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Modeling of porous battery electrodes with multiple phase
transitions — Part I: Modeling and homogenization

Martin Heida, Manuel Landstorfer

Abstract

We derive a thermodynamically consistent multiscale model for a porous intercalation battery
in a half-cell configuration. Starting from microscopically resolved balance equations, the model
rigorously couples cation and anion transport in the electrolyte with electron transport and solid-
state diffusion in the active material through intercalation reactions. The derivation is based on
non-equilibrium thermodynamics and periodic homogenization.

The central novelty of this work lies in the systematic incorporation of multi-well free energy
functions for intercalated cations into a homogenized DFN-type porous-electrode framework. This
modeling choice leads to non-monotonic chemical potentials and enables a macroscopic descrip-
tion of phase separation and multiple phase transitions within the electrode. While multi-well free
energies are well established at the particle scale, their integration into homogenized porous-
electrode models has so far been lacking. By extending the homogenization framework to include
Cahn—Hilliard-type regularizations, phase-transition effects are retained at the electrode level.

The resulting model exhibits an intrinsically coupled 3D+3D structure, in which macroscopic
transport in the electrolyte is coupled to fully resolved microscopic diffusion within active parti-
cles. This coupling naturally induces memory effects and time lags in the macroscopic voltage
response, which cannot be captured by reduced single-scale models. Although the microscopic
dynamics possess an underlying gradient-flow structure, we adopt a formal asymptotic approach
to obtain a tractable DFN-type model suitable for practical simulations.

This paper constitutes Part | of a three-part series and is devoted to the systematic derivation
and mathematical formulation of the model. Numerical analysis, discretization strategies, simula-
tion studies of transient cycling behavior, and experimental validation are deferred to Parts Il and
lIl. Part Il focuses on finite C-rates, while Part Il addresses open-circuit voltage conditions, where
the predictive capabilities of the framework are investigated in detail.
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M. Heida, M. Landstorfer 2

1 Introduction

In this work, we derive a coupled system of balance equations describing a porous intercalation battery
in a half-cell configuration. The modeling framework is based on non-equilibrium thermodynamics and
rigorously couples cation and anion transport in the electrolyte with electron transport and solid-state
diffusion in the active phase through intercalation reactions. This paper constitutes Part | of a three-
part series and is devoted to the systematic derivation and mathematical formulation of the resulting
multi-scale model.

The key novelty of this work lies in the consistent incorporation of multi-well free energy functions
for intercalated cations into a homogenized porous-electrode model. This modeling choice gives rise
to non-monotonic chemical potential functions with respect to the mole fraction, which constitute the
fundamental driving mechanism for phase separation in lithium-ion batteries [16} (18,17} 2,|12]. While
such free energy formulations are well established at the particle scale, their systematic integration into
DFN-type porous-electrode models via homogenization has, to the best of our knowledge, not been
carried out so far. As a result, we obtain a homogenized modeling framework that naturally captures
multiple phase transitions at the electrode level.

Homogenized models for porous intercalation electrodes are widely used in both science and industry
to simulate the charge and discharge behavior of lithium-ion batteries, as they retain the dominant
micro-structural effects while remaining computationally efficient. The classical DFN model introduced
by Newman et al. [31} |40} |45, |30, |29] established the standard paradigm for lithium-ion battery mod-
eling without explicit resolution of the porous microstructure. These DFN-type models, traditionally
derived using the method of volume averaging [46], typically rely on monotone chemical potentials
and therefore cannot represent phase separation phenomena within the active material.

More recent DFN-type model derivations based on rigorous homogenization techniques [11} |6} |7,
38, [33] improve mathematical consistency but still assume single-well free energies and thus ex-
clude phase-transition effects by construction. In contrast, the present work extends the homogeniza-
tion framework itself to accommodate multi-well free energies and Cahn—Hilliard-type regularizations,
thereby enabling phase separation to be retained at the macroscopic electrode scale.

The objective of this work is therefore not merely to re-derive an existing DFN-type model, but to de-
velop a thermodynamically consistent multi-scale framework for porous intercalation electrodes that
remains valid in the presence of multiple phase transitions. Starting from microscopically resolved
transport equations for the electrolyte, active material, and conductive additive phases, we apply peri-
odic homogenization to systematically derive a macroscopic PDE system. The formulation is intention-
ally kept in terms of general material functions, ensuring broad applicability across different electrode
chemistries.

A distinguishing feature of the resulting model is its intrinsically coupled 3D+3D structure, in which
macroscopic transport in the electrolyte is coupled to fully resolved microscopic diffusion within the
active particles. Unlike many reduced models, the microscopic spatial coordinate cannot be eliminated,
as it encodes the internal state of charge of the particles and generates a characteristic time lag
in the macroscopic voltage response. This mechanism emerges naturally from the homogenization
procedure and is essential for accurately capturing phase-transition dynamics.

In earlier work [27], the present authors performed a mathematically rigorous homogenization of a
related but simpler intercalation model using periodic unfolding and exploiting its gradient-flow struc-
ture. While the microscopic model derived here exhibits an analogous gradient structure, pursuing
a fully rigorous analysis would substantially increase technical complexity and obscure the modeling
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insights. Instead, the present work deliberately adopts a formal asymptotic approach in order to de-
rive a tractable DFN-type model suitable for practical simulations, while still preserving the underlying
thermodynamic structure.

1.1 Outline

Despite its increased complexity, the homogenized model retains a dissipative gradient-flow charac-
ter and can be written as a coupled system of parabolic and elliptic equations. This ensures intrinsic
numerical stability and makes the framework well suited for standard finite element and finite volume
discretization. Numerical analysis, discretization strategies, simulation studies, and experimental val-
idation are deferred to Parts Il and Il of this series. In the present work, we focus exclusively on the
model derivation.

The remainder of this paper is organized as follows. In Section [2] we introduce the general modeling
principles, including the domain setup (Section [2.7), general transport equations (Section [2.2), ther-
modynamic principles (Section [2.3), and the electro-neutrality condition together with its implications
(Section [2.4). Material models and transport equations for the electrolyte phase (Section[3.1), the ac-
tive phase, and the conductive additive (Section are then formulated, with particular emphasis on
general multi-well free energy functions and interfacial free energy contributions expressed via gradi-
ent terms. The coupling of the phases through interfacial reaction boundary conditions is discussed in
Section and the resulting transport equations are summarized in Section (3.3

In Section [4] we describe the half-cell setup, including boundary conditions and corresponding initial
conditions. Appropriate scalings are introduced in Section leading to a non-dimensiognalized
system in Section[4.3.2] Based on this formulation, the e-problem and the associated two-scale model
are introduced in Section [5, where the geometric setup and the scaling of all transport parameters
with respect to € are discussed. The multi-scale asymptotic expansion of all variables is presented in
Section 5.3l

Finally, in Section [6] we perform the homogenization of a porous electrode undergoing multiple phase
transitions. This includes the balance equation for charge in the solid phase (Section [6.1), the bal-
ance equations for charge and cations in the electrolyte (Section [6.2.1), and the balance equation
for intercalated cations in the active phase (Section [6.3). The homogenized balance equations are
summarized in Section [7.1] followed by an outlook in Section

2 General Modeling

2.1 Domains, Definitions, and Initial Scaling

We aim to model a porous intercalation electrode €2 which consists of three distinct phases: the ac-
tive particle phase (1, the conductive additive phase ()¢, and the electrolyte phase {2z, with ) =
UieA’c’E (2;. The combined active and conductive additive phases are commonly referred to as the
solid phase, denoted as {25 = 2, U .

The interface >,z = €2, M Qg covers the actual surface of the active particle as well as the adjacent
space charge layers, whereby €2, and {2z are electro-neutral. In we sketch some aspects of the
electro-neutrality condition and refer to [43, 35, 20| for details and the derivation based on asymptotic
expansions. The electron based electrical current enters the porous electrode via a current collector,
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M. Heida, M. Landstorfer 4

which is connected to the solid phase {25 and denoted by Yo C 0f)s. The ionic electrical current
enters the porous electrode over the interface gz C €2z, which can also be considered as elec-
trolytic reservoir. We further formulate in section 4] conditions for the electrolytic reservoir reflecting the
conditions of an electro-chemical half cell, i.e. contact to a metallic .

In the following, we sketch the balance equations in each phase as well as the boundary conditions
that describe the intercalation reaction Li™ 4+ e~ == Li which occurs at the electrolyte-active phase
interface > ,z.

2.2 General Transport Equations

We consider each domain €2;,7 = A, C, E as a mixture of species o € Z; for which we have balance
equations

ong,
ot
where n,(x, t) denotes the molar density, v the barycentric velocity of the mixture, and J, the molar

flux of constituent c. The mass density p = Za ™, Where m,, is the molar mass of constituent
«a € T satisfies

= —div(nev+Ja), (1)

% = —div(pv), @)

whereby[25] [41]
> maJs =0. ()
a€l
Since we consider charged matter, this is accompanied with Poisson equation[21, [22]
—div (go(1 + X)Vip) = €0 Y _ Zaa =i q , (4)
acl

where ¢ denotes the electrostatic potential, x the dielectric susceptibility, eg the elementary charge,
Zo the charge number, and g the charge density. The charge balance is in general

% = —div(¢qv +J,), where J,=e Z Zada s (5)

acel
denotes the (free) charge flux.

Throughout this work, we consider mechanical equilibrium, whereby the momentum balance reads
[25] 21]

Vp=—qVyp, (6)

which reflects the balance between the (electrostatic) Lorentz force and the mechanical counterforce
by a gradient of the (mechanical) pressure p[32]. Further, we consider a vanishing barycentric velocity

v=0

[14] throughout this work and refer to [26, 42] for details on the full non-equilibrium thermodynamics
of charged matter.
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Modeling of porous battery electrodes with multiple phase transitions — Part | 5

2.3 Chemical Potential Functions and the Second Law of Thermodynamics

The mixtures in each domain 2; are modeled by continuum non-equilibrium thermodynamics. We
denote with p1p = pi(T, (ny)aez) the free energy density of the mixture and with

opy

Ho = On,

the (molar) chemical potential (function) of constituent o € Z. In order to exploit the constraint

ZmaJa:Oa (8)

a€el

ael (7)

it is convenient to consider one species v € 7 as reference system, e.g. the solvent in liquid electrolyte
or the lattice forming species in solids, and introduce

' =T\ {7}, suchthat Y —2J,=-J,. 9)

m
acz0 7

A core ingredient of non-equilibrium thermodynamics is to state necessary conditions for fluxes and
reaction rates to ensure the second law of thermodynamics, i.e. a non-negative entropy production.
For the molar fluxes J,, this essentially meansf_'] [25] (41]

1 . N m
Jo=— Z ﬁMaﬁvﬂﬂ Mg = g — _BM +eozpp (10)
Bero ® My

with a symmetric, positive semi-definite matrix Ml = (M) aez0 gezo0 , Whereby the entropy produc-
tion due to (diffusional) fluxes is [25 41

=3 Vi) = Y S (Vi) e (V) 2 0. (11)

aEIO €0 BeT0 kT

For a chemical reaction Ry(k = 1,..., Ng), i.e.

Zl/akAaﬁZV Aa s (12)

where

)\k = Zl/ayk,ua with Vak = l/g,k — Véé?k (13)
e!

kT

is the affinityﬂ of the reaction ;. , the entropy production due to chemical reactions is [25, 141, [22]

Ngr
SR (14
k=1

Choosing hence [20}, 35, [34]
Ri =Ly~ fav(e)  with  fay(N) := ™ —e (m@)r, (15)

ensures o > 0, i.e. a non-negative entropy production. We call fav a Butler-Volmer-type relation
with the charge transfer coefficient o and emphasize that fgy(2)|.,~0 > 0. Note, however, that among
the literature [40, 1}, 4, 10, 5, 23} 39} |3}, [19} |30, [11}, [29] the term Butler-Volmer-reaction or -type is not
uniformly used[34].

"Note that we consider only the isothermal case here
2We follow here the IUPAC definition of reaction affinity. Note, however, that among the literature also definitions with a
-+ sign are found.
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2.4 Electro-neutrality condition

A common and very useful simplification of the coupled equation system is the (strong) electro-
neutrality condition

q= Z epZaMa = 0. (16)

a€l

which holds outside of spatially small space charge layers at electrode-electrolyte interfaces. The
electro-neutrality condition can be derived through an asymptotic expansion of the balance equations
within the space charge layers as well as matching conditions. Here, we summarize the key conclu-
sions and refer to [43, (32, 35| 119, [20, |34] for further details on the modeling, validation, and asymptotic
derivation.

Besides the condition ¢ = 0, a key feature of the electro-neutrality condition is the continuity of the
electrochemical potential i, + €92, across doubles layers (in equilibrium). This allows to trace back
the evaluation of a quantity right at the surface to a point outside of the space charge layer, along with
the potential drop across the space charge layer. This is of particular importance for surface reactions
which occur at the surface of an electrode (c.f. section[3.3).

If 11, denotes the surface chemical potential of a constituent A, and ¢ the electro-static potential at

S S
the surface of XJ;;, the continuity of the electrochemical potential allows us to write

s

where k € {1, j} indicates at which side of the interface we evaluate the volume quantities. Note that
/‘a|]§¢j and go\’i,j correspond to the (volumetric) chemical potential and electrostatic potential outside
of the space charge layer. The conditions allows us in section[3.3|to trace back the surface chem-
ical potential towards points outside of the space charge layer for intercalation reactions.

If it is clear from the context which X;; is meant, we drop the index ;; and emphasize by k only at
what side of the interface the evaluation occurs, and we denote with ¢ the electrostatic potential
in €. If a constituent is only present in one phase, e.g. Ec only in 2z, we drop the index k e.g.

MEc|gAE = PJEclE'

3 Material Models

In section we will state material models for an incompressible, liquid electrolyte which is subject to
solvation effects. We state the corresponding transport parameters, including cross diffusion effects,
and exploit the charge neutrality of the electrolyte which yields a full set of balance equations for the
electrolyte phase. In [3.2] we state material models for the intercalated cations in the active phase
and introduce multi-well free energy functions, yielding non-monotonic chemical potential functions.
Further, we state the electron transport in the solid phase, and discuss the corresponding transport
parameter. In [3.3| we state the reaction rate model for the intercalation reaction and show how this
reaction couples the all previously stated balance equations.
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Modeling of porous battery electrodes with multiple phase transitions — Part | 7

3.1 Electrolyte

For the electrolyte, we adopt an incompressible liquid electrolyte model [14,[32,[21], which incorporates
solvation effects. We consider thus electrolyte in the domain QF as a mixture Zz = {Eg,Ea,Ec}
of solvent Eg, anions E 4 and cations Ex with their corresponding molar densities n,. As reference
species (c.f. section we consider the solvent, i.e. ¥ = Eg, whereby Z = {E4,Ec}. Each ion
a € Ig is assumed to bind k. solvent molecules, which has various impacts on the mixture theory,
and we refer to [32] for detailed discussions.

The chemical potential functions of the electrolyte species are [32]
Ho = Ga + kBTln (ya) + Vap Q€ IE7 (18)

where g, is the (constant) molar Gibbs energy, k; the Boltzmann constant, 7" the temperature, ¥, the
mole fraction, satisfying

N

s NEw = NEg + NEg 4 + NEggs, Zyoc =1 ) (19)

«

Ya =
nE,tot

and v, being the partial molar volume.

The second term of the chemical potential corresponds to the entropy of mixing [14], while the third
term is the mechanical contribution due to the incompressibility. Note that v,, captures also the solva-
tion effect, whereby in general vg, g, > Vs.

The incompressibility entails the constraint [14]

Z Nala = 1, (20)

a€clg
whereby we can write

Ya

=< (21)
ZBEZE UsYs

N

as well as the electrolyte pressure pg as an independent variable. We assume throughout this work
that

Do _ % 4 e {EqEc}, (22)

s VEg

whereby not only mass, but also volume is conserved during solvation reactions. The molar mass of a
solvated ion is m, = M, + KoMgy, Where 1, is the molar mass of the central ion, ~,, the solvation
number, and mg4 the molar mass of the solvent. Hence

mey ma ma
+ Koy, Vo =

Ugg + KaVgg - (23)

mg mg mg

S S S

If mgg > M, we can approximate v, ~ k,Vgg, Which we assume to be the case for the rest of this
work, leading to
Ma Vo

Ra = =) « € {EAaEC} ) (24)
VEg
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M. Heida, M. Landstorfer 8

For an electrolyte consisting of three species, i.e. anions, cations and solvent, we have two indepen-
dention fluxes (o € {E4,Ec}),

JEC_ MCAkTv/’LEA_MCCkTv/’LEC (25)
J MAAkTvHEA MACkTv:uEC ) (26)
satisfying
on ) on )
8—20 = —divJg, , a? = —divJg, , (27)
where for a € Z according to (T0) and
/la = Mo — Ralleg + €020k , (28)

is the effective electro-chemical potential of the ion in its solvated state. The symmetric structure of
and is of great importance for the spatial homogenization of the electrolyte domain, i.e. the
well-definedness of the cell-problem and the effective model.

3.1.1 Electrolyte transport equations in terms of mobilities

The mobilities M, 3, where (M, 3)q,3 is symmetric and positive semi-definite[25], are connected to
the (constant) diffusion coefficients D, ,, and the friction 'y ¢ = F 4via

Yo Y
M5 4 =ng,Daa, Méo=ng.Doc, Mhie= ZeRAR, ¢ (29)

E,tot
Note that for the simpler Nernst—Planck flux approach [21} |44] the friction coefficients [y ¢ vanish,
yielding
Ja:DaakTvuaa a =Ey, E¢, (30)

with constant diffusion coefficients D, ,

The electrolyte is thus in general described by the variables (yEC, YEA> PE; goE), where pg denotes the
pressure and @g the electrostatic potential in the electrolyte, satisfying the equation system and
([27), together with the chemical potential functions (18), the constraints and (19), the definition
and the stationary Poisson-momentum balance equations

—div (go(1 + xe) Vo = g, —Vpe = Ve, e = €g Z ZaNg - (31)
aEI%
We consider the for the electrolyte the (strong) electro-neutrality condition (16)

z
e = Z €0Zalla =0 & Yee = &?JEA = YE, (32)

Ec

which holds outside of the thin space charge layers at electrode-electrolyte interfaces.
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Modeling of porous battery electrodes with multiple phase transitions — Part | 9

For the following, we consider a mono-valent salt, whereby zz, = —zg. and identical solvation num-
bers of cations and anions, i.e. kg, = Kg, =: Kg. Note, however, that these restrictions are in general
necessary, but reflect the major use of mono-valent salts in intercalation batteries.

By the electro-neutrality condition, the set of variables (Y., ¥z, , Pk, ¢&) actually reduces to (yg, k),
since the momentum balance (6) entails pg = const. for g = 0. The Poisson-equation degener-
ates outside of the space charge layers and the charge balance (5) actually serves to determine k.

Note, however, that from a thermodynamic perspective, [ig., and iz, are convenient (and equivalent)
variables, replacing yg. and yg,, which satisfy the variable transformations

1, . _ 1
E(MEC - NEA) = eo¥E + E(QEC - QEA) (33)
—_—

=const.

1. . 5 1
§(MEC + fig,) = kT fe(ye) + §(QEA + ge.. — 2KEGEs) (34)

/

v~
—=const.

fE = 1In (yE) — Kg In (1 — 2yE) (35)

Throughout this work, we will make use of this variable transformation since the representation of
the ionic fluxes employs the very useful positive definiteness of the mobility matrices (Maﬁ)avg.

3.1.2 Electrolyte transport in terms of transference numbers, conductivities and diffusion co-
efficients

The total number density ng,, = ngy + ng, + ng, and the electrolyte concentration ng, can be
expressed as functions of g, using Eq. (20), as follows:

1
s 1 "’2(’11-: - 1)yE

YE
- - . 37
nES 1 Q(HE 1)yE nEC (yE) ( )

Negw = NE - nE,tot(yE)7 (36)

nEC

Note, however, that jig, and iz, can yet be considered as independent variables, where g is deter-
mined via and yg, . via (34).

Since the electro-neutrality (yg, = yg.) implies Vg, = Vg, we can compute

1 . 2y Ofe
\Y% — =kT —TI:-V th I'g:=1 T — e ——
(MEC REq MES) Voo E Y, WI E + Kig (1 — Q?JES) YE I

and call I'; thermodynamic factor. Hence we obtain the equivalent representations of the ion fluxes

, (38)

Jec MCAk, T Viig, — Mcck, T Vg (39)
[

=- (Dcc + Fc A)E 'EVYE — nE,toxyEc(D%,c FC a) i ; Ve (40)

Je, = — MAAkTVMEA—MACkTVMEc (41)

— (D} AT FC’ ANELEVYE + ng totyEc(DA A Fc A) T VQOE, (42)

DOI 10.20347/WIAS.PREPRINT.3251 Berlin 2025



M. Heida, M. Landstorfer 10

The electrolytic charge density ¢° = eo(2g, 7, + 2.7 ) and charge flux
Je, = eo(2e,JE, + 260JE0) (43)
satisfy the charge balance eq. (), i.e.
0= —divJg,, (44)

which is stationary due to the electro-neutrality condition ¢ = 0. It is hence a common and convenient
approach to replace the anion balance equation by the charge balance, where the charge flux writes

as
2

e
Je, = — co(DEc — D a)newl e Ve — k ;“ newlc (Deo +Dha — 2Fc) Ve (45)
=—Sg- nE,thEVyE - nE,myEAEVSOE- (46)
and substitute V¢ in the cation balance by the charge flux JEq, which yields the representation
1
Je. = — Dengol'EVYe, + ——te . JE, (47)
2C€o

Sk 1
= — (Dg + tg, 6_)nE,totFE Vyg — nE,totyEe_tEcAE Vg, (48)

0 0

. ~ - N’
:Dg :Dg

with the set of transport parameters
2

e
Ag = ﬁ (D% 4+ D¢ — 2F% o), (49)
. . DEo-FE, 50
E T )
© D¢ +D5,—2F5
D. :— 2(D,E4,ADEC,C - Fc) (51)
E -— )
D¢ +Dj 4 —2F% ¢
St == eo(D¢ o — Dl 4), (52)
satisfying the constraint
kT Sk
26, — 1) = — . 53
eo ( Ec ) AE (53)

A major simplification of this representations arises, when tg, = const. w.r.t. ¥z, which, for instance,
occurs in simple Nernst-Planck type fluxes without cross diffusion. Then,

—div JEC = div (DEnE,totrEvyE) (54)

since div Jg, =0, which states that the cation flux is simply diffusional w.r.t. the charge flux Jg . The
(in general) non-linearly coupled balance equations decouple to a diffusion equation and a generalized
ohmic law, i.e.

Ong,.

ot

= div (DEnE,totFEvyE) ) (55)
0 = div (SEnE,lotFEvyE + nE,totyEAEvSOE) ) (56)

for which iterative numerical schemes can be designed. However, from a mathematical and thermo-
dynamic point of view, the flux representations are more convenient since they obey the positive
semi-definiteness of the Onsager matrix (Mo, 3)a,5. Hence we perform the up-scaling in Section 5| with
the general representation (39)—(39) because of its favorable mathematical structure, and comment
on representations in terms of the transport parameters again later in section[6.2.2
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Modeling of porous battery electrodes with multiple phase transitions — Part | 11

3.2 Solid Phase

The solid phase ()g is the union of the active phase {1,, where cations are stored in an intercalation
electrode, and the conductive additive phase {2 which provides electronic contact among the (distinct)
active phase particles.

The active particle phase €2, is the host material for intercalated cations. For illustration, we examine
only one porous electrode, applicable to both anode and cathode of a full battery. The active material
is a mixture of host species A, (e.g. Carbon in a graphite electrode), electrons A., and intercalated
cations A, whereby Z, = {A,, A., Ac'} with corresponding molar densities n,(x, t). In the active
particle phase {2,, we consider a lattice mixture model [9, |8, |24, 16, (18, |36, 37, |3, [12] with phase
separation. The host species A, form a lattice for the intercalated cations Ac, and we denote with
Ny = WawNa,, the molar density of lattice sites, where w, ,, is the number of lattice sites per con-
stituent A/, e.g. for Graphite with Ay, = C we have Wh = % since 6 Carbon atoms provide one
lattice site for a lithium atom, i.e. LiCg. The lattice fraction of intercalated cations is then

Yy = 2, (57)

nA,Iat

where 1 — y, corresponds to the lattice fraction of vacancies. We consider throughout this work an
incompressible material (due to mixing/swelling), whereby n, ., = constﬂ

The free energy density 1), consists of a reference contribution of the pure substances

= naga (58)

o€y

a chemical part 1§ and an interfacial part ", i.e. 1), = it + (5™ 4+ i,

The chemical part of the free energy further splits into the contributions of mixing entropy ¥ and
mixing enthalpy wjmh, the latter actually triggering a phase separation (if its slope is negative enough),

with

Xhem — ;\nix + winth (59)
n =N tan (Ya) + 1au(l — ya)in (1 — ya) (60)
z-nth _ A;mh(yA) ) (61)

The classical enthalpy function ;@ﬁ”‘h(mc) for Cahn-Hillard type mixtures is[37]

7.enth

n (Mae) = Maya(l — ya) (62)

chem

which yields for 7, > 2.5 a double well potential for the chemical free energy 15" in terms of y,ﬂ

In this work, however, we want to consider also multi-well free energy functions, having more than two
local minima for y, € (0,1), e.g.

1
enthn _ . 92. 1— 63
A o 08 (n Ya) + ya(1 — ya) (63)

whereby 1, has (n 4 1)-local minima and thus (n + 1) stable phases.

3Note that this allows us to consider v, equivalently as variable instead of Nag
*Note that 1)$"°™ are frequently approximated by polynomial expressions in .
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Figure 1: Chemical free energy energy density 1$"™ (left) and the corresponding part fj (right) of the
chemical potential for stable multiple phases (n = 0, 1, 2, 3).

The interfacial free energy density is considered as
i YA
h = 3|V?JAC|2 (64)

which drives the phase separation due to the multi-well chemical free energy 5™, The parameter
~a encodes the thickness of the transition layer among the phases and we will discuss its scaling in
section

The overall free energy W, of the active phase is thus

Wy = / (WK + 3" + 9" + ¢)dV (65)
Q

- / Z Nala + Nawyan (Ya) + naw(1—ya)In (1 — ya.) + 2/};‘imh(yﬁx) + %]Vy;\le)dV .
QU

a€Zy
(66)

Similar to the electrolyte phase, we consider in the active phase also (strong) electro-neutrality, i.e.
gy = eo(ernAe + ZAMTLAM) = O s (67)

which determines n,, = z,,n4,, as well as py = const., from the momentum balance, and reduces
the variables for the active phase to (Y, ©u)-

The relevant chemical potential functions thus read

ia, = ga, = const.( since n,, = const.) (68)
tae = Gae + kel fa(yn) — Yadiv Vi, (69)
with
Ya alﬁfimh
= | = . 70
fa(ya) :=1n (1 n yA) +ha(yn), T D (70)
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For the two independent fluxes, i.e. the electron flux J,, and the intercalated cation J, , we consider

(c.f. section[2.3])

1 -
JAC = —Mé«kB—TVMAC (71)
I, = — M (72)
Ae - e kBT ILLAe

with Ay, as reference system. Cross-Diffusion could in general be considered in a similar way as
in the electrolyte, but we restrict ourselves here to flux relations and (72). Further, we assume
throughout this work that —<- ~ < ~ () and

Mang Mang

MCA’ - nA,lanDé’yAc(l - yAc) (73)
which accounts for reduced diffusivity due to crowding[34]. Hence we have

8nAC

at = —div JAca JAC - _nA,IatDé’yAc(l - yAC)V,U/Ac (74)
tae = fa(ya) — V(adiv Viyy) (75)
on , e

a;e = —divJ,,, J,, = +M* kBOT V. (76)

Note that the charge flux JAq is only governed by electrons, whereby
2 €

Jy, = —eody, = —M
Ag 0JAc kT

Since we assume strong electro-neutrality in the active phase we have as charge balance

2

0= —divJ,, = div(M* ;“T

which determines the electric potential ¢, in the active phase.

VSOA) ) (78)

The conductive phase is essentially a mixture of lattice species Cj; and electrons C.. Since we do not
consider any intercalation into the conductive additive phase )¢, we have actually a single balance
equation for the electrons. Electron viz. charge flux is assumed to be continuous at active-particle -
conductive additive interfaces, whereby it is convenient to introduce a single transport equation for the
charge flux in the solid phase {2s = €2, U ()¢

0=—div qu with qu = —Us(X)V(,DS (79)

where the electrostatic potential in the solid phase is denoted as ¢g(x, t) with

2
©on, ifXEQy M0 ifx € Q,
ps = | os(x) = oFel : (80)
we, ifx € MgF. ifx el
3.3 Reaction Rates
At the surface >z, the intercalation reaction
Ec+A. = Ac + kg - Eg, (81)

DOI 10.20347/WIAS.PREPRINT.3251 Berlin 2025



M. Heida, M. Landstorfer 14

for instance Li* + e~ = Li + kp;+ S, takes place. This reaction is modeled using (surface) non-
equilibrium thermodynamics [34]. As we have sketched in section the (surface) reaction rate R
S

can be generally expressed as [35, 13, [20, (15, [19]
R=L- fu <,S\> 7 with fon(z) = (67 — o~ (m7) (©2)

where a € [0, 1] and (c.f. section [2.3)

1

/{Z T (MAC + Kg - /JJES HE — /'I/AE) (83)

A= —

S
denotes the surface affinity of the reaction (81). This affinity is pulled back through the double layer
(c.f. section to the corresponding points outside of the double layer at the interface X,z in an
asymptotic sense, yielding

L (fnels — fizo| —
T Hac |2 — HEq | — Ha.

1
T (tac|s + Fe - pes (1 — 2uels) — pee (Yels) — ga. + €o(@nls — ¢els)) - (85)
B

A=- x) (84)

3

Quite similar to the flux representations, all of this affinity relations are useful in one or the other way.
Note that /’LAC‘E refers to the evaluation of 1, at the interface X2, meaning that the surface affinity
depends on the chemical potential at the interface X.

3.4 Summarizing the balance equations

The coupled electrode-electrolyte model with phase separation is thus

on ) .
8;0 = —divJg, with Jg, = MCAk T Vig, — MCCk T Vig, x€Qp (86)
on ) .
a? =—divJg, with Jg, =M% — i T Vie, — M5 c— 5 T Vie, X€Q& (87)
0= —diVqu with qu = —Us( )ths X € Qs (88)
0 . .
g;c = —divdJ,, with Jy, = Mok T Vi, x €y (89
with
tae = Gae + kT fa(ya) — ya div Vi, x €y (90)
and
1 . 1
§(MEC — fig,) = eoe + i(gEc — Oae) (91)
—_——
=const.
1 N 1
§(MEC + i, ) = kT fe(ye) + §(QEA + g5 — 2KEGE,) (92)

~~
—=const.
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or alternatively for the electrolyte (egs. and (87))

0 1
ﬂ = —div JEC with JEC = —DEnE’m,FEVyEC + _tECJEq X & QE (93)
ot 2c€o

0=— div JEq with JEq = — SEnEﬂo,FEVyEC — nEﬁo,yEAEVgOE X € QE . (95)

Eq. is the balance of intercalated lithium within the active phase, the charge balance in the
solid phase and (87), the electron flux, and the balance of cations and anions in the elec-
trolyte phase and the charge balance in the electrolyte, where (95), is the flux of the charge g.
Note that os(x) incorporates the fact that the conductivity is far larger in the conductive additive phase
()¢ then in the active particle phase (2,.

The boundary conditions at the interface ¥,z = 24 N (g, where the intercalation reaction Li* +
e~ = Lioccurs (n is pointing from €2, into (2, i.e. is the normal vector of 0€1,),

Jacn=Jg. -n=—L-g(}) (96)
Js, n=1Jg, -n=—¢L g} (97)
1 . . -
A= —kB—T(MAc|E — figc |z — fa|x) (98)
. (&
= _(AgAE + fa(yals) — T (divVya)|s — fe(yels) + _0(80A|E - 80E|Z)) (99)
kT kT
with
Agag = kT (QAC — Jec + REGEg — gAe> ) (100)

where by convention n is pointing from €2, into 2. The anions from the electrolyte are non-reactive,
wherby we have

Ju, -mlg=0. (101)

Note this formulation of the boundary conditions neglects double layer charging, i.e. currents arising
from temporal variations of the boundary layer charge [43], 34} |35], which are rather small compared
to the intercalation current [34]. At the interface Xz = ¢ N (2 we have homogenous Neumann
boundary conditions, i.e. no insertion from the electrolyte into the conductive additive phase,

JAC'n:qu‘n:JEC'n:JEq'HZO onECE. (102)

Further we have a global boundary condition for the electric currenﬂdensity 1 entering (charge, © < 0)
or leaving (discharge, = > 0) the porous electrode via the current collector, i.e.

Js ‘n=—1 on Ecc C(?Qs (103)

q

S5Note that IUPAC definition, and also our definition of current i = —eoJa,, implies for ¢ > 0 a negative electron flux.
Hence, if © < 0, electrons enter the electrode while for 2 > 0 electrons leave the electrode. That is reflected in the sign of

eq. (103).
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4 Half cell setup and boundary conditions

4.1 Cell voltage and boundary conditions reflecting a counter electrode

We consider in this work an electrochemical cell composed of a (porous) working electrode, a sep-
arator, and a metallic counter electrode, e.g. a metallic lithium foil, where we do not spatially resolve
the separator and the counter electrode. In contrast, we assume that the counter electrode is large
compared to the porous electrode whereby the metallic dissolution reaction

Mo + KJECES = E¢ (104)

is assumed to be in equilibrium. Further, the electronic conductivity of the counter electrode is as-
sumed to be very high, yielding a constant voltage value ¢y. Since the whole mathematical problem
is determined up to a constant shift in (o, we may set " = 0 which yields essentially a constraint at
the boundary >g,

€o

relating the bulk concentration yE|gEE and the bulk electrolyte potential g0E|zEE. We assume further
throughout this work, that the electrolyte concentration does not change in the bulk, i.e. yg|s, = yi",

whereby we obtain the Dirichlet conditions

kT
(IDEleE = -

(Agy — fe(uE) (106)
€o
init

Yelz: = Ug - (107)

The cell voltage is related to the (electrochemical) potential of the electrons [28] 33, |34, 35, [37] in the
different phases which yields

1, )

E = ——(jin,|scc — fm.) (108)
€0

= ©°|5ee — €o(ga. — gn.) - (109)

4.2 Initial conditions and convenient variable transformations

We consider the initial conditions
ya(x,t =0) = gy, ea(x,t =0) =" xe
ye(x,t=0) = yg", ee(x,t=0) =" x€ Q.

—_
—_
—_
- O

~

where ¢ and " are a priori unknown.

However, without any current flowing in the initial state, we can deduce from the (necessary) reaction
|
equilibrium A(t = 0) = 0 (c.f. equation (98)) necessary conditions for the initial values of ¢, i.e.
S

€ ini inity ! ini ini
o (P = ) = = Ague + fo) — falul) (112)

These are sometimes also called compatibility conditions of the initial values.
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Together with eq. (106) the initial values for ¢ are thus determined as

€

TP = (A + f(E) (113)
€

kBOT 5" = —(Agae + Agay + fulyy")) (114)

We introduce thus the variable transformations (; = A,E, a = E¢,E4)

o) e ini
Pj = k,OT (p; — &™) (115)
- L init
flo = 17 (fta — ") (116)
Fitys) == fi(y;) — fi(y]") (117)
which yields
1 . . .
5 (e — fie,) = e (118)
1 R
5 Utec + fis,) = fo(ve) (119)

as well as the following convenient expression for the intercalation reaction affinity,

1 . . R
A= g Uels = fiscls + eopsls) (120)
—(falwals) + ]J% (div Vya)ls — fa(yels) + Gals — @els) - (121)

Note that for the re-scaled potential values ¢ and functions fwe have

g0|1‘r\‘1|t _ Amlt =0 and fA( |n|t) fE( '”'t) =0. (122)

4.3 Scalings and Non-Dimensionalization

To introduce proper scalings and non-dimensionalizations, some definitions of important (global) quan-
tities are required. For a lithium ion battery, the following quantities are of most importance:

1 the cell voltage F' = ©%|s.. — €o(gn, — gn.) [V],
2 the total (electrode) capacity Q° = [, qa, dV, [Ah] with g4 = €gna,.,

3 the present (electrode) capacity Q(¢) fQA Qya(x,t)dV | [An],

4 the (electrode) status of charge 4, (t) := %(é) \Q | fQ ya(x,t)dV,

QY L
[Xcl-1fn] —  1[n]

collector and ¢, = |‘Q"|‘ the volume fraction of the active phase (1,. This introduces the for the

current density ¢ the scaling i« = (Y, - i, where C}, € R is the C-Rate,

5 the 1-C current density ¢ = , [Am~2], where Y is the area of the current

6 and the global current [ = i - |X¢|.
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Note that
t
Qt)—Q° —/ Idt. (123)
0
For a constant discharge current we obtain thus
Ch
a(t) —a(t=0)= — - ¢, 124
yA( ) yA( ) 1 [h] ( )
which introduces the time-scaling 7 = % - L.
4.3.1 Scalings
: () (125)
NEw = NEg * = NE ot )
E, Eg 1 +2(K/E — 1)3/E E, ot \YE
Ye
Ng = ngg (Ys)- (126)

c = nES 1 + 2(/@}3 — 1)yE

In order to non-dimensionalize the equation system - together with its boundary conditions

(©6),(07),(©8),(102),(T03), we introduce the following scalings:

4.3.2 Dimensionless balance equtions

Hence we obtain the dimensionless balance equations

C, @g;c _ diveetd,,  with Ja — —NaVefn X €.
0= —diveJs, with  Js, = —&s(x)Veds x € Qs
Cth% = —divJg, with Jg. = —McaVejig, — MeoVeis, X € Qg
CE% = —divJg, with Jg, = —My AVejig, —MacVefie, X € Qg
with
flae = fA(%) - %52 div Veya x €y
and
1. .
§(MEC — fe,) = P
e + fe) = fo(ve).

Note that we can substitute (129) and (130) by the equations

. 0 . A Lo A A )
Cth(yE)% = —divJg, with Jg. = —D{(ye)Veye — Di (ye)Vede x € Qg

~

0= —div qu with qu = _SE(yE>V§yE - 6E(yE)V§g5E X € QE-

(127)
(128)

(129)

(130)

(131)

(132)

(133)

(134)

(135)
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Table 1: Definition of nondimensional variables, scaling and material functions
Variables
1|h
Time scaling t= L] T, 1€]0,1]
Ch
Spatial scaling r=¢2, £€][0,1]
. vz
Electrical current scaling i =Chici(r), ic= © Vad
L[] 1fn]
¢
Micro-Macro aspect ratio £E=—
p 8% ,
Chemical potentials flo = ﬁ(,u — "™, «a=Eg,Ea
éo
Electric potentials Di = init | = AE
p 90] kBT (SO %0] )7 J )
Active material chemical fly = i
. kT
potential
Free energy shift filys) = filyy) = fi(y"), j=AE
Electrolyte
Cation concentration Ng, = ﬁE,m NEeYE, YE E [07 1]
tot 1
Total concentration NEoy = e _
’ Neo 1+ 2(ke — 1)y
on 1
Capacity factor Cg = e (V) = 5
;Z‘E,ref ayE (1 + 2</{E - ]‘)yE)
Stoichiometric ratio Ng = A
nE,ref [ ] k
. . A ) . 1|h| kT
Conductivity 0g = Mg g o(Ye) Ye, with Ag = ”que_g Ag
e A A . A 1(h
Diffusivity Dg = Dg figu(ye) Te(ye), with Dp = %%DE
Electrolyte free energy fe=In(y)z — keln (1 — 2yz)
2 0
Thermodynamic factor I'e =1+ &g £ _ = Yg=— fE
1-— 2 ayE
A - A 11lh
Electro-diffusion coupling Se = Sp new(ye) Te(ye), with SE = .,i[”] Sk
coefficient
Conversion relations f)g = Dy + tECS’E, and DE“’ = tg.0g
Solid and Active Phase
Intercalated cation density Npy = Naula, With g, € [0, 1]
. : A T
Interfacial width parameter = —
p Y kT [ ]
. ~ A L Llh
Mobility My = Dyy(1 —y), with DY = 7 —— D%
L[] kT /e? %,
Solid conductivit 0g =
! ’ éas"g?ias nA Jlat
- 1
Intercalation reactionrate L = ——(1[h] )= L
nA,Ial g §
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Further, we have the boundary conditions

82jAc ‘n=—cL- 9(5\) on X , (136)
jsq ‘n=—cL- 9(5\) on g , (137)
Je. = —eLg(\) on Xy , (138)
Je, -m=0 on Sie (139)
qu n=—¢L- g(j\) on Xyg , (140)
A= —(flap — fig. + Ps) on Xy, (141)
= _(fA(yA) — A (div¢Veyn) — fE(yE) + Qs — @E) on Xyg (142)
g(\) = e — e (17X (143)
and

jsq ‘n=— fa‘Ch%(T) on Ygc . (144)

The initial values read
Yn = Yy ps =0 (145)
Ye = Ya pe=0. (146)

In order to derive a homogenized equation framework for the porous intercalation electrode, we prop-
erly set up the e-problem and formulate a two-scale model in terms of multi-scale asymptotic expan-
sions in the following.

5 The e-problem and the two-scale model

5.1 Geometric setup

We start by considering the unit cube Z C R? given by
Z=(0,1)%

Within this cube, we define a ball Z, C Z of radius r, < % (Active phase), connecting rods Z; C Z
of radius ¢ (Conductive additives), which form together Solid phase Z5 = Z, U Z. lts complement
2y = Z \ Zs is denoted as Electrolyte phase. We define n; as the outer normal vectors of Z;,
j =A4,C,8,E.

Next, we extend this geometric configuration periodically to the entire space IR3. Specifically, we repli-
cate Z periodically and scale the resulting structure by a factor of ¢ > (. The small parameter ¢ = é
is the size ratio of the active phase particle Z (i.e. the box width ¢) with the macroscopic length scale
Z of the porous electrode (or equivalently, £ (NA)% where NN, is the number of active phase

particles). The resulting sets are denoted by Zj,j = A, C, S, E and given by:
3
Zi=eZj+el’.

We now consider the reference domain Q = (0,1)> C R3, and define its intersections with Zz3
follows:
g __ 2 ) —
Q,=QnZzZ;, j=ACSE

Next, we define the following boundaries for the given domains:
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B 0): The boundary of the unit cube Q = (0, 1)3

B X = {0} x (0,1)* C 99 : The left boundary of the (porous) electrode

B 3 = {1} x (0,1)* C 99 : The right boundary of the (porous) electrode

B X5, C Xc: The current collector through which electrons enter (or leave) the conductive phase
(left boundary)

B 5. C Xg: The bulk electrolyte through which ions enter (or leave) the electrolyte phase (right
boundary)

B X.\X5 = S The electrolyte component of ¥¢

B X:\X5 =: 3. The conductive additive component of Sg

B S,:: The interface between Z, and Zg within Z (where the insertion reaction occurs)

B Sc;: The interface between Z; and Zg within Z (no reactions)

B S,:: The interface between Z and Z, within Z (continuity of electron flux)

B S5z = Sge U Spp:The interface between Zg and Zg within Z

The corresponding repetitions of the interfaces are denoted by Sfj and given by
S, =e8;;+ L’ . (147)
and global boundaries in €2 defined by the intersections
X5 = QNS (148)

for the respective combinations of 7 and ;.

Even though this geometry gives rise to the normal vectors nj, n5 we usually omit the index ¢ in this
context.

5.2 The c— problem

Applying the geometric setup and the e-definitions of the domains and interfaces to balance equations
and boundary conditions derived in section allows us to state compactly the following e-problem.
Note that we drop the superscripts * of the pervious section for the variables, functions and parameters,
for clarity and denote with x the non-dimensional space variable.

We have thus the following PDE system:

0

Ch g‘;a = &*div (MaViu) x € Q5 (149)
pa = fa(yn) — e’ div Vi, x € Q5 (150)
0= dive(os(x)Veps) x € () (151)

0
Cth% — div (ME,_, Ve, + MgV, x € 05 (152)

0
cthﬁ — div (M%, Ve, + M5 oV, x € QF (153)

DOI 10.20347/WIAS.PREPRINT.3251 Berlin 2025



M. Heida, M. Landstorfer 22

Figure 2: Left: Z splitinto Z, and Z; = Z \ Z,. Right: € split into the periodic parts §25 and 25.

or alternativelyf]

Oy
Chcg—— 55 = = div (DyVyE + D¢Vgpg) x € Q) (154)

0 = div (SEVyE + O'EV()OE) X € QE . (155)

At the electrolyte-active phase interface we have the boundary conditionsﬂ

e (Daya(l — ya)Vepa) -my =€'L - g(N) on X5, , (156)
Vyy,-ny =0 on g , (157)
(0s(x)Veps) -ny =e'L-g(A) on X5¢ , (158)
(D¥Vye + DEVips) - ng = —' Lg(N) on X5., (159)
(S’EVyE -+ O'EVQOE) ng = —51L . g(/\) on EiE s (160)
A= —(905+MA—<PE—fE(yE)) on Xj¢, (161)
with
g(\) == (e — e~ (=) (162)

At the interface between the conductive additive and the active phase we have continuity of the solid
charge flux, which is already considered in the formulation of (151) to hold for x € €, as well as
no-flux boundary conditions

e (Ven) - n=0 on Y., (163)
Vyy,-n=0 on X5 - (164)

The electrolyte-conductive additive interface is considered to be inert, whereby we have the no-flux
boundary conditions

®Note, we discuss the homogenization of the electrolyte equations on the basis of (152) and @ because we know
(M 5)a,p) is symmetric and positive semi-definite, and apply then the homogenization result to (154) and (i58), since
they are equivalent in the electro-neutral case.

"Note that n, is pointing from the Z, into Zg and ng from Zg into Z,, with n, = —ng. If no index for n is given, n

denotes always the outward unit normal vector and it is clear from the the context.
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(DEVys + DEVie) -n =0 on 5., (165)
(SeVye + 0eVie) -n =0 on X5, . (166)

On the left side of the porous electrode, we have electrical current flux boundary condition
(Us<X)V£QOS) ‘N = wA . Z(t)Ch on EZC (167)
as well as the no-flux boundary conditions for the electrolyte species, i.e.

(DiVye + DEVips) -n =0 on g (168)
(SeVye + 0eVie) -n =0 on g - (169)

On the right side of the porous electrode, we have fix the electrolyte concentration and the electrostatic
potential, i.e.
Yp =g on Yge (170)

init

. on Xg (171)
and have in addition no-flux boundary conditions for the solid phase electrical current:
(0s(x)Veps) -n =0 on Y. (172)

The initial values are considered as

ya(x,t = 0) = y™(= const.) x € (173)
ye(x,t = 0) = yp"(= const.) x € Qg (174)
ve(x,t=0)=0 x € (g (175)
ws(x,t=0)=0 x € Qg , (176)
Note that
A =0 and  fe(yg') =0 (177)
due to the re-scaling of f, and f, (c.f. section|4.3.1) whereby
pa(x,t=0)=0 x € Q5. (178)
and at £ = 0 we have
A=0 on X4 - (179)

5.3 Asymptotic Expansion

We will use asymptotic expansion in equations (149)—(155) to derive homogenized balance equations
in the slow and fast charging regimes, respectively. For this, we consider the asymptotic expansion of
the variables

le@), eel@). wsl), wale)/ (@)} =1
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in the form (u® € 7):
u&(l,) :U()(J},Z)—f—éul(l’,Z)+€2U2($,Z)+--- ) (180)

where
T
Z=—

is the (oscillating) micro-scale variable and x the macro-scale variable. The functions u’“(x, z) are
defined on €2 X Z and are periodic in z with respect to the unit cell of periodicity Z. For the differential
operators, we have

div = divy +etdiv,, V—=V,+e 'V, and (181)

where div ,, V. acts on the macro-scale variable  and div ., V. on the micro-scale z.

We seek in general the balance equations for the leading order terms u° and truncate the series ex-
pansions of u after the u!-term for simplicity.

The time-derivative yields
Ot = O’ + e’ + O(e?) (182)
and for non-linear functions & = h(u) we consider the ¢ —Taylor expansion
h(u) = h(u®) + eu' b (u®) + O(e?) . (183)

For functions g = g(us, ua) at some interfacef| 2, we consider the multi-dimensional Taylor expansion
ine, ie.

glug, uy) = g(ug,ug)—i—&?auEg|ug’ugué+58mg‘ugﬁugui—i—(’)(g). (184)

Further, for div (D(u)Vu®) we have the expansion

div (D(u)Vu©) = g2 :divz(D(uo)Vzuo)} (185)

+5_1 :divx(D(uo)VzUO) + diVZ(D<u0)qu0) + din(D(UO)Vzul)]

4 :divI(D(uo)quo) + div,(DAO)V,ul) + divz(D(uo)qul)] +0()

and at some boundary for (D (u)Vu®) - n the expansion

(D(u)Vuf) -n=¢* [(D(uo)vzuo) : n} +£° [(D(uO)quo + D)V u') - n}

+e! [(D(uo)vxul) . n} +0(e?) . (186)

8Note that ug refers here to the evaluation of ug at the interface X on the electrolyte side g, i.e. , while u, denotes the
evaluation on X on the active phase side {2,.
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6 Homogenization of a Porous Electrode with multiple phase tran-
sitions

We study now the asymptotic expansion for the charging regime of finite C-rates C',, where open cir-

cuit voltage conditions can be obtained for C, — 0. We will first study eq. as it is not only an

important case study for the combined expansion of (152)—(153) but will be crucial for the understand-

ing of the slow charging as well. We then apply expansion to (154)—(155) and finally to (149) which
are summarized in the paragraph

6.1 Solid Phase: Expansion of (151)

We study the multi-scale expansions for

0= div (os(x)V§) in Q| (187)
(0s(x)Vg) -m=e'L-g(X) on Mg . (188)
(0s(x)Vg) -n = on X5, (189)
(0s(x)Vg) -1 = yi()Ch, on X5, (190)
os(x)Vpg) -n=0 on Yy . (191)
with (Zg = Z, U Z¢) and
o5 =03 - US(E) , ns(z) = {% z E jj (192)
Order £ 2:
div , <as(x)Vz<,0g> =0 onQ x Zg,
(0s(2)V.03(z,2)) -m=0 on Q X Ss .

which implies the condition vchg = 0 since o5 > 0, i.e. <pg is constant w.r.t. the micro-scale variable
Z.

Order =~ ': We make use of V3 = 0 and obtain

div, <0gns(z)vx902 + as(a:)stOé> =0 onQ x Zg, (193)
ogns(2) (ng(:v) + V.ip5(w, z)) ‘n=0, on Q x S . (194)
ogns(2) (Vmgog(x) + V.oa(, z)) n=1(t)C, - Py on ¢ X Zg (195)
oans(2) <Vmgog(x) + V.ps(z, z)) ‘n = on g X Zg (196)

Now, let the functions xs.i(z),7 = 1,2, 3, satisfy the cell problem

div, (773(2’) <ei + szs71(Z)>> =0 inZg
CP — Zs: ¢ ng(2) (ei + VZXSJ-(,Z)) ‘n=0 on Sgg - (197)
Xs.i(2) is Zs- periodic
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Then we can verify that
ps(r,2) = —xs(2) - V() (198)

where xs = (Xs.1, Xs.2, Xs.3) Solves the order —1 problem for a given .

The macro-scale boundary condition (195) thus reads

agns(z) (Id - Vsz> ngpg(:v) ‘n = i(t)Cpiy on Y X Zg (199)

ogns(z) (ld - Vsz> Vepg(z) -n=0 on Y X Zg . (200)

Order c°: Insertion of pi(x,2) = —xs(2) - V,p3(z) yields

div, <ag773(z)(ld — Vsz) . ngog> + div, <agns(z)vmgoé) = on Q) x Zg,
oans(2)Veps -n = Lg(A\’)  onQ x Sk
oons(2)Vapg -m =0 on Q X Scg

with
N = — (g + 1l s — 98 — fe(yg)) on 2 X Spe - (201)

An integration over Zs yields thus|7]

div, - (09msV,p8) + %f]i Lg(\")dA =0 in (202)
ogmsV,pd(z) - n = z'(t)C’hAE on X¢ (203)
oomsV,0d(r) -n =0 on Xg. (204)
with
]im Lg(\0)dA m /S - Lg()dA (205)
and [

Wy = /Z 14V (2) ) s e — /Z ns(2)(1d — Voxs) dV (=), Oy = / LdA(z)  (208)

wA She

where 1), is called volume fraction of the active phase (1, 75 the (diffusional) corrector, and 0,z the
specific interfacial area of the interface S,g. The corrector function x g is determined from CP - Z (eq.
(197)).

Note that quite frequently a spherical symmetry is assumed on the micro-scale. For our considered
geometry (c.f. Figure[2) this is certainly an approximation as the conductive additives in general break
the spherical symmetry.

®Note that indeed a division by 1/, is done, and not by 15, because the current is supposed to scale with the amount of
active material 1/,.
'®Note that we setvol{ Z} = 1.
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6.2 Electrolyte

6.2.1 Expansion of (152)— (153)

We now redo the the calculations of section [6.1]in the context of (152)— (153) with its corresponding
boundary conditions. Since the two equations involve cross-diffusion between ¥z and ¢g we have to
handle them both at once.

The derivation of the homogenized equation system is more convenient in the thermodynamic rep-
resentation (152)- since we need to exploit the positive semi-definintess of the mobility matrix.
Below, in paragraph[6.2.2 we apply the result of this section to eqgs. (154)— in order to obtain the
homogenized balance equations of the electrolyte phase.

Consider thus

Owy; = div (M1 Vi + MoV 3) in Qf , (207)
8,53/5 = div (MlZV,ui -+ MQQV,U;) in Qé , (208)
(209)

with boundary conditiond ]

(M1 Vs + MipVps) -n = —51ﬁ on X5 (210)
(M Vus + MipVps) -n=0 on 3¢ (211)
(M1oVus + MyoVps) -n=0 on X5 (212)
]' 5 5 ini IS
5(#1 — ) = %OEt on Ygg (213)
1 ini 5
§(N§ +u5) = fe(vye t) on Yipg (214)
(M1 Vus + MpVps) -n=0 on Y. (215)
(M1oV s + MooVps) -mn=0 on EZC (216)
and (2 = 1, 2)
i = fe(ye) — (—1)'¢e (217)

with a strictly monotonic function f.
This yields the following in orders of ¢:

Order = 2:

divz(MnVZ,u(l) + Mlgvz,ug) =0 on () X Zg, (218)
div Z(Mlgvz,utl) + Mggvzﬂg) =0 on 2 x ZE (219)

"1 denotes the outward unit vector.
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with
(M1 Vopl + M1oVopd) -n =0 on Q x Sgg , (220)
MoV + MV p3) -m =0 on © X S, (221)
1 2
yielding
Vo =0, V=0 (222)

since (M”) is positive semi-definite. Hence, we can conclude u? = const. and thus yg = const. and
©Y = const. w.r.t. to z, respectively.

Order c—':  Exploiting V.{ = 0 and V.u = 0 yields

div Z(MHVZM% + vazllL% + Mllvx/JJ? -+ Mlgvxﬂg> =0 on ) X ZE s (223)
div (Mo Vo + MooV opiy + MigVep] + MapVaps) =0 onQx Zg,  (224)
with boundary conditions
(Ml].vZILL% + MlQVZ,ué + Mllvx,u? + MlQVx,U(Q)) n=0 on Q x SSE ) (225)
(M1oV i1 + MoV iy + MoV + MyyVopd) -n = 0 on Q X Sgg . (226)
We expect
p; = —x11Valt] — X12Vahts onQ x Zg, (227)
py = —X21 Vot — X22 Vi3 on ) X Zg , (228)

i.e. a micro-scale intercalation between 12 and (9 propagating into 1 and .

However, if the M, 3 are constant in space (but might depend on (u‘f, ug) we show in appendixthat

X12 =0 (229)
X1 = X22 = XE (230)

where xe = (xe.1(2), xe2(2), xe3(2))" solves the cell problem (i = 1,2, 3)

diV Z(VXE,Z) == 0 in ZE
CP— Z:: (62' + szE,i(»Z)) n=0 onSg . (231)
Xei(2) is Zg - periodic

For the macro-scale boundary conditions we obtain thus

Myi(Md — V. xe) Vol + Mip(ld — V. xe)Vaps ) -1 =0 on Y¢ X Zg (232)
1

(Mlg(ld — V.xe)Vapld + Moy (Id — VZXE)VMS) ‘n=0 on Y¢ X Zg (233)

DOI 10.20347/WIAS.PREPRINT.3251 Berlin 2025



Modeling of porous battery electrodes with multiple phase transitions — Part | 29

Order °: In leading order we obtain thus

315“(1) = divx(Mllvxﬂ? + Mlzvxﬂg + Mllvz,ui + M12Vz,ué)

+ div (M1, Vepug + MoV p3) onQx Z;  (234)
8tu(2) = lex(Mlgvx/L(l] -+ MgQVmMg -+ Mlgvzﬂ% -+ MQQVZ,U/;)
+ div , (M1oV oty + MoV o pi3) onQ x Zy  (235)

with boundary conditions

(M Vi + MyVpg) -n = —RY on Q X Sye (236)
(an,u% + M12V/L§) -n=20 on ) x ‘SCE (237)
(Mlgvui + MQQV#%) -n=20 on 2 x SSE (238)
An insertion of
p = —Xe - V) (239)
ph = =Xz - Vol (240)

with subsequent integration over Z thus yields

ol = div, (wE(MHVmu? + MuvxuS)) - %]i é%‘l’dA on ) (241)
ol = div, (wE(MHqu? + MQQV;C/@)) on {2 (242)

with
fgﬁ }Sz‘fdA = fswﬁ /S . st(l’dA. (243)

and

(0 ::/ 1dV(z), Ok :/ 1dA(z), and g := i/ (d—V.xg)dV , (244)
Zg Sae 1/}]3 ZE

where X solves the cell problem (231).

For the macro-scale homogeneous Neumann boundary conditions (215) —(216) we obtain thus
TTE (anxu(l) + Mlgvx,ug> n=20 on ZC (245)
g (Mlgvm,u(f + vaxug) n=20 on ¢ (246)

and for the Dirichlet boundary conditions (213)
1

U — 1) = g on g (247)
1 .
5+ 1) = fe(yE") on T (248)
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6.2.2 Application to the electrolyte:

We apply now the homogenization scheme of the previous section to the balance equations (154)—
(T55). Note that in the electro-neutral case, (T52)—(153) is equivalent to (154)—(155), and the £2-
Order of has shown that 32 and (0 are indeed independent of the micro-scale variable 2. When
the mobility matrices M,z are further independent of space, we concluded that only a single correc-
tor xg arises, upon which in linear combinations of (152)—(153) the corrector 7 simply distributive.
Hence, we obtain for

0 . e
Cheg éytE = div (D¥(ye) Ve + DE (ye)Vior) x € Qg (249)

0= div (SE(yE)VyE + JE(yE)VgoE) x € 5. (250)

with boundary conditiong™?]

(DE(ye)Vye + DE (ye) Vi) -ng = —' L - g(N) on Xz, (251)
(Se(ye)Vye + 08(ye)Vor) - ng = —e'L - g(A) on X (252)
(DE(ye) Ve + DE(ye)Vig) - ng = 0 on X5 , (253)
(SEV?JE(?JE) + UE(CUE)VSOE) ng =0 on X¢g , (254)

as well as
(D¥(ye)Vye + Df (ye)Voe) -n =0 on S | (255)
(Se(ye) Ve + 0e(ys) Vie) -n =0 on g - (256)

and

5 = ©Op" on X5, (257)
Ye = ©F on X5, (258)

the leading order equations

0

0 ) 0
Chee(y)) 22 = div ,(me DY) Vayl + meDE (1) Vaigd) — 2 F Lg(A)dA on Q) (259)
ot Ve Js

. 0
0 = div,(meSe(yQ) Vv + meoe(y2) Vl) — ﬁ]‘[s Lg(\")dA on ) (260)

with macro-scale boundary conditions

(meDE(y) Ve + meDg (y2) Vaipl) -1 =0 on ¢ (261)
(WESE@(E))meg + WEUE(?J(E))V902> n=0 on X¢ (262)
0 =0 on g (263)

yd = gt on Yk . (264)

21 is the outward normal vector to O€).
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6.3 Active Phase: Expansion of (149) — (150)

Next, we discuss the active phase equations

a £
Cht = <> div (Ma() V ;) x € 05, (265)
wy = falyy) — ae? div Vy; x €. (266)

For the chemical potential ; we obtain

/vbi = fA(yg) + f“y?e - |:le Z'Yszyg]

— ¢l [div 2 Vayh + div oy Vayl 4+ div ZWAVZyﬂ + O(e%) (267)
and thus identify
py = falyy) — [divmvzyfﬁ] (268)
= falyg — €' [div V) + divan ey, + divmvzyi] : (269)
For we obtain
e? div (My(y;s) Vi) = €° [diszA(yS)VzMﬂ +0(e) (270)

and thus in leading order

a 0
Ch% = div , My (y)) V.1l on ) X Z, (271)

px = fayy) — div Vg, on () X Z, (272)

together with the boundary conditions

(MV.y)) n=0 on Q X Sy, (273)
(Mp(y))Vapg) -m =L - g(A°) on Q X Sy, (274)

and
/\O = _((Pg - Spg + Mgl&uz - fE(yl(E'.))) : (275)

7 Summary and Outlook

In this paper, we established a unified multi-scale modeling framework for porous intercalation elec-
trodes by systematically upscaling microscopically resolved transport and reaction equations. The
resulting homogenized model provides a consistent description of ionic transport in the electrolyte,
electronic conduction in the solid phase, and diffusion-driven intercalation dynamics within active par-
ticles, all embedded within a thermodynamically consistent formulation.

A distinguishing aspect of the derived framework is its ability to represent phase separation phenom-
ena at the electrode scale. This is achieved through the use of general multi-well free energy functions
for intercalated cations, combined with gradient-based regularization terms that account for interfacial
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energetic effects. The homogenization procedure demonstrates how particle-scale phase-transition
mechanisms are transferred to the macroscopic balance equations without ad hoc closure assump-
tions, thereby extending classical porous-electrode models beyond monotone constitutive behavior.

The homogenized equations naturally give rise to a coupled macroscopic—microscopic structure, in
which lithium diffusion within individual particles remains fully resolved and enters the macroscopic
problem through nonlocal source terms. This coupling introduces intrinsic memory effects and time
delays in the electrode response, which are absent in reduced single-scale descriptions. Despite this
increased structural complexity, the model retains a dissipative evolution structure and admits a for-
mulation as a coupled system of parabolic and elliptic equations.

Overall, this work provides the theoretical foundation for a new class of DFN-type porous-electrode
models that remain valid in the presence of multiple phase transitions. By focusing on a general con-
stitutive formulation and a systematic upscaling procedure, the framework is designed to serve as
a flexible basis for numerical simulation, analysis, and application to a broad range of intercalation
materials.

The resulting single-electrode model consists of four coupled partial differential equations. Despite this
apparent complexity, the system remains comparatively simple in the sense that it is fully closed and
does not require additional ad hoc modeling assumptions or external closure relations.

7.1 Summary of the homogenized balance equations

We summarize here the derived model for a porous intercalation electrode that can undergo multiple
phase transitions upon cation intercalation. Note that we drop here the © syntax for the leading order
terms as well as the * syntax for all non-dimensionalized quantities (c.f. table [1). On the macro-scale,
we obtained the following set of non-dimensionalized balance equations, which hold for arbitrary ge-
ometries ) C R?, i.e.

0 , 0
Cueale) 3 = div o (m DY) V.t + meDE (1) Vais) ~ = £ Lg(NdA o (e76)
E JSk
. 0
0 = div .(meSe(ye) Vaye + meoe(ye) Vr) — f ][ Lg(A\)dA on ) (277)
E JS
0= divx(ﬂ'scrsvxgos) %][ Lg(N)dA(2) on () (278)
Un Jse
with

A= —(ps — e + talse — fe(ye)) on 2 X Spe (279)

and macro-scale boundary conditions
(e Dg (ye) Vaye + e D (Ye) Vape) -n =10 on X¢ (280)
(7eSe(ve) Vaye + meoe(ye) Vg) -n =0 on X¢ (281)
e =0 on Yk (282)
yg = Yy on Xk (283)
osmsVaps(z) -n=1i(t)C) on ¢ (284)
osmsVaeps(z) -n =0 onXg. (285)
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The porous media parameters |'°| are the electrolyte phase fraction v)g and active phase fraction 1y,
the solid phase conductivity corrector 7rg, the electrolyte diffusional corrector 7z, and the specific
interfacial area 0,5, which are computed as

Wy = /Z 1AV (2) ) s e — /Z ns(2)(1d — Voxs) dV (=), Oy = / LdA(z)  (288)

wA SiE

and
Vg = / 1dV(z), mg:= i/ (1d — V,xe)dV , (287)
Z Ve J 2

For the active phase, we have the coupled, non-dimensionalized macro-micro scale problem on {2 x
Z,, which holds for arbitrary periodic micro-structures Z, C [0, 1], yielding

0
Ch% = div , My(ya) V. pa on ) X Z, (288)
Uy = fA(yA) — div 7 V.u on ) X Z, (289)

together with the boundary conditions

(Vo) m=0 on Q X S, (290)
(Ma(ya)Vapa) =L g() on Q x Sz (291)

7.2 Outlook

Our work on the modeling, homogenization, simulation and validation of porous electrodes that can
undergo multiple phase transitions spreads in three parts, where this work (Part 1) is entirely devoted
to the model derivation and homogenization.

Part Il of this series will focus on the numerical treatment and simulation of the homogenized model
derived in the present work. For Part Il, we will assume spherical symmetry on the micro-scale and
a 1D approximation on the macro-scale, yielding a 1D+1D-type equation system that can be consid-
ered as the thermodynamically consistent extension of the DFN-model for phase separating materials.
Particular emphasis will be placed on numerical schemes that respect the underlying thermodynamic
structure of the model, thereby ensuring stability and robustness even in the presence of strong non-
linearities induced by multi-well free energy functions and phase separation. The separation between
electrolyte modeling and active material modeling inherent in the present formulation facilitates the
transfer of independently calibrated material parameters.

Based on these discretization strategies, Part Il will investigate transient charge and discharge pro-
cesses under finite C-rate conditions. Special attention will be paid to the emergence and evolution
of phase boundaries, either within or among particles, and their impact on macroscopic observables
such as voltage curves and subsequently hysteretic effects . These studies will demonstrate how the
additional micro-structural resolution provided by the present framework extends classical DFN-type
models and enables a more accurate description of non-equilibrium cycling behavior. For higher C-
rates, we discuss how the coupled micro—macro structure of the model naturally leads to a phase
separations within the particles (i.e. on the micro-scale), competing with concentration gradients due
to diffusional effects as well as the macroscopic phase separation among the particles. We perform nu-
merical simulations to analyze the interplay between diffusion-limited transport inside active particles,

"*Note that we setvol{ Z} = 1.
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electrolyte transport, and interfacial reaction kinetics. Special attention will be paid to the emergence
and evolution of phase boundaries, either within or among particles, and their impact on macroscopic
observables such as voltage curves and subsequently hysteretic effects These studies will demon-
strate how the additional micro-structural resolution provided by the present framework extends clas-
sical DFN-type models and enables a more accurate description of non-equilibrium cycling behavior.

Part 11l will be devoted to the analysis of open-circuit voltage conditions, equilibrium states, and model
validation. In this context, the multi-well free energy formulation allows for a direct and thermodynam-
ically consistent connection between microscopic phase equilibria in the active material and macro-
scopic voltage characteristics. Part Il will analyze the OCV solutions of the homogenized model and
investigate how phase coexistence at the particle level manifests itself in voltage plateaus and hystere-
sis effects at the electrode scale. We will discuss on a sound mathematical basis how the hysteresis
of the cell voltage is encoded in the spatial structure of the concentration field y,, and why spatially
constant solutions that arise in simple diffusion equations cannot be considered as valid solutions in
the context of phase separating materials. In part Ill of this series, we will also use two different ap-
proaches to derive a model for very slow charging of the battery, i.e. OCV conditions. This can be
done either emerging from our current 3D+3D model or ad hoc from the microscopic model. We will
see how the function f, transforms under these conditions to an effective fA and we will be able to pro-
vide explicit formulas for this fA, yielding a forward-backward parabolic equation. Furthermore, Part IlI
will address parameter identification and validation of the proposed framework against experimental
data. Experimental OCV curves and equilibrium measurements will be used to assess the predictive
capabilities of the model and to identify the role of interfacial energy contributions and particle-scale
phase separation. Together, these investigations will establish the proposed framework as a predic-
tive and extensible modeling tool for porous intercalation electrodes operating across a wide range of
regimes.
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A Cross-Correctors

The order ¢! problem reads with V_u$ = 0 and V_u3 = 0

div (M Vg + MoV g + My Ve + MipVap)
diVZ(MHVZ/,L% -+ MQQVZ/,L% -+ Mlgvx,u[l) -+ Mgzvzﬂg)

(292)

=0
=0 (293)
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with boundary conditions

(M1 Vo + MoV oy + My Vi + MV ) -n =0 (294)
(Mo Vit + MooV o pis + MoV + My V) -mn =10 (295)
We expect
1y = —x11 V] — X212Vt (296)
fy = —x21Valt] — X22Vaily , (297)

i.e. a micro-scale intercation beteween 1 and y9 propagating into yi} and g3

Insertion yields

div z((Mn — M1 V.xi1 — Mlzsz21)VxM(1J + (M12 — M1 V.x12 — Mlzszm)Vng) =0
(298)

div z((M12 — M2V.x11 — M22sz2l)vxﬂ[1j + (M22 — Mi5V.Xx12 — M22VzX22)Vng> =0
(299)

and for the boundary conditions

((Mn — M1 V.xi1 — MIQVzXQI)VxN(l) + (Mu — Mi1V.Xx12 — Mlzszm)Vng) ‘n=0

(300)
((M12 — M2V x11 — M22V2X21)Vxﬂ(1) + (M22 — M5V.x12 — M22V2X22)Vxﬂ(2)) n=20
(301)
Hence, we expect
div,((Myild — M1 V.x11 — M12V.X21)) =0 (302)
div . ((Mizld — M11V.x12 — M12V.X22)) = 0 (303)
div . ((Migld — M5V x11 — M2 V.X21)) =0 (304)
div . ((Maald — M5V . x12 — M2V.X22)) =0 (305)
since and hold for every combination of (V %, V,u9).
Note, if x12 = x21 We can conclude
div . ((M11 — M22)V.x12 + M12V.(X22 — X11)) =0 (306)
(M1 — M2)V.xi12 + M2V (X22 — x11)) - n =0 (307)
whereby
V.X12 = va(){n —X22) i My # My (308)
(Myy — May)

Note that this entails X12 — 0 if M12 = 0. Further, if M11 = M22 we obtain X22 — X11-

We proceed with M7, # Ms, and have
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div.(d — V M, V. ( )=0 (309)
v, — Vg - z - -
X11 M11(M11 — M22) X11 — X22
div,(ld =V Miy V.( )=0 (310)
1V , - z - P — =
X 22 Mg (M, — May) X11 — X22
whereby we can write
M} My (Myy — May) + M3
V.x11 = (Id + 12 V. ) 12 (311)
X M s — ) ©X2) 0 (0, — )
(312)
Reinsertion into equation gives
M? M?
Id — V.x22 + 12 V. — 12 (313)
( X2 N — M) Y X% T Ry, — M)
=A. (ld — VZXQQ) (314)
with
A My Myy — My M3, — My ME, + Moy M, (315)
' Mag (M7y — My May + M3,)
Since A is constant w.r.t. z (but dependent on u?) we can actually deduce
(Id — Vx22) -n=0 (317)
to determine x22.
In eq. we can exploit div ,(Id — V_,x22) = 0 to obtain
M2
divz< 12 \V — ) =0 (318)
Moy (M, — M) © 2 X1~ X22)
which finally yields
V.xi = V.xae . (319)
and thus
X11 = X22 = XE (320)
as well as
Xi12=0. (321)
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