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Approximation and learning with compositional tensor trains
Martin Eigel, Charles Miranda, Anthony Nouy, David Sommer

Abstract

We introduce compositional tensor trains (CTTs) for the approximation of multivariate func-
tions, a class of models obtained by composing low-rank functions in the tensor-train format.
This format can encode standard approximation tools, such as (sparse) polynomials, deep neural
networks (DNNs) with fixed width, or tensor networks with arbitrary permutation of the inputs,
or more general affine coordinate transformations, with similar complexities. This format can be
viewed as a DNN with width exponential in the input dimension and structured weights matrices.
Compared to DNNs, this format enables controlled compression at the layer level using efficient
tensor algebra.

On the optimization side, we derive a layerwise algorithm inspired by natural gradient descent,
allowing to exploit efficient low-rank tensor algebra. This relies on low-rank estimations of Gram
matrices, and tensor structured random sketching. Viewing the format as a discrete dynamical
system, we also derive an optimization algorithm inspired by numerical methods in optimal control.
Numerical experiments on regression tasks demonstrate the expressivity of the new format and
the relevance of the proposed optimization algorithms.

Overall, CTTs combine the expressivity of compositional models with the algorithmic efficiency
of tensor algebra, offering a scalable alternative to standard deep neural networks.

1 Introduction

This work studies compositional tensor trains (CTTs), which are compositions of functions in tensor-
train (TT) format, defining a new class of expressive and compressible models for high-dimensional
approximation. We quantify their expressivity by showing that usual approximation tools can be effi-
ciently encoded with CTTs, and propose optimization methods relying on optimal control algorithms
(viewing CTTs as a time-discrete dynamical system) or natural gradient schemes, leveraging efficient
tensor algebra techniques.

Low-rank tensor formats. Tensor networks represent a powerful tool in the realm of high-dimensional
data analysis and functional approximation, having gained significant attention in recent years due to
their ability to represent efficiently complex structures. Among such formats, TTs [44] were initially
developed to address the curse of dimensionality in quantum physics, where they are also known as
Matrix Product States, but have since been applied in a number of other fields, including machine
learning and computational science.

Neural networks as compositional formats. The advent of neural networks (NNs) has transformed
our ability to tackle complex problems and became the foundation of modern machine learning. These
models are particularly adept at learning intricate patterns and relationships within data. However,
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as the complexity of tasks increases, so does the necessity for bigger and more sophisticated archi-
tectures, which in turn give rise to challenging, time-consuming, and resource-intensive training pro-
cesses. In fact, typically slow optimization is a central obstacle for achieving SOTA models in current
Al topics such as generative modeling and LLMs.

Composition of low-rank formats. In this evolving landscape of computational techniques, com-
positional formats have emerged as a promising approach to approximate functions with high accu-
racy, alleviating the curse of dimensionality under certain conditions. NNs are, of course, the most
famous example of such a compositional format. The literature on compositional TTs is still practically
non-existent, but there are a few notable works. The first is the Deep Inverse Rosenblatt Transport
(DIRT) [9], which constructs a transport map as a composition of TTs. The second is the tensor rank
reduction via coordinate flows [12], which builds a nonlinear coordinate transformation so that the
function in the new coordinate system has smaller tensor rank, leading to a ridge-like TT. A similar
work can be found in [18].

Optimal control. A compositional format can be understood as a discretization of a continuous
flow. An example of this is the connection between neural ODEs and residual neural networks. This
continuous viewpoint offers a natural training procedure by considering the flow and the training loss as
state equation and cost functional of an optimal control problem. In a classic optimize-then-discretize
approach [43], we can then use classic optimal control techniques like Pontryagin’s maximum principle
(PMP) to approximate discrete-time optimal controls, which is equivalent to training compositional TTs
in our sense.

Contributions of this paper. This paper investigates the composition of TTs, introduced in [50] as
a new approximation format, delving into its fundamental principles and examining how they inter-
sect with other approximation tools such as (sparse) polynomials, ridge approximation, deep neural
networks, etc. We show how these approximation tools can be encoded into the CTT format, with
similar complexities, thereby demonstrating that their approximation spaces are continuously embed-
ded in those of CTTs. This new format comes with efficient and controlled SVD-based compression
methods. In addition, this work introduces training procedures of CTTs for general machine learning
tasks, based on algorithms inspired from optimal control or natural gradient schemes. These training
procedures rely on efficient tensor algorithms that exploit low-rank structures of the layers.

Structure of the paper. The structure of this work is as follows. Section 2 covers the low-rank for-
mats needed to define our compositional low-rank format, namely the canonical (CP) format and the
tensor train (TT) format. Section 3 introduces the CTT format. Aside from rigorous definition and some
theoretical properties of the format, we give examples of functions which are extremely difficult to ap-
proximate in the TT format due to high ranks, but can be very efficiently expressed in CTT format.
Section 4 derives two learning algorithms for the CTT format. The first algorithm, coming from the
optimal control literature, is based on Pontryagin’s maximum principle (PMP) and the method of suc-
cessive approximation, whose practical implementation benefits from efficient tensor algebra. Under
certain assumptions on the bases used for defining the CTT format, we can show convergence of the
scheme to a unique fixed point satisfying the PMP. The second algorithm is a modified (layer-wise)
natural gradient scheme, allowing one to exploit efficient tensor methods and to preserve the low-
rank format of the layers. Finally, Section 5 experimentally shows the power of CTTs and the learning
methods on test problems.
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Compositional Tensor Trains 3

2 Tensor Formats

We briefly review the TT factorization, its computational costs, and the TT-SVD construction. We also
recall how linear maps are represented as TT-matrices and how ranks relate to matricization ranks.

Consider the task of approximating a function from R¢ to R. Given some finite-dimensional spaces
VT(LIZ) of univariate functions, 1 < k < d, we define the finite-dimensional (functional) tensor space
V, = 7(111) ®R...® V,(li), which is the linear span of elementary tensor products W ... v :
(z1, ... 2q) = v (z1) . o@D (2y), with v® € VP Given bases {¢"}7, of the spaces V), a
basis of V,, is given by the collection of all tensor products {(/)ﬁl” ®.. .®¢§j) 1<y <nq,..., 1<
id S nd}.

For any function v in V,,, there is a unique algebraic tensor A € R™ ® ... ® R"4, identified with a
multidimensional array in R™ **"d such that

ni,...,Nqg
v=> Ali,....i)d0 ... 067, (1)
01 yeeeyig=1
or equivalently
v(z) = (A, W (1)) ® - ® 0V (24)) r = (A, B(2))r, (2)

where ®*)(z;,) 1= (¢§k) (z1))j%, and (., .) r denotes the canonical (Frobenius) inner product. In the
above notation, A is called the coefficient tensor of function v with respect to the tensor product basis.

The storage complexity of such a tensor is O(n?), where n = max{n,, ...,nq}. This exponential
scaling, often called the curse of dimensionality, makes the treatment of high-dimensional problems
intractable for d > 1. Low-rank tensor formats are specifically developed to tackle this curse of
dimensionality and represent tensors in a storage-efficient way. We mention only two such formats,
which are relevant for this work, namely the canonical format and the tensor train format.

Like any rank-1 matrix A € R"™*"2 can be defined as the outer product v ® w of two vectors v €
R™, w € R™, atensor A € R™**"d s said to have rank 1 if there exist v() € R™ ... v@ ¢
R™ such that

A=vVg. . . o9 (3)

It is important to note that, while there is only one commonly used notion of matrix rank, there are
several different concepts of ranks of tensors. These include the canonical polyadic (CP) rank, the
(hierarchical) Tucker rank and the tensor train (TT) rank, to just name a few. These rank notions
are each connected to different decompositions of the underlying tensor, i.e. the canonical polyadic
decomposition, the (hierarchical) Tucker decomposition or the tensor train decomposition, much like
the matrix rank is connected to a singular value decomposition. The reason we can describe a tensor
of the form (3) as having general rank 1 is because the mentioned rank notions (and to the best of our
knowledge other important rank concepts) agree on which tensors have rank 1 and which do not.

The canonical format. For any tensor A € R"*-*"4 there exists a 7., € N and a representation

A=> "o @ (4)
k=1
with vectors {v,(f) W C R foralli € {1,...,d}. Such a representation of A as a sum of linearly

independent rank-1 tensors is called a CP decomposition. The minimal number 7, is the CP rank or
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simply canonical rank of the tensor A and denoted by rank(A). The set of tensors with canonical
rank smaller or equal to € N is not closed in general [23, Example 7.1], which makes the canonical
format problematic for optimization, in particular it does not guarantee the existence of a best rank-
7 approximation. The tensor train format has emerged, among other formats, as a low rank format
suitable for optimization. In particular, the set of tensor trains with bounded tensor train rank (defined
in the following paragraph) is closed.

The tensor train format. Since the (functional) TT format is used primarily in this work, we introduce
it in some detail. We start with the appropriate notion of rank. The tensor train rank of a tensor A €

Rm™ 74 g the elementwise smallest tuple rrr = (71,...,7q-1) € N9-1 sych that there exist
matrix valued mappings U; : N<,. — R, 5 = 1,... d, with 7o = r4 = 1 by convention,
such that

A(llyazd):Ul(Zl)Ud<Zd) for all (il,...,id) ENSTH Xoee XNSn(p (5)
with No,, := {1, ..., n}. The decomposition (5) is called tensor train decomposition and the functions

U; are called the components of the tensor train. The alternative name of matrix product states comes
from the fact that each entry of A is represented by a product of matrices. Such a representation exists
for any tensor, like a singular value decomposition exists for any matrix. In fact, the standard algorithm
by which a TT decomposition of a tensor is obtained is called TT-SVD [44]. Note that the components
of the tensor train can equivalently be defined as order-3 tensors U; € R"-1*"*"i and therefore,
any tensor A can be written in the form

T0 Td
A= Z e Z Ui(ko,, k1) @ - @ Ug(ka-1, -, ka).

ko=1  kg=1

In the following, we consider the components of a tensor train to be order-3 tensors. To ease notation,
we collect the dimensions of the tensor into a tuple n = (ny, . .., ng). The set of tensors of dimension
n with tensor train rank T is denoted by

Tnp i ={A € R s rankpp(A) = r}.

For later use, we also define the set of tensors with ranks element-wise smaller or equal to 7 by
Tn,<r = Up<scr Tn,# Which is a closed set. Clearly, storing the tensor is equivalent to storing the
d order-3 tensors UY). Hence, the storage complexity of a tensor in such a format is in O(dm"Q),
where n = max{ny,...,ng}, r = max{ry,...,rq_1}. In the most general case, the rank bound r
depends exponentially on the dimension d, reflecting the curse of dimensionality for general tensors.
However, several notable functions, such as Gaussian potentials, exhibit low rank structures in the TT
format [45, 20, 51], yielding (at most) a polynomial growth of  with d. In such cases, the TT format
effectively mitigates the curse of dimensionality. The TT format is often represented with a tensor
network diagram as illustrated in Figure 1.

U, u, U, U,

ni U] nNg— g

Figure 1: Tensor-train format with cores Uy, ..., Uy
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Compositional Tensor Trains 5

Interestingly, the space of tensors 7;” with fixed TT ranks is a Riemannian submanifold. The dimen-
sion of this manifold is dim 7, = S0, 7 1m7 — S0 ) 72 [24, Lemma 4.1]. Note that the first
sum in this expression is just the added up storage complexity of all d components. The second term
results from a gauge invariance inherent in the format that can be seen as follows. For any two subse-
quent components U;, U1 we can transform U; () — U;(-)R™* and U;1(-) = RU,41(-), where
R € R"7*"i is an invertible matrix, without changing the tensor. Hence, the components U; are only
unique up to such invertible transformations, which is taken into account by the second sum making

up dim(7p, ).

Any tensor in CP format can easily be represented in TT format. Indeed, let A = Zrc" (1) Q-
v,(cd), v,(c) € R™. Then

2) /. d), .
vi? (i) 0 v} (ia)
. . 1),. 1) /. . .

A(Z17~--7Zd> = U§ )(Zl) U£C3<Zl)] :
2) /. d

0 Vi (iz) uﬁcz<zd>
is a representation in TT format, which can easily be verified by multiplying out the matrix product.
Note that the CP rank 7, is a uniform upper bound for the TT ranks. Rounding to a prescribed rank in
the TT format is done via the procedure described in [44, Algorithm 2], i.e. by successively truncating
the singular value decompositions of component unfoldings to the desired rank (or accuracy). For later
use, we let round,. denote the rounding procedure of a tensor in R™ %" to fixed rank 7.

Functional tensor trains. The set of functions in V,, with coefficient tensors in 7, n,r 1S denoted
T.(Vy) and called the functional tensor train format. A function v € T,.(Vy,) admits the representation

v(@1,...,7q) = Ur(21)Us(22) - - Ug(2a) (6)
with matrix valued functions U; (x;) € Ri=1*"i fori = 1,...,d, again with the convention 7y =

ra = 1. The function U is identified with a third-order tensor U € R"i-1X"ixTi through the relation
Uz(kz 1, g,y z) Z — 7,( i— 17]7k)¢(l)( z)

The smallest 7 such that v is in 7,.(V,,) is the tensor train rank of v, which coincides with the ten-
sor train rank of its coefficient tensor, independently of the choice of bases of functions spaces Vni .
Results on approximation with TT format of functions of classical smoothness classes or with compo-
sitional structures can be found in [49, 21, 5, 6, 1, 2].

Vector valued tensor trains. In this work, we are frequently concerned with vector valued functions
v: RY — R?. For this case, we permit vy = d, leading to a first component U; € R%*™ *™1 sych that
the contraction of all components ylelds a vector in R%. This first component tensor is identified with
the component function U1 ceR‘® Vn ® R™. A particular case of interest are functions of the form
v: RY — R v(z) = (v1(x),0,...,0)T which map to zero except in the first output dimension.
In this case, a functional TT representation is obtained by taking a (scalar valued) TT representation
of v1 and padding the first component of this representation with zeros for the other outputs. The TT
representation of v inherits the ranks of v; in this case (except for 1), since all other components
remain the same.

Lemma 2.1. Assume v: R? — RY, d € N, has the form v(z) = (v1(2),0,...,0)" for a
vy: RY — R with TTrankr = (ry,...,r4_1) andrg = 74 = 1. Then, v can be represented
by a TT with rankr andrg = d, rq = 1.
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Proof. Assume the TT representat|on of vy is vl(x) UD(z)) ... UD(xy) with UD(z;) €
R"=1X7i g = rg = 1. Define U(® U()forz—Q, ,d and
(5701)
U (2y) = _ c RIxm.
0

Then, v(z) = UM (21)... U (24) is a TT representation of v, which preserves all ranks, except
To. O

This result enables us to represent vector-valued functions, where only the first output dimension is
nonzero, as TTs. For later use, we state another immediate result regarding the rank of such functions
with additional structure.

Lemma2.2. Assumev: R — R4 d € N, has the formv(z) = (vo.q11(T2.4:1)v1(x1), 04) "

where Ta.q11 = (T2, ...,7q41), 0q is the zero vector inRY, vy : R — R, and vg.q1: R4 — R
has TT rank v* = (r%,...,75_,). Then, v can be represented by a TT with rank
r= (rla-- . 7rd) — (17TI7' "7T2—1)

andr0:d+1,rd+1 = 1.

Proof. Let vo.q11(T2.q41) = ﬁl(xQ) . ﬁd+1(xd+1) with Uz(ml) € R"-1*" be a TT represen-
tation of v9.441. Then, vy (xl)Ul (x9) ... Ud(xd+1) is a TT representation of v;(21)v2.411(%2.q11)-
Since vi(z1) € R, the rank of this representation is (1,775, ...,7%). The claim now follows with
Lemma 2.1. O

3 Compositional Tensor Trains (CTT)

TTs provide efficient representations for many high-dimensional functions, but their performance de-
pends critically on a favourable ordering of variables and the presence of intrinsic low-rank structure.
When these conditions are violated, TT ranks can grow rapidly and the format becomes ineffective.

This section develops Compositional Tensor Trains (CTT) as a new representation model and estab-
lishes their efficiency and approximation power. We first motivate composition by exhibiting functions
that are provably awkward for plain TT yet become efficiently encoded via CTT. We then formalize the
new CTT format and show how standard function classes are encoded with controlled ranks (affine
maps, univariate and multivariate polynomials, concatenation of functions), as well as classical deep
neural networks. The representation allows for the derivation of a universal approximation property
for CTT under mild assumptions on the feature basis ®. Moreover, based on an error-propagation
analysis, we give a compression algorithm of the layers with guarantees on the precision.

3.1 Where TTs fail

We justify the compositional design by constructing targets whose coefficient tensors have large in-
termediate TT ranks, while the same targets admit low-rank compositions of simple Euler layers, thus
exposing the depth advantage exploited by CTT.
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3.1.1 Markov processes

As a first example where TTs can fail, consider a discrete time Markov process X = (X, ..., Xy),
as in [20, Section 3.2.2] whose density is given by

flz) = fd\d—1($d|$d—1) o f2|1(a72|$1)f1($1)7

where f; is the density of Xy and f;};—1(|2;—1) is the conditional density of X; knowing X; 1 = x;_;.
Let m; := rank(f;;—1). Then, the TT ranks of f are

r=(1,mq,ms,...,mg,1).

= (To(1)s---» To(a)) =: Py(x) for some permutation
o, the TT ranks of the function f(z) = f(P, (%)) can grow exponentially with the dimension d. For
instance, consider the permutation

d+1 d
=(1,35,....2| — | —1,2,4,6,...2 | =
oo (2 a2 ]2))

which places all odd-indexed variables first, followed by the even-indexed variables. The TT ranks then
become

If the variables are reordered, for example
ag

~ ||7-i2( 7)Tnj, I <k;< d/z s
Tk d

which grow exponentially with d. This growth occurs because the Markov property is local: each
variable depends only directly on its immediate predecessor. When variables are reordered non-
sequentially, dependencies become effectively non-local in the TT decomposition, requiring large
ranks to capture the induced correlations.

We will see later that CTTs can encode such functions efficiently, with one layer encoding the permu-
tation map P, ! : R? — R? (see Section 3.3.1), and one layer encoding f in TT format.

3.1.2 Gaussian densities

As a second example, consider the case of the Gaussian function
L+
fr(z) == exp —57 Lz |, (7)

where I' € R%? is a symmetric positive definite precision matrix. In the trivial case where I' =
diag(v1, . ..,7q) is diagonal, fr immediately factorises to fr(z) = []%, exp (—ivx?), which
is a rank 1 function. However, when the precision matrix I' is non-diagonal, the situation changes
drastically, depending on the matrix ranks of the sub-diagonal blocks. The approximation of fr by
TTs is studied in [47]. For example, the average maximal TT rank required to approximate a 15-
dimensional Gaussian with sub-diagonal precision blocks of rank 4 up to a relative L? accuracy of
10~* is experimentally shown to be close to 100. In the most general case, the ranks of the sub-
diagonal blocks grow linearly in d, and the TT ranks to achieve an accuracy € grow exponentially in
d.
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The flow perspective. As we show now, compositions of tensor trains is a better suited format to

1
approximate a Gaussian. First, we define a /ift from R to R%*! by £(x) = (x) . Second, we define

aflow ®, : R4t — R+ py

&@t h =

[(=3P:(N)3.411 T Pe(h)2:a11)@e(h)1 0d] ,
Do(h) =h

(8)

for any h € R¥*1. Choosing h = £(z), we get

1(L()) = [fr(x) 2]

Indeed, it can be easily shown that for 0 < ¢ < 1, we have ®;(£(xz)) = [exp (—3tz'Tz) z]. We
recover the Gaussian function by simply using the projection onto the first variable, i.e. 93: R4 —
R,z — 1, leading to

Jr(z) = Ro®yoL(x).

While a similar construction can be used to represent much more general functions by continuous
flows, we want to focus on the Gaussian here. The reason for this is that the vector field on the right
hand side of (8) has a provably low TT rank, as we show in the following.

Flows with provably low rank. First, note that by Lemma 2.2, the TT rank of the right hand side of
(8)is (1,7), where 7 is the TT rank of the quadratic form TFy, which is bounded by [51, Lemma
D.1]. By using polynomial basis functions up to degree 2, i. e ® = {1,x,2°}, we can get anexact TT
representation of the right-hand side with a complexity in O(d?).

Time discretization of the flow. The flow (8) can be generalized to the form

0@ (h) = fi(P:(h)), )

where f;: R¥t — R for each t € [0, 1], permitting explicit time dependence of f. Any time
discretization of (9), e.g. by Euler or Runge-Kutta methods, leads to a compositional structure in terms
of f;. Fora number of intervals NV € N and time points {y = 0,%,, = &,n = 1,..., N such methods
compute approximations N (h) ~ ®1(h) by various forms of compositions of f;. For two obvious
examples, with 7 = L, Euler's method is defined by ®~ = (I + 7/, )o(I+7fy, ,)o...o(I+
T fr,)o(I+7 fo), whereas Heun’s method is defined by &~ = (1 +5(fen_s FfinoU+T fin_1)))o .
If the right-hand side of (9) is a TT as is the case of the flow (8), such a discretization immediately
defines an approximation of the function ®; (/) as a compositional tensor train (CTT). For many target
functions it is not clear whether a suitable flow of the form (9) exists and if it does, if the right-hand side
f+ has low-rank structure. For such cases, we need to define a general CTT architecture as well as a
method to train it given the target in a way that it can adaptively uncover potential low rank structures.

3.2 Compositional architectures
In the following we introduce the CTT architecture proposed in this work. It is inspired by time dis-

cretization of low-rank flows such as for the Gaussian in (8). Furthermore, as we show in the next
section, it comes with optimization procedures exploiting efficient tensor algebra.
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Compositional Tensor Trains 9

Definition 3.1 (Compositional tensors). Given linear operators £ : R — RP and R : R? —
R with d, p,d, € N and p > d, called respectively /ift and retraction, we denote a function
v : R? — R% a compositional tensor (CT) with L € N layers and univariate basis ® := {¢; :
R — ]R};?:l with n € N if there exist functional tensors 11, . .., 11, from R? to RP, each with
the same univariate basis ¢ and a coefficient tensor 1, € RP*™**" defined by

¢k X ( Z ’lpk(j,il, .. ,Z'p)ﬁbz'l (xl) oo ¢ip(xp)) (10)

R 1<j<p’
115 eslp
such that
v(z) =Ro(Id+¢r)o--o(d+y)oL(x), zeR™ (11)
Additionally, if the tensors 1)1, . . . , ¢, have TT-ranks 71, . . . , 7, respectively, we call v a compo-
sitional tensor-train (CTT) with ranks 7y, ..., 7.

The set of compositional tensors with basis ® and with L layers is denoted T~ (®; £, R). If the
tensors have TT-ranks bounded by 7, then the corresponding set is denoted CTT{?(@; £, R).

In the following, for simplicity we omit £ and fR in the notations and write

CT(®):=JCT (®), CTT.(®):=|]CTTH®).

L>1 L>1

CTTs as DNNs. Note that CTTs and DNNs are closely connected. Indeed, a function « in CTT
format admits a recursive representation, letting ug(x) = £(x),

Upr1(x) = ug(z) + Yp(uk(z)), 0<k<L-1,

and u(x) = R(ur(z)). Assuming 1,Id € P and with the corresponding feature map ® : R? —
RP*™X X" we can introduce a linear map E : RP™ — RP? such that E vec(®(y)) = y. Then letting
vp(z) = vece(®(up(z))) € R and ¥ (y) = (1r, @(y))r, we have that u(z) = R(Ev.(z))
with the recursion

vk (1) = ®(Agop(z)), 0<k<L-1,

where A, = E + By, with alinear map B, : RP"” — RP such that (1, ®(y)) r = By, vec(®(y)).
Therefore, a CTT with basis ® can be seen as a DNN with a latent space of very high dimension pn?,
highly structured linear maps A; : RP™ — IR? and nonlinear activation function y +— vec(®(y))
associated with a tensorization of the chosen basis ©.

3.3 Encoding of classical function classes

Compositional tensors possess the ability to exactly encode specific classes of functions, a property
that arises not only from their inherent compositional architecture but also from the structured tensor
representation employed at each layer of the model. This allows representation of complex mappings
in terms of simpler functions. In particular, the expressive power of these tensors depends crucially on
the choice of the basis function $. By selecting an appropriate basis (also called features and hence
feature space, respectively) such as {1, z} or {1,RelLU}, the compositional tensor can represent
exactly approximation tools such as polynomials or neural networks.
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In this section, we provide explicit constructions that illustrate how compositional tensors can encode
these function classes exactly. We begin by giving explicit encoding of functions such as linear maps,
ridge function, and polynomials. Then, we show that with an appropriate choice of ®, we can also
exactly represent neural networks. This explicit encoding highlights both the theoretical expressivity
and the practical utility of compositional tensors in approximating high-dimensional functions.

3.3.1 Linear maps, coordinate transformations

The subsequent result shows that linear affine maps can be efficiently encoded in the TT format.

Proposition 3.2 (Linear affine maps written in the tensor-train format). The linear map x € R —
{a,x) witha € R? is an additive function, and therefore can be rewritten as a tensor train with
ranks (2,...,2). For A € R™*4 h € R™, the linear affine map x € R — Ax +b € R™ has
a tensor train representation with ranks at most d.

. : . k d
Proof. The first claim results from the fact that the k-th unfolding of (a, ) = >, | awi+ i, 4 a;x;
hasrank r, = 2, forall 1 < k < d — 1. Letting a; be the i-th column of A, a suitable represen-
tation is given by Ul(ZL'l) = (x1a1 +b as ... ad) € Rde, Uk(l‘k) = Id + (l’k — 1)6,@62 =
diag(1,..., 2 ..., 1) e R™for2 < k< d—1and Uy(xq) = (1,...,1,24)7 € R O

Since the above result also holds for the linear map h — —h + Ah, we get the following corollary.

Corollary 3.3. Any linear affine transformation h € R? — Ah + b € RP in the lifted space, with
A € RP*P and b € RP can be represented by a single CTT layer with rank at most p.

The above result shows that a CTT format with 2 layers can represent functions of the form u(Ax),
with u represented in TT format. Consequently, a CTT can encode linear coordinate transformations.
This solves a main difficulty of the TT format (mentioned in Section 3.1.1), which is the choice of
a good ordering of the variables, usually addressed using prior information on the function [12] or
stochastic optimization procedures [19, 20, 36].

3.3.2 Polynomials

The following result shows that univariate polynomials can be represented exactly, provided we use a
suitable lift.
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Proposition 3.4. Letd € N, and (ay, . . . ,aq) C R. We consider the polynomial
g:xr—>ao—l—a1x+---+ad1’d.
Then, letting £ : = +— (0, ), R : (z,y) — x and

fr:(z,y) = (aq,0),
fr: (@,y) = (aa—k+1 +2(y — 1),0), 2<k<d+1,

it holds that
Ro(ld+ far1)o---o(ld+ fi)oL=g.

This shows that any univariate polynomial can be represented by a compositional tensor with
d + 1 layers and with the basis ® = {1, 1d}.

Proof. The proof is based on the Horner’s method which rewrites the evaluation g() as the recursion
bd:ad, bk:ak+bk+1x, /{Zid—l,d—2,...,1.

To show that indeed R o (Id + fy11) o --- o (Id + f1) o £ = g, we only have to show that for any
k> 1andx € R, we have

((Id+ fi) oo (Id+ f1) o £(x), €1) = ba—p11-

Then, since $R is only the projection onto the first variable, the result follows.

First, for K = 1 we have
(Id + f1) o £(x) = (0,7) + (aq4,0) = (ag, ) = (b4, 7).

Next, suppose that we have (Id + f;) o---o (Id+ f1) 0 £(z) = (bg_g+1, ) for 1 < k < p. Then,
since fri1: (z,y) — (ag—r +x(y — 1),0), we have

(Id + fk+1) 0-::0 (Id + f1> o £<$) = (ad,k -+ bd—k+1$7 l’) = (bd—k> $),

which concludes the proof. O

Exploiting the fast exponentiation offered by the compositional format, we give an explicit encoding of
a (sparse) multivariate polynomial. Let

P(ay,...,z0) = Y Coz®, 2 =[],

acl j=1

where A C N? contains the set of multi-indices corresponding to non-zero coefficients C,, in the
monomial basis. Define the maximal degree for each variable x; by

Nj :=max{a; ;e A} eN, j=1...d (12)

The case A = () is trivial, and we do not consider it.
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Proposition 3.5 (Encoding of multivariate polynomials). Let P be a multivariate polynomial in d
variables, A C N the set of multi-indices associated with its non-zero coefficients. Suppose that
® = {1,Id}. Let ¢ > 2 be the number of workspace slots and p = d + 2 + q. Then, there
exists a lift £ : RY — RP and a retraction % : R? — R, respectively defined by

L(z) = (0,21,...,24,0,...,0), R(y) =y,
and L functions 1, . . . ¢, in TT format such that

P=Ro(Ild+v¢p)o---o(Id+11)0L,

with
d
L=|A2+d)+ ) ) llog,(a; +1)] = O (d|A|log,(Nmax + 1)) ,
a€el j=1
where Ny.x = max; IN;. Moreover, the number of non-zero parameters in the encoding is

O(|Ald[1 + [log,(Nmax + 1)]]) and the number of parameters is O(L(d + q)). The TT ranks
of the functions 1, are bounded by r = (p,2,...,2).

Proof. We decompose the state variable y € RP, with p = d 4+ 2 + ¢, as

Yy = ( hn 7y27"‘7yd+17yd+27yd+37"'7yd+2+q)'
v —_— a'g v~ -
accumulator variables register workspace

The idea of the encoding is to iterate over the o € A and construct iteratively the polynomial P by
adding monomials successively to the accumulator ;. For doing so, we loop over all the variables
x;, compute the powers x?j and multiplying to the register y442 in order to obtain the monomial

Ca H;l:l x;” In order to compute these powers, we use the “workspace slots” 4.3, . . . , Ya1244 and
fast exponentiation, which computes a”, for some number a and power n, in a recursive manner and
using only O(log n) operations. Indeed, for & € A, the base-q representation of aj, forl < 5 <d,
is given by
Ko j—1
k
aj = Z airq, oy €{0,...,¢—1},
k=0

where K, j := [log,(a; + 1)]. Next, when raising x; to the power c; we get

Ko i—1
Koz,j71 k &d a',k
;L‘O.[j = xzkzo L I I xq.k !
J J J :
k=0

We give below the encoding of P in the form of an algorithm, counting the number of non-zero param-
eters and TT ranks.
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Algorithm 1: Computes the a-th monomial

1: Store Yqy2 < Cqo > 1 layer, 2 non-zero parameters, TT ranks 7 = (p,2,...,2)
2:

3 forj < 1toddo

4: Store Y13, - - - s Ydt24q < T > 1 layer, 2 non-zero parameters, TT ranks r = (p,2,...,2)
5:

6: fork <— Oto K,; —2do

o k\ %5,k
7: Store Yd+2 < Yd+2 lejf Yd+2+i > computes (x? ) , 1 + a1, non-zero parameters, TT

ranksr = (p,2,...,2)

+

k+1
9: Store Yd+35 - - - s Yd+2+q H;]:l Yd+2+; > computes x? , 1 + q non-zero parameters, TT

rankstT = (p,2,...,2)

1 end
Oéj’k
12: Store Ygi2 ¢ Yat2 Hi:l Yd+2+i > 1 layer, 1 + o ;. non-zero parameters, TT ranks
r= (2.2
13:
14: end
15: Add monomial to polynomial ¥ < Y1 + Yq+2 > 1 layer, 1 non-zero parameter, TT ranks

r=(p1,...,1)
16:

Therefore, for constructing the polynomial P we need

> <1 +) (1+ Koy —14+1)+ 1) < |A[ (2 + d + d[log,(Nmax + 1)])

acl j=1
layers and the TT ranks are bounded by 7 = (p, 2, ..., 2). The reason for a 2 to appear in 7 is that
in the definition of CTTs, a layer is of the form Id + ), so we have to remove the previous value of the
state y and replace it with the new one. O

Remark 3.6 (Special case ¢ = 1). If we allow q to be equal to 1, then we can consider the
base-2 representation of c; since we already have x; in the state Yy, and one copy in the
workspace Y4 3. But in order to compute the power x?j , we have to evaluate c;; multiplications.
Consequently, the number of layers is

d
L=[AQR+d)+ ) > a;=0(dA|Nuw) ,

ael j=1

which is linear in Ny, instead of log, (Nmax) when using fast exponentiation.

Remark 3.7 (Encoding with a number of layers in O(|A|)). If we allow the width to depend on
the degrees N; (12), then it is possible to encode P with complexity O(|A|). Indeed, by letting
p=1+ 2?21 N, we store N; copies of x ;, so we can directly compute x;'-‘j foreacho € A and
add the monomial c,, Hj=1 a:]% to the accumulator. However, encoding polynomial approximation
tools with adaptive polynomial degree would require CTTs with adaptive width.
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3.3.3 Neural networks

By the preceding results, the CTT architecture is able to represent coordinate transformations in early
layers, which may highly reduce the required rank of later layers. An immediate consequence of the
ability to represent linear transformations, is that the CTT format can also represent certain types of
neural networks, provided the basis is chosen correctly.

Proposition 3.8 (Concatenation of two CTs). Let f and g be two compositional tensors with
Ly (resp. L) layers, width ps (resp. py), my (resp. my) non-zero parameters, lift £; (resp.
£,), retraction Ry (resp. R,), and common basis  such that {1} C . Then, there exists a
compositional tensor h with L := max(Ly, Ly) layers, width p := py + pg, m = my + my
non-zero parameters, lift £(z) = (£¢(z), £,(x)), retraction R(y) = (R;(y), R, (y9)),
where y = (y), y(9)), and such that h(x) = (f(z), g(x)). The TT ranks r¢ of the tensor 1)
in layer { are given by
rg =gl + 157,

rk—rkf—i—l 1<k<pr—1,

rpf = 1 + T17g7 (13)
2

Tppitr1 = 1+ 7“t+1a L<t<py—2

rt . =1

Pf-l-Pg -

Proof. The encoding of the concatenation h(x) = (f(x), g(x)) is done in an explicit block-wise way.
The f-layers (resp. g-layers) act only the first (resp. second) block. Because these blocks are disjoint,
a single layer can simultaneously perform one f-step and one g-step. If one CT has fewer layers, we
pad it with identity layers. Thus, we require only {1} C ® and max(Ly, L) layers. Without loss of
generality, we assume that ¢ (x) = 1. The state of f (resp. g) are denoted y(f) (resp. y(g)), and we
sety == (y/), y¥)).

We start by re-indexing the original layer tensors so they are defined for all / = 1... L by padding
with zero-layers. For 1 < ¢ < Ly (resp. 1 < ¢ < L) let wéf) (resp. wég)) be the given f-layer (resp.
g-layer), and for £ > L (resp. { > L,) define wéf) = 0 (resp. 1[)29) = 0).

Now we give the explicit encoding of the layers ;. If 1 < j < p; (an f-output coordinate), set

.. . . . ]7217"-»pr) IfZPf+1_'”_ZP_17
(7,01, ey Ty, T ey lp) =
Ye(j, i Pf P41 ») {0 otherwise,
andif py < 7 < p (an g-output coordinate), set
Y (G = Dpyipyits . aip) Hir = =iy, =1,

0 otherwise.

WU@VWQMWMWJ@:{

Let r%7 (resp. r%9) be the TT ranks of ¢(f) (resp. ¢ég)), with 757 = p;s (resp. 75 = p,) and

f;ff =1 (resp. rf;gg = 1). Then the TT ranks rt of 1, are given by (13). In fact, 1, can be written as

i o5
the sum of two tensors A, and B,. Let the TT cores of wéf) (resp. v,/)ég)) be Fe(k) € Rk XmMexT

(resp. Gék) € R’”i’—glxnwi’g), with 1 < k& < py (resp. p,). Moreover, let F; € R™™*! pe such that
Ei(1,4,1) = ;. Observe that
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W Ay isequalto ’l,béf) when iy, 1 = -+ =1, = 1 and 0 otherwise, and can be written as

Ag(Goins oo ipgippats oo sip) = FL)(yin, ) F (yay2) o B (2, 1)
X El(l,ipf+1, 1) R El(l,’ip, 1) .

~~

Pg

B B, can be written with py rank-1 cores for the condition i; = - -- =4, . = 1 and symmetrically

Bo(J, 0155l ipgts - - - i) = Ei(1,49,1). ..El(l,ipf, 1)

-~

Py
. . 2, . .
X Gg )(j,zpf+1, :)Gé )(:,zpf+2, ) Gﬁpg)(:,zp, 1).

Finally, by letting £() := (£¢(z), £,(z)) and R(y) = (R;(y), R, (¥9)), we have h(z) :=
Ro(Id+1r)o---o(Id+11) o £(x) and this compositional tensor gives exactly the concatenation
of f and g. O

Proposition 3.9 (Vectorization of activation function). Let ¢ : R — R be an activation func-
tion representable by a compositional tensor with L, layers, width p,, m, non-zero parameters,
lit £,, retraction R, (y) = y1, and with basis ® such that {1} C ®. Then the vectorization
o(x1,...,2q) = (0(x1),...,0(xq)) can be represented by a compositional tensor with L., lay-
ers, width p := d - p,, m := d - m, non-zero parameters, lift £(x) := (£, (z1),. .., Lo(z4)) €
R?, retraction R(Y) = (Y1, Y14pys - - - » Yi+(d—1)p,) € R The TT ranks r* of the tensor 1, in
layer ¢ are given by

k=1
e =104 (d=1), K=(i-1)+j
Tﬁpg =1,

where 1 < i < d is in the index of the block, and 1 < 7 < p, — 1 is the position within the block.

Proof. 1t is a direct consequence of Proposition 3.8. We apply ¢ independently to each coordinate
Yi+kp,» 0 < k < d — 1. Each input coordinate x; is lifted by £,, and then the L, layers of o are
applied to each block corresponding to the lifted input coordinate x;. The retraction R gets the output
of the composition of tensors of each block.

Similarly as in Proposition 3.8, the tensor 1), in the /-th layer can be written as a sum of d tensors
Ug(k), 1 <k < d, where Ug(k) acts on block &k and is padded by rank-1 constant cores on all other
blocks. This yields the desired result. O
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Theorem 3.10 (Encoding of a DNN). Let ¢ : R — R be an activation function representable
by a compositional tensor with L, layers, width p,, m, non-zero parameters, lift £,(x) =
(x,0,...,0), retraction R,(y) = yi1, and with basis ® such that {1,x} C ®. Let f =
Tr,ooco0T, 1000---00 0l be adeep neural network of width py > d,d, with affine
transformations Ty : R — RPr, T, : R?/ — RPS for2 < ¢ < L — 1, and T}, : R?/ — R%.
Then, f can be exactly encoded by a compositional tensor with L + (L — 1)L, layers, width
D = pr - Do, lift £ and retraction R given by

£(z)ik =

)

{xi il <i<dgandk=1, RPPo

0 otherwise
iﬁ(y) = (yl,l, .. ,yd,,,1) € R%,

Moreover, the number of non-zero parameters is given by

L-1

Az = Illo + [lbello) + ([ AL = Iflo + llbLllo) + (L = 1)pymo.
(=1

Suppose that the L, of o have TT ranks bounded by r... Then the TT ranks of each affine layer
are bounded by (p, py, - . ., ps), and those for computing o are bounded by 1.

Ifo € span®, thenp, = 1, m, = 1, L, = 1 and £,(x) = x, which results in an encoding of
f by a compositional tensor with 2L — 1 layers, with width ps, and the TT ranks are bounded by
(papfa oo 7pf>

Proof. We represent each neuron j, 1 < j < py, by a block of p, coordinates in the CT state. This
allows us to apply the CT representation of ¢ to all neurons in parallel. Consequently, the total width
required for the encoding of f ina CTis p := p,ps. Within each block, the first coordinate stores the
current scalar value of the neuron, while the remaining coordinates are used for computing o through
its CT representation. Define the lift £ : R? — RPsPe by &(x);; = 2;if1 <i < d;andj =1and
£(x);; = 0 otherwise. This choice of lift is motivated by the fact that £,(x) = (z,0,...,0) and by
Proposition 3.9. The state is y = (yx);_; and we reindex itas y = (y1,1,- -, Y1pos Y2, - - - > Yps.por)
where the first index denotes the block from 1 to p; and the second index corresponds to the local
coordinate, from 1 to p,.

Encoding of the affine layers. The encoding of the affine layers T, can be done similarly as in
Proposition 3.2. If p, = 1, we may directly apply Proposition 3.2. If p, > 1, the affine layer T, must
act only on the first coordinate y; ; of each block. The construction is given for 2 < ¢ < L — 1; the
cases { = 1 and £ = L are handled analogously. Since p, > 1, the matrix A, and the vector b, must
be modified such that they only act on the variables y; 1, 1 < @ < py. Define the matrix A, € RP*Ps

and vector i)vz € IRP? such that
(Aok; = [(A)sj — 05310k (s—1)pot1s  (be)r = (be) 5Ok, (s—1)po+1,
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for1 <s,j <psand (s —1)p, +1 < k < sp,. Thus, only rows with indices k such that k = 1
(mod p,) are non-zero. Following Proposition 3.2 define

yl <y1 Ayp). 1+ bg (:4\;)2 (E):’pf> € RP¥Ps,
Uilye) = In, +h1<mmmwM4%¢I€W“% 2<k=(s—1p,+1<p—1,
Us(yp) = (1,...,1)T e RP#>",

where e, € RP/. Using these cores to define the tensor ¢, yields 1e(y)x = Te(y1,1, - - -, Ypj.1)s— Vs
fork = (s — )p, + 1,1 < s < py, and ¢y(y)r = 0 otherwise. Therefore (Id + ) (y)r =
Ty(Y1,15- - - Yps,1)s for components &k = (s — 1)p, + 1,1 < s < py, and y; otherwise. Thus, the
TT ranks for encoding an affine layer is bounded by (p, py, - .., D).

Application of vectorized 0. We want to apply o independently to each coordinate y; 1. As L,(r) =
(z,0,...,0), we can directly apply the L, layers 1)(*1) ... 4)(?L2) of 5, as from the previous para-
graph we have the output of the affine layer on the coordinates (y1 1, - - ., ypf,l). The retraction R, of
o can be absorbed by the layers. Hence, the number of non-zero parameters for encoding an affine
layer is

1 Ae = o + [bello

and the TT ranks are bounded by those of o. In total, the construction uses L + (L — 1)L, layers,
and the total number of non-zero parameters is

L-1

> (14 = Illo + llbello) + (1AL = Illo + [lbzllo) + (L — 1)pym,.

(=1

Remark 3.11 (CTT can exactly represent a deep ReLU neural network). Consider feature func-
tions ¢1(x) = 1, po(x) = x, p3(x) = |x|. The ReLU activation function o (z) = max(x,0) =
”'”C' =3 Lo(x)+ %¢3(9:). By Corollary 3.3, we can represent the affine transformation A - x -+,
A € RP*P b € RP, by a single CTT layer of rank at most p. Therefore, a deep RelLU neural
network with L layers and constant width p can be written as a CTT with 2L layers.

3.4 Universal approximation

To further motivate the composition of tensors and illustrate their potential, we show that they are
universal approximators in L (X; R) and C'(X';R) for a large class of bases ®. The encoding of
multivariate polynomials give the universality in these spaces. A rich body of results on the universality
of deep neural networks has been obtained, cf. [30, 10, 33] to name but a few. It has also been shown
in Theorem 3.10 that DNNs can be exactly represented by CTTs, leading to a connection between
their approximation classes.

We give here a universality result for the approximation with compositional tensors and CTTs for basis
® that can represent the constants and the identity function Id.
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Corollary 3.12 (Universality in C(X')). Assume that 1,1d € span ®. Let X C R? be a compact
domain, and consider width p := d + 1. Then the set of compositional tensors CT (®; £, R)
and of compositional tensor trains CT T .(®; £, R) with £(x) := (0,z), R(y) = y; andr >
(d+1,2,...,2) are dense in C(X) equipped with the sup norm || - || - The lower bound on r
is tight.

Proof. Proposition 3.5 shows that with this choice of basis ®, width p = d + 1, lift £ and R, we can
represent any multivariate polynomial. As a direct consequence of the Stone-Weierstrass theorem, if
we let the degree of the polynomial go to infinity (and so the number of layers go to infinity), we have
that CT (®; £,R) is dense in C'(X) equipped with the sup norm.

Moreover, Proposition 3.5 shows that the layers can be exactly represented by TTs with ranks equal
tor =(d+1,2,...,2), which gives the density of CT T ,.(®; £, R) in C(X) for the sup norm. O

Remark 3.13. A direct consequence of Corollary 3.12 is that, since C(X) is dense in L1 (X),
with1 < q < oo and y a finite measure, we have the density of CT (®; £, R) andCT T ,.(®; £,R)
in L9(X).

m

In an analogous manner to the approach of [46, 31], the universality in LZ(Rd), 1 < g < oo, for
a finite measure p is shown employing the density argument of the space of compactly supported
continuous functions C.(R?) in L4 (R?) for the norm || - || .4

Corollary 3.14 (Universality in Lz(Rd)). Let j1 be a regular Borel finite measure, 1 < ¢ < o0,
and 1,1d € span®. Let the width be p := d + 1. Then the set of compositional tensors
CT (®; £,R) and of compositional tensor trains CT T .(®; £, R), with £(z) := (0, x), R(y) =
yrandr = (d+1,2,...,2), are dense in L1 (R?) for the norm || - || .

Proof. The proof is based on the fact that the space of continuous functions with compact support
Cc(R?) is dense in LY (R?), and that by Corollary 3.12 we can approximate any continuous function
on a compact subset.

Let f* € LZ(Rd) and € > (. Because 1 is a finite measure, we can choose a radius 2 > 0 such
that

. 5
1f* = frllzs < 3

where fr := f*-1p(,r) and B(0, R) is the ball of radius R. Since /. is a regular Borel finite measure,
there exists a continuous g € C.(R?) with support in some compact K C B(0, R) [15, Chapter 7]
with
€
1fr =gl < 3
The density of CT (®; £, R) (resp. CT T .(P; £,R)) in C(K) for || - || o given by Corollary 3.12 gives
the existence of a function h € CT (®; £,R) (resp. h € CT T .(P; £,R)) with

9
—hl|oo £ ——.
o = hlls < 5

Then [|g — Al g < p(K)Y9lg — bl < &.
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Combining the three estimates with the triangle inequality gives the final result

[f*=Rllzs < f* = frlls + 1 fr —glles +llg — hllg <e.

Remark 3.15 (Approximation spaces). From the previous results, we see a relation between the
approximation spaces of DNNs and CTTs. The complexity of DNNs and CTTs is chosen to be the
number of parameters. The width of both is fixed to p; > d, which means only the number of lay-

ers is a free parameter. The corresponding approximation tools are denoted X°MN = (X.PNV) |

and X677 = (77, _y.

Recall that the approximation space associated with the approximation tool . is defined by
. 1

AN(X,Z) = {f € X ¢ ||fllag < oo}, with || fllag =[Sy (nE(f, Zar)x)72]"*
for0 < q < oo and || f||ae = sup,>; n*E(f, Xn_1)x, where E(f,3,)x is the best approx-
imation of f by ¥, (see [13]).

By Theorem 3.10, the TT ranks are bounded by p¢, which gives (’)(Lp?c) parameters so there
exists ¢ > 1 such that XN C X877 This inclusion gives AZ (X, XPW) — A% (X, X7, e,
A2 (X, XP"™) is continuously embedded in Ag (X, 3°7T).

The converse remains an open question.

A further analysis of approximation properties of CTT is let for a future work.

3.5 Compression of a CTT

It is well-known that given a tensor © € V,, we can find a tensor @ € 7;,,4 in the tensor-train format
such that ||u — @|| < e||u||, where || - || is any inner product norm induced by inner product norms on
univariate function spaces by using the TT-SVD [44].

One would extend this result to a compositional tensor-train, that is, we are looking for a method to
compress a CTT g = R o (Id + ;) o --- o (Id + ¥;) o £, with ¢, € T, by another CTT
g=NRo(Id+ 1;2) o---o(Id+ {bvl) o £, where the v, are in the tensor-train format with probably
smaller ranks. Formally, given g € CT T <., we are looking for § € CTT <7 such that

lg = gllzz < ellgllcs. (14)

We consider functions g from R¢ to R with linear lift and retraction maps of the form £(z) =
(x,0) € R? and R(h) = (hy,...,hq,) € R%. Both maps £ and R are 1-Lipschitz. We work with
locally Lipschitz univariate basis ¢ and a compactly supported measure 1, since in this case the basis
® is Lipschitz continuous (with potentially a large Lipschitz constant). First, note that one has

lg = gllrz < |Rllesel(Id+¢r) o o (Id+ 1) — (Id+4pr) o o (Id + iﬂl)Hng-
Since fR is a projector, we have ||R||,2_,2 = 1. Therefore, it suffices to find a § such that

[(1d+4pp)o- o (d+4n) = (Id+dp)or o (ld+d)llgg , < ell(Id+tr)o-o(ld+t)llss -

First, we show the following useful lemma.
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everyk =1,..., L. Then we have

[fro-rofi—gro--ogls <er +Z€j H Lip(gr), (15)

j=1  k=j+1

wheree; ;= || f; — gj||Lg and p; = [fj oo filsp, with py = p by convention.

Lemma 3.16. Let f, gr : RP — RP be Lipschitz functions, with 1 < k < L, andq > 1. Let
p be a probability measure on R? and assume that fi, o --- o fi and gy o - - o gy are in L2 for

Proof. We show the result by induction on L. Assume that the result holds for some k. Then,

[ frr10 0 fi—grr1o--- 091||Lg < |[frt1 —9k+1||Lgk
+llger1 0 fro--0fi = grrro-ogg

< | fis1 = Goralls,
+Lip(9k+1)\|fko"'of1—gko"'oglqu

< epe1 + Lip(grs) <5k - Zaj H Lip(gm >

= m=j+1
k+1

—8k+1+Z€J IT Lip(gm),

7j=1 m=j+1

which concludes the proof.

In the case of compositional tensors, the functions f; and gy are not globally Lipschitz, but only loca
Lipschitz. We then have the corollary in the case where the input space {2 C R? is compact.

O

lly

Corollary 3.17. Let fr, gr : 0x — Qi1 be locally Lipschitz function, with1 < k < L,q > 1
and Qg1 = fr(Q) U gx(Q) where Qy := Q. Let p be a probability measure on ) and
assume that fyo---o fiand gy o---ogy arein LY forevery k =1, ..., L. Then the functions
fr and g are Lipschitz on )y, and the inequality (15) holds.

Based on Corollary 3.17, we design an algorithm that constructs a compressed TT g such that (14) is

satisfied.

Proposition 3.18. Let g = R o (Id + ¢) o --- o (Id 4 1) o £ be a CTT with i)y, € Ty, and
M := ||(Id + ) o -~ o (Id +41)||z2 . By choosing 1y € Ty 5 such that
gH

5j = ||¢J - ’(/JJ'HF = L”CI)“ H Llp wk 7

we get
lg —9lizz < ellgllzz,

where'gV::fRO(Id—Hfva)0"'O(Id+a)°£-
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Proof. Letd; == ||p; — TEHF By Corollary 3.17, we have,

L L
1(Id+ ) oo (Id+ ) — (Id+ ) oo (Id+¢n)|z <D e [] Lip(v)

J=1  k=j+1

with HLLH Lip(%)*1 = 1 by convention. Using the Cauchy-Schwarz inequality, we immediately
get
i < 05l

Pj—1

By taking
0j := [lebj — jllr < LH‘PH H Lip(tx) ",
we get the result. O

Note that ||<I>HL2 and [(Id+r)o---o(Id+11)||r2  can be estimated by Monte-Carlo sampling
Cqu

and that Llp(1/)k) can be estimated usmg the gradient of wk, which we have access to. Starting from
J = L, one can iteratively construct @/JJ using TT-rounding [44] for instance.

4 Optimization

In this section we aim to design a learning algorithm for the compositional tensor format. We propose
to study two differents approaches: a first algorithm based on optimal control called the method of
successive approximation (MSA), and the second is (a modification of) natural gradient descent, which
has recently gained popularity in training of DNNs and earlier in quantum physics.

4.1 An optimal control perspective
We focus on the regression problem

min — U2 , 16
\yem”" ||L5(X) (16)

where 1 is a finite measure, X' := &} X - - - X X is the Cartesian product of closed intervals X, and
n € Li(z’\,’) is a target function. We assume in the following that the CT W is defined by functional
tensors v, . . ., ¥1, and associated coefficient tensors 1)1, . . . , ¥, together with an appropriate lift £
and retraction R in the sense of Definition 3.1. Letting XO ~ [, the above is equivalent to

min B¢ 7(Xo) — ¥(X0)]2. (17)
veCT

Since the expectation is in general not computable, it is in practice replaced by an unbiased empir-
ical estimation via i.i.d. realizations of the random variable XO. Still, since the model class is highly
nonlinear as a composition of nonlinear functions, it makes sense to introduce regularization. In the
following we describe several related regularization approaches, their connection, and interpretations,
as well as strengths and weaknesses.

DOI 10.20347/WIAS.PREPRINT.3253 Berlin 2025



M. Eigel, C. Miranda, A. Nouy, D. Sommer 22

Stochastic optimal control A first important observation is that a straightforward approach for reg-
ularization leads to a discrete-time stochastic optimal control problem. Consider for Xy = £( X)) the
problem

L

Lo T ) = B [ LXK ) + (o) - RN
PR k=1

Xk+1:Xk+1/]k+1(Xk)7 kZOv"'aL_l)

(18)

for positive functions L;: R x T, — [0, 00). Since R(X) = W(Xp) by construction, the only
difference between (17) and (18) lies in the introduction of the sum in the objective functional. From
the point of view of the regression problem, this can naturally be understood as a regularization, in
which each layer adds a penalty defined by £;. to the regression loss. (18) has the form of a stochastic
optimal control (SOC) problem with deterministic dynamics but random initial condition X. In this
setting, the regularization function £, is often called the running costs, whereas the actual regression
loss ||n(Xo) — M(X,)||2 is called the terminal costs of the system. From the point of view of SOC,
the TTs ¢y, ..., are collectively called the control of the system. Hence, when we talk about an
optimal control in the following, we mean a collection 1, . . ., %7, solving (18). First-order conditions
for such a control in the general setting are given by the Pontryagin maximum principle.

Lemma 4.1 (Pontryagin maximum principle (PMP)). Consider for some p € N the optimal control

problem
i

min Zﬁk(Xk_huk) + 9(XL)
wt i, e : (19)
Xk = f(kabuk)

where Xy ~ p, the control values u,, are in a linear space U, f: RP x U — RP denotes the
dynamics, Ly: RP x U — [0, 00) is the running costs and g: R? — [0, 00) is the terminal
costs. For any state-control pair (X )5_,, (ux)£_,) define the costates (\1.)E_, via

A = Ox;, L (X, ups1) + Ox f (Xky Ung1) - Aegrs (20)

Ar = Vg(X1). (21)

Then, an optimal control uj, and the corresponding state and costate values X;, \; satisfy for
eachk € {1, ..., L} the following first order necessary condition

E[Hy (X1, up, M)] < E[Hp(Xp-1, ug, M)l (22)

for all state-control costate tuples ((Xy)E_,, (ur)t_,, (\r)E_,), where
Hyo(Xg—1, ug, M) := La(Xp—1, ur) + (Mg, f(Xp—1, ur)) (23)

is the Hamiltonian.

The proof of Lemma 4.1 immediately follows using Lagrange multipliers. Note that the costates A, are
random variables as X ~ p.

The Pontryagin maximum principle leads to the natural algorithm called method of successive approx-
imation (MSA), which basically, given an initial control, tries to optimize iteratively the Hamiltonian by
solving the state and costate equations, and then minimizes the Hamiltonian.
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Algorithm 2: Method of successive approximation (MSA)

Require: u§°), s ,u(LO) eU,Xo~p

1. 0= O

2: while cond not satisfied do

s | Lt XU = f(xYul), k=1,...,L, X=X,

4 Let )\g) = an)E(X,S), u,(grl) + 0X£i)f(XlS)7 ugll) . )‘l(fl)+1’ k=L-1,...,0,
Y = Vg(XP), | |

s | Computeu!") € argmin, , E[H(X"  u, AN, k=1,....L

6: Updatei =i+ 1

7. end

4.1.1 On the choice of the regularization

The choice of L}, leads to different solutions with different interpretations.

Frobenius norm regularization. A naive choice is to define £, as the squared Frobenius norm of
P, .. Li(Xp1, V) = Z[9pr]|%, where R > 0 is some regularization parameter. This choice
seems to make sense as an extension of a Tikhonov-like regularization to multiple layers. However,
letting p = L4 and choosing Lz-orthonormal basis functions, the space of coefficient tensors is
isometric to L? and in particular we have [ ||3 = Hd’k”%g This is not desirable since in layer k,
1, no longer gets points from the distribution 1, but instead from the push-forward measure p,_1 =
[(Id + ¢k—1) 0+ - o (Id +91)]sp ~ Xk—1 (with pg = p by convention). Therefore, the regularization
is not natural in the sense that it does not take into account the dynamics, and forces 1, to be small
in the L2-sense.

Natural regularization. The above issue can be rectified by choosing Lj,(Xy_1, V%) = £ ||t (Xi-1)[%,
R > 0, and consequently, E[[|¢y.(Xi-1)[|?] = [[4x[l7: - The regularization then forces vy, to be
Pk—1

small in the push-forward sense, by taking into account the dynamics.

Connection of MSA to gradient descent. The application of the MSA algorithm to (18) with running
costs chosen via a Frobenius norm or natural regularization has clear connections to gradient descent
schemes. The connection between standard MSA and gradient descent in a neural network setting
has already been discussed e.g. in [32]. There, it is shown that the MSA algorithm becomes standard
gradient descent if one replaces the minimization of the Hamiltonian (“hard” update) with a relaxation
(“soft” update).

When working on the full tensor space, which is linear, the connection is even stronger. Consider the

running costs defined by Lj,(Xj_1,1) = £ ||k |%. The Hamiltonian in this case is given by

R
Hi(Xp—1, g, M) = §||¢k||2p + Ny Xio1 + Ur(Xp—1))

R
= EHWH% + (M, X1 + (P, ), P(Xe-1)) p)—y),
Op Hyp(Xp—1,Yr, Ai) = Rapp + M@ (Xi—1),
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where A\ ®(X%_1) is shorthand for a random variable with realizations in RP*"*--*" defined by
M@ (Xk-1)(F, ) = A P(Xp—1).-

Hence, the MSA yields an explicit update formula for the control in every step, which is

i 1 i i
W =~ ENYe(X)

i 1 i i i
=y — (R +EDY(X )

i 1 i i i
=) — R EOH(X 0 A,

Hence, in our setting, the hard update corresponds to a gradient descent update with step size 1/R
in the parameter space.

In general, when working in the functional setting, suppose that we want to solve the minimization

problem
L

. R
Jnin T(@Wr, o n) = Expnp | > §||¢k(X/c—1)H§ +9(X1)
""" k=1
Xk+1:Xk+wk+l(Xk)7 k’IO,...,L—l,
XO ~ P

for functions ¢, € L? . The MSA algorithm aims to minimize the quantity E[Hk(X,Eq_)l, Y, )\,(f))]

Pk—1"
with respect to 15, where

R
He(XG7 0 M) = G119 (G2) 5 + ) TG + (X))

and (X ,&q)) % and ()\,(f)) , are the states and costates obtained using the controls ( ,‘;f)) k. respectively.

The Riesz representative of the Fréchet derivative of E[Hk(X,iq_)l, Vg, )\,(f)] with respect to v, is
denoted Vy, E[Hp (X2, 11, A?), and is given by

v'g{)k E[Hk:(Xlgq_)p ¢k7 )‘](gq))] = ka‘ + )\](f)7
where in this expression )\,(cq) has to be understood as a function. The optimality conditions give

1
wl(fq-i'l) _ _E)‘l(cq)

1
— g0~ LR 4 20)

1
= U — 5V B2, 47 0]

which is a (functional) gradient descent with step size L

R

Augmented Hamiltonian. It has been shown [29, 32] that classical MSA cannot be guaranteed to
update the control in the optimal descent direction, and even diverges in general. To overcome this
issue, we need to modify the Hamiltonian in such a way that the MSA converges. As proposed in
[29, 32], we introduce the augmented Hamiltonian

~ ~ 1 ~

DOI 10.20347/WIAS.PREPRINT.3253 Berlin 2025



Compositional Tensor Trains 25

The minimization step of the Hamiltonian in the classical MSA is then replaced by a minimization step
of the augmented Hamiltonian. The difference between H and H is that the augmented Hamiltonian
now forces 1) staying in a neighbourhood of 1/; with respect to some metric. For example, if t = X}
and ¢ = 1/, then it forces the new dynamic induced by ¢ to stay in a neighbourhood of the dynamic
induced by .

4.1.2 Application in the case of tensors

In our setting, v is a tensor and we derive the optimality condition to minimize the augmented Hamil-
tonian (24). Recall that any function v» € V), can be represented as
p
Yz (P, B(x)p = (Zzp J,al,...,ap>¢a1<x1>...¢a,,<xp>> ,
j=1

so that ¢ is a vector-valued function parametnzed by a tensor @) € RP*™* X" For notational conve-
nience, we write H. Sk, A\, ¢) H. (k,z, 1, ¢) Taking the gradient of (24) with respect to
1) leads to the expression

Vi (ko A, 1) = Vg (guw D@+ AT (@ 4 D) + 3 ()~ <1><x>||2)

= RG(z)y + Z Ai(e; @ ®(z) +1G(x) (P — ),

=1
where
R — LRPQR"®--- @R")
| { v I,® (¢ (206D (@) ) ® - ® (¢ (z0)6 D (za))
gives a}jsymmetric and positive-definite operator from tensor space RP*"**" to itself at each point
r e R

In our case, we use B samples (z G ))] ; for estimating the expectations leading to the minimization

problem
B

+1 i [ i
zp(' ) e arg min — Z o,k —1, xgi)lﬁ_l, )\g»")k, P, 1/),8)).
j 1
Setting the gradient of the functional with respect to ) to zero yields the linear tensor equation

% 7 1 %
(BZG ) (R4 =99) = =5 303 Ahalen © Bl 1)),
j=1 n=1

Such an equation can be solved using ALS [25] or AMEN [14]. Note that the operator Zj 1 G( z; k 1)
and the right-hand side have representations in canonical tensor format with canomcal tensor rank Bd.
In order to have the updates 1,b (1) in the Tensor-Train format, one can perform a TT-rounding, or a
truncation to some given ranks 7 [44].

4.2 Natural gradient descent

Gradient descent algorithm is a prominent optimization method, especially for neural networks, and
have shown good convergence properties in many applications. It has been proven that its stochastic
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version (this means, with a stochastic estimation of the true gradient) converges to critical points,
even for non-convex objective functions [11]. Furthermore, it can escape and avoid saddle points
[27, 28]. However, vanilla gradient descent tends to converge slowly, and often does not achieve a
high accuracy. Following [39], we propose to employ the natural gradient descent [3] for this specific
architecture. We first provide a formal derivation.

Let M C Li := H be a nonlinear model class. Consider the minimization problem

ulél/a L(u), L:L,—R (25)

We aim to solve this problem using an iterative scheme of the form,

Ukl = Uk + Oékdk, dk = —Vﬁ(uk) (26)

Remark 4.2. In general, for an arbitrary Hilbert space M, dy, is defined by dj, = —Q, ' (VL(uy,)),
where VL € H is the gradient of L and ()., is an invertible, symmetric and positive definite
linear map. For example,

B by choosing dy, = —V L(uy,) we recover the Hilbert space gradient descent,

B by choosing dj, = —V2L(uy,)"H(DL(uy)), with V2L (uy) : H — H the Hessian of £
at uy, we recover the Hilbert space Newton method.

Henceforth, we consider a parametric class of functions, M = {uy = P(#) : § € O} where
P :© — M C H is the parametrization and is assumed to be C', and © C RP? is called the
parameter space. Since in practice, performing a descent in the functional space is infeasible, we aim
to design an iterative scheme in the parameter space that mimics the descent (26). Namely,

Or1 = Or + oy, (27)
such that ug, ,, ~ uj1. Applying the Taylor theorem to ug, ., = P (0 + cwy,) gives
U, , = Ug, + akDP(Qk)wk + O(QkH’LUkH)

Therefore, we would like to find wy, such that we have D P (6 )wy, ~ dj. The quantity D P(6)w lives
in the tangent space of M at ug, defined as

Ty M := span{dy, ug, . . ., g, ug} = span(DP(0)) C L.

This tangent space is equipped with the metric (-, '>Li'

Remark 4.3. In general, the tangent space T,,,M can be equipped with a metric (Qu, -, )x
depending on uy,. The Hilbert space Newton method corresponds to ()., = VZE(uk).

It follows that the w;, that “aligns the best with the functional descent” is given by,

1
wy € arg min 5]\DP(9k)w — di||3. (28)
weO "
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(a) Euclidean gradient Vg L(6) (b) Natural gradient %9[1(9) = G(0)'VyL(6)

Figure 2: Visualization of the gradient fields VL (#) and VL (f) for the model ug(, y) = exp(6,z+
cos(y — 6)) and the loss function £(u) = 3[lu — w*|[32(9 1j2)-

Remark 4.4 (Gauss-Newton iterate). The update direction (28) coincides with one Gauss-Newiton
step for the minimization of L(0) := 3|/ P(0) — ul|3,, with H = L?. Indeed, a Gauss-Newton
iteration is given by 0y, .1 = 6 + wy, with wy, minimizing over w € © the function

1 1
w = S[|P(6) + DP(Or)w — ullz, = S DP(Br)w — dil,

with dk =Uu— P(Qk) = —VL(QJC) eH.

Computing the normal equation of (28) gives the update direction
wy, = —G(0) Vo L(6;), (29)
where L = Lo P: © — Rand G(0;) € RP* is the Gramian matrix defined by,
G(0)ij = (Op,u0, Op;u) 12, (30)

and by G(6)" we denote a pseudo-inverse of Gi(6)), that means a matrix satisfying GG'G = G.

As illustrated in Figure 2 for a particular 2-dimensional model class M, the flow obtained by the natural
gradient naturally points towards the optimal point, and the streamlines are more straight.

An interesting property of the natural gradient is that it is reparametrization invariant [53]. That means,
if we consider two parametrizations P(6) and P(f~1(£)), where f is a diffeomorphism, the update
direction in H is the same. This implies that an update in the parameters for both parametrizations
by an infinitesimal amount, this would give the same result on the model. However, it is important to
point out that updating the parameters by a finite amount will, in general, give different locations on
the model: the natural gradient descent is dependent on the choice of parametrization.

We would also point out that it is believed that natural gradient descent can avoid saddle points be-
cause it updates the parameters in the optimal direction in M [26]. However, unlike the Hessian, the
Gramian has only non-negative eigenvalues, therefore it does not exploit explicitly negative curvature,
which helps to escape saddle points. Consequently, it does not actively push away from saddle points.
In [37], the authors argue that around a stationary solution, the Gramian matrix is rank-deficient, the-
fore the natural gradient descent may converge to instationary points and fail to escape. Despite this
undesired behavior, natural gradient descent has shown very good performance, particularly for PINNs
[38, 41]. However, when employed with neural networks, the computation of the natural gradient is very
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resource-intensive, therefore its usage is very limited. Some methods have been developed to com-
pute an approximation of this quantity, namely K-FAC [34, 4, 16] and techniques using randomized
linear algebra [7].

Implementation for CTTs. In our case, if we want to exploit the tensor algebra, we cannot apply
the natural gradient descent directly to the model class C7 (®) (and also CT T <,.(®)), since it is not
clear whether the sum of two compositional tensors yields a compositional tensor (even with probably
a different number of layers). Instead, we propose to apply it layerwise, i.e. on each tensor 1, on the
(-th layer, since in this case we preserve the tensor structure (and also the low-rank format if used).

The function uy is an element of CT (®), where § = (11, ..., L) represents the tensors of the
layers. By applying the chain rule, we immediately get
8“9 o 8“6 d doxd m\®d
Ao (8) = 5= (1) @D (up—1 (2)) € R @ (R™)%, (31)
0y Ouy
——
eRdon

where uy(z) = (Id 4 1) o - - - o (Id + 1) o £(x). The Gramian of the /-th layer is then given by

Gi(0) = E, [(g%mg%m) ® (<<1><1>T>®d<w_1<x>>)} e Rid g (R™™)S. (3

For computing the natural gradient layerwise we thus have to solve the normal equation

Gi(0)-d=E,

(g—Zj@))T w(uexm)] | )

In our case, we can approximate the Li—inner product by a Monte-Carlo approximation using B sam-
ples and therefore consider an empirical version of (33). Indeed, a Monte-Carlo approximation of
G(0) is given by

Gl = 2= (Gl o) & Qs B )
TN o) (34)
@+ @ D(up1(2')a)P(ue1 (')
Ce,zwi)

In general, if ug € CT (P) and no low-rank format is assumed, the time complexity of solving (33)
is in O(min(Bd,m*?, B2d>m?)), where B is the number of samples used for estimating the inner
product, d,, is the output dimension of the model, d is the dimension of the lifted space, and m is the
number of univariate basis elements of ®. Moreover, the storage complexity is in O(m¢) for each
layer, which is infeasible in high dimensions. To circumvent this problem, one can assume low-rank
format for the layers 1)y, e.g. the tensor-train format. For solving (33) with a low-rank tensor format, one
can use the alternating linear scheme (ALS) [25]. However, the Gram matrix associated to the layer ¢
may have a bad condition number, so that ALS without preconditioning may show a slow convergence
and yield a highly suboptimal low-rank approximation of the update direction. We should also note
that in this case, the update (27) may leave the manifold, therefore it is required to use a retraction
Ry - Ty M — M. The update for each layer 1), is therefore given by

k+1 k
é ) _ Rwém(—a(k)wé )), (35)
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where the iteration number k is written at superscript for ease of reading.

Algorithm 3: Layerwise natural gradient for CTTs

Require: Samples ()2 ,, initial tensors (1),

1. k<0
while not converged do

N

3: for / + 1to L do

4 Assemble the Gramian G/g@ (34)

5: Compute the gradient V., £ (ug)(x")

6: Solve the normal equation (33) and store 'wﬁk)
7: end

8: Compute the learning rate a®)

9: for / <+ 1to L do

10: if low-rank then

11: ‘ Update 9" !) “ Ry (—a®w!™)
12: end

13: else

14: ‘ Update 1,/)<k+1 gb(k) a) wék)
15: end

16: end

17: k< k—+1
18: end

The Gram matrices (G, are typically highly ill-conditioned, which poses significant challenges for
solving the corresponding normal equations (33). A well-established approach to mitigate this is-
sue is to approximate (G, with a low-rank surrogate. In particular, the randomized Nystrdém method
[42, 54, 17, 35] achieves this by projecting (G, onto a randomly generated, low-dimensional sub-
space. In the context of this work, the Gram matrix (7, is a linear operator acting on tensor spaces
Gy o RIxmxexn _y Rdxnx-xn o construct a suitable low-rank approximation, we introduce a
tensor-structured sketch S € R**4*™x" 148 52] where s € N is the sketching size. The projec-
tions G¢S; € R¥*nxn are computed for 1 < j < s, and we seek a solution in the span of these
random projections of (z,. We choose the sketch S to be of the form

1
T30 @ s 85, ~ N0 1)

The contraction of the Monte-Carlo approximation of Gi¢ given in (34) and S; can be efficiently com-
puted

S; =

GeS; = ZCZO )s50 ® Coa(a')sj1 @ -+ @ Cra(a')s;a.

Moreover, it can be computed without forming explicitly the Jacobian by using the Jacobian-vector
product (JVP), see remark in the subsequent numerics section.

The key advantage of this Gaussian sketching approach is that, with high probability, the span of the
sketch captures the dominant eigenspace of (Gy. Consequently, the low-rank approximation retains
the principal components corresponding to the largest eigenvalues while attenuating the directions
associated with small eigenvalues. The resulting system behaves as if a spectral filter is applied to G,
that is, the solution lies in the subspace spanned by the most significant eigenvectors of (7.
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5 Numerical results

In this section, we would like to observe the performance of the natural gradient descent (NGD) and
MSA algotihms presented in previous section, compared to other (higher-order) optimization methods
such as Adam, L-BFGS and BFGS. All the experiments are written in the JAX python framework [8]
and can be found on the GitHub repository https://github.com/chmda/ctt. For assem-
bling the normal equation (33), the Jacobians and the right-hand side are computed using jax.vjp
instead of simply calling jax . jacfwd, speeding up the computation.

5.1 Layers with full tensors (no low-rank formats)

We first study the behaviour of the algorithms where it is not assumed that the different layers 1), are in
a low-rank format, i.e., we consider full tensors. The basis functions are chosen to be & = {1, Id}. For
the considered approximation and recovery problems, the training dataset D;i, consists of 100, 000
samples drawn from the measure p (which are specified for each problem), and the validation dataset
D, consists of 2, 000 independent samples from 1. The loss function considered is

1 *
L(u) = §||u —u H%i(ﬂ)’ L: Li(Q) — RT,

where 1 is the uniform measure on X'. This loss function is however replaced by its empirical version,

L) = 5 3 Jula) — (@),

where D is an ensemble of random points, e.g. a mini-batch or the whole training dataset. The perfor-
mance of the algorithms is measured using the Li(X)-relative error estimated by

o Taen, |la) —w @)

Ysena @)

where u is an approximation of u*. If specified, the line-search algorithm used for finding optimal «,
has to satisfy the strong-Wolfe conditions [40, Chapter 3]. Since the Gram matrix GG¢(#) can be rank-
defficient and the computation of the natural gradient w, by solving the least-squares problem (28)
can be tedious, we propose to add a Tikhonov regularization to (33), which translates into adding a
regularization parameter A - Id to GG¢(6) so that now we have to solve the linear equation

(g—g@f vc<ue><x>] .

This method can be seen as a trust-region approach. It shifts the spectrum of G,(6), making the
solving more stable. The choice of A remains an open question, but a rule of thumb is to increase A
when the algorithm tends to diverge and to decrease it otherwise. The tensor initialization is also an
important key for the good behaviour of the optimization algorithms. In order to avoid the explosion of
the variance with the layers and the number of features, we propose to choose the tensors as

Yo~ N(0,7), 1<e<L,

(Go(0) + \Id) - d = E,

where L is the number of layers, n is the number of features of @, and ¢ > 0 is a positive constant
chosen to be ¢ = 2. This choice is motivated by the works on neural network weight initialization
[22, 55].
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5.1.1 A recovery problem

Letd > 2 and
u*(z) = H(a:zy — Tmyi)?, € X =10,1]% (36)
i=1
_J1 itd=2m @7)
v ry ifd=2m+1"

This function can be exactly represented by a compositional tensor with 2 layers. Indeed, for simplicity
take d = 2m. For the case d = 2m + 1, we just have to multiply the terms h;, 1 < ¢ < m, by hoy, 1.
Let

ur(h) = (h1 — hppy ho — Bty o oo By, — hQ@,le — hmyhe — hpgty - ooy By — o), (38)

(.

g v~
m m

Ug(h) = (hlhg...hgmjo,...,O), (39)

then we have exactly u* = us o u;. Furthermore, u; can be represented by a TT with ranks bounded
by 2 since it is just a difference of two variables, and u, can be represented by a TT with ranks equal
to 1 since it is just the product of all variables.

For representing this function by a TT with polynomial basis, it must have maximal ranks, which grow
exponentially with d. For example, if d = 4, then the TT ranks are (1, 3,9, 3) and the number of pa-
rameters is 180. This result can be verified experimentally: for the ranks ranging from 1 to 9, the relative
L? erroris {0.84,0.68,0.46,0.16,0.14,0.11,0.079,0.013, 0} (averaged over 25 experiments).

The lifting operator is chosen as £ = Id and the retraction operator as YR = e;. The experiments are
conducted for d = 4 and d = 5. The number of training samples is fixed to 2048, and the number of
validation samples is fixed to 512. Regarding hyperparameters for each experiment,

B for d = 4, the learning rate is fixed to a;, = 0.7, and the regularization coefficientis A = 10712,

B for d = 5, the learning rate is chosen constant o, = 0.5, and the regularization coefficient is
A=10"1%

The plots Figure 3 show that the NGD converges faster to an exact solution (or a good approximation)
than the other optimisation algorithms. In Figure 3a we see that the NGD converges with a fast rate
and converges quickly to the exact solution. In Figure 3b, the NGD does not converge to an exact
solution of the problem. While it converges linearly, the rate is much better than of the other methods
and a much lower error is reached after the same number of iterations.

The plots in Figure 4 show the evolution of the relative L? error versus the time spent for the optimi-
sation algorithms. They show that the NGD is a bit faster than Adam for an iteration, and that, despite
taking more time than L-BFGS, it converges faster.

5.2 Layers in low-rank format

In this subsection, we study the properties and the behaviour of the Gram matrix GG(6) in order to
check if the low-rank solvers like AMEn or (M)ALS can be used. A well-known major challenge with
NGD is the occurring rank-defficiency. We also explore some regularization techniques to make these
solvers exploitable.
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Figure 3: Convergence plot for the optimizers Adam, NGD and L-BFGS for the recovery problem (37)
in log-log scale, for dimensions d = 4, 5.
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Figure 4: Relative L? error versus time for the optimizers Adam, NGD and L-BFGS for the recovery
problem (37) in log-log scale, for dimensions d = 4, 5.

5.2.1 On the conditioning of G ()

We propose to study the Gram matrix G(6) of each layer 1 < ¢ < L. To do so, we track the effective
condition number

ke(0) := [|Ge(0) | 2=l Ge(6) ]2

during the optimisation of the problem (37) in dimension d = 4. We also track the rank of the Gram
matrices (G4. The experiment is repeated 25 times.

Figure 5a shows that the Gram matrices become highly ill-conditioned during optimization, with condi-
tion numbers x, ranging from 10° up to 10**. In fact, the condition number increases rapidly, reaching
values around 10'2 after approximately 20 iterations. Initially, directions associated with small eigen-
values play a useful role by guiding the optimizer toward a good configuration. However, as the solution
approaches optimality, these directions contribute progressively less to the reduction of the loss.

Furthermore, as illustrated in Figure 5, the rank of the Gram matrices decreases over the iterations.
This suggests that the effective feature space collapses onto a lower-dimensional subspace: the span
of active feature directions shrinks, and the remaining features become increasingly correlated. Con-
sequently, the Gram matrix becomes closer to being low-rank.
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Figure 5: Condition number and rank of G, with ¢ = 1, 2, for the recovery problem (37) for dimension
d = 4. The plain line is the median, and the envelope corresponds to the interquartile.

5.2.2 Random sketching

Sketching size (s) ‘ Learning rate (o) Regularization parameter (\)

20 0.85 10~
30 0.8 10712
40 0.7 10712

Table 1: Hyperparameters for each sketching size s.

As discussed in Section 4.2, one way to circumvent the ill-conditioned (G is to project it onto some
random subspace. We apply this randomized method to the recovery problem defined in (37), consid-
ering different choice of sketching size s. In our experiments, the dimension is fixed to d = 4, resulting
inm = 4 -2* = 64 parameters per layer. For each choice of s, the learning rate o and regularization
parameter \ are adjusted accordingly and heuristically, as summarized in Table 1

Figure 6 shows that around 30 components of eigenspace of (G, is enough to convergence to an
optimal solution, which is less than half of the number of eigendirections. However, taking only 20 or
25 components is not enough. This plot also confirms that the more components we keep, the better
the convergence is. One can remark that taking less than 64 eigendirections slows the convergence
to an optimum.

Figure 6 illustrates the convergence behavior for various sketching sizes. We can observe that retain-
ing a rank-30 approximation of the Gram matrix is sufficient to achieve convergence to an optimal
solution, which is less than half of the total eigendirections. In contrast, retaining a rank 20 or 25
is inadequate for convergence. Moreover, the results confirm that increasing the rank improves con-
vergence, although taking fewer than the full 64 eigendirections slows the rate at which the solution
approaches the optimum.

We also want to point out that Figure 5b shows that the ranks of (&, are not the same for each layer,
and that in general the shallowest layer has a smaller rank. This suggests that the sketching size s
should be adapted for each layer.
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Figure 6: Random sketching for the problem (37) in dimension d = 4.
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