heat kernel p: (0, 00) X

G — (0,00) is smooth [H6r67, Koh73, Hai11, BB15]. Note that, for all ¢ > 0, the density of p, is
pi: G — (0,00). We also define the heat semigroup P, = e'4¢, fort > 0, by

@.14) () = / f(@y pely) dy = / f)p(y'z)dy, =<6,

forany f € Ll(ut), with P equal to the identity operator.

Shifting G-valued paths. Let AC,([0, 1], R?) denote the space of absolutely continuous curves started
from the origin, and recall the canonical lift ¥: ACy([0, 1],R%) — Qg from Definition 2.7. Since
(G, dcc) is a geodesic space, the following approximation lemma is immediate (cf. [FV10, Lemma
5.19, Theorem 7.32]).

Lemma 2.11 (Geodesic approximations). Every continuous G-valued path w on [0,
limit of absolutely continuous horizontal curves; i.e. w™ = W (w™), withw™ € AC(]
defined in Definition 2.7.

T is the uniform
0,1],R%) and ¥

We now extend the canonical lift to a lift map on the space 2 = C;([0, 1], R™) of continuous curves
started from the origin. Note that the geodesic approximation of w = (w™, w®) from Lemma 2.11
depends on both w® and w®. Thus we also introduce an approximation based only on w® in order
to extend the canonical lift. For a continuous path w € €, let @ € ACy([0,1],R%) denote the

-----

W™ — w with respect to the uniform topology on §2.

Definition 2.12. (Lift) Extend the canonical lift ¥': ACy ([0, 1],R%) — Qg to the /it map ¥: Q —
QG by

215) o) = {limnﬁoo (&™), if the limit exists,

0, otherwise,

for w € Q. Define the domain of ¥ as Dom(¥) :={w € Q : lim, _,,, ¥(W") exists } C €.

The following statement holds by a minor modification to the proof of [FV10, Corollary 13.19] in the
general step-2 Carnot setting.

Proposition 2.13. Let B be a d; -dimensional Brownian motion. Then B as defined in (2.12) satisfies

B = U(B) = lim,_, V(B") almost surely. In particular, it follows that ;1(Dom(¥)) = 1.

Having defined the lift W for general curves w € Cy([0, 1],R™), we can now formulate the following
lemma relating absolutely continuous measures v < p on 2 with absolutely continuous measures
v <& pon .

Lemma 2.14. Let v be a Borel probability measure on 2. Then v < p if and only if there exists a
Borel probability measure v on §) such thatv < pandv = V.
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Proof. First suppose that there exists v < p with v = Wyv. Then, for any Borel A C g with
n(A) = 0, we have that (¥ ~1(A)) = u(A) = 0, and so

v(A) = v(TH(A)) = 0.

Now suppose that v < . Let p = ZZI_Z and define the measure v via Z—Z = poVsothat v < p.
By Proposition 2.13, 11(26 \ ¥(€2)) = 0 and & = Wy u. Therefore
v@) = [ pwe)u) = [ pwndo) = [ plwinw) = 1
Q w(Q) Qc
and so v is a probability measure on €. Moreover, for any Borel measurable A C Qg,
v() = [ plwutdo) = [ pe)ao) = [ vldo) = v ()
A U-1(A) U-1(A)

Hence v = W,v. O
We show that the following shift map is well defined in Proposition 2.16 below.
Definition 2.15. (Shift map) For h € ACy([0, 1], R%) define the shift map T},: Q¢ — Qg by
(2.16) Thw = lim V(w" + h), w € Qg,

n—0o0
where (w"),en denotes the geodesic approximation from Lemma 2.11.
Proposition 2.16. The shift map defined in Definition 2.15 satisfies the following:

(i) For h € H, the shift map T}, is well defined.
(i) For X = (XM, X®@) € Qg and h € H the shift map T}, X is explicitly given by

1
(X)) = X by (TX)P = X7 4 5W (X +XG+X3).
where
X! = XV @dh, dX?=hodX", X =h @ dh.

(iii) If X is given by X = V(X)) for X € Dom(WV), then, forh € H,
(2.17) T X =ThV(X) =V(X +h).

(iv) The map ACy([0,1],R%) x Qg — Qg, (h, X) — T, X is continuous.
Proof. If X = W(X) is an absolutely continuous horizontal curve, we have 7, X = V(X + h),
for h € H. Then (i) follows by definition of the lift on ACy ([0, 1], R™). The representation of (ii),
with cross integrals in X!, X2, remains meaningful when X is only continuous, by basic properties

of Riemann—Stieltjes integration. By continuity properties of Riemann—Stieltjes integration, we obtain
that the limit in (2.16) exists, so that (i) and (ii) follow.

Now let X € Dom(¥), so that X = U(X) = lim, oo U(X") for the piecewise linear ap-
proximation (X™). Let b € H. Then XV = lim,, ,,o X" and X® = lim,,_,o, 2WX’", where
dX)" = X @ dX]". By the definition of ¥ on ACy([0, 1], R%), we have that

~ ~ 1 .
T(X" +h) = (X” e WX X X x;f)),

with X1, X27 defined as in (ii) with X replaced by X", and X® defined as in (ii). By continuity of the
Riemann-Stieltjes integral and (ii), we deduce that lim,, ., ¥(X" + h) = T, ¥(X). This proves (iii).

Finally, (iv) also follows from continuity properties of the Riemann—Stieltjes integral and the represen-
tation from (ii). OJ
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Remark 2.17. As is plain from Proposition 2.16, part (i), we can translate any X = (X, X®) ¢
(2 in the direction of any absolutely continuous h. The situation is more complicated when dealing
with Carnot groups of level strictly greater than 2, cf. [FV10, Section 9.4.6], or when h has less reg-
ularity, as is the case for Cameron—Martin paths of fractional Brownian motion with Hurst parameter
H < 1/2; cf. Section 4. In these cases, one has to incorporate suitable p-variation or Hélder rough
path regularity on the path space of X.

Remark 2.18. Forany h € H and X € (g, manipulating the expression for 75, X from Proposi-
tion 2.16 gives X (13, X )5 = (z%) Z(i)), fors,t € [0, 1], s < t, where

sty s

1
Z) =hy, ZU)= 3 (x;,t + X2, + X, +2X @b — (Xs @ ha + Xy @by + hy © ht)).

Also define h = W(h). Then, after integrating by parts, we find that, for any s, ¢ € [0, 1] with s < ¢,

t
037t = h;iX;tl (ThX>S,t = (O,/ th,r & er> .

The increments 6, can be interpreted as an error of non-commutativity between the increments of
the shifted path 73, X and the increments of the (right-)translation X h by the lifted path h.

We now use the shift map to define a cost function on 2g.
Definition 2.19. Define a cost function C: Qg X Qs — [0, 00] by

|\hll%, Y =T,X, forsome h € H,
400, otherwise.

(2.18) Cu(X,Y) = {

Lemma 2.20. The cost Cy: Qg x Qg — [0, 00] is lower semicontinuous.

Proof. Let X,Y € Qg andlet (X™),(Y") C Qg be sequences such that (X", Y") — (X,Y).
We may assume that there exists a subsequence n, — oo such that Y™ = T}, X™, where
R =mY™ —mX™ € H,and liminf, ,,, Cyu (X", Y") = limy_,0 Cy(X™, Y™) = ] <
oo. Then we have that
I'= lim Cy(X™, Y"™) = liminf [[2" |3 = [|A[l3,
k—o0

k—o0

where h = mY —m; X € H. By the continuity of the shift shown in Proposition 2.16 (iv), Y = T, X,
andso Cy(X,Y) = || h]|x. O

2.3. Discussion on the choice of the cost function ('3;. The choice of cost function C', is natural
in the sense that it arises as the I'-limit of the sequence C,,, as shown in Section 6.4. Moreover,
Cy has the crucial property that whenever H(v||pn) = +o0, also T, 2(p, ) = +00. Indeed,
supposing that T, 2(t, V) < 00, there exists a coupling A € II(u, ) such that

A{(w,w) e Qe xQe: w=T_w, w—weH}) =1,

and [ C3(w, @) dA(w,w) < co. We have that & = Wy, by Proposition 2.13, and combining this
with (2.17) from Proposition 2.16 gives

A{ (w, @) eV xQp: w=VY(w),w=V(W),v—weH}) =1.
Thus there exists v € P(2) such that v = W,v. By It6 representation and Girsanov’s theorem, we
also have that v < . Hence v = Vv < Wyu = p, and H(v||p) < oo.

This is in contrast to the cost function 5% = cy o (m xm): Qe X Qg — [0, 00|, which appears in
the cost-information inequality in [Rie17, Corollary 1.4]. Indeed, consider the Brownian motion B =
(B, A) on the Heisenberg group G = R? @ R. Let v = Law(X), where X = (B, X) is defined as
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follows. Let M € (0, 00), and define Xg = 0 and Xs; = Ay + (t — s)M, for all s, € [0, 1] with
s < t. Since X only differs from B in the second component, we see that

0< TS L(mv) < E[(?;(B,X)} - E[c;(B, B)] ~0.

However, v is not absolutely continuous with respect to . Indeed, supposing that v < p was true,
Lemma 2.14 implies that z = W,v for some probability measure v < p. It follows that v(V((2)) =
v(€2) = 1. On the other hand, since v = Law(X) with X = (B,X) # U(B), we see that
v(U(Q)) < 1, which is a contradiction. Hence H (v||p) = +o0.

3. TALAGRAND FOR BROWNIAN MOTION ON CARNOT GROUPS — DIRECT APPROACH VIA FOLLMER
DRIFT

In this section, we give a first proof of Talagrand’s 7> inequality for the law of Brownian motion on a
step-2 Carnot group. We follow the strategy of [Leh13] and [F6122], using Félimer’s intrinsic drift from
[FoI86, F6I88]. Moreover, we show that equality is attained in the 75 inequality when restricting to
adapted couplings, as was shown in the classical case in [Las18, Lemma 5] and [F&l22, Theorem 3].

We first give a characterisation of adapted couplings on P (£2g x €2g). In particular, we show that our
definition of adapted couplings in Definition 2.4 is consistent with that of [F6122, Definition 1].

Lemma 3.1. Suppose that v < p. Then A € 1l(u, v) is an adapted coupling if and only if there

exists a filtered probability space (ﬁ, F, (F:), Q) on which processes X, Y are defined such that X
is a Brownian motion, Y is an adapted process, and A\ = Law (X, Y") under Q.

Suppose thatv < . Then A € 1I(w, v) is an adapted coupling if and only if there exists v < [
and an adapted coupling X € I1,q(p1, v) such that A = (W x W)\,

Proof. Suppose that v < p. By [Las18, Lemma 4], our Definition 2.4 of adapted couplings is equiv-
alent to the symmetric counterpart of [Las18, Definition 1] (see [Las18, Section 4.1]). Then the first
claim follows from [Las18, Propositions 3 and 4].

Now suppose that ¥ < p. By Lemma 2.14, there exists v < p such that v = Wyv. If X is
an R% -valued process with natural filtration (F#)iej0,1) completed with respect to the law of X, and
X = V¥(X) is a G-valued process with natural filtration (F).c[0,1] completed with respect to the
law of X, then F, = W(F,), forall t € [0,1]. Since p = Uyp and v = W, we have that
A € ILq(p, v) ifand only if XA = (W x W)y for some A € Ioq(p, v). O

Remark 3.2. By Lemma 3.1, if A € [L,q(, V), then there exist X = W(X), Y = V(YY) defined

on some filtered probability space (2, F, (F;),Q) such that A = Lawg(X,Y), where X is a
Brownian motion on G and Y is an adapted G-valued process, and Lawgq denotes the law under Q.
Then, letting Eq denote expectation with respect to Q, we have

/C;(w,w) d\ = Eo[C%/(X,Y))].

We now prove the main result of this section, showing that p satisfies a 75 inequality, and that equality
holds when restricting to adapted couplings.

Theorem 3.3. Let v K . Then there exists v <  such that v = \Ifﬁy, and there exists a
predictable process b” on R with b* € L?, v-almost surely, such that B* == B — [ b}/ dt is a
Brownian motion under v, and A* = Law, (V¥ (B"), ¥(B)) is the unique optimal adapted coupling
of p and v with

(3.1) TCH72(V7I‘1’)2 < T%’i,Q(“?”)Q = EV[C’;?-[(\IJ(BV)’ \II(B»] = QH(VH/J’>'
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In particular, pu € T2(Qg, Cyy, 1).

Proof. By Lemma 2.14, there exists a probability measure v on €2 with v < p and Wy = v. Writing
p = 95, we have § d” = po V. Since (s \ ¥(2)) = 0, by Proposition 2.13, we obtain that

Hwlw = [ Pl lon(ple) dp(e) = | P 8o @) dle) = Hvl).
We can apply [F6122, Proposition 1] to obtain that there exists a predictable process b” with b* € L?,
v-almost surely, such that B” = B — [ b dt is a Brownian motion under v with
(32) E[IB” = Bll3) = 2H(v||p) = 2H (v ).

Moreover, from [F6122, Theorem 3] it follows that \* = Law, (B", B) is the unique optimal adapted

coupling between y and v. By Lemma 3.1, A* = Law, (¥ (B"), V(B)) is an adapted coupling of
p = Yy and v = Wy, Thus, using the definition of C from (2.18),

(33)  T&,o(mv)* =E[|B” = B3] = B, [C5,(V(B"), ¥(B))] = T¢, »(m. v)*.

On the other hand, since ¢y o (1 x m1) < Cy, applying Lemma 3.1 gives

T, (i, v)* = inf / G(w, @) dA\(w, @) = inf / & (mw, m@) dA (w, @)
OQxQ QexQg

AEMaa (1,v) A€laa(p,v)

< inf / 2 (w, @) dA(w, @)
QGXQG

AeHad(“’ l’)
= TCH 2(["’7 ) :
Hence we have optimality of A* and
TE, 2(v, 1)* = B [Co2(V(B"), ¥(B))] = E[|B” — Blj3,] = Tty (1. v)".
Applying (3.2) gives (3.1), and uniqueness of the optimiser follows by Lemma 3.1. 0

Remark 3.4. Suppose that & is an adapted process with h € “H almost surely, and consider v =
Law (T}, B). Then we can take b = h in Theorem 3.3. Indeed, by Girsanov's theorem, B — h is a
Brownian motion under v, and H (v||p) = H(v||n) = E,[logdv/du] = E,[|| R3]

4. TALAGRAND FOR GAUSSIAN ROUGH PATHS — DIRECT APPROACH VIA CONTRACTION

We now give an alternative proof of Talagrand’s 75 inequality in a more general setting, following the
contraction approach of [Rie17].

Let Z be a d-dimensional continuous Gaussian process that admits a level 2 “rough path” lift Z =
Z(w) with Z € D almost surely, where D is a suitable p-variation (or 3-Hélder) rough path space (cf.
[FV10, Chapter 15]). We refer to [FV10, Chapter 15] for conditions under which a Gaussian process
can be lifted to a Gaussian rough path. Here we simply assume that such a lift exists. Let v € P({2)
denote the law of the Gaussian process Z, v € P(D) the law of Z, and H, the Cameron—Martin
space of Z (cf. [Jan97, Chapter 8, Section 4]).

A 75 inequality is known to hold for general Gaussian processes with & = 1 and cost

= (513' y): ||h||'Hu7 if(L‘—yEHV,
P +00,  otherwise;

thatis v € T5(§2, ¢y, 1); see [FUO04, Theorem 3.1] and [Rie17, Theorem 1.2].

We work under the following assumption.
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Assumption 4.1. Suppose that there exists £ C  with I/(Q) = 1 such that

(i) There exists a Borel-measurable lift map U: Q — D with ﬂl\ff(x) — 1z, for z € Q, where m

is the projection onto the first component, such that EI(Z) = Z almost surely;
(i) There exists a continuous shift map

H, xD—7D, (hx)— Ty,
such that
(4.1) T,U(z) =U(z+h), 2€Q, heH,.

Remark 4.2. By standard results [FV10, Chapter 15], we see that Assumption 4.1 is satisfied for
Z = B a fractional Brownian motion and its lift B in the step-2 Carnot group G, with path space
D = Cy ™ ([0,1],G), for H € (1/3,1/2], p € (1/H, 3). Extensions to H > 1/4 are possible, at
the price of lifting Z to a step-3 Carnot group; we do not give details for the sake of brevity.

Definition 4.3. Define the cost 5% : D x D — [0, 00|, similarly to (2.18), by

k||, Y =T,X, forsome h € H,,,
400, otherwise,

(4.2) Co, (X,)Y) = {
where fh is the shift from Assumption 4.1.

Due to the assumed continuity of the shift, we recover measurability of 5% (cf. Lemma 2.20). By
applying the contraction principle from Lemma 2.2, similarly to [Rie17], but for a different cost, we lift
the Talagrand inequality to the rough path space D.

Theorem 4.4. Let Assumption 4.1 hold. Thenv € To(D, 5%, 1).

Proof. The property (4.1) implies that for i € H,, a path x € Q) satisfies x =y + hif and only if
U(x) = T, ¥ (y). Hence for z — y € H,,, we have that U (y + (z — y)) = T),_ y\If( ) and thus

lz = yli3,, = C3, (¥(x), U(y)).

Similarly, if z — y ¢ H,, then W(z) is not a shift of W(y) and so Cy, (¥ (), ¥(y)) = +oc. Together
with v € T5(£2, ¢34, 1), ¥(2) = 1, and measurability of C,;, and W, an application of the contraction
principle (Lemma 2.2) with L = 1 then yields v € T3(D, Cy,, 1). O

5. TALAGRAND FOR THE HEAT KERNEL MEASURE ON CARNOT GROUPS

In this section, we show that a 75 inequality on the step-2 Carnot group G follows from a log-Sobolev
inequality, which in turn can be deduced from a heat semigroup estimate. In particular, we prove a 7T
inequality for the heat kernel measure pt; in the case that G is an H-type group. We will apply this
result in Section 6 to show that a 7 inequality also holds on the path space by a bottom-up approach.

5.1. From log-Sobolev to Talagrand. We follow the approach put forward by Otto—Villani [OV00],
namely deducing a 75 inequality as a consequence of a log-Sobolev inequality. We will make use of
the generalisation by Gigli-Ledoux [GL13] of Otto—Villani’s result. Whereas the result of Gigli-Ledoux
[GL13] depends on the log-Sobolev inequality for Lipschitz test functions, we show via a mollification
argument that this can be relaxed to only requiring the log-Sobolev inequality for smooth test functions;
see Theorem 5.1. Moreover, for the heat kernel measure, we show that the log-Sobolev inequality for
smooth test functions follows from certain heat semigroup estimates; see Theorem 5.2. In the special
case of H-type groups, as defined in Remark 2.10, the required heat semigroup estimates are known.
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Thus, in Theorem 5.3, we show that a 75 inequality holds for the heat kernel measure on H-type
groups and, in particular, on the Heisenberg group.

Let G be a step-2 Carnot group. Recall that, for the Carnot—Carathéodory metric dcc defined in (2.9),
the space (G, dcc) is a Polish space. Hence, for any Borel probability measure 1 on G, the space
(G, dcc, m) is a metric measure space in the sense of [GL13].

For a locally Lipschitz function f: G — R, define the local Lipschitz constant Lipg(f) by

LipG(f)(:c) = lim sup M

x € G.
Y= dCC(wa y)

By an extension of Rademacher’s theorem due to Pansu [Pan89] (see also [DPMM*25, PS17], and
[LD25, Theorem 11.3.2]), we obtain that every Lipschitz continuous function f: U C G — R is
Pansu differentiable Lebesgue-almost everywhere. In particular, its gradient Vg f exists £™-almost
everywhere and Lipg (f)(x) = |V f(x)|s, for L™-almost every € G.

We say that a Borel probability measure 13 on G with 7 < L™ satisfies the log-Sobolev inequality if
there exists o € (0, 00) such that

2
(LSI) 2a/ flog fdn < / Mdn, forall f € C°(G, [0, oo)),/fdn =1.
6 0y G

We first show that (LSI) implies a 75 inequality. As an intermediate step, we show that the log-Sobolev
inequality also holds for Lipschitz functions, so that we can then apply [GL13, Theorem 5.2].

Theorem 5.1. Suppose that ) is a Borel probability measure on G with ) < L™ satisfying (LSI) for
some av € (0, 00). Then, for any Lipschitz function f: G — [0, 00) with [, fdn = 1,

2
(5.1) 2a/flogfd77 g/ Ve/ls dn.
G >0y

Moreover, n € T5(G, doc, ).

Proof. We argue as in the proof of [AS20, Theorem 4.8] via mollification. Consider f: G — [0, 00)
Lipschitz continuous with fG fdn = 1. In particular, its gradient V¢ f exists L™-almost everywhere.

Let p: G — R be a symmetric smooth mollifier in G, i.e. a function p € C'>°(R™, [0, 00)) such that
suppp C B1,0< p < 1, p(xz™") = p(z), forallz € G,and [; pdz = 1.Fork € Nand x € G,

set pr(x) = k9p(dxx) and define the mollification Fr = pp* f by

fu(@) = (o * f)() =/ka(wy‘1)f(y) dy:ka(y)f(y‘lw) dy, =€G.

For each k € N, also define a smooth truncation function x, € C°(R™, [0, 1]) such that x, = 1in
By, xx. = 0in BS,, and |Vgxi|c < C/k for some constant C' € (0, 00), and define fi. = fi xx-

Thus, fr € C>(G,[0,0)), for each k € N. Moreover, f — f in L'(n) and thus n-almost
everywhere along a subsequence. By Fatou’s lemma, we have that

liminf/ frlog frdn > /flogfdn.
k—o0 G G
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We next show an upper estimate for the lim sup of the right-hand side in (5.1) with fk in place of f.
Note that, by left-invariance of the Carnot—Caratheodory distance, for &1, x5 € G, we have

[Filan) = )] _ /pk@) Sy ) — Sy el

doc(xy,22)  — doc (1, 2)
|fly 'xy) — f(y o)
S/Gp’“@) doc(y—tay, y 1) d

Thus, after passing to the lim sup for ; — a3 = a, we obtain Liprk(:c) < pr * Lipg f (),
or equivalently |V frls() < pr x |V f|s(x). With this estimate, the Cauchy—Schwarz inequality

gives
Vet =[x (/T < i n T ).

Multiplying f by the truncation Y and applying the product rule, we estimate

limsup/ Vo filg d'r)<hmsup/ |Vefk|ed
k—oo  J{f>0} Tk k—oo  J{f;>0} Jr

2 2
< lim sup/ Pk * (|VGf|GX{f>0}) dn < / Mol'n.
k—oo JG f {f>0} f

Finally, define I, = fG fr dn and the normalised function ﬁ = fi/1y, for each k € N. Then, by
(LSI),

20 / filog fr dn = 2, / frlog frdn + 2ad},log I,
G G

\V4 Vv

SIk/N | Gfk’GdnJrZaIklogI _/ | Gfk|Gdn+2aIklog[k
7>y fr (fe>0r S

We conclude that

2a/ flog fdn < liminf 204/ frlog fr dn
G k—o0 G

2
koo J {30} fk sy [

Thus, the log-Sobolev inequality for Lipschitz-continuous functions is established.

Finally, since (G, dcc, ) is a metric measure space in the sense of [GL13], we conclude that n €
T2(G, doc, «) by [GL13, Theorem 5.2]. d

5.2. From heat semigroup estimates to Talagrand. We now specialise to the case of the heat
kernel measure (1, and give a sufficient condition for 1y € 75(G, dcc, @), for some « € (0, 00).

As noted in [Eld10, Section 5] and [BBBC08, Remark 6.6], one can deduce the log-Sobolev inequality
(LSI) for w1 from the following heat semigroup estimate: there exists a constant K € (0, co) such
that

(5.2) \VeP,fle < KP(|Vsfl|s), foral fe C*(G,R),t>0,

where P, is the heat semigroup defined in (2.14). Indeed, for the Heisenberg group G = H = H!,
[Li06, Théoreme 1.1] proves the estimate (5.2), and [Li06, Corollaire 1.2] states that (LSI) holds as
a direct consequence, following the arguments in [ABCT00, Théoréme 5.4.7]. More generally, for
G = H", [HZ10, Theorem 7.3] and [BBBC08, Theorem 6.1] prove that (LSI) holds, again relying on
the heat semigroup estimate (5.2). For completeness, we provide a proof in Theorem 5.2 that, for
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any step-2 Carnot group, the heat semigroup estimate (5.2) implies the log-Sobolev inequality (LSI).
Thanks to Theorem 5.1, the 75 inequality also follows.

Theorem 5.2. Let G be a step-2 Carnot group and suppose that there exists K € (0, 00) such that
the heat semigroup P on G satisfies the estimate (5.2) for allt € [0,1]. Let v = # Then the heat
kernel measure p, on G satisfies the log-Sobolev inequality (LSI) with constant «., and ., satisfies

the Ty inequality py € T2(G, doc, ).

Proof. Suppose that P; satisfies (5.2) for all t € [0, 1]. Let ¢ € C*(I,R) for some interval I C R,
and suppose moreover that ¢” > 0 and the function —1/¢" is convex. Let f € C°(G,R) and let
t € [0, 1]. Then, by the heat equation and chain rule for the sub-Laplacian, for any s € [0, t],

85Ps¢(Pt—sf) = Ps (AG¢(Pt—sf) - ¢/(Pt—sf)AGPt—sf)
= P(¢"(P—s f)IVePios f13)-

The heat semigroup estimate (5.2) and the Cauchy—Schwarz inequality imply that

VoPufo < K*(Pu(Vofle))” = K2 (P (Vo leV/a () - 1/v/07(7) )
< K*P (Ve flas"(£) Ps(1/0"(f)),
and, by Jensen’s inequality,

-1 1
S B —Ud () PL(oF)

¢H(Pt78f)
Hence

asps¢(Ptfsf) = Ps (¢”(Ptfsf)‘vGPtfsf‘é)
< K*PP([Ve fI3¢"(f)) = K*P(|Ve fle¢"(f)),

and integrating gives
Po(f) — o(P.f) = / D.Pb(Prosf) ds < KAP(Vefl2d" (f)).

Now take ¢: (0,00) — R to be ¢(z) = xlogx for all z € (0,00), and suppose that f: G —
(0, 00). Then we have the following form of the log-Sobolev inequality:

Pi(flog ) — Pflog(R.f) < KQtPt%.

To arrive at (LSI), we set ¢ = 1, evaluate both sides of the inequality at the identity, and additionally
suppose that [ fdpy = 1. Then

2
/flogfduléKQ/Mdul-
G G f

Note that, allowing f: G — [0, o), we have [ flog fdu;, = [, (7>0y £ 10g f dp1. Thus (LSI) holds

1

with constant o = 35T

Applying Theorem 5.1, we further have that p, € 72(G, dcc, @). O
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5.3. Talagrand on Heisenberg-type groups. For any H-type group G, [EId10, Theorem 2.4] proves
that the heat semigroup estimate (5.2) is satisfied. We thus have the following corollary of Theorem 5.2.

Theorem 5.3. Let G be an H-type group. Then there exists o > 0 such that the heat kernel measure
w1 on G satisfies the log-Sobolev inequality (LSI) with constant c, and ., satisfies the Ty inequality
1 € T2(H, dec, a).

Proof. By [Eld10, Theorem 2.4], the estimate (5.2) holds on G with some constant K. Thus the result

follows from Theorem 5.2 with o = 2[1(2. O

We remark that the best possible constant in Theorem 5.3 is a < 1/2, since [Eld10, Proposition 4.1]

3d1+5
3d1+1°

shows that the optimal constant in (5.2) satisfies ' >

6. TALAGRAND FOR BROWNIAN MOTION ON CARNOT GROUPS — BOTTOM-UP APPROACH

In Section 5, we discussed the availability of Talagrand transportation inequalities on Carnot groups, as
a consequence of log-Sobolev inequalities and heat kernel estimates. In this section, we demonstrate
that we can transfer the 75 inequality for the heat kernel measure on a Carnot group, via a rescal-
ing and tensorisation argument, to a 7, inequality on the associated path space; see Section 6.1.
We highlight that this approach yields interesting insights into optimal transport problems in the non-
commutative sub-Riemannian setting that distinguishes it from the Euclidean case; see Sections 6.2
and 6.3. Finally, we show that the cost function defined in (2.18) on the path space arises naturally
as the I'-limit of discretised cost functions based on the Carnot—Caratheodory distance on the Carnot
group; see Section 6.4.

Throughout this section, let G =2 R% (9 R% be a step-2 Carnot group and set d = d; ; see Section 2.2.
Recall that B denotes Brownian motion on G, with law g = Law(B) and time marginals p; =
Law(B,) for t € [0,1].

6.1. From Talagrand on Carnot groups to Talagrand on path space. The main result of this section
is that the 75 inequality for pq on the group G implies the 75 inequality for p on the space €2g of
continuous G-valued paths started from the origin.

We first show that the heat kernel measure satisfies the following scaling property.

Lemma 6.1. Suppose that pu; € T>(G, doc, @), for some o € (0,00). Then, for any t € (0,1],
M € E(G, dec, O./tfl).

Proof. We claim that the heat kernel measure on G satisfies the scaling

(6.1) By = (05-1)shbg21,

forany s > 0, t € [0, 1]. To see this, recall that p: (0,00) x G — (0, o) denotes the heat kernel
on G, () the homogeneous dimension of G, and L™ the Lebesgue measure on G. Then, as in (2.8),
(6:): L™ (dx) = s~9L™(dx), for any s > 0. Moreover, by [AS20, Theorem 2.3], for any s > 0,
t €10,1],and = € G, we have that p,2,(6,x) = s~?p,(x). Therefore, for any Borel set A C G,

n(4) = / po(@)L7(dz) = O / (paee 0 6,)() L™ (dz)

= 5@ 2 () (0g)s L (d
- /51(A)ps (2)(5.):L™ (dx)

s

= / pe2e(x) L7 (dx) = (051 )gp1s2¢(A).
5,-1(A)

DOI 10.20347/WIAS.PREPRINT.3259 Berlin 2025



P.K. Friz, H. Kremp, V. Laschos, M. Liero, B.A. Robinson 20

This proves the claim. Now fix ¢ € (0, 1]. Setting s = ¢~ in (6.1), we have p, = (0 /7)sm1. The
map 6, ;7: G — Gis L-Lipschitz with Lipschitz constant L = Vt. Thus, since p1 € T2(G, doc, @),
Lemma 2.2 implies that p; € 72(G, doc, at™1). O

We now consider the product space G2 = G x - - - x G, for some n € N, and apply the dimension-free
tensorisation property of the 75 inequality. Define dcc n: G¥ x G?" —[0,00) by

dCC n = 2n Z dCC i, wz

forx = (xy,...,2,), T = (Ty,...,T,) € G2". We have the following tensorisation result.

Proposition 6.2. Suppose that 1 € T2(G, dcc, o), for some o € (0,00). Then, for any n € N,
psZ € (G, docn, ).

Proof. Fix n. € N. First note that - € T5(G, dcc, @2"), by Lemma 6.1. Define c’lvccm: G —
[0, 00) by

dCC n Z dCC Z;, a:z

forx = (xy,...,T,), T = (T1,...,T,) € 62 . Since (G, dcc) is a Polish space, [GLO7, The-
orem 6] implies that 75(G, dcc, @2™) has the dimension-free tensorisation property; i.e. ;L?_Q: €
T2(G, Jcc,n, a2™). Applying Lemma 2.2 with ¢ equal to the identity, we conclude that HS@?: €
75(62”, dccm, a). ]

We next prove a relative entropy bound for measures on the path space. Forn € N, sett} = k27" for
k€ {0,...,2"}, and define " : Qg — G2" to be the projection of paths to their dyadic increments;

ie. [Mw = (woum, W, ... 7wt;’7L,1,1)’ for w € Q. Then define a cost function C),: Qg X Qg —
[0, 00) by
(6.2) C’n(w,w) = dccm(l—mw, an), w,w € Q.

Lemma 6.3. Suppose that iy € T5(G, dcc, @), forsome o € (0, 00), and letv be a Borel probability
measure on Qg. Define p* = Tip, v* = Tiv € P(G™). Then H(v"||u") ~ H(v|p) as
n — oo and, foranyn € N,

9
Te,2(pm,v) < EH<V||M);
ie. € E(QG, Ch, a).

Proof. By independence and stationarity of the increments of B, we have that u" = F”u M?ZZ

and thus, by Proposition 6.2, u™ € T2(G*", doc n, ).
As shown in [DGWO04, Lemma 2.1],

(6.3) H(v"||u") = inf { H(nllpn) :n € P(Qe), I'in =v" }

and we see that the right-hand side is increasing in 7 and bounded above by H (v||u). To see that
the limit is equal to H (v||u), we introduce the piecewise linear interpolation map R": G** — g,
which is defined such that [ o R™ = id, and the image Im(R") C €2 is the set of paths that are
linear except at the dyadics ¢3;, k € {0,...,2"}. Define p" = Rp", v" = Rjv" € P(Q).
Since R": G*" — Im(R™) is a bijection, applying the representation given in (6.3) for both R™ and
its inverse gives the equality H (v"||u") = H(v™||™). We conclude similarly to [AGS08, Corollary
9.4.6], as follows. For any w € €2, we have that R" o F”(w) — w as n — oo and so, by dominated
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convergence, 1" — p and v — v. Then, using the joint lower semicontinuity of the relative entropy
(see, e.g. [AGS08, Lemma 9.4.3]) together with the upper bound implied by (6.3), we conclude that

lim H("||p") = lim H@"|p") = H(v|p).
n—oo n—oo

Finally, forany n € N, p" € T3(G*", dcc ., ) implies that

(\V]

n n 2 n n
T2, a,v) = Th o, v") < ZH" ) < ZH(v|lp) a

Before turning to the main result of this section, we prove an auxiliary lemma on the Euclidean cost
on R? and the associated Cameron—Martin cost ¢y, defined in (2.1). For n € N, define ¢,,: 2 x Q —
[0, 00) by

2n
(64) ci(w, w) =2" Z ‘wtgil,tz — Wt271’t2|2,
k=1
for w,w € 2. Part (ii) of the following lemma is a standard stability result from optimal transport and
is a consequence, for example, of [Rie17, Lemma 1.1]. Part (iii) will also be used in Proposition 6.21.
Lemma 6.4.
(i) Foreach (w,w) € Q x Q, (¢, (w,@))nen is an increasing sequence, and
(6.5) lim ¢, (w,w) = cxy(w, ).
n—oo
(i) Forany v € P(S2), the following convergence holds along a subsequence:
(6.6) lim TCn,2(/’L7 V) = TC;L[,Q(M? V)'
n—oo
(iii) Forany (w,w) € Qg X Qg andn € N,
(6.7) Cr(w, @) > ¢, (mw, m@).
Remark 6.5. We will show in Theorem 6.6, that the convergence in (6.6) and the lower bound in (6.7)
imply the lower estimate liminf,, . Te, 2(p,v) > T, 2(p, V). An even stronger result will be
derived in Section 6.4, namely, we prove the I'-convergence of the cost functions C,, to the cost C'y.
This establishes that (', is indeed the natural limiting cost. Moreover, we prove that the I'-convergence

of C,, implies the convergence of the associated transport problems Tcmg([l/, U"™) along a suitable
sequence of probability measures v € P(€2g).

Proof. Let w,w € () and write h = W — w. The sequence (¢, (w,@))nen is increasing by definition.
Suppose that h € H. Then

27l

1
. 2 —\ 7 n 2 112 _ 2
Jim ¢ (w, @) = lim 2 kE_l hep_ Lz —/0 |he|” dt = [ Ra][3,.

For h ¢ H, the above limit is +00. This proves part (i).

For part (ii), note that T',, 2(u, ) and T¢, 2(p, ) admit minimisers, for each n € N, by e.g. [Vil09,
Theorem 4.1], since the cost functions are lower semicontinuous and non-negative. Let \* € TI(u, v)
attain the infimum in T, 2(41, ). Then, by the monotone convergence theorem,

limsup T? ,(u,v) < limsup/ A (w, ) AN (w, @) = / Gy (w, @) AN (w,w) = T2 (1, v).
QxQ

n—o00 n—00 QXN
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On the other hand, for each n € N, let \" € II(u, v) attain the infimum in T, 2 (1, ). Since I1(1, v)
is tight, Prohorov’s theorem implies that (A™),en converges weakly along a subsequence (7 )ken t0

some \ € II(u, v). By monotonicity, for any m € N,

k—o0 n k—o0

liminf T? ,(p,v) = lim inf/ ¢ (w, @) dA™ (w,w) > lim inf/ A (w, @) dA™ (w, @)
k=00 ’“’ QxQ QxQ

_ /Mcgl(w,m A (w, D).

Applying monotone convergence once more,

liminf T2 (s, v) > lim A (w, @) d\(w, @) = / A, (w,w) d\(w, )
—00 ’

m
M=o JOx0 Qx0

2 TEH,2<Ma I/)'

Now observe that, for , T € G, doc(x, ) > |ma — mE|. Indeed, by definition of the Carnot—
Carathéodory metric,

1
dec(x, @) = min{ / |9¢| dt : : [0,1] — G horizontal, vo = @,y = E}
0
1
> mf{ / |"}/t’ dt : v [O, 1] —G horizontal, 1Y = TMX, T17Y1 = Wli}
0

1
= min{ / |ge| dt : g: [0,1] — R? absolutely continuous, go = m T, g = wli}
0
= |7T133 — 7T15|.

Hence, for w, w € Qg,
an an

CZ(UJ, w) =2" Z d%c(wtg_ptz,wtg_l’t;;) 2 2" Z ’Wlwtz_ptz — 7T1wtg_1,tg\2 = ci(mw, Wlw).
k=1 k=1

This concludes part (iii). [

We are now in position to prove the main result of this section.

Theorem 6.6. Let G be a step-2 Carnot group and suppose that g, € T3(G, dcc, o), for some
a € (0,00). Then p € T5(s, Cyy, ).

Proof. If v is not absolutely continuous with respect to u, then H(v||n) = +oo and the cost-
information inequality holds trivially.

Now suppose that v < p. Recall the lift map ¥: C([0, 1],RY) — C([0, 1], G) given by (2.15). By
Proposition 2.13, u = Wy, and by Lemma 2.14, there exists ¥ < p such that v = Wyv. Now let
A* € II(u, v) be such that

TE%Q(M,V):/ c%(w,w)d)\*(w,w):/ 15 = wif2, d* (w, D).
QxN QxN

We have that \*({ (w,@) € A x Q: T —w € H}) = landthat A = (¥ x U " € I(p, v)
is an admissible coupling. Using the property (2.17) of the lift and shift from Proposition 2.16, we find
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that
/ C2(w,@) dAw, @) = | CL(U(w), ¥(@)) dN(w, B)
QGXQG Qx0

= C2 (¥ (w), Ty ¥ (w)) AN (w, D)
QxQ

- / = N (@) = T a0 0)
X

Hence T¢, ,(p,v) < T2, »(u,v).
Combining (6.6) and (6.7) from Lemma 6.4, we have

lim sup T%nz(l%’/) > lim sup Tgn,z(ﬂa v) > Tgﬂz(ﬂa v) = T%'HQ(“HV)'

n—oo n—oo

By Lemma 6.3, we conclude that TZ, ,(u,v) < 2H(v|p). O

Theorem 6.7. Let G be an H-type group. Then the measure . on the space Qg = Cy([0,1],G)
satisfies the cost-information inequality

M € E(QG7CHa a)7

for o« > 0 as in Theorem 5.3.

Proof. By Theorem 5.3, uq € T5(G, dcc, «). We conclude by Theorem 6.6. O

6.2. Failure of top-down projection and blow-up of cost functions. In this section, we point out
two major differences between the classical Euclidean and the Carnot group settings. In contrast to
the Euclidean case, we cannot project the Talagrand inequality from Theorem 6.6 down to a Talagrand
inequality for B1. Moreover, the cost functions C,, do not converge pointwise to the cost (.

We start by giving the corresponding projection result in the Euclidean setting, which we prove via the
contraction principle from Lemma 2.2. Let P;: Q — R%, w ~ w; denote the map that evaluates a
path at time ¢ = 1, and recall the Euclidean Cameron—Martin cost c3; defined in (2.1).

Proposition 6.8. Let 1) be a Borel probability measure on €) and suppose thatn € T5(€2, ¢y, ), for
some a € (0,00). Then (P1);n € To(R™,|. — .|, @), where | - | denotes the Euclidean norm on R%:.

Proof. For any w,w € €2 such thatw — w € H, Jensen’s inequality implies that

|-l = sup | / 5y ds|

t€[0,1]

t 1
S sup t/ |ws_$s|2d3 S / ’Q)S—$5|2d8 = ||w_w’|3-[
0 0

te(0,1]
Thus, for any w,w € €2,
|Pw = Pl < |lw =% < 6w, ).
Hence the contraction principle from Lemma 2.2 yields the claim. 0
Now consider the law gt of the Brownian motion B on G. Let P, : €2 — G denote the projection of a

G valued path onto its final time evaluation; i.e. Piw = wy for any w € G. Suppose that there exists
Qs C Qg with M(QG) = 1 and some measurable function L: Q¢ — [0, 00| such that

(6.8) dec(Piw, Pw) < L(w)Cx(w,w),

forallw, € Q. f L € L>(p), then, by Lemma 2.2, the T3 inequality for gt implies a 75 inequality
for p11. If we only have L € L?(p) for some g € [2, 00), then Lemma 2.2 still implies a 7,, inequality
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for p = 22%1 € [1,2). The following result shows that any such L cannot belong to L9 for any

q € [2, 00], and thus the contraction principle from Lemma 2.2 is not applicable.

Proposition 6.9. Let L: Qg — [0, 00| be as in (6.8). Then u(L = oo) > 0. In particular, L ¢
L%(w) forany q € (0, o<].

We make use of the following example in the proof of Proposition 6.9 and again below in the proof of

Proposition 6.11.

Lemma 6.10. Leta > 0 and define h € H by h; = (at,0,...,0) € R4, foralit € [0, 1]. Then, for
any s,t € [0, 1] with s < t, there exists a standard normal random variable Zs such that

2o (Byy, (ThB)y) > aCl(t — 5)2| 2,4,

for some constant C' > 0 independent of a, s and t. Moreover, for u, v, s,t € [0,1] withu < v <
s < t, the random variables Z,, ,, and Z ; are independent.

Proof. For B = (B, B?), write BV = (B!,... B%). Let s,t € [0, 1] with s < ¢. Since h is
only non-zero in its first component, Remark 2.18 implies that

dy t
B;tl(ThB)&t = (h&t, aZij/ (s —r) dBﬂ).

Choose k € {1,...,m} such that s} = Z o [wh ;> > 0. By the left-invariance of dcc and the
estimate (2.11), there exists a constant xk > 0 such that

Zwm/ s—r)dBJ

By It6’s isometry, we can define a standard normal random variable

4 "
Zst =S5 (t—s)_g\/gz:wlf]/ (s —r)dB..
j=2 s

deo(Bsy, (ThB)st) > ar™ > ak~

dy t
! waj/(s—r)dBi.
Jj=2 5

Thus, setting C' = 33k~ s}, we have
3
8o (Bss, (ThB)sy) > aC(t — 5)2[Zy,.
The independence property follows from the independence of Brownian increments. [l
Proof of Proposition 6.9. Suppose for contradiction that p(L < oo) = 1. Let B be a Brownian
motion on G, let & > 0, and define h € H by hy = (6¢,0...,0) € R, forall t € [0,1]. B

Lemma 6.10, there exists a constant C' > 0 independent of § and a standard normal random variable
Z such that we have the lower bound

d¢c(P1B, Pi(T,B)) > 6C|Z|.
On the other hand, by definition of the cost Cy,,
C4(B.T,B) = [[h]}% = .
Therefore, (6.8) implies that
Cé|Z| < L(B)&.
Since both | Z| and L(B) are almost surely finite, taking the limit as  — 0 gives a contradiction. [

We now show that, contrary to the Euclidean case, the cost functions C,, defined in (6.2) may not
converge pointwise to C%,. Again, we use the example from Lemma 6.10.
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Proposition 6.11. Let B be a Brownian motion on G, and defineh € H by h; = (t,0,...,0) € R%,
forallt € [0, 1]. Then

lim C,(B,TyB) = oo

n—oo

almost surely.

Proof. Fix n € N. By Lemma 6.10, there exist independent standard normal random variables Z,, ,
ke {1,...,2"}, such that

2" 2m
CAB,T,B) =2") dic(Bpy i (ThB)y ) > C272Y | Zy .
k=1 k=1

'''''

ance 1 — 2/7. Thus, by Chebyshev's inequality, for any 6 > 0,

2n
|an| — 2/71'
P b
(|

The right-hand side is summable in n and so, by the first Borel-Cantelli lemma,

> 5> <071 —2/m)27

2”
lim 27" E | Zn x| = \/2/m almost surely.
n—o0
k=1
Hence, we have
277,

lim inf C2(B, T, B) > Climinf 2> - 27" *|Z, x| = C\/2/x lim 2"* = +o0,
n—o0

n—r00 n—00
k=1

almost surely. O

When the marginals are related by a deterministic shift, we can identify the optimal coupling for the
cost C'y, and we have the following equality.

Lemma 6.12. Leth € H be deterministic and v = Law (1}, B). Then T¢,, »(, V) admits a unique
optimal coupling, this coupling is induced by a Monge map, and

TZ, »(m,v) = E[C3(B, T,B)] = 2H(v||p) < oco.

Proof. The second equality follows from Theorem 3.3. Indeed, if v = Law(7,B), then h = b for
the Follmer drift b from Theorem 3.3. Since v = Law(7,B) < p, we have that H (v||p) < oo.
Now, from the definition of C'3;, and the fact that i € H is deterministic, we have optimality of A* =
Law (B, T,B). To see this, let A € II(p, ) and consider the event £ := { (w,w) € Qg X Qg :
@ = Tro-mww }. f A(E) < 1, then by definition of C, we have [ C%/(w, @) dA(w, @) = +o0.
Suppose now that A(E) = 1. Then, by Jensen’s inequality,

/c;(w,m AN\ (w, @) = / @ — mwl|2 dA(w, @)

2
> H/mwdu(w) —/mwdu(w)HH = |IAl2,

Equality holds if and only if A({ (w,@w) € Qg X Qg : mw — mw = h}) = 1. Combined
with the condition that A(E) = 1, we see that any optimal coupling is concentrated on the graph
of the function 7}, : ¢ — (2. Thus, there is a unique optimal coupling of Monge form given by
A" = (id x Tp)sp = Law(B, T, B), and T¢, ,(u,v) = E[C3(B,T,B)]. O
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Remark 6.13. Let h € H be as in Proposition 6.11. Since v = Law(7,B) < u, we have that
H(v||p) < co. By Lemma 6.3, we thus observe that T, ,(u,v) < H(v|pm) < oo. However,
Proposition 6.11 shows that lim,, ., C,,(B,T,B) = +oc almost surely. Thus Law(B, T, B) is
suboptimal for some C,,, n € N.

In the case of the Heisenberg group G = H", this suboptimality can already be seen for Tdcc,g(ul, V).
Indeed, [AR04, Theorem 5.1] shows that there is a unique optimal coupling and that this coupling is
concentrated on the graph of some function ¢: H" — H"™. Taking, for example, h as in Lemma 6.10,
it is clear that Law (B, (1}, B)1) is not concentrated on any such graph, since (7}, B); is not mea-
surable with respect to o (B ).

6.3. Riemannian approximation of the Heisenberg group. In the case of classical Wiener space,
we consider paths taking values in R? with the Euclidean geometry. In the present Carnot group
setting, we note the following two distinctions:

(i) (G,dcc) is a sub-Riemannian metric space (the sub-Laplacian is hypoelliptic);
(i) the group operation on G is non-commutative.

It is shown in [CDPTO07, Theorem 2.12] that any Carnot group can be approximated by Riemannian
manifolds in the sense of pointed Gromov—Hausdorff convergence; see also [AS20, Section 2.5] and,
for the Heisenberg group, [AR04, Section 6]. In making this approximation, we move out of the sub-
Riemannian setting but retain non-commutativity. We observe that, in this case, a 75 inequality on
path space also holds (Proposition 6.14) and that the blow-up of discretised cost functions shown in
Proposition 6.11 does not occur (see Proposition 6.17). The failure to recover the 7 inequality on the
underlying space via projection that was shown in Proposition 6.9 is still observed (Proposition 6.16).
However, in contrast to the sub-Riemannian case, we can use the contraction principle to obtain a 7,
inequality on the underlying space for any p € [1,2) (Proposition 6.15).

In order to ease the presentation of this section, we specialise to the Heisenberg group H = H! =
R? @ R. Recall the left-invariant vector fields (V1, V2, V3) = (XY, Z), where

X=0,+13y0., Y=0,—3%20., Z=[XY]=0.,

and the group operation

!/

za' = (v +a'y+y. 2+ 2 + 5@y —ay), x=(,5,2).

"= ()9, 2) eH.

For e > 0, define the manifold M to be R2®R equipped with the Euclidean topology and orthonormal
basis (X, Y, Z.), where Z. = £Z. Let d. denote the induced Riemannian distance, which is again
left invariant. By [CDPT07, Theorem 2.12], (H, dcc) is the limit of the Riemannian manifolds (M., d.)
as € — 0, in the sense of pointed Gromov—Hausdorff convergence. As in [AR04, Section 6], we see
that, forany ¢,y € M.,

1
dfwy) = int{ [ \JRR+ [+ =0 = B2 — AP
0
8 € AC([O7 1]7ME)7 Yo=IL,"1=Y }7
and, for gg, 1 > O with e < g,

d&‘o(way) S d61 (way) S dCC(w7y) = sup de(w7y)

e>0

Moreover, by [Jui14, Lemma 1.1], there exists a constant ¢ > 0 such that, forany ¢ > 0, &,y € M.,

(6.9) dCC(ma y) < da(ma y) + ce.
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We will also make use of the following bounds. There exists a constant & > 0 such that, forany € > 0
andx = (0,0, z) € M,,
(6.10) (|22 —e) < d.(0,2) < 7Yz,

where the lower bound follows from (2.11) combined with (6.9), and the upper bound from considering
the length of a purely vertical path.

On the space (M., d.), we consider the same non-commutative group law as on H, but now the
distance d. is Riemannian.

Consider a Brownian motion B on R? with law ;2 and Cameron—Martin space H = W01’2([0, 1],R3).
We can define a Brownian motion B< on (M., d.) by

dB; = X(B®)dB; + Y (B%)dB} + Z.dB},
and let u° = Law(B?). Explicitly, B¢ = (B>, B=?)) with
1
=3 —(B?dB} — B} dB}) +¢dB;.
Let Q := Co([0, 1], R?) and Q¢ := C([0, 1], M.), and define a map ¥¢: QO — QF by

Ue(w) = (0, ew®) T ((wh,w?), w=(w'w?w?®)eq,
where W is the lift map defined in Definition 2.12. Define its domain as
Dom (¥¢) = {w = (w', w? w*) € Q: (W', w?) € Dom(¥) }.

For w absolutely continuous, V¢ takes the explicit form

1 t
Ve (w)y = ((wtl,wf), 5/ (w! dw? — w? dw}) +€w§>, t €10,1].
0

Similarly to Proposition 2.13, we have that B¢ = W¢(B) almost surely. We can also define a shift
map 5 : QF — QF, forany h = (h', h?, h3) € H, by

Trw = (0,eh®) T p2yw, w € Q.
Then, similarly to Proposition 2.16, for any w € Dom(¥*) and h € H, we have
TV (w) = ¥ (w + h).

dB;" = d(BY, BY),, 4B® =

Now define a cost function C%, : ¢ x €° — [0, 00| by

O (w,w) = {

Taking the same approach as in Theorem 4.4, we see that p° satisfies a 75 inequality with this cost.

|h||n, fw=T;w, forsomeh € H,
+00, otherwise.

Proposition 6.14. We have the cost-information inequality pu° € T2(Q, C5,, 1).

Proof. As noted in Section 2.1, i € T5(€2, ¢y, 1), where the cost ¢y, is defined in (2.2). We also have

that p° = Wi and p(Dom(W¢)) = 1. Moreover, for any ,y € Dom(V°) with h =y — x € H,
C5(% (), U(y)) = C5(¥°(2), Tz + h)) = C5,(V(2), T; 0% () = [|h]l7, = cula,y).

In case y — x ¢ 7H, then both sides are infinite. Thus, applying the contraction principle from

Lemma 2.2, we have that u° € 75(Q°,C5,, 1). O

In contrast to the sub-Riemannian setting, u° € 72(Q°, C5,, 1) implies a 7T, inequality for puj =

Law(Bj), for p € [1,2), with a constant depending on &.

Let P, : Q° — M, denote the projection P (w) = wy, for w € QF, so that u§ = (P )y p°.
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Proposition 6.15. Suppose that u° € T2(2°, C5,, 1). Then, foranyp € [1,2), there exists a (e, p) >
0 such thatlim,. o a(e,p) = 0 and p5 € T,(M., d., (e, p)).

Proof. Suppose that w,w € ¢ with w = Tyw, for some h € H. Define h = V¢(h) and v, =
w; (T w);. Then

d-(P1(w), Pi(w)) < de(hi,71) + de(0, hy).
We bound d. (0, h1) by the length of the curve ¢t — hy in 2° to get

1
d:(0,hy) < / \/IhH2 + |h2|? + e2|ehd 4 5(hth? — h2h}) — S(hih2 — h2hb)|? dr
(6.11) 0

1
= [ i i+ iz ar < e
0

Similarly to Remark 2.18, by integration by parts,

(6.12) hily, = (o, /01 (hi dw? — 2 dw,%)),

and so, by (6.10),
1
/ (h,% dw? — B2 d@) ’
0

< 27 |lwlloollll32,

d.(hy,v) <e*

where ||wl|oo = sup,¢(o 1 [(wf, w?)|. Hence
d-(Pi(w), P1(@)) < (1+2e7 wlloo)[[Alln = (1 + 267 [w]lo) Oy (w, @)

In the case that there does not exist h € H such that w = Tj,w, then the same inequality holds
trivially.

Next note that, for any ¢ € [1,00), w = ||w||c € L(p). Letp € [1,2) and set g = QQTPP € [2,00).
By the contraction principle from Lemma 2.2, we conclude that

p1 € To(M.,dz, o(e,p)), where a(z,p) = (1+2:"E[||B||%.]7)
and we see that lim._,¢ a(g, p) = 0. O

Analogously to the sub-Riemannian setting, however, it is not possible to recover a 75 inequality via
the contraction principle, as the next result shows.

Proposition 6.16. Let 2 C QF such that u(€2) = 1, and let L: QF — [0, 0] be a measurable
function such that

d.(Piw, Pw) < L(w)C5)(w, w),
for allw, > € Q. Then L ¢ L>(p?).
Proof. Suppose for a contradiction that L € L>(u®). Define h € H by hy = (¢,0,0) € R3, for all

t € [0, 1]. Then, similarly to Lemma 6.10, we can apply (6.12) and (6.10) to see that there exists a
standard normal random variable Z and a constant C'(¢) > 0 such that

d:(B5, (T, B%)1) = C(e)| Z].

We also have C%,(B*,T; B*) = ||h||» = 1. Thus C'(¢)|Z| < L(B?). Since |Z| is not essentially
bounded, we arrive at a contradiction. O
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Finally, in the Riemannian setting, we do not observe the blow-up shown in Proposition 6.11. For
n € N, define a cost C¢: ©2° x Q° — [0, 00) by

2’71
€ ~\2 __ on 2 ~ ~ €
Cr(w,w)” =2 E do(wip_ im0 m), w,w € §PF.
k=1

Proposition 6.17. For any h € H, we have

limsup C5(B°, T B¥) < C5,(B°, 5 B°) = | hlls.

n—oo

almost surely.

Proof. Define Z by Z,, = B (T;B)sy, for s,t € [0,1] with s < ¢, and h = ¥*(h). Letn € N.
By Young’s inequality, we bound

(6.13) Co(B*, T;B°)* < (1+n)Ci(h, Z)* + (1 + 2)C5(0, h)*.

Asin (6.11), we bound d.(h _, hsn) by the length of the curve h; i.e.
k—1 k

tx . . .
elha by < [ IR+l + figpar
k—1

Applying the Cauchy—Schwarz inequality, we have

2 ooty : )
Ca0 ) =2 iy o) <3 [ (B4 2P 4 A )ar = [
k=1 k=1 th—1
and so

limsup(1 + 1)C; (0, h)* < [|A]%.

n—o0

Next, similarly to (6.12) and Remark 2.18, we have

hlZ,, = (o, / t (him dB? — 12, dB,%)).

Therefore, using the estimate (6.10) and the fact that B is almost surely 3-Hélder continuous for any
S € (0,1/2), there exists a constant ¢ > 0 such that we have the almost sure bound

t t
[meas| +e [ 02 an

t
< e | BI2Jt — 5|1+ / 2 dr,
S

2 2
+ e

2
&2(0,h;} Z,,) <e?

where || B||3 is the 8-Hélder norm of B. Hence

27L
Ci(h,Z)? =2"> d2(0, h' o Zi )
k=1
< ce 2227 UM R || BIE = c= 72|13, BIF2,
and so lim,, ;. (1 + n)C<(h, Z)? = 0 almost surely. We conclude by (6.13). O
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6.4. I'-convergence of the cost functions. Despite the pointwise blow-up of the cost functions C,,
that we demonstrated in Proposition 6.11, we now show that C',, does converge to C in a variational
sense. More precisely, the sequence C,, converges to (', in the sense of I"-convergence, a notion of
convergence for families of minimisation problems that is formulated in terms of asymptotic lower and
upper bounds. On a metric space (F, dg ), we say that a sequence of functionals F},: £ — RU{co}
I"-converges to a limit Fl,: £ — RU {oco} if

(i) for every sequence =, — z in E, we have F..(x) < liminf, ., F,(z,); and
(i) for every x € F, there exists a sequence T, — x in E such that limsup,, .. F,,(7,) <
Foo(z).

The sequence (Z,,) in condition (i) is called a recovery sequence as it “recovers” the correct energy
level Fi,(x) from the approximating energies F,,(Z,,) by adding suitable oscillations to x. One may
view I'-convergence as describing the asymptotic behavior of energy landscapes, in close analogy
with large deviation principles, which characterise the asymptotics of probability measures via their
rate functions. Indeed, the interplay between I'-convergence and large deviation principles has been
studied in several publications; see e.g. [Mar18, Ber18]. A central advantage of I'-convergence is its
stability property: convergence of functionals implies convergence of minimal values and, under mild
compactness assumptions, convergence of (almost) minimisers. For a comprehensive treatment we
refer to the monographs [DM93, Bra02, Rin18].

We will see that the I"-convergence of the cost functions C',, implies the convergence of the associated
optimal transport problems; i.e. for every v € P (€2 ) there exists a sequence of probability measures
" € P(€s) such that the associated transport costs T, o(V™, ) converges to T, o(v, p) as
n — 00.

In the Euclidean case with cost ¢, defined as in (6.4), we have for w,& € Cp([0, 1]; R?) with h =
w — w the formula ¢, (w, w) = fol |85ﬁ"|2 ds, where h™ is the piecewise affine interpolant for /. One
readily verifies that ¢, (w,w) converges to ||h||y if b € H and to +o00 otherwise; cf. Lemma 6.4. In
particular, the I'-convergence of ¢, also holds in this setting with the same limiting cost.

Recall that we consider the metric space (2, ds ), Where d, is the uniform metric defined in (2.13).

We start with the following lemma, which gives the pointwise convergence of the cost to the Cameron—
Martin norm for horizontal curves.

Lemma 6.18. Leth € H, and leth = W (h) denote its lift to Q. Then, for the family of cost functions
(Ch)nen defined in (6.2), we have C,, (0, k) < ||h||3 andlim,,_,, C,,(0, h) = ||h||3.

Proof. Let h € H and let h = W (h). The curve t — h; € G is horizontal and therefore, for every
0<s<t<1,wehave

t
doc(ha, hy) < / | dr-

Applying Hélder’s inequality, we obtain the estimate

2 e
C2(0,h) = 2 Y dec(hy e P <Y / P dr = A2,
i=1 i=1 Yt

Taking the lim sup on the left-hand side gives lim sup,,_, ., C,,(0, k) < ||A]%.

To show the lower bound, define a piecewise constant function g™ : [0, 1] — [0, c0), for each n € N,
by g = 2"dcc(he, hyn ) for t € [t ,,17), i € {1,...,n}. Note that the sequence (g") is
uniformly bounded in L*([0, 1]). Hence, we can extract a weakly converging subsequence such that
g™ — gin L*([0,1]). For given 0 < r < s < 1, we can find indices 4, j, € {1,...,2"} such
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that, for r, = ¢’ and s, = t;bn,

0<r,<r<s<s,<1, and limr,=r, Ilim s, =s.
n—o0 n—0o0

By the triangle inequality and the continuity of ¢ +— h,, there is a sequence (¢,,) C R such that
€, — 0and

Jn Sn
dec(he,hs) <Y declhy ey )+ doc (b, hy,) + dec(hy, hy,) = / gpdt + e,
1=1ln Tn
Passing to the limit as n — oo, we infer that dec (b, hy) < f: g dt. Now, by the minimality of the
metric derivative (see Remark 2.8), we obtain g; > |h;| for almost every ¢ € (0, 1). Finally, since
C2(0,h) = 2" "7 d2¢ (A, hyr ), lower-semicontinuity of the norm implies that
1

1
lim inf C2(0, ) = lim inf (gf)2dt2/0 g2dt > [h|2,

n—oo n—oo 0

which finishes the proof. 0

The next lemma shows that the cost C,, blows up along sequences w™, w" that converge to limits
w, w whose difference w ™' is a purely vertical process; i.e. t — (w™'@); = (0, 6;).

Lemma 6.19. Letw,w € (g, and let (w"), (W") C s be sequences with lim,, . (wW", W") =
(w,w). Suppose that there exists a non-zero 6 € Qg such that 8, = (0,0;) and w, = w,0; for all
t €0, 7). Thenlim,, o Cp (W™, @™) = 00.

Proof. Suppose for contradiction that C), (w", @") is bounded uniformly in n. We use the equivalence

of the gauge distance d, and the Carnot-Carathéodory distance dcc from (2.11) to obtain the lower
bound

277,
- ~ 2
Cp(w™, @™)? = 2" g dcc(w%wtz,wﬁl tZ)
k=1

k-1
2m A
2" Z - 2 2" Z
Z - dg (U.J?n "y wZ'Ln tn) Z - |9?n tn |,
K kE—1"k k—1"k K k—1"k
k=1 k=1

where 07, = my((w,) ' @,) are the increments of the vertical process. Let §;" denote the piecewise

affine interpolant associated with the increments ?Z_pt? with 8 = 0. The above estimate gives the
bound C,,(w™, @")? > %||§"||W11 where the left-hand side is uniformly bounded with respect

to n by assumption. Thus 8 — 0 in W'([0,1],R%) and so 6 = 0 as W)([0, 1],R%) —
Co([0, 1], R%), giving a contradiction. We conclude that lim,, o, C,,(w", @") = oo. d

Now we prove condition (ii) in the definition of I'-convergence for C,,, i.e. the existence of a recovery
sequence. In fact, we show a stronger version; see Remark 6.23.

Proposition 6.20. Let w,w € $2g and let (w™) C $2s be a sequence such that w™ — w. Then
there exists a sequence (w™) C §2g such that w"™ — w and

(6.14) lim sup Cy, (w", @") < Cy(w,w).

n—oo

Proof. We only have to consider the case w = Tj,w for h € H, since the right-hand side in (6.14) is
otherwise infinite by definition of C in (2.18), and the inequality holds trivially. Let w € Qg, h € H,
and w = Tj,w. Consider a sequence (w”) C Q¢ such that w™ — w in Q2g. For each n € N, define
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w" = Tpw" € Q. By the continuity of the shift map from Proposition 2.16, @" — w = Tjw in
(2. As in Remark 2.18, we introduce the non-commutativity error

0?,t = h;tl(wg,t)ilw?,t = (0 0, )7

) Vst

t
where 0, = (/ Wh ®dwf>.

We define 9" € € such that its increments satisfy (19?2_1)*119?2 = O ;n. Indeed, we set
9} = (0,9}), where
Ug =0 and O =V +0n ,, for te(tpty], ke{l,....2"}

We emphasise that, for any ¢ € [0, 1], 9} is an element in the centre of the group G. In particular,
it commutes with every element in G. Therefore, defining the curve t — @' = w(9})~! € G, we
obtain that its increments satisfy

‘:’Zt = a?,t(ﬁg,t)_l = (ﬂg,t)_lwn 0<s<t<L

st

Using the left-invariance of dcc and the definition of 19", we find that, for k € {1,...,2"},

doo(wiy_ @) = doo (0 (@l ) @ (O 4)7")

= dcc (0, htg_l,tgeyg_l,tg(efn t;;)_1> = doo(0, by i)

k—1°
Lemma 6.18 now allows us to pass to the lim sup. More precisely, we have that
limsup C,, (w",w") = limsup C,(0, h) < Oy (w,w).

n—oo n—oo

It remains to show that w™ — w. Due to the convergence W — w it suffices to show that ¥ — 0
in Qg or, equivalently, 9" — 0in C([0, 1], R%). Using the definition of 1", we find a constant C' > 0
such that

[0l <C sup max sup |wp—wp'|||R7]] .-
k=1,...2n < te[tn_ | 47 .
Since w™ converges uniformly to w, the right-hand side vanishes as n — oo. O

We now prove the lower estimate that is required in condition (i) of the definition of I"-convergence.

Proposition 6.21. Letw,w € Qg and (w"), (W") C Qg be sequences with lim,, . (w™, @™) =
(w,w). Thenlim inf,, . C,(w", @") > Cy(w, w).

Proof. Consider a pair of curves (w,w) € Qg x €2 and a pair of sequences (w™, w") C Qs X Ng
such that lim,, ,, (w", @") = (w,w). We will consider three cases.

Case 1a. First, we consider the case that w = Tjw for some h € H. We may assume that [ :=
liminf,, ., C,(w™,@") < oo, since otherwise the inequality holds trivially. Let A" = mw" — mw"
so that b — hin C([0, 1], R%). We now apply Lemma 6.4 (i), to see that
2”

fnd ~n n\2 fn ) n n o __ 1n 2 15 s Tn2
(6.15) hglong’n(w s wh)E > hﬂg}f2 ; |hin — i |” = h}gg}f“h [E7E
where h" is the piecewise affine interpolant of h™. Since I € [0,00), we can assume that B is
bounded in H and is weakly converging to a limit 2~ € H, which we see is equal to h. By weak lower
semicontinuity of the L? norm we obtain lim inf,,_,, C,, (@™, w™)? > || A3,

Case 1b. Now suppose that w = Tjw, where h = mw — mw ¢ H. Then Oy (w,w) = .
Supposing again that / := liminf, ., C,,(w",@") < oo, following the same argument as above
leads to 1 € H, which is a contradiction. Thus, lim inf,, ., C,,(@", w™)? = oo.
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Case 2. We now assume that h == mw — mw € H but w # Thw;i.e. w is not a shift of w. We
show that C, (w™, w™) — oc. Define @ = Tjw such that, by assumption, @ # @ but mw = mW.
Therefore, there exists § € C([0,1],R%) such that # #Z 0 and @ = @O with & = (0,6). By
Proposition 6.20, we find a sequence W™ such that @™ — @ and

(6.16) lim sup Cy (W",0") < Cy(w,@) = ||hlly < co.

n—o0

Now, by the triangle inequality and the estimate (a + b)? < 2a? + 2b?, for any a, b € R, we see that
Cp(@™, @™)? <20, (w", &™) + 20, (@™, w™)?.

By (6.16), the first term on the right-hand side is bounded by 2|/h||3,. By Lemma 6.19, we also have
lim,, o C, (@™, @™)? = co. Thus we conclude that lim,, .., Cp,(@", w™) = oo. O

Combining Propositions 6.20 and 6.21, we deduce the following I'-convergence.

Corollary 6.22. On ) x Qg equipped with the uniform topology, we have the I'-convergence C, L
Cy.

Proof. The liminf inequality follows directly from Proposition 6.21. The limsup inequality in this setting
reads: For every pair (w,w) € Qg X (2, we can find a sequence (w™,w") converging to (w, w)
such that

limsup C,, (w",@w") < Cp(w, w).

n—oo
Proposition 6.20 tells us that in fact we can take any sequence w" converging to w and the sequence
w"™ constructed via adding a suitable perturbation. O

Remark 6.23. Let us note that Proposition 6.20 is stronger than the standard lim sup condition in
["-convergence. In particular, we can choose the constant sequence w”™ = w such that the recov-
ery sequence is obtained via a map " (w,w) = (w,w"). We will use this map " to construct
sequences of transport plans A" that are recovery sequences for the family of optimal transport prob-
lems associated with C,,; see Proposition 6.26 below.

Having shown the I"-convergence of the cost functions C,,, we can now deduce the I"-convergence of
the associated transport problems. For n € N, define the family of functionals I,,: P(QcxQg) —
[0,00] and I : P(sxNs) — [0, 00 via

I.(A) = / c;f dA and I(A) = / 072{ dA, A e P(Qs x Qo).
Qe xNg Qe x0g

Proposition 6.24. Let (A\") C P(2 x ) be a sequence of probability measures such that
A" = XinP(Qg x Qg). Then

liminf L, (A™) > To(A).

n—oo
Proof. By Skorokhod’s representation theorem, there exists a probability space (=, 2, P) and random
variables Y": = — Q¢ X Qg and Y : = — Qg x g such that A" = Y;P, A = Y,P, and
Y " — Y P-almost surely. We conclude that

lim inf Cp(w,w)*dN\" = liminf [ C,(Y™)*dP > / liminf C,,(Y™)*dP

n—oo QGXQG n—o0 = = n—oo

> [euype= [ Cuw.@Pan

QGXQG
by Fatou’s lemma and Proposition 6.21. [l
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Remark 6.25. Given Proposition 6.24, we find a much more direct proof of Theorem 6.6. Indeed,
combining Lemma 6.3 and Proposition 6.24 yields the result immediately.

Proposition 6.26. Let A € P (g x Q). Then there exists a sequence (A") C P(Qg x ) such
that A" — X and

(6.17) limsup I, (A") < Io(A).

n—oo

Proof. We may assume that the right-hand side in (6.17) is finite as the inequality is trivially true
otherwise. In particular, we have (w, @) — C%(w,w) € L'(A) and, for A-almost every (w,w) €
Qg x Qg, we have thatw = Thw forh = m; (G_lw) € H.

Define A" = DU € P(Qs x Qg), where ™: Qg x Qg — Qg X Qg maps (w,w) to (w,w")
as in Remark 6.23. Then, for any (w,w) € Qg X Qg, we have ¢"(w, w) — (w,w) and A” — A
as n — 00. By Propositions 6.20 and 6.21,

(6.18) lim G, (9" (w,w)) = Cn(w,w).

n—0o0

Moreover, by Lemma 6.18, we have C,,(w,w™) < ||hll% = Cy(w,w). Using Fatou's lemma with
integrable upper bound C?% (w, w) gives

lim sup / C?(w, ) dA" = limsup / C2(P"(w,@)) dA
Qe xQg 197c9:497¢]

n—o0 n—oo

n—oo

< / lim sup C2 (0" (w, @)) dA.
QGXQG

The assertion now follows from (6.18). [

Corollary 6.27. On P (2 X €2c) equipped with the weak topology, we have the I'-convergence
r
I, - Il

The following theorem is a version of the fundamental theorem of I'-convergence in the present case.

Theorem 6.28. Letn € P (). Then T, (1, -) — T, 2(n, -) with respect to the weak topology
onP(Qg). That is

(i) Foranyv € P(Qg) andany (V") C P(Q) suchthatv™ — v, liminf, . Tc, 2(n, v") >

Tey,2(n,v); and
(i) Forany v € P(Qg), there exists a sequence (V") C P () with lim,,_,, T¢, 2(n, ") =

TC’;.[,Q("? V)

Proof. (i) Letv € P(€2s) and (v™) C P(£2) such that v — v, and let (A") C P (s X Q) be
a sequence of optimal transport plans for T, 2(1, ™). We can assume that A" converges weakly to
alimit A € P(Qs x Qg) since its marginals are tight by Prokhorov’s theorem; see [AGS08, Lemma
5.2.2]. The limit A has marginals 77 and v and is hence an admissible transport plan for Tc%g(n, V).
Using Proposition 6.24, we get the chain of inequalities

Tey2(n,v) < / C%(w,@)dX < lim inf/ C?(w,w)dA™ = liminf T¢, o(n, 0").
Q6 x n—00

Qe x6 n—00

(i) Now let A € P(Q x Qg) be an optimal transport plan for T, 2(17, ) (note that C is lower
semi-continuous; see Lemma 2.20). Let the sequence of transport plans (A") C P(Qg X Qg) be
given as in Proposition 6.26, and define o™ as the second marginal of X, for n € N. The first marginal
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of A" is fixed to n for alln € N. Thus o™ — v. Moreover, by Proposition 6.26 and the optimality of
A,

n—0o0

lim sup/ C*w,w) A" < T%H o(m, V).
ﬂc;XQG 7

On the other hand, if (") C P (g x Q) is a sequence of optimal transport plans for T, 5(1, "),
we can assume that A* — X, where the limit X has marginals 1) and v. By Proposition 6.24, we get

T%’H,Q(Thy) S /

C3(w,w)dX < liminf TF, ,(n,v").
Qe x Q6 n—o00 ’

Combining both estimates proves the claim. [

Remark 6.29. In general, we cannot rule out that there exists a sequence v converging to some
limit  such that lim,, o, Te, 2(n, v") > T, 2(n, V). The crucial point in Theorem 6.28 is that the
sequence V" is a special sequence constructed via the push-forward of the recovery map ®”. It is an
interesting question whether the following stronger result holds: Let 5H(,,,,,n) denote the convex indica-
tor function (taking values in {0, co}) for the set of admissible plans, i.e. 5]‘[(1771,71) (A) = 0if and only if
A ell(n,v"),andletv € P(Q), (v™) C P(2s) suchthatv™ — v and sup, .\ H (V"||n) < oc.

Do we have the I'-convergence I,, + dry(y,.un) R Io + Or1(n,)? This property would imply that
Te, 2(n,v™) = Te,, 2(n, v) for every converging sequence 1™ with finite relative entropy.

7. BEYOND STEP-2 CARNOT GROUPS

Parts of this work are valid in the generality of general Carnot groups (see, e.g. [BLUO7]). However,
Carnot groups for which the log-Sobolev inequality is known are the Heisenberg group and more gen-
eral H-type groups, which are examples of step-2 Carnot groups, as discussed in Section 2.2. This
explains our focus on step-2. Nevertheless, Theorem 5.1 holds for general Carnot groups with no re-
striction on the step of the group, and the proof remains unchanged, given the appropriate definitions.
Similarly, Lemma 6.1, Proposition 6.2, and Lemma 6.3 carry over without change to the general Carnot
group setting. Finally, Theorem 6.6 also holds for G = F9:V  i.e. for step- N free Carnot groups, under
additional regularity assumptions for N > 2. On the space of p-variation paths, for any p such that
the shift by an absolutely continuous path is well defined, the proof of Theorem 6.6 remains valid; see
also Remark 2.17.
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