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Solution concepts for a model of visco-elasto-plasticity

with slight compressibility
Thomas Eiter

Abstract

We study a model for the deformation of a visco-elasto-plastic material that is nearly
incompressible. It originates from geophysics, is given in the Eulerian description and
combines a Kelvin—Voigt rheology in the spherical part with a Jeffreys-type rheology
in the deviatoric part. Despite a constant density, the model allows for non-isochoric
deformation and the propagation of pressure waves. An additive decomposition of the
strain rate into elastic and inelastic parts leads to an evolution equation for the small
elastic strain, which is coupled with an adapted momentum equation. As plasticity is
modeled through a non-smooth dissipation potential, we introduce a weak formulation
in terms of a variational inequality. Since the well-posedness in such a weak setting is
out of reach, we study two possible modifications: the regularization in terms of stress
diffusion, and the relaxation of the solvability concept by transition to energy-variational
solutions. In both cases, solutions are constructed by the same time-discrete scheme,
consisting of solving a saddle-point problem in each time step.

1 Introduction

The motion of tectonic plates due to convective processes within the Earth’'s mantle is a well-
accepted theory in geology. One way to describe this deformation of the Earth’s lithosphere,
which happens on large time scales, is to model rock as a visco-elasto-plastic material [21,23,
30, 32]. Since there seems to be no reasonable choice for the reference configuration in this
geophysical framework, a description in terms of the current configuration is natural, that is, an
Eulerian description. The density varies merely on small scales, which motivates to treat it as
a constant during the evolution. However, this simplification would lead to an incompressibility
constraint, which does not allow the model to feature the propagation of longitudinal waves.
To combine both characteristics, we follow an approach first employed by Témam [38, 39],
and consider an additional internal force in the momentum equation. In summary, the studied
model combines this setting of slight compressibility with a visco-elasto-plastic rheology.

Let 7" > 0 be a finite time horizon, and let ) C R? be a bounded domain. We consider the
system

p(8w + v - Vo) = div(S(v) + T) — g(divv)v tf in (0,7) x Q, (1.1a)
T = Dp(E) + ¢(E)I in (0,7) x €, (1.1b)
[ + P (dev T) > D(v) in (0,T) x Q. (1.1¢)

The free variables are the Eulerian velocity v: (0,7) x Q — R? and the small elastic strain
E: (0,7)xQ — R3%3. The mass density p > 0 is assumed to be constant, and f: (0,7)x —

sym*
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T. Eiter 2

R3 denotes an external body force. Equation (1.1a) is the momentum equation, enriched with
an additional internal force £(divw)wv. The stress tensor is the sum of a linear viscous stress
S(v) and a second stress tensor T determined from [E through the stress-strain relation (1.1b).
Here, ¢: RSYXH?; — R is the potential of the stored elastic energy. Equation (1.1c) thus describes
a Maxwell-type rheology, which corresponds to an additive decomposition of the strain rate
D(v) = 3(Vo+Vov'), into an elastic and an inelastic part. The elastic strain rate It is defined

by the Zaremba—Jaumann rate
. 1
E=0E+v-VE +EW(v) — W(v)E, ng=§wv—vﬂx

while the inelastic strain rate is given by the subdifferential 9P (dev T) of a convex (dual)
dissipation potential P, which models viscous and plastic effects. Without loss of generality,
we assume P(0) = 0. As P only acts on the deviatoric part of T, it does not affect the
volumetric strain. Therefore, the model combines a Kelvin—Voigt rheology in the volumetric
part with a Jeffreys-type rheology in the deviatoric part. We refer to Section 2 for a detailed
derivation of the model.

We complement the system (1.1a)—(1.1c) with the boundary and initial conditions

v=20 on (0,7) x I'p, (1.1d)
v-n=0, [(T+S(v))n|,=0 on (0,7) x 'y, (1.1e)
(v,E)(0) = (v, Ep) in (1.1f)

for given initial data (vg, Eg). The boundary 0f2 is assumed to have Lipschitz regularity, and
I'p € 09 and T'y = 092 \ I'p denote disjoint parts of the boundary, where we prescribe no-
slip and perfect-slip boundary conditions, respectively. Here n.: Q) — R3 denotes the outer
unit normal, and [a], denotes the tangential part of a vector field a: Q0 — R3, that is,
[al, =a— (a-n)n.

One delicate feature of the model (1.1) is the convex potential P, which is a nonlinear and non-
smooth functional in general. In [21, 23,30, 32], the visco-plastic behavior of rock is modeled
by the subdifferential OP of

ZIAPPif |A] < oy,

_ (1.2)
+oo if [A] > oyield,

WMzAPmmmm mm:{

for some shear viscosity v > 0 and a yield stress oyiiqa > 0, which combines linear viscoela-
sicity for ‘small’ stresses with plastic deformation for ‘large’ stresses. As the subdifferential
OP(devT) is multi-valued in general, equation (1.1c) is indeed a differential inclusion and
not a mere equality. Using the definition of the subdifferential, one can introduce a weak
formulation of (1.1) in terms of a variational inequality, which intertwines the standard weak
formulation with the energy inequality, see Subsect. 2.4.

Under the assumption of incompressibility and for a quadratic stored-energy functional ¢,
a similar weak formulation was used in [15, 16], where the existence and the weak-strong
uniqueness of such solutions was shown after a regularization. The existence result was recently
extended in [9] to the case of a two-phase flow. However, in all these works, weak solutions are
only obtained after introduction of a diffusion term in (1.1c), which increases the regularity of
solutions and gives additional compactness properties useful for the existence theory.
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Solution concepts for a model of visco-elasto-plasticity with slight compressibility 3

An analogous approach was applied in [37], where a compressible visco-elastic rheology was
studied. More precisely, (1.1b) and (1.1c) were considered for the (smooth) quadratic dissipa-
tion potential P(devT) = %|dev T|*> with some shear viscosity v > 0, and coupled with the
classical continuity and momentum equations. The existence of weak solutions was shown after
introducing a viscous hyperstress in the momentum equation. This improves the regularity of
the velocity field, whereby higher-order spatial regularity of the density and the elastic strain
is inherited from the initial values.

Therefore, the existence of weak solutions to (1.1) also seems to require a modification by
the introduction of additional terms. Here we follow the idea from [9, 15, 16] and introduce
a diffusive term in the transport-type equation (1.1c). For a diffusion coefficient v > 0, we
consider

p(Ov + v - Vv) div(S(v) + T) — *(le v)v+ f in (0,7) x €, (1.3a)
Dp(E) + ¢(E)I in (0,7) x Q, (1.3b)

£ + 0P (dev ’]I‘) — D(v) + YA[Dg(E)] in (0,7) x Q, (1.3¢)
v=0 on (0,7) x I'p, (1.3d)

v-n=0, [(T+S(w))n],=0 on (0,7) x I'y, (1.3e)
n-V[Dp(E)] =0 on (0,7) x 09, (1.3f)
(v,E)(0) = (vo, Ep) in 2 (1.3g)

Then (1.3c) is of parabolic type, and (1.3f) are the corresponding natural boundary conditions.
This regularization enables us to show the existence of weak solutions, see Theorem 3.3 below.
However, to ensure convexity of the associated contribution to the dissipation, we restrict the
analysis to the case of a quadratic stored elastic energy ¢ here. Then the diffusion term
in (1.3c) reduces to a linear term in E, and E appears in the energy-dissipation balance in a
quadratic way, compare (3.3) below. To regularize a viscoelastic flow in terms of stress diffusion
is a nowadays common approach [4,7,9, 16|, and it can be derived from thermodynamic
considerations [28].

One regards the regularized system (1.3) for small v > 0 as an approximation of the original
system (1.1). Therefore, it is natural to ask what happens to solutions to (1.3) as v — 0.
Suitable a priori bounds indicate the convergence towards a limit object, at least along a subse-
quence, and the question is in which way this limit is connected to the original problem (1.1).
Usually, the limit is not a weak solution, but one arrives at a solution in a further generalized
sense.

The study of such generalized solvability concepts, which further relax the notion of weak
solutions, is nowadays quite common, in particular in fluid dynamics. For instance, DiPerna
and Majda [11] introduced the concept of measure-valued solutions to the incompressible
Euler equations. A different approach goes back to P.-L.Lions [27, Sec.4.4], who defined
dissipative solutions to the Euler equations in terms of a relative energy inequality. In both
cases, those solutions were constructed as the inviscid limit of weak solutions to the Navier—
Stokes equations. In [15] and [9], the approach by Lions was adapted to the aforementioned
systems of incompressible visco-elasto-plasticity with one and two phases, respectively, There,
the solvability concept was based on a relative energy inequality, and solutions were constructed
as limits of weak solutions to the regularized system. While such solutions are also called
dissipative solutions in [9], the name energy-variational solutions was used in [15]. However, the
latter notion of solution has been further refined in various works since then [1,17-19,24-26].
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T. Eiter 4

We follow this approach and introduce a corresponding notion of energy-variational solutions
to problem (1.1), see Subsect. 3.3, where we adapt this refined solvability concept to our
framework.

To show the existence of energy-variational solutions to (1.1), we could proceed similarly
to [9, 15] and pass to the limit v — 0 with weak solutions to (1.3). Instead, we follow the
approach from [1,17] and obtain solutions (v, E) to (1.1) as the limit N — oo of time-discrete
approximate solutions (vy,Ey), which are constructed by iteratively solving a saddle-point
problem at each time step. To this end, one introduces a certain regularity weight that gives
sufficient convexity properties to render the saddle-point problem solvable and to pass to
the limit by weak convergence. As it was observed in [18], both steps are, to some extent,
independent of each other, which allows to use two different regularity weights.

In this article, we apply this iterative scheme for the regularized and the original system
simultaneously. Indeed, we use the same scheme to construct approximate solutions for v = 0
and for v > 0. On the one hand, the passage to the time-continuous limit only yields a
weak solution in the case v > 0 due to the availability of stronger a priori estimate. On the
other hand, the existence of energy-variational solutions can be shown under more general
assumptions on P and . In particular, can allow for non-quadratic ¢ if v = 0.

Outline In Section 2, we further motivate the model (1.1), and we derive a corresponding
weak formulation. In Section 3 we list our main assumptions, introduce the notions of weak
solutions to (1.3) and of energy-variational solutions to (1.1). We present the main existence
results and study the consistency of both concepts with classical solutions. Section 4 is ded-
icated to the construction of approximate solutions, while Section 5 concerns the passage to
the limit, which finally completes the existence proofs.

Notation For the Euclidean inner product between vectors, matrices or tensors, we write

3 3 3
a b= Z ajbj, A:B= Z Ajklem (Gr :H = Z ijgijg,
7j=1 j,k=1

J,k =1

for vectors a = (a;), b = (b;) € R?, matrices A = (Aj;.), B = (Bj;) € R**®, and third-order
tensors G = (Gjie), H = (Hjxe) € R**3*3. Moreover, I € R**3 is the identity tensor, and
the trace of A is denoted by tr A = A : . By sph A = 1(tr A)I, devA = A — 4(tr A)I and
symA = $(A+AT), we denote the spherical, deviatoric and symmetric part of A, respectively.
We introduce the subspaces of symmetric and symmetric deviatoric matrices by

REE = {A e RPP|AT = A},
R332, = {A e R¥?|AT = A, trA =0},

Let X be a Banach space and P: X — [0,00] be a convex functional. By domP =
{z € X|P(x) < oo} we denote its domain, P* denotes the convex conjugate and OP is
the convex subdifferential. For a continuously differentiable function ¢: X — R, we denote
its Fréchet derivative by D¢.
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Solution concepts for a model of visco-elasto-plasticity with slight compressibility 5

2 Derivation of the model and weak formulation

To derive the model (1.1), we explain the considered visco-elasto-plastic rheology the incorpora-
tion of the assumption of slight compressibility. Subsequently, we derive the energy-dissipation
balance, and we motivate a weak formulation in terms of a variational inequality.

2.1 Visco-elasto-plastic rheology

The main motivation for the model (1.1) arises from geophysics, where related models have
been used to study the rock deformation in the Earth’s lithosphere [21,30,32]. In this context,
the deformation is considered on very long time scales and with very slow speeds of only mil-
limeters per year. Due to the lack of a plausible reference configuration, an Eulerian description
is preferred over a Lagrangian description [37]. Therefore, we consider the continuity equation
and the momentum equation given by

Op + div(pv) = 0, (2.1)
p(Ow+v Vo) =div(S(v)+T) + f (2.2)

for the density p, the Eulerian velocity field v and an external force f, where the total stress
is the sum of two parts S(v) and T. Here, S(v) is a classical linear viscous stress tensor. A
standard choice for isotropic viscous behavior would be the Newtonian stress tensor

1
S(v) =2 (]D('v) ~3 div ’U]I) + po div ol = 2y dev D(v) + 3ug sphD(v), (2.3)

where (11, f1o > 0 denote shear and bulk viscosity coefficients.

To describe the deformation of tectonic plates, the development of faults, and the occur-
rence of aseismic creep, such geophysical models combine viscous, elastic and plastic ef-
fects [2,20, 21, 23,30-32, 36, 42]., which we incorporate in terms of the stress tensor T. We
consider different rheologies for volumetric and the shear deformation. While the spherical
stress sph T = %(tr T)Iis purely elastic, the deviatoric part dev T is subject to a Maxwell-type
visco-elasto-plastic rheology. We consider the case of small strain and employ the Green—
Naghdi-type additive decomposition into the elastic strain [E and the ineIasticostrain P. For
the strain rate D(v) = }(Vw + VoT), this gives D(v) = [ + P. Here, the (-) denotes an
objective tensor rate, which we discuss below, see (2.6).

The elastic strain E is related with the stress T through a stored energy potential ¢: ngxnz’ —
[0,00) such that
T = Dp(E) + ¢(E)L (2.4)

Here the second term is an ‘internal’ pressure that is due to the transport of the elastic
energy. By allowing for a non-quadratic stored energy ¢, the model is also applicable for large
displacements, which is relevant in the geophysical context. Note that this does not contradict
the above assumption of small strain, compare [37].

The inelastic strain P is assumed to be purely isochoric and governed by the stress-strain
relation dev T & GR(P) where R is a convex dissipation potential, which can be non-smooth
in general. Invoking the dual potential P = R*, we can thus reformulate the decomposition
D(v) = & + P of the strain rate as

D(v) € B+ dP(dev T). (2.5)
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T. Eiter 6

One common characteristic of the models from [21, 23,30, 32] is the transition from visco-
elastic to plastic behavior in the deviatoric component when a certain yield stress oyjeiq > 0 is
reached. This feature reflects the brittle nature of rock. Mathematically, it can be incorporated
in P by the choice P(A) = [, P(A(x))dx, with P(A) = +oo for |A| > 0yieq. Combined
with a linear viscosity law, this gives (1.2).

As we consider a convective model, we also have to choose a suitable objective rate k. Objec-
tivity means that it is invariant under a (time-dependent) change of frame. There are different
choices available, and we use Zaremba—Jaumann rate

B—OF+v-VE+EW(w) - Wo)E, W(v) = ;(vu ~veT),  (26)

which is the common choice in the field of geophysics [2,20,21,23,30-32,36,42]. We further
refer to [6, p. 494] for a theoretical justification of the Zaremba—Jaumann rate, and to [29,41]
for a more general overview over objective tensor rates. One readily sees that (2.5) preserves
symmetry of E. Moreover, since we have tr(EW(v) — W(v)E) = 0, we can decompose (2.5)
as

O tr(E) + v - Vir(E) = dive,  (devE) + OP(devT) 5 D(w) — ;(div oL (27)

that is, the evolution of volumetric and shear strain remain separated. Moreover, if Dy(E)
and E commute, we have

(EW(v) — W()E) : Dp(E) = W(v) : (BT Dp(E) — D(E)E") =0
where we used the symmetry of [E, which yields
E : Dp(E) = 0hp(E) + v - Vio(E), (2.8)

so that Zaremba—Jaumann rate leads to a simple transport of the stored elastic energy. Note
that Dp(EE) and E commute if and only if T and E commute, which is true for isotropic and
frame-indifferent materials, see [22, Sect. 37] for instance.

The model consisting of (2.1), (2.2), (2.4), (2.5) is a nonlinear generalization the model
from [21,23,30, 32], where linear elasticity and viscosity are combined with perfect plasticity.
In this case, the stored energy potential is given by

K G
#(E) = 7| sphE|? + 3| dev E|? (2.9)

with elastic bulk modulus K" > 0 and elastic shear modulus G > 0, and the (dual) dissipation
potential P is given by (1.2). Moreover, the present model generalizes the large-deformation
small-strain viscoelastic model from [37] by including plastic effects.

In summary, we consider a Kelvin—Voigt rheology in the volumetric/spherical part, combined
with a Jeffreys (or anti-Zener) rheology enriched with plasticity in the isochoric/deviatoric
part. In particular, the model allows for isochoric creep and isochoric plastic deformation.

2.2 Slightly compressible approximation

In many situations, like the flow of water or the deformation of rock, the material compression
is negligible compared to other effects during the evolution. On the one hand, this motivates to
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Solution concepts for a model of visco-elasto-plasticity with slight compressibility 7

simplify the model by directly imposing incompressibility as an assumption, and to work with
the Navier—Stokes equations for incompressible flow. Such models were analytically studied
in [9, 15, 16]. On the other hand, such a restriction to divergence-free velocity fields would
not allow for the propagation of pressure waves, corresponding to sound waves or longitudinal
seismic waves.

Therefore, we study a model for slight compressibility, which is an approximation of (2.1), (2.2)
that assumes a constant density without restricting to the divergence-free velocities. Clearly,
this contradicts the continuity equation (2.1), and simply omitting it would destroy the ener-
getic structure of the evolution. In particular, the kinetic energy-dissipation balance

2 2
at<p|;| ) + div <p|;| 'v> +2:D(w) —div(Elo) = frv,  T=8(v)+T, (210)

would no longer apply. To compensate this, one introduces an additional internal force in the
momentum balance (2.2). More precisely, for a homogeneous material with constant density
p, we consider

p(0w + v - Vo) = div(S(v) + T) — g(divv)v +f. (2.11)

This approach goes back to Témam [38,39], see also [40, Ch. lll, Sect. 8]. The new term ensures
that the kinetic energy is transported properly, and that multiplying (2.11) with v leads to
the energy-dissipation balance (2.10). Note that there exist other possible modifications of
the momentum balance that preserve (2.10), compare [35, Remark 1]. The choice (2.11) has
the advantage that one arrives at the model for incompressible flow by setting diveo = 0. In
several works, a combination of (2.11) with an evolution equation for the pressure is used
to approximate the incompressible Navier—Stokes flow numerically or analytically [5, 8,10, 12,
13,33]. For further discussion and references of such slightly compressible approximations, we
refer to the recent article [35].

Combining the adapted momentum equation (2.11) with the visco-elasto-plastic stress-strain
relations (2.4) and (2.5) and suitable initial and boundary conditions, we finally arrive at the
full continuum model (1.1). Observe that (1.1) generalizes the model for semi-compressible
viscous flow from [35], where a pure spherical stress T = —(7r+%)]1 with elastic bulk modulus
K > 0 and pressure 7 is considered, which are subject to

1 1

Indeed, this particular case can be obtained from (2.11), (2.4), (2.5) by choosing ¢ as in (2.7)
with G = 0 and by setting m = —3 tr(T).

2.3 Energy dissipation
To get further insight into the energetics of the system (1.1), we consider = € 9P (dev T) and
multiply (1.1c) with Dy(E). Using (2.8) and integration by parts, we calculate
0= (E+E-D(®)): Dp(E) = dip(E) + v - Vo(E) + = : Dp(E) — D(v) : Dy (E)
= 0ip(E) + div (p(E)v) + Z: T — D(v) : T,

where we used (1.1b) and that tr = = 0. Due to the boundary conditions (1.1d) and (1.1e),
combining this identity with (2.10) and integrating over (2, we conclude

élt/Qm;P +¢(E)dx+/ﬁ§(v):}D)(U)JrE:de:/Qf.vdx (2.12)
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T. Eiter 3

for = € OP(dev T). This shows that the total energy is given by
E(v,E) = / g|'v|2 + o(E) do (2.13)
Q

as the sum of the kinetic energy and the stored elastic energy. It is dissipated by the Newtonian
viscous stress S(v) and the deviatoric stress associated with the (dual) dissipation potential
P, and it is subject to the power of the external force f.

As = € 0P(devT), we have = = devZE, and we can use the Fenchel equivalence to write
JoZ: Tdx =P(devT) + P*(Z). Employing this identity in (2.12) and omitting P*(Z) > 0,
which follows from 77(0) = 0, leads to the energy-dissipation inequality

+/ v)de +P(devT) < /f vdz. (2.14)

Although this inequality is not equivalent to (2.12), it has the advantage that the subdifferential
element = € OP(dev T) is not present in (2.14). Moreover, a weak form of (2.14) is directly
included in the generalized solution concepts discussed in this article.

2.4 Towards a weak formulation

To derive a weak formulation of (1.1), we follow the approach from [15, 16, 34]. Instead of
simply testing (1.1c) and integrating, we express the subdifferential in terms of the inequality

Z € IP(devT) « YU : P(devT) — P(dev ) < / = : (Dg(E) — ¥)dx,
9]

where U belongs to a suitable class of R2x3-valued test functions. Here we used devT =

dev Dy(E) and that P is defined on deviatoric tensors, so that tr = = 0. With this character-
ization, we can express (1.1c) as

/ I: Dy(E) — D(v) : D(E) dz + P(dev Dy (E)) — / B0 —D(v): ¥ de —P(dev ) < 0.
Q Q

This corresponds to formally testing (2.5) with Dp(E) — W. We proceed similarly with the
momentum equation (1.1a) and multiply it with v — 1 for a test function ) and integrate.

Adding up both equations, integrating over a time interval (s, t) for s < t and using integration
by parts, where we make use of the boundary conditions (1.1d) and (1.1e), we arrive at

[E(U,E)—/va-w+E:\Ifdx} // — f-odzdt
+/t/pv-@t@/z+g(divv)(v-¢)+p(v®v):V@bdxdt’
+// (v) + De(E)) : D() — p(E) divep + f - v dardt (2.15)

+/ /E:atq:+(divv)E:\If+v.W:JE—(]EW(v)—W(u)E):\Ifdxdt'
s JQ

+/:/Q]D(v):\dexdt,‘*‘/stp(devD@(E))—P(dev\If)dt'SO

for all test functions v € C1([0,T) x ;R?) and ¥ € CL([0,T) x Q;R3%3) with ¢» = 0 on

sym

(0,7) x I'p and ¢ - = 0 on (0,7) x I'y. The calculations are similar to the derivation
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Solution concepts for a model of visco-elasto-plasticity with slight compressibility 9

of (2.12), where we tested (1.1a) and (1.1c) with v and Dp(E), respectively. If we ignore
P, then (2.15) is merely the sum of an energy inequality and the standard weak formulations
of (1.1a) and (1.1c). Observe that for (¢, ¥) = 0, we rediscover a time-integrated version
of the energy-inequality (2.14). Moreover, the initial conditions (1.1f) are satisfied in a weak
sense if (2.15) holds for s = 0 with v(0) = v, and E(0) = E,.

For a reformulation of (2.15), we can make use of the following result.

Lemma 2.1. Let f € L'(0,T), g € L>=(0,T) and go € R. Then the inequality

- /0 7)dr + / 7) dr — ¢(0)go < 0 (2.16)

holds for all p € C1([0,T)) with ¢ > 0 if and only if the inequality

) — gls +/ ) dr <0 (2.17)

holds for a.e. s, t € [0,T) with s < t, including s = 0 if we replace g(0) with go. In these
cases, g coincides a.e. with an element of BV ([0, T']) with lim o g(s) < go and lim,\; g(s) <
limg ~ g(s) for all t € (0,T).

Proof. See [17, Lemma 2.5]. O

Remark 2.2. The formulation (2.15) is the basis of the solution concepts introduced in Sec-
tion 3. To avoid the pointwise evaluation at time s and ¢, we can also use a time-variational
form that is more accessible by convergence arguments later. By Lemma 2.1, the inequal-
ity (2.15) holds for a.a. s < t if and only if

/0 —atgb[ B)— [ po v +E: \Ifdx}dt%—/ 6 [ 8(v):D(w) £ vdudt
+/ qb/ pv - O + i(divv)(v-@b) +p(v®v): Vydedt
+/ 0 [ ~(S) + Do(B)) : D(¥) — w(B)divey + f - dadt

(2.18)

+/ ¢/]E:6t\11+(divv)E:\If+v-V\IJ:E—(EW(v)—W(v)E):\I/dxdt
+/ / U e df! +/ P(dev Dy(E)) — P(dev 1)) dt
- gb(()){ (vo, Eo) — /vao ~1(0) + Eq : ¥(0) dx] <0

holds for all ¢ € C}([0,T)) with ¢ > 0. We further obtain that

lsn {5 /pv b+ E(s): \I/dx} _ {S(UO,EO)—/vao-iﬂ—l—Eo:\Ifdx

for all v € CHQ;R?) and ¥ € CHQ;R3%3) with ¢» = 0 on (0,7) x I'p and ¢/ - = 0 on

sym

(0,T) x I'y. Varying ¢ and W, a standard variational argument yields that £(v(s), E(s)) —
E(vo,Eo) in R and (v(s),E(s)) = (vg, Ey) weakly* in the dual space of the test functions.
In this sense, the initial condition (1.1f) is satisfied. A similar argument shows that (v,E) is

weaky* continuous in this functional framework.
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3 The generalized solution concepts

We first collect the main assumptions to develop the theory. Subsequently, we introduce the
concepts of weak solutions to (1.3) and of energy-variational solutions to (1.1), and we state
the main results on the global-in-time existence of such solutions.

3.1 General assumptions

To perform a rigorous existence analysis, we make the following assumptions:

(A1) Let Q C R® be a domain with Lipschitz boundary 99, and let T'p, C 9 be measurable.
If I'p has vanishing surface measure, assume in addition that there is no rigid motion
that leaves €2 invariant.

(A2) Let f € L'(0,T; L*(Q; R?)).

(A3) Let the linear viscous stress S(v) be given by S(v) = L[D(v)] for a linear mapping
L: R3%3 — R3*3 such that there exists . > 0 with L[A] : A > p,|AJ2

Sym Sym

(A4) Let P: L*(Q;R253 ) — [0, 00] be nonnegative, convex and lower semicontinuous, and
let P(0) =0.

(A5) Let p € C3(R3X3:[0,00)) be a nonnegative, convex function such that

sym)?
(i) ¢ is strongly convex, that is, there exists x > 0 such that ¢ — 4| - | is convex,

(i) o has at least quadratic growth, that is, there exists § > 0 such that it holds
1+ ¢(E) > B|EJ? for all E € R3X3

sym!

(iii) there exists M > 0 such that [D*p(E)| < M for all E € R2x?,
(iv) it holds Dp(E)E = E Dp(E) for all E € R3X3

sym*

(A6) Let the function P o [dev Dy]: L*(;R2%%) — [0, 00], given by E — P(dev Dyp(IE)),
be convex and lower semicontinuous.

While these assumptions are sufficient to show the existence of energy-variational solutions to
the original system (1.1), we need to restrict to quadratic stored energy potentials ¢ and to
require an additional property of P to obtain weak solutions for the regularized system (1.3):

(A5') Let ¢ be quadratic and strictly convex, that is, p(E) = LK[E] : E for some linear
function K: R3%3 — R3X3 that satisfies K[A] : B = K[B] : A and K[A] : A > x|A|” for
all A,B € R and some £ > 0.

(A6') There exists Ry > 0 such that P(¥) < oo for all ¥ € YT with [|¥]|y: < Ry.

The additional geometric condition in (A1) has to be understood in combination with (A3).
Both assumptions together imply the Korn-type inequality

/QS(U) . D(v)dz > N/Q Vo|? dz (3.1)
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Solution concepts for a model of visco-elasto-plasticity with slight compressibility 11

for some constant y > 0 and all v € H'(Q;R?) with v = 0 on I'p and v - = 0 on 9.
Indeed, by (A3) we ensure that

S(v) : D(v) = L[D(v)] : D(v) > p[D(w) [,

which allows to conclude (3.1) by a classical compactness argument. However, to this end, we
have to exclude that v is a rigid motion, which results from the boundary conditions if (Al)
holds.

The bound on D3¢ in (A5)(iii) will be used at several points in the argument. Firstly, it
ensures that Dp(E) € L'(Q;R3*3) for E € L?(2;R3*3) by Taylor's theorem. Therefore, the
term Dp(E) : D(¢)) in the weak formulation is integrable, and this explains the domain of
P in (A4). Moreover, we can ‘convexify’ this term with the help of the energy, which will
be crucial for the proposed construction of approximate solutions and for the derivation of
energy-variational solutions, see Lemma 4.1 and Lemma 5.4 below.

Assumption (A5)(iv) means that the elastic strain [E commutes with the stress T = Dp(E) +
@(E)I. In particular, this is the case for an isotropic material, which comes along with
©(QEQT) = ¢(E) for all rotational matrices @ € SO(3). Indeed, » can be expressed as
a function of the principal invariants of [E in this case, so that Dy(E) = al + bE + cE? for
scalars a, b, ¢ that are functions of the principal invariants of £, compare [22, Sect. 37].

Clearly, the potential from (1.2) modeling visco-plasticity satisfies (A4). Note that we do not
impose any growth assumptions on P in (A4), and we shall not use P to derive additional
bounds on the solutions. Therefore, even the choice P = 0 is possible, which would lead to
pure elastic strain and reduce (1.1) to a model of Kelvin—Voigt type.

Assumption (A6) concerns the interplay between the energy potential ¢ and the dissipation
potential P. Notice that in the case of a quadratic stored elastic energy ¢ as in (A5’), which
satisfies (A5) trivially, assumption (A6) is a direct consequence of (A4). The most relevant
example for such a quadratic ¢ is given in (2.9), which allows for different elastic shear and
bulk modulus. We shall only use the strict assumption (A5’) if v > 0, where it renders the
stress diffusion a linear term.

The technical assumption (A6') is used to derive a suitable incremental bound for the elastic
strain [E in the case 7 > 0, see Lemma 4.6 below. This estimate will lead to strong convergence
of the approximate sequence for [E, which allows to pass to the limit in a weak formulation.
As strong convergence cannot be expected for v = 0, this estimate is not necessary in this
case, and the limit object is identified as an energy-variational solution.

3.2 Weak solutions to the system with stress diffusion

We introduce the notion of weak solutions to the regularized system (1.3) with v > 0.

Definition 3.1. Let vy € L'(;R?) and Eq € L*(Q;R3*3) such that £(vy,Ey) < co. We
call (v,IE) a weak solution to (1.3) if

v e L¥(0,T; L*(R?) N L*(0, T; H' (% R?)),
E e L=(0,T; L*(;R3)) N L0, T HY (R,

Sym sym

p(E) € L=(0,T; L'(Q)), Dp(E) € L*(0,T; H' (% RZ:3)),

Sym
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ifv=0o0n (0,7) xI'p,ifv-n=0o0n (0,7) x I'y, and if it holds

:J“/:/QS(”) : D(v) +7\V[D90(E)]\2 — f-vdazdt
+ /: /Q pv - O + g(divv)(v ) + p(v ®v) : Vepdadt’
+ /; /Q ~(S(v) + Dg(E)) : D(v)) — @(E) dive) + f - v dz dt

t
+/ /E:&t\lﬂr(divv)E:\If—i—v-V\If:E—(]EW(v)—W(v)E):\I/d:cdt’
s JQ

[S(v,E)—/va-w%—E:\I!dx}

+ /t/Q]D)(v) LU — A V[Dp(E)] : VU da dt’ + /tP(dev Dy(E)) — P(dev¥) dt’ <0

(3.2)
fora.a. s,t € [0,T] with s < t, and all ¢p € C1([0,T) x ;R?) and ¥ € C/([0,T) x Q; RZ*3)
such that ©» =0 on (0,7) x I'p and ¢ - = 0 on (0,7") x I'y. The initial values (v¢, Eq) are
attained in the sense that (3.2) is satisfied for s = 0 and a.e. ¢ € [0,7] with v(0) = v, and

E(0) = E.

By setting (¢, ¥) = 0 and s = 0 in (3.2), we see that weak solutions to (1.3) satisfy the
energy-dissipation inequality

E(v(t),E(t)) + /Ot/QS('v) : D(v) + ’y‘V[Dgp(E)]’2 — f-vdzdt

t (3.3)
+/O P(dev Dy(R)) dt’ < &(vo, Ey).

Moreover, it follows from the definition and Lemma 2.1 that any weak solution (v,E) is
weakly* continuous in the dual of the test-function space, and it attains the initial values in
this sense, compare Remark 2.2.

Remark 3.2. As the test function v appears in (3.2) in a linear way, we can use a standard
variational argument to retain the weak form of the momentum equation. Indeed, replacing v
with +£X) in (3.2), dividing by A > 0, and passing to the limit A — oo, we obtain

o

* /: /Q ~(S(v) + Dp(E)) : D(¥)) — @(B)divep + f - ¢pdzdt’ = 0.

s_'_/st‘/Qp’vat¢+g(dlvv)(vl/})+p(v®v) . vwdl’dt/

(3.4)

for a.a. s <t and all ¢ as in Definition 3.1. Subtracting this identity from (3.2), we obtain a
combination of an energy-dissipation inequality with the weak form of the regularized strain-
rate equation (1.3c). In contrast to ¢, the function W appears in (3.2) in a nonlinear way due
to the potential P. Therefore, the previous argument cannot be applied and the strain-rate
equation cannot be separated in general. Clearly, this is not an issue if P = 0, which would allow
two separate both momentum and strain-rate equation from the energy-dissipation inequality.

The introduction of diffusion in the stress-strain relation (1.3c) regularizes the system (1.3) and
allows us to show the existence of global-in-time weak solutions. Observe that the proposed
method only allows to consider quadratic dissipation potentials ¢ as in assumption (A5'),
which yields Dyp(E) = KJ[E] and thus renders the stress-diffusion terms in (3.3) convex.
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Solution concepts for a model of visco-elasto-plasticity with slight compressibility 13

Theorem 3.3. Let v > 0, and let (A1)-(A4), (A5’), (A6’) be satisfied. For every v, €
LY R3) and By € LY(Q;R3%3) such that E(vg,Ey) < oo, there exists a weak solution

sym

(v,E) to (1.3) in the sense of Defintion 3.1.

For the proof of Theorem 3.3, we refer to Subsect. 5.2.

3.3 Energy-variational solutions to the original system

For the original system (1.1), the existence of weak solutions in the sense of Definition 3.1
cannot be expected. Instead, we study energy-variational solutions. For their definition, we do
not follow [15], but we adapt the refined energy-variational formulation from [1,17,18].

Definition 3.4. Let vy € L'(Q;R?) and Eq € L'(Q2; R3*3) such that £(vy,Ey) < oo. We
call a triple (v, E, E') an energy-variational solution to (1.1) if

v € L®(0,T; L*(Q;R*)) N L*(0, T; H(Q; R?)),
o) .72 3x3

E € L>(0,T; L7 (4 R)),

E € BV([0,T)),

ifv=00n(0,7) xTp,ifv-n=00n(0,T) x 'y, if E(v,E) < F ae. in (0,7), and if
there exists a function K: C*(; R? x R3*3) — [0, 00) such that

Sym

// — f-odzdt

"‘/t/ Pv'atw—l—g(divv)(v-1/1)+p(v®v) : Vop do dt’
+// (v) + D(E)) : D(¢)) — @(E) dive) + f - ¢ d dt’

+/ /E:@t\lf+(divv)E:\II+v-V\If:E—(EW(v)—W(v)E):\I/dxdt’
s JQ

{E—/pv-w—f—]E:\Ifdx
Q

(3.5)

+ /t/QD('v) cUdrdt’ + /tP(dev Dy(E)) — P(dev ¥) dt’
< /t K, 0)(E - E(v.E)) dt

fora.a. s,t € [0,T] with s <t and all ¥ € CL([0,T) x Q;R?) and ¥ € C}([0,T) x Q; R*3)
such that ¢y =0 on (0,7) x I'p and ¢ - m =0 on (0,7) x I'x.

Compared to the weak formulation (2.15), there are two major differences to (3.5). Firstly,
there occurs the new energy variable E, which dominates the state-dependent energy £(v, E)
and replaces it on the left-hand side of the inequality. Secondly, there is a non-zero term on
the right-hand side, composed of the product of the energy defect E — £(v,E) > 0 and
the regularity weight K. In other words, the energy-variational formulation (3.5) coincides
with the weak formulation (2.15) up to an error that is controlled by the energy defect. In
particular, if £ = £(v,E), then both formulations coincide, so that every weak solution is also
an energy-variational solution.

Invoking Lemma 2.1, we obtain directly from the definition that the state variables v, E of
an energy-variational solution are weakly* continuous with respect to time. Here, duality is to

DOI 10.20347/WIAS.PREPRINT.3252 Berlin 2025



T. Eiter 14

be understood with respect to the space of test functions. Moreover, (v, E) attains the initial
values in this sense, compare Remark 2.2.

Clearly, the set of energy-variational solutions depends on K, and it becomes larger if we
increase KC. It thus seems reasonable find K as small as possible such that solutions exist. To
this end, we consider the regularity weight defined by

M . 5
K, ¥) = ;”vaL‘”(Q) + [|div || oo () + @H‘I’H%w(m- (3.6)

As we shall see in Lemma 5.4 below, this choice is appropriate to allow for a limit passage
in (3.5). Note that for the construction of approximate solutions in Section 4, we will use a
different regularity weight K that plays a similar role and yields suitably convexity properties,
see Lemma 4.1 below.

Theorem 3.5. Let (A1)-(A6) be satisfied. Let vy € L'(Q;R?) and Ey € L'(Q; R3**3) such
that £(vo,Eg) < oo. Then there exists an energy-variational solution (v,EE) to (1.3) in the
sense of Defintion 3.4, which satisfies limy\ o E(t) = £(vo, Eo), and the associated regularity
weight IC is given by (3.6).

The proof of Theorem 3.5 will be concluded in Subsect. 5.3.

Remark 3.6. As we shall see from the proof, we can further refine the solution concept from
Defintion 3.5. By the strong compactness in v, we actually find £ = [ §|v|2da: + I with
I> [op(E)dx a.e. in (0,7). Therefore, the energy defect £ —E(v,E) = I — [ o(E)dz > 0
is only due to the stored elastic energy.

3.4 Functional framework

We introduce some abbreviations. For v > 0, we define

D, (v,E) ::/Q
N, (v,E | ¢, 1) = /Q g(divv)(v )+ plv @) Vi de
+ /Q _(D(E) + o(E)) : Vi) — S(v) : D() dz

+/Q(divv)E W4V E — (EW(v) — W)E) : ¥ da

S(v) : D(v) + | VD (E)] da,

(3.7)

+ /Q D(v) : ¥ — 7V[Dep(E)] : VI da,
B(t:v) = [ f(t) v da.

Moreover, we set Dy(v) := Dy(v, E), which is independent of E. As we only consider quadratic
elastic energies as in (A5') if v > 0, the functional D, is actually given by

D,(v,E) = /QS(’U) : D(v) —i—fy‘VK[E]‘Q

dzx

and thus quadratic and strictly convex. We further introduce the function spaces

X, =X x X5 y=Y"x)E

DOI 10.20347/WIAS.PREPRINT.3252 Berlin 2025



Solution concepts for a model of visco-elasto-plasticity with slight compressibility 15

with
¥ o @B v 0o To. 0n—Den Ty~ 0}
YE _ {Lz(Q;ngXn?) ify =0,
Y 1 . TR3%X3 H
H (Qa Rs;m) if Y > 0’
and

Y = {¢€CI(Q;R3)‘¢:Oon I'p, ¥-n=0on FN},
y[E — Cd(Q, R?’XS).

Sym

3.5 Consistency

From the derivation of the solution concepts, we have seen that strong solutions to (1.1)
and (1.3) with sufficient regularity are generalized solutions in the sense of Definition 3.1
and Definition 3.4, respectively. It is a natural question if also the converse it true, that is if
generalized solutions with increased regularity satisfy the problem in the classical sense.

We first show this consistency property for weak solutions to (1.3). To this end, we assume

VA € LY R3S ) VG € C?(OKRE3 ) (D)) jen € CHQ;RES

sym,0 sym,0 sym,0 (3 8)
q)j‘fm =G, ®; — Ain L' RS ), P(®;) — P(A) as j — oo. '

One readily shows that this approximation property is satisfied for integral functionals of the
form P(A) = [, P(A(z))dx if P: R¥3, — [0,00] is a convex function with P(0) = 0

sym,
and with a suitable upper bound. In particular, the visco-plastic dissipation potential (1.2) is
suitable.

Proposition 3.7. Let P satisfy (3.8). Let (v,E) be a weak solution to (1.3) in the sense of
Definition 3.1. Assume

v € ([0, T); C*(Q; R?)), E € C*([0, T]; C*(Q; R23)).

Sym

Then (v, E) is a strong solution, that is, the system (1.3) is satisfied pointwise.

Proof. We use the abbreviations introduced in (3.7). Due to the regularity assumptions, we
can write

0€(v,E) = / pOv - v + OE : Dp(E) dx.
Q
Using integration by parts in time, we can thus reformulate (3.2) as
t
/ /Qpﬁt'v v+ O,E : Do(E)dx + D, (v,E) + P(dev Dp(E)) — B(r;v) dr
t
+/ /Q—patv-w — OE : Udx + N, (v,E | ¢, ¥) — P(dev¥) + B(r;¢)dr <0

for all s,¢ € [0,7] with s < ¢, and for all test functions (¢, ¥) € C'([0,T];)). In particular,
we can omit the time integrals and consider time-independent test functions (¢, ¥) € ). We
set ¥ = S(v) + Dp(E) + ¢(E)L. Employing integration by parts and, in some sense, reverting
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the algebra that led to the weak formulation (2.15), we arrive at
/ (p@t’v +pv-Vo+ g(divv)v —div: — f> (v—v)da
Q
+/Q (fE ~D(v) — 7A[D<,0(E)]) . (Dp(E) ~ ¥) da

+ /[ En- (v — w) do + /89 - V[Dp(E)] : (Dgp(E) — \IJ) do

INY;

< P(dev ¥) — P(dev Dp(RE))

in (0,7) for all (¢, ¥) € Y. On the one hand, the choice ¥ = Dp(E) yields

/Q<patv+pv-w+g(divv)v—divz—f>-(u—¢)dx+/ern-(v—¢)dago

for all ¢ € Y*. By the fundamental theorem of calculus, this implies the momentum equa-
tion (1.3a) and the boundary conditions (1.3e) as v - n = ¢ - n = 0. On the other hand, the
choice 1) = v leads to

/Q (fE _D(v) — fyA[Dgp(E)]) : (Dp(E) - W) da + /a an- VIDg(E)] : (Dp(E) - ¥) do
< P(devV¥) — P(dev Dp(E))

for all U e Y* = CYQ;RE:3). If we assume U = Dg(E) on 01, the boundary integral
vanishes, and by approximation property (3.8), the resulting inequality extends to all ¥ €
L' (€ RZ3), which gives (1.3c) by the definition of the convex subdifferential. A combination
with the previous inequality further yields (1.3f). The other boundary conditions are satisfied
by assumption. Since the initial values are attained in a weak* sense for any weak solution,
compare Remark 2.2, the assumed regularity yields (1.3g) pointwise. In summary, we have

shown that (v, E) is a classical solution to (1.3). O

An analogous statement holds for energy-variational solutions to (1.1). Here the approximation
property (3.8) can be relaxed to

VA e L' ngxrg,o) 3(®;)jen C CHQ; Rg;rg,O) : (3.9)

d; = Ain L'(OREE ), P(®;) = P(A) as j — oo.

sym,0
Observe that the consistency result is independent of the regularity weight /.

Proposition 3.8. Let P satisfy (3.9). Let (v, E, E') be an energy-variational solution to (1.1)
in the sense of Definition 3.4. Assume limy o E(t) = £(vo, Ey) and

v e CY[0,T); C*(Q; R?)), E € C*([0, T]; C*(Q; R*3)).

Sym

Then E = &E(v,E), and (v,E) is a strong solution, that is, the system (1.1) is satisfied
pointwise.

Proof. In virtue of the regularity assumptions, we can use (1, ¥) = (v, Dp(E)) as a test
function in the energy-variational formulation (3.5). A straightforward calculation leads to

[E —&(w, E)} Cdwdt < /: K (v, D(E))(E - £(v,E)) dt

S
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for all a.a. s < t. By Gronwall's inequality, this implies £ = £(v,E) a.e. in [0, 7. In particular,
(v,E) is a weak solution and subject to (2.15). Proceeding now as in the proof of Proposi-
tion 3.7, we conclude that (v,[E) is even a strong solution to (1.1). Here, it is sufficient to
assume (3.9) instead of (3.8) since no boundary integral over 02 appears in this argument as
v =0. O

4 Time-discrete approximation

For both existence results, we use the same approximation scheme, based on the weak for-
mulations (2.15) and (3.2). With the abbreviations from (3.7), those can be summarized as

[5('0,]E) —/ pv-@/)—l—E:\I/dx}

+//pv 0 +E: 8,0 dz + N, (v,E | ¢, ¥) — P(dev ¥) + B(r; ¢)) dr < 0

/ D,(v,E) +P(dev Dp(E)) — B(r;v) dr
(4.1)

for a.a. s,t € [0,T] with s < ¢, and for all test functions (¢, ¥) € C*([0,T7; ).

4.1 Time-iterative scheme

To introduce the time discretization at level N € N, we fix the time-step size 7 = T'/N, and
the intermediate time steps t" := n7 with n =0, ..., N. We define the time-discrete version
B" of the functional B, associated with the external force, by

:/Qf pde,  f (x)——/t F(t,z)dt. (4.2)

T n—1

We let (v",E°) = (vg, Eg), and we determine (v, E") € X,, for n =1,..., N, iteratively by

Fr (o™ E™ |, W) <0, (4.3)
for all test functions (1, W) € C*([0,T); V) with 7KC(z), W) < 1. Here, we have set

Fr(v,E |, ¥)
= E(v,E) — ("1 E"Y) —/Qp(v —v”’l)w/;da:—/(E—E"’l) Ve (4

+T<DV(U,E)+P(devD¢(E))+N( E |, ) — P(dev ) — B“(v—¢)>,

and the function K: Y — [0, 00) is defined by

R0 9) = 2ol +max{ M}Hwnm .
45

+ || div || Lo () + fH\IJHLoo @ T *HV\I}HL(”(Q)

Note that this function K differs from the regularity weight K from (3.6), which allows for
the limit passage towards an energy-variational solution. The possibility to use a different
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regularity weight for the construction of approximate solutions was recently discovered and
exploited in [18].

By choosing (¢, U) = (0,0) in (4.3), we obtain the time-discrete energy-dissipation inequality
E(™E") — E(" L E" ) + 7D, (v", E") + 7P (dev Dp(E")) — B"(v) < 0. (4.6)

Observe that (4.3) corresponds to a fully implicit scheme for (4.1), where we have restricted
the class of admissible test functions by means of the function K. This restriction ensures the
existence of the iterates in terms of a minimization problem due to the convexity of 7 with
respect to the state variables.

Lemma 4.1. Let v > 0, and let (A1)-(A6) be satisfied. If v > 0, we also assume (A5’). Let
ne€{l,...,N}, NeN, and let (v " E*") € &,. Let K: Y — [0,00) be given by (4.5).
For every (1, V) € Y with TK(, V) < 1, the function

X, =R, (v,E)— F'(v,E|¢,¥)
is convex and weakly lower semicontinuous and satisfies the estimate
Fr(w,E v, 0) > [1— 7K, ©)|E(v,E) — £ E")
- /Qp(’v oY) pdr — /Q(E—En—l) W dz
2 (4.7)
+7 /Q'y‘V[Dgo(E)]‘ — f"-vdx+P(dev Dp(E)) — P(dev V)

+¢A—&m1Mw+f”w—D@%W—7WDME%VWW-

Proof. Let (1, W) € Y with 7K(1), ¥) < 1. We add and subtract 7K(¢), ¥)E(v,E) and
rearrange the terms in F to obtain

Frw,E| ¢, 9) = [1-7K(¢, ¥)|E(v, E) — E(" 1 E")
— /Qp(v —o" -wdx—/Q(E—E"’l) :Wdx

+ r(/Q’Y\V[Dp(JE)]‘Z — " vda + P(dev Dp(E)) — P(dev \11)> (4.8)

+ T(N’Y(U, E | ¢, U) + Dy(v) + K, ¥)E(v, IE)).

In virtue of the restriction 7/C(1), ¥) < 1 and the assumptions (A1)-(A6), and (A5') if v > 0,
the functional defined by the first three lines satisfies the assertions on convexity and lower
semicontinuity. It thus remains to show these properties for the functional defined by the last
line, that is, for

G: X, R, Gv,E)=N,(v,E |, V) + Dy(v) + K(¢, ¥)E(v, E),
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which we split into several parts. We first use Young's inequality to estimate

[P Pio 2 20, 1o P12
gl(’U,E> —‘/Qg(le'U)('vw)—{—Z|V’U| dx+M||77/}||Loo(Q)/92|’U| d.ﬁUZO,
Go(v, E) ::/Qp('v@v):vwdx—i—QHleHLoo Q)/ Plo)?dz > 0,
Gs(v,E) := /(dlvv)]E \If—i——\Vv]QdaH— quum /g|E|2dx20,
K
,E::/-\IJ:JE 2V e /f 24z + = ||V oo /—]Ezd>,
Gu(v.E) = [ vV Bt = V¥l [ S0l o+ L[V ¥ [ 5B do >0
Gs(v, E) ::/ _(EW(v) = W()E) : U + L |Vo2de + | 0|2 /E\E\de>0.
’ Q 2 rpt RO Jg 9 -

Hence, G;, 7 = 1,...,5, is a non-negative and quadratic functional. Therefore, it is convex,
and as it is defined in terms of a convex integrand, it is also weakly lower semicontinuous. The
same applies to the functionals defined by

M
Go(v.E) = [ ~Di(E) : Vorda+ — |V~ [ TIBF da,
Gr(v.E) i= [ ~(p(B)) : Vi da + [divvl|p= | (E)da

due to | D3¢ ()| < M and convexity of ¢, respectively. Similarly, the Korn-type inequality (3.1)
implies that

H(v) = Do(v) — /Q,WUP dz

defines a convex and weakly lower semicontinuous functional. We now write G as

)= 3 Gy(0,) + H(o) + | —S@)D() + f4 D)4 —1VIDR(E)} VT da

R0, Ve, E) - (j||¢||zo+2||wnoo) | Sl do

_|_

) M 6 1 K
N diviploe [ @B dz = (“ 1Vl + - [Wloe + (V) [ SIEP da.
Q K Kl K Q

From the strong convexity of ¢ and the choice of K as in (4.5), and from (A5') if v > 0, we see
that G is convex and weakly lower semicontinuous. Due to the non-negativity of Gy, ..., G,
H, we further conclude

) > / )+ 7 —D(v) : U —yV[D(E)] : VU da,
whence we obtain (4.7) from (4.8). O

To show existence of a suitable pair (v", E") satisfying (4.3) at the n-th time step, we deter-
mine (v™,E") by solving the following saddle-point problem.

Lemma 4.2. Let v > 0, and let (A1)-(A6) be satisfied. If v > 0, we also assume (A5’). Let
ne{l,...,N}, N €N, andlet (v"~',E"') € X, be given. Then there exists (v",E") € X,
such that
(v",E") € argmin sup F)(v,E |, V). (4.9)
(VE)eXy 70 (y, W) <1

Moreover, (v™,E") satisfies (4.3).
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Proof. From the definition in (4.4), we see immediately that for fixed (v,E) € X, the
functional (¢, ¥) — F*(v,E | ¥, W) is concave and upper semicontinuous on the convex
set defined by 7/C(, U) < 1. By Lemma 4.1, the functional (v,E) — F(v,E | ¢, ¥) is
convex and weakly lower semicontinuous for fixed (v, ¥) € Y with 7/C(t, ¥) < 1. Moreover,
(v,E) — F'(v,E | 0,0) has weakly compact sublevel sets due to the coercivity estimate

FMv,E|0,0) > EW,E) — E@" L E") + 7D, (v,E) — 7B"(v)
P n
> [ Lol + BB - 1dz = 7)1 £ o 0]l 2co

where we employed (A5)(ii). From a classical saddle-point theorem, see [3, Thm.2.130,
Rem. 2.131] for instance, we thus obtain the existence of (v",E") € X, such that

sup F(o"E" [, )= min  sup  Fr(v,E|¢,0)

T

TR (1, 1) <1 (0. E)EXS R, 0)<1

= sup min  FX(v,E | ¢, V).
Kpwy<t (OB

In particular, (v",E") satisfies (4.9), and we have

osup FP(ME" [ 9, 0) < sup FY(Y, De(V) [ 4, P).
TK(¢,¥)<1 TK(¢,¥)<1

Here, * is the Fenchel conjugate of o, defined by ¢*(B) = sup {B : A — p(A) |A € R3X3}. It

sym
holds [D¢]~!(B) = Dy*(B), and ¢(D¢*(B)) + ¢*(B) = Dy*(B) : B. With these properties,
integration by parts and (A5)(iv), we obtain for any (¢, ¥) that

F2, D' (¥) | 9. 0)
— £, D' () = £ B = [ p v vde — [ (D' (9) — B W
r [ 2@V OlEE + o6 © ) : Vde =W Vo — p(Dg'(¥)) div i da
7 [[(dive)De*(0) : W41 VU D (W) da
+7 | —(De" (OW() = W) D" (9)) : ¥+ D(¥) : Wda
— [ B = () — @D () DD () : (B~ Dy (W) ) do
T/Q<div¢>so (W) + - V' (W) do <0,

where we used the convexity of ¢ in the last step. This shows (4.3) and completes the proof. [

Remark 4.3. The solution (v",E") to the minimization problem (4.9) is unique. This follows
from the uniform convexity of the functional (v, E) — F(v,E | ¢, ), which is inherited from
the energy functional &£.

Remark 4.4. The ensure the inequality (4.2), we make use of the saddle-point structure of
problem (4.9), To this end, we chose the regularity weight K in such a way that gives sufficient
convexity properties. This approach, based on an implicit time discretization, is only possible
for v > 0 if ¢ is quadratic. A first idea to circumvent this assumption would be to discretize
the stress diffusion term differently, for instance, as

/QV‘V[Dgo(IE(t))]‘dez/sz;y‘Dng(E”‘l)  9E" de

DOI 10.20347/WIAS.PREPRINT.3252 Berlin 2025



Solution concepts for a model of visco-elasto-plasticity with slight compressibility 21

for t € (t"',¢"). This leads to a convex term in E", and the convexity property from
Lemma 4.1 and the existence of a minimizer as in (4.9) would still follow for the accord-
ingly modified F'. However, due to the partially explicit discretization, the verification of the
inequality (4.3) remains unclear in this case.

4.2 Approximate solutions

We now define the sequence of approximate solution. Fix N € N and let 7 = T'/N as before.
We set (v°, EY) = (vg, Eg) and let (v",E") € X, satisfy (4.3) forn =1,..., N, the existence
of which we have shown in Lemma 4.2. We introduce the piecewise constant prolongations
(vn,En): (=7, T] = X, as

(vn,En)(t) = (v, E")  forte (" 1t"],n=0,...,N, (4.10)

where t" ;= nr.

We define piecewise constant approximations of the operator B and the external force f in
the same way, namely

E0) = [ Ful) vde, Fu(t)= " forte (¢ n=1, N,

for f" as in (4.2). Observe that

N

T T
[ 180wy @t = 37l en = [ 1Dzt (411)

and we have fy — f strongly in L'(0,T; L*(Q)).

For a test function ¢ € C!([0,T)), we define the piecewise constant and piecewise linear
approximations ¢y and ¢y as

on(t) = p(t") for t € [t",t"*!), n=0,..., N,
i t—t" n+1 ¢ n n yn+1

_¢n tn—i—l —tn

Observe that ¢ is defined on [0, 7], while ¢ is defined on [0, T+ 7) with ¢ (t) = ¢(T) = 0
for t € [T, T + 7). We further have the following variant of discrete integration by parts: For
all a € LY(—7,T) and x € L>(0,T), it holds

/ () )—a(t ) g4t

- (4.12)
——(¢<0>T /0 X(t) (¢ =)t + [ 0dw(Ox(E)al) + oD x(D)ar) dt).

where 8, x(t) := £(x(t + 7) — x(t)) denotes the difference quotient.

Now let ¢ € C1([0,T)) with ¢ > 0. Let (¢, ¥) € C'([0,T];Y), and fix N € N. Then (4.3)
implies

On () F7 (o (1), En(t) | (1), U(t)) <0
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for t € (t""',¢"] and n = 1,..., N. Division by 7, integration over (0,7, and use of iden-
tity (4.12) lead to

[ 00w (0)[En (). Ex(t) = [ pon(t) (e + )+ Exlt) : Wt 4+ 7)]

+ /T ¢N</ poy - 6,0+ Ey 1 6,0 dx) - /oT OvBuow =)t (4.13)

+/ (ZﬁN( ’UN,EN) + P(dev DQD(]EN)) +N7(UN7EN ’ w, \I/> — P(dev \I/)) dt

— 6(0) {S(UO,EO) —/Qv0~ (i /OTW) dt> +E: (i /OTfo(t) dt) dz

for all (¢, ¥) € C'([0,7];Y) and ¢ € CL([0,T)) with ¢ > 0. We shall pass to the limit
N — o0, thatis 7 — 0, in this equation. To do so, we need convergence in suitable topologies,
which follows from associated bounds we derive next.

<0

4.3 A priori estimates

We now collect the uniform bounds for the approximate solutions (vy,Ey), N € N, defined
n (4.10).

Lemma 4.5. Lety > 0, and let (A1)-(A6) be satisfied. If v > 0, we also assume (A5’). Then
there exists a constant C > 0 such that

oz o2 ) + IVON 22070200 < C, (4.14)
IEn Lo 0,7;02(0)) + VAIVEN | 22007;22(0)) < € (4.15)
[ (En) Lo 0,7:01@)) + [1DO(EN) Lo 1200 < C (4.16)
1€ (vn, Ex)llBvio.1)) + [|P(dev Dp(Ex)) || i) < C (4.17)
for all N € N, and
lon —on( = T)reromy < CT (4.18)

for N € N sufficiently large. Here C' > 0 is independent of N =T/t and v > 0.

Proof. We fix N € N and let £,/ € Ny with 0 < k < ¢ < N. Summing up of the discrete
energy inequality (4.6) forn =k + 1,...,¢, we obtain

tt £ ¢
-+ DW(UN,EN) —|—77(devD<p(EN))dt’ S BN<’UN> dt/
oI * (4.19)

<[] Boal e fPdedr < [ (o) + ol ey
—|vU — x v -—
= Juw Jo 2N 2p = Jux N 2N gy I IL2(@)

E(UN, EN)

by Young's inequality. Using Gronwall's lemma, we see that the left-hand side of (4.19) is
uniformly bounded. Together with the growth assumption from (A5) and the Korn-type in-
equality (3.1), this immediately yields the uniform bounds (4.14), (4.15), (4.16) and (4.17),
except for the bound on Dp(Ey) and E(vy, Ey).

The bound on Dy(Ey) follows from assumption (A5)(iii) and Taylor's theorem. Moreover, we
conclude from (4.19) that the function Hy: (0,7)) — R with

H(t) = E(on (), Bx(0) + [ "D (vn, Ex) + P(dev Do(Ex)) — By (vy) d?’
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is nonincreasing, so that Hy € BV([0,7T]) with
1 nBvory = [HN i om) + [HN|pyory < (1+T)E(wo, Bo) + |Hn(T)] < C,

due to the uniform bounds we already established. With a similar argument, we obtain a
uniform bound for Hy — E(vy, Ey) in BV([0,77). In this way, we arrive at a uniform bound

[€(vn, En)llBv(om) < C.
It remains to verify (4.18). By definition of vy, we have

N
||’UN — ’UN(~ — T)HLl(T,T;(y”)*) = Z TH’Un - ’Un_1||(yv)*. (420)

n=1

To obtain a bound for the right-hand side, we consider ) € Y* with [|1)[|y» < 1. If we take
N € N large enough, that is, 7 > 0 small enough, we have T’C(—%l[),@) < 1. Then we can
use (4.3) and (4.7) with ¥ = 0 and estimate

/Q('v” —o" ) pda
< (1= R (=0.0) )@ BN + 0 B
— p 9 9 )

o ([ AITIDAEE - 57 v - L0 Dl + L5 e+ Plder DotE) )

— n— n En e 1 n En n n
<E"HLE) - E(wE )+T’C(—;¢70)5(U EY) 7l | 2y [0 22 )

T n T n
+ ;HLHc(RM)HVU 2@ [V L2@) + ;Hf 2@ 1Yl 22 ()

sym

< g(,un—l’En—l) - g(’Un,]En) + CT<1 + ||V’Un||L2(Q) + ||fn||L2(Q) (1 + H’Un||L2(Q)>)

for some constant ¢ > 0, where L is the linear mapping defining S, compare assumption (A3).
Here we used

R(—0,02@" E) <€ sp_ R(x.0) < .

plixlly» <1
We thus conclude

o7 = 0" omye < E(@"LE) - (o7, E)
§ : § (4.21)
(L 190" @) + 17z (1+ 07 1200) )

and (4.20) leads to
lon —on (=Tl 2 rrym)
N
<37 [e(fun—l, E") — £(v", E")
n=1
+ CT<1 + V" || 2() + ||fn||L2(Q)(1 + ||vn||L2(Q)>>]
— T(g(UO, E%) — £(v", IEN)> + ¢’ N
T T /
+ CTA ||VUNHL2(Q) dt + C’T(l + HUN||L°°(O,T;L2(Q))) /0 ||fN||L2(Q) dt’.

Due to N7 = T and the uniform bounds (4.11) and (4.14), this shows (4.18) and completes
the proof. O
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Under the additional assumption (A6'), we can derive an estimate for [E that is similar to (4.18).

Lemma 4.6. In the situation of Lemma 4.5 assume that (A6’) is satisfied, and that N € N
is sufficiently large. Then

||EN — EN( — T)HLl(T,T;()ﬂE)*) S CT (422)
for a constant C' > 0 independent of N € N.

Proof. We proceed as for the derivation of (4.18), but we have to take into account the
domain of P. Let 0 < R < Ry with Ry as in (A6"). We now use (4.3) and (4.7) for ¢y = 0.
For U € Y* with ||¥|ly= < 1, we have T’%(O,—%\P) < 1if N = T/t is sufficiently large.
Writing ¥ = R%\IJ, we then have

/Q(E” CEY: Uds
< —R<1 — (0, —é\lf))é’(v”,E") 4 (" B — TR/Q»WEF _fovde
- TR(P(dev De(E™)) — 73(—]‘; dev \If)> _7 /Q D(v") : ¥ + AVE" : VI dz
< R(g(vnl,Enl) _ 5(v",E”)>
+oer(1+ [IVo"|| 2@ + IVE™ [ z20) + £ 2@ 10" |20 )

for some constant ¢ > 0, where we used

K(0, —l\If)S(v",E”) + 73(—l dev¥) < sup (CIE(O, ®) + P(dev <I>)> < 0.
R R R||] <1

We thus obtain
H]En . Enflu(y]E)* < R(g(vnl’Enl) . g(U”,E”))
+ CT(l + ||V”n||L2(Q) + ||VER||L2(Q) + anHL?(Q)an“L?(Q))-

This estimate resembles (4.21), and we arrive at (4.22) along the same lines as in the previous
proof. ]

5 Passage to the time-continuous limit

From the approximate solutions (vy,Ex) we can extract convergent subsequences. While we
can identify the limit to be a weak solution for v > 0, the limit object is an energy-variational
solution for v = 0. In this way, we complete the proofs of Theorem 3.3 and Theorem 3.5.

5.1 Convergent subsequences

From the uniform bounds derived in Lemma 4.5 and Lemma 4.6, we conclude the existence
of convergent subsequences.
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Lemma 5.1. Let v > 0, and let (A1)—(A6) be satisfied. If v > 0, further assume (A5’)
and (A6’). There exist functions

v € L®(0,T; L*(Q;R?)) N L*(0, T; H'(Q; R?)),

E e L*(0,T; L*(GRER),  Ee€BV([0,T),

and a (not relabeled) subsequence of (vy,Ey) such that

vy v in L*(0,T; L*(S; R?)), (5.1)
Voy — Vo in L*(0,T; L*(Q; R¥?)), (5.2)
vy =V in LP(0, T; LY(Q; R?)) for all p € [1,00), q € [1,6), (5.3)
Ey =~ E in L>(0,T; L*(Q; R2)), (5.4)
E(vn,Eny) > E in BV(]0,T7) (5.5)

as N — oo. If v > 0, then it further holds

E e L?(0,T; H' (4 R2:),  E=E(w,E) ae in(0,7),
and

VEy — VE in L*(0, T; L*(; R¥3*3)), (5.6)
Ey —E in LP(0,T; LY REY)) for all p € [1,00), ¢ € [1,6). (5.7)

Proof. The existence of convergent subsequences as indicated in (5.1), (5.2), (5.4), (5.5)
and, if v > 0, (5.6) follows from the uniform bounds in Lemma 4.5 and Lemma 4.6 by
the Banach—Alaoglu theorem. To conclude the strong convergence (5.3), we combine the
convergence (5.2) with the uniform bound (4.18) and use the version of the Aubin—Lions—
Simon theorem for piecewise constant functions due to Dreher and Jiingel [14, Theorem 5].
This yields (5.3) for p = ¢ = 2, and by interpolation using the uniform bound (4.14) and the
embedding H'(Q2) < L5(Q), this generalizes to p € [1,0), ¢ € [1,6). In the same way, we
conclude the strong convergence (5.7) from (5.6) and the uniform bounds (4.15) and (4.22)
if v > 0 and (A6’) hold. O

Remark 5.2. If v > 0, the convergence (5.6) and (5.7) imply the weak convergence
VIDE(EY)] = (D*eEN)OEN) — (D*e(E)0E]) = VIDe(E)
j j

in L2(0,7T; L2(; R3*3*3)) if D?p is merely bounded. In particular, it is not necessary to
assume that ¢ is quadratic in order to pass to the limit N — oo. Indeed, this assumption is
only used for the construction of approximate solutions by the previous saddle-point argument,
compare Remark 4.4,

In order to pass to the limit N — oo in (4.13), we further collect elementary convergence
properties of the test functions.

Lemma 5.3. Let ¢ € C1([0,7)), (v, ¥) € CX([0,T]; V). Then it holds

oy — ¢ in L=(0,7T), Oy — Op  in L=(0,7T)
Y(-+7)lor-r = in L7(0,T;)7), o) = Opin L=(0, T3 "),
U(-+7)lor—m) — U in L>°(0,T; V%), 6,V — 0¥ in L=(0,T;)%),
Ly A G :
;/O D) dt — p(0) in Y, ;/0 W(t)dt — W(0) in V&,

asN=1T- 0.

DOI 10.20347/WIAS.PREPRINT.3252 Berlin 2025



T. Eiter 26

Proof. Due to the uniform continuity of the functions and their derivatives, the proof is ele-
mentary. [

5.2 Limit passage for the regularized system

We first focus on the case v > 0, where we want to obtain a weak solution in the sense of
Defintion 3.1. To this end, we pass to the limit N — oo in the equation (4.13)

Proof of Theorem 3.3. We use Lemma 5.1 and Lemma 5.3 to pass to the limit in (4.13). Since
v > 0, we have the weak* convergence £(vy,Ey) = &(v,E) in BV([0,7]). Together with
the weak* convergence vy — v and Ey = E from (5.1) and (5.4), the fact that fy — f
strongly in L'(0,T; L?(£2)), and the convergence properties from Lemma 5.3, the limit passage
in the first, second and forth line of (4.13) is direct. For the third line we invoke the weak
lower semicontinuity of norms and of P by assumption (A4), so that we have

lim inf ' [ o (D (v, Ex) + P(dev Dp(Ey)) — P(dev xy)) dt

> / ( )+ P(dev Do(E)) — P(dev q:)) dt.

It remains to discuss the term related with A/, defined in (3.7). By the weak convergence
properties established in Lemma 5.1, we can directly pass to the limit in the linear terms.
Analogously, the strong convergence from (5.7) allows to pass to the limit in the terms related
with ¢ and D¢, which are now quadratic and linear functions, respectively. For the remaining
terms, which are quadratic in (v,E), we can use a standard argument combining the weak
convergence from (5.2) with the strong convergence from (5.3) and (5.7).

In summary, passage to the limit in (4.13) leads to

/0 _atgb[ /pv Y +E: \If} dt
+/T t/pv-atw+IE:8t\Ifda:dt 59
+/ 8(D. (v, E) + P(dev Dp(E)) + N, (0, | 4, ¥) ~ P(dev 1)) de

— 6(0) [5(%,1@0) = [0+ (0) + Eo: w(0)da| <0
for all (¢, ¥) € C'([0,T];Y) and ¢ € C([0,T)) with ¢ > 0. In virtue of Lemma 2.1, this
means that (v, E) is a weak solution in the sense of Defintion 3.1, compare Remark 2.2 [
5.3 Limit passage for the original system
Now we consider the case v = 0, where we want to obtain an energy-variational solution
in the sense of Definition 3.4. As we have neither strong convergence of E nor the identity

E = &(v,E) for v = 0, we make use of the regularity weight IC from (3.6) to pass to the
limit in (4.13) by weak lower semicontinuity.
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We define Ey = E(vx,Ey) in (0,T) and Ey = & (v, Eo), and we write (4.13) as
[ 00w 0Bt~ [ pon(t) - wle 1)+ Eat): 0+ 1)
+ /TT ¢N</vaN 8,4+ Ey : 6,0 da + P(dev Dp(Ey)) — P(dev @))) dt
-/ " onBy(on — ) dt (5.9)

+ [ 0 (Powx) + No(wox, By | 4, 9) + K, ) (Ewx, ) — B) ) de

+0O) B~ [oo (- [(v0a) +By: (2 [Tweyar) ad] <o

Observe that in the forth line, we introduced a term that equals zero and is related to .
Taking KC as in (3.6) ensures convexity of certain terms, so that we can pass to the limit
N — oo in inequality (5.9) by lower semicontinuity. More precisely, we pass to the limit in the
second part of this new term by using the weak* convergence of (Ey) in BV(]0,77]), while
the first term combines with the certain terms to ensure weak lower semicontinuity by the
following convexity property.

Lemma 5.4. Let K be as in (3.6). For each (v, V) € Y, the functional Jiyw): Xo — R with
Jww (v, E) = /Q —(D(E) + p(E)I) : Vi + (divo)E : ¥ — (EW(v) — W(v)E) : ¥ do
+ Dy(v) + K1, V)E(v, E)

is convex and lower semicontinuous, and thus weakly lower semicontinous.

Proof. We split the functional J(, v) into several parts. Firstly, from (A5) we obtain the
convexity of

E > —p(E) div ) + [|div || oo o) p(B) = ([[divep|| oo o) — div ) p(E),

M
Er— —Dy(E): Vi + ;vaHLW(Q)@(E)

M K M K
= —Dp(B) : Vi + — V0l ey S B + 90 ey (90 — SIEP?),

which implies convexity and lower semicontinuity of the associated integral functional. Sec-
ondly, by Young's inequality, we have

(v,E) > (divo)E : ¥ + ;S('v) . D(v) + ;prugo o(E)

1% 2 1 2 2 1 2 K2
> [Vl [B] [V + 5190 + o [V + — ¥l (w(E) - SIEP) > 0
1 4
(v,E) = —(EW(v) = W()E) : ¥ + 58(’0) :D(v) + ;MII‘PHio e(E)
iz 2 2 o 2, 4 2 < K 2)
> 2|E Ullo + = —||w||% . |E — || E)— —|E|“) > 0.
> =2[E[ [Vl ||| +2|Vv| +#|| 15 [ E| +WII 15 | P (E) 2| ") >

Therefore, both functions are quadratic and nonnegative, and thus convex. This implies the
weak lower semicontinuity of the associated integral functional. Summing up and recalling the
definition of D, from (3.7) with v = 0, wee conclude that J v) is also convex and lower
semicontinuous. [
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Remark 5.5. As ¢ is non-negative, the function
E — —¢(E)dive + [[max {div ), 0}|| Lo (o) p(E)

is also convex. Therefore, one could improve K from (3.6) by taking into account only the non-
negative part of div¢. Such an optimized regularity weight would be in line with the choices
considered in [17,19] for instance. However, a similar improvement seems to be unavailable
for the other terms in (3.6), which is why we omit it here.

We can now finalize the proof of Theorem 3.5.

Proof of Theorem 3.5. We use the convergence properties established in Lemma 5.1 (for v =
0) and Lemma 5.3 in order to pass to the limit in (5.9). The first, third and fifth line in (5.9)
are linear in vy and Ey, and we can directly pass to the limit. For the second line of (5.9),
we combine a similar argument with assumption (A6), which yields

T T
liminf [ ¢xP(dev Dp(Ey))dt > / ¢ P(dev Dy(E)) dt.
N—oo Jr 0

To pass to the limit in the forth line of inequality (5.9), we first use the strong convergence
from (5.3). A combination with Lemma 5.3 and the weak and weak* convergence from (5.2)
and (5.4) yields

N—o0

lim /OT¢N/Qg(diva)('vN~w)+p(vN®vN):dea:dt

T
+ lim /0 qu/Q—S(vN):D(w)+vN-V\I/:EN+D(vN):\Idedt

:/OTd)/Qg(divv)(v-¢)+p(v®v):Vw—S(v):D(w)+v-V\IJ:]E—|—D(v):\I’dxdt

Combining the convexity and lower semicontinuity of 7, v) by Lemma 5.4 with Fatou’s lemma,
we also deduce weak lower semicontinuity of the time-integrated functional, which implies

T T
llND’lHIQf /0 ¢N\7(w7\1/) (’UN, EN) dt Z /0 ¢ t7(1/,7\1/) (’U, E) dt.

Moreover, from (5.5) we conclude
NIHI /0 oN (?P, ) N /0 o) (7% ) .

Recalling the definition of and N, from (3.7) (with v = 0), we can thus pass to the limit
inferior in the forth line of (5.9). We thus obtain

/()T—atqs[E—/va-w+E:ql]dt
+/()Z¢</va-at¢+]ﬁz . 9,0 da + P(dev Do(E)) —P(dev\lf)) dt 510
+ [ 6( = Bo—6) + Dofw) + No(w, E | 4, %) + K (b, 1) (E(v,F) - F) ) e

+ ¢(0) [Eo — /Qvo ~1(0) + Eo : ¥(0)dz| <O0.

Employing Lemma 2.1, we deduce that (v, E, ) is an energy-variational solution in the sense
of Definition 3.4 with E(0) = £(vo, Eo). O
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