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Volatile electricity markets and battery storage: A model-based approach for
optimal control

Wilfried Kenmoe Nzali, Christian Bayer, Dérte Kreher, Manuel Landstorfer

Abstract

Grid connected energy storage systems provide a strategic advantage by exploiting electricity market price fluctua-
tions, thereby significantly reducing energy consumption costs. This paper presents a general framework for minimizing
electricity consumption costs by formulating the problem as a stochastic optimal control problem for a stationary battery
storage device (SBSD). We propose a realistic model for electricity spot prices calibrated with real data, alongside a
detailed model of battery dynamics with practical parameters. The control problem is solved in a discrete time setting
by combining dynamic programming with the least squares Monte Carlo method, allowing us to approximate the value
function and the optimal policy under both state of charge and voltage constraints. Using the derived optimal policy, we
estimate the lower bound of electricity consumption costs across multiple price trajectories. The results demonstrate that
the SBSD can substantially reduce consumption costs, with savings increasing with battery duration. After one year,
a battery with 12 hours duration achieves approximately 11% cost reduction, while 24 hours battery achieves 21%,
compared to a scenario without storage. Finally, we estimate the amortization time (the period required for cumulative
savings to offset the initial investment). After 6.7 years for the 12 hours battery and 9.9 years for the 24 hours battery,
the amortization time is reached.

1 Introduction

1.1 Motivation

The global shift toward sustainable energy has accelerated the transition from traditional polluting sources such as fos-
sil fuels (coal, oil, and natural gas) and nuclear energy toward cleaner alternatives like solar, wind, and hydropower. By
2050, renewable energy sources have the potential to supply as much as 85% of the global electricity demand [ETI25].
Despite the fact that these renewable sources offer environmental and economic benefits, they also introduce significant
challenges, particularly in terms of energy storage. In particular, electricity generated from renewable sources is inherently
subject to seasonal variability such as fluctuations in wind intensity or solar intensity making efficient energy storage sys-
tems indispensable for ensuring continuous supply and maintaining grid stability. Battery storage systems have emerged
as a crucial solution to address these challenges. By enabling electricity to be stored during periods of low demand or
low market prices and discharged during peak demand or high prices, they offer a solution to stabilize the grid and opti-
mize energy usage [CWCY25| [EGASNH25]. This dual capability not only supports the integration of renewables but also
opens up opportunities for cost efficient energy management. In this study, we investigate the strategic use of a stationary
battery storage device within the context of electricity consumption in uncertain electricity markets. In reality, electricity
spot markets exhibit complex price fluctuations driven by supply demand imbalances, regulatory factors, and external
shocks. Consumers equipped with battery systems can leverage these price dynamics to minimize their overall electricity
consumption costs by charging the battery when prices are low and discharging when prices are high [SDD24].

1.2 Related works and own contribution

In recent years, the optimal control of a battery storage device has gained increased attention in the engineering and
applied mathematics community. Particularly studying the problem within the framework of stochastic control theory allows
for the modelling of uncertainties inherent in electricity prices and consumption patterns, providing a robust foundation
for decision-making under risk. Recent research has explored various methodologies for solving such control problems,
including dynamic programming, reinforcement learning, and simulation-based techniques [MZC™ 20]. These methods aim
to derive optimal policies that balance consumption cost minimization with operational constraints, such as battery capacity,
degradation, and market regulations. In [NNN25], the challenge of operating a Battery Energy Storage System (BESS)
under uncertainty from renewable sources like PV and wind in micro grids is addressed, based on model predictive control
techniques using a coyote algorithm. Using deep reinforcement learning, [CMBP T 25] builds a framework for optimizing
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the participation of collocated renewable energy sources (RES) and BESS across multiple electricity markets. In [CT18], a
novel scheduling strategy for micro grids operating in volatile electricity markets is developed, integrating financial portfolio
theory to maximize economic returns while maintaining operational feasibility. In [VM25] a detailed economic assessment
of BESS operating in both day-ahead and intraday electricity markets is studied, with a unique focus on how battery bids
influence market prices. Furthermore, [PPW™20] addresses the challenge of fast-charging Li-ion batteries without damage
by proposing a model-free reinforcement learning approach to overcome limitations of traditional model-based optimal
control, such as parameter uncertainty and aging effects. The strategy demonstrates online adaptability to environmental
variations and state reduction while ensuring safety constraints. More recently, [SDD24] studies the optimal control of
battery storage in energy markets, especially the German electricity market. They use a VAR model to model prices and
analyse battery profitability as a function of price volatility in 2020 and 2023. They show that low price volatility in 2020
does not allow profitable operation, while increased instability in 2023 offers better profit opportunities.

By extending the existing literature, this paper addresses the unresolved challenge of controlling stationary battery storage
under stochastic electricity pricing while accounting for internal battery state constraints ( not only state of charge but also
voltage constraint). Our main contribution is the introduction of a tractable stochastic optimal control framework that delivers
accurate approximations of optimal policies in energy systems. This framework enables cost efficient battery usage even
in volatile electricity markets, thereby bridging the gap between theoretical modelling and practical applications relevant to
both academia and industry. The novelty of our approach lies in combining a realistic stochastic electricity price model with
a physically detailed battery representation with voltage dynamic incorporated, which together yield a highly non-linear
system of stochastic differential equations. To address the resulting complexity, we develop efficient numerical methods
based on the dynamic programming equation and the least squares Monte Carlo (LSMC) method. This methodological
innovation offers a scalable and implementable solution to a problem that has, until now, been treated in a largely simplified
manner in prior work.

1.3 Organization of the paper

The rest of this paper is organized as follows. In Section[2]we describe the electricity spot price model, the battery model,
and the consumer’s power demand utilized in the study. In Section [3|we present the optimal control problem in continuous
time. In Section [4 we discuss methodologies for solving the optimal control problem in discrete time, employing dynamic
programming and the LSMC method. In Section[5]we analyze the simulation results of the proposed dynamics. In Section
[6] we explore the amortization time. Finally Section[7]concludes by summarizing the key findings of the study.

2 Modelling Section

2.1 Electricity spot price model

The pricing of electricity on the energy market is linked to the dynamics of both, supply and demand, resulting in a
stochastic behaviour. However, we observe various seasonal patterns, including daily, weekly, and monthly cycles, in the
dynamics of electricity prices. Generally, deterministic functions are employed to capture these variations. Moreover, given
the unpredictable nature of electricity markets, it is imperative to incorporate stochastic processes that effectively replicate
the inherent volatility observed in electricity prices. Let us denote by .S a state vector of dimension ds € N. In our setting,
we assume that the only state variable is the electricity spot price and hence S is one-dimensional, i.e. d; = 1.

We define the model for the electricity spot price S = (S(t))¢>0 by

S(t) =A(t)+ P(t), t>0, (1)
where A is the deterministic seasonality component and P is a stochastic process. Throughout this work, time ¢ is mea-
sured in hour.
Deterministic seasonality A
A is modelled as a combination of multiple functions, including a linear trend and a cosine component to capture the yearly

variation of electricity prices, an approach widely used in the literature, cf. e.g. [Ver16]. To account for weekly and hourly
variations, we additionally include 24 x 7 indicator functions 4,1, (dummy variables), which are binary indicators effectively

DOI 10.20347/WIAS.PREPRINT.3248 Berlin 2025



Volatile electricity markets and battery storage 3

capturing discrete changes associated with specific temporal units. x4, can be written as follows

1, if at time ¢ the day of the week is d and the hour is h,
Xd,n(t) = 2
0, otherwise.

Here,d € {0, 1,2, 3,4, 5,6} represents the day of the week (i.e., 0 =Monday, ..., 6 = Sunday)and h € {0,1,2,...,23}
represents the hour of the day. This choice is motivated by the findings of [KWZ23| IKPS19], who show that using indicator
functions provides a more accurate representation of weekly and hourly seasonality in electricity spot prices. Therefore,
the seasonality function A has the form

As + 27t 6. &
([ As
A(t) = Ag + Ast + Ay cos (365><24) +;h70Ad’h Xa.n(t), 3)

where Ag, A1, Aa, Az, Ag p are parameters which need to be estimated.

Stochastic process P

Many stochastic models have been proposed to represent the uncertainty of electricity prices. Among these, factor models
stand out as a robust option, offering the advantage of modelling key stylized features like mean reversion, jumps, spikes
and negative prices in a flexible and tractable framework [DEG21, IMBT08]|. Therefore, we follow the approach of [MBT08]
and adopt a two-factor model for the deseasonalized spot price. Therefore P has the form

P(t) = Pi(t) + P(t), (4)

The dynamics of the two components are described by the following two Ornstein—Uhlenbeck processes:
APy (t) = M (u - Pl(t))dt +odW (1), (5)
dPy(t) = —AoPo(t)dt + dL(t), (6)

where A1 (respectively \2) are positive constants representing the speed of mean reversion of P; (respectively Ps), i
is the long-term mean of P;, o is the volatility of P;, W is a standard Brownian motion, and L represents a compound
Poisson process driving the spikes, which is independent of TV

Data and calibration

The price model described in Equation is calibrated using German and Austrian daily electricity spot price data
obtained from the ENTSO-E Transparency Platform (https://newtransparency.entsoe.eu/market/
energyPrices), covering the period from January 1, 2023, to January 1, 2024. For each of the 365 days in this sam-
ple, we observe a 24-dimensional vector of hourly prices, yielding a total of 8,758 data points. The calibration procedure
follows four steps: estimation of the seasonality parameters, extraction of spikes and a Brownian-driven base component
in the deseasonalized spot price, estimation of the parameters for the base component, and estimation of the parameters
for the jump process. For more details on the calibration, see Appendix [A]

Remark 1 In our model, spot electricity prices are treated as instantaneous, i.e., at any time t the consumer can buy
electricity for the price S(t). This is a simplification compared to the actual European day-ahead market, where prices for
all delivery intervals of the following day are typically announced simultaneously at 12:45pm CET on the preceding day.
We adopt this assumption to maintain the tractability of the control problem and to focus on the interplay between battery
dynamics and price fluctuations.

2.2 Battery models

Modern batteries are available in a wide range of types, each constructed from distinct materials and designed using
manufacturer-specific technologies. These technologies prioritize various performance metrics, including lifespan, power
density, efficiency, cost, and operational reliability. Despite these differences, the underlying internal dynamics governing
battery behaviour tend to follow similar structural patterns, with variations primarily driven by the specific parameters
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considered. Our objective is to formulate an optimal control policy that is applicable across a broad class of stationary
storage batteries. A general framework that captures the essential dynamics of a battery storage device can be considered
as

dY (t)

TZF[LY;I,V]; t 0,717, (7)
where Y is a state vector of dimension d,, € N, representing various battery parameters, including the state of charge,
state of health, and other relevant internal state of the battery, ¢ the time, and the function ' a characteristic of the battery
dynamics that captures the electrochemical reactions, underlying physico-chemical processes, and external impacts on
the battery system, an depends on the charge and discharge current I(t), and the cell voltage V (t) [V].

The dynamics of the battery is described by the battery capacity Q(t) [Ah], which reflects the amount of charge a battery
can store. This is related to the current I(¢) [A] that is flowing into or out of the battery via

dQ(t
OO _ 1), tef.) ®)
dt
which is essentially the conservation of charge. We assume that Q(¢) € [0, Q§***], where Q5™ is the initial maximum

capacity, and decompose

max

I(t)=C(t)-IL  where I} := 1(Eh] 9)

is the current required to charge the battery in one hour and C' € [Cinin, Cimax] the C-rate. Note that C' > 0 correspond
to charge, C' < 0 to discharge and C' = 0 is the idle state.

We denote by 45°C(¢) = Q) [yS9C, y29C ], the status of charge (SOC) of the battery, which is current capacity with

- Quax Ymin’ Ymax
respect to its initial maximum capacity (5'**, which satisfies

dySOC B
e C(t), telo,T]. (10)

We will examine in this work two simplistic classes of battery models in our combined optimal control problem but mention
here, that general models of the type (7) can in general be applied.

Battery model 0

We denote with model 0 the most simplistic model for a battery, which assumes a constant battery voltage V4 [V] and
the SOC y5°C as control variable.

The SOC of the battery is determined by and the model implies that at each time ¢ € [0, T] the SOC must satisfy

y59C(t) € [y, yS9C], where y59C and yS9C are going to be managed by our optimal control solver.

However, this model has certain limitations, most prominently that a direct measurement of the measuring battery capacity
is often impractical in real-world scenarios. Instead, real-world batteries are controlled via voltage measurements, which
motivates the next class of battery models.

Battery model 1

Instead of using the SOC as state constraint for battery charging and discharging, we consider in model 1 the battery
voltage V' control variable.

The cell voltage V' of a battery can be considered as

V(ysoc7t) _ Vocv(ysoo) +R-C(t) = ‘7(y50070). (11)

max
0

1[h]
is the voltage the battery cell delivers under infinitesimal small currents, i.e. C' — 0. The OCV is material and cell specific
and a function of the OSC, and various methodologies exist to establish their relationship. In [PSKT22], multiple modelling

the internal resistance. The OCV

where V9%V (1/59C) s the open circuit voltage (OCV) of the battery and R = R -
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approaches, including linear regression models, non-linear regression models, and hybrid or piecewise linear regression
models, are for instance explored.

Based on criteria such as mean error, complexity, Bayes factor, and others, OCV models are ranked, and among them, we
choose to work with a polynomial model [WSP14] where parameters are estimated by non-linear regression, but emphasize
that this is not a restriction for our general method.

Within our battery dynamics, the control problem requires that at each time ¢ the voltage satisfies V' (¢) € [Vmin, Vmax].
The appropriate upper bound Vi, and lower bound Vy,i,, are chosen as constants from the battery operator, reflecting
conditions to avoid undwanted side reactions (e.g. lithium plating, copper dissolution, electrolyte oxidation).

It is important to note that when considering voltage constraint, charging the battery at its maximum rate will not allow it to
reach the maximum SOC. Instead, the battery gradually reduces its charging rate as it approaches full capacity, which is
a more realistic behaviour than assuming continuous SOC constraint. Further details on this behaviour will be discussed
subsequently.

Remark 2 The OCV of a battery can be subject to hysteresis between charging and discharging for various materials.
This can be incorporated by a hysteresis function h() in the voltage dynamics,as developed in [PSKT 22].

2.3 Some useful relations

We define the consumer power demand Pynq (in [W]) as the amount of electricity consumed at a given moment in time.
Further, we make the following assumptions:

Assumption 1 The consumer power demand P4 is constant.

In our study, the battery is designed to meet the power demand for a duration of Ty, hours (which refers to the amount of
time a battery can continuously supply power to meet a specific demand). It is well noticed that the assumption of a constant
power demand is simplistic, as in reality, demand is not constant but can be stochastic, following seasonal patterns similar
to those observed in electricity prices. To align consumption with our strategy, we aim to establish a relation between Pynq,

the rate of discharge of the battery, and the battery’s maximum capacity Q§***.

Firstly, to determine the battery duration, it is crucial to find the maximum discharge rate at which we can discharge the
battery to meet the consumer demand. Therefore, from the relation

Pimg = Py = 1 -V =T5-C-V<IL C Viax, (12)

we can deduce a strong estimation of the maximum discharge rate of the battery with the relation

max Pdmd
dis = 7‘[&' ; Vmax S C (13)

Secondly, following the main objective of minimizing the cost of electricity consumption, integrating a battery into our
consumption strategy can indeed be advantageous. However, optimizing its maximum capacity is crucial since it is closely
related to consumer needs. Specifically, we want to avoid purchasing an oversized battery that results in underutilized
capacity or a small battery that cannot meet the consumption requirements. Therefore, we aim to establish a connection
between Pymg and QQ§'** so that the battery can satisfy the demand for Tys hours. This relationship is derived from the
energy consumed during the period [0, Tp]. From Assumption we have

- [ Toa ' Toat ySOC N
Egrg = Toat - Pama = Ept" =: / I-Vdt= 3“‘“‘/ — Vdt = QP> . V(C).
0 0
with
_ Y% (Toa) __
V(C):= V(y,C)dy, (14)
ySOC(O)
which yields
s _ Toa Pono
’ V()
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Equation provides a robust formulation representing the initial maximum capacity of the battery and the consumer
demand. While this relation incorporates the average voltage of the battery, for simplicity, a rough approximation of
can be considered, given that V' (C') < Vi,ax. Therefore, we choose QQf'** such that:
g]ax 2 %at'Pdmd. (16)

Vmax

Hence, the current required to charge or discharge the battery can be expressed as
Ik — 0o _ j?»ax - Bima .
¢ 1h  V(C) 1]

and the maximum discharge rate, given by equation (13), can be expressed as

max . __ Pdmd _ 1 V(C) 18
dis T Il Ve - T : V. . ( )
C max bat max

(17)

3 Stochastic Optimal Control

Our primary objective is to formulate the optimization problem governing the charging and discharging of the battery. We
begin by defining the state constraints associated with the battery. Based on this, we introduce the associated control
problem and derive the corresponding optimal policy and value function. This comprehensive framework allows us to
determine the optimal control strategies that minimize the electricity consumption cost.

3.1 State dynamics.

We denote by ) C R, d, € N, the state space for the battery state dynamics.We also denote by S C R d, €
N, the state space for the electricity spot price dynamics. In order to emphasize the influence of the control C' €
[~Chmin, Cimax] =: C, we write the battery state process Y = Y'© which satisfies Equation (7). Likewise, the state
price process S satisfies Equation

Since the system dynamics are Markovian, the pair of state variables (Yc(t), S’(t)) contains all the informations needed
to predict the future evolution. Therefore, the control can be expressed as a function of the present state without loss of
generality [Hows0] and we can write C'(t) = C(t,Y°(t),S(t)),t € [0,T],with C : [0,T] x Y xS — Cas a
measurable function. That means, the control at any time ¢ depends only on the current time and on the current state
variables.

3.2 State constraint

We require that the battery state process satisfies the state constraint Y (¢) € ) forall ¢ € [0,T]. We therefore define
the set of admissible controls by

adm )y . — {C’ 6, T x Y xS —=C|Y(t) =y, Y evolves according to (7), and Y (7) € YV 7 € [t,T]}.
(19)

Depending on the battery model under consideration, the associated state constraints differ. For battery model 0, the state
of charge must remain within the admissible interval [yS9¢, yS9C] =: ). The general procedure is to solve the state
equation (/) for a given control C’(t) and subsequently verify whether the resulting state satisfies this constraint.

For battery model 1, the admissible state set is further restricted by voltage limits; in addition to the state of charge

constraint, the battery voltage must remain within the range [Vinin, Vinax|-

By abuse of notation, we write C' €A™ (y)) to indicate that C(7) = C(7, Y (1), (7)) and C € A2m(y).

3.3 Objective function
Consider the control process C' = (C(t))se(0,7], C(t) € C, the state variable Y(t) = y € ), the electricity state

price S(t) = s € S attimet € [O, T]. To give the explicit form of the objective function it is essential to first define the
running cost, initial and the terminal cost.
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3.3.1 Running costs

The running cost includes the cost of buying electricity from the grid and also the operation cost of the battery. Given a
specific time ¢, the running cost is defined by

L(tayasvc) = Lbuy(t,y,s,C) +L0p(t,y,s,0), (20)
for all C(t) € C. In general, we have Py = Pymg + Poat, Where B,y is the electrical power we buy from the market. If

€
the electricity spot price at time tis S(t) = s L\/I\Nh} then, the cost of purchasing electricity is given by

Liu(t,y,5,C) = 5 Poyy = 5 (Pamg + Boat) = 8 (Pama + 16 - C(2) - V(y, 1))
_ 7331 V(yvt)
=35 (Pdmd (1 + l[h]c(t) . V(C) )) .

The operation of energy storage systems through charging and discharging requires accounting for several cost compo-
nents associated with their use. These typically include operational, maintenance, and cooling costs [MVB™20], which can
often be time dependent [Eur24]. In this work, we focus on the operational cost component L, which is modelled as an

additional consumption cost increasing proportionally with the level of the control action, regardless of whether the battery
is charging or discharging. L, is defined by the following expression:

%at'Pdmd C(t) . V;(yat) )

= . P . 1 . . = .
Lop(t7y,s,C)—s Pc|Pbat‘ S PC‘IC C(t) V(yat” S Pc 1[h] V(C)

Here, P, represents the unit opeiational cost associated with the use of the battery. To ensure the linear dependency of
Lop(.) in Pymg. Let us denote by L the normalized running cost or unit cost (cost per unit of demand) such that:

L() = (21)

3.3.2 Initial and terminal cost

The initial cost ®° corresponds to the cost of purchasing and installing a battery at the unit price of sggit(to) and it is
defined by

uni max uni Ta
®° = s (to) - Q0™ = Pama (Sbat‘(to)'v(bci)) (22)

The terminal cost is a function &7 depending on the battery state variable and the electricity price state at the time horizon.
The specific form of this function depends on the phenomena that we aim to model at the terminal time. In our setting,
we assume that it is a combination of the cost of reselling the battery at the price s;gi;(T) and the liquidation cost (cost of

selling the power left in the battery at terminal time T"). An explicit form of the function is given by:

7 (y,5) = —spm (1) - QF™ =5 Qr

— — Pimg (SEE?(T)  Toar + 5(T) - y**°(T) - mt) : (23)
V(C)
We also denote by 50 (respectively ET) the normalized initial (respectively terminal) cost such that
—o_ 0 —r . 27()
¢ = and & () = . (24)
Pdmd ( ) Pdmd

3.3.3 Cost function

The cost function at time ¢ denoted J : [0, 7] X Y x & x C — R is the expected aggregated discounted cost over the
time period [t, T'] and explicitly defined by

J(t,y,5C) =& / L 0T, YO (1), S(r), O(r))dr e T (3" (re(m), s(1)) + 8°) ’Yc(t) =y,S(t) =s

t

(25)
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- —0 —T
Here, r > 0 denotes the discount rate, L(.) is the running cost defined by 1), ® and ®" (.) the initial and terminal
cost defined by (24). Since battery degradation is not considered in our model, the maximum battery’s capacity remains

unchanged between the initial time to and the terminal time 7. Therefore, we assume that s{it(ty) = s2(T'), so that

- —
the total terminal cost @ (Y¢(T'), S(T)) + 3" reduces to the liquidation cost only.

Our goal is to minimize the performance criterion over the set of all admissible controls 439" (). We defined the value
function for all (¢,y,s) € [0,T] x Y x S by

Ult,y,s) = inf  J(t,y,s;C). (26)
CeAI™ (y)
To solve (26), we first approximate the continuous time problem by a discrete time formulation and then apply Monte Carlo
simulation combined with dynamic programming to compute an approximate solution.

4 Numerical approximation

Let T be a finite time horizon, we define the discrete time points t, = k- At, k = 0,--- , N, where N € N is the
number of time steps and At = % = tr+1 — T is the step size.

Short hand notation: We denote by Y, = Y (¢) (respectively S, = S(t)) the short hand notation for the battery
state process (respectively the electricity price process) at time tx, and C, = C(tx) the decision rule at time t.

We assume that during the time period [tk, tk+1), the control C}, is given and is constant. Y}, and Sy, are given and serve
as initial conditions to respectively solve the battery state equation and electricity price equation in [tk, tk+1]. The
output of this procedure comprises the updated battery and electricity price state variables at time ¢ for all potential
controls C'(t). Moreover, the class of admissible controls A2°™ at time ¢, consists of controls C, such that the state Y},
takes values at any time in ). i.e,

Adm () .= {5 ek, tn]) x Y xS = C | Yy =y, Y evolves according to (7),and Y, € YV 7 =k,...,N — 1}.
(27)

Now, given a control process C' = (Cj)k=o,... N—1, the cost function J : {0,1,--- N} x ¥ x & x C — Riis the
expected aggregated cost over the time kK = 0, 1, - - - , N defined by

Ji(y,s;C) =E

N—-1
> e LS, 8, C) + e T (T (v sw) + 8 ) [V =y, 8 = 51 . (29)
=k

- —0 =T
forall (y,s) € Y x S. The running cost L is given by (20), the initial and the terminal cost &, @~ by (24). The goal is to
minimize the performance criterion over the set of all admissible controls. Therefore, we defined the value function for
all (y,s) € Y xSandk =0,1,--- N by

Uk(y, s) = Cefilgdfm(y) Ji(y, s:C). (29)

A control C* € A34™(y) is called optimal control if Uy (y, s) = Jx(y, s; C*).

4.1 Dynamic programming equation

Our control problem has to satisfies the following necessary optimality condition called Bellman equation or Dynamic
programming equation, see [BR11],
Uk(y,s) = infoe gaam y) {Lk(y, 5,C) 4 e Tt =t [Uk+1(Y,§;~_1, Sk+1)|Y,C =y, Sk = s} },

. | (30)
Un(y,s) =@ (y,5)+ @,

fork=0,1,--- ,N —1and (y,s) € Y x S. The ideal candidate for the optimal control is C} = é,j(YkC, Sk), such
that the decision rule satisfies

CZ (y, S) S argmincEAzdm(y) {Lk(y, S, C) +E |:Uk+1(Yk?+1, Sk+1) YkC =, SL = S} }, (31)
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Volatile electricity markets and battery storage 9

for (y,s) € Y xS, k=0,1,--- ,N —1.

Next, we introduce the least squares Monte Carlo method, which facilitates efficient numerical solutions for our discrete
problem. The core concept involves simulating a series of trajectories and subsequently applying a dynamic program-
ming formulation, specifically the Bellman equation. This enables the recursive computation of value function and optimal
decision estimates using least squares regression.

4.2 Least squares Monte Carlo method

The computation of the conditional expectation in the Bellman equation constitutes the main challenge in this case. Before
addressing this issue, let us first define the following function.

wi(y, s) == E [Ukﬂ(wkﬂ(y,Ok>,5k+1)\5k =5, w5 eyxs oro<k<N-1, (32)

Here i1 1(y, Cx) = Y7, ,, is the update rule, meaning that given a control C and the state YE =y, prs1(y, Ck)
returns the next state at time 1. Then, the Bellman equation can be written as

Ur(y,s) = inf  [Li(y,s,C) +e "=ty (y,s)], 0< k< N -1,

CeAzdm (y) (33)
—T —0

In the following, we explore the use of least squares regression to approximate the function wy,. Therefore, let {wl, ey wp}
withy); : S — R, j =1,--- , p, be a set of basis functions, then we write ¥(s) = (¥1(s),- - ,¥p(s)). Let (ﬁk)]kvzo

denotes the sequence of approximated value functions and set ﬁN = ET(y, s)+ 50. Then, we estimate ﬁk recursively

as follows. For a fixed y € ) and given the approximated value function ﬁk.“, we approximate the function wy, by

zp: (y) (34)

j=1
where the regression coefficients B,gy) = (B(yl, .. (y)) are solutions of the least squares problem
2

Nyain p
;(fyl)v 5(y) = arg min Uk+1(@r+1(y, Cr), ;(:ﬁ Z (y)% S(m)) . (35)

’ 5 15" 'ﬁp ]Vtraln m=1 i—1

= G=

N

Here, <S,(€m)) ,m = 1,--- Nyan, are Nyan € N independent trajectories sampled from the underlying state

process (Sk)ivzo. Afterwards, the corresponding (approximated) value function is then given by

~

Uk(y7 S) = min |:Zk(?J7 S, O) + 67T(tk+17tk)ﬁ)\k(ya 5):| ) 0 < k < N — 17 (36)
CEAidm(y)

for (y,s) € Y x S. ltis important to note that the choice of basis functions v for the regression technique significantly
affects its performance, and the class of polynomials is a common option.

To compute the optimal policy C*, we use the least squares Monte Carlo approach described previously and the proce-
dure is summarized in Algorithm I 1] After computing the optimal policy C* as described |n Algorithm E} we estimate the
value Jo(yo, So; C*) using Monte Carlo method. This estimated value is denoted by Jo " (40, 50), and it is obtained by
averaging the expected values over Ntest independent sample paths. The overall procedure is summarized in AIgorlthml
The estimated consumption cost JO (yo7 Sp) satisfies

E {joc*(ym So)} < E [Us(yo, So)] - (37)

In other words, j(? (Yo, So) provides a lower bound for the value function. In the numerical results, we use these estimates
to compare the performance for different battery model configurations.
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Remark 3 During the numerical simulation, instead of computing the regression for ﬁk+1 (pr+1(y, Ck), S,(Jﬂ) in Algo-

r/'thm we employ (7 k+1(y, S lgﬁ) and obtain an approximation from which 1wy, (y7 s) is computed via linear interpolation.
This approach for approximating the conditional expectation is computationally less expensive than direct estimation as
presented in Algorithm[1] while yielding nearly identical results, which motivated our choice.

Algorithm 1 Optimal Policy C*

Ntrain
Simulate 1/ independent sample price trajectories (S((]m), ng), e ,S](f,”)) and set the terminal solution

m=1
~ m —T m —0 ~
Un(y,S§") =0 (3,5§")+ 3. yeYcy
for k = N — 110 0 (backward in time) do
fory € ) do:
(v)

(v) _ : 1
kot Pp = arg ming w0

2
Nuzin

~

p
Ui (041 (y, Cr), STY) — 9 B (S™)
~

P
Wy (y,s) = '21 /3;(5,/])-1/}3‘(8)-
]:
end for _
Compute the optimal policy for all m = 1 to Nyanandy € V:
Cl: (y7 S](gm)) = arg mianEAzdm(y) [Zk (ya S]E)m)7 Ck) + Wi (ya S](gm))i| .
Compute the value function m = 1to Ny, andy € 37:
Uiy, S™) = Li(y, ST, C) + on(y, S™)
end for N o
Construct an extension C* of C*, C* : J) x § — C, such that

6*(57 5) = finterpolate (g7 S5 C;(y7 S[E;’m)) Yy € j)i) ; (gv S) € y X S

Algorithm 2 Lower Bound Estimate of J¢ (¢t = 0, yo, So)

N

Simulate N, independent sample price trajectories: (Sk(m)) Ly M= 1,..., Nist where S}, is different from
: o
Sp used in the training samples.

Initialize the state: iy € ).

form=1,..., Mg do
N

C*’(m)) , with initial control yg € ) using:

Compute the process (Yk

C

*(m C*,(m C*,(m) Ax C*,(m '(m
VA ( ):yo andYk+1( ):@k+1 (Yk ( ),Ck(yk ( )»Sk( ))),

end for
Estimate JC~ (t = 0,yo, So) using the Monte Carlo formulation:

Ny
1 test

]Vlest

N-1
jer (t =0,0,S0) := ( Z T (ch ,(m)’Sk(M)’ C;(ch ,(m)’ Sk(m))>
k=0

m=1

+oT (v, sim™) +<I>°).

5 Numerical Results

This section is dedicated to exploring numerical results related to the optimal control problem presented previously. Specif-
ically, we will investigate the two models described earlier. We aim to analyse the cost effectiveness of a battery system
over a period of up to 10 years, as well as to determine its amortization time. Before proceeding with the full computations,
it is essential to select reliable parameters, in particular the state of charge discretization number IV, the time step At
(in hour), and the number of Monte Carlo samples. This motivates the Section [5.1] which will be dedicated to identifying
suitable choices of these parameters by evaluating the relative error associated with them. To reduce computational effort
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in this preliminary study, we restrict ourselves to a time horizon of one year, assuming a battery with a battery duration of
24 hours.

Firstly, we assume that the electricity spot price state variable is a one dimensional process, meaning we only take into
account the electricity price S(t) satisfying (T), with seasonality A(t) following Equation and the stochastic process
P(t) following [@). The calibration is well detailed in Appendix|A.1]

Secondly, for both battery models 0 and 1, the only state considered is the state of charge. The C-rate is assumed to be
between [—1, 1], meaning that we can fully charge or discharge the battery in 1 hour at the maximum speed rate. The
state of charge by definition is within the bound [y59¢, y59C] = [0, 1]. For the Battery model 0, the constant voltage is
assumed to be the mean value of the voltage. To model the voltage as a function of the SOC, we use the OCV parameters
from the polynomial model estimated in [BJM™ 17]. The coefficients of the model are given by: kg = 3.426, k; = 0.0284,
ko = —0.00128, ks = 3.14-107° ks = —4.1-1077, k5 = 2.83 - 1072, k¢ = —8.1 - 1012, Those parameters are
obtained after several experiments on a battery cell with a nominal capacity of Q§'** = 20 [Ah] and internal resistance
of R = 0.07 [2] which implies R = 0.14 [V]. We also assume that the SBSD satisfies the demand within a range of

megawatt-hours (MWh).

4.2
Vimax //
v 3.9 /
© |
S —n
= 359 —c-o
Vmin — =1
/ C Raielregulaton sone
350y vi 0.2 0.5 0.8y Vs 1.0

State of charge

Figure 1: Cell's Voltage vs State of charge for different C-rate and internal resistance of R = 0.14.

Figure illustrates the voltage of a cell as a function of SOC and the control C'. The shaded region represents the zone
where V(ysoc, C) e [Vmin, Vmax]; every C-rate in that zone is called admissible control. Further, the maximum voltage
is achieved at 4/°°¢ = 1 and C' = 0, and the minimum voltage occurs at 4°°¢ = 0 and C' = 0. The C-rate regulation
zone illustrates the contrast between the two battery representations, namely model 0, constrained by the state of charge,
and model 1, constrained by the terminal voltage. Under state of charge constraint, the battery can be charged to its full
capacity even at a relatively high C-rate. In contrast, in the voltage constrained case, as shown in Figure[i] the terminal
voltage reaches its upper limit before the battery attains full charge. This behaviour implies that, as will be discussed in the
following sections, the optimal control strategy must gradually decrease the C-rate as the battery approaches its maximum
SOC, thereby achieving full charge without exceeding the voltage constraint.

5.1 Preliminary error analysis and parameter selection

For the error analysis, since battery model 0 is obtained under the assumption of constant voltage, we emphasize that only
battery model 1 will be used, since it is more general than model 0. Firstly, we establish a reference value for the lower
bound JOC* (yo, Sop), since the exact solution is not available. The reference is determined by refining the computation of
joc* (Yo, So) until further refinement produces only negligible changes in the result. For this purpose, we compute the
reference value %?,;f(yo, Sp) using the following parameters: time step At = 0.1 hour, state of charge discretization
N, = 128, number of training samples Nyain = 10, and number of testing samples Nyt = 2-10*. The battery duration
is set to Tpar = 24 hours with a penalization constant P. = 0.001. The time horizon is T' = 24 - 365 hours, starting
with an empty battery (state of charge y(S)OC = 0) and an initial electricity price of Sy = 30. The corresponding reference
values is given by.

TG (o, So) = 639734.4 & 589.049. @8)

Here, 589.049 represents the half-length of the estimated 99% confidence interval {@0). Afterward, we analyse the be-
haviour of the relative error €,., defined as
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‘joc* (Y0, So) — j:)c:r;f(y07 So)‘

Ep: =
‘J()C:ref(y()vso)‘

(39)

For each parameter N, At, Nyain, and Nigst, We compute joc* (Yo, So) and evaluate the associated sampling uncertainty.
Denoting by Std the empirical standard deviation of the estimator based on N, samples, the 99% confidence interval
(Cl) for the relative error is define as

Std Std
Er =2, & T 2 (40)
\/m Jgref \/m J()?ref

where z = 2.576 for 99% Cl is the critical value. Setting an error tolerance of ¢, the upper bound of the Cl should
satisfied the relation

Std
Er+ 2 —
V ZVtest J()Cfref

To select the parameters that meet this relative error criterion, for each candidate value of a parameter, we retain the
largest (or most computationally efficient) choice that still satisfies condition (@1).

< Eol- (41)

Now, we start the analysis with the SOC discretization Ny.

N, 2 4 8 16 32 64

Jg" 754400.40  664679.75  648368.00  642280.90  640328.10  639828.75
std 24448.309  31163.576 32005275  32248.213  32349.059  32388.785
MCerror  444.290 566.324 581.620 586.035 587.867 588.589
& 1.792-10-°0  3.900-107°2  1.350-107°2  4.000-10-%  9.0-10~°%  1.000- 1004

Table 1: Lower bound J& (y, So) for different SOC discretization N, given that At = 0.1, Niain = 103, Niggt = 2-10%,
R = 0.14, P, = 0.001, Tpat = 24 hours, T = 24 - 365 hours . The Monte Carlo error (MC error) is defined as the
half-length of the estimated 99% confidence interval around JOC (Yo, So).

—

<)
iR
K

10 2 e e W ___.:::._._i._ ........................................

-

w

—_

o

—

E —— & TR

01073 99% Cl I ~~~~~~~
R Ficow;v8 | T
010744 Ny I
g e 5tol=0-01 I

1050 Optimal Ny, (0.01) = 16 |
10! 102
NY

Figure 2: Relative error as function of state of charge discretization V.

Tablesummarizes the numerical results of the consumption cost for various discretization levels IV,,. The corresponding
standard deviation is approximately 5% of jOC* (Y0, So). This variability is realistic and consistent with the fluctuations
typically observed in electricity market prices. In view of these results, we select a reasonable tolerance threshold of
€0 = 1%, corresponding to N, = 16, as shown in Figure |2} This choice provides a reasonable trade-off between
numerical accuracy and computational efficiency. However, if the goal is to evaluate the performance limits of the proposed
algorithm, a stricter tolerance £,, = 0.2% would require N,, = 32, which is significantly more demanding computationally.

Secondly, we study how the time discretization At influences jOC* (Yo, So)-
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At 1 0.5 0.25 0.125 0.0625 0.01

jo ’ 569711.94 602748.56 626930.06 640778.7 641595.11 642280.9
Std 31317.125 32089.898 32366.926 32278.402 32259.27 32248.213
MC error 560.25 574.08 579.04 577.45 577.15 576.91
Er 0.1129 0.0615 0.0239 0.0023 0.0010 -

Table 2: Comparison of the lower bound joc* (o, So) for different time discretization At given that N, = 16, Ny = 103,
Nest = 2-10* R =0.14, P, = 0.001, Tpa = 24 hours, T = 24 - 365 hours.

I
1071

o ==

5 =

o |

e 4

E 102 et e e s —_—————— S N R Y ML PO S Y -
e L
= N AR S 99% Cl
< 103 ---= Fit: O(At182)
ol —= £ =0.01

= Optimal At (0.01) = 0.125
1072 10! 10°
At

Figure 3: Relative error as function of time step At.

In analogy with the previous case, Table [2] summarizes the variations in the computed consumption cost. Under identical
tolerance criteria, the discretization step At = 0.125 appears to offer an effective trade-off between numerical accuracy
and computational efficiency as illustrate in Figure. Finally, we study how the number of testing samples N for Monte
Carlo for the battery state influences JS (o, So).

Niest 1000 2000 4000 8000 16000 32000 64000
jo ’ 640866.420 640813.527 640759.39  640747.73  640457.43  640722.10  640503.50
Std 31760.94 32274.02 32081.90 32151.06 32176.46 32343.74 32407.27
MC error 2541.05 1825.82 1283.36 909.43 643.57 457.44 324.09

Table 3: Comparison of the lower bound jOC* (Yo, So) for different number of sample Nies With the following parameters:
At =0.1, Ny = 128, R = 0.14, P, = 0.001, Tpat = 24 hours, T' = 24 - 365 hours.

According to Table the Monte Carlo error exhibits the expected behaviour (decreasing as Vi increases). The analysis
shows that the Monte Carlo method converges at a rate of 0.5. How ever, our initial choice of Ny = 2 - 10% samples is a
reasonable trade-off between precision and computational cost where the error becomes acceptably low without incurring
excessive computational cost.

5.2 Value function and Optimal policy

In this section, we examine how the value function and the optimal policy differ under the two battery models. Our analysis
focuses specifically on periods in which the electricity price are high, low prices and in-between. These periods are identi-
fied based on the seasonal structure of the price process. For illustration purposes, we restrict the study to a time horizon
of three months, which is sufficient to highlight and discuss the qualitative effects of the model differences. From Section
we will use the following parameters for the upcoming computation, based on the 1% tolerance error; namely: time
step At = 0.125 hour, SOC discretisation N, = 16, time horizon T = 24 - 90 hours). We R = 0.14 and P, = 0.01.
Due to seasonality on electricity spot price, we select a representative price interval using quantiles to have a robust result.
indeed, this approach removes outliers that could distort the interpretation of the value function, then focus on the central
90% of the distribution and most meaningful part of the price distribution.
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Figure 4: Value functions U (y3°°, s) and optimal policy C* (yS°C, s) under battery model 0 and 1, at different time ¢
(hours)

In Figurela_—tl we visualize the approximated value function (7(3/3007 s) and the corresponding optimal policy C*(35°C, s)

under the two battery models. Here, ﬁ(ysoc’ s) at time ¢ represents the expected consumption cost from time ¢ until the
terminal time. We observe that battery model 0 yields a lower expected cost than battery model 1 for all states. This is
expected, as model 1 imposes a more conservative behaviour due to voltage constraints, which restrict feasible control
actions and consequently increases the expected operational cost. Nonetheless, there may exist specific cases where
model 1 leads to a lower cost at a particular time, depending on the sign of V' (y,t) — Vavg- For both battery models, the
optimal policy follows the standard economic principle: charge the battery when the electricity price is low, and discharge
when the price is high. For example, at the selected time ¢ = 1162, corresponding to a period of very low prices, the optimal
strategy is to charge the battery, anticipating a subsequent price increase. As the price begins to increase (¢t = 1165), the
optimal control allows the battery to charge at some higher prices, but only if the battery is nearly empty. Conversely, at
times of high prices (¢ = 1165), the battery is discharged as much as possible before the price drops again. This pattern
repeats over the entire time horizon. Under battery model 1, however, the optimal behaviour is further influenced by the
voltage constraint: the C-rate gradually decreases as the battery approaches full charge. This illustrates that model 1 is
more restrictive than model 0, and highlights the impact of voltage limitations on operational strategies.

From now on, unless we explicitly study the effect of a specific parameter, all computations will be performed using the
following baseline configuration: time step At = 0.125 hours, state of charge discretization [V, = 16, time horizon
T = 24 - 365 hours, internal resistance R = 0.14, training sample size Nyain = 103, test sample size Nyt = 2 - 104,
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operational constant P. = 0.001, and battery duration 7y = 24 hours.

5.3 Impact of battery parameters on the consumption cost

In this section, we examine the impact of several key parameters on the consumption cost joc* (yo7 So). The parameters
under consideration are the battery duration 7y, the operational constant P., and the internal resistance of the battery R.
The analysis is carried out under battery model 1. Prior to the analysis, we introduce the quantity 7°®, which represents
the cost savings resulting from the use of the battery and computed using the relation:

77save — JO,’lUb(SO) B ‘TOC* (yO’ SO) (42)
. JO,wb(SO) .

In Jwbg(So) denotes the electricity consumption cost when no battery is used. After one year, its estimated value
computed via a Monte Carlo simulation using Nt = 2 - 104 sampled electricity price trajectories is

Jo,wb(So) = 759993.0945 + 439.350. (43)

We begin with the impact of battery duration on the consumption cost joc*(yo7 So). Specifically, we analyse for four
different battery duration values i.e. Toat = 1, 6, 12, 24 and present the result in Table[d] and a visualization of the strategy

on a sample price trajectory in Figure[5]

Toat 1 6 12 24
J& 743169.1 680647.9 663037.5 640778.7
MC error 444.02 496.36 534.59 577.45
psave 0.022 0.104 0.127 0.156

Table 4: Consumption cost joc* (Yo, So) and cost savings 1V for different battery duration Ty
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Figure 5: Optimal strategy during a period of one week, for one sample price trajectory given different Ty, under the
battery model 0 (left) and model 1 (right).
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We observe that the estimated consumption costs commuted in Table [4] behave has expected. Indeed, the consumption
cost decreases when we use larger battery and this leads to greater savings. For instance, after one year, with a battery
duration of Tpae = 24 hours, we save up to 15.6% of the consumption cost comparing to the scenario where we don’t
have a battery. This significant saving is largely due to price fluctuations, as highlighted by Stephan Schliter et al. in
[SDD24]. In Figure [5) We wanted once more to show on trajectory level how the two battery models behave and we
observe that under model 0, the battery tends to charge aggressively(with higher C-rate) until it reaches full capacity,
showing a "bang-bang"behaviour. In contrast, model 1 regulates the charging process more smoothly, preventing extreme
charging rates. This more balanced approach not only optimizes energy use but also helps mitigate battery degradation by
avoiding continuous maximum speed charging and it is important to mention that this happens even without considering
degradation in the model.

Next, we study the impact of the operational constant P, on joc* (Y0, So)- The estimated consumption costs are given
in Table [5] for 4 different values (P. = 0,0.1,0.2,0.5) and a visualization of the strategy on a sample price trajectory in
Figure[g]

P, 0 0.1 0.2 0.5
jo : 640457.3 666059.56 683492.1 712321.6
MC error 586.813 567.7501 551.72 522.140

Table 5: Consumption cost joc* (Yo, So) for different operational constant P..
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Figure 6: Optimal strategy during a period of one week, for one sample price trajectory given different operational constant
P..

Table cIearIy shows that higher values of P, lead to an increase in the consumption cost. This behaviour is expected,
as a larger value of P. implies a higher operational cost associated with using the battery. Focusing on a sample price
trajectory, Figure E] illustrates how the optimizer reacts to different values of P.. We observe that, as the operational
constant increases, the optimizer becomes less likely to use the battery for every price fluctuation. Instead, the battery is
used only when necessary, and for certain electricity spot price trajectories it may even be optimal not to use the battery
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at all.

Lastly, we study the impact of the internal resistance R on fOC* (Yo, So). Particularly, we analyse four different values
(R=0,1,2, 3). The result are presented in Table@and a visualization of the strategy on a sample price trajectory in

Figure[7]

R 0 1 2 3
jo ’ 631092.25 639846.0 642214.1 660473.5
MC error 588.88 564.58 526.46 498.75

Table 6: Consumption cost fOC* (yo, SO) for different internal resistance value R.

4.50

200 4.25
4.00>

o
&
=)

375@

-
S
S

Volt

Electricity price s

Electricity price s

3.00

3.00

Optimal control C*
°
=
Optimal control C*
°
=

125 150 175

75 100 125 150 175 0 25 50 75 100
Time (in hour) Time (in hour)

R=0 R=1

Figure 7: Optimal strategy during a period of one week, for one sample price trajectory given different internal resistance
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Figure 8: Consumption cost jOC* (Yo, So) for different internal resistance value R presented in Table for a time horizon
of T'= 24 - 30 hours.

Increasing the internal resistance of the battery reduces the set of admissible actions .A;‘dm(YC, S) for battery model 1.
A higher internal resistance allow the voltage limit to be reached more quickly and certain C-rate values may no longer be
admissible. As a result, the battery requires more time to reach full charge, which in turn increases the overall consumption
cost, as shown in Table [6] and more deeply in Table [T3]for shorter time. In Figure [7] we observe that for smaller values
of R, the optimal strategies permit higher C-rates. However, as R increases, the admissible C-rate values progressively
diminish. Consequently, when the internal resistance becomes sulfficiently large, the optimal strategy converges toward the
scenario in which the battery is not utilized at all. This trend is reflected in the consumption cost, which exhibits the same

behaviour, as illustrated in Figure[8]

This behaviour is consistent with what is typically observed when degradation effects are incorporated into the battery
model through the internal resistance. Indeed, when degradation is modelled, frequent use of the battery leads to an
increase in R, and consequently the control must adapt to limit the battery usage in order to mitigate further degradation.
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6 Amortization time

The objective of this section is to estimate the amortization time 77, taking in account the savings percentage 7°%¢ and
the battery duration Tp4. Indeed the amortization time is formally defined as the time when the cumulative savings exceed
the initial investment in the battery Sy, [€] (the time when using the battery becomes beneficial). i.e.

T, := inf {T’ngb(so) — JET (o, So) > sbat} : (44)

Due to the investment cost associated with purchasing and installing the battery, the amortisation time 7T, is expected to
be reached only after several years. To estimate this time, we run our algorithm over a period of T' = 8 years, focusing
on several values of the battery duration, namely 7,.: = 6, 12, 24. Because of computational constraints, we assume that
the battery is controlled every At = 1 hour. We also assume according to https : //www.lifepodprices.com that

the unit price of the battery is approximately sgnt = 100.000[%}. The computation of the consumption cost yields the
results reported in Table[T4]

Toat 6 12 24

,r]scwe 0.11 0.15 0.21

Ta 4.45 6.73 9.93

Table 7: Amortization time T}, (in year) for different battery duration.

le7 le7
1.00+ 1.00+ 1.00+
0.754 0.754 0.754
0.50- 0.50- 0.50-
0.259 0.2579 ~ 0.257

5 i & & 10 5 i & & 10 5 i & & 10

T (in year) T (in year) T (in year)
Toat = 6 hours Toat = 12 hours Toat = 24 hours

Figure 9: Amortization time T, for different battery durations Tpa:.

From Table [7) we observe that the amortization time 7T}, naturally increases with the size of the battery, since larger
storage capacities require higher investment costs. Further details on the computation of these values are provided in
Table Figure |§I illustrates the evolution of the cost without battery, JOT) wb(So), and the optimized cost with battery,

joC*’T(yo, So) + Shat, Over the time horizon.

A key insight is that the intersection point of these two curves where Equation |[44|is satisfied provides a precise estimate
of the amortization time. For example, for a battery with a duration of 7,.s = 24 hours, our results show that electricity
consumption costs can be reduced by up to 21% compared to a strategy without storage. Accumulating these savings
over time, the initial investment is recovered after approximately T,, = 9.93 years. This outcome is highly relevant from
an industrial and economic standpoint: a high quality battery typically has a lifespan of about 15 years. However, after
the amortization point is reached, the system benefits from roughly seven additional years of net financial gain. In other
words, integrating such a battery into the consumption strategy provides not only technical flexibility but also a clear and
quantifiable long term economic advantage.

7 Conclusion

In this work, we investigated the management of stationary battery storage under uncertainty in future electricity spot
prices. To this end, we modelled the spot price using a two factor mean reverting model with seasonality, calibrated to real
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world data. Two battery models were developed: a simplified formulation based on state of charge constraints and a more
realistic model incorporating voltage constraints. These specifications allowed us to formulate the cost minimization prob-
lem as a stochastic optimal control problem with state constraints and C-rate control, solved using dynamic programming
combined with the LSMC method. Numerical analysis revealed that with a state of charge discretisation of N, = 16 points
and a time step of At = 0.125, the model accurately approximated electricity consumption costs with 1% tolerance error,
offering a reasonable trade-off between numerical accuracy and computational efficiency. The resulting optimal policies
highlighted clear differences between the two battery models: the state of charge model exhibited bang-bang behaviour,
while the voltage based model reduced C-rate gradually when approaching full capacity. Although the state of charge model
produced lower cost estimates, the voltage based model was retained for analysis due to its higher physical realism. Based
on this model, we studied potential cost savings and amortization times for different battery durations. Over a one year
horizon time, a battery with Too = 6 hours yielded approximately 11% savings compared to a no-storage strategy. This
saving increased to 15% for Tpat = 12 hours and became even more substantial for 7. = 24 hours. We further observed
that increases in operational constants or internal resistance reduced battery usage, as they accounted for higher costs.
We also approximated the Amortization time, and we obtained approximately T,, = 4.45 years for Tp; = 6 hours and
T, = 6.73 years for Tpsx = 12 hours. Therefore, integrating a stationary battery storage device into the electricity con-
sumption strategy offers not only technical flexibility but also long-term economic benefits. This combination of operational
adaptability and financial gain highlights the central role of battery storage in modern energy management.

However, it is important to note that, the results presented here are based on the simplifying assumption that the battery
does not degrade over time. In future research, this assumption will be relaxed to include degradation effects. Incorporating
ageing into the model will allow us to assess how it influences both the optimal consumption strategy and the payback
period, providing a more realistic and comprehensive evaluation for long term operational planning.
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Physical Parameters

Parameters Description Unit

Q Capacity of the Battery [An]

QY™ Initial maximum capacity of the Battery [Ah]

SOC State of charge of the battery []

yS9c Minimum state of charge of the battery [-]

Yo Maximum state of charge of the battery []

I Current [A]

C Rate of charge and discharge of the battery [

Chnin Minimum C-rate []

Chnax Maximum C-rate [

Toat Battery duration [h]

Poat Battery power W]

Pomg Power demand W]

EZ;% Energy demand [Wh]

\%4 Voltage of the battery V]

yoev Open-circuit voltage of a cell V]

Viom Nominal voltage of the battery V]

Vinax Maximum voltage of the battery V]

Viin Minimum voltage of the battery V]

R Internal resistance of the battery [

P, Operational constant [1/Mwh]

syt Unit price of the battery [€/Mwh]

Table 8: Physical parameters and values
Electricity spot price parameters and Values
Parameters Description Unit
AL, A2 speed of mean reversion [1/h]
W long term mean [€/Mwh]
o volatility of the deseasonalized spot price [€/Mwhv/7]
gy, d™ daily and hourly dummy variables [-]
Ag, A1, Ag, As, C(EZ;U) parameters of A [€/Mwh]
Table 9: Electricity spot price parameters and values
Numerical parameters

Parameters Description Value

At Time step 0.125

Ny Number of SOC grid points 16

Miain Number of training samples 103

Miest Number of testing samples 2.10%

r Discount rate 0

dy Dimension of battery state vector 1

ds Dimension of electricity price state vector 1

Table 10: Numerical parameters
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A Electricity spot price model

A.1 Parameter estimation of the electricity spot price model

The parameters estimation of our two-factor electricity spot price model is done in several steps:

Step 1 (Data extraction): We recall that we consider German and Austrian daily electricity spot price data from the
ENTSO-E Transparency Platform (https://newtransparency.entsoe.eu/market/energyPrices)
covering the period from January 1, 2023, to January 1, 2024. For each of the 365 days in this sample, we observe
a 24-dimensional vector of hourly prices yielding a total of 8,758 data points. We define the price for hour h, where
h € {0,...,23}, as the electricity price delivered during the time interval [k, h + 1). Our analysis encompasses the
entire dataset, including weekends.

Step 2 (Estimation of the seasonality parameters): To calibrate the parameters of the seasonality function A, the first
step involves estimating the parameters of the linear trend along with the yearly seasonal component (presented in Table
111) using non-linear least squares regression. The estimated general trend is then subtracted from each of the 24 time
series.

Parameter AO A1 Ag A3
Value 148.47 -0.01 30.41 11902.35

Table 11: Calibrated parameter values for the linear trend and the yearly seasonal component.

Next, we calibrate the parameters for the weekly seasonal effects. To do this, we follow the approach of [Ver16]. Specifically,
we compute trimmed means of the de-trended data by removing 1% of each side of observations (i.e., a total of 2% of the
data). The resulting parameter estimates are presented in Table[T2]
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Figure 10: Seasonality function A and observed data for October 2023.

In Figure we illustrate the seasonality function A based on the calibrated parameters, focusing on the period from
October 1 to October 31, 2023. In the next step we use the deseasonalized data to calibrate the stochastic component of
the two-factor model.

Step 3 (Extraction of spikes and Brownian-driven component in the deseasonalized spot price): Secondly, the
spikes component in the deseasonalized spot price series is identified and separated from the base component. Among
the two methods developed in [MBT08], namely hard thresholding and the adapted Potts filter, we choose to implement
the hard thresholding method. Given a fixed number M of spikes to be removed from the deseasonalized data, we first
estimate from the autocorrelation function the mean-reversion coefficients Ay = 0.1 and Ay = 0.148. Thereafter, the
maximum likelihood estimators (MLE) for the spike parameters (spike sizes and times) (Oéi,Ti>, i =1,...,M, are
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Hour Monday Tuesday Wednesday Thursday Friday Saturday Sunday
0 -16.724 -9.316 -12.133 -11.221 -17.736 -24.586 -21.579
1 -11.357 -5.116 -6.477 -6.922 -17.116 -24.257 -14.267
2 7.744 14.932 9.926 9.778 -15.190 -24.427 5.832
3 30.662 34.208 28.526 25.109 -11.634 -23.885 26.596
4 33.755 37.259 33.315 29.676 -9.296 -25.278 30.970
5 23.444 28.531 26.439 24.427 -11.538 -29.787 21.595
6 8.188 11.705 13.484 13.221 -19.916 -39.312 5.273
7 -1.807 -0.817 5.394 3.814 -30.087 -48.347 -4.968
8 -9.135 -11.561 0.013 -5.722 -37.629 -55.561 -12.965
9 -14.715 -15.912 -6.740 -13.499 -46.367 -67.070 -19.026
10 -15.865 -17.004 -7.553 -16.322 -49.919 -75.638 -19.728
11 -10.728 -12.268 -2.460 -12.876 -40.650 -64.867 -14.873
12 -3.034 -1.109 6.172 -4.401 -27.072 -40.980 -6.709
13 12.262 16.271 18.846 7.978 -7.546 -16.327 7.074
14 33.193 35.627 39.355 25.736 13.094 7.547 31.793
15 54.296 52.671 58.637 37.536 25171 22.868 59.586
16 48.688 48.676 47.227 32.054 21.903 25.094 49.838
17 32.383 32.598 29.739 17.963 13.763 18.076 28.223
18 20.985 18.000 18.573 7.311 5.710 10.700 14.181
19 8.004 7.603 8.424 -1.136 -1.191 3.088 4.068
20 1.975 -0.355 0.592 -6.743 -9.208 -4.770 -5.194
21 -4.936 -6.351 -5.828 -11.159 -14.996 -12.798 -10.947
22 -7.916 -10.187 -9.443 -14.913 -20.027 -18.404 -14.329
23 -9.638 -12.634 -11.448 -17.316 -22.863 -20.930 -16.579

Table 12: Trimmed means for the data after removing the trend. The trimmed means exclude 2% of the data, i.e., 1% on
each side.

obtained via least squares estimation. To optimally choose M, we fix a target noise level of ¢ = 2%, i.e. 2% of all returns
are to be removed. This yields a target standard deviation of c* = 36.77 (the standard deviation computed using all
available data is 42.38). To achieve this target noise level, the extraction of M = 188 Jumps is needed.

—— Deseasonalized data
100 —— Spikes component
50- ‘ U Brownian-driven component
0_ l ‘ n‘ I\';l Ll
—50-
—100+ i

0 100 200 300 400 500 600 700
Time (in hour)

Figure 11: Decomposition of the deseasonalized spot price into a Brownian-driven component and a spike component
using hard thresholding on deseasonalized data (visualization for October 2023).

Step 4 (Estimation of base component): After the spike component is removed, the increments of the base component
(deseasonalized data without spikes) exhibit near-Gaussian behaviour. Indeed, in the case of the ENTSO-E Transparency
Platform electricity price data, the increments of the base component have a skewness of -0.7245 (up from -1.0119 for
the initial deseasonalized data including spikes) and an excess kurtosis of 0.81 (down from 8.32). Based on our analysis,
the base component closely approximates a Gaussian distribution, making it suitable for modelling with an AR(1) process
featuring Gaussian increments. The parameters of the first Ornstein-Uhlenbeck process are calibrated through maximum
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likelihood, yielding
A1 =0.0389, p=0.9972, o =10.1653. (45)

Step 5 (Estimation of the spike component): Concerning the spike component, the goal is to estimate both the intensity
of jumps and the distribution of the spike amplitudes. The spike occurrence dates, obtained from the separation step, allow
us to construct a maximum likelihood estimator for the spike intensity. Specifically, when N is a time inhomogeneous
Poisson process with time dependent intensity A(¢) > 0, the driving process for the spike component is modelled as

N(t)
Ly(t) = > Bi Z;, (46)
i=1
where, Z1, Za, Zs, . . . arei.i.d. random variables following a Pareto distribution with parameters (2o, «) and By, By, Bs, . . .

are i.i.d. Bernoulli random variables taking values in {—1, +1} with success probability p2. We choose a Pareto distribu-
tion because the spike amplitudes are bounded from below by some threshold zy > 0 and hence we need a distribution
supported on the interval [zo, +00); also the number of data points available for estimation is limited (188 spikes). The
time dependent intensity \(¢) is defined as

1

MO, 02,1) =60, f()%  with  f(t) = . (47)

- _
1 fsin (5652 ) +0.01)

DN | =

It produces a seasonal intensity that peaks at ¢ = ¢g and exhibits symmetric decay across the whole time interval. Using
maximum likelihood, we estimate 61 = 0.0451 and f; = 0.882 with a maximum (tg = 255 - 24) between August and
September. The parameters of the Pareto distribution (the smallest spike amplitude zy and the decay rate «), as well as
the Bernoulli probability p2, are estimated by maximum likelihood from the extracted jump data. We obtain

Ao = 0.168, =244, zy=43.02, ps = 0.5051. (48)

This model specification enables the simulation of price trajectories. As illustrated in Figure the model effectively
replicates the observed behaviour of the spot price series.
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Figure 12: Real German and Austrian daily electricity spot price data and a sample spot price trajectory simulated with the
calibrated parameters of our two-factor model.
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B Internal resistance

In order to deeply study the sensitivity of joc* (yo, So) with respect to the internal resistance of the battery. Due to com-
putational constraints, we present in Tablethe consumption cost as a function of R for different values, considering a
time horizon of T = 24 - 30 hours. This table focuses on a representative set of resistance values.

R 0 0.2 0.4 0.6 0.8 1.0 1.2
joc* 92227.79 93345.88 93522.80 93676.56 93819.16 93956.66 94107.97
MC error 123.396 124.794 125.015 125.067 125.104 125.098 125.051
R 1.4 1.6 1.8 2.0 2.2 2.4 2.6 2.8
jOC* 94258.54  94348.87  94456.09  94692.81 94757.70  94770.27  94770.27  94770.27

MC error 124.911 125.149 125.096 124.837 125.142 124.708 124.708 124.708

Table 13: Consumption cost joc* (o, So) for different internal resistance values R for T = 24 - 30 hours. We used 103
training samples, 2-10? testing samples, N,, = 16, initial SOC of the battery y5°¢ = 0, At = 0.125 hour and Tpar = 24.

C Amortization time

In the original spot price model, the presence of a negative linear trend implies that electricity prices decrease over the
years. As the time horizon increases, this trend eventually pushes the spot price into negative values. When this happens,
estimating an amortization horizon becomes conceptually unreliable, since the economic environment simulated is no
longer representative of realistic market conditions. To ensure that the amortization analysis remains meaningful, we
therefore set the long term trend parameter to zero (A; = 0). This assumption removes the artificial long run drift while
preserving the realistic intra day and seasonal fluctuations of the price process. In other words, the annual price structure
is kept stable across years, which is consistent with many empirical electricity price models used for long-term planning.

In addition, removing the linear trend does not affect the qualitative behaviour of the optimal charging policy, and the relative
performance between scenarios remain structurally unchanged. The assumption simply ensures that the long-term cost
comparison and the resulting amortization period are evaluated under a stable and economically plausible price regime.
Thus, the reported results in Table [T4]remain robust and fully interpretable.

Toat = 6 hours Toat = 12 hours Toat = 12 hours

T JZ;b,O jg*aT psave jOC*’T psave jOC’*,T psave

24 - 365 1139293.504+ 1001096.95+ 0.121 954967.14 + 0.161 890571.06 £ 0.218
439.34 455.60 479.54 525.76

24 - 365 -2 2277828.31+ 2003993.91+ 0.120 1912784.20+ 0.160 1785083.55+ 0.216
622.10 648.33 682.29 747.51

24 - 365 -4 4553601.76+ 4013156.84+ 0.118 3833926.66+ 0.157 3581084.84+ 0.213
886.90 911.26 958.00 1047.13

24 - 365 -6 6827406.57+ 6022178.77+ 0.117 5756255.39+ 0.156 5380759.57+ 0.211
1082.58 1117.08 1172.40 1278.96

24 - 365 -8 9102121.74+ 8030191.87+ 0.117 T676777.85+ 0.156 7176687.72+ 0.211
1248.50 1291.92 1355.22 1478.42

24-365-10 11375914.69+ 9773080.49+ 0.140 9586273.99+ 0.157 8957488.33+ 0.212
1394.26 1424.39 1514.26 1653.91

Table 14: Total consumption cost for different values of battery duration Tpz and different time period 7. We used 103
training samples, 2 - 10* testing samples, N,, = 16, initial SOC of the battery y$°° = 0 and At = 1 hour.
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