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A model for SEl-growth based on non-equilibrium
thermodynamics

Manuel Landstorfer, Christoph Pohl, Ferran Brosa Planella, Kawa Manmi

Abstract

The growth of the solid electrolyte interphase (SEI) is a dominant degradation mechanism in
lithium-ion batteries, governing capacity fade, coulombic efficiency, and long-term performance.
Despite extensive experimental investigation, quantitative understanding of SEI formation and
evolution remains limited by its nanoscale thickness, complex chemistry, and strong sensitivity to
operating conditions. Existing zero-dimensional models capture individual rate-limiting mechanisms
but typically treat the SEI as an idealized interface layer, neglecting spatially resolved transport,
solvent consumption, and dynamic interface motion.

In this work, we present a continuum-level model for SEI growth grounded in non-equilibrium
thermodynamics. The SEl is treated as a distinct thermodynamic domain and modeled as a mixed
ion—electron conductor, while the SEl—electrolyte interface is described as a moving boundary. The
framework systematically derives transport laws and reaction kinetics from electrochemical poten-
tials and interfacial free energies, ensuring thermodynamic consistency. A finite electrolyte reservoir
is explicitly included, allowing solvent depletion to emerge naturally as a limiting mechanism for
SEI growth.

The general formulation consists of coupled partial differential equations for all domains and
interfaces. Under open-circuit voltage conditions, the system reduces to a tractable set of ordinary
differential equations describing lithium concentration in the active material, solvent concentration,
and SEI thickness. Numerical simulations under charging, rest, and cycling conditions reproduce
experimentally observed features such as linear and Vvt growth regimes, voltage shifts due to
parasitic current consumption, capacity contributions from lithium stored in the SEI, and self-
discharge during rest. Two distinct termination mechanisms—active lithium depletion and solvent
exhaustion—are identified.

Overall, the proposed framework unifies multiple SEI growth mechanisms within a single
thermodynamically consistent model and provides a mechanistic basis for improved lifetime
prediction and optimization of battery formation and operating protocols.
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1 Introduction

1.1 Batteries and Their Degradation Challenges

Batteries have become a critical component in modern energy systems, with their performance and
longevity being crucial for cost-effective decarbonization of both energy grids and transport sectors.
Understanding battery degradation is particularly critical as it directly impacts the economic viability
and reliability of these applications. The development of high-capacity, durable, and fast-charging
batteries has been instrumental in driving the adoption of electric vehicles (EVs) and enabling reliable
renewable energy integration. Among various battery technologies for electric vehicles, lithium-ion
batteries (LIBs) have emerged as the dominant choice, offering superior characteristics including high
energy density (110-160 Wh/kg), excellent power density (1800 W/kg), and longer cycle life (500-1000
cycles) compared to conventional battery types [27,17,|49) |63].

Battery degradation, defined as the progressive loss of capacity and power capability over time,
manifests through multiple observable effects including capacity fade and power fade [17, [54]. The
degradation mechanisms are particularly complex, involving three main external stress factors: tem-
perature, state of charge (SoC) and load profile [38,|33], whose relative importance varies depending
on the cell chemistry and operating conditions. These degradation effects have significant practical
implications. From a user’s perspective, capacity fade represents a reduction in the usable capacity
of the cell, while power fade reduces the deliverable power after degradation [6]. The rapid market
expansion for LIBs drives the need for improved understanding of degradation mechanisms [17,{72], as
making LIBs last longer is crucial for improving lifetime economics and reducing environmental impacts.
Understanding and accurately predicting battery degradation becomes key to increasing operational
lifetime and enabling better battery management strategies [24].

Amongst all these degradation mechanisms, the formation and growth of the solid electrolyte interphase
(SEI) represents one of the most fundamental and critical processes affecting battery life. The SEI
forms initially on the first cycle of the cell, resulting in a 10% reduction in capacity, and continues to
grow throughout the battery’s life. The SEI layer growth has been found to approximately correlate with
the square root of time, as solvent molecule diffusion slows down with increasing thickness [54/, 41,130,
41].

1.2 What is the SEI?

The solid electrolyte interphase (SEI) is a passive layer a few nanometres thick that forms instan-
taneously upon contact between the electrode and electrolyte, with its initial thickness governed by
electron-tunneling range [51]. This layer has a significant growth during the first few cycles after as-
sembling the battery, known as formation/ageing, but also continues to grow slowly throughout the
battery’s lifetime. The layer is thermodynamically unstable at both low and very high potentials versus
Li/Li™, and forms through competing and parallel solvent and salt reduction processes [64] when the
electrode potential falls below the electrochemical stability window of the electrolyte. These reduction
processes result in the deposition of various organic and inorganic decomposition products on the
electrode surface, causing the capacity and power of the battery to fade over time.

The resulting SEI exhibits a characteristic dual-layer nanostructure: a dense inorganic inner layer
composed primarily of Li,COs3, Li,O, and LiF nearest to the electrode surface, and a porous organic
outer layer consisting mainly of lithium alkyl carbonates and other polymeric compounds facing the
electrolyte. At the submicron level, this structure forms a complex mosaic where organic and inorganic
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components are intimately mixed, creating what is known as a "polyhetero microphaseéarchitecture [51].
The distribution of these components is highly dependent on factors including the type of carbon
material used, electrolyte composition, and operating conditions [64]. The SEI layer serves as a crucial
protective barrier that prevents further electrolyte decomposition while selectively allowing lithium ion
transport, making it essential for long-term battery stability and performance.[40, [71} |1, 50}, [5]

The SEI growth and characteristics evolve differently during formation and regular operation [17, |4].
During regular cycling, the battery experiences dynamic operating conditions including varying current
rates, temperatures, and mechanical stresses from electrode volume changes, which significantly
influence both SEI growth and properties [65]. The evolution of the SEI layer is governed by multiple
factors: the electrolyte composition, including salt anions, solvents, and additives, determines its
chemical composition and stability |70} [21]; the operating parameters such as current density affect
formation rates [4]; and temperature impacts both formation kinetics and structure [25]. Throughout the
battery’s life, the SEI demonstrates a characteristic growth pattern that correlates approximately with
the square root of time, as increasing thickness slows solvent molecule diffusion [54, 41].

The significance of SEI lies in both manufacturing economics and battery longevity. During production,
establishing the initial SEI layer requires carefully controlled formation and aging protocols that account
for 20% to 30% of total production costs [16, 8]. The process demands precise control of voltage
ranges and temperatures to establish optimal protective layers. Beyond manufacturing, SEI growth
represents one of the most fundamental degradation mechanisms in batteries, causing an initial
capacity loss of approximately 10% and contributing to ongoing capacity fade [30} |41]. Understanding
and optimizing SEI formation and growth thus presents a dual opportunity: reducing manufacturing
costs while extending battery lifetime, both of which are crucial for improving the economic viability of
battery technology [69, 48].

1.3 Experimental Approach

Studying SEI experimentally presents several significant challenges, including its complex structural
composition, nanoscale dimensions, and high reactivity with air [1]. A key challenge in physical
characterization is the substantial variation in measured SEI properties - for example, initial SEI
film thickness can range from 450 to 980 nm depending on surface features and measurement
technique [74]. For accurate characterization, researchers have developed and adapted numerous
analytical techniques including X-ray Photoelectron Spectroscopy (XPS), X-ray Diffraction (XRD),
Surface-Enhanced Raman scattering (SERS), Atomic Force Microscopy (AFM), and various other
spectroscopic and microscopic methods [9] 51|, [26]. However, these physical characterization methods
must be carefully applied, as the exposure of SEI to moisture and oxygen during the teardown
can lead to structural and chemical changes during analysis [20]. Current experimental techniques
face fundamental limitations in achieving the necessary spatial resolution for nanometric structure
analysis, temporal resolution for evolution studies, and compositional accuracy for complex chemistry
characterization simultaneously [9]. Recent advances in operando techniques have enabled real-time
monitoring of SEI evolution [17], with studies showing that formation conditions strongly influence
interfacial stability [4]. High-precision coulometry studies have revealed that SEI growth kinetics follow
approximately t'/2 pehaviour, with time and temperature being more influential than cycle count [61].
The integration of multiple complementary techniques has revealed that SEI properties show strong
dependencies on factors such as electrolyte composition and cycling parameters [65,9]. Recent studies
have revealed that SEI growth shows complex dependencies on cycling parameters, with growth rates
increasing with C-rate and exhibiting asymmetric behaviour between lithiation and delithiation [4]. While
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SEI growth has traditionally been modeled using t1/2 kinetics based on simple diffusion-limited surface
layer growth assumptions, recent critical analysis suggests this relationship may be oversimplified. The
time dependence appears to vary significantly between storage and cycling conditions, with different
scaling relationships potentially dominating under different operating conditions [4]. This evolving
understanding highlights the need for more sophisticated experimental techniques and models to
accurately capture SEI formation and growth mechanisms.

1.4 Atomistic and Continuum Approaches

The modelling of SEI growth requires a multi-scale approach to capture both atomic-level reactions
and macroscopic growth phenomena. At the atomic scale, density functional theory (DFT) and ab initio
molecular dynamics (AIMD) have proven invaluable for understanding initial reduction mechanisms
and electron transfer processes at the electrode-electrolyte interface. These methods can accurately
predict reduction potentials and map complex reaction networks of electrolyte decomposition through
simulations of solvent molecules, lithium ions, and electrode surfaces. However, they are computationally
intensive and limited to simulating small systems and short timescales on the order of picoseconds [66|
9, [67].

To bridge this temporal and spatial gap, continuum models have been developed to describe SEI growth
and properties at battery-relevant scales. Continuum-level models treat the SEI as a continuous medium
and describe its growth through partial differential equations that incorporate transport phenomena,
reaction kinetics, and thermodynamic considerations [7}, 68, 59, |66]. These models often employ
significant simplifications, treating the SEI as a uniform, homogeneous layer and reducing the complex
physicochemical processes to rate-limiting mechanisms such as reaction kinetics or diffusion limitations.
While these models can capture phenomena like ion transport and film growth kinetics over longer
timescales, they necessarily make approximations that overlook atomic-scale complexity and chemical
specificity. This highlights a fundamental challenge in SEI modelling - the need to balance computational
tractability with physical accuracy across multiple time and length scales while maintaining sufficient
resolution to capture the critical formation period.

Zero-dimensional models represent a deliberate simplification that ignores most of the SEI's complex
morphology and detailed transport processes. These models focus on one or a few rate-limiting
mechanisms, typically related to reactions occurring at the SEl-electrode or SEl-electrolyte interface [58,
/3,53, 43| 162, 52, 60, 62, [29, |32]. While such simplifications might seem limiting, strategic choices
about which physical processes to include can maintain strong predictive capability with minimal
parameters. For instance, models using as few as four fitted parameters have successfully predicted
capacity fade across multiple temperatures and operating conditions by focusing on key SEI formation
mechanisms [18| [33]. They can be categorized into two primary groups: solvent-limited and electron-
limited models. Solvent-limited models encompass mechanisms like solvent diffusion and reaction
limitations, while electron-limited models consider phenomena such as electron migration, tunnelling,
and interstitial diffusion [73, [53, 56]. Some advanced approaches have demonstrated that combining
multiple limiting mechanisms - such as coupling solvent diffusion with reaction kinetics - can successfully
predict capacity fade across different operating modes while maintaining model simplicity [56) 32].
These models have been extensively studied for long-term SEI growth. However, their applicability to
the formation period, where complex multi-phase growth and rapid chemical evolution occur, remains
largely unexplored [42]. Most zero-dimensional models have been developed with a focus on long-term
capacity fade over hundreds or thousands of cycles, rather than the initial formation period [39, 3].
Early modelling work showed that continuous SEI formation during charging could be captured through
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coupled reaction-transport equations, though like many subsequent models, it emphasized long-term
behavior over initial formation dynamics [55} [31]. This creates a significant gap in our understanding,
as the formation cycle involves distinct physicochemical processes and typically exhibits much higher
capacity loss compared to subsequent cycles [1} |2, |[44]. The challenge lies in developing models
that can accurately capture both the rapid initial SEI formation and the slower long-term growth while
maintaining computational efficiency [42)].

1.5 Non-equilibrium Thermodynamics Approaches

In this work, we present a comprehensive continuum-level model for solid electrolyte interphase
(SEI) growth based on non-equilibrium thermodynamics, building upon Landstorfer’s foundational
work on boundary conditions for electrochemical interfaces [36] and cell voltage analysis [35]. This
theoretical framework derives constitutive equations from fundamental principles of non-equilibrium
thermodynamics, where transport processes and chemical reactions are governed by gradients in
electrochemical potentials and affinities. The framework treats interfaces as distinct thermodynamic
domains with their own free energy functionals, enabling systematic derivation of surface chemical
potentials and reaction affinities that lead to thermodynamically consistent descriptions of interfacial
processes.

Building on this foundation, we model the SEI as a thermodynamic domain characterized by its own
free energy functional, incorporating both chemical and electrical contributions. The coupling between
the SEI, electrode, and electrolyte domains is derived systematically through interface conditions
that emerge from the non-equilibrium thermodynamic treatment of surface reactions and transport
processes. The framework establishes clear relationships between surface chemical potentials and
measurable quantities like cell voltage and reaction rates [35], while enabling natural incorporation
of multiple reaction pathways and transport mechanisms. This approach provides a rigorous basis
for developing Butler-Volmer-type equations that account for concentration dependencies and surface
effects in battery system [37].

1.6 Outline

In section 2| we derive the general model for SEI growth, which couples ion and electron transport in
the various phases, intercalation and formation reactions reactions as well as solid state diffusion of
intercalated ions in the active phase. After sketching the domain setups and stating the specific species
in each domain, we state in section [2.1]the general balance equations for charged species, and in
section 2.2] their closure by non-equilibrium thermodynamics, i.e. flux relations expressed in gradients
of electro-chemical potentials. In section [2.3|we discuss the impact of space charge layers, which may
arise at all interfaces, and employ some simplifications for the subsequent paper. In sections [2.4]to [2.6]
we state the material models for the electrolyte, the active phase, and the SEI as mixed ion-electron
conductor, respectively, and formulate in section [2.7] the interface conditions for the SEl-electrolyte
interface, including the moving interface description, followed by interface conditions of the SEl-active
phase interface in section In section [2.9) we derive the relation for the measurable cell voltage of
the considered half cell and state in section[2.10lthe initial conditions.

Section[3|then simplifies the derived equation system to a 1D geometrical setup, where we further apply
a non-dimensionalization with respect to the C-rate. This allows us to systematically deduce open circuit
voltage conditions, yielding an ODE system for the SEI growth in section We discuss our findings
of the three coupled ODEs, which are connected via the SEI formation reaction, cf. section[3.4.4]
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In section 4] we provide finally various numerical examples of the derived SEI growth model.

We consider in section[4.1]a transient current profile where the electrode is charged until a certain cell
voltage, and then disconnected from the external circuit. However, due to the internal reconfiguration,
e.g. self-discharge, we can show that the SEI keeps growing, and we discuss this aspect for various
scaling limits of the SEI formation reaction rate. In addition, we show the impact of the electrolyte
domain on the SEI formation reaction and discuss the consumption of (bulk) solvent. Subsequently, we
discuss in section periodic cycling conditions, which requires are careful re-formulation of the cycle
numbers and the corresponding transient current profile when SEI growth is present. In section [4.3|we
compare finally our results to experimental results and draw in section [5| conclusions on our modeling
and simulation work.

2 Modeling of SEI Growth Based on Non-equilibrium Thermody-
namics

In this section we present a comprehensive 3D model for solid electrolyte interphase (SEI) growth based
on non-equilibrium thermodynamics. The model is derived from fundamental principles of continuum
thermodynamics, where transport processes and chemical reactions are governed by gradients in
electrochemical potentials and affinities. We consider three domains for the transport equations: the
intercalation electrode Q*, the SEI ), and the electrolyte 2. We will also consider a lithium metal
counter electrode to close the electrochemical system, but its behavior will be only represented via a
boundary condition. The geometry of each domain can be arbitrarily complex, with the only constraint
that the active material and the electrolyte do not share a boundary (i.e. all the lithium interchange
between them is via the SEI layer), and we denote as Y*! the interface between active material and
SEl, and as X.'F the interface between SEI and electrolyte. The 1D sketch in fig. [1]is thus illustrative.
Each domain is composed of several species defined as the set Z¢ fori € A, I, E.

The model derivation is structured as follows. First, in sections [2.1] to we present the general
modelling framework based on non-equilibrium thermodynamics. Then, in sections [2.4]to we
apply this framework to each domain to derive their governing equations. Although the notation is
introduced as needed in each section, there are a couple of general aspects worth discussing at this
stage. First, we will use subscripts in the variables and parameters of the problem to distinguish the
various species and domains. As some species are common to several domains, we introduce a nested
subscript notation: for example, the molar density of lithium ions in the electrolyte is denoted by ng,
(note we drop any further subscripts in the species for simplicity). Second, the evaluation of some
quantity u at the j-side of an interface >2; will be written as u 7 for instance u 11;1'

%

2.1 General Transport Equations

We consider each domain {2 as a mixture of species o € Z for which we have balance equations
Ong,
ot

where n,,(x, t) denotes the molar density and J,, the molar flux of constituent cv. The velocity field v is

the barycentric velocity of the mixture, which usually serves as reference for diffusional fluxes. Note,
however, that other reference velocities can also be considered. The mass density p = > M, Where

= — div(nov +Ja) , (1)
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ZDA EAI EIE ZEM

P QA or QF oM
IA = {8_,M+,C} II = {6_7C;EI7B} IE = {A_,O+,S}

20 z* 21(t) 2E

Figure 1: Sketch of the electrode setup, consisting of current collector | intercalation electrode | SEI |
electrolyte | counter electrode.

M., is the molar mass of constituent o € 7 satisfies,

dp .
E = —div (pv) ) (2)
whereby [22]
S mada =0, 3)
o€l

Since we consider charged matter, this is accompanied with Poisson’s equation
— div (80(1 + X)VSO) = € Z Zalo =2 ¢, (4)
ael
where ¢ denotes the electrostatic potential, x the dielectric susceptibility, ¢o the elementary charge,

zq the charge number, and ¢ the charge density. Poisson’s equation is complemented by the charge
balance which, in its general form, reads

dq .
5= div (qv + Jy) (5)
and
Jq:GOZzaJa (6)
aEel

the (free) charge flux.
Throughout this work, we consider stationary momentum balance, i.e.
Vp=—-qVy, (7)

which reflects the balance between the (electrostatic) Lorentz force and the mechanical counterforce by
a gradient of the (mechanical) pressure p.

We refer to [15} 23] 145, |46, 22| for details on the full non-equilibrium thermodynamics of charged matter.

2.2 Free Energy Densities and Chemical Potential Functions

The transport equations introduced in the previous section only tell that the various species are
conserved. We now need to discuss how species move around and react with each other. The mixtures
in each domain €2, are modelled by continuum non-equilibrium thermodynamics [22]. We denote with
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p = ph(T, (na)acz) the free energy density of the mixture and with
o = Ipy
“ On,

the chemical potential (function) of constituent o € 7.

ael (8)

A core ingredient of non-equilibrium thermodynamics is to state necessary conditions for fluxes and
reaction rates to ensure the second law of thermodynamics, i.e. a non-negative entropy production. For
the molar fluxes J, this essentially means

Jo==) MasViig  fig = pig + €0z, (9)
ez

with a symmetric, positive semi-definite matrix M = (M, 3)3, Whereby the entropy production due to
diffusional fluxes satisfies [22]

ol ==Y I Via=)_ > (Vig)" Mas-Viia 2 0. (10)

acT a€T BeT

D maJa =0 (11)

a€cl

Note that the constraint

actually reduces the number of independent fluxes by one.

Let’'s now turn our attention to how species react. Consider a chemical reaction Ri(k = 1,..., Ng),
ie.
Z ViAo = Z v Aa (12)
acl acl
where
M= = Vaklla With Veg =L, — v, (13)
acl

is the affinityf_r] of the reaction R}, , the entropy production due to chemical reactions is [12, 46, [22]
Nr
JR:ZAk-szo. (14)
k=1

Hence,

Rk = Lk . va()\k) with fBV(Z) = eakB_T — ei(lia)kE‘_T7 (15)

ensures ot > 0. We call fzy a Butler-Volmer-type relation with the charge transfer coefficient o and
emphasize that fzy(2z) > 0 for z > 0. Since charge is conserved in chemical reactions, we have

/\k - - Z Vo ko = — Z Va,kﬂa . (16)

a€l a€el

2.3 Electro-Neutrality and Space Charge Layers at Interfaces

Before we can write the specific equations for each domain, we need to discuss what occurs at the
interfaces. A common and very useful simplification in the coupled equation system is the (strong)

"We follow the IUPAC definition of reaction affinity here. Note, however, that among the literature also definitions with a
plus sign are found.
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electro-neutrality condition

g=) eozana =0, (17)

which holds outside of space charge layers that form at the interface between two phases (2; and (2,
where mobile charge carriers are present. The following discussion is supposed to hold for the active
phase—SEl interface as well as for the SEl-electrolyte interface.

AS)
++++ 4+ +
LA 1
+(4+++++

Figure 2: Space charge layers inside the electrode

The electro-neutrality condition can be derived through an asymptotic expansion of the balance
equations at the interface YJ;;, introducing the Debye-length as a small scale parameter. We briefly
summarize the key conclusions and refer to [47, 34, 36 (13, 114, [35] for further details on the modeling,
validation, and asymptotic derivation.

In principle, we have in all regions space charge layers, where we denote by a:zj the respective point
out of the space charge layer, e.g. in the electrolyte at the interface IE we have x?E where a charge
& is stored and a potential drop ¢|z — <p|x%E =: UE; occurs. The syntax holds true for the four

S
space charge layers we expect, i.e. the two space charge layers (SCL) at AT and the two at IE. With

the resolved double layer, we assume that electric potential at the interface is continuous, i.e. [[gp]] =0.
S

The domains €2; and €2; denote electro-neutral domains whereas Y7 denotes the interfaces between
€2; and 2; which covers the actual (singular) surface ¥;; as well as the space charge layers where
q # 0, denoted by Q" and Q5°", adjacent to the surface, i.e. X2; = ¥;; U QF" U Q. The typeface
P! accounts for the fact that the interface Y32} captures the double layer, formed by the two space
charge layers, at the interface. We denote with we xfj, k € {i, j} the respective point out of the space
charge layer and the with z;; the position of the actual surface YJ;;. If it is clear from the context, we
drop the subscript ¢ 7 for clasrity. Note that we sketch in the following the 1D-planar case, which implicitly
assumes that the curvature of the interface is small compared to the Debye length, but emphasize that

the discussion is also possible for generally curved interfaces [11].

@ \K ¥ S0|aﬂ \rjj
S
— 9
,U7|g,[j’DL \ Ao ,U7|gﬂ T[ GOZW(SDa'aﬂ - f’aﬁ)
yes nap

Figure 3: Asymptotic behaviour for \g < |z* — 29).
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We now define
k

Q’“z/m ¢" dx (18)

as the (surface) charge store in the space charger layer [xij, mfj] and
© — P|gk = U* (19)
S

as the potential drop across the space charge layer 3, both for k& = 14, j. The electro-neutrality
condition is derived by effectively decomposing the phase in the electro-neutral domain and in space
charge layers. For the electro-neutral domain, effective boundary conditions can thus be derived by
integrating the charge balance along the space charge layer, i.e.

dQ*
dt
where the term qu|m is substituted by the actual chemical reactions occuring at the surface (cf.

sections and . For the charge Q" stored in the space charge layer, a representation Q% =
Q’“(U k) can be derived which introduces the capacitive charge flow

dQ* _ sk ke AU : e prky . dQF
p; =C"U") - P with  C*(U") := i

and we refer to [36] for details. Hence, for electro-neutral domains €2* we do have in general boundary
conditions of the type

O = =0 dr, = —Jiyla + Jiylur = (20)

(21)

A dU*
qu|$k :qu|m+0k(Uk)'—. (22)
s dt
However, since capacitive effects essentially scale with the transient potential variation dTUf, we consider

throughout this work that capactive contributions are neglible [19} 35]. Note, however, that space charge
layers are nevertheless present and the charge stored in the respective layer can still be computed
from Q% = Q*(U").

It can be shown using asymptotic methods that the double layer remains in diffusional equilibrium, even
when current passes through the space charge layer, whereby

Vit + €024V =0  x € 0. (23)

This has an impact in two directions. First, it allows the determination of the function Qk(U’“) since
eq. serves to determine the mole fractions y,, in terms of v and p. Incompressibility relates n,,
to ¥, whereby the charge density ¢ can be written as ¢ = ¢(, p). This allows to solve the coupled
Poisson-Momentum equation system (@) and (7), which finally yields Q* = Q*(U*). We refer to [34]
for the detailed derivation, but emphasize here again that the mechanical pressure is a key component
in space charge layers.
Secondly, eq. 1; allows to trace back the chemical potential function i, on the surface X;; to the
S
chemical potential i, |, outside the space charge layer, i.e.
Mo = Ma’a:’“ - 6020((30 - 90|z’“) : (24)
S S

This is of special importance for surface reactions which occur actually at a surface, while we seek
expressions of the reaction rates in terms of (electro-)chemical potential functions outside of the adjacent
space charge layers, in order to be compatible with the balance equations stated in electro-neutral
domains. This is explained in more detail in section[2.7}

DOI 10.20347/WIAS.PREPRINT.3250 Berlin 2025



A model for SEI-growth 11

2.4 Electrolyte

Now that we have introduced the general modelling framework, we can focus on the specific equations
for each domain, starting with the electrolyte. The electrolyte is a mixture Zz = {Eg, E4, Ec} of solvent
Eg, anions E4 and cations E¢ with their corresponding molar densities n,, in the domain QE. We
consider the electrolyte to be an incompressible solvation mixture [10] [34], i.e. an incompressible liquid
where each ion a € I = {E4,Ec} binds k, solvent molecules. The solvation effect has various
impacts on the mixture theory, and we refer to [10, [34] for detailed discussions.

The chemical potential functions of the electrolyte species are [10}, [34]
Mo = Go + kBT In Yo + Vap o z-E ) (25)

where g, is the (constant) molar Gibbs energy, k; the Boltzmann constant, 7" the temperature, y,, the
mole fraction, satisfying

Ng Z
ya - n Y nEtot = nES + nEA + nEc) ya = 17 (26)
Eiot a€lg

and v,, being the partial molar volume.

The second term of the chemical potential corresponds to the entropy of mixing [10], while the third
term is the mechanical contribution due to the incompressibility. Note that v, captures also the solvation
effect, whereby in general vg , g, > vg.

The incompressibility entails the constraint [10]

Z Nala = 1, (27)

a€lg
whereby we can write
YN L — (28)
ZﬁeIE UsYp
as well as the electrolyte pressure pg as an independent variable.
We assume throughout this work that
m v
~=-—, ac{EEc}, (29)
MEg VEg

whereby not only mass, but also volume is conserved during solvation reactions. This simplifies the
resulting equation system a bit, but is not a neccessary constraint in general.

The molar mass of a solvated ion is m,, = M, + KaMgg, Where M., is the molar mass of the central
ion, K, the solvation number, and mg, the molar mass of the solvent. Hence
ma ma moz
= + Kq Vo =
mEs mES

Vgg + KaVgg - (30)

Mgg

If mgg > My, We can approximate v, ~ KaUeg, Which we consider for the rest of this work. Further,
we consider a monovalent salt, whereby zz, = —zg, and similar solvation numbers of cations and
anions, i.e. kg, = Kg, =: KE.

For the electrolyte phase, we have the electric potential g, the pressure pg, the cation mole fraction yg,.,
and the anion mole fraction vz, as a complete the set of independent variables, i.e. (Ve , , Ve, @k, pE)E]

For an electrolyte consisting of three species, i.e. anions, cations and solvent, we have two independent

2Note that incompressibility yields e, = 1 — ¥z, — Yee -
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fluxes (o € {Ea,Ec}),

Jo=-—Myg,Vitg, — e0zaMuye, Ve — Mo, Vi, — eozcMag. Ve, (31)
where [i,, is the effective chemical potential of the ion in its solvated state, i.e.
/:La = Mo — RaMEg (32)
and the solvent flux satisfies
m
Jog=— Y *J,. (33)
Mmgg
a€{E4.Ec}

Note that the solvent still satisfies the balance equation
8nES
ot

= — div JEs y (34)

which is exploited in section[3.4.2]

The mobilities M, 5 € R**? are connected to the constant diffusion coefficients D,, ., and the friction
Fg 5. = Fr p, via

MEA,E kE,j;, DEA,EA7 MEC,EC - kEIC_" DEC,EC ) MEA,EC - nEECkE% -F‘EA7 (35)

Note that for the simpler Nernst—Planck flux approach |15} 57] the friction coefficients F'4 ¢ vanish,
yielding

Ja aakTvﬂ'aa « A, LC (36)

with a constant diffusion coefficients D, o

We consider for the electrolyte the strong electro-neutrality condition
ZE
e = Zeozana =0 < Yee = ——Yea = Yg (37)

Ec

which holds outside of potential space charge layers at electrode-electrolyte interfaces. More details on
the electro-neutrality condition and the space charge layers forming at the respective interfaces are

given in section

The electro-neutrality (yg, = yg,,) implies Vg, = V/[ig, and we can compute
2yg

(1 —2yz) ’

and call I'g thermodynamic factor [37, [28]. Hence we can write the cation flux Jg, and the electrolytic

charge flux Jg, as

1
Vg, = kT %FE -Vyg with I'g =14 kg, (38)

Jg, = — (DCC + FC,A)nEmFEVyEc )

(39a)
k T nEtmyEc(DCC - FC A)VSOE 3
JEq = —eo(Doc — Daa)ne, JeVie.

e (39b)

T uT —ngoYee (Doe + Daa — 2Fac) Vs .

An equivalent but more commonly used set of transport parameters is
2
e

AE = 0 (DA,A + DQC — QFA,C) s (408.)

kT
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D¢ — F
te,, = c,c C,A ’ (40b)
Dcc+Dya—2Fsc
2(DyaDcc — F?
DE _ ( AAVC.C AC) 7 (40C)
Dcc+ Daa—2Fsc
St = eo(Dcc — Daa), (40d)
which satisfy the constraint
ks T Sk
2p, — 1) = — . 41
eo ( Ec ) AE ( )
The fluxes from eq. can then be written as
S 1
Jg, = — (DE + te, e_E)nEmFEVyEC - nEtmyEe_tEcAEVQOE ) (42a)
0 0
1
= — DEnEthEvyEc + e_tECJEq s (42b)
0
JEq = - SE : nEtotFEvyEc - TLEmtyEAEVCPE : (42c)
The balance equations for the ion concentration and electric potential in the electrolyte are
on
850 = — div Jg, x € OF, (43a)
0= — div Jg, x € QOF. (43b)

2.5 Active Material Phase

The active material consists of a lattice species Ay, electrons A, and the intercalated lithium A¢,
forming the index set Zy, = {Ays, Ac, Ac'}. The chemical potential of the lithium in the active phase is

luAc = gAc + kBT fA(yAc) 9 (443.)
Yy
Ja(yae) =In (1:—;0) + Yo 2ya, — 1) . (44Db)

We assume that changes in lithium and electron concentration do not result in volume changes, i.e.
Upe = Vs, = 0. Incompressibility (3°, .7, Valta = 1) then results in n,,, = nf, = const. Since we
again assume electro-neutrality, ny, = n,,, (the lattice ions have z,,, = +1). Analogously to the
electrolyte, electro-neutrality leads to p, = const. The remaining variables are then (nAC, ©n)- The
mole fraction of the intercalated lithium is

Yo = 2 (45)

T

where n,,, is the number of available lattice sites, n,,, = wana,,, i.e. the active material can store up to
wy mole lithium for each mole of active material. As there is only one variable mole fraction remaining,
we will set yu = Ya,-

Since the lithium in the active phase is uncharged, the lithium flux only contains a chemical potential
gradient term,

JAC = _MAV,U/AC . (46)
The mobility as expressed using a diffusion coefficient is given by
Uy
M,=—5D,. 47
AT D (47)
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Inserting this into the flux, together with the chemical potential, results in

d
iy = _nAlauDAyAd_fAVyA' (48)
Ya

The term ij—ﬁ is called thermodynamic factor 'y (v, ). As both a completely filled lattice as well as an
empty lattice hinder lithium migration, the diffusion coefficient depends on the concentration y 4,

Dy = Dyya(1 —ya). (49)

We assume the active phase to be a conductor, and therefore y,, = const., resulting in the electron
flux

JAe = —eoZAeMAEVQOA . (50)
The charge flux is
JAq = eozn Ja, ; (51)
and the electron conductivity is related to the mobility by
oy =esM,, . (52)
The lithium flux and the charge flux can then be written as
Jae = —Diya(l = ya)nag Ta(Ya) Vi, (53a)
JAq == —O'AVQDA . (53b)
The resulting balance equation for the lithium concentration and electric potential are
on
agc = — div J,, x e O, (54a)
0= — div Jy, x € OF. (54b)

2.6 Mixed lon-Electron Conductor

The SEl is modelled as a mixed ion-electron conductor, consisting of lattice species I, intercalated
lithium ions I and electrons I., forming the index set Z; = {Ip, I¢, I.}. The lattice forming species
I are considered to be immobile, while the electrons and the ions are mobile.

We consider the SEI domain also to be electro-neutral and account for potential space charge layers
in the boundary conditions, cf. section The set of independent variables is thus (y1,,, 1) since
electro-neutrality requires y1, = Y1, =: yr and p; = const. As an exampl we consider the following
chemical potential functions,

In e

Hio = g1c + ke T fIc (ylc> with fIc (ylc) =Mm—, (55a)
1 + yIc’

pr, = g1, + kT fr.(y1.) with f1,(yr,) = In e ; (55b)
1+ yr,

MIB = gIB ) (550)

where we consider for electrons and ions a (respective) lattice mixing entropy, which, however, do not
entropically interacf’]

SWe emphasize here that different chemical potential functions can of course be used, for instance other entropy of
mixing contributions or enthalpic contributions between ions and electrons. However, discussing various chemical potential
functions is not the main scope of this work.

4 . P : — Y1e — Yic
An alternative for entropic interaction would be f;, = In Tror, Toig and f1, = In o, Tors
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As with the active material, we assume an effective molar volume of zero for the intercalated lithium
and for the electrons, i.e. v;, = vy, = 0. This assumption leads, together with incompressibility
(ZQGII VaNg = 1), tonr, = n(I)B = const.

The mole fraction of the intercalated lithium is

n
Yo = —< (56)
nIIat

with nr, = wWinig.

The fluxes of electrons and ions follow the general expression of non-equilibrium thermodynamics (cf.
eq. (9)) and depend on the chemical and the electrostatic potential gradients:

JIc = _MIc,IcvMIC - GOMICJCVQDI - MICJev:uIe + eOMIc,IeVQDI ) (57a)
JIe = _MIeylev/’LIe + eOMIe,IevSOI - MI&yICv/’LIC - eOMIE’ICVQ)DI . (57b)
We express again the mobilities in terms of diffusion coefficients an friction terms
ni ni, Y1 Y1
MIc,I k 76‘; DICHIC ? MI&yle = k T DIe,Lz and MICUIE = nIIal kBTC FIC7IE . (58)
We introduce again the thermodynamic factor I',, (o« = I, 1), which is
d
romyy Mo gy Yo (59)
dya 1 - Yo
We consider the diffusion coefficients D, ,, (o« = I., I) analogously to the active phase to be
Da,a = (1 - yoa)Dg as (60)

where the (1 — y,) term accounts for blocking effects. Note that

N1y Y1Y1
kBT 1 - Y1 o le>

nI\al

kT

MOc,OéFI = and MIc,Ie]-—‘I = (61)

so the fluxes simplify to

JIc = _nIIal(DO + it FICV )vyl

Ic,Ic 1—

nImyI((l CUI)DIC Ic — IFIC, )VSOI,
(62a)

T N Yt ((1 - ?JI)DO —yiF1.1 )Vgpl

(62b)

kT

Y1y1

JIe = _nIIat<D?e7Ie + 1

-l;l:[c7 )VyI k T

Similarly to the electrolyte, eq. (40), an equivalent set of transport parameters can be considered, i.e.
2

(&
AI k ;’1 (DICHIC + DIe Ie 2FIC,I€) Y (63a)
D — F
tr, = e (63b)
D: 1.+ Dz, 1, —2F7 1,
2
DI _ 2(DIe7IeDIC,IC - FIc,Ie) ’ (630)
D11 + Dr 1, — 2F1 1,
St = eo(Dro 1o — Dr1.), (63)
which satisfy the constraint
kT St
2t — 1) = —. 64
60 ( IC ) AI ( )
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The cation and the charge flux in the SEI can then be written as

S 1
Ji, = — (D1 + t1, e—I)anFEvyl - nI|agyI6_tICAIV<PI ) (65a)
0 0
1
= — DInIImFIVyIC + e_tICJIq s (65b)
0
Ji, == 81 ng I'1Vyr — g, y1ALVr, (65¢)
which serve the balance equations for the ion concentration and and charge density
on
820 = — div Jy, x €O, (66a)
0=—div Jy, x €O, (66b)
in order to determine (y1, ¢1)-

2.7 SEI-Electrolyte Interface

Two reactions occur at the interface > 1z: the SEI formation reaction and the intercalation reaction. For
the SEI formation, we assume that a cation and a solvent molecule out of the electrolyte react with an
electron coming from the SEI to form a new, electro-neutral species B,

CHE e "+ SIF = B + re S|* (67)
In accordance with the entropy principle (cf. section [2.2), the reaction rate of this formation reaction is
R?E = LfIOEfBV(AfIOE) ) (68)

where LY is the reaction rate coefficient, \%; is the surface affinity
)‘fIOE = _(:UIB — HEc — M1, + REcMEg — MEs) ) (69)

S S S S S
and fy is a Butler-Volmer-type relation (cf. eq. (15))

foul2) = omT) _ g~ (1-25r) (70)

with the charge transfer coefficient «, satisfying fay(2)|.~0 > 0. Pulling back the surface chemical
potentials towards points outside of the respective space charge layers (cf. section[2.3),

E E
falte = fa|pp + €0%alpe|y — ¢ly) . @ € Ig, (71a)
Malte = oy + €0zalr]  —0ly) . a €T, (71b)
yields thus for the formation reaction affinity
)\fo €o
k;BIZE = —Agf — kB_T(gpI‘IE — g ) + feo (| ) +In(1—2us| ) + fr.(u1]),  (72)

with
fo .__ 1
/L SgIE — _k T (gIB + I{ECgES - gEC - gIe - gES) ° (73)

The intercalation reaction into the SEl is

CH" = CF|" + meo S|, (74)
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with a reaction rate

RiInE = L?EfBV()‘?E) ) (75)
where LY is again the reaction rate cofficient, and the surface affinity for the intercalation reaction
Afg = = (fire + Keches — [ixc) | (76)
or equivalently
XIFE in €o
k’B_T = _AgIE - k:B_T(SDI‘IE - SOE‘IE) + fEC (yE‘IE) - fIC (yIC |IE) Y (77a)
with
in 1
AgIE = _(gIc + K’EcgES - gEc) ) (77b)
kT
fee (ye) = In(ye) — K In(1 — 2yg) . (77¢)

This yields the species reaction rates on the surface g,

(RECRiInE + (K/EC - 1)RfIOE a = Eg
— R — R?E a =Ec,
0 o = EA )
Ta = fo (78)
s +RIE o = IB7
+ Ry, a=1Ig,
| — RS a=1I,.
Mass conservation on the interface Y1 gives [12]
—(Jatna(v—w)) - n=r, a €1y, (79)
S
(Jo+na(v—w)) n=r, a € Iy, (80)
S

where J, is the diffusive flux, n is the normal vector pointing from Q! to QF, v is the barycentric
velocity, w is the moving interface velocity of X1, and r,, is the molar surface production rate of the
S

species a.
The interface condition for the species I g,
—(J +n1,(v —w)) -n = R, (81)
together with the definition of the diffusive flux J, = n,(v, — v), leads to
~(Viy — W) n =0, R (82)

We consider the species I to be immobile, i.e. vi, = 0. The normal velocity of the interface is
therefore determined by the formation reaction rate R, weighted by the molar volume vz, of the
species 1p,

w-n=uv;,RY. (83)

Note, since we have R > 0 for A, > 0, we find that w - n > 0, i.e. the SEl interface is moving into
the electrolyte.

Summing the interface condition over all species on the electrolyte side of the interface and multiplying
by their respective molar masses gives

Z Ma(Jo + NV —naw) - n = Z Mol (84)

a€lg aElg
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Utilizing the fact that diffusional flows have no global momentum (3 mqJ, = 0) and that the

solvation reaction is volume conserving (;’E—a = g—;) we find thats the left-hand side reduces to
S S
Mg
. J Z Va(MaV —naWw) -n = Z Malo - (85)
Es a€lg Ik

Inserting the species reaction rates and the incompressibility of the electrolyte (> vona = 1) then
results in

m , m
(v—w) n=——Sp R% — vg (1 + —<)RY,. (86)
Mgg Mgg

For the SEI side of the interface, a similar argument leads to
—p (v = W) - n = (Mg, + meg ) Rig + e R (87)

where pf = ZaeII MaNe- Since the reaction rates are independent of the molar masses and molar
volumes, the combination of eq. and eq. results in the conditions

7 MEC Mec

mEs mES

For the approximations % ~ 0 and :Z—EIS ~ 0, i.e. ions and electrons are much lighter than solvent,
this means
Pt~ mEsngS S N1y N Ngg & Vip N Ugg - (89)
Inserting the expression for w back into eq. leads to
von=—"ECu R". (90)
MEg

Since to molar mass of lithium (6.94 g mol™") is much smaller than that of the solvent (e.g. DMC has a
molar mass of 90.08 g mol_l), the normal velocity is

v-n=0 (91)

for a moderate reaction rate R‘I”E. Together with div v = 0, the barycentric velocity becomes v = 0
in the electrolyte. This reduces the interface conditions egs. and on Y1g to

—Jin= LTEfBV()\?E) - UEsnIchIOEfBV(XIOE) ; (92a)
—J1, -n = L3 fav(AFe) — vegnr, LT fav(ATe) » (92b)
Jgo - = — L fav(Mg) — (1 — vegnec ) L1 fav(ATe) (92¢)
JEA N = nEAUESL]CIOEfB\I()\?E) y (92d)
and the charge fluxes are
Je, 0= eJe, - — eoJg, -1 = —eo(Lig fov (M) + Lig fav(ATe)) (93a)
—Ji, n=—ey(Jr,-n—Jg, - n) = eo(Lip fov(ATg) + L fav(Afe)) - (93b)
2.8 Active Material-SEl Interface
At the interface between the active material and the SEI, 2,1, only the intercalation reaction
C+}I+e_‘A¢C‘A (94)
occurs, with a reaction rate ‘ .
RI:I = LI:IfBV()‘IEI) ) (95)
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where L is the reaction rate coefficient and the surface affinity is
)‘i:I = _(/’LAC — H1c — :uef) : (96)
S S S

Equivalently to the SEl-electrolyte interface, pulling back the surface chemical potentials to positions
outside of the respective space charge layers yields

I I
/’LOL :/’LO&‘AI—i_eOZQ((leAI_(p‘AI) &61.17 (97)
A A
Ha :”Q‘AI+GOZQ(¢A|AI _w‘AI) a €L, (98)
whereby the surface affinity of the intercalation reaction satisfies
/\in o €o
kaAYE = _AgAI - k‘B_T<g0A‘AI - ¢I|AI) - fA(yA’AI) + fIC (yIC|AI) : (99)
with
in . 1
Agyy = T (9ac = 910 — 9a.) - (100)

For the electrons, an additional constraint arises, essentially stating the continuity of the (electro-
)chemical potential at the active material-SEI interface, since the SEI is a mixed ion-electron conductor.
This reads as

A A A 1 I I
Faelpr — 6O(SOA}AI - gD‘AI) = Hae = Prefyr — 60(901|AI - (’OlAI) ’ (101)

where (1, is essentially the constant work function of the electrode surface [34]. From the continuity
S
condition, eq. (101), we obtain

eo(palir — ¢1la1) = 9a. — g1, — kT fr. (yz ) - (102)

The species reaction rates are
RiEI o = AC N
ra =4 —RY a=A,, (103)
S

—RiEI o = IC s
resulting in the following equations for the fluxes across >:,1,

—Jpon= RYy= Ly fav(A), (104a)
Ji.-n=—Ry; = —Lj; fav(Af) (104b)
(Jr, = Jn,) n=—Ry = — Ly fev(\i1) s (104c)

where n is the outward normal vector to Q*, pointing into 2E. The charge flux across the interface is
then
(JIq—JAq)'n:€0JIC'n—€0(JIe—JAe)'nzo. (105)

2.9 Cell Voltage and Counter Electrode

We consider a (working electrode)|SEl|electrolyte|(counter electrode) setup, where the counter electrode

is considered to be a metallic lithium foil. At the surface >y of the lithium foil, we have a metallic
dissolution reaction

M E E

Mcl +K'ECES‘ \:‘Ec‘ , (106)
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with a reaction rate R%), and a surface affinity
Aew = — (e [gw + €oelan — fnclew — €oPuln — Feohbeslen) - (107a)
i €o
= —k, T (AggM + fE(yEc|EM) + k_T(QOEEM - 90M|PE4M)) . (107b)
B

We will assume throughout this work, that the lithium foil is so large compared to the active electrode,
that we can assume reaction equilibrium, i.e.

i o i
My =0 k,B—T(SOE\gM — ulgn) = —Aggy — fe(Yee|em) - (108)

Further, the electronic conductivity is considered to be very high, entailing Vy = 0 in the counter
electrode 2y and thus gpM(x, t) = const. = @y. Note that the whole mathematical problem is
determined up to a constant shift in ¢ whereby we may set " = 0 and obtain the boundary condition

e . _
T ; Vel = —Agoy — fe(Yee|m), and Jg -n=1. (109)
B

The cell voltage is related to the electrochemical potential of the electrons in the different phases, which
yields

E = o5, —eo(ga. — 9n.) (110)

since jiy, = gu, and fip, |sp, = Ja.-

At the current collector—active phase interface >p,, the electronic current I is entering the working
electrode, which yields the boundary conditions

! ' (111a)
— = Z, a
|na

Jyp-n=0. (111b)

—eoJAe -1

2.10 Initial Conditions

We assume that the system is initially in equilibrium, so we impose the initial conditions

nx,t=0)=y, x€e, (112a)
yi(x,t=0)=y] x€Q, (112b)
ye(x,t = 0) :yg X € Qg. (112c)

Mathematically, these conditions are sufficient to close the system. However, it is also useful to consider
what the initial states of the potentials ¢; for (j = A, I, E, M) will be, which is useful for understanding
the system’s behaviour and defining accurate initial guesses for the numerical solver. We impose

pi(xt=0)=¢), xeQUAQUQ. (113)

Without any current flowing in the initial state, we can deduce the initial conditions for ¢; from the
reaction equilibrium, i.e.
€0

in ! in
in ! in €
Ne=0 & SAGL frolur) — i) = koD, (1140)
! i €
A =0 & ~Aggu — felvee) = 7 OT (02 — om) - (114c)
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Hence, the initial values for ¢; are determined as

eT o =0, (115a)
e =~ (Dot fe(uh.) (115b)
et =~ (Adk + Aghot fi7,)) (1150
LA =~ (Df + g+ Agd+ fu(43,)) (150
We now introduce the variable transformations (; = A, I, E. M)
b= (e =4, (116)
which yields the convenienf’] expressions
]il—f; = —(f1lyrelie) — frwi) + (felyee|Te) — fe(ve,.)) — @1lie + Pelte (117a)
,j‘;-, = —(falunclar) — falvae) + (fro(Wrclar) = fio(Uie)) — @alas + @rlar,  (117b)
and
2B = A+ (alumolfe) — Jel1B.) + (nloesffe) — InG,))
+ (fr. (yrle) — fr(¥2,)) — @rlTe + PelTe (117c)
where
Ag° = ,:OT (Agfz — Agry) — In(yg,) , (118a)
Yes =1 — 2y, (118b)

In order to achieve initial SEI growth, Ag'° < 0 is required.

Note further that the continuity condition for the electrons, eq. (101) also holds for the initial values, i.e.

(D) = o — ) — o). (119
In addition, we have
,;; (0 — &%) = =Agit + f10(W2,) = falwi.) (120)
and therefore
k,BLT(gAC — g1e — 91.) + falyi,) = fr. (WD) + fro(v1,) - (121)

This constraint allows the consistent determination of the initial values 2. Further, it allows us to rewrite
the continuity of the electron electro-chemical potential, eq. (101), as

(@alar — P1lar) = —(fr.(ylar) — fr.(v1)) - (122)

Note further that the constraint A%, = 0 yields the boundary condition

Gelmy = —(fe(yelm) — fe(vg)) - (128)

SThe affinities are expressed in terms of the initial conditions, yielding directly Af, = 0 and A} = 0 for the initial state.
This is also an important aspect for numerical implementations.
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The cell voltage can be finally be written as
kT

€0

E==""(f"sn — fulyy,)) + E° with E°:=eo(gu, + . — gac) - (124)

3 One-Dimensional Equation System

We consider now a 1D approximation of the problem. The structure of this section is the following. After
stating the 1D version of the governing equations, we introduce proper non-dimensionalizations of the
overall problem and introduce the C-Rate ('}, as a central scaling factor. We show how open-circuit
voltage (OCV) conditions can be achieved for (', — 0 and derive a coupled ODE system to determine
the evolution of (Y, Y1, Ye, {1) under OCV conditions, which is particularly relevant for battery calendar

aging.

3.1 Balance Equations

We now write the governing equations and boundary conditions in each domain in a compact way,
exploiting that notation can be simplified when considering a 1D planar geometry. We consider the
variable transformations ¢; = ,é—%((pE — cpg),j = A, I, E in the following. For the electrolyte domain
Qg, with interfaces Y1g and Xgy, We need to solve the balance equations (cf. egs. and ) for the
variables (Y, $k),

ayg @JE
R2Y¥E _ _CJEc 125
0= 0%, (125b)
0z
The corresponding fluxes are
S 0 kT op
JEC = _(DE‘. + tEce—j)nEmFE% — nEtotyEWtEc E agDE , (1250)
3yE ]CBT
= DEnEtotFE ax @tgc JEq y (125d)
0 kT Op
JE = _SE . nEmFEﬂ — nEwtyEAE—ﬁ s (1256)
? ox eo Ox
with
Mgy, = Ty, (Ye) 10 Ny (Ye) 1= ! (125f)
Etot Eot \JE/'Eg » Eiot \JE 1— 2("€E _ 1)yE )
anE ~ ~ 2yE(IiE — ].)
b OB _ 0 3 —1 . 125
E ayE nES E, E(yE> + (1 . 2</§E _ 1)yE)2 ( g)

Note that both flux representations of .Jg, are useful, either for theoretical or numerical aspects.

For the SEI domain €21, with interfaces >,; and X1z, we need to solve the balance equations (cf.

egs. (65) and (66)) for the variables (yr, ¢1, 21 (1)),

8y1 (9]10
I = 12
N1, En oz (126a)
= — z 126b
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as well as the ODE

dzr(t
5t< ) = g L7g - fav(Aze) (126¢)
for the moving SEl interface. The corresponding fluxes are
St Oyr kT dp1
Ji.=—(Di+t;,.—)ng I'g— —n —t —_—, 126d
Ic ( I + Ic €0> Eit!l E ax Imyl (60)2 Ic4AE ax ( )
Gyl 1
=—0D I'i— 4+ —t: J1, 126e
Ml D7 + o 11, ( )
B, kT = OF
Ji, =— 51+ ”ImFIﬂ - nImyI_AI_I (126f)
ox €o ox

In the active active phase (2, with interfaces Yp, and >,1, we need to solve the balance equations (cf.
and (54)) for the variables (yy, @),

8yA &]AC
Ny, — = ————, 127a
AIat at al’ ( )
0Jy
0=——-"2. 127b
o7 (127b)
The corresponding fluxes are
dy
Jre = = DYyun(1 = ya) - N FA(:‘/AZ —xA ; (127¢)
— D ()
kT Op
Ja, = —oy 2 EE (127d)
ep Ox
3.2 Boundary Conditions
At the electrolyte—SEl interface x1(t), we have
—Jie = +Ri1nE = LiInE : fBV()‘iInE) - nIC’UESLfIOE : fBVO‘f:?E) on Z%E? (128a)
—Ji, = eoLtg - fov(Afe) + oL - fov(ATe) on ¥, (128Db)
Jee = —Lig - fov(Ag) — LroE : fBV()‘fIOE) + nEcUEsL?E : fBV()‘fIFE) on Z?E‘.’ (128c)
JE, = +eolLtg - fev(ME) + eOLf:?E : fBV()‘fIOE) on 2§E7 (128d)
and at the active phase—SEl Interface x,
—Jae = Ri;::[ = LiEI : fBV(/\i:I) on 221 ) (129a)
Jro = =Ry = = L1 - fau(Ajy) on ¥, (129b)
(J1, = Ja,) =0 onX,;, (129¢)
with fgy according to eq. and the surface affinities (A, A%, \j;) according to eq. (117).
At the current collector—active phase interface xy, we have
JAq =1 and JAC :O, (130)
and at the electrolyte—counter electrode xy interface
¢ = —(fe(yelew) — fe(g)) and  Jg lop =1 (131)
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Note that .Jg, |, = i also implies

o i(eo)’l and Jeglus = —m’(eo)’l : (132)

3.3 Non-dimensionalization

We non-dimensionalize the whole system of equations with respect to the following scalings:

r—x 5 b (t
L= |zy — o], fiz%’ b= Ié)’
. nA|at . nI\at . ngs
Tt ‘= n_’ e ‘= o Tea -= E’
Tiat Es 'St (133)
Qg = eonA\awCa 1= io . Ch : 2(7—> ’ ?:0 = T}‘Q] ’
t ~ kBT 0
T = Chm, pj = 6—0(% #5)
where C}, is called the C-rate. We then define the dimensionless parameters
N Se Ao . LD ko
Dy = [EQ] (Dg + g, O)nEmFE7 Dy := [EQ] Ew‘(yE)yE( 0)? 3lec e,
N - _ kT
Sg 1= [L—Q]B_OSE : nEtolFEJ O *= ‘[CQ]nEtmyEAE( 0)2 )
(] S [h] KT
DZIJ = E(DI—'—tICG_;)FI, DSI& = EZyI( ) tICAI’
~ [h] 1 - [h] kT
SI — EG_OSI . FI) o1 = EyI@AI7 (134)
(A - [MkT
Dy = ED(A)ZJA(l —y)lavn),  0a:= e2L%ny,, o
o 0], o . 1A po
LIE = /;TI@LIE, LfIE = Lngs LfIE,
Fin h in
LAI B Eglilal M

3.3.1 Balance equations

We can now write the governing equations in section|3.1]in dimensionless form. The electrolyte with
the variables (yg, @) is governed by

= Oye ajEC . = [h] 1 ayE aQDE
e _ _ th - _——D———D 135
ooy = oe MM e = pu e = o P o0 1%
3JE . ~ [h] 1 - ayE 1 - 3([7].;
_ 9 ih - g - 5% 597 (43sp
0 8§ wi JEq eoﬁngSCh JEq OhSE 85 ChUE 35 ( 3 )
The SEI with the variables (yr, @1, 1) is governed by
Oyr  OJr, _ . [h] 1 =0y 1 ~,0¢r
9 _ e h - - pyt - pedr 136
9y af wit JIC Enllalc’h JIC Ch T 85 Ch I 85 s (136a)
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ajl ¥ [h] ]. 83/1 1 - 3@1
= ith  J;, = ————Jp, = ——S1—= — —G7—— 136b
0 o€ wi I, conz.Ch I, Cn 1 D¢ A 01 o€’ ( )
(136¢)
and
dlr(t 1 -
gi ) O_thIOE fov(\Ee) - (136d)
The active phase with the variables (y,, @4 ) is governed by
OYa ajAc . = [h] 1 ~ Oy
—— == h Jag = i Jae = =~ Dy—r 137
o D¢ it e T T On e T T o M oe (1372)
Oy ; ] e
0=— ¢ ith Jy = Jy = ——0p——. 137b
o¢ " P o B SR T: (1376)

3.3.2 Boundary conditions

The dimensionless version of the boundary condition at the SEl-electrolyte interface reads

Jee =~ (; Ltz foe(Afe) = é L for(\e) + yEﬁEmCiE?E fou(Mz) on X, (1383)
h h
Jg, = +77IE01 L - far(Nfg) + éhiroE - fov(AZe) on i, (138b)
and those at the active phase—SElI Interface are
—Jhe = C’ihziAnI - fav(AL) on Y4, (139a)
(eatz, — Ja,) =0 on3,;, (139b)

with fgy according to eq. and the surface affinities (A\J;;, A%, A} ) according to the dimensionless
versions of eq. (117), omitted here for compactness.

At the current collector—active phase interface, we have

Jr, = 1(7), (140a)
Ji. =0, (140b)
and at the electrolyte—counter electrode interface
Pelew = — (fa(yele) — felz)) (1412)
Tz, |ow = (ea) ~1i(7T) . (141b)

Note that eq. (141a) reflects that the counter electrode—electrolyte interface is to be in equilibrium, since
k 4 kel
Prley = BT 2L (Agm + fe(yg))-

€0

3.4 Derivation of the ODE System

In this section we aim to determine balance equations for (Y1, ya, Y& )-
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3.4.1 Charge Balance

For the electro-neutral electrolyte, we have

Je,|as = Iz, |55 - (142)

Note that
JEq’?E = eULiInE : fBV(XInE) + 6OLfIOE : fBV(AfIOE) ) (143a)
e, les = i(1) (143b)

where the second equation ensures electro-neutrality of the external circuit. Hence we obtain
i(t) = eOLiInE : fBV(A?E) + eOLfIOE ) fBV(XIOE) ) (144)
which we can further exploit.

In order to determine yz, consider

1 .’Zl(t) d
Ur 1= 145
Y1 Zl(t) /a:A Y1 do, (145)

from which we can deduce
dg 1 ) : i o )
i reale (D (L - fovNfe) — nroves L5 - fovABe) — Ly - fav(Njy)) - (146)

Further, in order to determine y,, consider

Y 1= %/: Yn. dx, (147)
which, using
”Amﬁt% = _axJAc ) (148a)
and
_JAclﬁI = Ri:l = LTI ) fBV(XEI) ) (148b)
Inglzo =0, (148c)
yields the relation
% = ﬁﬂﬁ - fov(Ain) - (149)
Substituting L, - fay(AIn) in eq. by eq. yields
We Ml G L (fe (V) — mave, L fw(AS), (150

dt ngli(t) dt ng,l(?)
and substituting further LY. - fay(\F;) via eq. (144), we obtain the evolution equation
ng Ty, 1£ dgA 1 (Z(t)
a = —~ — (14 ng, vg, )L - Af°>. 151
dt ’rLIlatEI(t) dt nIIatfl (t) €o ( fe ES) IE fBV( IE) ( )
Equation essentially relates the amount of intercalated lithium to the current i(¢) and the formation
reaction L' - fay(A\%). Note that if no formation reaction were present, eq. (151) would simplify to

dy

0 9Ya .

— =1(t), 152
simply stating that the mole fraction of intercalated lithium (or the state of charge) y, is directly
determined by the current i(t). However, when a formation reaction is present, the current does not
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only change the state of charge, but it also contributes to the formation reaction.

Note that the formation reaction affinity A%, cf. eq. (117c), depends on the solvent concentration ye,. |5z,
since solvent is consumed due to the formation reaction. Hence, we also have to take the solvent
concentration variation into account, which we discuss in the next section.

3.4.2 Solvent Balance

Previously we used incompressibility so we did not have to solve the balance equation for the solvent
species in the electrolyte domain [z1(t), zg|. However, it is now convenient to use solvent balance
explicitly, which reads

on
a;s = —0,J5s (153a)
together with the boundary conditions
(Jes = M2gt)]ar(e) = FecRye + (ke — 1) Ry, (153b)
_jES‘mE = —fﬁEci/eoy (153c)
and
dag(t
w = dIt( ) = UESLfIOE . va(A;OE> . (153d)
We denote with (g(t) = xx — 21(t) which yields (cf. appendix[B)
dn 1 in . _
dfs — m(/@ECRIE + (ke — V)RS — Kepi/eq — nESw) ) (154)
Note that we can rewrite ((t) = (2 — (£1(t) — £2). Further, for the cations we have
on
T = e (1552)
together with the boundary conditions
(oo = MEcW)lary = —Rig — Rig, (155b)
jEc‘.’EE = +i/€0 3 (155C)
which yields
d/ﬁ'E 1 . in _
dtc - X0 (z/eo — R — R — nECw) . (156)
Hence we obtain the balance equation for n = ZB ng
dﬁ 1 . in fo in fo =
i m( — (ke — 1)i/eo + ke Rig + (ke — 1)RYy — Rip — Ryg — nw) , (157)
and thus for yg the balance equation (again, cf. appendix
dgES . 1 1 . Rin fo fo
df ’ﬁ,_€E<_<HEC - yES(HEC - )) ’ (2/60 - IE) + ((’%Ec - 1)(1 - yEs)RIE + yEsRIE) :
(158)
Next, we substitute R, (cf. eq. (144)), i.e.
Ryp = g i(t) — R, (159)
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whereby we obtain
d_ 1
EZJES = _T_L_f].;
As expected, we find that the mole fraction of solvent species decreases by the formation reaction
(R > 0).

The derived relations of the last sections hold true in general and we have not yet made any further
assumptions. However, we will systematically apply some equilibrium conditions in order to simplify the
resulting equation system.

(1 —yeg) R (160)

3.4.3 OCV Conditions

Now we focus on the particular case of OCV-conditions, in which actually C;, — 0, which implies for
the transport parameters

(ﬁéj&")—mo
(Ocya, Oc ) —— 0, (161a)
(DY, DE 5e.5%)
-~ C
(Ocye, OcPe) - 0, (161b)
(DY,D¥ ,51,61)
N O
(Oeyr, Ocpr) : > 0, (161c)
and for the reaction parameters
) Z—%%oo ) %—mo
An 0, A 0. (162)
IE AI

The conditions from eq. (161) yield ¥y, = y,,yr = ye and Y1 = yz, respectively, as well as
yA’ﬁI = Y yEs|§E = YEs and yIH\I = yIHE = Y1, (163)
and constant values (w.r.t. the space variable x) for p,, @g and es.

The condition for A} in eq. (162) can be exploited to substitute — 1 |1z + @g|5: in A% from eq. (1174),
i.e.

0=—(fryrelte) — frlvie)) + (fe(yeclte) — fe(ve.)) — Prle + Pelie (164)

yielding the representation

)\fo
kIZE = —Ag° + (In(yes) — In(yg,)) + (fr.(r) — fr. (1) + (fre(v1) — f1c(v1)) . (165)
The condition for AI'. in eq. yields the constraint
0= —(fa(ya) = ful¥a.)) + (fro (1) = Fro(¥1.)) — Palar + Prlas - (166)
The continuity of the (electro-)chemical potential at the electrode—SEl interface, eq. (122), states that
(Palar = @1lin) = —(fr. (velin) = fr. (WD), (167)
whereby eq. yields the constraint
fro () = fro(We) + fr.(yr) — er(yge) = falyn) — fa(v)) - (168)

This condition allows us to write

Yr = U1(va) - (169)
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via the implicit function theorem, i.e. as a solution of

9y, ) = fro (Y1) — fro (W) + fr.(yr) — er(?/?e) = falva) — fa(vd) = 0, (170)
and allows us further to substitute (fz, (y1) — f1. (¥2)) + (f1c (Y1) — f1c (y1,.)) in A, yielding
)\fo
= —Ag° + (In(yes) — In(ye,)) + falun) = falui) - (171)

The actual values of the potential in the respective phases can be determined from egs. (117a), (117b)
and (141a) as

e = —(felye) — fe(vp)), (172a)
pr = —(f1(01c () — fr(¥1,)), (172b)
Oa = —(falva) — fA(yfc)) ; (172c)

where the open-circuit voltage (OCV) is determined from eq. (124) as
kT

€o

EOCV -

falya) + E°. (173)

Note that A (cf. eq. (171)) is dependent on the OCV. Overall, to determine the variables (Y, Y, {1),
we have the following coupled system of equations:

d dy na L\ — 1 2(t . .
o - ( o ! ' <Q - (1 + nlchs)LfIE ) fBVO‘fIE)) ) (174a)

dt dys  ngli(t)” ngli(t) \ e
dyeg 1 f f
=— 1—yg )L - fau(NO 174b
1 ﬁ(ﬁg — (ﬁI(t) — 6(1)))< yEs) 1E fBV( IE)) ) ( )
d/;(t
5; ) = g LT; - fov(ATe) , (174c)
)\fO
= ~A9° + (In(yss) —In(ye,)) + falvn) = Jalvh) (174d)
In non-dimensional form, the ODE system reads
dya 1 = L = f
= = - — — L% . Py 17
adr 1+ gl(t)nﬁlj—iﬁ (Z(T) (77EA + UIAyI(T))Ch 1E fBV( IE)) ) (175a)
dyES 1 1 =4 f
= — _ 1 — yeo (7)) =L fay(\2) 175b
dr i (68 ~ KI(T))( yEs( ))Ch IE.fBV( IE) ( )
Alr(t) 1 = )
dIT( ) C—hLEE - fov(NRe) (175¢)
/\fo
= —A9° + (In(yss) — n(ye,)) + falyn) — falvh) (1750)

3.4.4 Representation of the Reaction Rate

Non-equilibrium thermodynamics initially treats each chemical reaction as reversible, which is also
reflected in the notation A + B = C and the formulation of the reaction rate

z

R=1L- fw(}) with far(z) = BT — ¢ "ET (176)
and A= —(pc — pa — iB), (177)
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which yields & > 0 for A > 0 and R < 0 for A < 0. However, if presumably (or approximately) only
one direction occurs, e.g. A+ B — C, we can rewrite [? in order to obtain some necessary restrictions
on the reaction parameters.

In principle, each reaction has two independent parameters, (i) the Ag of the reaction, i.e.
Ag=gc—9ga— 9B (178)

which covers the constant parts of the chemical potentials 1, = g + ks1' In y,, and (i) the constant
Onsager coefficient L. We decompose the reaction affinity

A= —Ag+\, (179)

where \ has then no constant terms. This can be exploited to rewrite R = L - fgy(\) as
R—L.e Qg% _ . e+(1fa)(Ag75\)’ (180)
= K. — [t g=(1ma)} (181)

where K° = L - e=*29) and K = [ . e(1=®)(29) can be considered as equivalent independent
parameters to Ag and L. However, this representation is especially useful when a reaction considerably
occurs only in one direction, i.e. Ag — —oo implies K** — 0 (while K™ < oo yields a constraint on
L). Hence, for reactions occurring only in forward direction, we can consider K™ as the single reaction
rate parameter.

4 Numerical Examples under OCV conditions

In this section, we discuss several numerical examples of the derived SEI-growth model under OCV
conditions. We consider three different kinds of numerical experiments, i.e.

1 Charge and rest,
2 periodic cycling between (0%-100%) SOC and between (20%-80%) SOC,

3 and various p, functions (OCVs),

which are reflected in different time dependent current profiles i(¢). For each experiment we solve the
ODE system (174) and compute the cell voltage E(t), the lithium content y, () in the electrode, the
SEl thickness ¢1(t) and the solvent concentration Y, (¢).

If not stated otherwise, we consider DMC as solvent with nfEeL = 11.867mol L1, a salt concentration
of nffé = Imol L' and a solvation number of x = 4 [46, 35]. For the active phase material we
consider a lattice site density of graphite, i.e. ny, = wl“\’}—i = 31mol L1, where p, = 2260g L™,
M, = 12.01g mol™!, and w, = 6, reflecting LiCg, i.e. one lattice site per six carbon atoms. This

yields

Ya, = 0.6591 Yg,, = 0.1704 (182)
Nea = 0.3828 N =1. (183)

Further, we consider a lithium half cell with an ideal electrode material, reflected by a chemical potential
function

fo=In— (184)
1 -
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and similar for the SEI

fr=In 2 (185)

1=

which entails y; = y,. Note that these specific material functions just serve for demonstration issues in
order to decouple more complex effects which arise from the active material from our focus here on the
SEI growth model. In section |4.3|we also consider more realistic chemical potential functions f,. Note
that in all examples the SEI growth reaction depends self-consistently on the OCV of the electrode
material via this contribution to the chemical potential function 1,. If not state otherwise, cycling will
occur between E™ = 0.2V and E™" = (0 V.

The ODE system can be solved with standard solvers for boundary value problems. Here, the following
examples were computed using fifth-order Runge-Kutta methods, both in MATLAB with ode 45, and in
Python with solve_ivp from SciPy.

4.1 Charge and Rest

In this example, the initially lithium poor electrode is charged at constant current i(t) = i° (i.e. filled
with lithium) until a certain threshold value E™" is reached, and then stored at i(t) = 0 for t — oo,
where we compute the further time-evolution of all quantities. Hence, we consider as current

i) = {z t<tr={r €[0,T)|E(r) = E™}

= 186
0, t>t. (196)

We discuss essentially the variation of two parameters, (i) the forward reaction rate constant K™ of the
SEl formation reaction and (ii) of the initial electrolyte thickness ég.

{ = Ua YEs — E l1

3

Q -

o v

g 0.75 L 0.15 —10.003 g

= e [}

é 0.50 F0.10 21 0,002 ii’
O ——

o —

< 0.25- F0.05 ©F0.001 &

e wn

()]

L%)0.00— . . . . . '~ +0.00 F0.000

0 2 4 6 8 10
Time t

Figure 4: Time evolution of all variables for a /arge electrolyte domain /. = 100 and a small reaction
rate constant K = 107>,

For large electrolyte domains 7, =100 (with respect to the domain size of the active phase) we find
for small reaction rate constants K™ = 10~° of the formation reaction, after charging the electrode
(t > t*), almost constant values for (y,(t), E(t), ye(t)) as well as a very small (but linear) growth of
SEl thickness /1 (t), see fig. |4l The SEI growth seems larger during storage than during charging, but
rate of the formation reaction depends only on v, and vz, making £; continuously differentiable at the
point of turning off the current, t*. During storage, as the SEI continues to grow, the electrode is slowly
discharged, and as a result, the OCV rises again.
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( Ya YEs — F Ir
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Figure 5: Time evolution of all variables for a /arge electrolyte domain /. = 100 and a medium reaction
rate constant K = 1073.

For a large electrolyte domain and a medium reaction rate constant K° = 103, we find the SEI
growth during charging to be comparatively slow to the growth during rest. This is due to the fact
that affinity of the formation is largest in the fully charged state. After charging the electrode (¢ > t*),
a self-discharge of the electrode due to the SEI formation takes place, i.e. y, decreases while the
voltage E(t) increases (see fig. . This coincides with the notion that the SEI growth consumes lithium,
yielding the non-linear growth rate for ¢1(¢). Note that, since no external current (electrons) enter the
electrode via an external circuit, the self-discharge of C‘A — C* |I +e ]I is the source of electrons

and lithium ions in order to proceed with the SEI growth reactiorﬁC’A + S‘E = B|I. Lithium ions from
the electrolyte alone cannot grow the SE|.E]AS the reaction rate is larger than in the first case, more
lithium is being consumed, resulting in a larger decrease in y,. This in turn leads to a slower formation
reaction as time goes on, leading to the nonlinear growth seen in fig.

i Ya vgs —— B — 1
3
& 1.00 1 L 0.20
= -8
o] s
30‘75_ / s
© 0.50 F0.15 | £
O -
20 54 g
o O _
= 0.25 1 -2 5
& - 0.10
= 0.00 L l : : : : 0
© 0 2 A 6 8 10

Time ¢

Figure 6: Time evolution of all variables for a /arge electrolyte domain 7. =100 and a large reaction
rate constant K = 1071,

Finally, for a large electrolyte domain /. =100 and a large reaction rate constant K*° =101, we

. A E I E A I I E I E
®Note that in equilibrium C+] = Cﬂ + /@ECS‘ and C‘ — Cﬂ +e ‘ whereby C+| +e ‘ + S’ =
I E. . A E I
B|" + keS| is equivalent to C|” + S|” = B .
71f ions from the electrolyte together with electrons from the electrode (without connection to an external electron source)
would grow the SElI, the electrode essentially would become positively charged, violating the electroneutrality condition.
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find that the SEI formation reaction actually becomes the voltage determining process, whereby E™"
actually cannot be reached for large electrolyte domains. While charging the electrode, y, increases to
about 0.6, which decreases correspondingly the OCV. However, we find that beyond about £ > 2 the
concentration saturates well below 1, i.e. before beeing entirely filled with intercalated cations (see Fig.
[6). However, further charging of the electrode does not further change the mole fraction ¥, whereby
the entire current flows into the SEI growth. The resulting growth rate for the SEl is then again linear in
time, however, due to another reason compared to the situation of Fig.

[ — Ua YEg — kK I
3
o 1.00 L 0.20
S F0.15
,§ 0.75 - L 0.15 < 2
® F0.10 &
S 0.50 L0.10 = <
£ 5 =
o3 =
< 0.25 - -0.05 9005 @
e wn
()
§ 0.00 4 . . . . _+0.00 +0.00
0 2 4 6 8 10
Time ¢

Figure 7: Time evolution of all variables for a small electrolyte domain /. = 1 and a medium reaction
rate constant K = 1073,

Next we discuss small electrolyte domains ZOE = 1. Since the SEI formation C‘A + S‘E = B‘I
consumes solvent species S, it changes the bulk solvent concentration (or mole fraction z.), see
figs.[7]and [8] While for large electrolyte domains this variation is negligible, it becomes dominant for
small electrolyte domains. For medium reaction rate constants K™ = 1073 we find a linear decrease
of the solvent concentration in time (cf. fig.[7), clearly showing the impact of the SEI reaction. Note that
this effect could be more pronounced in small pores of porous media, where the pore size is actually
in the order of the active phase particles. However, we find that the electrode is also self-discharging,
whereby the lithium mole fraction y, decreases non-linearly in time. The resulting SEI growth regime
exhibits a square root like behavior. For the storage time plotted here, the difference between fig.
and fig. [/|is small; only the decrease in ¥z, is noticeably larger in the small electrolyte case. Until the
solvent concentration has been noticeably reduced, the electrolyte domain size has no impact on the
SEI growth. Under the OCV conditions considered here, the solvent transport does not influence the
SEI formation.

For large reaction rate constant K*® =10"! and small electrolyte domains, the electrode no longer
reaches the stop condition for the current, as the whole solvent is consumed before the OCV reaches
E™" — (V. Both solvent concentration and SEI growth become nonlinear, and the SEI growth
. . . . A E I
saturates (cf. fig.[8) once no more solvent is left to proceed with the reaction C| + S! = B‘ . Hence,
the origin for the stop in SEI growth under these conditions is the vanishing concentration of solvent
species yg,. This stop in SEI growth occurs even though there is lithium in the active material and an
external current present.

Overall we thus find that the SEI growth could stop for ¢ — oo when either the solvent or the intercalated
fo
cations are depleted, more precisely if ISB% — 0 (cf. eq. (171)), which is equivalent to

9(¥ss y) = (I(yes) — In(y0.) + falya) — fa(l) = Ag®. (187)
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Figure 8: Time evolution of all variables for a small electrolyte domain [7% = 1 and a /arge reaction rate
constant K = 1071

The consumption of solvent (In(yg,) — —o0) and intercalated lithium (fa(ya) — —o0) thus
coincides with our notion of Ag® — —oo. Or stated the other way round: For a given Ag® the SEI
growth can only stop if the solvent concentration ygg and the lithium concentration in the active phase
ypo at t>° ensure g(yg’g, ys®) = AgP. However, since yg, and y, are in general two independent
variables, the condition g(yz2, 13°) = Ag" forms a trajectory of (yg°, y3°) values for which the SEI
growth stops. Or, by the implicit function theorem, one might either write y5° = hy(AgP, Ygo ), where
the lithium mole fraction (or SoC) is determined under which the SEI growth stops, for given values of
(AgP, y22). Alternatively, 125 = hey (Ag®, yi°) where 322 is determined as a function of the state of
charge y,. The latter might arise when electrodes are stored at constant voltage. However, in general
both quantities are independent variables subject to their own evolution equations.

4.2 Periodic Cycling

Now let's consider periodic charging and discharging of the half-cell between E™" and E™® under
constant current conditions. Note that due to the consumption of electrons in the SEI formation reaction,
the cycle length is not constant between cycles. This is illustrated in fig.[9] For the n-th cycle, the time
interval is denoted by [t7®, t7% ] and the cycle length by t&° = t7% — ¢7®, where t{* = 0.

We can then write the current i(¢) as

- t<tmin: c max TEt:Emin
—ip, 10N <t <t = {7 [tm T||E(r) = E™}.
and correspondingly the capacity g
t
q(t) = / i(t')dt" . (189)
0

Note, however, that for a constant charging cycle t° we would find ¢(t) € [0, &]. However, since
t%¢ is not known a priori, we have to solve the ODE system, eq. , in the time interval [0, 7'] and
obtain ¢%° via the stopping condition £'(t) > E™. The determination of ¢&° is thus actually a part
of solving the ODE system under the conditions of cycling between E™" and E™, which yields the
time-evolution of ¢(t).

First, we consider a large electrolyte domain EOE = 100 for both small, K — 10~°, and medium,
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Figure 9: Current and OCV over time without SEI formation at the top, and with it at the bottom. Without
SEl formation, the cycling time ¢5'° is constant, but with SEI formation, the cycles become longer for the
same charging rate.

K° = 1073, reaction rates. Figureshows the evolution of the cell voltage for both systems over
multiple cycles. For a small reaction rate the capacity remains almost constant, as only a negligible
current flows into the SEI. Note that capacity ¢ is not the amount of lithium that can be stored in the
active material (which is assumed to be constant), but the time integral of the current, i.e. what would
typically be measured during coulometry. For medium rates we find a clear right shift of the cell voltage
E w.rt. the capacity g, as well as a widening of the OCV curves. The right shift is a result of electrons
being consumed by the formation reaction, leaving only a fraction of the overall current to (dis-)charge
the electrode. The charge consumed by the SEI growth, ¢;(t) = f(f e R (") dt’, is equal to the
observed right shift. As the SEI grows, its capacity to store ions (I;ny,,) is also increasing. Under the
assumption of electroneutrality, there is an equal amount of electrons being stored alongside, causing
the widening seen in fig. [T0]

For large formation reaction rates, K° = 107!, the shifting and stretching of the cell voltage be-

0.20 114 ] .
\ —— charging
\\ discharging
= 0.15 Ny i
S .
- 0.10 1 ~ i
O
© 0.05- l
O.OO | T T T T T T | T T I‘ :
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.5 1.0 1.5

capacity q capacity ¢

Figure 10: Evolution of the cell voltage E w.r.t. the capacity ¢ for small (left) and medium (right) SEI
formation rates.
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Figure 11: Computed behaviour of a half cell for large formation reaction rates, K™ = 107. On the left
the evolution of the cell voltage, and on the right the SEI thickness during cycling.

comes even more pronounced, cf. fig.[T1] Since the formation reaction is treated as forward only (cf.
section [3.4.4), the growth of the SEI is monotonic.

The formation reaction has an asymmetric influence on the charging and discharging times. During
charging, some percentage of the external current current is used for supplying electrons to the SEI
formation, rather than for the intercalation reaction that charges the active material. The charge cycle
is therefore longer with SEI growth present than without it. During discharging, the formation reaction
consumes electrons in addition to the external circuit, resulting in a faster discharge and therefore
shorter discharge cycles.
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g o« ! s
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3 % ///
30.0254  charging 0.05 +—
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Figure 12: SEI growth per cycle is larger during charging than during discharging (left). The cycle
length, and with it the SEI growth, become larger for later cycles (right). The growth rate is largest in
the charged state (y, ~ 1) and lowest in the discharged state (y, ~ 0).

As a result of the different cycle lengths, the SEI growths more during charging than during discharging,
as can be seen in fig. In addition, as mentioned earlier, the cycles become longer overall due to
the additional capacity of the SEl itself. If the electrolyte domain is large, the influence of the change
in solvent concentration is negligible. In this case, the affinity of the formation reaction becomes very
small as ¥, returns to 5. The derivative %f) is therefore also close to zero when the electrode is
empty. Conversely, the highest affinities and largest growth rates are observed when the electrode is

fully charged.

The coulombic efficiency (CE) of an electrode relates the charge which is put into the electrode upon
charging to the charge which can be withdrawn from the electrode upon discharging. When SEI growth
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is considered, the CE 7)SF is not constant amount cycles, but varies with the cycle number n, where
trrnlax

out gmin
nSE = @n with Q" = / i(thdt', QN = / i(t")dt'. (190)
t t

N Qin min max
n n —
We can compute the CE based on our model (c.f.[T3|and[T4) and and further examine the influence of
depth of discharge on the SEI growth.
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Figure 13: Evolution of the OCV curves, SEI thickness and coulombic efficiency for different cycling
regimes. Shallower cycling results in less SEI growth and higher coulombic efficiency.

In fig. [13] the system behaviour over 20 cycles is shown for three different cycling regimes: 2 % to 98 %,
10 % to 90 % and 20 % to 80 %. The voltage range naturally decreases for shallower cycling. The SEI
growth is much less pronounced for the shallower regimes, which consequently also results in less shift
and stretch of the OCV curves. The coulombic efficiency stays constant over the cycles, as the large
electrolyte domain means the solvent does not deplete significantly. For deeper cycling, more current is
diverted into the irreversible SEI growth, causing lower efficiencies.

Lastly, we want to take a look at the behaviour over many cycles. In fig. we can see the SEI growth
and coulombic efficiency of the half-cell for different reaction rate coefficients of the formation reaction.
These results are for an electrode with a small electrolyte domain, l~g = 1, where the consumption of
solvent in the formation reaction leads to a slowing of the SEI growth at larger reaction rate coefficients
and cycle numbers. This is directly related to the coulombic efficiency, as a reduction in SEI formation
leaves a higher percentage of the current for charging and discharging of the active material.

4.3 Cycling with Experimental OCV Curves
The chemical potential function 144 (1) can be chosen to represent different materials. In the previous

sections, we have assumed the non-constant part f,(y,) to be In ﬁ Now, we will fit this function to
experimental data from Smith et al. [61]. The experimental cells used MCMB graphite electrodes (92:4:4
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Figure 14: SEI growth for different reaction rate coefficients over 200 cycles of an electrode with a small
electrolyte domain lg = 1. As the solvent is depleted, the formation reaction slows down, leading to a
higher coulombic efficiency then during earlier cycles.
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Figure 15: Comparison of experimental data from Smith et al. [61] (left) with computational results
(right) based on fitted chemical potential functions.

weight ratio of active material:carbon black:PVDF binder) with 1 M LiPFg in ethylene carbonate:diethyl
carbonate (1:2 v/v) electrolyte, cycled at C/20 and 30°C between 1.2 and 0.005 V. Their measurements
demonstrated that SEI growth continues during cycling with the thickness increasing approximately
proportional to \/t, consistent with a parabolic growth law where the growth rate is inversely proportional
to SEI thickness.

The cycling behaviour of the resulting model can be seen in fig. It exhibits the shift and widening
of the OCV curve in both experimental and numerical results. The simulation is unable to capture the
initial formation cycle, where some of the assumptions made, such as the electroneutrality in the SEI,
are unlikely to hold. Other degradation phenomena, such as lithium plating, mechanical degradation
and electrolyte decomposition, are occurring simultaneously in the experiment, but are not captured in
the model.

5 Summary and Conclusion

The growth and evolution of the solid electrolyte interphase (SEI) remains one of the primary factors
driving lithium-ion battery degradation. While experimental studies have provided valuable insights
into SEI structure and composition, they face inherent limitations due to SEI's nanoscale thickness,
dynamic heterogeneity, and sensitivity to operating conditions. This complexity has motivated the
development of mathematical models to complement experiments and predict long-term behaviour.
This applies both to improved materials and manufacturing processes, but also to optimized charging
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and storing conditions that take the SEI growth into account. Zero-dimensional SEI growth models, such
as solvent limited (reaction or diffusion limited) and electron limited (migration or interstitial diffusion),
capture individual limiting mechanisms but typically represent SEI as an idealised single layer at the
electrode surface without resolving internal spatial gradients or explicitly identifying where growth
occurs (electrode—SEI or SEl-electrolyte interface). In contrast, our model introduces a continuum-level
framework based on non-equilibrium thermodynamics that explicitly resolves the SEI as a distinct
domain rather than an interface layer, enabling spatial resolution of transport processes within the
SEl itself. The SEl—-electrolyte interface is represented as a moving boundary, the SEl is treated as
a mixed ion—electron conductor, and the electrolyte reservoir is finite, enabling us to capture solvent
consumption as a limiting factor for SEI growth. The general formulation consists of coupled PDEs
for each domain, interface conditions between them, and an additional ODE for the SEI thickness.
For open-circuit voltage (OCV) conditions, we derived a reduced ODE system with three independent
variables: lithium concentration in the active material, solvent concentration, and SEl thickness.

Numerical experiments under charge & rest and cycling scenarios for the reduced model show that
SEI growth is primarily governed by formation reaction kinetics and electrolyte reservoir size. Growth
profiles such as linear or Vit emerge from different parameter values and loading patterns. Two distinct
mechanisms for termination of SEI formation are predicted: depletion of active lithium or exhaustion
of solvent species. The model also reproduces experimentally observed voltage shifts during cycling,
which arise from current consumption by the formation reaction, as well as capacity expansion due to
lithium storage within the SEI. Partial cycling shows much higher coulombic efficiency and associated
lower SEI growth. The model handles hundreds of cycles, usually terminating when the solvent is
depleted. As the solvent concentration decreases, the coulombic efficiency increases as the formation
reaction slows down.

While the model successfully reproduces these observations, the current formulation makes several
key simplifying assumptions. First, SEI growth is assumed to occur only at the SEl—electrolyte interface,
neglecting potential contributions from electrode—SEl interface reactions or bulk SEI evolution. Second,
the bulk SEl is represented by a single effective species, whereas experimental evidence indicates a
multi-phase mosaic structure with distinct organic and inorganic layers. Third, only one component
of the electrolyte is assumed to contribute to the formation reaction, though the framework can be
extended to multi-component systems. Fourth, SEI growth is assumed to occur uniformly such that the
electrolyte remains a single connected domain. Finally, the model assumes the preexistence of SEl;
the initial formation during the first cycle may behave very differently. These simplifications may affect
quantitative predictions of mechanical properties, porosity evolution, and the transition between dense
inner and porous outer SEI regions. The numerical results presented here are for OCV conditions, which
is not a limitation of the general model but rather of the reduced ODE system derived for computational
efficiency.

Multiple opportunities for extension and improvement present themselves. For finite C-rates and
fast charging, a numerical investigation of the behaviour of the system and its various parameters
would be interesting; a follow-up paper is planned. With regard to faster, more practical simulations,
homogenisation of the resulting system and integration of SEI growth into common pseudo-2D models
is an important step; the manuscript for this approach is under preparation. Lastly, the interaction
between SEI and electrode microstructure remains an open problem, e.g. how does SEI grow on
non-spherical particles and how does it modify porosity and tortuosity?

In summary, our approach provides a thermodynamically consistent continuum framework that unifies
several limiting mechanisms and explicitly accounts for solvent consumption and dynamic interface
evolution, establishing a mechanistic foundation for improved lifetime prediction and optimized formation
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protocols.

A Reproducibility

The code to reproduce all the figures in the paper, as well as the paper itself, has been published under

the DOI10.5281/zenodo.17952331.

B A Remark on the 1D Leibniz Rule

Consider the 1D PDE
Oong, ,
(915 —0z)a
+ja’0 = Réu
~(Ja—Naw)e = R2 = jo=—R:+n.w,

x € [0,0(t)],

where w = %. The 1D-Leibniz rule thus yields

d ([ e ("o
T (/0 Ne(z,t) da:) = na(ﬁ(t),t)a +/0 ana(x,t) dz.

Hence we obtain for

O £(t)
/ _na(x,t) dz = _/ a:vjadx:ja|A_ja|SEI = Ri—’_Ri_naw?
0 8t 0

whereby

d

o)
E(/ ne(z,t) dz) =n,-w+ R, + R2 —now = R, + R2.
0

A frequent quantity of interest is the mean value of some quantity. Consider thus

L[ o
Ny = —— Nng(x,t) do,
(1) Jo

dﬁa__ﬁaié+ ! i/M)n(a:t) dx
dt @) dt @) dt ), ’

for which we have

N d 1

_ o - 1 2
_ 1 1 2 =
= 0 (Ry + R2 — nqw) .

Note that for 7o = _ ; 5 we obtain

dn 1 _

—_—— N —
=:R! =:R2
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Further quantities of interest are y, = "70‘ and 7., which are somewhat ambigous to define. Consider

Yo = g”‘ : (202)
for which we can deduce
a1t 4y (203)
al TR T ma
net)r n (t) ’
11
= 5M((Ri — JaRY) + (R — §o R?) — (g — JaT)w) , (205)
11
= 5M(<Ri — JaR") + (R2 — §JaR?)) . (206)
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C List of Symbols

Ny, mol m—3 molar concentration of species « in phase
N, mol m~3 total molar concentration in phase 1
Ype - molar fraction of species « in phase v
I J Gibbs energy of species « in phase
Vg m?3 mol ™! molar volume of species « in phase 1)
Dap Pa pressure in the phase v
Pref Pa reference pressure
a5 Cm™3 charge density
€ C elementary charge
kg JK! Boltzmann constant
T K temperature
Za - charge number
te, - cation transfer number
v ms! velocity
Me kg mol ™! molar mass
Ty, molm=—2s71 diffusive flux of avin ¢
M, s mol? J='m~'s™!  mobility coefficients ?
D, m?s~! self-diffusion coefficients
F.z5 m?s! self-diffusion coefficients
D! m2?s! effective diffusion coefficient
D} m?s~! diffusion coefficient in the active phase
S Cm—2s7! effective conductivity parameter
Lo J chemical potential of species «
Do \% electric potential in the phase )
[, J chemical potential for species « in phase v
'y - thermodynamic factor
Ag Sm™! molar conductivity of the electrolyte
A, Al A surface affinity at the interfaces
ol Sm~! effective conductivity of phase v
o Sm~! conductivity of the active phase
Ya - interaction parameter ?
) kgm™3 density
X - dielectric susceptibility
(0 Jkg™ specific free energy
o JKim™3s7! entropy production
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