Multiwavelet approximation methods for pseudodifferential equations on curves.

Stability and convergence analysis

Siegfried Prössdorf and Jörg Schult

Weierstraß-Institut für Angewandte Analysis und Stochastik, Mohrenstrasse 39, D – 10117 Berlin, Germany

1991 Mathematics Subject Classification. 65J10, 65N30, 65N35, 65R20, 47G30, 45P05, 41A25, 41A30, 41A15.

Keywords. Periodic pseudodifferential equations, multiwavelets, splines with multiple knots, generalized Galerkin-Petrov schemes, boundary element methods, error analysis, stability, Strang-Fix condition.

Abstract. We develop a stability and convergence analysis of Galerkin-Petrov schemes based on a general setting of multiresolution generated by several refinable functions for the numerical solution of pseudodifferential equations on smooth closed curves. Particular realizations of such a multiresolution analysis are trial spaces generated by biorthogonal wavelets or by splines with multiple knots. The main result presents necessary and sufficient conditions for the stability of the numerical method in terms of the principal symbol of the pseudodifferential operator and the Fourier transforms of the generating multiscaling functions as well as of the test functionals. Moreover, optimal convergence rates for the approximate solutions in a range of Sobolev spaces are established.

1 Introduction

In the last two decades a significant number of papers has been devoted to Galerkin and collocation methods for the numerical solution of periodic boundary integral and pseudodifferential equations with various special choices of trial and test functions such as trigonometric polynomials, B-splines or biorthogonal wavelets. In particular, a stability and convergence analysis in Sobolev spaces has been developed in the papers [PS], [AW1], [AW2], [SW], [S], [PSr] for Galerkin and collocation methods using smoothest splines (see also [PSi] for the state of the art in this field) and in [DPS] for generalized Galerkin- Petrov methods in the framework of multiresolution, i.e. ascending sequences of nested spaces which are generated by translates and scaled versions of a single refinable function (interesting genuinely multivariate examples are given by various notions of multivariate splines).

However, until recently no rigorous convergence analysis was available for boundary element methods in which the trial functions are splines with multiple knots, e.g. Hermite quadratics or Hermite cubics that are often preferred to smoothest splines in engineering applications (cf. [MP], Section 6). Such an analysis has been provided in [MP] for the collocation of pseudodifferential equations on smooth closed curves and is based on a recurrence relation for the Fourier coefficients of the numerical solution. In particular, sufficient stability conditions and superconvergence results (with special choices of the collocation points) have been obtained [MP].

The results of the present paper constitute a natural generalization of the aforementioned results. They are concerned with a stability and convergence analysis of Galerkin-Petrov schemes based on a general setting of multiresolution generated by several refinable functions. Such a multiresolution analysis contains splines with multiple knots as well. The main result (Theorem 2.6) presents necessary and sufficient conditions for the stability of the numerical method in terms of the principal symbol of the pseudodifferential operator in consideration and the Fourier transforms of the generating multiscaling functions as well as of the test functionals. In the particular case of boundary element collocation methods using splines with multiple knots, Theorem 2.6 (together with Theorem 2.8) provides even the necessity of the stability conditions derived in [MP]. Moreover, the range of Sobolev spaces for which stability holds has been extended to β ≤ s ≤ β +^1_2 .

The proofs are essentially based on a thorough Fourier analysis of the corresponding stiffness matrices and on a new result concerning the equivalence between periodic Sobolev norms and certain discrete Sobolev norms.

The paper is organized as follows. In Sect. 2 we collect some important definitions on refinable functions and projection methods and formulate the main stability results which will be proved in Sect. 3.1 for the case of periodic pseudodifferential equations with constant symbols. In the remainder of Sect. 3 these results are applied to the biorthogonal Galerkin method and to the collocation. In Sect. 4 we give a characterization of the Strang-Fix condition which is a characterization of the approximation order of the trial spaces generated by a finite number of refinable functions. Then we prove the Jackson type approximation property as well as the Bernstein type inverse property for the orthogonal projectors onto the trial spaces and for the test projectors. In Sect. 5 we establish corresponding optimal convergence rates for the approximate solutions in a range of Sobolev spaces. Some of the theoretical results of Theorems 5.1 and 5.2 have been confirmed by numerical experiments in [MP].

2 Notation and the main stability results

Let us start with introducing a class of numerical methods for solving a periodic pseudodifferential equation of the form

L u = f . (1)

Here L : H^s(T) → H^{s−β}(T) is a periodic pseudodifferential operator (ΨDO) of order

β ∈ R defined by

(Lu)(x) := ∑ l∈Z e^{2πilx} σ(l) ũ(l) ,

ũ(x) :=

∫_1 0 e^{−2πixy} u(y) dy , for u ∈ C^∞(T), and f ∈ H^{s−β}(T) is given. The symbol σ of the operator L can be written as σ(x) := { (a_+ + a_− sign(x)) |x|^β for x ≠ 0 1 for x = 0 where a_+, a_− ∈ C . As usually H^s(T) is the periodic Sobolev space of order s ∈ R which coincides with the completion of C^∞(T) in the norm

‖u‖^2_s := ∑ l∈Z ⟨l⟩^{2s} |ũ(l)|^2 (2)

where ⟨x⟩ := { |x| for x ∈ R \ {0} 1 for x = 0_.

In what follows we require the ellipticity of the operator L , which means a_+ ± a_− ≠ 0. In order to setup on numerical methods for (1), we have to introduce a finite dimensional trial space of approximating functions and a set of test functionals. For M ∈ N let Λ_M := Z ∩ [−^M_2 ,^M_2 ) .

We choose a sequence ϕ := (ϕ^j)_{j∈ΛM} of generators for the space of approximation functions with

ϕ^j ∈ L_2 := { f ∈ L^2(R) : ∑ k∈Z |f(· + k)| ∈ L^2([0, 1]) }

for j ∈ Λ_M . It is easy to see that L_2 ⊆ L^1(R) and therefore f̂ ∈ C(R) for f ∈ L_2, where

f̂(x) := ∫ R e^{−2πixy} f(y) dy

is the Fourier transform on L^2(R). For the stepsize h :=^1_N , N := 2^m with m ∈ N_0 , we introduce the trial spaces S_m(ϕ) := Lin { ϕ^j_{k,m} := 2^{m2} [ϕ^j(2^m · −k)] : k ∈ Λ_N , j ∈ Λ_M } . Hereby the periodization operator [ · ] is defined by

[f] := ∑ l∈Z f(· + l)

for f ∈ L_2.

Now we turn to the test functionals. Choose a family η := (η^j)_{j∈ΛM} ∈ ( H^{−s′} (R) )_M , s^′ ≥ 0, with compact support to define the test functionals

η^l_{k,m}(f) := 2^{− m2} η^l(f(2^{−m}(· + k))) , l ∈ Λ_M , k ∈ Λ_N , (3)

for f ∈ H^{s′} (T). The numerical method which we are going to investigate is the Galerkin- Petrov method corresponding to the just introduced trial spaces and test functionals. This method reads as follows:

Find an approximate solution u_m ∈ S_m(ϕ) such that

η^l_{k,m}(Lu_m) = η^l_{k,m}(f) , l ∈ Λ_M , k ∈ Λ_N (4)

for any sufficiently large m ∈ N_0 . The scheme (4) corresponding to the trial and test spaces generated by ϕ and η, respectively, is called numerical method {η, ϕ} for the operator L. The following two examples are special realizations of the scheme (4).

Example 2.1 Collocation method: Choose a strictly increasing sequence (ϵ_j)_{j∈ΛM} ∈ [0, 1)^M and define the test functionals by

η^j(f) := f(ϵ_j) for j ∈ Λ_M .

Example 2.2 Biorthogonal Galerkin method: Let (η̃^j)_{j∈ΛM} ∈ L^M_2 be a family of functions biorthogonal to (ϕ^j)_{j∈ΛM} , e.g.

⟨ϕ^r, η̃^s(· − k)⟩_L2_(R_) = δ_{r,s}δ_{0,k} for r, s ∈ Λ_M and k ∈ Z. Then η^j(f) := ⟨f, η̃^j⟩_L2_(R_) , j ∈ Λ_M , for f ∈ L^2(T).

It turns out that the convergence analysis of the numerical method (4) essentially depends on the behavior of the matrix valued function [ησϕ] defined by [ησϕ](x) := ∑ l∈Z ( η^r ( e^{2πi(l+x)·} ) σ(l + x) ϕ̂^s(l + x) ) (r,s)∈Λ^2_M , x ∈ [−^1_2 ,^1_2 ].

This function [ησϕ] will be called numerical symbol of the numerical method {η, ϕ} for the operator L with symbol σ. Using the notation

η̂^r(x) := η^r(e^{2πix·}) , η̂_p(x) := ( η̂^r(pM + l + x) ) (l,r)∈Λ^2_M , ϕ̂_p(x) := ( ϕ̂r(pM + l + x) ) (l,r)∈Λ^2_M , f_p(x) := diag(f(pM + l + x))_{l∈ΛM} , (5) for f : R → R, the numerical symbol gets the simple form [ησϕ](x) = ∑ p∈Z η̂_p(x)^∗ σ_p(x) ϕ̂_p(x) . (6)

Now we are ready to define a class of admissible numerical methods. Definition 2.3 The numerical method {η, ϕ} is called s−admissible for ΨDO’s of order

β ∈ R, s ∈ R, if the following is satisfied:

i) the matrices ϕ̂_0 and η̂_0 are invertible on [−^1_2 ,^1_2 ];

ii) ∑ p≠0 ‖⟨x⟩ s pϕ̂_p(x)ϕ̂_0(x)−1⟨x⟩^{−s}_0 ‖2 is uniformly bounded on [−^1_2 ,^1_2 ];

iii) ∑ p≠0 ‖η̂p(x) ∗|x|^β_pϕ̂_p(x)‖ is uniformly convergent on [−^1_2 ,^1_2 ].

Here the matrices ⟨·⟩_p , | · |^β_p arising in ii) and iii) are defined by (5) and ‖ · ‖ means any matrix norm. The letter s denotes the Sobolev index of the space H^s(T).

Remark 2.4 Properties i) and ii) are sufficient conditions for a certain discrete Sobolev norm to be equivalent to the continuous Sobolev norm (2) (see Section 3). Condition i) ensures the linear independence of the integer translates and is stronger than the Riesz stability (cf. [JM], Theorem 5.1). Property ii) is a uniform Strang-Fix condition combined with a growth condition for the (ϕ̂^j)_{j∈ΛM} (see Section 4). The last condition ensures the continuity of the numerical symbol for x ≠ 0.

We assume

Hypothesis H: There exist functions ψ := (ψ^j)_{j∈ΛM} ∈ L^M_2 with

• conditions i) and ii) of Definition 2.3 are fulfilled with replacing s and ϕ by s − β and ψ, respectively;

• ψ satisfies the duality conditions η^r(ψ^j(· − k)) = δ_{r,j}δ_{0,k} for r, j ∈ Λ_M , k ∈ Z; • ‖ ‖ ‖|x|^{s−β}_0 ψ̂0(x)η̂0(x)^∗|x|^{β−s}_0 ‖ ‖ ‖ ≤ c and ‖ ‖ ‖|x|^{s−β}_0 (ψ̂0(x)η̂0(x)^∗)^{−1}|x|^{β−s}_0 ‖ ‖ ‖ ≤ c for x ∈ [−^1_2 ,^1_2 ] \ {0} where c is a positive constant^1 independent of x.

Sufficient conditions for the above hypothesis are formulated in Section 3. At the end of Section 4 we will give some hints how to construct such functions ψ in a general situation. Note that the last condition of Hypothesis H is a uniform Strang-Fix condition, too (see Section 3). Moreover, the second property implies that the operators

Q_m(f) := ∑ k∈ΛN l∈ΛM η^l_{k,m}(f) ψ^l_{k,m} (7)

are projectors defined for sufficiently smooth functions f. Using this notation of Q_m and representing u_m ∈ S_m(ϕ) as

u ∗^′ ϕ := ∑ j∈Λ_M ∑ k∈Λ_N u^j_k ϕ^j_{k,m} (8)

with the coefficient vector u := ((u^j_k)_{j∈ΛM} )_{k∈ΛN} ∈ C^{MN} , the numerical scheme (4) is equivalent to the projection equation

Q_m(L(u ∗^′ ϕ)) = Q_m(f) .

1From now on we use the letter c to denote a general positive constant the value of which varies from instance to instance

Definition 2.5 The numerical method {η, ϕ} is called stable for L : H^s(T) → H^{s−β}(T) if ‖Q_m Lu_m‖_{s−β} ≥ c‖u_m‖_s for any u_m ∈ S_m(ϕ) and m ∈ N_0 sufficiently large.

Theorem 2.6 Let {η, ϕ} be s−admissible for ΨDO’s of order β and let η fulfil Hypothesis H. Then the numerical method {η, ϕ} is stable for L : H^s(T) → H^{s−β}(T) if and only if ‖ ‖ ‖ ‖ ‖ ( σ_0(x)⟨x⟩^{−β}_0 + ∑ p≠0 ⟨x⟩^{s−β}_0 ( η̂_p(x)η̂_0(x)^{−1} )_∗ σ_p(x)ϕ̂_p(x)ϕ̂_0(x)^{−1}⟨x⟩^{−s}_0 )_{−1}‖ ‖ ‖ ‖ ≤ c (9)

for any x ∈ [−^1_2 ,^1_2 ].

Definition 2.7 The numerical symbol [ησϕ] is called elliptic of order β for s if condition (9) is fulfilled.

In the case M = 1, the Definition 2.7 coincides with the definition of ellipticity given in [DPS], Section 4. The next theorem claims that Theorem 2.6 applies to the collocation method when M = 2 and 0 ≤ ϵ_{−1} <^1_2 , ϵ_0 := ϵ_{−1} +^1_2 .

Theorem 2.8 Let η be defined by the above choice of (ϵ_j)_{j∈Λ2} (cf. Example 2.1). Further let ϕ := (ϕ^j)_{j∈Λ2} ∈ L^2 ∩ (H^{β+1/2+δ}(R))^2 , δ > 0, be functions with compact support. Suppose {η, ϕ} is s−admissible for ΨDO’s of order β. Then the collocation method is stable for L : H^s(T) → H^{s−β}(T) , s − β ≥ 0, if and only if the numerical symbol [ησϕ] is elliptic of order β for s.

The proofs of Theorems 2.6 and 2.8 will be postponed to the next section.

3 Stability

3.1 General results

Our next concern is the proof of Theorem 2.6. Later on we will apply it to collocation and to the biorthogonal Galerkin method. First we examine the linear system (4). The stiffness matrix is of the form ( η^r_{k,m}(Lϕ^s_{n,m}) ) ((k,r),(n,s))∈(Λ_N ×Λ_M )^2 .

Since ϕ^s_{n,m} is the shift of ϕ^s_{0,m}, η^r_{k,m} is the shift of η^r_{0,m} and since L commutes with the shift operator, we conclude η^r_{k,m}(Lϕ^s_{n,m}) = 2^{− m2} η^r((Lϕ^s_{n,m})(2^{−m}(· + k))) = 2^{− m2} η^r((Lϕ^s_{0,m})(2^{−m}(· + [k − n]))) = η^r_{[k−n],m}(Lϕ^s_{0,m}) with [k] := k mod N. Hence we see that

( η^r_{k,m}(Lϕ^s_{n,m}) ) ((k,r),(n,s))∈(Λ_N ×Λ_M )^2 = ( (η^r_{[k−n],m}(Lϕ^s_{0,m}))_{(r,s)∈Λ}2_M ) (k,n)∈Λ^2_N = ( A_{[k−n]} ) (k,n)∈Λ^2_N =: A

is a block circulant with

A_k := ( η^r_{k,m}(Lϕ^s_{0,m}) ) (r,s)∈Λ^2_M . Such matrices can be diagonalized by the unitary matrix

U := 2^{− m2} ( e^{2πiknh} 1_M ) (k,n)∈Λ^2_N where 1_M denotes the M-dimensional unit matrix. We obtain A = UDU^∗ with a block diagonal D = diag(D(kh))_{k∈ΛN} ∈ (C^{M×M} )^{N×N} . The diagonal entries are given by

D(kh) = N−1∑ j=0 A_je^{−2πijkh} . (10)

To compute these elements of the block diagonal we use ϕ̃^l_{k,m}(ξ) = 2^{− m}2 e^{−2πikξh} ϕ̂^l(hξ) , ξ ∈ Z, (11) for k ∈ Λ_N , l ∈ Λ_M and N−1∑ j=0 e^{−2πihjk} = { 2^m if k = 2^mξ with ξ ∈ Z 0 else .

Thus we obtain

D(kh) = N−1∑ j=0 ∑ l∈Z 2^{− m2} ( η^r ( e^{2πihl(·+j)} ) e^{−2πijkh} σ(l) ϕ̃^s_{0,m}(l) ) (r,s)∈Λ^2_M = ∑ l∈Z 2^{m2} ( η^r ( e^{2πih(Nl+k)·} ) σ(Nl + k) ϕ̃^s_{0,m}(Nl + k) ) (r,s)∈Λ^2_M = ∑ l∈Z 2^{mβ} ( η^r ( e^{2πi(l+kh)·} ) σ(l + kh) ϕ̂^s(l + kh) ) (r,s)∈Λ^2_M = 2^{mβ} [ησϕ](kh) . (12)

The above computation reveals the fundamental role of the numerical symbol.

To investigate the stability we need discrete norms equivalent to the Sobolev norm over S_m(ϕ). Using (12) with σ replaced by ⟨·⟩^{2s} and η^j := ⟨·, ϕ^j⟩_L2_(R_), a straightforward computation shows that (cf. (8))

‖u ∗^′ ϕ‖^2_s = 2^{2ms} ⟨ diag([ϕ ⟨·⟩^{2s}ϕ](kh))_{k∈ΛN} U^∗ u , U^∗ u ⟩ C^{MN} . (13)

Now we introduce the discrete Sobolev norm defined by (cf. (5))

‖u ∗^′ ϕ‖^2_{s,h} := 2^{2ms} ⟨ diag([ϕ ⟨·⟩^{2s}ϕ]_0(kh))_{k∈ΛN} U^∗ u , U^∗ u ⟩ C^{MN} , (14) [ ϕ ⟨·⟩^{2s}ϕ ] 0 (x) := ϕ̂_0(x)^∗ ⟨x⟩^{2s}_0 ϕ̂_0(x) .

To examine the stability of the numerical method it is important to know the conditions under which the discrete and continuous Sobolev norms are equivalent on S_m(ϕ).

Theorem 3.1 Let s ∈ R, and ϕ := (ϕ^j)_{j∈ΛM} ∈ L^M_2 with ϕ̂_0(x) invertible for x ∈ [−^1_2 ,^1_2 ]. Suppose that the sum ∑ p≠0 ‖⟨x⟩^s_p ϕ̂_p(x) ϕ̂_0(x)^{−1} ⟨x⟩^{−s}_0 ‖^2 (15)

is bounded on [−^1_2 ,^1_2 ]. Then the norms ‖·∗^′ϕ‖_s and ‖·∗^′ϕ‖_{s,h} are equivalent with equivalence constants independent of h.

Remark 3.2 The invertibility of ϕ̂_0 is even necessary if the translates of ϕ form a Riesz basis (for the definition cf. [JM]). For the meaning of (15) see Remark 2.4.

Proof of Theorem 3.1: i) It is obvious that [ ϕ ⟨·⟩^{2s}ϕ ] 0 (x) ≤ [ ϕ ⟨·⟩^{2s}ϕ ] (x) for x ∈ [−^1_2 ,^1_2 ], hence ‖ · ∗^′ϕ‖_{s,h} ≤ ‖ · ∗^′ϕ‖_s .

ii) For u := (u^j)_{j∈ΛM} ∈ C^M and ψ̂_p(x) := ϕ̂_p(x)ϕ̂_0(x)^{−1} we have

∑ p∈Z ⟨ ψ̂_p(x)^∗⟨x⟩^{2s}_p ψ̂_p(x)u , u ⟩ C^M = ∑ l∈Z | | | | ∑ j∈Λ_M u^j ψ̂^j(l + x) | | | | 2 ⟨l + x⟩^{2s}

≤ ∑ l∈Z ( ∑ j∈Λ_M |u^j ψ̂^j(l + x)| )_2 ⟨l + x⟩^{2s}

≤ ∑ l∈Z ( ∑ j∈Λ_M |ψ̂^j(l + x)|^2⟨l + x⟩^{2s} ⟨j + x⟩^{2s} ) ( ∑ j∈Λ_M |u^j|^2⟨j + x⟩^{2s} )

= ∑ l∈Z\ΛM ∑ j∈Λ_M |ψ̂^j(l + x)|^2⟨l + x⟩^{2s} ⟨j + x⟩^{2s} + M ⟨ ψ̂_0(x)^∗⟨x⟩^{2s}_0 ψ̂_0(x)u , u ⟩ C^M = ( ∑ p≠0 ‖ ‖ ‖⟨x⟩^s_pψ̂p(x)⟨x⟩^{−s}_0 ‖ ‖ ‖^2 + M ) ⟨ ψ̂_0(x)^∗⟨x⟩^{2s}_0 ψ̂_0(x)u , u ⟩ C^M ≤ c ⟨ ψ̂_0(x)^∗⟨x⟩^{2s}_0 ψ̂_0(x)u , u ⟩ C^M .

Therefore we obtain [ ϕ ⟨·⟩^{2s}ϕ ] (x) ≤ c [ ϕ ⟨·⟩^{2s}ϕ ] 0 (x)

for x ∈ [−^1_2 ,^1_2 ]. Hence ‖ · ∗^′ϕ‖_s ≤ c ‖ · ∗^′ϕ‖_{s,h} for any h > 0.

The following example shows that the assumptions of Theorem 3.1 are fulfilled for splines with multiple knots.

Example 3.3 Let (ϕ^j)_{j∈ΛM} ∈ L^M_2 be a family which generates the periodic multiresolution analysis of splines with degree r and defect M, 1 ≤ M ≤ r, which means

S_m(ϕ) := { f ∈ C^{r−M−1}(T) : f|_{(nh,(n+1)h)} is a polynomial of degree ≤ r − 1, n ∈ Λ_N } . In the case M = 2 and r = 3, the generators are given by

ϕ^{−1}(x) := x for x ∈ [0, 1] 2 − x for x ∈ [1, 2] 0 else , ϕ^0(x) := x^2 for x ∈ [0, 1] (2 − x)^2 for x ∈ [1, 2] 0 else .

For Hermite cubic splines, i.e., M = 2 and r = 4, the generators are given by

ϕ^{−1}(x) :=

3x^2 − 2x^3 for x ∈ [0, 1] 3(2 − x)^2 − 2(2 − x)^3 for x ∈ [1, 2] 0 else , ϕ^0(x) := x^2 − x^3 for x ∈ [0, 1] −(2 − x)^2 + (2 − x)^3 for x ∈ [1, 2] 0 else .

Let us turn to the general case. From [MP], Theorem 3.2 and (11) we obtain

ϕ̂_p(x) = (x)^{−r}_p W_p (x)^r_0 ϕ̂_0(x) , p ∈ Z \ {0}, (16)

where W_p is an M × M matrix such that ‖W_p‖ ≤ c|p|^{M−1} for p ∈ Z \ {0} and W_0 = 1_M (see [MP]). The equivalence of the norms ‖ · ∗^′ ϕ‖_s and ‖ · ∗^′ ϕ‖_{s,h} independent of h is shown in [MP], Theorem 3.2. Hence ϕ̂_0(x) is invertible for x ∈ [−^1_2 ,^1_2 ] (see also Remark 3.2). Further we have for s < r − M +^1_2 , s ∈ R, ∑ p≠0 ‖⟨x⟩^s_p ϕ̂_p(x) ϕ̂_0(x)^{−1} ⟨x⟩^{−s}_0 ‖^2 ≤ c ∑ p≠0 ‖⟨x⟩^{s−r}_p ‖^2 |p|^{2(M−1)} ≤ c ∑ p≠0 |p|^{2(M−r+s−1)} < ∞

for x ∈ [−^1_2 ,^1_2 ]. Thus the functions (ϕ^j)_{j∈ΛM} fulfil the assumptions of Theorem 3.1 for any s < r − M +^1_2 .

Now we are ready for the Proof of Theorem 2.6: For any m ∈ N_0 and u := ((u^j_k)_{j∈ΛM} )_{k∈ΛN} ∈ C^{MN} we conclude from (12) that

Q_m(L(u ∗^′ ϕ)) = 2^{mβ} ( U diag ([ησϕ](kh))_{k∈ΛN} U^∗u ) ∗^′ ψ . Moreover, using Theorem 3.1 and (14), we obtain

‖Q_m(L(u ∗^′ ϕ))‖^2_{s−β} ˙=^2 ‖Q_m(L(u ∗^′ ϕ))‖^2_{s−β,h} (17) = 2^{2ms} ⟨ diag ( [ψ ⟨·⟩^{2(s−β)}ψ]_0(kh) [ησϕ](kh) ) k∈Λ_N U ∗u , diag ([ησϕ](kh))_{k∈ΛN} U^∗u ⟩ C^{MN} and ‖u ∗^′ ϕ‖^2_s ˙= ‖u ∗^′ ϕ‖^2_{s,h} = 2^{2ms} ⟨ diag ( [ϕ⟨·⟩^{2s}ϕ]_0(kh) ) k∈Λ_N U ∗ , U^∗u ⟩ C^{MN} . (18)

From (17) and (18) we get that {η, ϕ} is stable for L : H^s(T) → H^{s−β}(T) if and only if for any x ∈ [−^1_2 ,^1_2 ] [ησϕ](x)^∗ [ψ⟨·⟩^{2(s−β)}ψ]_0(x) [ησϕ](x) ≥ c [ϕ ⟨·⟩^{2s}ϕ]_0(x) . 2We write ‖ · ‖_t ˙=‖ · ‖_{t,h} if and only if there exist positive general constants c_1; c_2 such that c_1 ‖ · ‖_{t,h} ≤ ‖ · ‖_t ≤ c_2 ‖ · ‖_{t,h} .

Hence the stability is equivalent to

c ≥ ‖ ‖ ‖ ‖ ‖ ( ∑ p∈Z ⟨x⟩^{s−β}_0 ψ̂_0(x) η̂_p(x)^∗ σ_p(x) ϕ̂_p(x) ϕ̂_0(x)^{−1}⟨x⟩^{−s}_0 )_{−1}‖ ‖ ‖ ‖ ·= ‖ ‖ ‖ ‖ ‖ ( σ_0(x)⟨x⟩^{−β}_0 + ∑ p≠0 ⟨x⟩^{s−β}_0 ( η̂_p(x)η̂_0(x)^{−1} )_∗ σ_p(x) ϕ̂_p(x) ϕ̂_0(x)^{−1}⟨x⟩^{−s}_0 )_{−1}‖ ‖ ‖ ‖ .

In the remainder of this subsection we give some general remarks concerning the validity

of Hypothesis H of Section 2. Let us start with a proposition on the Poisson summation

formula.

Proposition 3.4 Let one of the following conditions be fulfilled

i) f, F̃ ∈ L_2, F (g) := ⟨g, F̃ ⟩_L2_(R_) for g ∈ L_2 ; ii) 0 ≤ ϵ < 1, F (g) := g(ϵ) for g ∈ C(R), f ∈ L^1(R) such that there exists s >^1_2 with ∑ l≠0 |f̂(l + x)| 2|l + x|^{2s} ≤ c for x ∈ [ −^1_2 ,^1_2 ] and (F (f(· − k)))_{k∈}Z ∈ l^1(Z) . Then the Poisson summation formula ∑ l∈Z F̂ (l + x)f̂(l + x) = ∑ k∈Z F (f(· − k)) e^{2πixk} (19)

is valid for any x ∈ [−^1_2 ,^1_2 ].

Proof. If condition i) is fulfilled then the assertion follows from [JM], Theorem 3.2.

Now let ii) be valid for F and f. Using |F̂ (x)| ≡ 1, we get

∫ 1_2

−^1_2 | | | | | ∑ l∈Z F̂ (l + x)f̂(l + x) | | | | | 2 dx ≤ c ∫ 1_2

−^1_2 ( ∑ l≠0 | | |(l + x)^{−s}f̂(l + x)(l + x)^s | | | + | | |f̂(x) | | | )_2 dx

≤ c ∫ 1_2

−^1_2 ( ∑ l≠0 |l + x|^{−2s} + 1 ) ( ∑ l≠0 | | |f̂(l + x)(l + x)^s | | |^2 + | | |f̂(x) | | |^2 ) dx ≤ c .

Hence there exists (a_l)_{l∈}Z ∈ l^2(Z) such that

∑ l∈Z F̂ (l + x)f̂(l + x) = ∑ k∈Z a_k e^{2πixk}

in the L^2-sense. Further we get f ∈ H^s(R) because of ∫ R |f̂(x)|^2(1 + |x|^2)^s dx = ∑ l∈Z ∫ 1_2

−^1_2

|f̂(l + x)|^2(1 + |l + x|^2)^s dx

≤ c ∫ 1_2

−^1_2 ( ∑ l≠0 |f̂(l + x)|^2|l + x|^{2s} + |f̂(x)|^2(1 + |x|^2)^s ) dx < ∞ .

Therefore f ∈ C(R) by Sobolev’s embedding theorem. Now we compute a_k, k ∈ Z. We get

a_k =

∫_1 0 ∑ l∈Z F̂ (l + x)f̂(l + x) e^{−2πikx} dx

= ∫_1 0 ∑ l∈Z F̂ (l + x)f̂(· − k)(l + x) dx

= ∫ R e^{2πiϵy} f̂(· − k)(y) dy = f(· − k)(ϵ) = F (f(· − k)) , since f̂ ∈ L^1(R). Hence (19) is true in the L^2-sense. However the right hand side of the identity is a continuous function. So we only have to show that the left hand side is continuous too. This follows from the estimate | |F̂ (l + x)f̂(l + x) | | ≤ c |l + x|_{−2s} ≤ c |l|_{−2s}

for x ∈ [−^1_2 ,^1_2 ] and l ≠ 0.

Remark 3.5 Condition i) of Proposition 3.4 is fulfilled in the case of the biorthogonal Galerkin method and ii) in the case of collocation.

Using Poisson’s summation formula, the biorthogonality condition of Hypothesis H can be expressed in terms of the Fourier transforms.

Corollary 3.6 Let the Poisson summation formula be valid for η and ψ in the L^2-sense, i.e., ∑ p∈Z η̂_p(x)^∗ψ̂_p(x) = ∑ k∈Z ( η^r(ψ^j(· − k)) ) (r,j)∈Λ^2_M e 2πixk

in the L^2-sense. Then the following conditions are equivalent i) ∑ p∈Z η̂_p(x)^∗ψ̂_p(x) ≡ 1_M in L^2 , (20) ii) η^l(ψ^j(· − k)) = δ_{l,j} δ_{0,k} , l, j ∈ Λ_M , k ∈ Z .

In particular, the assumption of Corollary 3.6 is valid in the case i) or ii) of Proposition 3.4. In the following we require ( sup x∈[−^1_2 ,^1_2 ] ‖η̂_p(x)‖ ) p∈Z ∈ l^∞(Z) (21)

as well as that η̂_0 is invertible and the inverse is uniformly bounded on [−^1_2 ,^1_2 ]. This is valid for the biorthogonal Galerkin method with η ∈ L^M_2 and for collocation. Now it turns out that the last condition of Hypothesis H follows from the first two conditions and some additional assumptions.

Proposition 3.7 Let ψ̂_0, η̂_0 be invertible on [−^1_2 ,^1_2 ], t ≥ 0, ∑ p≠0 ‖ψ̂p(x) ψ̂ −1 0 (x) |x|^{−t}_0 ‖ ≤ c , ∑ p∈Zη̂^p(x)^∗ ψ̂^p(x) ≡ 1^M

for x ∈ [−^1_2 ,^1_2 ] \ {0}. Then we have for any x ∈ [−^1_2 ,^1_2 ] \ {0} ‖ ‖|x|^t_0 ψ̂0(x) η̂0(x)^∗ |x|^{−t}_0 ‖ ‖ ≤ c , ‖ ‖ ‖|x|^t0 ( ψ̂_0(x) η̂_0(x)^∗ )_{−1} |x|^{−t}_0 ‖ ‖ ‖ ≤ c . Proof. For x ≠ 0 we find that ‖ ‖ ‖ ( 1 − ψ̂_0(x)η̂_0(x)^∗ ) |x|^{−t}_0 ‖ ‖ ‖ = ‖ ‖ ‖ψ̂0(x) ( 1 − η̂_0(x)^∗ψ̂_0(x) ) ψ̂_0(x)^{−1}|x|^{−t}_0 ‖ ‖ ‖ = ‖ ‖ ‖ ‖ ψ̂_0(x) ∑ p≠0 η̂_p(x)^∗ψ̂_p(x) ψ̂_0(x)^{−1}|x|^{−t}_0 ‖ ‖ ‖ ‖ ≤ c ∑ p≠0 ‖ ‖ψ̂p(x) ψ̂0(x)^{−1}|x|^{−t}_0 ‖ ‖ ≤ c . (22)

Because of (22) we get

‖ ‖ ( 1 − (ψ̂_0(x)η̂_0(x)^∗)^{−1} ) |x|^{−t}_0 ‖ ‖ ≤ ‖ ‖ ‖ ( ψ̂_0(x)η̂_0(x)^∗ )_{−1}‖ ‖ ‖ ‖ ‖ ( 1 − ψ̂_0(x)η̂_0(x)^∗ ) |x|^{−t}_0 ‖ ‖ ≤ c . (23)

From (22) it follows that ‖ ‖ ‖|x|^t_0ψ̂0(x)η̂0(x)^∗|x|^{−t}_0 ‖ ‖ ‖ ≤ 1 + c ‖ ‖ ‖ ( 1 − ψ̂_0(x)η̂_0(x)^∗ ) |x|^{−t}_0 ‖ ‖ ‖ ≤ c , and from (23) ‖ ‖ ‖|x|^t0 ( ψ̂_0(x)η̂_0(x)^∗ )_{−1} |x|^{−t}_0 ‖ ‖ ‖ ≤ c .

By the same arguments we obtain

Proposition 3.8 Let ψ̂_0, η̂_0 be invertible on [−^1_2 ,^1_2 ], t ≤ 0, ∑ p≠0 ‖η̂p(x) η̂0(x) −1 |x|^t_0‖ ≤ c , ∑ p∈Zη̂^p(x)^∗ ψ̂^p(x) ≡ 1^M

for x ∈ [−^1_2 ,^1_2 ] \ {0}. Then we have for any x ∈ [−^1_2 ,^1_2 ] \ {0} ‖ ‖ ‖|x|^t_0 ψ̂0(x) η̂0(x)^∗ |x|^{−t}_0 ‖ ‖ ‖ ≤ c , ‖ ‖ ‖ ‖|x|^t0 ( ψ̂_0(x) η̂_0(x)^∗ )_{−1} |x|^{−t}_0 ‖ ‖ ‖ ‖ ≤ c .

In the next two subsections we apply the results of 3.1 to the particular special cases of the

biorthogonal Galerkin method and of collocation with special choices of the collocation

points. In particular, we consider the case M = 2 in some more detail.

3.2 The biorthogonal Galerkin method

Suppose (η^j)_{j∈ΛM} is as in Example 2.2 and L : H^s(T) → H^{s−β}(T) with s = 0. In this case

it is possible to apply Theorem 2.6, Corollary 3.6 and Proposition 3.7 or 3.8 with ψ = ϕ.

For other choices of s one can get analogous results.

Theorem 3.9 Suppose that η̂_0 and ϕ̂_0 are invertible on [−^1_2 ,^1_2 ], that ∑ p≠0 ‖ϕ̂p(x)‖ 2 is

uniformly bounded on [−^1_2 ,^1_2 ] and let one of the following conditions be fulfilled: i) ∑ p≠0 ‖ ‖ ‖ϕ̂p(x) ϕ̂0(x)^{−1} ⟨x⟩^{−β}_0 ‖ ‖ ‖ ≤ c and ∑ p≠0 ‖ ‖ ‖η̂p(x)^∗ |x|^β_p ϕ̂p(x) ‖ ‖ ‖ ≤ c in case β ≥ 0;

ii) ∑ p≠0 ‖ ‖ ‖⟨x⟩^{−β}_p ϕ̂p(x) ϕ̂0(x)^{−1} ⟨x⟩^β_0 ‖ ‖ ‖^2 ≤ c and ∑ p≠0 ‖ ‖ ‖η̂p(x) η̂0(x)^{−1} ⟨x⟩^β_0 ‖ ‖ ‖ ≤ c ; in case β < 0.

Then the biorthogonal Galerkin method {η, ϕ} is stable if and only if the numerical symbol is elliptic of order β for s = 0.

Proof. For the admissibility of the numerical method we only have to show property iii) of Definition 2.3 in case β < 0. We obtain ∑ p≠0 ‖ ‖η̂p(x)^∗ |x|^β_p ϕ̂p(x) ‖ ‖ ≤ c ∑ p≠0 ‖ ‖|x|^β_0 ( η̂_p(x) η̂_0(x)^{−1} )_∗‖ ‖ ≤ c .

Now the assertion follows from Theorem 2.6 and from Proposition 3.7 in case β < 0 or Proposition 3.8 if β ≥ 0.

3.3 Collocation method

In the first part of the present subsection we prove Theorem 2.8 and then we obtain the admissibility of collocation for splines with multiple knots. In the last part we show the equivalence between the stability in the sense of [MP] for splines with multiple knots and the stability defined in this paper.

Suppose (ϵ_j)_{j∈ΛM} and (η_j)_{j∈ΛM} are as in Example 2.1. It is easy to check that η̂_0 is invertible on [−^1_2 ,^1_2 ].

Proof of Theorem 2.8: First we have to show the existence of functions ψ as required in the Hypothesis H. Then we apply Theorem 2.6.

i) We define the B-splines of order r ∈ N_0 by

M_r := M_0 ∗ M_{r−1} , r ≥ 1,

M_0 := 1 2 ( χ_{[−} 1_{2 ,} 1_{2 )} + χ_{(−} 1_{2 ,} 1_{2 ]} ) , where ∗ is the convolution. It is known that the functions

Φ_r(u) := ∑ l∈Z M_r(l) e^{2πilu}

have no zeros on R (cf. [DeVL] Chapter 13, Theorem 6.2). Hence there exists the inverse

Φ^{−1}_r (u) = ∑ l∈Z ω^r_l e^{2πilu} ,

where (ω^r_l )_{l∈}Z is a sequence of exponential decay, because Φ_r is a polynomial.

For fixed r ∈ N we define ψ by ψ^{−1} := L_r ( 2(· +^1_2 − ϵ_0) ) , ψ^0 := L_r ( 2(· −^1_2 − ϵ_{−1}) ) , (24) where L_r(x) := ∑ l∈Z ω^r_l M_r(x − l) .

Because of the exponential decay of L_r we get ψ ∈ L^2. Moreover, we have L_r(k) = δ_{0,k} , k ∈ Z , and ψ^{−1}(ϵ_0 + k) = L_r(2k + 1) = 0 , ψ^0(ϵ_{−1} + k) = L_r(2k − 1) = 0 ; ψ^{−1}(ϵ_{−1} + k) = L_r(2k) = δ_{0,k} , ψ^0(ϵ_0 + k) = L_r(2k) = δ_{0,k} ,

for any k ∈ Z. Here we have used ϵ_0 = ϵ_{−1} +^1_2 . Therefore the second condition of Hypothesis H in Section 2 is valid. ii) The Fourier transforms of ψ are given by

ψ̂−1(x) =^1_2 e2πi(−^1_2 +ϵ0)x Φ−1_r (^x_2 ) M̂_r(^x_2 ) ,

ψ̂0(x) =^1_2 e2πi(^1_2 +ϵ−1)x Φ−1_r (^x_2 ) M̂_r(^x_2 ) .

For any x ∈ [−^1_2 ,^1_2 ] we have det ψ̂_0(x) ≠ 0 if and only if

ϕ^{−1}_r (^{x−1}_2 ) M̂_r(^{x−1}_2 ) ϕ^{−1}_r (^x_2 ) M̂_r(^x_2 ) (e^{−2πiϵ0} − e^{−2πiϵ−1} ) ≠ 0 .

Therefore ψ̂_0(x) is invertible on [−^1_2 ,^1_2 ], since

M̂_r(x) = ( sin(πx) πx )_r

has no zeros in (−1, 1).

iii) All we have to show is a sufficiently strong uniform Strang-Fix condition (see Remark 2.4). Indeed, we claim

ψ̂_p(x) = e^{4πipϵ}−1 (x)^{−r}_p (x)^r_0 ψ̂_0(x) . (25)

If this is true for sufficiently large r, we obtain the third condition of Hypothesis H by Corollary 3.6 and Proposition 3.7. The assertion of Theorem 2.8 follows by Theorem 2.6. Now we show assertion (25). For any p ≠ 0, l ∈ Z, x ∈ [−^1_2 ,^1_2 ] we have ψ̂^{−1}(2p + l + x) = e^{2πi(− 1}_2^{+ϵ}0^{)2p} Φ^{−1}_r (^{2p+l+x}_2 ) Φ_r(^{l+x}_2 ) (_{l+x} 2p+l+x )_r 1 2 e^{2πi(− 1}2^{+ϵ0)(l+x)} Φ^{−1}_r (^{l+x}_2 ) M̂_r(^{l+x}_2 )

= e^{4πipϵ0} Φ^{−1}_r (^{2p+l+x}_2 ) Φ_r(^{l+x}_2 ) (_{l+x} 2p+l+x )_r ψ̂−1(l + x) . Hence

ψ̂^{−1}(2p + l + x) = e^{4πipϵ}0 (_{l+x} 2p+l+x )_r ψ̂^{−1}(l + x) ,

since Φ_r is 1−periodic. A similar computation shows that

ψ̂^0(2p + l + x) = e^{4πipϵ}−1 (_{l+x} 2p+l+x )_r ψ̂^0(l + x) ,

and (25) is proved.

For the following theorem we refer the reader to the definition of periodic splines with multiple knots in Example 3.3.

Theorem 3.10 Let r − M − β > 0 , r − M +^1_2 − s > 0 , r ≥ M ≥ 1. Then the collocation method for periodic splines of defect M is s−admissible for ΨDO’s of order β.

Remark 3.11 The assumption r − M +^1_2 − s > 0 ensures that S_m(ϕ) ⊆ H^s(T). Further one has the continuity of Lu_m for u_m ∈ S_m(ϕ) since r − M − β > 0.

Proof of Theorem 3.10: The invertibility of ϕ̂_0 and condition ii) of Definition 2.3 have been shown in Example 3.3. It remains to prove property iii) of 2.3. We choose t, δ > 0, such that r − M − β − δ > 0 and^1_2 < t <^1_2 +^δ_2 . Then for any x ∈ [−^1_2 ,^1_2 ] we have (cf. (21), (16)) ∑ p≠0 ‖ ‖η̂p(x)^∗ |x|^β_p ϕ̂p(x) ‖ ‖ ≤ c ∑ p≠0 ‖ ‖|x|^β_p ϕ̂p(x) ϕ̂0(x)^{−1} ‖ ‖ ≤ c ∑ p≠0 ‖ ‖|x|^{−t}_p |x|^{t+β}_p (x)^{−r}_p W_p (x)^r_0 ‖ ‖

≤ c ( ∑ p≠0 |p|^{−2t} ) ( ∑ p≠0 |p|^{2(t+β−r+M−1)} ) < ∞ ,

since 2(t + β − r + M − 1) < −1 − δ.

In the last part of this section we show the connection with the paper [MP]. The spaces S_m(ϕ) are defined as in Example 3.3. For the definition of stability in the sense of [MP], we need the matrix valued function D defined by

D(x) := ∑ p∈Z Φ_p(ϵ) σ_p(x) (x)^{−r}_p W_p (x)^r_0 σ_0(x)^{−1} , x ∈ [−^1_2 ,^1_2 ], (26)

Φ_p(ϵ) := ∑ j∈Λ_M ( e^{2πi(Mp+s−r)ϵj} ) (r,s)∈Λ^2_M . (27)

Recall that the M ×M matrices W_p (cf. (16)) satisfy ‖W_p‖ < c |p|^{M−1} for p ≠ 0. Moreover we remark that D is defined for β < r. Hence D has a continuous extension to zero, since W_0 = 1_M . The collocation method for periodic splines of defect M is called stable in the sense of [MP] if D is invertible on [−^1_2 ,^1_2 ] and the inverse is uniformly bounded.

Theorem 3.12 Let s − β ≥ 0 , r − M − β > 0 , r − M +^1_2 − s > 0 , r ≥ M ≥ 1 and consider L : H^s(T) → H^{s−β}(T). Then the collocation method for periodic splines of defect M is stable in the sense of [MP] if and only if the numerical symbol [ησϕ] is elliptic of order β for any s.

Proof. Fix δ > 0 such that r − β − δ > 0 and r − s − δ > 0. Let D be invertible and suppose the inverse is uniformly bounded. Using (26) and the invertibility of Φ_0(ϵ) , we obtain for x ≠ 0

Φ_0(ϵ)^{−1} D(x) = 1 + Φ_0(ϵ)^{−1} ∑ p≠0 Φ_p(ϵ) σ_p(x) (x)^{−r}_p W_p (x)^r_0 σ_0(x)^{−1} .

Therefore ( Φ_0(ϵ)^{−1} D(x) ) l,0 = o(|x|^{r−β−δ}) , l ∈ Λ_M \ {0} . Now use the adjugate for representing the inverse of D to conclude that (( Φ_0(ϵ)^{−1} D(x) )_{−1}) l,0 = o(|x|^{r−β−δ}) , l ∈ Λ_M \ {0} . Remark that we have used the boundedness of (Φ_0(ϵ)^{−1} D(x))^{−1}. Hence (( Φ_0(ϵ)^{−1} D(x) )_{−1} ⟨x⟩^{β−s}_0 ) l,0 = O(1) , l ∈ Λ_M \ {0} , since s − β < r − β − δ. Therefore we get ( ⟨x⟩^s_0 σ_0(x)^{−1} ( Φ_0(ϵ)^{−1} D(x) )_{−1} ⟨x⟩^{β−s}_0 ) l,0 = O(1)

for l ∈ Λ_M . Using once more the boundedness of D(x)^{−1}, we obtain ‖ ‖ ‖ ( ⟨x⟩^{s−β}_0 Φ_0(ϵ)^{−1} D(x) σ_0(x) ⟨x⟩^{−s}_0 )_{−1}‖ ‖ ‖ < c . (28) Taking into account (26), (16) and (6), we have

D(x) = η̂_0(x) [ησϕ](x) ϕ̂_0(x)^{−1} σ_0(x)^{−1} . (29)

Therefore, using

Φ_0(ϵ)^{−1} η̂_0(x) = (η̂_0(x)^∗)^{−1} ,

we conclude from (28) that the numerical symbol is elliptic of order β for s.

The converse assertion follows from formula (29) and the definition of the ellipticity for s = β. 4 Strang-Fix condition and approximation property

First we give a characterization of the Strang-Fix condition. Then we show the approximation properties for the orthogonal projectors onto the trial spaces and for the test projectors Q_m (cf. (7)).

The Strang-Fix condition (cf. [P] or [JL]) is a characterization of the approximation order of the spaces S_m(ϕ) generated by a family of functions (ϕ^j)_{j∈ΛM} . The integer translates of such functions reproduce algebraic polynomials up to a certain degree. Now we give the precise definition.

Definition 4.1 The functions ϕ := (ϕ^j)_{j∈ΛM} satisfy the Strang-Fix condition of order

d ∈ N_0 if there exist a vector of trigonometric polynomials h ∈ (C^∞(T))^M such that for

f̂_p(x) := ( f̂(pM + l + x) ) l∈Λ_M := ϕ̂_p(x) h(x) the following conditions are valid:

f̂_0(0) = (δ_{0,k})_{k∈ΛM} , f̂_p(0) = 0 , p ∈ Z \ {0}; ((_d dx )_n^ f_p ) (0) = 0 , p ∈ Z, n = 1, . . . , d . (30)

The following theorem gives a new explicit characterization of the Strang-Fix condition under some mild assumption. The theorem reveals the connection of the Strang-Fix condition and property ii) of Definition 2.3.

Theorem 4.2 Suppose that ϕ̂_0 is invertible on [−^1_2 ,^1_2 ] where ϕ := (ϕ^j)_{j∈ΛM} ∈ L^M_2 and (ϕ̂^j)_{j∈ΛM} ∈ ( C^{d+1}(U) )_M for a neighborhood U of zero. Then the Strang-Fix condition of order d ∈ N is valid for ϕ if and only if

lim_{x→0} ( ϕ̂_p(x) ϕ̂_0(x)^{−1} (x)^{−d}_0 ) l∈Λ_M ,0 = 0 (31)

for any p ∈ Z \ {0} .

For the proof of Theorem 4.2 we need two auxiliary lemmas.

Lemma 4.3 Let ϕ := (ϕ^j)_{j∈ΛM} ∈ L^M_2 be as in Theorem 4.2, h ∈ (C^∞(T))^M be a vector of trigonometric polynomials and f̂_p(x) := ( f̂(pM + l + x) ) l∈Λ_M := ϕ̂_p(x) h(x). If f fulfils condition (30) then ( d dx )_n h(0) = ( d dx )_n ( ϕ̂_0(·)^{−1} ) l∈Λ_M ,0 (0)

for n = 0, . . . , d. Proof. For n = 0 we have ϕ̂_0(0) h(0) = (δ_{0,k})_{k∈ΛM} . Since ϕ̂_0(0) is invertible it follows that

h(0) = ( ϕ̂_0(0)^{−1} ) l∈Λ_M ,0 . For 1 ≤ k ≤ d we have ( d dx )_k ϕ̂_0 h(0) = 0 = ( d dx )_k ϕ̂_0 ( ϕ̂_0(·)^{−1} ) l∈Λ_M ,0 (0) .

Therefore we obtain for 0 ≤ n < d by the induction hypothesis 0 = ( d dx )_{n+1} (

ϕ̂_0 ( h − ( ϕ̂_0(·)^{−1} ) l∈Λ_M ,0 )) (0) = ϕ̂_0(0) ( d dx )_{n+1} ( h − ( ϕ̂_0(·)^{−1} ) l∈Λ_M ,0 ) (0) .

The following lemma is a consequence of Taylor’s theorem.

Lemma 4.4 Let f ∈ C^d(U) where U is a neighborhood of zero, d ∈ N_0 . Then we have lim_{x→0}^{f(x)}_{xd} = 0 if and only if (_d dx )_k f(0) = 0 for k = 0, . . . , d .

Proof of Theorem 4.2: First we show that (31) is necessary for the Strang-Fix condition. For any p ∈ Z \ {0} we have

lim_{x→0} ( ϕ̂_p(x) ϕ̂_0(x)^{−1} (x)^{−d}_0 ) l∈Λ_M ,0 = lim_{x→0} ϕ̂_p(x) (( ϕ̂_0(x)^{−1} ) l∈Λ_M ,0 − h(x) ) x^{−d} + lim_{x→0} ϕ̂_p(x) h(x) x^{−d} = 0

by the assumption and by Lemmas 4.3 and 4.4. Now we show the converse. Choose h such that

( d dx )_n h(0) = ( d dx )_n ( ϕ̂_0(·)^{−1} ) l∈Λ_M ,0 (0) (32)

for n = 0, . . . , d. Such choice is possible since ( (2πin)^k ) k,n=0,...,d is a Vandermonde matrix.

From (32) we obtain ( d dx )_n ϕ̂_ph(0) = ( d dx )_n ϕ̂_p ( ϕ̂_0(·)^{−1} ) l∈Λ_M ,0 (0) for n = 0, . . . , d. In case p ≠ 0 the assertion follows from the assumption and Lemma 4.4. For p = 0 the right hand side equals to zero for n = 1, . . . , d and to (δ_{0,k})_{k∈ΛM} for n = 0. Hence the assertion follows.

Now we turn to the approximation properties. For the remainder of this section we require

Hypothesis A: (ϕ^j)_{j∈ΛM} ∈ ( C^{d+ρ}_0 (R) )_M , d ∈ N_0 , 0 < ρ < 1, fulfills

• the Strang-Fix condition of order d ;

• S_m(ϕ) ⊆ S_{m+1}(ϕ) for m ∈ N_0 ;

• ϕ̂_0 is invertible on [−^1_2 ,^1_2 ].

Therefore, for the orthogonal projectors P̃_m, m ∈ N_0 , onto

S̃_m(ϕ) := cl_{L2(}R_)Lin {ϕ^j(2^m · −k) : j ∈ Λ_M , k ∈ Z}

we obtain from [JL] or [P] the relation

‖(1 − P̃_m)f‖_{0,}R ≤ c 2^{−m(d+1)} ‖f‖_{d+1,}R

for f ∈ H^{d+1}(R). Here ‖ · ‖_{d+1,}R denotes the Sobolev norm on R. Using a partition of unity we get for the orthogonal projectors P_m onto S_m(ϕ)

‖(1 − P_m)f‖_0 ≤ c 2^{−m(d+1)} ‖f‖_{d+1} , f ∈ H^{d+1}(T) . (33)

Next we introduce the norm ||| · |||_{d+1} defined by |||f|||_{d+1} := ‖f^{(d+1)}‖_0 + |f(0)| for f ∈ H^{d+1}(T). Using the norm equivalence of ‖ · ‖_{d+1} and ||| · |||_{d+1} and the fact that the constants are contained in S_m(ϕ), we obtain from (33) the relation

‖(1 − P_m)f‖_0 ≤ c 2^{−m(d+1)} ‖f^{(d+1)}‖_0 , f ∈ H^{d+1}(T) . (34)

Now we extent the approximation property (34) to other orders of Sobolev spaces. To this end we need the lth forward differences of u defined by

(Δ^l_h u)(x) := l∑ j=0 ( l j ) (−1)^{l−j}u(x + jh)

for h ∈ R. As usually ‖ · ‖_0(Ω) denotes the L^2 norm relative to Ω ⊆ R. The corresponding lth order modulus of continuity is given by

ω_l(u, t, Ω) := sup_{|h|≤t} ‖Δ^l_h u‖_0(Ω_{h,l}) ,

where Ω_{h,l} := {x ∈ Ω : x + jh ∈ Ω , j = 0, . . . , l} . For Ω = T we write ω_l(u, t) instead of ω_l(u, t, Ω). From (34) we get similarly to the proof of Proposition 4.1 in [DK]

‖(1 − P_m)f‖_0 ≤ c ω_{d+1}(f, 2^{−m}) (35)

for f ∈ H^{d+1}(T). Repeating the proof of Lemma 5.1 in [DPS] we obtain from (35) that for any 0 ≤ t ≤ d + 1,

‖(1 − P_m)f‖_0 ≤ c 2^{−mt} ‖f‖_t , f ∈ H^t(T) . (36)

Lemma 4.5 For any u ∈ S_m(ϕ) and t ≥ 0 we have ω_{d+1}(u, t) ≤ c (min{1, t2^m})^{d+ρ} ‖u‖_0 . Proof. For j ∈ Λ_M and h ≥ 0 we get | |Δ^{d+1}_h ϕ^j_{k,m}(x) | | = | |Δ^d_h ϕ^j_{k,m}(x + h) − Δ^d_h ϕ^j_{k,m}(x) | | = (2^m h)^d | |(ϕ^j_{k,m})^{(d)}(ξ) − (ϕ^j_{k,m})^{(d)}(θ) | | ≤ c (2^m h)^d |2^mξ − 2^mθ|^ρ ≤ c (2^m h)^{d+ρ} ,

where ξ, θ ∈ T and |ξ − θ| ≤ c h. The constant does not depend on x ∈ T. Hence ‖ ‖Δ^{d+1}_h ϕ^j_{k,m} ‖ ‖_0 ≤ c (2^m h)^{d+ρ} 2^{− m}2 ,

since supp ϕ^j is compact. Now let ( (u^j_k)_{j∈ΛM} ) k∈Λ_N ∈ C MN . Then we have

‖ ‖Δ^{d+1}_h u ∗^′ ϕ ‖ ‖_0 ≤ ∑ j∈ΛM k∈ΛN |u^j_k| ‖ ‖Δ^{d+1}_h ϕ^j_{k,m} ‖ ‖_0

≤ ∑ j∈ΛM k∈ΛN |u^j_k|^2 1 2 ∑ j∈ΛM k∈ΛN ‖ ‖Δ^{d+1}_h ϕ^j_{k,m} ‖ ‖^2_0 1 2

≤ c ‖u ∗^′ ϕ‖_0 (2^m h)^{d+ρ}

where we have used the Riesz stability in the last step. Hence the assertion follows.

Now we introduce the norm ‖ · ‖_{ϕ,t} on ∪_{m∈}N_0 S_m(ϕ) by

‖u‖^2_{ϕ,t} := ‖u‖^2_0 + ∑ m∈N 2^{2mt}‖(P_m − P_{m−1}) u‖^2_0 .

In view of (35) and Lemma 4.5, Theorem 4.1 of [DK] applies and yields ‖u‖_t ˙=‖u‖_{ϕ,t} , u ∈ ∪_{m∈}N_0 S_m(ϕ) for 0 ≤ t < d + ρ. By (36) the smooth functions are contained in cl_{‖·‖ϕ,t} ∪_{m∈}N_0 S_m(ϕ). Hence the norm equivalence is valid even on H^t(T). Arguing as in the proof of Theorem 5.1 of [DPS], we obtain

Theorem 4.6 Let −d − 1 ≤ s < d + ρ , −d − ρ < t ≤ d + 1 and s ≤ t. Then the Jackson estimate ‖f − P_mf‖_s ≤ c 2^{m(s−t)} ‖f‖_t holds for f ∈ H^t(T) and m ∈ N_0 . Moreover, when s ≤ t < d + ρ we have, for any u_m ∈ S_m(ϕ) and m ∈ N_0 , the Bernstein estimate ‖u_m‖_t ≤ c 2^{m(t−s)} ‖u_m‖_s .

To prove the approximation property for the projectors Q_m it is necessary to require

Hypothesis B: There exist functions γ := (γ^j)_{j∈ΛM} ∈ ( C^{d+ρ}_0 (R) )_M , d ∈ N_0 , 0 < ρ < 1, which fulfil

• the Hypothesis A for ϕ replaced by γ;

• there exist a sequence of M × M matrices ω := (ω_l)_{l∈}Z with exponential decay such that both Π(x) := ∑ l∈Zω^l e^{2πilx} is invertible on [0, 1] and ( ψ^j ) j∈Λ_M = ω ∗ ′ M ( γ^j ) j∈Λ_M := ∑ l∈Z ω_l ( γ^j(· − l) ) j∈Λ_M . (37)

Remark 4.7 1. If one can choose ψ = ϕ then Hypothesis B reduces to Hypothesis A for ϕ. This is the case for the biorthogonal Galerkin method. For the special choice of (ϵ_j)_{j∈ΛM} in Theorem 2.8, ψ has been constructed in Section 3.3 (see formula (24)). In this case Hypothesis B is valid too, as we will see later.

2. A simple computation shows that ψ̂_0 is invertible on [−^1_2 ,^1_2 ] if and only if this is valid for γ̂_0 and Π.

Since Π^{−1} is of the form ∑ l∈Za^l e^{2πilx} where (a^l)^{l∈}Z ∈ l^1(Z)^{M×M} we obtain S^m(γ) = S^m(ψ) for any m ∈ N_0 . The linear independence of the integer translates of γ ensures (cf. [B-AR]) the existence of dual functionals with compact support as required in the proof of Theorem 5.2 in [DPS]. Therefore the same proof implies

Theorem 4.8 Let s, s^′ < d + ρ, 0 ≤ s ≤ t and 0 ≤ s^′ ≤ t ≤ d + 1 where s^′ is defined by η (cf. (3)).

Then there exist a constant c > 0 independent of m ∈ N_0 such that ‖f − Q_mf‖_s ≤ c 2^{m(s−t)} ‖f‖_t holds for any f ∈ H^t(T).

Example 4.9 A straightforward computation shows that, in case of Theorem 2.8, the functions ψ defined by formula (24) fulfil ( ψ^{−1} ψ^0 ) = ∑ l∈Z ( ω^r_{2l+1} ω^r_{2l} ω^r_{2l} ω^r_{2l−1} ) ( M_r (2(· − l − ϵ_0)) M_r (2(· − l − ϵ_0) + 1) ) ,

where (ω^r_l )_{l∈}Z is defined as in the proof of 2.8 in Section 3.3. Therefore ψ fulfills Hypothesis B by Remark 4.7.

Remark 4.10 The assertion of Theorems 4.6 and 4.8 remains valid when replacing the third property of Hypothesis A by the weaker assumption of linear independence of the integer translates of ϕ resp. γ.

Reduced Hypothesis H: Choose sufficiently smooth functions (γ^j)_{j∈ΛM} with compact support such that

• η and γ fulfil the Poisson summation formula;

• ∑ k∈Z(η^r(γ^j(· − k)))(r,j)∈Λ^2_M e^{2πixk} ≠ 0 for x ∈ [0, 1]; • ∑ p≠0 ‖⟨x⟩ s pγ̂_p(x)γ̂_0(x)^{−1}⟨x⟩^{−s}_0 ‖^2 < c for a sufficiently large s ∈ N_0 .

The second condition ensures the existence of a sequence of M × M matrices (ω_l)_{l∈}Z with exponential decay such that

([ηγ](x))^{−1} = ∑ l∈Z ω_l e^{2πixl} .

Now we define ψ by (cf. (37)) ( ψ^j ) j∈Λ_M := ω ∗ ′ M ( γ^j ) j∈Λ_M . Straightforward computations show that if γ satisfies condition ii) of Definition 2.3 and the assumption of Proposition 3.7 then so does ψ. Further we get the second and therewith the complete set of conditions of Hypothesis H in Section 2. Hence, all we have to do is to choose γ with the above properties and Hypothesis A for γ replaced by ϕ. Obviously, the aforementioned functions γ satisfy Hypothesis B.

5 Error estimates

In this section we derive Sobolev norm estimates of the error between the approximate solution u_m (cf. (4)) and the exact solution u^∗ of the pseudodifferential equation

Lu^∗ = f (38)

where L : H^s(T) → H^{s−β}(T) is as in Section 2, s ∈ R is fixed, and f ∈ H^t(T) with t ≥ s − β is given. Let us start with the assumptions on ϕ and η. First we consider those ones on η. For η we require that there exist (γ^j)_{j∈ΛM} ∈ ( C^{d′+ρ′}_0 (R) )_M , d^′ ∈ N_0 , 0 < ρ^′ < 1 , s − β < d^′ + ρ satisfying Hypothesis A for γ replaced by ϕ and

• η and γ fulfil the Poisson summation formula;

• property ii) of Definition 2.3 for s and ϕ replaced by s − β and γ, respectively; • ∑ k∈Z(η^r(γ^j(· − k)))(r,j)∈Λ^2_M e^{2πixk} ≠ 0 for x ∈ [0, 1]; • ∑ p≠0 ‖γ̂p(x) γ̂0(x) −1 |x|^{−(s−β)} 0 ‖ ≤ c on [−^1_2 ,^1_2 ] in case s − β ≥ 0 or ∑ p≠0 ‖η̂p(x) η̂0(x) −1 |x|^{s−β}_0 ‖ ≤ c on [−^1_2 ,^1_2 ] in case s − β < 0.

In the previous sections we have stated examples fulfilling the above conditions. In particular, for the choice of collocation points mentioned in Theorem 2.8, these conditions are valid for any s − β ≥ 0.

Now we turn to the assumptions on ϕ. For the trial spaces defined by ϕ := (ϕ^j)_{j∈ΛM} ∈ ( C^{d+ρ}_0 (R) )_M , d ∈ N_0 , 0 < ρ < 1, we have to require that s < d + ρ, S_m(ϕ) ⊆ S_{m+1}(ϕ) for m ∈ N_0 and that ϕ fulfills the Strang-Fix condition of order d. If d ≤ s < d + ρ this is a consequence of property ii) of Definition 2.3 and of Theorem 4.2; in this case no additional assumption is needed because we require the numerical method {η, ϕ} to be s−admissible for ΨDO’s of order β.

Suppose all the aforementioned are satisfied. Then the numerical method is stable for L : H^s(T) → H^{s−β}(T) if and only if the numerical symbol [ησϕ] is elliptic of order β for s (Theorems 2.6 and 2.8). Now we are ready to prove

Theorem 5.1 Let −d − 1 ≤ s < min{d + ρ , d^′ + ρ^′} and 0 ≤ s − β < d^′ + ρ^′. In case of the classical Galerkin method, i.e., if Q_m = P_m, it is sufficient to require that −d − 1 ≤ s − β < d^′ + ρ^′. Suppose u^∗ is the solution of (38) and u_m is the approximate solution of the numerical method {η, ϕ} (cf. (4)), which is assumed to be stable. If s^′ is defined by η (cf. (3)) and s^′ < d + ρ − β, s^′ ≤ t − β ≤ d^′ + 1 , −d − ρ < t ≤ d + 1 , t ≥ s, then we have for any f ∈ H^t(T) ‖u^∗ − u_m‖_s ≤ c 2^{−m(t−s)} ‖u^∗‖_t . Proof. From Theorems 4.6 and 4.8 we obtain

‖(Q_mLP_m − L) u^∗‖_{s−β} ≤ ‖(1 − Q_m)LP_m u^∗‖_{s−β} + ‖L(P_m − 1) u^∗‖_{s−β} ≤ c 2^{−m(t−s)} ‖u^∗‖_t . (39) Using once more Theorem 4.8, we get

‖Q_mf − f‖_{s−β} ≤ c 2^{−m(t−s)} ‖f‖_{t−β} = c 2^{−m(t−s)} ‖L u^∗‖_{t−β} ≤ c 2^{−m(t−s)} ‖u^∗‖_t . (40) Moreover, applying (39), (40) and the stability, we conclude that

‖P_m(u^∗ − u_m)‖_s ≤ c ‖Q_mLP_m(u^∗ − u_m)‖_{s−β} ≤ c ‖Q_mLP_mu^∗ − Lu^∗‖_{s−β} + c ‖Lu^∗ − Q_mLP_mu_m‖_{s−β} = c ‖Q_mLP_mu^∗ − Lu^∗‖_{s−β} + c ‖f − Q_mf‖_{s−β} ≤ c 2^{−m(t−s)} ‖u^∗‖_t .

Now the assertion follows from ‖u^∗ − u_m‖_s ≤ ‖(1 − P_m)u^∗‖_s + ‖P_m(u^∗ − u_m)‖_s and Theorem 4.6.

The next Theorem gives an error estimate with respect to the norm of H^{s̃}(T) with s̃ ≤ s provided s^′ ≤ s − β and the stability holds for s.

Theorem 5.2 Let s be as in Theorem 5.1 and suppose, in addition, s^′ ≤ s−β (cf. (3)). If the numerical method {η, ϕ} is stable for L : H^s(T) → H^{s−β}(T), then for any f ∈ H^t(T) with s^′ ≤ t − β ≤ d^′ + 1 , −d − ρ < t ≤ d + 1 , t ≥ s we have ‖u^∗ − u_m‖_{s̃} ≤ c 2^{−m(t−s̃)} ‖u^∗‖_t , max{−d − 1 , β} ≤ s̃ ≤ s , where u_m is the approximate solution defined by (4) and u^∗ is the exact solution of (38). For the classical Galerkin method, i.e., if Q_m = P_m, one has to require max{−d−1 , −d− 1 − β} ≤ s̃ ≤ t instead of max{−d − 1 , β} ≤ s̃ ≤ s . We skip the proof, because it is the same as the second part of the proof to Theorem 6.3 in [DPS].

Acknowledgment: We are greatly indebted to J. Elschner, D. Peterhof, A. Rathsfeld and G. Schmidt for helpful discussions and hints.

References

[AW1] Arnold, D.N., Wendland, W.L.: On the asymptotic convergence of collocation methods. Math. Comp. 41, 383-397 (1983).

[AW2] Arnold, D.N., Wendland, W.L.: The convergence of spline collocation for strongly elliptic equations on curves. Numer. Math. 47, 317-341 (1985).

[B-AR] Ben-Artzi, A., Ron, A.: On the integer translates of a compactly supported function: dual bases and linear projectors. SIAM J. Math. Anal. 21, 1550- 1562 (1990).

[CDM] Cavaretta, A.S., Dahmen, W., Micchelli, C.A.: Stationary Subdivision. Mem. Am. Math. Soc. 93 no. 453 (1991).

[DBDVR] De Boor, C., DeVore, R.A., Ron, A.: Approximation from shift-invariant subspaces of L^2(R)^d . Trans. Am. Math. Soc. 341 no. 2, 787-806 (1994).

[DeVL] DeVore, R.A., Lorentz, G.G.: Constructive Approximation (Grundlehren Math. Wiss. ) Berlin Heidelberg New York: Springer 1993.

[DK] Dahmen, W., Kunoth, A.: Multilevel preconditioning. Numer. Math. 63, 315-344 (1992).

[DP] DeVore, R., Popov, V.: Interpolation of Besov spaces. Trans. Am. Math. Soc. 305, 397-414 (1988).

[DPS] Dahmen, W., Prössdorf, S., Schneider, R.: Wavelet approximation methods for pseudodifferential equations: I Stability and convergence. Math. Z. 215, 583-620 (1994).

[E] Elschner, J.: Singular Ordinary Differential Equations and Pseudodifferential Equations. Springer Lecture Notes in Mathematics 1128, 1985.

[JM] Jia, R.Q., Micchelli, C.A.: Using the refinement equation for the construction of prewavelets II: Powers of two. In: Laurent, P., Le Méhanté, A., Schumaker, L.L. (eds.) pp. 209-246. Curves and Surfaces. New York: Academic Press 1991.

[JL] Jia, R.Q., Lei, J.: Approximation by multiinteger translates of functions having global support. J. Aprox. Theory 72, 2-23 (1993).

[MP] McLean, W., Prössdorf, S.: Boundary element collocation methods using splines with multiple knots. Numer. Math. 74, 419-451 (1996).

[MiP] Mikhlin, S., Prössdorf, S.: Singular Integral Operators. Berlin Heidelberg New York: Springer 1986.

[P] Plonka, G.: Approximation order provided by refinable function vectors. Constr. Approx. 1995 (to appear).

[PR] Prössdorf, S., Rathsfeld, A.: A spline collocation method for singular integral equations with piecewise continuous coefficients. Integral Equations Oper. Theory 7, 536-560 (1984).

[PS] Prössdorf, S., Schmidt, G.: A finite element collocation method for singular integral equations. Math. Nachr. 100, 33-60 (1981).

[PSr] Prössdorf, S., Schneider, R.: Spline approximation methods for multidimensional periodic pseudodifferential equations. Integral Equations Oper. Theory 15, 626-672 (1992).

[PSi] Prössdorf, S., Silbermann, B.: Numerical Analysis for Integral and Related Operator Equations. Berlin: Akademie Verlag 1991, and Boston Basel Stuttgart: Birkhäuser 1991.

[SW] Saranen, J., Wendland, W.L.: On the asymptotic convergence of collocation methods with spline functions of even degree. Math. Comp. 45, 93-108 (1985).

[S] Schmidt, G.: The convergence of Galerkin and collocation methods with splines for pseudodifferential equations on closed curves. Z. Anal. Anw. 3, 4, 371-384 (1984).

[SS1] Strela, S., Strang, G.: Orthogonal multiwavelets with vanishing moments. preprint.

[SS2] Strela, S., Strang, G.: Biorthogonal multiwavelets and finite elements, preprint.

[Sz] Szyszka, U.: Splinekollokationsmethoden für singuläre Integralgleichungen auf geschlossenen Kurven in L^2. In Seminar Analysis: Operator Equations and Numerical Analysis 1988/89, eds. S. Prössdorf and B. Silbermann, Akademie der Wissenschaften der DDR, 1989.